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Viscoelastic materials can today be found in a wide range of practical applications. In order to 
make efficient use of these materials in construction, it is of importance to know how they 
behave when subjected to dynamic load. Characterization of viscoelastic materials is therefore 
an important topic, that has received a lot of attention over the years.  

This thesis treats different methods for identifying the complex modulus of an viscoelastic 
material. The complex modulus is a frequency dependent material function, that describes the 
deformation of the material when subjected to stress. With knowledge of this and other mate-
rial functions, it is possible to simulate and predict how the material behaves under different 
kinds of dynamic load. 

The complex modulus is often identified through wave propagation testing, where the vis-
coelastic material is subjected to some kind of load and the response then measured. Models 
describing the wave propagation in the setups are then needed. In order for the identification 
to be accurate, it is important that these models can describe the wave propagation in an ade-
quate way. A statistical test quantity is therefore derived and used to evaluate the wave propa-
gation models in this thesis. 

Both nonparametric and parametric identification of the complex modulus is considered in 
this thesis. An important aspect of the identification is the accuracy of the estimates. Theoreti-
cal expressions for the variance of the estimates are therefore derived, both for the nonpara-
metric and the parametric identification. 

In order for the identification to be as accurate as possible, it is also important that the ex-
perimental data contains as much valuable information as possible. Different experimental 
conditions, such as sensor locations and choice of excitation, can influence the amount of 
information in the data. The procedure of determining optimal values for such design parame-
ters is known as optimal experiment design. In this thesis, both optimal sensor locations and 
optimal excitation are considered. 
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Glossary and Notation

The following list of notations and abbreviations is intended to introduce sym-
bols and conventions used in this thesis.

Notations

a non-bold letters are generally used to denote scalars
a boldface lower case letters are generally used for vec-

tors
A boldface upper case (capital) letters are generally

used for matrices
aT , AT transpose of a vector a or a matrix A
a∗, A∗ conjugate transpose of a vector a or a matrix A
A† pseudo-inverse of A
tr {A} trace of A
det {A} determinant of A
λmax {A} largest eigenvalue of A
conj {A} conjugate of A
|a| the absolute value of a∥∥a∥∥ the L2 norm of a,

∥∥a∥∥ = √a∗a
I identity matrix (of unspecified dimension)
In the n× n identity matrix
q−1 backward shift operator
p differentiation operator p = d/dt
s the Laplace transform variable
i the imaginary unit, i =

√−1
E{·} The expectation operator
var{·} variance of {·}
cov{·} covariance matrix of {·}
x(t) time domain variable
x(ω) frequency domain variable
ẋ(t) time derivative of x(t)
J ′θ(·), ∂

∂θJ(·) first order derivative of J(·) with respect to θ
J ′′θ (·), ∂2

∂θ2 J(·) second order derivative of J(·) with respect to θ
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12 GLOSSARY

θ0 true value of θ
θ̂ estimate of θ
θ̃ estimation error of θ̂, i.e. θ̃ = θ̂ − θ0

δk,l the Kronecker delta function; δk,l = 1 if k = l, other-
wise δk,l = 0

prob(X) probability of X
CN (μ,R) complex Gaussian (normal) distribution with mean μ

and covariance matrix R
χ2(m) the χ2 (chi-two) distribution with m degrees of free-

dom
∈ belongs to
� equal by definition

Abbreviations

1D One Dimensional
ARMA Auto Regressive Moving Average
DOA Direction-Of-Arrival
DFT Discrete Fourier Transform
DPS Distributed Parameter System
EIV Errors-In-Variables
ETFE Empirical Transfer Function Estimate
GSLS Generalized Standard Linear Solid
LTI Linear Time Invariant
ODE Ordinary Differential Equation
OE Output Error
PDE Partial Differential Equation
SHPB Split Hopkinson Pressure Bar
SLS Standard Linear Solid
SNR Signal-to-Noise Ratio
WGN White Gaussian Noise
cf. confer, compare
e.g. exempli gratia, for example
i.e. id est, that is



Chapter 1
Introduction

Viscoelastic materials, such as plexiglass and other plastics, can today
be found in a wide range of practical applications. In many cases, these

materials are used in environments where they are subjected to dynamic load.
This dynamic load may for example be vibrations from a motor or stress caused
by impact or collision. In order to make efficient use of viscoelastic materials,
it is therefore of interest to know their behavior under different circumstances.
What is for example the deformation of the airplane windows when the motor
is switched on? Mechanical engineers today have tools to simulate and predict
such behavior given that the characteristics of the material are known.

An isotropic and linearly viscoelastic material can be completely character-
ized by two independent complex valued functions of frequency. One such func-
tion is the complex extension modulus, E(ω), which in the frequency domain
relates uni-axial stress and strain in the material. Other choices of functions
that characterize the material are the complex shear modulus G(ω) and the
complex Poisson’s ratio ν(ω). How these functions are related is described in
Chapter 2. Given that two out of these three functions are known, the material
response may be simulated for a given situation.

The topic of this thesis is identification of the complex moduli of a viscoelas-
tic material, based on strain data from different kinds of wave propagation
experiments. The theory can be used to identify both the complex extension
modulus and the complex shear modulus, even though the focus will here be on
the extension modulus E(ω). The identified complex moduli may for example
be used to simulate and predict the material behavior, as was mentioned above.
In order for the prediction of the material response to be as accurate as possi-
ble, it is important to have good quality estimates of the complex moduli. The
main part of this thesis is therefore dedicated to the accuracy of the estimated
complex moduli, e.g. how the variance of the estimates can be determined from
one single experiment and how the quality of the estimates can be improved
by designing the experiments in an optimal way.

13



14 1. Introduction

1.1 Thesis Outline

In this section, the contents and contributions of the thesis are briefly described.
Chapters 2 and 3 give the technical background, and serve as an introduction
to viscoelastic materials and system identification. The main contribution of
the thesis is presented in Chapters 4-9, and Chapter 10 contains a summary
and a discussion on future work.

Chapter 2: Viscoelastic Materials

In this chapter, a brief introduction to viscoelastic materials is given. The topic
of viscoelasticity is here introduced in relation to elastic materials, whose char-
acteristics are generally more well known. Other topics treated in this chapter
include how to model the stress/strain relationship in a viscoelastic material
using mechanical networks, as well as wave propagation models for a num-
ber of experimental setups used to identify the characteristics of a viscoelastic
material.

Chapter 3: System Identification

System identification is a vast area. The aim of this chapter is to give a brief
overview of topics relevant for subsequent work. These topics include time and
frequency domain identification, parametric and nonparametric identification,
experiment design, and noise characteristics in time and frequency domain. The
chapter is concluded by a discussion on the identification problem considered
in this thesis, and how this problem differ from classical system identification.

Chapter 4: Structure Testing of Wave Propagation Models

The identification problem treated in this thesis depends heavily on the models
describing the wave propagation in the experimental setup. In order for the
identification to be accurate, it is therefore important that the models can
describe the wave propagation in an adequate way. In this chapter, a statistical
test quantity is derived, which can be used to determine if the model structure
of the above mentioned wave propagation models is flexible enough to describe
the measured data. This test quantity is also used to analyze the data from two
different experimental setups commonly used for identification of viscoelastic
materials. It is shown that the model structure can be accepted in one case,
but should be rejected in the other. These results can also be found in

A. Rensfelt and T. Söderström, “Structure Testing of Wave Propagation
Models Used in Identification of Viscoelastic Materials”. Accepted for
publication in Automatica.

A short version can be found in [72]

A. Rensfelt and T. Söderström, “Validation of Wave Propagation Models
Used in Identification of Viscoelastic Materials”. In Proc. of the 15th
IFAC Symp. on System Identification, Saint-Malo, France, July 6-8, 2009.
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Chapter 5: Frequency Contents in a Longitudinal Wave Propagation
Experiment

The wave propagation in an axially impacted bar subject to a free end boundary
condition is a highly resonant system. The frequency content of the measured
strain signal will in turn influence the identification of the complex modulus of
the material. In previous studies it was for example found that the quality of the
estimated complex modulus varies significantly with frequency. This behavior is
explained through the analysis in this chapter, where it is examined how the free
end boundary condition affects the frequency content of the measured strain
signal. The result is used throughout the thesis in order to explain different
phenomena observed when using longitudinal wave propagation experiments to
identify the complex modulus. The material presented in this paper can also
be found in [71]

A. Rensfelt and T. Söderström, “Frequency Content in an Axially Im-
pacted Bar Subject to Boundary Conditions”. In Proc. of the 17th IFAC
World Congress, Seoul, Korea, July 6-11, 2008.

Chapter 6: Nonparametric Identification of Viscoelastic Materials

In nonparametric identification of viscoelastic materials, the complex modulus
is determined at each frequency separately. In this chapter, nonparametric
identification of the complex modulus, based on the measured strain data from
two different kinds of wave propagation experiments, is considered.

In the first type of experimental setups, a large homogeneous specimen of
the viscoelastic material is excited at one end, and the resulting strain waves
measured at a number of locations on the specimen. This approach has been
used in several previous studies, see for example [29; 56], and an expression
for the covariance of the estimates was developed in [45]. These results are
summarized in this chapter.

In the second experimental setup, a short specimen is placed between two
long pressure bars. The strain histories are here measured on the bars, instead
of on the specimen itself. This experimental setup is therefore suitable for
materials for which large homogeneous specimens can not be produced. Three
different methods to estimate the complex modulus from strain data collected in
this kind experiments are considered. For each method, a theoretical expression
for the accuracy of the estimates is derived and validated against both simulated
and experimental data. These results are based on the analysis in [70]

A. Runqvist, S. Mousavi and T. Söderström, “Nonparametric Identifica-
tion of Complex Modulus Using a Non-equilibrium SHPB Procedure”.
In Proc. of the 14th IFAC Symp. on System Identification, Newcastle,
Australia, March, 29-31, 2006.

Chapter 7: Parametric Identification of Viscoelastic Materials

In parametric identification of viscoelastic materials, a parametric model of
the complex modulus is fitted to the data. Instead of estimating the complex
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modulus at each frequency separately, the knowledge on the estimate is concen-
trated to a small number of parameters in the chosen model. In this chapter,
three different approaches to find a parametric estimate of the complex modu-
lus are considered. Two of these approaches have been used in previous studies,
see for example [54; 55]. The parametric model in the first approach is fitted
from the nonparametric estimate described in Chapter 6, while in the second
approach the model is fitted from the measured strain data directly. For the
nonparametric based approach, a theoretical expression for the accuracy of the
estimate is outlined and analyzed in [55]. This result is here derived in more
detail. For the second approach, where the parametric model is fitted from the
measured strain data directly, a theoretical expression for the accuracy of the
estimate is here derived and validated against both simulated and experimental
data.

The third approach is a modification of second approach above, where the
parametric model is fitted from the measured strain data directly. This ap-
proach has not been used in any previous studies. A theoretical expression for
the accuracy of the estimate is derived and compared to the accuracy of the
nonparametric based estimate above. The results are validated against both
simulated and experimental data. This work can also be found in

A. Rensfelt and T. Söderström, “Parametric Identification of the Complex
Modulus”. Submitted 2009.

Finally, an approach to parametric identification using only the resonant fre-
quencies of the wave propagation is described. This approach is based on the
method described in [64], which is here modified to apply to the experimental
setups used throughout this thesis.

Chapter 8: Optimal Sensor Locations

In order to get a good quality of the estimated complex modulus, it is important
that the measured data contains as much valuable information as possible.
Design parameters that influence the accuracy should thus be chosen carefully.
For the identification problem considered here, such parameters include the
sensor positions and the number of sensors used, as well as the input excitation
signal.

The topic of optimal sensor locations for nonparametric identification of the
complex modulus is considered in Chapter 8. In previous studies, the sensor
positions have been assigned in an ad-hoc manner, based on some physical
insight into the system dynamics. It is here examined how standard optimal
experiment design methodology can be used to find an optimal sensor config-
uration. With an optimal distribution of the sensors, it is possible to extract
more information from the experiment and thereby improve the accuracy of
the estimates. In this chapter, the optimal distribution of sensors is examined
first theoretically and the findings then validated through experimental data.
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The chapter is based on [69]

A. Rensfelt, S. Mousavi, M. Mossberg and T. Söderström, “Optimal Sen-
sor Locations for Nonparametric Identification of Viscoelastic Materials”.
Automatica, 44(1):28-38, January, 2008.

The theoretical study can also be found in [74]

A. Runqvist, M. Mossberg and T. Söderström, “Optimal Sensor Loca-
tions for Nonparametric Identification of Viscoelastic Materials”. In Proc.
of the 16th IFAC World Congress, Prague, July 4-8, 2005,

and a more detailed version of the entire study in [75]

A. Runqvist, M. Mossberg and T. Söderström, “On Optimal Sensor Loca-
tions for Nonparametric Identification of Viscoelastic Materials”. Tech-
nical Report 2005-006, Department of Information Technology, Uppsala
University, 2005.

Chapter 9: Optimal Excitation

In Chapter 8, optimal sensor locations for nonparametric identification of the
complex modulus was treated. In Chapter 9, the topic of optimal excitation
for this identification problem is instead considered. The preferred kind of
excitation has in previous studies been a strain pulse generated at one end of
the specimen, and the material response following the pulse is then studied. As
a pulse tend to have the majority of its energy concentrated to low frequencies,
this kind of excitation may be expected to give insufficient excitation in the
higher frequency range.

The question addressed in this chapter can be formulated as follows: if we
have the same energy content as in a typical strain pulse, and if we could freely
control the frequency distribution of this energy, what would this distribution
optimally be? That is, how would the optimal spectrum of the input signal
look and what can be gained in accuracy when estimating the complex modulus
E(ω)? These questions are considered in a theoretical study, and an attempt
to implement the achieved optimal input signal in a real-life experiment was
made. A number of issues had to be dealt with during this work. One such
issue is the limitations imposed by the equipment used to generate the optimal
input signal. The theoretical part of this study is based on

A. Rensfelt and T. Söderström, “Optimal Excitation for Nonparamet-
ric Identification of Viscoelastic Materials”. Accepted for publication in
IEEE Transactions on Control Systems Technology.

The implementation study can also be found in

A. Rensfelt, S. Mousavi and T. Söderström, “Optimal Excitation for Non-
parametric Identification of Viscoelastic Materials – Implementation As-
pects”. Submitted 2009.
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Chapter 10: Summary and Future Work

The last chapter summarizes the results of this thesis, and some directions for
future research are discussed.



Chapter 2
Viscoelastic Materials

Viscoelastic materials are common in everyday society. Many plastics, for
example, display a viscoelastic behavior when subjected to different kinds

of load. How to characterize a viscoelastic material is however not general
knowledge. In this chapter, a brief introduction to the concept of viscoelastic-
ity is therefore given. Viscoelasticity is here introduced in relation to elastic
materials, whose characteristics are generally more well known. After this
introduction, some parametric models often used to model the dynamic behav-
ior of viscoelastic materials are described. Finally, a few typical experimental
setups are introduced and the wave propagation dynamics in each setup are
described.

2.1 Viscoelasticity

Many materials can be characterized by Hooke’s law of linear elasticity, which
describes relationship between stress (force per unit area) and strain (elongation
per unit length) according to

σ(t) = Eε(t). (2.1)

Most metals, for example, follows Hooke’s law with high accuracy. In (2.1), E
is the Young’s modulus of linear elasticity which is a material specific constant.
This means that there is a instantaneous relationship between the stress and
the strain in an elastic material. In other words, as soon as the force put on to
the material is released, the material will immediately go back to its original
shape. Viscoelastic materials on the other hand exhibit viscous, as well as
elastic, effects. The viscous effect in the material acts as a form of damping,
which means that when the stress put onto the material is released, the material
will only slowly return to its original shape. For a viscoelastic material we hence
have a time dependence between the stress and the strain, i.e. the material
response is determined not only by the current state of stress but also by all
past states. Similarly, if the deformation is specified, the current stress depends

19



20 2. Viscoelastic Materials

Figure 2.1: The Maxwell model.

on the entire deformation history. For a linearly viscoelastic material, this can
be expressed as

σ(t) =
∫ t

−∞
Y (t− τ)ε̇(t)dτ, (2.2)

where Y (t) is called the relaxation modulus and ε̇(t) is the time derivative of
the strain ε(t). The convolution relationship in (2.2) is in frequency domain
translated into a multiplication

σ(ω) = E(ω)ε(ω), (2.3)

where σ(ω) and ε(ω) denote the Fourier transformed stress and strain, re-
spectively. The frequency dependent function E(ω) is commonly known as
the complex Young’s modulus, or the complex extension modulus. Note that
E(ω) = iωY (ω), where Y (ω) is the Fourier transform of the relaxation modulus
Y (t). The complex modulus is commonly identified through different kinds of
wave propagation experiments. A number of such experiments are described
in Section 2.3.

To completely characterize an isotropic and linearly viscoelastic material,
two independent material functions are needed. One such function is the
complex extension modulus described above, which characterizes the axial
stress/strain relationship in the material. Another choice is the complex shear
modulus, G(ω), which describes the material behavior under shear loading.
These functions are related through the Poisson’s ration, ν(ω), according to
[15]

G(ω) =
E(ω)

2
(
1 + ν(ω)

) . (2.4)

Both complex moduli are generally referred to simply as the complex modulus.
This convention will be followed in the thesis, unless a distinction between the
two is necessary.

2.2 Parametric Models

The stress/strain relationship in (2.3) can be viewed as a linear time invariant
(LTI) system with transfer function E(ω). There are many ways to construct
models for this transfer function. Below, three different ways to model the
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Figure 2.2: The standard linear solid model.

complex modulus, using a mechanical network with a number of springs and
dashpots (dampers), are described. For more informations on these models,
see [15], [40] or [88].

2.2.1 The Maxwell Model

A very simple model for E(ω) is obtained by a spring and a dashpot in series,
as in Figure 2.1. The resulting model is called the Maxwell model. For this
model, the stress is the same over the spring and the dashpot, which gives

σ(t) = Eε1(t) = η
dε2(t)
dt

. (2.5)

The total strain is the sum of the strain over each element, i.e.

ε(t) = ε1(t) + ε2(t), (2.6)

which gives the following relation

σ(t) +
η

E

dσ(t)
dt

= η
dε(t)
dt

. (2.7)

After Fourier transformation, (2.7) yields

σ(ω) =
iωηE
E + iωη

ε(ω), (2.8)

and the complex modulus given by the Maxwell model is hence given by

E(ω) =
iωηE
E + iωη

. (2.9)

This model acts as the frequency function of a differentiator, iω, in series with
a first order low-pass filter, ηE/(E + iωη).
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Figure 2.3: The generalized standard linear solid model.

2.2.2 The Standard Linear Solid Model

The standard linear solid (SLS) model extends the Maxwell model by adding a
second spring in parallel with the dashpot, as can be seen in Figure 2.2. Again,
the stress is the same over both parts of the network, i.e.

σ(t) = E2ε2(t) = E1ε1(t) + η
dε1(t)
dt

, (2.10)

and the total strain is the sum of the individual strains

ε(t) = ε1(t) + ε2(t). (2.11)

Transforming (2.10) and (2.11) into frequency domain, and after a few steps
of straightforward calculations, the above relationships lead to the following
model of the complex modulus

E(ω) =
E2(E1 + iωη)
E1 + E2 + iωη

. (2.12)

This corresponds to a filter with positive phase and nonzero static gain.

2.2.3 The Generalized Standard Linear Solid Model

In the generalized standard linear solid (GSLS) model, L standard linear solid
models are taken in parallel, as can bee seen in Figure 2.3. Using (2.12), it is
possible to show that the transfer function of the system in Figure 2.3 is given
by

E(ω) =
L∑

k=1

E2k(E1k + iωηk)
E1k + E2k + iωηk

=
L∑

k=1

Mk
1 + iωτ1k
1 + iωτ2k

. (2.13)
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where

Mk =
E1kE2k

E1k + E2k
, τ1k =

ηk
E1k

, τ2k =
ηk

E1k + E2k
. (2.14)

The transfer function in (2.13) depends on 3L parameters (3 for each SLS). The
model does however only have 2L+1 degrees of freedom, and can be rewritten
as

E(ω) =M +
L∑

k=1

iωτ3k
1 + iωτ2k

, (2.15)

with

τ3k =Mk(τ1k − τ2k), M =
L∑

k=1

Mk. (2.16)

The generalized standard linear solid model is is a good choice if a first order
model, such as the normal standard linear model, is not sufficient to describe
the dynamic behavior of the material.

2.3 Wave Propagation Modeling

As was mentioned in Section 2.1, the complex modulus is often identified
through different kinds of wave propagation experiments. In this section, a
number of different experimental setups, commonly used for identification of
the complex modulus, are described. The wave propagation modeling described
here can be divided into two groups. In the first group, wave propagation in
large, homogeneous specimens is considered. This covers both longitudinal,
flexural and torsional wave propagation. In the second group, wave propaga-
tion in a small pellet-sized sample is considered. The setup considered here is
called the Split Hopkinson Pressure Bar (SHPB) technique and deals with lon-
gitudinal wave propagation in a small sample placed between two long pressure
bars.

2.3.1 Wave Propagation in Large Homogeneous Speci-
mens

In this section, three typical experimental setups for estimating the complex
modulus from the wave propagation in a large homogeneous specimens are
described. In all three cases one dimensional (1D) wave propagation models
are used to describe the wave propagation in the setup.

Example 2.1: Longitudinal wave propagation
Here, longitudinal wave propagation in a linearly viscoelastic, homogeneous
bar of length L, cross-sectional area A, and density ρ, is considered. A typical
setup for this kind of experiment is shown in Figure 2.4. The bar is axially
excited, giving rise to longitudinal waves traveling back and forth in the bar,
and the resulting strains are measured at n different points {xi}ni=1 along the
bar at N discrete time instances. The strain measured at position x is given
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Figure 2.4: Experimental setup, longitudinal wave propagation.

by

ε(t, x) =
∂u(t, x)
∂x

, (2.17)

where u(t, x) is displacement at position x along the bar. Similarly, the particle
velocity at this section is given by

u̇(t, x) =
∂u(t, x)
∂t

. (2.18)

Combining these relations, we get that

∂ε(t, x)
∂t

=
∂u̇(t, x)
∂x

. (2.19)

The equation of motion (derived from Newton’s law for a small volume element)
is given by

ρ
∂u̇(t, x)
∂t

=
∂σ(t, x)
∂x

, (2.20)

where ρ is the density of the material, and σ(x, t) is the stress (force per unit
area) at section x. Together, the equations (2.19) and (2.20) constitute a basic
model for the one dimensional wave propagation in the bar. The particle ve-
locity u̇(x, t) can be eliminated from these equations, which gives the following
partial differential equation (PDE)

ρ
∂2ε(t, x)
∂t2

=
∂2σ(t, x)
∂x2

(2.21)

in variables t and x. To proceed, we need the following relation between the
stress σ(t) and the strain ε(t)

σ(t, x) = E(p)ε(t, x), (2.22)

where p = d/dt is the differentiation operator. This relation can be seen as a
convolution, which in frequency domain is turned into a more easy to handle
multiplication. The frequency domain representation of the relation in (2.22)
hence becomes

σ(ω, x) = E(ω)ε(ω, x), (2.23)

where E(ω) is the complex modulus, cf. (2.3). Transforming (2.21) into the
frequency domain, and using (2.23) to eliminate σ(ω, x) in in the resulting
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frequency domain equation, the PDE model in (2.21) is turned into the second
order ODE

−ρω2ε(ω, x) = E(ω)
∂2ε(ω, x)
∂x2

. (2.24)

This is frequently written as

∂2ε(ω, x)
∂x2

− γ2(ω)ε(ω, x) = 0, (2.25)

where γ(ω) is the so called wave propagation function, satisfying

γ2(ω) = − ρω2

E(ω)
. (2.26)

The ODE in (2.25) is often referred to as the frequency domain wave equation.
The general solution to (2.25) is given by

ε(ω, x) = P (ω)e−γ(ω)x +N(ω)eγ(ω)x, (2.27)

where the frequency dependent functions P (ω) and N(ω) are the amplitudes
of waves traveling in positive and negative x direction, respectively.

For an appropriate choice of state variables, the model in (2.25) can also
be cast into a state space framework [82]. For longitudinal waves, the wave
propagation at section x can be described by the normal force Nf (t, x) and the
particle velocity u̇(t, x) at this section. This gives the frequency domain state
vector

s(ω, x) =
[
Nf (ω, x) u̇(ω, x)

]T
. (2.28)

The output is the strain at position x, which in terms of the state variables can
be written as

ε(ω, x) =
σ(ω)
E(ω)

=
Nf (ω)
AE(ω)

. (2.29)

The state space model is then given by

ds(ω, x)
dx

= R(ω)s(ω, x) (2.30)

ε(ω, x) = cT0 (ω)s(ω, x) (2.31)

where

R(ω) =
[

0 iωρA
iω

E(ω)A 0

]
, (2.32)

and
c0(ω) =

[
1

AE(ω) 0
]T

. (2.33)

The first equation of the state space model is a frequency domain representation
of the equation of motion in (2.20). The second equation is the frequency
domain equivalent to (2.19) and (2.22). In the state space framework, ±γ(ω)
are the eigenvalues of the matrix R(ω) and the general solution to (2.30)-(2.31)
is given by (2.27). �
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Figure 2.5: Experimental setup, flexural wave propagation.

Example 2.2: Flexural wave propagation
The setup for a flexural wave propagation experiment is shown in Figure 2.5.
Here a beam of length L, cross-sectional area A, moment of inertia I, and
density ρ, is mounted vertically. The beam is then excited laterally to give
rise to flexural waves traveling back and forth along its length. As in the
longitudinal case, the associated strain data is collected at n sections {xi}ni=1,
at N discrete time instances.

The flexural wave propagation at section x can be described by a state space
model similar to that in (2.30). Appropriate choices of state variables in this
case are the bending moment M(t, x), the shear force Q(t, x), the rotational
velocity φ̇(t, x), and the time derivative of the center line deflection ẇ(t, x). See
[29] for further details. This gives the frequency domain state vector

s(ω, x) =
[
Q(ω, x) ẇ(ω, x) M(x, ω) φ̇(ω, x)

]T
. (2.34)
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With the Timoshenko1 beam theory, the state vector in (2.34) gives the follow-
ing transition matrix

R(ω) =

⎡
⎢⎢⎣

0 iωρA 0 0
iωψ

E(ω)A 0 0 −1
1 0 0 iωρI
0 0 iω

IE(ω) 0

⎤
⎥⎥⎦ . (2.35)

Note that we have here introduced the known constant ψ, which is dependent
on the cross-sectional geometry and the Poisson’s ratio of the material, see [29].
The vector c0(ω) in (2.30) is given by

c0(ω) =
[
0 0 A

IE(ω) 0
]T

. (2.36)

The matrix R(ω) in (2.35) has four eigenvalues, which can be determined by
solving the characteristic equation of R(ω). This is given by

γ4(ω) + 2a(ω)γ2(ω)− b(ω) = 0, (2.37)

where

a(ω) =
ρω2

2E(ω)
(1 + ψ) (2.38)

b(ω) =
ρω2

E(ω)

(A
I
− ρω2

E(ω)
ψ
)
. (2.39)

From (2.37), the four eigenvalues are given by

γ2
1(ω) = −a(ω) +

√
a2(ω) + b(ω) (2.40)

γ2
2(ω) = −a(ω)−

√
a2(ω) + b(ω), (2.41)

and the general solution to (2.30)-(2.31) by

ε(ω, x) = P1(ω)e−γ1(ω)x+N1(ω)eγ1(ω)x+P2(ω)e−γ2(ω)x+N2(ω)eγ2(ω)x. (2.42)

The wave propagation model in (2.42) can be seen as composed from the con-
tributions of two different sets of waves, corresponding to the wave propagation
functions γ1(ω) and γ2(ω). The frequency dependent functions {Pi(ω)}2i=1 and
{Ni(ω)}2i=1 are the corresponding amplitudes of waves traveling in positive and
negative x direction, respectively. �
Example 2.3: Torsional wave propagation
In a torsional wave propagation experiment, an experimental setup similar to
the one in Figure 2.4 is used. Instead of an impact along the center axis of
the bar, the bar specimen is excited through a twisting torque in the circum-
ferential direction, see [58]. This gives rise to torsional waves traveling along
the bar, and the shear strain is measured at at n different points {xi}ni=1. The

1Another and more simplified theory is the Euler-Bernoulli beam theory, see [50].
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dynamics of the torsional wave propagation are similar to that of longitudinal
wave propagation. The shear strain at each section x can be modeled by

∂2ε(ω, x)
∂x2

− γ2
t (ω)ε(ω, x) = 0, (2.43)

where γt(ω) is related to the complex shear modulus according to

γ2
t (ω) = −

ρω2

G(ω)
. (2.44)

The general solution to (2.43) is given by

ε(ω, x) = P (ω)e−γt(ω)x +N(ω)eγt(ω)x. (2.45)

Again, the frequency dependent functions P (ω) and N(ω) are the amplitudes
of waves traveling in positive and negative x direction, respectively. �
Since 1D wave propagation theory was used to describe the wave propagation
in the experimental setups above, the models are accurate for frequencies where
1D conditions prevail. In the case of longitudinal wave propagation, this means
that the wavelengths should be substantially longer, say ten times longer, than
the diameter of the bar. This gives an approximate upper limit on the useful
frequencies for the setup. A lower limit of useful frequencies can also be esti-
mated by requiring that there should be sufficient variation of strain between
the outermost sections x1 and xn. This implies wavelength shorter than, say,
ten times the distance between these sections.

The wave propagation in the above examples can be described in a unified
framework. From (2.27),(2.42) and (2.45), the frequency domain strain at
position x is given by

ε(ω, x) =
p∑

k=1

(
Pk(ω)e−γk(ω)x +Nk(ω)eγk(ω)x

)
, (2.46)

with p = 1 for longitudinal and torsional waves, and p = 2 for flexural waves.
Using (2.46) and the strain measurements from all n sensors, the following
system of equations can be formed

ε(ω) = A(ω)c(ω), (2.47)

where

A(ω) =

⎡
⎢⎣e
−γ1(ω)x1 eγ1(ω)x1 · · · e−γp(ω)x1 eγp(ω)x1

...
...

...
...

e−γ1(ω)xn eγ1(ω)xn · · · e−γp(ω)xn eγp(ω)xn

⎤
⎥⎦ , (2.48)

c(ω) =
[
P1(ω) N1(ω) · · · Pp(ω) Np(ω)

]T
, (2.49)

ε(ω) =
[
ε(ω, x1) · · · ε(ω, xn)

]T
. (2.50)

Similar wave propagation models can be used also for two dimensional wave
propagation, as in [57]. The exponential functions in (2.48) are in that case
replaced by Bessel functions.
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Figure 2.6: Experimental setup, the non-equilibrium SHPB procedure.

2.3.2 The Split Hopkinson Pressure Bar Technique

In the experimental setups described in the previous subsection, measurements
were taken at a number of points on the specimen itself. For some materials
(such as certain pharmaceutical materials) it is not possible to produce large
homogeneous specimens, and the previously described experiments can there-
fore not be used. Wave propagation tests can instead be performed by the use
of the so called Split Hopkinson Pressure Bar technique (SHPB), which was
introduced by Kolsky in the 1940’s [38]. The classical SHPB analysis is how-
ever not suitable to use for viscoelastic materials, and the theory was therefore
generalized in [59] to cover the case of viscoelastic specimens.

In SHPB-testing, a short specimen of length a, cross-sectional area A, and
density ρ, is placed between two long pressure bars of known material proper-
ties, as is shown in Fig. 2.6. The bars have cross-sectional area Ab, density ρb,
and the complex modulus Eb(ω) is here assumed to be known. A wave trav-
eling towards the specimen is generated in the first bar through axial impact.
When this wave reaches the specimen, it is partially reflected into the first bar
and partially transmitted into the second. The strain histories εR(t) and εT (t)
of the reflected and the transmitted waves are measured at equal distances b
from the first and the second bar/specimen interface, respectively.

The wave propagation in the setup can in the frequency domain be modeled
from the normal force and particle velocity in the specimen and in the two
bars. The normal force Nf (ω, x) and particle velocity v(ω, x) of the specimen
are modeled by

Nf (ω, x) = NP (ω)e−γ(ω)x +NN (ω)eγ(ω)x

v(ω, x) =
1

Z(ω)
(−NP (ω)e−γ(ω)x +NN (ω)eγ(ω)x

)
,

(2.51)

where x is an axial co-ordinate with origin at the center of the specimen. Here,
the frequency dependent coefficients NP (ω) and NN (ω) are amplitudes of the
waves traveling in increasing and decreasing x direction, respectively, and γ(ω)
is the wave propagation coefficient of the specimen and related to E(ω) as
in (2.26). The frequency dependent function Z(ω) is called the characteristic
impedance and is related to E(ω) through

Z(ω) = A
√
E(ω)ρ. (2.52)
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The normal force Nf1(ω, y) and particle velocity v1(ω, y) in the first bar,
and the corresponding quantities Nf2(ω, z) and v2(ω, z) in the second bar, are
modeled by

Nf1(ω, y) = NI(ω)e−γb(ω)y +NR(ω)eγb(ω)y

v1(ω, y) =
1

Zb(ω)
(−NI(ω)e−γb(ω)y +NR(ω)eγb(ω)y

)
Nf2(ω, z) = NT (ω)e−γb(ω)z

v2(ω, z) = − 1
Zb(ω)

NT (ω)e−γb(ω)z,

(2.53)

where y and z are axial co-ordinates with center at the bar/specimen interfaces.
Here, γb(ω) is the wave propagation coefficient and Zb(ω) is the characteristic
impedance of the bars. These are related to Eb(ω) in the same way as (2.26) and
(2.52). The coefficientsNI(ω) andNR(ω) are the amplitudes of the incident and
reflected waves at the first bar/specimen interface, and NT (ω) is the amplitude
of the transmitted wave at the second interface. The measured strains are
related to the amplitudes of the reflected and transmitted waves through

NR(ω) = AbEb(ω)eγb(ω)bεR(ω)

NT (ω) = AbEb(ω)eγb(ω)bεT (ω),
(2.54)

where εR(ω) and εT (ω) are the Fourier transform of εR(t) and εT (t), respec-
tively.

At the bar/specimen interfaces, the normal force and particle velocity are
continuous, i.e.

Nf1(ω, 0) = Nf (ω,−a2 ), v1(ω, 0) = v(ω,−a
2
),

Nf2(ω, 0) = Nf (ω,
a

2
), v2(ω, 0) = v(ω,

a

2
).

(2.55)

This results in a system of four linear equations for the five unknown amplitudes
NR(ω), NI(ω), NT (ω), NP (ω) and NN (ω). This system is underdetermined,
but can be solved with respect to the amplitude ratio NR(ω)/NT (ω). Equation
(2.54) can then be used to get a relationship between the measured strains.
This relationship was in [59] derived to be

εR(ω)
εT (ω)

=
1
2

(
Z(ω)
Zb(ω)

− Zb(ω)
Z(ω)

)
sinh(γ(ω)a). (2.56)

The complex modulus here enters through the wave propagation function γ(ω),
and the characteristic impedance Z(ω).

2.4 Identification of the Complex Modulus

Wave propagation experiments, such as the ones described above, are com-
monly used to identify the complex modulus of a viscoelastic material. For
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large homogeneous specimens, the setup is here excited at one end and the re-
sulting strain waves measured at a number of points along the bar. A number
of variations on this setup exist in the literature. Some design issues worth
mentioning include:

• Measured signal: The response of the specimen can be measured in
different ways. In the experimental setups described here, the response is
for example measured as strain. This approach is used in [30; 78], among
others. The material response can also be quantified by measuring the
acceleration [44; 80; 89], velocity [87] or displacement [4; 8].

• Excitation: Different kinds of load have been used for identification
of the complex modulus. In [61; 66; 85], a harmonic excitation was
for example used, and the resulting accelerations then measured. Other
possibilities are white noise load as in [44; 80], or to load the specimen
through impact, see [43; 84; 89].

• Overlapping/Non-overlapping waves. The excitation will cause waves
propagation back and forth in the specimen. Some methods are based
on measurements of one wave at the time [4; 77; 78], while others allow
waves reflected in the boundaries of the specimen [7; 33; 42]. A disadvan-
tage with non-overlapping waves is that very large specimens are needed
in order to separate waves traveling in opposite directions.

The focus of this thesis is on identification of the complex modulus of a vis-
coelastic material, based on strain data from one of the setups described in
the previous sections. In the case of large homogeneous specimens, overlapping
waves are allowed, while the Split Hopkinson Pressure Bar technique described
in Section 2.3.2 requires the waves to be measured one at the time. Both
parametric and nonparametric identification is considered in this thesis. For
the parametric identification, the complex modulus is modeled by one of the
mechanical networks described in Section 2.2. In the subsequent chapters, dif-
ferent aspects of this identification are discussed.





Chapter 3
System Identification

System identification is concerned with creating a mathematical model of a
system based on experimental input/output data. The procedure of system

identification includes several steps. The first step is to design an experiment
from which data can be collected. The experiment should be designed so that
the collected data contains as much information on the system as possible. The
second step includes choosing an appropriate model structure. Many system
can be modeled using physical laws, and the parameters in such models often
have a physical interpretation. The mechanical networks used in Section 2.2 to
model the complex modulus are examples of this approach, and the parameters
of these models should be interpreted as spring constants and damping factors,
cf. Section 2.2. In other cases, models without physical connection have to be
used. The parameters of such models have no physical meaning and are only
used to fit the input/output data. Once an appropriate model has been chosen,
the parameters of that model has to be estimated using some statistically based
criterion. Finally, the validity of the model is determined to see if the model
can describe the system with high enough accuracy. In practice, the above
steps are performed iteratively, since the additional knowledge from one step
may be used for fine tuning in a previous step.

The field of system identification is a vast area, and the purpose of this
chapter is to give a brief overview of topics relevant for the subsequent work.
For a more extensive treatment of the area, see for example [25; 41; 65; 83].

3.1 Time and Frequency Domain Identification

In most practical applications, the data are collected from the input and output
time signals. The focus in traditional system identification literature there-
fore lies on identification from time domain measurements, see for example
[25; 41; 83]. In some applications however, it is more natural to consider fre-
quency domain data. The measurements may for example be made directly in
frequency domain, as for microwave fields, impedances etc. In other cases, the

33
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data may be collected by a frequency analyzer, which automatically translates
the original time domain signal into frequency domain. The topic of frequency
domain system identification is thoroughly treated in [65].

For some systems, physical models of the system is more readily derived
in frequency domain. Even though the data for these these systems are mea-
sured in time domain, it is in an introductory step transformed into frequency
domain using the discrete Fourier transform (DFT). For a finite sequence of
time domain measurements {y(p)}N−1

p=0 , where y(p) is the measurement at time
instance pT and T is the sampling interval, the DFT is defined as

y(ωk) =
1√
N

N−1∑
p=0

y(p)e−i 2πN pk, (3.1)

for frequencies

ωk =
2πk
NT

, 0 ≤ k ≤ N

2
(3.2)

The wave propagation models in Chapter 2 are examples of systems for which
it is more convenient to work with frequency domain models. In frequency do-
main, the wave propagation is modeled by linear ordinary differential equations
(ODEs) with independent variable x. These ODEs can be solved analytically
by simple means. The time domain counterparts on the other hand involve
partial differential equations (PDEs) with both time t and position x as inde-
pendent variables. These models are much more cumbersome to work with and
can only be solved analytically for special cases.

3.2 Parametric and Nonparametric Identifica-
tion

A linear time invariant system is uniquely described by its transfer function
G(p), which relates the input u(t) and the output y(t) of the system according
to

y(t) = G(p)u(t). (3.3)

In (3.3) p = d/dt is the differentiation operator. For the Fourier transformed
signal, the corresponding relationship is

y(ω) = G(iω)u(ω). (3.4)

When identifying the system, the goal is to describe G(p), or equivalently
G(iω), mathematically.

In many cases, parametric models G(iω,θ) are used to describe the system.
These are parameterized by the parameter vector θ and the goal is to determine
good values for the elements of θ. The standard linear solid model in (2.12) is
an example of such a model, with parameter vector given by

θ =
[
E1 E2 η

]T
. (3.5)
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When using a parametric model it is of course important that the model is
flexible enough to describe the system in an accurate way.

In parametric identification, the information on the system is concentrated
to the parameter vector θ. It is also possible to describe the system without
choosing a specific model structure. This is often referred to as nonparametric
identification, since the system is not determined by a finite dimensional pa-
rameter vector. One method for nonparametric identification is to determine
the value of G(iω) for a set of frequency points {ωk}. The model in this case
consists of a table of the estimated values Ĝ(iωk). These values can of course in
a second step be used to fit a parametric models as the ones described above.
In this thesis, both parametric and nonparametric identification of the complex
modulus are considered.

3.3 Experiment Design

In order to get a good quality of the estimated model, the data collected in
the experiment should contain as much valuable information as possible on
the system. Design parameters that influence the information content should
thus be chosen carefully. Examples of such parameters are the input excita-
tion signal, the number of sensors/actuators used in the experiment, and the
sensor/actuator locations. The procedure of designing an experiment to obtain
a maximal amount of information, is commonly referred to as optimal exper-
iment design. A solid theoretical basis for optimal experiment design is built
in [14; 52; 68], and is widely employed in different areas of engineering. The
sensor location problem is for example considered in [39; 48; 51; 62], while
the input design problem is treated in [19; 36; 49; 86]. The problem of goal-
and control-oriented experiment design has also received a lot of attention, see
for example [10; 16; 20; 21; 27; 28; 31; 32], as well as the problem of robust
experiment design in more recent years, see [2; 26; 60; 73].

The common procedure for optimal experiment design is to minimize some
scalar function of the covariance matrix P of the estimates, with respect to the
design variable of interest. Popular choices of scalar functions include

A− optimality : min tr(P )
D− optimality : min det(P ) (3.6)
E− optimality : minλmax(P )

where tr denotes the trace, det the determinant, and λmax the largest eigenvalue
of the covariance matrix. The A-optimality criterion hence deals only with the
averaged variances of the estimates, while D- and E-optimality includes also the
covariances. The perhaps most popular of the above criteria is the D-optimality
criterion, since it minimizes the volume of the joint confidence region of the
estimates [52]. It is also invariant under scale changes in the parameters and
linear transformations of the output. Another advantage is that D-optimality
implies G-optimality, which means that the variance of the predicted outputs is
minimized [49]. If the estimates are of very different magnitude, the covariance
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matrix may be scaled by a weighting matrix Q in (3.6) so that equal magnitude
quantities may be compared.

Most of the research involving optimal experiment design is concerned with
parametric identification. In parametric identification there is one covariance
matrix for the parameter estimate, and the measures in (3.6) are therefore
directly applicable. In nonparametric identification, the system dynamics is
often estimated at a number of discrete frequency points. In this case we will
have a covariance matrix for each such estimate, and may instead minimize the
covariance matrix on average by integrating over some frequency interval. For
the scalar functions in (3.6), we get the related measures

A− optimality : min
∫

Ω

tr
(
PNP(ω)

)
dω

D− optimality : min
∫

Ω

det
(
PNP(ω)

)
dω (3.7)

E− optimality : min
∫

Ω

λmax

(
PNP(ω)

)
dω

where PNP(ω) is the covariance matrix for the nonparametric estimate at fre-
quency ω, and Ω = [ω1, ω2] denotes the frequency interval. In many practical
applications, (3.7) has to be solved by numerical methods. The integral may
in that case be exchanged for a sum.

3.4 Noise Characteristics in Time and Frequency
Domain

Measured signals are corrupted by noise, which may arise through influence
from the environment or by the dynamics of the measurement system. In
system identification, knowledge about the noise dynamics is important when
estimating the system behavior and when evaluating the results of the identi-
fication.

One common noise assumption, which greatly simplifies the analysis, is the
white noise assumption. A white noise process v(t) is a sequence of uncorrelated
random variables, each having zero mean and variance λ2. If the variables are
Gaussian distributed, this is called a white Gaussian noise (WGN) process.
White Gaussian noise is a good approximation of the noise characteristics in
many real-world situations, and is therefore widely used. In some cases, a more
complex model for the noise characteristics is needed. A large variety of noise
processes can be modeled by filtered white noise

vf (t) = H(q−1)v(t), (3.8)

where q−1 is the backward shift operator.
One question relevant to this thesis is what happens with the noise after

taking the discrete Fourier transform of the signals. If the identification is per-
formed in frequency domain, it is the frequency domain noise characteristics
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that are important when analyzing the result of the identification. In the fol-
lowing, the properties of a white noise process after taking the discrete Fourier
transform of the signal is analyzed.

Let v(p) denote the noise contribution at time instance pT , where T is the
sampling interval. Furthermore, let {v(p)}N−1

p=0 be a temporally white noise
sequence, with zero mean and variance λ2. From the definition of the discrete
Fourier transform in (3.1), the frequency response of this noise sequence is given
by

v(ωk) =
1√
N

N−1∑
p=0

v(p)e−i 2πN pk. (3.9)

The mean of the frequency domain noise sequence is through direct implemen-
tation of (3.1) given by

E{v(ωk)} = 1√
N

N−1∑
p=0

E{v(p)}e−i 2πN pk = 0, ∀ k (3.10)

The covariance of the noise sequence is obtained through

E{v(ωk)v∗(ωl)} = 1
N

N−1∑
p=0

N−1∑
q=0

E{v(p)v(q)}︸ ︷︷ ︸
=λ2δp,q

e−i 2πN (pk−ql)

=
λ2

N

N−1∑
p=0

e−i 2πN p(k−l) = λ2δk,l, 0 < k, l <
N

2
. (3.11)

The noise at a particular frequency hence is uncorrelated with any other fre-
quency, and the variance of the frequency domain noise is equal to the variance
in the time domain1. Similarly to above

E{v(ωk)v(ωl)} = 1
N

N−1∑
p=0

N−1∑
q=0

E{v(p)v(q)}︸ ︷︷ ︸
=λ2δp,q

e−i 2πN (pk+ql)

=
λ2

N

N−1∑
p=0

e−i 2πN p(k+l) = 0, 0 < k, l <
N

2
, (3.12)

which shows that the frequency domain noise is circular, i.e. that the real and
imaginary parts are mutually independent and identically distributed. If the
time domain noise is Gaussian, the frequency domain will be complex Gaussian,
since the discrete Fourier transform is simply a linear combination of the time
domain variables. Furthermore, the discrete Fourier transform of any white
noise process with identically distributed variables, and with existing moments
of any order, is asymptotically complex Gaussian, as is shown in for example
[65].

1Provided that the scaling of the DFT is chosen as 1/
√

N .
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The DFT of the more complex noise process in (3.8) is not as straightforward
to analyze. It can however be proven that this converges to

vf (ωk) = H(eiωkT )v(ωk) (3.13)

with probability one. For a proof, see [65]. In [65], it is also shown that vf (ωk)
is asymptotically independent, circular and complex Gaussian distributed.

In many applications, the time domain data sequence is padded with zeros
in the discrete Fourier transform in order to increase the frequency resolution.
Since no new data is added to the DFT, the new frequency points will only
be interpolations of the previous points. Intuitively, one may conclude that
the new frequency points must then be highly correlated. In the following the
zero-padded discrete Fourier transform of a white noise sequence is analyzed in
more detail. Let the noise sequence {v(p)}N−1

p=0 above be padded with N1 zeros
in the discrete Fourier transform, i.e. the total number of data points is now
Ñ = N +N1. The discrete Fourier transform then becomes

vzp(ωk) =
1√
N

Ñ−1∑
p=0

v(p)e−i 2π
Ñ
pk =

1√
N

N−1∑
p=0

v(p)e−i 2π
Ñ
pk (3.14)

for frequencies

ωk =
2πk
ÑT

, 0 ≤ k ≤ Ñ

2
. (3.15)

The second equality in (3.14) arise since the last N1 elements in the data
sequence are zero. It follows from (3.14) that the zero-padded frequency domain
noise is still zero mean. However, the covariance is in this case given by

E{vzp(ωk)v∗zp(ωl)} =
1
N

N−1∑
p=0

N−1∑
q=0

E{v(p)v(q)}︸ ︷︷ ︸
=λ2δp,q

e−i 2π
Ñ

(pk−ql)

=
λ2

N

N−1∑
p=0

e−i 2π
Ñ
p(k−l), 0 < k, l <

Ñ

2
, (3.16)

where
N−1∑
p=0

e−i 2π
Ñ
p(k−l) = 0 iff

⎧⎨
⎩

k �= l
and
N
Ñ
(k − l) a non-zero integer.

(3.17)

Obviously, the noise is now correlated for a large number of frequencies. The
second condition in (3.17) is only fulfilled for the original frequency points of
the non zero-padded DFT when the data sequence is padded to an integral
multiple of N , i.e. Ñ = aN with a and integer. Furthermore, we have that

E{vzp(ωk)vzp(ωl)} = 1
N

N−1∑
p=0

N−1∑
q=0

E{v(p)v(q)}︸ ︷︷ ︸
=λ2δp,q

e−i 2π
Ñ

(pk+ql)

=
λ2

N

N−1∑
p=0

e−i 2π
Ñ
p(k+l), 0 < k, l <

Ñ

2
, (3.18)
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where
N−1∑
p=0

e−i 2π
Ñ
p(k+l) = 0 iff

N

Ñ
(k + l) is a non-zero integer. (3.19)

The circular property is not preserved when the time domain noise sequence is
zero-padded, except for the special case described above.

3.5 Identification of the Complex Modulus

The identification problem considered in this thesis is identification of the com-
plex modulus of a viscoelastic material, based on strain data from the wave
propagation experiments described in Chapter 2. In these experiments, the
experimental setup is excited at one end and the resulting strain waves are
measured at a number of distinct points {xi}ni=1 on the setup. The input ex-
citation signal to the system is in this case not known and in many cases hard
to measure. The information on the system is instead available only through
the n output signals, measured at the locations xi mentioned above.

The identification problem considered here also has a number of other prop-
erties that distinguish it from traditional system identification. The identifi-
cation is for example carried out in frequency domain, since the time domain
PDE models are cumbersome to work with. This is discussed in Section 3.1.
As a result, we here work with complex valued data, and not with real valued
data as for standard system identification in the time domain. Furthermore,
the independent variable in the wave propagation models described in Chap-
ter 2, which form the basis of the identification, is the position x along the bar,
instead of the time t.

In traditional system identification, the systems are in the time domain
model by ordinary differential equations (ODEs) and the transfer functions are
hence rational. These systems can also be represented by a finite order state
space model. For systems modeled by partial differential equations (PDEs)
on the other hand, the transfer function is irrational and the state space in-
finite dimensional. These systems are therefore often referred to as infinite
dimensional systems. Another commonly used name is distributed parameter
systems (DPS). Estimation techniques for distributed parameter systems are
treated in, for example, [3; 24]. One interesting feature of transfer functions
derived from partial differential equations is that the poles and zeros depends
crucially on the choice of boundary conditions. This is treated in [11], which
also serves as an excellent tutorial on distributed parameter systems.

The main objective of this thesis is not to identify the infinite dimensional
transfer function describing the wave propagation in the experimental setup.
It is however an important property of the system, which will be touched upon
within the scope of this thesis.





Chapter 4
Structure Testing of Wave Propagation
Models

The wave propagation models described in Chapter 2 are all based on a
number of linear differential equations that model the strain waves in the

material. In order to get good estimates of the complex modulus from these
models, it is imperative that the models can describe the wave propagation in
an adequate way. In this chapter, matrix perturbation theory is employed to
develop a statistical test quantity that can be used to determine if the structure
of a wave propagation model is adequate for describing the measured data. This
can be done prior to the identification step, and requires no knowledge of the
material parameters. A more ad-hoc approach to the problem was presented
in [54], and there used to test for nonlinearities in the measured data. The
approach presented in this chapter is based on the same ideas as that in [17; 79],
where matrix perturbation theory is used to estimate the order of an ARMA
process. The different origins of the perturbations in the two applications,
however, leads to separate statistical tests. The test quantity is here applied
to data from a longitudinal wave propagation experiment, and from a SHPB
experiment.

The analysis in this chapter is based on the frequency domain data matrix,
containing data from a number of independent experiments performed under
as identical conditions as possible. For any specific frequency ω, this matrix
can be written as

E(ω) =

⎡
⎢⎢⎢⎢⎣
ε
(1)
1 (ω) ε

(2)
1 (ω) · · · ε

(q)
1 (ω)

ε
(1)
2 (ω) ε

(2)
2 (ω) · · · ε

(q)
2 (ω)

...
...

. . .
...

ε
(1)
n (ω) ε

(2)
n (ω) · · · ε

(q)
n (ω)

⎤
⎥⎥⎥⎥⎦ , (4.1)

where n is the number of sensors (measurement points) in the experiment, q
is the number of independent experiments, and ε(j)i (ω) is the discrete Fourier

41
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transform of the measurements at sensor i and experiment j. The key obser-
vation is that if the model structure is correct, then this matrix will be rank
deficient of known order, i.e. it will have a known number of singular values
equal to zero. The rank of E(ω) depends on the degree of freedom in the under-
lying wave propagation model, that is on the number of independent boundary
conditions that can be specified for the differential equations in the model. The
exact rank of E(ω) can hence be determined through á priori knowledge of the
experimental setup, and what boundary conditions that apply.

When the matrix in (4.1) is constructed from measured data, each measure-
ment will be corrupted by noise, which will cause the smallest singular values
to deviate from zero. It is therefore of interest to investigate these smallest
singular values under the influence of measurement noise. In particular, how
would these singular values be distributed if the deviation is to be explained
by the measurement noise only?

4.1 Mathematical Background

In this section, the mathematical background for investigating the perturbation
of the smallest singular values of E(ω) in (4.1) is given. The analysis starts with
the following useful lemma. All matrices are here allowed to be complex valued,
as the data is in the frequency domain and the data matrix therefore is complex
valued. In the following, Δ denotes a small real valued number.

Lemma 4.1: Consider the complex valued matrix

Q(Δ) =
[

A(Δ) ΔB(Δ)
ΔB∗(Δ) Δ2C(Δ)

]
, (4.2)

where C(Δ) is an p×p matrix. Assume Q(Δ) and A(Δ) to be positive definite.
Further assume A(Δ), B(Δ) and C(Δ) to be differentiable. Let A0 = A(0),
B0 = B(0) and C0 = C(0). The matrix Q(Δ) then has p eigenvalues that are
close to zero. These eigenvalues obey

p∑
i=1

λi = Δ2tr[C0 −B∗0A
−1
0 B0] +O(Δ3) (4.3)

Proof: See Appendix A.1. An alternative proof can also be found in [81]. �
Now consider a k × l matrix Π, and assume that it has

p = min(k, l)− r (4.4)

singular values equal to zero. Here r denotes the rank of the matrix Π. The
matrix can be decomposed as

Π = UΣV∗ =
[
U1 U2

] [Σ1 0
0 0

] [
V∗

1

V∗
2

]
= U1Σ1V∗

1, (4.5)

where U and V are unitary matrices and Σ1 is a r×r diagonal matrix contain-
ing the non-zero singular values of Π. Assume that Π is disturbed according
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to
Π̂ = Π+ΔΓ, (4.6)

where Γ is an arbitrary k × l matrix. Let σ̂2
i denote the eigenvalues of the

matrix Π̂∗Π̂, where σ̂i are the singular values of Π̂. Since V is unitary, σ̂2
i are

also the eigenvalues of V∗Π̂∗Π̂V. The matrix V∗Π̂∗Π̂V is in Appendix A.2
derived to be

V∗Π̂∗Π̂V =
[

A(Δ) ΔB(Δ)
ΔB∗(Δ) Δ2C(Δ)

]
(4.7)

where

A(Δ) = (U1Σ1 +ΔΓV1)∗(U1Σ1 +ΔΓV1)
B(Δ) = Σ1U∗

1ΓV2 +ΔV∗
1Γ
∗ΓV2

C(Δ) = V∗
2Γ
∗ΓV2.

(4.8)

Note that this matrix is of the form (4.2). Invoking the result from Lemma 1,
the following result is obtained.

Result 4.1: For small values of Δ, the p singular values of the matrix Π̂ in
(4.6) that are close to zero obey

p∑
i=1

σ̂2
i = Δ2tr[V∗

2Γ
∗U2U∗

2ΓV2] +O(Δ3). (4.9)

Proof: See Appendix A.2. �
For small values of Δ, the O(Δ3) term in (4.9) can be neglected.

4.2 Data Corrupted by Measurement Noise

In the previous section, the perturbation of the smallest singular values was
analyzed in a deterministic framework. The disturbance of the data matrix
E(ω) is of stochastic nature, and it is instead of interest to investigate the dis-
tribution of the smallest singular values. The frequency domain measurements
are in this analysis assumed to be disturbed by a circular1 white CN (0, λ2)
sequence, which is uncorrelated both between frequencies and between sensors.
This is exactly fulfilled if the time domain noise is a temporally and spatially
white Gaussian noise process with zero mean and variance λ2. Furthermore,
the noise assumptions are approximately fulfilled for any white noise process
with identically distributed parameters and existing moments of any order, see
the discussion in Section 3.4. Each element of the perturbed data matrix will
hence be of the form

εM(ω) = ε(ω) + v(ω), (4.10)

where εM(ω) are the frequency domain measurements, ε(ω) are the correspond-
ing noise-free data, and v(ω) is the frequency domain noise with properties as

1A complex valued sequence {v(a)} is called circular if its real and imaginary parts are
mutually independent and identically distributed, i.e. �{v(a)v(b)} = 0 ∀ a, b.
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described above. The perturbed matrix can now be written as

EM(ω) = E(ω) + λΓCN , (4.11)

where E(ω) is the noise-free matrix, and the elements of ΓCN are mutually in-
dependent and circular CN (0, 1) variables. Assume that the wave propagation
model structure is correct, and that E(ω) has p singular values equal to zero.
Through Result 1, it can then be shown that the p singular values of EM(ω)
that deviate from zero only due to the measurement noise, will for large SNR,
i.e. small values of λ, obey

T �
p∑

i=1

σ2
i

(
EM(ω)

)
= λ2tr[V∗

2Γ
∗
CNU2U∗

2ΓCNV2]. (4.12)

Here U2 and V2 arise from the singular value decomposition of E(ω), cf. (4.5).
The above quantity can be used to construct a statistical test, where the null
hypothesis, H0, asserts that the model structure is correct and that the noise
assumptions are valid. Under these assumptions, the following result holds for
the test quantity T .

Result 4.2: Assume that the wave propagation model structure is correct, so
that the noise-free data matrix has p singular values equal to zero. Also assume
the frequency domain measurement noise to be a circular white CN (0, λ2) se-
quence. For large SNR, the test quantity in (4.12) will then, after scaling, be
χ2 distributed according to

2
λ2
T ∼ χ2

(
2(n− r)(q − r)

)
. (4.13)

Here n and q are the dimensions of the matrix EM(ω), and r is the rank of the
noise-free data matrix, i.e. r = min(n, q)− p as in (4.4).

Proof: See Appendix A.3. �
Now define χ2

α(m) as
α = prob

(
x > χ2

α(m)
)
, (4.14)

where x is a random variable which is χ2 distributed withm degrees of freedom.
Then if

T >
λ2

2
χ2
α

(
2(n− r)(q − r)

)
, (4.15)

H0 should be rejected. Otherwise, H0 should be accepted. Here, α is the risk
of rejecting a correct model and should be chosen as a small value. If the noise
assumptions are only approximately fulfilled, which is the case in many real-life
scenarios, some minor violation of (4.15) may be allowed. This is illustrated
in the following two sections, where the test is applied to two different wave
propagation experiments.

4.3 Longitudinal Wave Propagation

The test derived in the previous section is here applied to strain data obtained in
[30], where a longitudinal wave propagation experiment was used to identify the
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complex modulus of PMMA (plexiglass). The experimental setup is identical
to the one described in Example 2.1 in Section 2.3, and the wave propagation
in the bar specimen is described by the frequency domain wave equation (2.25)
with general solution as in (2.27). In this case, the wave propagation model
consists of one linear ODE with two unknown coefficients P (ω) and N(ω) in
the solution.

The experiment in [30] is set up so that there is a free end at x = 0, and
the free end boundary condition

ε(ω, 0) = 0 (4.16)

hence applies. By direct application of (4.16) in (2.27), the following constraint
on the unknown coefficients is obtained

P (ω) = −N(ω). (4.17)

If the wave propagation model is correct, this constraint will cause the data
matrix to have rank one, which can be seen by constructing the data matrix
from q independent experiments. Using (2.27) and (4.17), this gives (omitting
the argument ω for brevity)

Elong =

⎡
⎢⎣ε

(1)(x1) · · · ε(q)(x1)
...

. . .
...

ε(1)(xn) · · · ε(q)(xn)

⎤
⎥⎦

=

⎡
⎢⎣e
−γx1 eγx1

...
...

e−γxn eγxn

⎤
⎥⎦[P (1) · · · P (q)

N (1) · · · N (q)

]

=

⎡
⎢⎣e
−γx1 eγx1

...
...

e−γxn eγxn

⎤
⎥⎦[ 1
−1

] [
P (1) · · · P (q)

]
(4.18)

This matrix clearly has rank one.
As was discussed in Section 4.2, the measured data is disturbed by noise,

which will cause the data matrix in (4.18) to have full rank. However, if the SNR
is large, the singular values disturbed from zero only by the measurement noise
should be small compared to the remaining singular value, which corresponds
to the non-zero singular value of the noise free data matrix. In Figure 4.1, the
singular values of the matrix constructed from the data in [30] are shown. The
strains were measured at n = 4 points along the bar2, and the experiment was
repeated q = 10 times. In [56], the variance of the measurement noise was
estimated to λ2 ≈ 3.6 · 10−14, and it was also shown that the noise was close to
white. The SNR is generally large for these experiments, and it is in Figure 4.1
seen that three out of the four singular values are comparatively small for
all frequencies. It hence seems plausible that the noise free data matrix has
rank one, and that the model structure may be used for accurately describing

2Not including the free end strain at x = 0.
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Figure 4.1: Singular values of Elong(ω), with n = 4 and q = 10. Lower curves,
three separate singular values.

0 5 10 15
10

−13

10
−12

10
−11

10
−10

f [kHz]

T
 =

 Σ
σ i2

Figure 4.2: Statistical test, longitudinal wave propagation. Test quantity T

in (4.12) with p = 3 (dotted) and λ2

2 χ
2
α

(
2(n − r)(q − r)

)
(solid) for α = 0.05,

r = 1, n = 4, q = 10 and λ2 = 3.6 · 10−14.

the data. To confirm this, the test derived in Section 4.2 was applied to the
matrix. The result is shown in Figure 4.2, where the test quantity T defined
in (4.12) is plotted against the threshold value defined in (4.15) for frequencies
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up to 15 kHz. For the test to be fulfilled, T should for each frequency lie
below the threshold with probability 1 − α. In Figure 4.2 it can be be seen
that, although not strictly below the threshold for all frequencies, the test is
on average close to be fulfilled at significance level α = 0.05. If it is taken into
account that the noise characteristics are not completely known, this deviation
may be accepted and the model not rejected. The deviation may also indicate
small inconsistencies in the wave propagation model, but as the effects on the
rank of the data matrix seems to be small, these errors may be regarded as
negligible. The validity of the model in (2.25) is also supported by the study in
[56], where the model was successfully exploited for accuracy analysis purposes.
In Chapter 8 and 9 this model is also used for optimal experiment design.

4.4 The Non-equilibrium SHPB Procedure

The non-equilibrium Split Hopkinson Pressure Bar (SHPB) procedure is de-
scribed in Section 2.3.2. The wave propagation model in this case consists of
the solution to six linear ODEs with a total of five unknown coefficients. The
conditions that the normal force and particle velocity are continuous at the
bar/specimen interfaces however give four boundary conditions that constrain
the coefficients. These boundary conditions are given in (2.55). If the struc-
ture of the wave propagation model is accurate, these constraints will cause the
data matrix to have rank one. This can easily be seen from the relationship in
(2.56). This relationship can be rewritten as

εR(ω) =
1
2

( Z(ω)
Zb(ω)

− Zb(ω)
Z(ω)

)
sinh(γ(ω)a)︸ ︷︷ ︸

X
(
γ(ω)

)
εT (ω), (4.19)

and the data matrix constructed from q independent experiments can hence be
factorized as

ESHPB(ω) =

[
ε
(1)
R (ω) · · · ε

(q)
R (ω)

ε
(1)
T (ω) · · · ε

(q)
T (ω)

]

=
[

1
X
(
γ(ω)

)] [ε(1)R (ω) · · · ε
(q)
R (ω)

]
. (4.20)

This matrix clearly has rank one.
If the data matrix is constructed from measured data, each element will

be disturbed by measurement noise which will cause the matrix in (4.20) to
have full rank. In Figure 4.3, the singular values constructed from q = 13
experiments similar to those in [70] are shown. It can be seen that one singular
value is much smaller than the other for all frequencies, and it again seems
plausible that the noise-free data matrix has rank one. The test quantity
derived in Section 4.2 was then applied to the data matrix. The variance of the
measurement noise was in this case estimated to λ2 ≈ 2.3 · 10−12, and it was
shown that the noise was close to white and that the SNR was large. The result
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Figure 4.3: Singular values of ESHPB with n = 2 and q = 13.
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is shown in Figure 4.4, where the test quantity T defined in (4.12) is plotted
against the threshold value defined in (4.15) for frequencies up to 15 kHz. Note
that the data in this case contains fewer data points than in the longitudinal
case. This time the test is far from fulfilled; on average the test quantity is
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more than ten times larger then the threshold value. This deviation is too
great to be explained by the noise characteristics not being completely known,
or by small inconsistencies in the wave propagation model. The model should
hence be rejected. There are a number of obvious reasons for these model
inconsistencies. For the constraints in (2.55) to be valid, an ideal contact in
the bar/specimen interface is needed. This is very hard to achieve in reality.
Furthermore, when the waves pass through the specimen and into the next bar
they will be partly transmitted back into the specimen. Part of this energy will
leak out each time the waves meet a bar/specimen interface. This will cause
the measured waves to have long tails, and a truncation error is introduced
since these tails have to be cut in order to separate subsequent strain pulses.
It is however important to emphasize that the model in this case is sufficient
to get reasonable estimates of the complex modulus, as was done in [59]. The
model is however not accurate enough to be exploited in more detail. This is
illustrated in Chapter 6, where the model is used to analyze the accuracy of
the estimates.

4.5 Conclusions

The scope of this chapter was to derive a statistical test to validate the struc-
ture of wave propagation models used to identify the material properties of
viscoelastic materials. The analysis is based on a matrix containing frequency
domain data from a number of independent experiments. In most structures,
the wave propagation can in the frequency domain be modeled by a system
of linear differential equations with known boundary conditions. This will in
the noise-free case cause the data matrix to have a known number of singular
values equal to zero if the structure of the wave propagation model is accu-
rate. Based on this observation, a statistical test is developed to specify how
much these singular values are allowed to deviate from zero in the presence of
measurement noise. If the magnitude of the smallest singular values cannot
be explained by the noise only, the model should be rejected. In the analysis,
the frequency domain measurement noise is assumed to be white and complex
Gaussian distributed. In a real life-scenario, these assumptions are only ap-
proximately fulfilled, and the test has to be applied with this in mind. The
test was here used to evaluate data from a longitudinal wave propagation ex-
periment, as well as from experiments performed with the SHPB setup. In the
longitudinal case, the model has been successfully used in previous studies both
for estimating the complex modulus and for analyzing the accuracy of these
estimates, see for example [30; 56]. This model was not rejected by the test.
The wave propagation for the SHPB experimental setup did on the other hand
not pass the test. This model was in [59] used to identify the complex modulus
with good results, but should be used with care if it is exploited in more detail,
as when the second order moments are used to analyze the variance of the
estimates. This is illustrated in Chapter 6.





Chapter 5
Frequency Contents in a Longitudinal
Wave Propagation Experiment

The longitudinal wave propagation setup described in Chapter 2 is com-
monly used to identify material functions of viscoelastic materials, see for

example [4; 30; 64; 78]. In many cases, the experiment is designed so that
one end of the bar is left free. This free end condition leads to very specific
constraints on the wave propagation in the bar, which in turn influences the
identification. In previous studies it was for example found that the quality of
the estimated material function varies significantly with frequency, a behavior
that can be explained through the analysis in this chapter. The aim of the
study is to examine how the boundary conditions affect the frequency content
of the waves propagating in the bar, and to use these results in subsequent
chapters in order to further understand what influence this design aspect may
have on the identification.

In this chapter, bars made of linearly elastic as well as viscoelastic materials
are treated. The study on elastic bars is closely related to the eigenvalue prob-
lem for rods in axial vibration, as described in [50], and serves as foundation
for the more complex viscoelastic case.

5.1 Elastic and Viscoelastic Materials

The wave propagation model for a bar in axial vibration is given by the fre-
quency domain wave equation (2.25) with general solution as in (2.27). The
complex modulus enters into these equation through the wave propagation
function γ(ω) in (2.26). If γ(ω) is expressed in terms of its real and imaginary
parts, i.e.

γ(ω) = α(ω) + ik(ω), (5.1)

it is clearly seen from (2.27) that the real part of the wave propagation function,
α(ω), acts as a damping factor for waves at frequency ω. The imaginary part,
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k(ω), is the corresponding wave number. The wave number k(ω) is an odd
function, positive for ω > 0, and the damping factor α(ω) is a positive even
function, [34]. By definition, the wavelength for waves at frequency ω can be
obtained through the wave number as

λ(ω) = 2π/|k(ω)|. (5.2)

The frequency domain wave equation (2.25) also describes wave propagation
in an elastic bar. The complex modulus E(ω) is then replaced by the constant
Young’s modulus E in (2.1) and the wave propagation function γ(ω) in (2.27)
is then given by

γ(ω) =

√
−ρω

2

E
, (5.3)

which is a purely imaginary function of ω. Hence, in the elastic case

γ(ω) = ik(ω), k(ω) =
√

ρ

E
ω, (5.4)

and the damping factor α(ω) = 0. This implies that if the material is excited
initially and then allowed to vibrate freely, the vibrations will continue eternally
without ever damping out, i.e. the system is conservative. This, however, is a
mathematical idealization, and ideally elastic materials do not exist in practice.
Elastic theory is nevertheless useful when the damping is very low, and many
materials such as most metals follow this theory with high accuracy. Examples
of materials where the damping is not negligible, and has to be considered in
a viscoelastic framework, include many types of plastics.

5.2 Analysis of Frequency Contents

When the experiment is designed so that an end of the bar is left free, the strain
at that end will be identically equal to zero. If we for example have a free end at
x = 0, then ε(t, 0) = 0 for all t. Consequently, the Fourier transformed strain at
that end will also equal zero, i.e. ε(ω, 0) = 0. In the following two subsections
we will examine the frequency contents of the measured strain signal in bars
made of elastic and viscoelastic material, respectively, where one end of the bar
is free. The bar is excited (strained) at the end opposite to the free end, and
it is here assumed that the only influence at this end is that of the excitation.
The frequency domain strain at the excited end is therefore the same as the
Fourier transform of the strain excitation. This assumption can, however, be
relaxed and the analysis modified to cover all cases where the power of the
strain at the excited end is limited for all frequencies.

5.2.1 Elastic Materials

Consider the experimental setup in Figure 2.4 with a bar made of an elastic
material, and with ends in x = 0 and x = L. The bar is suspended in such
a way that there is a free end at x = 0 and excited at x = L through impact
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using, for example, a steel hammer or an air gun. This gives the following
boundary conditions

ε(0, ω) = 0 (5.5)
ε(L, ω) = u(ω), (5.6)

where u(ω) denotes the Fourier transform of the strain excitation. As the wave
propagation function of an elastic material is purely imaginary, see (5.4), the
solution to the frequency domain wave equation (2.27) can be written as

ε(ω, x) = A(ω) cos
(
k(ω)x

)
+B(ω) sin

(
k(ω)x

)
. (5.7)

The complex valued amplitudes A(ω) and B(ω) are given by

A(ω) = N(ω) + P (ω) (5.8)

and
B(ω) = i(N(ω)− P (ω)). (5.9)

By applying boundary condition (5.5) to (5.7) we may conclude that A(ω) = 0,
and equation (5.7) hence simplifies to

ε(ω, x) = B(ω) sin
(
k(ω)x

)
. (5.10)

If the second boundary condition, (5.6), is applied to this equation, we get the
following expression for the amplitude B(ω)

B(ω) =
u(ω)

sin
(
k(ω)L

) . (5.11)

The transfer function of the wave propagation at section x is hence given by

ε(ω, x) =
sin

(
k(ω)x

)
sin

(
k(ω)L

)u(ω). (5.12)

Under the assumption that the power of the input signal is finite for each fre-
quency, a condition that is fulfilled in most practical applications, we see from
(5.11) that |B(ω)| approaches infinity for those frequencies where | sin (k(ω)L)| =
0, i.e. for the poles of the transfer function in (5.12). This is fulfilled when
k(ω)L = nπ for n an integer, or equivalently when

k(ω) =
nπ

L
, n = 1, 2, . . . . (5.13)

The frequency domain strains will hence be amplified for frequencies where the
wave number fulfills (5.13). Combining (5.13) with (5.4), these frequencies are
given by

ωn =
nπ

L

√
E

ρ
, n = 1, 2, . . . (5.14)

This corresponds to the eigenmodes of a bar in axial vibration, where the
free end condition is fulfilled at both ends of the bar, see [50]. On the other
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Figure 5.1: Frequency domain strains |ε(ω, x)| for simulated aluminum bar
(solid line), and frequency response of the simulated input signal in Figure 5.2
(dashed). The length of the bar is L = 2 m and the strains measured at position
x = 1.6 m. Frequencies fulfilling (5.13) marked with (∗), and frequencies
fulfilling (5.15) marked with (o).

hand, from (5.10) we can expect the frequency domain strain measured at
position x to vanish at the zeros of the transfer function in (5.12), i.e. when
sin

(
k(ω)x

)
= 0. This happens when k(ω)x = nπ or equivalently when

k(ω) =
nπ

x
, n = 1, 2, . . . (5.15)

Combining (5.15) with (5.4), these frequencies are given by

ωn =
nπ

x

√
E

ρ
, n = 1, 2, . . . (5.16)

Note that from (5.2), this corresponds to measuring the signal at integral mul-
tiples of half a wavelength from the free end at x = 0, i.e. at the nodes of the
sine wave in (5.10).

In Figure 5.1, simulated frequency domain strains from a wave propagation
experiment on an elastic bar are shown. The bar is axially excited at x = L
by the pulse shown in Figure 5.2, and then left to vibrate freely. The length of
the bar is L = 2 m and the strains are simulated through (2.27) and (5.3). The
amplitudes P (ω) and N(ω) are determined from (5.5) and (5.6), where u(ω) is
the Fourier transform of the exciting pulse in Figure 5.2. In the simulations,
Young’s modulus was set to E = 71 GPa which corresponds well to the elastic
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Figure 5.2: The excitation pulse.

behavior of aluminum (Al), a material with density ρ = 2700 kg/m2. The
simulated strain is measured at position x = 1.6 m. As can be seen from
Figure 5.1, the frequencies that fulfills (5.13) corresponds well with the peaks
of the measured frequency domain strain signal. Furthermore, the frequencies
for which the wave number fulfills (5.15) corresponds well with the dips in the
strain signal. At f = 9.7 kHz, the two conditions coincide and the peak is
counteracted by the dip.

5.2.2 Viscoelastic Materials

The same type of analysis as for the elastic case can also be performed for a
viscoelastic material. Now instead consider a viscoelastic bar with a free end
in x = 0. The bar is excited at x = L, which gives the same set of boundary
conditions as in the elastic case, see (5.5) and (5.6). If boundary condition
(5.5) is applied to (2.27) this expression simplifies to

ε(ω, x) = C(ω) sinh
(
γ(ω)x

)
, (5.17)

where C(ω) is given by
C(ω) = 2N(ω). (5.18)

By applying the second boundary condition, (5.6), to (5.17) we get the following
expression for the amplitude C(ω)

C(ω) =
u(ω)

sinh
(
γ(ω)L

) . (5.19)
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The transfer function of the wave propagation at section x is hence given by

ε(ω, x) =
sinh

(
γ(ω)x

)
sinh

(
γ(ω)L

)u(ω), (5.20)

cf. (5.12) for elastic materials. As in the elastic case, we should expect the
frequency domain strains to be amplified for frequencies where | sinh (γ(ω)L)|
is small. On closer inspection, sinh

(
γ(ω)L

)
can be written as

sinh
(
γ(ω)L

)
= sinh

(
α(ω)L+ ik(ω)L

)
= sinh

(
α(ω)L

)
cosh

(
ik(ω)L

)
+ cosh

(
α(ω)L

)
sinh

(
ik(ω)L

)
= sinh

(
α(ω)L

)
cos

(
k(ω)L

)
+ i cosh

(
α(ω)L

)
sin

(
k(ω)L

)
,
(5.21)

and hence

| sinh (γ(ω)L)| =√
sinh2

(
α(ω)L

)
cos2

(
k(ω)L

)
+ cosh2

(
α(ω)L

)
sin2

(
k(ω)L

)
.

(5.22)

From (5.22) we see that in order for | sinh (γ(ω)L)| to be small, then sin2
(
k(ω)L

)
must be small since cosh(y) ≥ 1 for all y. This gives the approximate condition

k(ω) ≈ nπ

L
, (5.23)

which corresponds to (5.13) in the elastic case. Furthermore, if (5.23) is ful-
filled we also need sinh2

(
α(ω)L

)
to be small. This corresponds to α(ω) being

sufficiently close to zero. We can hence expect the frequency domain strains
to be amplified for frequencies for which the wave number fulfills (5.23), and
for which the damping factor α(ω) is low enough. To determine what value of
α(ω) can be considered as sufficiently low, or to determine the exact minima
of | sinh (γ(ω)L)|, further analysis is needed, which is beyond the scope of this
thesis.

We may also expect a decrease in signal power when | sinh (γ(ω)x)| is small,
see (5.20). Following the analysis above we get the approximate condition

k(ω) ≈ nπ

x
, (5.24)

and that the damping factor α(ω) is sufficiently low. Similarly to the elastic
case, the condition (5.24) corresponds to the signal being measured at integral
multiples of half a wavelength from the free end at x = 0, see (5.2).

In Figure 5.3, simulated frequency domain strains from a wave propagation
experiment on an viscoelastic bar is shown. The bar is axially excited at x = L
by the pulse shown in Figure 5.2, and then left to vibrate freely. The length
of the bar is L = 2 m and the strains are simulated through (2.26) and (2.27).
The amplitudes P (ω) and N(ω) are determined from (5.5) and (5.6), where
u(ω) is the Fourier transform of the exciting pulse in Figure 5.2. Data for
the complex modulus of the specimen was generated from the standard linear
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Figure 5.3: Frequency domain strains |ε(ω, x)| for simulated PMMA bar (solid
line), and frequency response of the simulated input signal in Fig 5.2 (dashed).
The length of the bar is L = 2 m and the strains measured at position x = 1.6 m.
Frequencies fulfilling (5.23) marked with (∗), and frequencies fulfilling (5.24)
marked with (o).

solid model in (2.12) with model parameters E1 = 56 GPa, E2 = 5.6 GPa and
η = 2 MPa·s. This choice of parameters applies to the dynamic behavior of
the weakly damped material PMMA (plexiglass), a material with density ρ =
1183 kg/m2. The corresponding damping factor α(ω) is shown in Figure 5.4.
The simulated strain is measured at position x = 1.6 m. As can be seen from
Figure 5.3, the frequencies for which the wave number fulfills (5.23) corresponds
well with the peaks in the measured frequency domain strain signal. As the
damping α(ω) grows higher with increasing ω, the peaks become less prominent
and starts to deviate slightly from the frequencies given by (5.23). Furthermore,
the frequencies for which the wave number fulfills (5.24) corresponds well with
the dips in the measured frequency domain strain signal. These two conditions
coincide at f = 2.6 kHz and f = 5.3 kHz, where the peak is accordingly
counteracted by the dip.

5.2.3 Experiment on a Viscoelastic Bar

In [30], experiments were made on a viscoelastic PMMA bar in order to iden-
tify the complex modulus of the material. The ends of the bar were located
at x = 0 and x = L, where L = 2 m is the length of the bar. The bar
was suspended in such a way that the end at x = 0 was free, and then
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Figure 5.4: Damping factor α(ω) of PMMA (simulated).

axially excited at x = L through a strain pulse generated by the use of a
steel hammer. The resulting strain data was collected at sensor locations
{xi}ni=1 = {0, 0.290, 0.646, 1.078, 1.600} m for N = 4096 discrete time
instances with a sampling interval of T = 20 μs, and then transformed into the
frequency domain using the discrete Fourier transform.

In Figure 5.5, the frequency domain strain signal measured at sensor lo-
cation x = 1.6 m is shown. As in the simulated data case we see that the
frequencies for which the wave number fulfills (5.23) corresponds well with the
peaks in the strain signal and that the frequencies for which the wave number
fulfills (5.24) corresponds well with the dips. At f = 2.7 kHz and f = 5.4 kHz,
these two conditions coincide, and accordingly no prominent peak or dip can
be detected.

5.3 Conclusions

In this chapter, we investigated the frequency content of strain waves propa-
gating in an axially excited bar. One end of the bar was assumed to be free,
and the other loaded through impact using a steel hammer or an air gun. It
was seen how these boundary conditions cause the measured strain signal to
be amplified for some frequencies, while others are damped out. In subsequent
chapters it is shown how this may influence different aspects of the identifica-
tion of the complex modulus, such as the accuracy of the achieved estimates.

Wave propagation in bars made of elastic and viscoelastic materials were
considered, respectively. In the elastic case, the analysis yield exact results
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Figure 5.5: Frequency domain strains |ε(ω, x)| from experiment on a PMMA
bar (solid line). Frequencies fulfilling (5.23) marked with (∗), and frequencies
fulfilling (5.24) marked with (o).

and is closely related to the eigenvalue problem for bars in axial vibration
described in [50]. For viscoelastic materials the results are approximate and
apply to frequencies where the damping is sufficiently low. The validity of the
approximate results are confirmed through experiments on bars made of the
weakly damped material PMMA (plexiglass).

As the wave propagation in a bar is an infinite dimensional system, the poles
and zeros of the transfer function depends crucially on the choice of boundary
conditions. This in turn will influence the frequency contents of the measured
strain signal. With other boundary conditions than those considered in this
chapter, the frequency content of the measured strain signal can therefore be
expected to differ from that in the examples given here. Other types of bound-
ary conditions may for example arise if the bar is loaded by a shaker attached
to one end of the bar, as in Chapter 9, or if the end opposite to the excitation
is not free.





Chapter 6
Nonparametric Identification of
Viscoelastic Materials

In nonparametric identification of viscoelastic materials, the complex mod-
ulus is determined at each frequency separately. For each new frequency,

a new optimization problem thus has to be solved. This approach have been
used in several studies, see for example [33; 45; 56; 80].

In this chapter, nonparametric identification of the complex modulus based
on the wave propagation models described in Chapter 2 is considered. In the
case of wave propagation in a large homogeneous specimen, a theoretical expres-
sion for the accuracy of the estimates was derived in [45]. Similar expressions
for the accuracy of the estimates based on the Split Hopkinson Pressure Bar
technique are derived here, and evaluated against both simulated and experi-
mental data.

6.1 Identification from Wave Propagation in a
Large Homogeneous Specimen

6.1.1 Identification

Longitudinal, flexural and torsional wave propagation in a large homogeneous
specimen was described in Section 2.3.1. The wave propagation models de-
scribed there can be used for nonparametric identification of the complex mod-
ulus. The models are used to describe the strain measured at n different loca-
tions {xi}ni=n, and the strain from all n sensors can be compiled into a system
of equations as in (2.47), where A(ω) and c(ω) are given by (2.48)-(2.49). To
stress that the matrix A(ω) is implicitly a function of the complex modulus
E(ω), this notation is here changed to A(eω) where

eω =
[
ER(ω) EI(ω)

]T
, (6.1)
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Figure 6.1: Estimated complex modulus. Real part (upper), imaginary part
(lower).

such that
E(ω) = ER(ω) + iEI(ω). (6.2)

The notation in (6.1) is helpful since it allows us to deal with a real-valued
parameter vector. An estimate êω of eω, and thereby of the complex modulus,
can now be obtained through the solution to the nonlinear least squares problem

êω = argmin
eω

{
min
c(ω)

∥∥εM(ω)−A(eω)c(ω)
∥∥2
}
. (6.3)

Here, the vector

εM(ω) =
[
εM(ω, x1) · · · εM(ω, xn)

]T (6.4)

contains the DFTs of the strains measured at each section xi and is hence
corrupted by measurement noise. The unknown vector c(ω) acts as a nuisance
parameter vector of dimension 2p, the order of the underlying differential equa-
tion, see Section 2.3.1. For the optimization problem in (6.3) to be solvable,
the number of independent measurements thus has to satisfy n ≥ 2p+ 1.

The optimization problem in (6.3) is quadratic in the nuisance parameters
and can hence be solved for eω and c(ω) separately [37]. For a given eω, the loss
function can be minimized analytically with respect to c(ω). The minimum is
achieved at

ĉ(ω, eω) = argmin
c(ω)

∥∥εM(ω)−A(eω)c(ω)
∥∥2 = A†(eω)εM(ω), (6.5)
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where
A†(eω) =

(
A∗(eω)A(eω)

)−1
A∗(eω) (6.6)

is the pseudo-inverse of A(eω). Substituting (6.5) into (6.3) we get the con-
centrated optimization problem

êω = argmin
eω

ε∗M(ω)P(eω)εM(ω), (6.7)

where
P(eω) = In −A(eω)A†(eω) (6.8)

denotes the the projection onto the null space ofA∗(eω). For a detailed descrip-
tion of the numerical issues of this estimation problem, the reader is referred
to [45].

In Figure 6.1, the estimated complex modulus from a longitudinal wave
propagation experiment is shown. The experiment is described in [30], where
the material PMMA (plexiglass) was studied. A bar of L = 2 m was there
axially impacted by the use of a steel hammer. The resulting strain data
was collected at sensor locations {xi}ni=1 = {0 0.290 0.646 1.078 1.600} m for
N = 4096 discrete time instances and with a sampling interval of T = 20 μs.
The strain at x = 0 is here obtained from the free end boundary condition
ε(ω, 0) = 0 and is hence noise free.

6.1.2 Accuracy

In [45], a theoretical expression for the covariance matrix of the estimate êω at
frequencies ωk and ωl is derived under the assumption that the time domain
measurement noise is additive, temporally and spatially white and that the
signal-to-noise ratio is large. Denoting the true complex modulus by e0

ω, this
covariance matrix can be expressed as

PNP(ωk, ωl) = E{(êωk − e0
ωk
)(êωl − e0

ωl
)T } = λ2

2h(ωk)
δk,lI2, (6.9)

for 0 < k, l < N/2. In (6.9), λ2 is the time domain noise variance, δk,l is the
Kronecker delta function, and I2 the 2× 2 identity matrix. Further,

h(ω) = ε∗(ω)A†∗(e0
ω)A

∗
R(e

0
ω)P(e

0
ω)AR(e

0
ω)A

†(e0
ω)ε(ω)

= c∗(ω)A∗R(e
0
ω)P(e

0
ω)AR(e

0
ω)c(ω),

(6.10)

where c(ω) is the nuisance parameter vector in (2.49), A†(eω) is the pseudo-
inverse of A(eω) given by (6.6), P(eω) the projection matrix in (6.8), and
AR(eω) is defined as

AR(eω) =
∂A(eω)
∂ER(ω)

. (6.11)

From the expression in (6.9) it can be seen that the estimate at a particular
frequency is uncorrelated with the estimate at any other frequency. It can also
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Figure 6.2: Theoretical (solid) and experimental (dotted) variance of estimated
complex modulus. (a) Variance of real part and (b) variance of imaginary part.
The frequencies that fulfill (5.23), i.e. where the signal amplitude is increased,
are marked with (∗).
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be seen that the estimate of the real and the imaginary parts are uncorrelated
at any given frequency, and that the variance of the real and the imaginary
parts are equal and inversely proportional to the SNR at that frequency.

In Figure 6.2, the theoretical and experimental variances of the real and
the imaginary parts of the estimate in Figure 6.1 are shown. The experimental
variance is here based on the estimates from 10 independent experiments. The
noise properties of these experiments were studied in [56], where the noise
variance was estimated to λ2 = 3.6 · 10−14. This was however adjusted to
λ2 = 2.1 · 10−14 to compensate for the noise free data from the free end. The
validity of the white noise assumption was also studied, and shown to be fulfilled
with good approximation. In Figure 6.2, there is a good agreement between
the theoretical and the experimental variances both for the real and for the
imaginary part.

The frequencies where (5.23) is fulfilled, i.e. frequencies where the signal
amplitude is increased, are also marked in the figure. It can be seen that
the variance of the estimate is substantially lower at these frequencies. As
there is more signal power at these frequencies, the SNR is hence larger with
a lower variance as a result. The frequencies where the strain signal is instead
decreased, i.e. where (5.24) is fulfilled, does not have an as pronounced effect
on the variance. The reason for this is that the condition in (5.24) depends
on where on the bar the strain is measured. In this case, the strains are
measured at five distinct points along the bar, and the spacing between the
sensors are chosen to minimize the possibility of this condition to be fulfilled
for all five sensors at any particular frequency. At each frequency, there hence is
at least a few measurements with reasonable signal power, and thereby a large
SNR, which counteracts any drastic increase in the variance of the estimates.
However, if all sensors are spaced uniformly on the bar, so that there is an
equal distance h between any two adjacent sensors, then for some frequencies
(5.24) would be fulfilled at all sensors. The signal power would then be low
for all measurements, with an increased variance as a result. This is further
discussed in [30].

6.2 Identification Using the Split Hopkinson Pres-
sure Bar Procedure

6.2.1 Identification

The wave propagation in the Split Hopkinson Pressure Bar (SHPB) procedure
was described in Section 2.3.2. The estimate of the complex modulus is here
based on the measured strain histories of the reflected and transmitted strain
waves, εR(ω) and εT (ω), which are related through (2.56). The complex modu-
lus E(ω) enters into this equation through the wave propagation function γ(ω)
and the characteristic impedance of the specimen, Z(ω), according to (2.26)
and (2.52). An estimate of the complex modulus can be found through solv-
ing the equation in (2.56) with respect to E(ω). This will in the following be
referred to as the exact estimate.
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In [59], two simplified versions of this estimate are also derived. The first
is called the low frequency (lf) estimate. This is based on the observation that
|γ(ω)a|2 is small for low frequencies, and thereby sinh

(
γ(ω)a

)
can be approxi-

mated by sinh
(
γ(ω)a

) ≈ γ(ω)a. The equation (2.56) can then be approximated
by

εR(ω)
εT (ω)

=
1
2

(
Aρ

Abρb
− AbEb(ω)

AE(ω)

)
γb(ω)a, (6.12)

where (2.26) and (2.52) have been used for γ(ω), Z(ω) and Zb(ω). Solving
(6.12) with respect to the complex modulus E(ω) gives the low frequency esti-
mate

Êlf(ω) = Eb(ω)
Ab

A

γb(ω)a
2

(
Aρ

Abρb

γb(ω)a
2

− εR(ω)
εT (ω)

)−1

, (6.13)

which is valid for |γ(ω)a|2 � 1.
If the characteristic impedance of the specimen is low relative to that of

the bars, i.e. |Z(ω)/Zb(ω)|2 � 1, then Aρ/Abρb � |AbEb/AE| by the use of
(2.52). The estimate in equation (6.13) can then be further simplified as

Êcl(ω) = −Eb(ω)
Ab

A

γb(ω)a
2

εT (ω)
εR(ω)

, (6.14)

which is valid for |γ(ω)a|2 � 1 and |Z(ω)/Zb(ω)|2 � 1. In [59] this estimate is
shown to be identical to the one used in the classical (cl) SHPB procedure as
described by [38].

6.2.2 Accuracy

The measured strain histories are corrupted by measurement noise, which will
influence the accuracy of the estimates. This noise is here assumed to be
additive, temporally and spatially white, and with variance λ2. The measured
frequency domain strains are then given by

εR,M(ω) = εR(ω) + vR(ω)
εT,M(ω) = εT (ω) + vT (ω),

(6.15)

where εR(ω) and εT (ω) denote the true and unknown strains, while vR(ω) and
vT (ω) are the discrete Fourier transformed noise sequences for the reflected and
transmitted waves, respectively. Under the noise assumptions above, and based
on the analysis in Section 3.4, these noise sequences will have the following
property

E{vR(ωk)v∗R(ωl)} = λ2δk,l
E{vR(ωk)vR(ωl)} = 0 0 < k, l < N/2, (6.16)

where N is the number of samples. The corresponding result also holds for
vT (ω). Furthermore, the noise being spatially white gives

E{vR(ωk)v∗T (ωl)} = 0, 0 ≤ k, l ≤ N/2. (6.17)
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In the following, theoretical expressions for the accuracy of estimates in the
previous subsection are derived. These expressions are valid when the signal-
to-noise ratio is large. In order to simplify the notation, the argument ω will
here be omitted unless crucial to the understanding

Analysis of the Exact Expression
The exact expression in (2.56) can be described as an analytical function of
the estimated complex modulus, Ê, and the measured strains, εR,M and εT,M.
This function is given by

f(Ê, εR,M, εT,M) =
1
2

(
Ẑ

Zb
− Zb

Ẑ

)
sinh(γ̂a)− εR,M

εT,M
= 0, (6.18)

where Ê enters through γ̂ and Ẑ. Denote the true complex modulus by E0.
Under the assumption that the SNR is large, the truncated Taylor series ex-
pansion of (6.18) around E0 and the noise free measurements εR and εT , is
given by

f(Ê, εR,M, εT,M) ≈ f(·) + f ′
Ê
(·)(Ê − E0) + f ′εR,M(·)(εR,M − εR)

+ f ′εT,M(·)(εT,M − εT ) = 0 (6.19)

In (6.19), f(·) denotes f(E0, εR, εT ), and is equal to zero. Furthermore f ′
Ê
,

f ′εR,M , f ′εT,M denote the partial derivatives with respect to Ê, εR,M and εT,M,
respectively. By the use of (6.15), equation (6.19) leads to

Ẽ � Ê − E0 ≈ − (
f ′
Ê
(·))−1

(
f ′εR,M(·)vR + f ′εT,M(·)vT

)
(6.20)

Using (6.20) and the noise properties (6.16)-(6.17), it follows that the covariance
between the estimates at any two frequencies ωk and ωl is given by

E{Ẽ(ωk)Ẽ∗(ωl)} = λ2
∣∣f ′
Ê
(ωk)

∣∣−2
(∣∣∣f ′εR,M(ωk)

∣∣∣2 + ∣∣∣f ′εT,M(ωk)
∣∣∣2) δk,l, (6.21)

for 0 < l, k < N/2. Note that from the above expression, it follows that the
estimates at frequencies ωk and ωl are uncorrelated for k �= l. Furthermore,
from straightforward application of (6.20), it also holds that

E{Ẽ(ωk)Ẽ(ωk)} = 0, 0 < k <
N

2
. (6.22)

This implies that the variance of the real and the imaginary parts of the es-
timated complex modulus are equal and that the estimate of the real part is
uncorrelated with the estimate of the imaginary part for all frequencies. �
Analysis of the Low Frequency and Classical Estimates
The correlation between the estimation errors at different frequencies is derived
in similar ways for the low frequency and the classical estimate, and will there-
fore be treated simultaneously. Both estimates are analytical functions of the
measured strains, εR,M and εT,M, according to

Êlf,cl = g(εR,M, εT,M). (6.23)
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Here the subscript lf,cl denotes the low frequency estimate or the classical
estimate, respectively. For the low frequency estimate g(·) equals the expression
in (6.13), and for the classical estimate to the expression in (6.14).

Under the assumption that the SNR is large, the truncated Taylor series
expansion of (6.23) around the noise free measurements εR and εT is given by

g(εR,M, εT,M) ≈ g(·) + g′εR,M(·)(εR,M − εR) + g′εT,M(·)(εT,M − εT ). (6.24)

Here g(·) denotes g(εR, εT ), and g′εR,M , g′εT,M denote the partial derivatives
with respect to εR,M and εT,M, respectively. This leads to

Ẽlf,cl � Êlf,cl − E0
lf,cl = g(εR,M, εT,M)− g(εR, εT )

≈ g′εR,M(·)vR + g′εT,M(·)vT (6.25)

and the covariance of the estimate at frequencies ωk and ωl is hence given by

E{Ẽlf,cl(ωk)Ẽ∗lf,cl(ωl)} = λ2

(∣∣∣g′εR,M(ωk)
∣∣∣2 + ∣∣∣g′εT,M(ωk)

∣∣∣2) δk,l. (6.26)

Similarly to the analysis of the exact estimate, the estimates at frequency ωk
and ωl are uncorrelated for k �= l. Furthermore,

E{Ẽlf,cl(ωk)Ẽlf,cl(ωk)} = 0, 0 < k <
N

2
, (6.27)

which implies that the variances of the real and the imaginary part of the
estimates are equal and that the estimate of the real part is uncorrelated with
the estimate of the imaginary part for all frequencies. �

6.2.3 Simulation Study

In order to investigate the validity of the expressions derived in the previous
subsection, the identification procedures were considered in a Monte Carlo
simulation study. Data for the complex modulus of the specimen was generated
from the standard linear solid model in (2.12) with model parameters E1 =
7.57 GPa, E2 = 3.14 GPa and η = 251 kPa · s. This choice of parameters
applies to the dynamic behavior of PP (polypropylene). To fit the Fourier
transformed strains to the simulated complex modulus, experimental strain
data from [59], associated with the transmitted wave, was used. Note that the
strains were heavily zero-padded in this study, and that the frequency resolution
for the simulated data hence is much higher than can be expected from a real-
life experiment. The data in [59] were obtained from an experiment on a PP
specimen, with a = 20 mm, A = 100 mm2, and ρ = 915 kg/m3. The material
of the pressure bars was aluminum, with ρb = 2700 kg/m3, and Ab = 100 mm2.
Frequency domain strain data associated with the reflected wave were obtained
through (2.56), and the simulated data apply to the same experimental setup as
above. As aluminum is elastic, the modulus of the pressure bars is here constant
and equal to Eb = 71 GPa for all frequencies. The strains were measured at
an equal distance b = 600 mm from the first and the second bar/specimen
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Figure 6.3: Mean values of the estimated complex modulus from 100 realiza-
tions. Real part (upper curves) and imaginary part (lower curves) of the exact
estimate (solid), the low frequency estimate (dash-dotted), and the classical
estimate (dotted).

interface. As the strain data was simulated in frequency domain, noise was also
added in this domain. From (6.16), we know that the real and imaginary parts
of the frequency domain noise are uncorrelated and of equal variance, with a
total variance equal to that of the time domain noise. Uncorrelated sequences
with variance λ2/2, where λ2 = 8 · 10−12, were therefore added to the real
and the imaginary part of the frequency domain strains. This procedure was
repeated for 100 different noise realizations.

In Figure 6.3, the mean values of the estimated complex modulus from the
100 realizations are shown. As predicted, the low frequency estimate in (6.13) is
accurate and close to the exact estimate for low frequencies. As |γ(ω)a|2 grows
larger with frequency, these two estimates starts to deviate. Furthermore, for
the choice of PP specimen and aluminum bars, |Z(ω)/Zb(ω)|2 is kept low,
and the classical estimate is hence close to the low frequency estimate. The
variances (both experimental and theoretical) of the estimates are shown in
Figure 6.4. It can be seen that the variances are close for all three estimates, i.e.
the measurement noise influences the estimates in similar ways. Furthermore,
the theoretical variances obtained through the expressions in (6.21) and (6.26),
are very well in accordance with the experimental results from the 100 simulated
experiments. From Figure 6.4, it is also clear that there is a drastic increase in
the variance for low frequencies. This behavior can partly be explained by the
long wavelengths for these frequencies. If the change in the wave is sufficiently
slow, the specimen will manage to follow the movements of the pressure bars
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Figure 6.4: (a) Experimental variances from 100 realizations for the exact es-
timate, the low frequency estimate and the classical estimate (all dotted) and
theoretical standard deviations for the exact estimate (solid), the low frequency
estimate (dashed), and the classical estimate (dash-dotted). (b) Closeup be-
tween 12 and 14 kHz.
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Figure 6.5: Mean values of the estimated complex modulus from 10 independent
experiments. Real part (upper curves) and imaginary part (lower curves) of
the exact estimate (solid), the low frequency estimate (dash-dotted), and the
classical estimate (dotted). Data points marked with (∗).

as if they were one homogeneous piece. This gives inadequate information on
the specimen, with a poor quality estimate of the complex modulus as a result.

6.2.4 Experiments

In the previous section, the validity of the expressions in (6.21) and (6.26)
were confirmed for simulated data. Even more important, these expressions
should manage to describe the variance of the estimated complex modulus
when real-life experimental data is used. In order to study this, ten as identical
as possible experiments were carried out using a PP specimen and aluminum
bars. The experimental setup for these experiments are identical to the one
in the simulation study. The number of data points in each experiment was
N = 600 and the sampling interval T = 1 μs. No zero-padding was used when
Fourier transforming the data in order to preserve the whiteness properties
of the frequency domain noise, see the discussion in Section 3.4. The mean
value of the estimated complex modulus from the 10 experiments is shown in
Figure 6.5. The frequency resolution is here much lower than in the simulation
study because of the limited number of data points, and since no zero-padding
was used. The small number of data points arise due to the limited time the
experiment can be performed. To separate the transmitted wave from the
reflection in the bar end, the signals have to be cut before this reflected wave
returns to the sensor.
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Figure 6.6: Experimental variances from 10 independent experiments for the
exact estimate, the low frequency estimate and the classical estimate (all dot-
ted). Theoretical standard deviations for the exact estimate (solid), the low
frequency estimate (dashed), and the classical estimate (dash-dotted). Data
points marked with (∗).

To calculate the theoretical standard deviations from (6.21) and (6.26), the
noise variance λ2 and true strain histories εR(ω) and εT (ω) are needed. The
true strain histories are here approximated by their measured counterparts,
εR,M(ω) and εT,M(ω), which is justified by the SNR being large. In order
to assess the properties of the measurement noise, a number of noise studies
were made. The variance of the noise was there estimated to λ2 ≈ 3.5 · 10−12,
and it was also confirmed that the assumption on the noise to be spatially and
temporally white was close to be fulfilled. In (6.21), the true complex modulus
E0(ω) is also needed. This is here approximated by the mean of the estimates
from 10 independent experiments.

In Figure 6.6, the theoretical and experimental variances are shown for all
three estimates. It can be seen that the theoretical expressions severely under-
estimates the variance of the estimates; on average the theoretical variances lies
a factor ten below their experimental counterparts. Furthermore, the variance
of the real and the imaginary parts are not equal, as they should be according
to (6.22) and (6.27). This can be seen from Figure 6.7, where the experimental
variance of the real and the imaginary parts of the exact estimate is shown.
This is an effect of the inadequate wave propagation modeling, as analyzed
in Chapter 4. The model inconsistencies may for example be explained by a
non-ideal contact between the bars and the specimen, or truncation errors as
the waves have to be cut in order to separate subsequent strain pulses. The
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Figure 6.7: Experimental variances from 10 independent experiments for the
real and the imaginary parts of the exact estimate. Variance of real part (solid)
and variance of imaginary part (dashed). Data points marked with (∗).

model is apparently good enough to achieve reasonable estimates of the com-
plex modulus, as in Figure 6.5, but fails when exploited in more detail for the
accuracy analysis.

6.3 Conclusions

In this chapter, nonparametric identification of the complex modulus was con-
sidered. Two different experimental setups were considered, and the accuracy
of the estimates analyzed. In the first example, the complex modulus was iden-
tified based on wave propagation in a large homogeneous specimen. This has
been thoroughly treated in, for example, [29; 45; 56], and a theoretic expres-
sion for the accuracy of the estimates was derived in [45]. The identification
procedure was here illustrated with data from a longitudinal wave propagation
experiment, where a long bar made of the viscoelastic material PMMA was
axially excited at one end.

In the second example, the Split Hopkinson Pressure Bar technique was
considered. Three different estimates of the complex modulus were considered
for this approach; one regarded to be exact in an 1D context, and two simpli-
fied versions. The accuracy of these estimates was analyzed, and theoretical
expressions for the variance of the estimates were derived. The validity of these
expression was evaluated in a simulation study, as well as for real-life exper-
imental data. In the simulation study, there was a good agreement between
the theoretical variances and the variances based on 100 realizations of the
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data. For the experimental data, the agreement was however poor. This can
be explained by an inadequate model for the wave propagation in the setup,
as was analyzed in Chapter 4. Note that the model is good enough to achieve
reasonable estimates of the complex modulus, but fails when exploited in more
detail, as was done when analyzing the accuracy of the estimates.



Chapter 7
Parametric Identification of Viscoelastic
Materials

In the previous chapter, nonparametric identification of the complex modu-
lus was considered. In the nonparametric approach, the complex modulus is

determined for each frequency separately. In this chapter, parametric identifi-
cation of the complex modulus is instead considered. In parametric identifica-
tion, a parametric model of the complex modulus, such as the ones described in
Chapter 2, are fitted to the data. Instead of estimating the complex modulus at
each frequency separately, the knowledge on the estimate is concentrated to a
small number of parameters in the chosen model. One advantage with such an
approach is that they often give estimates with low variance. If the model is not
flexible enough to describe the estimated quantity in a good way, the estimates
will however be poor. Parametric identification of the complex modulus has
been used in, for example, [55; 63; 64; 78]. Mechanical networks, such as the
ones described in Chapter 2, are commonly used to model the complex mod-
ulus. The parameters of these models can be interpreted as spring constants
and damping factors, cf. Section 2.2. In other studies, a black-box approach is
instead used and the complex modulus modeled through a low order rational
transfer function. Unlike the mechanical networks above, the parameters in
these models have no straightforward physical interpretation.

In this chapter, a number of different approaches to find a parametric es-
timate of the complex modulus are considered. The models are fitted either
from the nonparametric estimates described in the previous chapter, or directly
from the Fourier transformed strain data. Finally, an approach using only the
resonant frequencies of the wave propagation is described. This approach is
based on the method described in [64], and here modified to fit the experi-
mental setups in Chapter 2. The theory in this chapter applies to longitudinal
wave propagation in a bar, but can easily be modified to cover other types of
experiments.

75
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7.1 Parametric Identification

In this section, three different approaches to identify a parametric model of the
complex modulus are described. One approach is based on the nonparametric
estimate described in the previous chapter, while the other two fit the para-
metric model directly from the Fourier transformed data. In all three cases, a
least squares type loss function J(θ) is used, and an estimate of the parameter
vector θ is found through

θ̂ = argmin
θ
J(θ). (7.1)

The following theory does not depend on the model chosen for the complex
modulus, and no model is therefore specified at this stage.

7.1.1 Parametric Identification Using the Nonparametric
Estimate

In [55], an approach to fit a parametric model based on the nonparametric
estimate from Chapter 6 is described. The loss function is in this case given by

J(θ) =
Nω∑

k=nω

1
C(ωk)

|Ê(ωk)− E(ωk,θ)|2, (7.2)

where Ê(ωk) is the nonparametric estimate as given by (6.1)-(6.3), E(ωk,θ) is
the complex modulus model, and the weighting C(ωk) is chosen as

C(ωk) = var{Ê(ωk)}. (7.3)

The variance of the nonparametric estimate is here given by

var{Ê(ωk)} = tr{PNP(ωk, ωk)} = λ2

h(ωk)
, (7.4)

where PNP(ωk, ωl) given by (6.9)-(6.10) is the covariance matrix of the real
valued parameter vector eω in (6.1). The upper and lower limits, nω and Nω,
of the sum in (7.2) are chosen so that {ωk}Nω

k=nω
coincide with the range of

useful frequencies for the experiment, see the discussion in Section 2.3.1. An
estimate of the parameter vector, θ̂NP, is obtained through (7.2) and (7.1).

7.1.2 Fitting a Parametric Model Directly from Data

In Section 7.1.1, a parametric model was fitted based on a nonparametric es-
timate of the complex modulus. In [54], a parametric model is identified from
the Fourier transformed data directly. The model is here fitted from n − 1 of
the n strain measurements, while the n:th strain measurement (together with
the free end boundary condition) is used to identify the unknown amplitudes
of the waves traveling back and forth in the bar. The loss function is hence
given by

J(θ) =
Nω∑

k=nω

n−1∑
i=1

|εM(ωk, xi)− ε(ωk, xi,θ)|2, (7.5)
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where nω and Nω are chosen as in Section 7.1.1, εM(ω, xi) is the measured
strain at section xi and frequency ω, and the data model ε(ω, xi,θ) is given by

ε(ω, xi,θ) = P (ω)e−γ(ω,θ)xi +N(ω)eγ(ω,θ)xi , (7.6)

cf. (2.27). In (7.6), P (ω) and N(ω) are the unknown amplitudes of waves
traveling in positive and negative x direction, respectively. As was mentioned
above, these are estimated from the free end boundary condition

ε(ω, 0,θ) = 0 (7.7)

and an n:th strain measurement not included in J(θ). Applying (7.7) to (7.6)
gives

P (ω) = −N(ω) ⇒ ε(ω, xi,θ) = 2N(ω) sinh
(
γ(ω,θ)xi

)
. (7.8)

The amplitude N(ω) can now be estimated from (7.8) and the n:th strain
measurement according to

N̂(ω,θ) = arg min
N(ω)

|εM(ω, xn)− ε(ω, xn,θ)|2 = εM(ω, xn)
2 sinh

(
γ(ω,θ)xn

) (7.9)

Note that this estimate depends on the model parameters θ. The model output
ε(ω, xi,θ) in (7.5) can now be replaced by

ε̂(ω, xi,θ) = 2N̂(ω,θ) sinh
(
γ(ω,θ)xi

)
=

sinh
(
γ(ω,θ)xi

)
sinh

(
γ(ω,θ)xn

)εM(ω, xn), (7.10)

and the new loss function written as

J(θ) =
Nω∑

k=nω

n−1∑
i=1

|εM(ωk, xi)− ε̂(ωk, xi,θ)|2 (7.11)

=
Nω∑

k=nω

‖ εM(ωk)− S(ωk,θ)εM(ωk, xn) ‖2, (7.12)

where εM(ω) and S(ω,θ) are given by

εM(ω) =
[
εM(ω, x1) · · · εM(ω, xn−1)

]T = [In−1| 0]εM(ω) (7.13)

S(ω,θ) =
1

sinh
(
γ(ω,θ)xn

) [sinh (γ(ω,θ)x1

) · · · sinh
(
γ(ω,θ)xn−1

)]T
.

(7.14)

In (7.13), εM(ω) is the measured data vector defined in (6.4). An estimate of
the parameter vector, θ̂D, is in this case obtained through (7.12) and (7.1).
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7.1.3 Fitting a Parametric Model Directly from Data –
A Modified Approach

In the previous section, an approach to finding a parametric estimate of the
complex modulus straight from the Fourier transformed data was described. In
this approach, the unknown amplitudes P (ω) andN(ω) were identified from the
free end boundary condition and one strain measurement. All the knowledge of
the material response is hence not included when estimating these amplitudes.
In this section, a modified approach is proposed where all knowledge of the
material response is included both in estimating the unknown amplitudes and
in fitting the model parameters. The loss function is in this case given by

J(θ) =
Nω∑

k=nω

n∑
i=1

|εM(ωk, xi)− ε(ωk, xi,θ)|2

=
Nω∑

k=nω

‖ εM(ωk)− ε(ωk,θ) ‖2, (7.15)

where nω and Nω are chosen as in Section 7.1.1, εM(ω) is the measured data
vector defined in (6.4), and

ε(ω,θ) =
[
ε(ω, x1,θ) · · · ε(ω, xn,θ)

]T
. (7.16)

The data model vector ε(ω,θ) can, by using (7.6), be written as

ε(ω,θ) =

⎡
⎢⎣e
−γ(ω,θ)x1 eγ(ω,θ)xn

...
...

e−γ(ω,θ)xn eγ(ω,θ)xn

⎤
⎥⎦[P (ω)N(ω)

]
= A(ω,θ)c(ω), (7.17)

cf. (2.47)-(2.50). The amplitudes P (ω) and N(ω) can now be estimated as

ĉ(ω,θ) = argmin
c(ω)

‖ εM(ω)− ε(ω,θ) ‖2= A†(ω,θ)εM(ω), (7.18)

where
A†(ω,θ) = [A∗(ω,θ)A(ω,θ)]−1A∗(ω,θ) (7.19)

is the pseudo-inverse of A(ω,θ). Replacing the data model vector ε(ω,θ) in
(7.15) by the corresponding vector

ε̂(ω,θ) = A(ω,θ)ĉ(ω,θ) = A(ω,θ)A†(ω,θ)εM(ω), (7.20)

the loss function can be rewritten as

J(θ) =
Nω∑

k=nω

‖ εM(ωk)−A(ωk,θ)A†(ωk,θ)εM(ωk) ‖2

=
Nω∑

k=nω

ε∗M(ωk)P(ωk,θ)εM(ωk), (7.21)
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where
P(ω,θ) = In −A(ω,θ)A†(ω,θ) (7.22)

is the projection operator onto the null space of A∗(ω,θ). An estimate of the
parameter vector, θ̂DM, can now be obtained through (7.21) and (7.1).

7.2 Accuracy Analysis

In this section, asymptotic expressions for the accuracy of the parametric esti-
mates described in Section 7.1 are derived. These are valid when the signal-to-
noise ratio (SNR) is large. An expression for the accuracy of the nonparametric
based estimate is derived in [55], but will here be presented in more detail.

First, a general expression for the correlation between the estimation errors
of the parameter vector is derived. Recall that in all three cases, θ̂ is a minimum
of J(θ) and hence

J ′θ(θ̂) = 0. (7.23)

Approximating J ′θ(θ) by the truncated Taylor series expansion around the true
parameter vector θ0, and evaluating for θ = θ̂, gives

0 = J ′θ(θ̂) ≈ J ′θ(θ0) + (θ̂ − θ0)TJ ′′θ (θ0). (7.24)

The estimation error θ̃ is hence given by

θ̃
T
= (θ̂ − θ0)T ≈ −J ′θ(θ0)[J ′′θ (θ0)]−1. (7.25)

Using (7.25), the accuracy of the estimated parameter vector can, for large
SNR, be approximated by

E{θ̃θ̃T } ≈ H−1GH−1, (7.26)

where

G = E
{
[J ′θ(θ0)]TJ ′θ(θ0)

}
(7.27)

H = lim
SNR→∞

J ′′θ (θ0). (7.28)

The accuracy of the corresponding complex modulus can also be obtained from
the expression in (7.26). Let

e(ω,θ) =
[
ER(ω,θ) EI(ω,θ)

]T
, (7.29)

where
E(ω,θ) = ER(ω,θ) + iEI(ω,θ). (7.30)

Linearization of e(ω,θ) around θ0, and evaluating at θ = θ̂, gives

e(ω, θ̂) ≈ e(ω,θ0) +
d
dθ

e(ω,θ0)(θ̂ − θ0) (7.31)
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and hence

E

{
ẽ(ωk, θ̂)ẽT (ωl, θ̂)

}
= E

{
(e(ωk, θ̂)− e(ωk,θ0))(e(ωl, θ̂)− e(ωl,θ0))T

}
≈
[
d
dθ

e(ωk,θ0)
]

E{θ̃θ̃T }
[
d
dθ

e(ωk,θ0)
]T

(7.32)

In the following, explicit expressions for G and H are derived for the three
different cases described in the previous section.

7.2.1 Accuracy Analysis of the Nonparametric Based Es-
timate

In this analysis, it is assumed that the material can be described by the chosen
model, so that the nonparametric estimate is given by

Ê(ω) = E(ω,θ0) + Ẽ(ω), (7.33)

and that
lim

SNR→∞
Ê(ω) = E(ω,θ0). (7.34)

In (7.33), θ0 is the true parameter vector and Ẽ(ω) is a stochastic disturbance.
The assumption in (7.34) asserts that this disturbance goes to zero when the
SNR tends to infinity, which corresponds to noise-free measurements of the
strains. Furthermore, based on (6.9), we have that

E

{
Ẽ(ωk)Ẽ∗(ωl)

}
=

{
λ2

h(ωk)
= C(ωk) k = l

0 k �= l

E

{
Ẽ(ωk)Ẽ(ωl)

}
= 0 ∀k, l.

(7.35)

For the simplicity of notation, rewrite the loss function in (7.2) as

J(θ) =
Nω∑

k=nω

1
C(ωk)

|ε(ωk,θ)|2, (7.36)

where
ε(ω,θ) = Ê(ω)− E(ω,θ). (7.37)

Differentiating (7.36) with respect to θ, and evaluating for θ = θ0, gives

J ′θ(θ0) =
Nω∑

k=nω

1
C(ωk)

[
ε(ωk,θ0)Ψ∗(ωk,θ0) + ε∗(ωk,θ0)ΨT (ωk,θ0)

]

=
Nω∑

k=nω

1
C(ωk)

[
Ẽ(ωk)Ψ∗(ωk,θ0) + Ẽ∗(ωk)ΨT (ωk,θ0)

]
, (7.38)

where
Ψ(ω,θ) =

[ d
dθ

ε(ω,θ)
]T

= −
[ d
dθ

E(ω,θ)
]T

(7.39)
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is the derivative of ε(ω,θ) with respect to θ =
[
θ1 · · · θm

]T . In the second
equality of (7.38), we have used that

ε(ω,θ0) = Ê(ω)− E(ω,θ0) = Ẽ(ω), (7.40)

which follows from (7.33) and (7.37). The matrix GNP can now be evaluated as

GNP = E
{
[J ′θ(θ0)]TJ ′θ(θ0)

}
=

Nω∑
k=nω

1
C2(ωk)

[
C(ωk)Ψ(ωk,θ0)Ψ∗(ωk,θ0) + C(ωk)

[
Ψ(ωk,θ0)Ψ∗(ωk,θ0)

]T ]

=
Nω∑

k=nω

1
C(ωk)

[
Ψ(ωk,θ0)Ψ∗(ωk,θ0) +

[
Ψ(ωk,θ0)Ψ∗(ωk,θ0)

]T ]

=
Nω∑

k=nω

1
C(ωk)

2Re {Ψ(ωk,θ0)Ψ∗(ωk,θ0)} . (7.41)

The second derivative can be evaluated in a similar fashion, giving

J ′′θ (θ0) =
Nω∑

k=nω

1
C(ωk)

[
Ψ(ωk,θ0)Ψ∗(ωk,θ0) +

[
Ψ(ωk,θ0)Ψ∗(ωk,θ0)

]T
+Ẽ(ωk)

[ d2

dθ2 ε
∗(ωk,θ0)

]
+ Ẽ∗(ωk)

[ d2

dθ2 ε(ωk,θ0)
]] (7.42)

and

HNP = lim
SNR→∞

J ′′θ (θ0)

=
Nω∑

k=nω

1
C(ωk)

[
Ψ(ωk,θ0)Ψ∗(ωk,θ0) +

[
Ψ(ωk,θ0)Ψ∗(ωk,θ0)

]T ]

=
Nω∑

k=nω

1
C(ωk)

2Re {Ψ(ωk,θ0)Ψ∗(ωk,θ0)} = GNP. (7.43)

7.2.2 Accuracy Analysis of the Parametric Estimate Iden-
tified Directly from Data

In this analysis, it is assumed that the data can be perfectly modeled by the
wave propagation model in (7.6). As a consequence

εM(ω, xi) = ε(ω, xi,θ0) + v(ω, xi) (7.44)

where v(ω) denotes the frequency domain measurement noise. The measure-
ment noise is in time domain assumed to be temporally and spatially white,
with zero mean and variance λ2. The characteristics of the corresponding fre-
quency domain noise is analyzed in Section 3.4. It is also assumed that

lim
SNR→∞

N̂(ω,θ0) = N(ω) =
ε(ω, xn,θ0)

2 sinh
(
γ(ω,θ0)xn

) . (7.45)
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For notational simplicity, rewrite loss function as

J(θ) =
N∑
k=1

ε∗(ωk,θ)ε(ωk,θ) (7.46)

where
ε(ω,θ) = εM(ω)− S(ω,θ)εM(ω, xn). (7.47)

Before continuing the analysis, the following property and notation is intro-
duced.

Property 7.1: The model error ε(ω,θ) in (7.47) evaluated at θ = θ0 is given
by

ε(ω,θ0) = εM(ω)− S(ω,θ0)εM(ω, xn)
= ε(ω,θ0) + v(ω)− S(ω,θ0)[ε(ω, xn,θ0) + v(ω, xn)]
= v(ω)− S(ω,θ0)v(ω, xn), (7.48)

where

ε(ω,θ0) =
[
ε(ω, x1,θ0) · · · ε(ω, xn−1,θ0)

]T (7.49)

v(ω) =
[
v(ω, x1) · · · v(ω, xn−1)

]T
. (7.50)

In the third equality of (7.48), the property

S(ω,θ0)ε(ω, xn,θ0) = ε(ω,θ0) (7.51)

has been used, which follows from (7.8), (7.14) and (7.45). �

Notation 7.1: Let the derivatives of S(ω,θ) and ε(ω,θ) with respect to
θ =

[
θ1 · · · θm

]T be given by

ΠS(ω,θ) = −
[
d
dθ

S(ω,θ)
]T

(7.52)

and

Π(ω,θ) =
[
d
dθ
ε(ω,θ)

]T
= −ΠS(ω,θ)εM(ω, xn)

= −ΠS(ω,θ)[ε(ω, xn,θ0) + v(ω, xn)]. (7.53)

Both ΠS(ω,θ) and Π(ω,θ) are here m× (n− 1) matrices. �
The derivative of the loss function, evaluated at θ = θ0, can now be written as

J ′θ(θ0) =
Nω∑

k=nω

[
ε∗(ωk,θ0)ΠT (ωk,θ0) + εT (ωk,θ0)Π∗(ωk,θ0)

]
(7.54)
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Through (7.54), GD can then be evaluated as

GD = E
{
[J ′θ(θ0)]TJ ′θ(θ0)

}
=

Nω∑
k=nω

Nω∑
l=nω

E

{ [
ε∗(ωk,θ0)ΠT (ωk,θ0) + εT (ωk,θ0)Π∗(ωk,θ0)

]T
× [

ε∗(ωl,θ0)ΠT (ωl,θ0) + εT (ωl,θ0)Π∗(ωl,θ0)
]

= λ2
Nω∑

k=nω

|ε(ωk, xn,θ0)|2
[
ΠS(ωk,θ0)Π∗S(ωk,θ0) +

[
ΠS(ωk,θ0)Π∗S(ωk,θ0)

]T
+ΠS(ωk,θ0)[S(ωk,θ0)S∗(ωk,θ0)]TΠ∗S(ωk,θ0)

+
[
ΠS(ωk,θ0)[S(ωk,θ0)S∗(ωk,θ0)]TΠ∗S(ωk,θ0)

]T ]
. (7.55)

In the third equality of (7.55), the fourth order moment of the noise has been
neglected. This step also involves straightforward but tedious calculations,
which will not be presented here. The derivation include replacing ε(ω,θ0)
and Π(ω,θ0) by (7.48) and (7.53), respectively, and using the spatially and
temporally white noise assumption, which together with the analysis in Sec-
tion 3.4 gives

E{v(ωk)v∗(ωl)} = λ2In−1δk,l, 0 < k, l <
N

2
E{v(ωk)vT (ωl)} = 0 ∀k, l

(7.56)

and

E{v(ωk, xn)v∗(ωl)} = 0, ∀k, l
E{v(ωk, xn)vT (ωl)} = 0, ∀k, l. (7.57)

Evaluating the second derivative in a similar fashion as (7.54) gives

J ′′θ (θ0) =
Nω∑

k=nω

[
Π(ωk,θ0)Π∗(ωk,θ0) +

[
Π(ωk,θ0)Π∗(ωk,θ0)

]T
+ ε∗(ωk,θ0)

d

dθ
ΠT (ωk,θ0) + εT (ωk,θ0)

d

dθ
Π∗(ωk,θ0)

]
. (7.58)

When the SNR tends to infinity, corresponding to noise free measurements of
the strains, we have that

lim
SNR→∞

ε(ω,θ0) = 0

lim
SNR→∞

Π(ω,θ0) = −ΠS(ω,θ0)ε(ω, xn,θ0),
(7.59)
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which follows from (7.48) and (7.53), respectively. Using (7.58) and (7.59), HD

can now be evaluated as

HD = lim
SNR→∞

J ′′θ (θ0)

=
Nω∑

k=nω

|ε(ωk, xn,θ0)|2
[
ΠS(ωk,θ0)Π∗S(ωk,θ0) +

[
ΠS(ωk,θ0)Π∗S(ωk,θ0)

]T ]
.

(7.60)

7.2.3 Accuracy Analysis of the Modified Data Approach

In this analysis, the same assumptions as in Section 7.2.2 are made on the data.
The measured data is hence assumed to be described by (7.44), and the time
domain noise noise to be spatially and temporally white with zero mean and
variance λ2. Before evaluating G and H, the following notations and properties
are introduced.

Notation 7.2: Derivatives with respect to the elements in θ =
[
θ1 · · · θm

]T
are given by

Ai(ω,θ) =
∂A(ω,θ)

∂θi
(7.61)

Aij(ω,θ) =
∂2A(ω,θ)
∂θi∂θj

(7.62)

Similar notation will be used to express the derivatives of any other function
of θ. �

Property 7.2: The following holds

ε∗(ω,θ0)Pi(ω,θ0)Pj(ω,θ0)ε(ω,θ0)
= c∗(ω)A∗i (ω,θ0)P(ω,θ0)Aj(ω,θ0)c(ω,θ0) (7.63)

ε∗(ω,θ0)Pij(ω,θ0)ε(ω,θ0)
= c∗(ω)A∗i (ω,θ0)P(ω,θ0)Aj(ω,θ0)c(ω,θ0)
+ c∗(ω)A∗j (ω,θ0)P(ω,θ0)Ai(ω,θ0)c(ω,θ0), (7.64)

where c(ω) is the vector of unknown amplitudes defined through (7.17).

Proof: See Appendix B.1. �

Property 7.3: Neglecting the fourth order moment of the noise we have that

E {ε∗M(ωk)Pi(ωk,θ0)εM(ωk)ε∗M(ωl)Pj(ωl,θ0)εM(ωl)}

=

⎧⎨
⎩

λ2ε∗(ωk,θ0)[Pi(ωk,θ0)Pj(ωk,θ0)
+Pj(ωk,θ0)Pi(ωk,θ0)]ε(ωk,θ0), k = l

0, k �= l

(7.65)

Proof: See Appendix B.2. �
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Using the above notations and properties, G and H can be derived. The first
derivative of the loss function (7.21), evaluated at θ = θ0, is given by

J ′θ(θ0) =
Nω∑

k=nω

[
ε∗M(ωk)P1(ωk,θ0)εM(ωk) · · · ε∗M(ωk)Pm(ωk,θ0)εM(ωk)

]
(7.66)

Since J ′θ(θ0) is real, and using (7.63) and (7.65), GDM can then be written as

GDM = E{[J ′θ(θ0)]TJ ′θ(θ0)} = E{[J ′θ(θ0)]∗J ′θ(θ0)}

= λ2
Nω∑

k=nω

⎡
⎢⎣ 2ε∗P2

1ε · · · ε∗(P1Pm +PmP1)ε
...

. . .
...

ε∗(PmP1 +P1Pm)ε · · · 2ε∗P2
mε

⎤
⎥⎦

= λ2
Nω∑

k=nω

⎡
⎢⎣ 2c∗A∗1PA1c · · · c∗(A∗1PAm +A∗mPA1)c

...
. . .

...
c∗(A∗mPA1 +A∗1PAm)c · · · 2c∗A∗mPAmc

⎤
⎥⎦ .

(7.67)

The arguments ωk and θ0 have above been omitted for brevity. The second
order derivative of the loss function, evaluated at θ = θ0, is given by

J ′′θ (θ0) =
Nω∑

k=nω

⎡
⎢⎣ε

∗
M(ωk)P11(ωk,θ0)εM(ωk) · · · ε∗M(ωk)P1m(ωk,θ0)εM(ωk)

...
. . .

...
ε∗M(ωk)P1m(ωk,θ0)εM(ωk) · · · ε∗M(ωk)Pmm(ωk,θ0)εM(ωk)

⎤
⎥⎦ ,

(7.68)
and hence

HDM = lim
SNR→∞

J ′′θ (θ0)

=
Nω∑

k=nω

⎡
⎢⎣ε

∗(ωk)P11(ωk,θ0)ε(ωk) · · · ε∗(ωk)P1m(ωk,θ0)ε(ωk)
...

. . .
...

ε∗(ωk)P1m(ωk,θ0)ε(ωk) · · · ε∗(ωk)Pmm(ωk,θ0)ε(ωk)

⎤
⎥⎦

=
Nω∑

k=nω

⎡
⎢⎣ 2c∗A∗1PA1c · · · c∗(A∗1PAm +A∗mPA1)c

...
. . .

...
c∗(A∗mPA1 +A∗1PAm)c · · · 2c∗A∗mPAmc

⎤
⎥⎦

=
1
λ2
GDM. (7.69)

In the third equality above, (7.64) has been used and the arguments omitted
for brevity.

7.2.4 Comparison of Accuracy Between the Nonparamet-
ric Based and the Modified Data Approach

In this section, the accuracy of the estimate achieved from the nonparametric
estimate is compared to the accuracy of the modified data approach. Using
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(7.41) and (7.43) for the nonparametric based approach, and (7.67) and (7.69)
for the modified data approach, the general expression for the covariance matrix
in (7.26) can for each of the estimates be rewritten as

PNP = H−1
NP (7.70)

PDM = λ2H−1
DM. (7.71)

For comparing these two expressions, the following properties are needed.

Property 7.4: Express the vector Ψ(ω,θ) in (7.39) as

Ψ(ω,θ) = −
[
d
dθ

E(ω,θ)
]T

=
[
E1(ω,θ) · · · Em(ω,θ)

]T
. (7.72)

Then Ψ(ω,θ)Ψ∗(ω,θ) used in the expressions for GNP and HNP in (7.41) and
(7.43) is given by

Ψ(ω,θ)Ψ∗(ω,θ) =

⎡
⎢⎣ |E1(ω,θ)|2 · · · E1(ω,θ)E∗m(ω,θ)

...
. . .

...
Em(ω,θ)E∗1 (ω,θ) · · · |Em(ω,θ)|2

⎤
⎥⎦ . (7.73)

�

Property 7.5: The derivative of A(ω,θ) with respect to θi is given by

Ai(ω,θ) = AR(ω,θ)Ei(ω,θ), (7.74)

where AR(ω,θ) is the derivative of A(ω,θ) with respect of the real part of the
complex modulus.

Proof: See Appendix B.3. �
Using Property 7.5 above, the following holds

c∗
[
A∗iPAj +A∗jPAi

]
c = E∗i Ej c∗A∗RPARc︸ ︷︷ ︸

h(ω)

+E∗jEi c∗A∗RPARc︸ ︷︷ ︸
h(ω)

=
λ2

C(ω)
[
E∗i Ej + E∗jEi

]
, (7.75)

where (6.10) is used in the first equality, and (7.3)-(7.4) in the second. In
(7.75) the arguments ω and θ have been omitted for brevity. From (7.75) and
Property 7.4, HDM in (7.69) can be reformulated as

HDM =
Nω∑

k=nω

λ2

C(ωk)

⎡
⎢⎣
⎡
⎢⎣ |E1|2 · · · E∗1Em

...
. . .

...
E∗mE1 · · · |Em|2

⎤
⎥⎦+

⎡
⎢⎣ |E1|2 · · · E∗mE1

...
. . .

...
E∗1Em · · · |Em|2

⎤
⎥⎦
⎤
⎥⎦

= λ2
Nω∑

k=nω

1
C(ωk)

[
ΨΨ∗ + [ΨΨ∗]T

]
= λ2HNP. (7.76)
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Using (7.76), the following result holds.

Result 7.1: Let the covariance matrix of the nonparametric based estimate
and the modified data approach be given by (7.70) and (7.71), respectively.
Then, by straightforward application of (7.76),

PDM = λ2H−1
DM = λ2 1

λ2
H−1

NP = PNP. (7.77)

The nonparametric based approach and the modified data approach obviously
result in the same theoretical accuracy of the estimates. �

7.3 Simulation Study

In order to investigate the validity of the accuracy expressions given in Sec-
tion 7.2, the parametric identifications techniques in Section 7.1 were con-
sidered in a Monte Carlo simulation study. The data was generated from
(7.6), with the complex modulus given by the standard linear solid model in
(2.12). The model parameters were given by E1 = 56 GPa, E2 = 5.6 GPa and
η = 2 MPa·s, which applies to the dynamic behavior of PMMA (plexiglass),
a material with density ρ = 1183 kg/m3. The length of the simulated bar
was L = 2 m, the number of data points N = 215, and the sampling interval
T = 10 μs. The impulse strain excitation at the right end of the bar was
chosen to imitate a standard hammer excitation. The sensor locations were
{xi}ni=n = {0, 0.290, 0.646, 1.078, 1.600} m, and Gaussian white noise with
variance λ2 = 2.1 ·10−14 was added to each sensor output. This procedure was
repeated 100 times for different noise realizations.

Note that the free end at x = 0 is used for the simulated data. The strains
at this section are known to be zero, and can hence be used as noise free
measurements. In the simulations, however, noise was added also to the free end
strains. For the nonparametric based and the modified data approach, strain
measurements from all five sensors were used in the parametric identification.
For the unmodified data approach, however, strain measurements from only
three of the sensors were used to fit the parametric model. The fourth strain
measurement at x = 0.290 m, and the (noise free) free end boundary condition
were here used to determine the unknown amplitudes P (ω) and N(ω).

In the following, only the real parts of the estimated complex moduli are
considered. The corresponding results for the imaginary parts display a similar
behavior, and will therefore not be shown here. Furthermore, the nonparamet-
ric estimate of the complex modulus has for all three approaches been used as
a benchmark for the parametric models.

The estimates of the real part of the complex modulus for all three ap-
proaches are shown in Figure 7.1. In all three cases, the standard linear solid
model in (2.12) was used to model the material behavior. As this model was
also used to generate the data for this study, it is possible to obtain a model
that perfectly describes the results from the nonparametric identification, as
can be seen from Figure 7.1. The numerical values of the estimated parameter
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Figure 7.1: Real part of the estimated complex modulus. Nonparametric es-
timate (dotted) and parametric estimate (solid). (a) Nonparametric based
approach, (b) data approach, and (c) modified data approach.
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vectors are almost identical to the model parameters used to generate the data,
and will therefore not be reported here.

In Figure 7.2, the corresponding variances from the 100 Monte Carlo sim-
ulations are shown together with the variances achieved by the theoretical ex-
pressions in Section 7.2. There is a good agreement between the experimental
and the theoretical variances, and the theoretical expressions in Section 7.2 are
thus confirmed by the simulations study. It can also be seen that the accuracy
of the nonparametric based approach is identical to the accuracy of the mod-
ified data approach. This is in agreement with the analysis in Section 7.2.4.
These two approaches also give much higher accuracy than the unmodified data
approach. This can be further improved upon by using the free end boundary
condition as a known linear constraint, as is described in [46] and [47]. This
is implicitly done in the unmodified data approach, when the (noise free) free
end boundary condition is used to identify the unknown amplitudes in the data
model.

7.4 Experiments

It is of course important that the identification techniques and accuracy ex-
pressions described in the previous sections are also applicable when real-life
experimental data is used. Therefore, the three approaches were applied to
data from ten independent experiments. The experiments were performed on
a bar specimen made of PMMA (plexiglass), under as identical conditions as
possible. The length of the bar, and the sensor locations were the same as in
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Figure 7.2: Variances of the real part of the estimated complex modulus. Ex-
perimental variance (solid) and theoretical variance (dashed). (a) Nonpara-
metric based approach, (b) data approach, and (c) modified data approach.
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E1 [GPa] E2 [GPa] η [MPa·s]
θ̂NP 62 5.8 1.8
θ̂D 57 5.8 1.6
θ̂D2 62 5.8 1.7

Table 7.1: Mean values of the parameter estimates from 10 independent exper-
iments.

the simulations study in Section 7.3. The number of data points were N = 218

and the sampling time T = 0.1 μs. The variance of the measurement noise used
in the study was λ2 = 4 · 10−11. Additional information on the experiments
can be found in Chapter 8.

The mean values of the parameter estimates from the 10 independent ex-
periments are shown in Table 7.1. In Figure 7.3, the corresponding real parts of
the estimated complex modulus are shown for all three approaches. Again, the
standard linear solid model in (2.12) was used to model the material behavior.
It can be seen that, using this model, the parametric estimates describe the
results from the nonparametric identification in a good way. The results for
the imaginary parts are similar and are therefore not shown here.

In Figure 7.4, the corresponding variances are shown. In this case, the the-
oretical expressions underestimates the variance of the estimates in all three
cases1. Again, similar results are achieved for the variance of the imaginary

1This is in agreement with the results in [55], where the nonparametric based estimate is
analyzed.
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Figure 7.3: Real part of the estimated complex modulus. Nonparametric es-
timate (dotted) and parametric estimate (solid). (a) Nonparametric based
approach, (b) data approach, and (c) modified data approach.
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parts. This underestimation may be caused by several reasons. One reason
might be that the assumption that the measurement noise is white is not valid.
Another reason might be that the data model is not flexible enough to accu-
rately describe the data. The validity of the model structure in (7.6) was stud-
ied in Chapter 4, and there found to be adequate for this type of experiments.
In the following study, the focus will therefore be on the noise properties, since
the effect of bias in the modeling of the data might be expected to be small.

7.5 Accuracy Analysis – Correlated Noise

In this section, the expression for the accuracy of the modified data approach
is altered in order to cover the case of correlated measurement noise. The noise
is here assumed to be zero mean, non-circular, and correlated both between
frequencies and between sensors, i.e.

E{v(ωk)} = 0, ∀k
E{v(ωk)v∗(ωl)} = R(k, l)

E{v(ωk)vT (ωl)} = Q(k, l).

(7.78)

The time domain noise in this case is not a stationary process, since for a
stationary process R(k, l) would be zero for k �= l, and Q(k, l) = 0 for all k
and l, see [6]. The exact properties of the time domain noise however remains
an open question, and a topic for future research. The matrices R(k, l) and
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Figure 7.4: Variances of the real part of the estimated complex modulus. Ex-
perimental variance (solid) and theoretical variance (dashed). (a) Nonpara-
metric based approach, (b) data approach, and (c) modified data approach.
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Q(k, l) may be estimated from repeated experiments according to

R(k, l) =
1

M − 1

M∑
q=1

(ε(q)
M (ωk)− μk)(ε(q)

M (ωl)− μl)∗

Q(k, l) =
1

M − 1

M∑
q=1

(ε(q)
M (ωk)− μk)(ε(q)

M (ωl)− μl)T ,
(7.79)

where M is the number of experiments and

μk =
1
M

M∑
q=1

ε
(q)
M (ωk). (7.80)

To investigate how the changed noise properties influences the expression for the
variance of the estimates, the following notations and properties are introduced.

Notation 7.3: Let

φi(ω,θ) = ε∗(ω,θ)Pi(ω,θ), (7.81)

and
φ(ω,θ) =

[
φT

1 (ω,θ) · · · φT
m(ω,θ)

]T
. (7.82)

�
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Figure 7.5: Variance of the real part of the complex modulus, estimated with
the modified data approach. Experimental variance (solid) and theoretical
variance (dashed), evaluated using correlated noise.

Property 7.6: Neglecting the third and fourth order moment of the noise,
and using (7.81) and (7.81) above, we have that

E {ε∗M(ωk)Pi(ωk,θ0)εM(ωk)ε∗M(ωl)Pj(ωl,θ0)εM(ωl)}
= φi(ωk,θ0)R(k, l)φ∗j (ωl,θ0) + φi(ωk,θ0)Q(k, l)φT

j (ωl,θ0)

+ conj
{
φi(ωk,θ0)R(k, l)φ∗j (ωl,θ0) + φi(ωk,θ0)Q(k, l)φT

j (ωl,θ0)
}

(7.83)

Proof: See Appendix B.4. �
Using (7.66), Notation 7.3, and Property 7.6 above, GDM can be reevaluated as

GDM′ = E{[J ′θ(θ0)]TJ ′θ(θ0)} = E{[J ′θ(θ0)]∗J ′θ(θ0)}

= λ2
Nω∑

k=nω

Nω∑
l=nω

[
φ(ωk,θ0)R(k, l)φ∗(ωl,θ0) + φ(ωk,θ0)Q(k, l)φT (ωl,θ0)

+ conj
{
φ(ωk,θ0)R(k, l)φ∗(ωl,θ0)

+ φ(ωk,θ0)Q(k, l)φT (ωl,θ0)
}]
, (7.84)

The matrix HDM is left unchanged by the change in noise properties.
In Figure 7.5, the theoretical and experimental variances of the real part of

the estimated complex modulus are shown. Here, only five experiments were
used to estimate the experimental variance. The remaining five experiments
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were used to estimate the matrices R(k, l) and Q(k, l) according to (7.79).
It can be seen that the theoretical and the experimental variances are now
comparable in magnitude. For this application, the correlated noise assumption
seems to be more accurate than assuming the measurement noise to be white.
It is however important to note that the white noise assumption is adequate in
the nonparametric case, where each frequency point is considered separately.
In the parametric case considered here, a large number of frequency points are
added, and the deviations from the white noise assumption hence become more
noticeable.

7.6 Parametric Identification Using the Reso-
nant Frequencies of the Wave Propagation

In the previously described approaches to parametric identification of the com-
plex modulus, the entire wave propagation model is used in the identification.
Since the wave propagation model is so heavily exploited, these approaches may
become sensitive to non-idealities in the experimental setup, such as misalign-
ments creating other vibrational modes than those described by the model. An
alternative approach, using only the resonant frequencies of the wave propa-
gation model, was therefore presented in [64]. This method is less sensitive to
non-idealities in the experimental setup, provided that appropriate resonances
belonging to the correct vibrational mode, are chosen. Similar approaches have
also been used in, for example, [12; 67].

The identification method in [64] is based on the transfer function describ-
ing the relationship between the force per unit area at one end of the bar, and
the longitudinal displacement measured at position x along the bar. In order to
apply this method directly, the input force at the end of the bar, as well as the
displacement at position x, has to be known. This is not the case in the exper-
imental setup described in Section 2.3. In this section, the approach presented
in [64] is therefore modified to be used with the strain data collected from a
longitudinal wave propagation experiment, as the one described in Section 2.3.

7.6.1 The Strain-to-Strain Transfer Function

Consider the experimental setup described in Example 2.1, where a bar is
axially excited at x = L. The wave propagation model for the frequency
domain strain ε(ω, x) measured at position x is for this experimental setup
given by (2.27). If the bar is suspended in such a way that there is a free
end at x = 0, the unknown amplitudes P (ω) and N(ω) in this model are
constrained according to (4.17). Using this constraint, the wave propagation
model in (2.27) can in the Laplace domain be written as

ε(s, x) = 2N(s) sinh
(
γ(s)x

)
. (7.85)

If the strain at position x0 is considered as the input, and the strain at position
x1 as the output, the transfer function between these strains can be expressed



98 7. Parametric Identification of Viscoelastic Materials

as

Gε(s, x0, x1) =
ε(s, x1)
ε(s, x0)

=
sinh

(
γ(s)x1

)
sinh

(
γ(s)x0

) . (7.86)

From (2.26), we get that the complex modulus E(s) is related to the wave
propagation function γ(s) through

E(s) =
ρs2

γ2(s)
. (7.87)

As was seen in Chapter 5, the wave propagation in the bar setup described
above is a highly resonant system. The resonances are explained by the poles
s = sk of the transfer function Gε(s, x0, x1) in (7.86), i.e. by

sinh
(
γ(s)x0

)
= 0⇒ γ(sk)x0 = ikπ, k = ±1,±2, ... (7.88)

where s−k is the complex conjugate of sk. The value of the wave propagation
function at the poles is hence given by

γ(sk) =
ikπ
x0

, k = ±1,±2, ... (7.89)

Replacing the wave propagation function in (7.87) by the expression in (7.89),
the value of the complex modulus at the poles can be determined as

E(sk) = −ρ
(skx0

kπ

)2

, k = ±1,±2, ... (7.90)

In the next section it is described how this theory can be used to identify a
parametric model for the complex modulus.

7.6.2 Identification of the Complex Modulus

The identification of the complex modulus from the theory above includes a
number of steps. These steps are briefly described below:

1. Identify Gε(s, x0, x1) in some frequency interval.

2. Find the poles ŝk of the identified transfer function, and their index k.

3. Calculate the complex modulus E(ŝk) at the identified poles using (7.90).

4. Fit a parametric model to the identified values E(ŝk) of the complex
modulus.

The transfer function Gε(s, x0, x1) is here identified in the frequency domain.
It is then possible to chose a frequency interval in which the transfer function
estimate should be accurate, while the dynamics outside the interval are ne-
glected. Even if the transfer function in (7.86) is infinite dimensional, a finite
order model can then be used to model the poles and zeros within this limited
interval. Another advantage of frequency domain identification is that it is
equally simple to identify continuous time models as discrete time ones [41].
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The frequency interval in which Gε(s, x0, x1) is to be identified has to be
chosen so that there is no pole-zero cancellations in the transfer function within
that interval. This also includes choosing appropriate input and output strains,
ε(ω, x0) and ε(ω, x1), so that this interval becomes as wide as possible. It is
also desirable that the transfer function has as many poles as possible within
the chosen frequency interval. A rough guess of the complex modulus, together
with the transfer function in (7.86) evaluated at s = iω, can be used to find a
suitable frequency interval. The input and output strains are here measured
quantities and thus corrupted by measurement noise, i.e. the identification of
Gε(s, x0, x1) is an errors-in-variables (EIV) problem and should preferably be
treated in such a framework. See [65] for a detailed discussion on the above
topics.

Once an estimate Ĝε(s, x0, x1) has been found, and the poles ŝk within the
chosen interval have been identified (including the index k), the value of the
complex modulus E(ŝk) can be calculated using (7.90). A parametric model of
the complex modulus can then be fitted to the values E(ŝk). Here, a similar
loss function to the one in Section 7.1.1 is used, i.e.

J(θ) =
kn∑

k=k1

1
C(ŝk)

|E(ŝk)− E(ŝk,θ)|2, (7.91)

where ki are the pole indices and n are the number of poles on the chosen
interval. The weighting function C(ŝk) is chosen as

C(ŝk) = var{E(ŝk)}, (7.92)

i.e. it reflects confidence we have in the values of E(ŝk) for each k. In the
next section, this approach to identifying a parametric model of the complex
modulus is applied to experimental data obtained in [30].

7.6.3 Experiments

The above approach to identifying the complex modulus was here applied to
the data obtained in [30], where a longitudinal wave propagation experiment
was used to identify the complex modulus of PMMA (plexiglass). The length
of the bar was L = 2 m and the strains were measured at sensor locations
{xi}ni=n = {0, 0.290, 0.646, 1.078, 1.600} m and then transferred into fre-
quency domain using the discrete Fourier transform. For more information on
the experiments, see [30]. The input and output strains were here chosen as the
strain measurements at sensor locations x0 = 1.6 m and x1 = 0.29 m. From the
available strain measurements, this choice of input and output strains gave the
largest frequency interval without any pole-zero cancellations in Gε(s, x0, x1).
The first pole zero cancellation occurs at approximately 7 kHz, and the fre-
quency interval is therefore chosen as Ω = 400 Hz - 7 kHz. For frequencies
below 400 Hz, no reliable strain data is available.

In this study, a frequency domain, discrete time output error (OE) method
was used to identify the transfer function Gε(s, x0, x1), see for example [65] or
[83] for information on the OE method. The required minimal order for the
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Figure 7.6: Identified transfer function. Identified transfer function Ĝ(s, x0, x1)
evaluated at s = iω (gray, solid), and empirical transfer function estimate
(dash-dotted).

identified model equals twice the number of poles in the frequency interval of
interest, plus some extra dynamics to model the effects of the nearest poles
outside the interval, see the discussion in [64]. In this analysis, the choice
na = nb = 34, where na and nb are the orders of the pole/zero polynomials,
was found to give a satisfying result for modeling the ten poles in the frequency
interval of interest. The transfer function estimate was then converted into
continuous time using a zero-order-hold on the input. This identification is
not optimal, cf. the discussion in the previous section, and a comparison of
accuracy between this estimate and the estimates described in Section 7.1 will
therefore not be made. The identified transfer function is however sufficient
for illustrating the feasibility of the approach. In Figure 7.6, the magnitude of
the identified transfer function is shown together with the empirical transfer
function estimate (ETFE) [41]. It can be seen that, within the chosen frequency
interval, the estimated transfer function captures the dynamics of the system
in a good way.

Once an estimate Ĝ(s, x0, x1) has been obtained, the appropriate poles ŝk
and their indices k has to be chosen. This is easily done by comparing |ŝk|/(2π)
to the resonant frequencies of the empirical transfer function estimate in Fig-
ure 7.6. The poles were then used to fit a parametric model according to
(7.91), where the variances of the poles were estimated from 10 independent
experiments. The standard linear solid model in (2.12) was here used to model
the complex modulus, and the mean value model parameters from the 10 ex-
periments are shown in Table 7.2. The corresponding complex modulus is
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E1 [GPa] E2 [GPa] η [MPa·s]
θ̂ 72 5.6 4

Table 7.2: Mean values of the parameter estimates from 10 independent ex-
periments. In the identification, only the resonant frequencies of the wave
propagation were used.

shown in Figure 7.7, together with the nonparametric estimate in Chapter 6
and the nonparametric based estimate from Section 7.1.1. Some differences
can be seen between the estimates. For example, since the parametric estimate
using only the resonance frequencies is fitted from data points in the interval
400 Hz− 7 kHz only, this estimate is further from the nonparametric estimate
in the higher frequency range, compared to the nonparametric based estimate.

The variance of the parameter estimate for the approach described here is
more than ten times higher than the parameter estimates achieved through the
nonparametric based approach. Some of this difference can be contributed to
the non-optimal identification of G(s, x0, x1), but the limited number of data
points used in fitting the parametric model may also influence the accuracy of
the estimate. In the approach using only the resonance frequencies of the wave
propagation, ten data points were used to fit the parametric model (one for
each resonant frequency within the chosen interval), while over one thousand
data points were used when fitting the model for the nonparametric based
estimate. It is however important to note that the wave propagation model
used to identify the complex modulus was shown to be valid for this data set,
see Chapter 4. If the data had for example contained other vibrational modes
than those described by the wave propagation model, the approach using only
the resonant frequencies would give much better estimates due to its robustness
to model inconsistencies.

7.7 Conclusions

Parametric identification of the complex modulus was considered in this chap-
ter. Two different approaches were investigated; one that uses the entire wave
propagation model in Chapter 2 to fit the parametric model, and one where
only the resonance frequencies of the wave propagation is used. The latter
approach is less sensitive to inconsistencies in the experimental setup, such as
other vibration modes than those described by the wave propagation model.

In the approach using the entire wave propagation model, three different
procedures to find a parametric model of the complex modulus were considered.
The first procedure employs the nonparametric estimate discussed in Chapter 6,
while the other two fits the model directly from the Fourier transformed data.
All three methods were found to give good estimates of the complex modulus.
Theoretical expressions for the accuracy of the estimates were also derived,
assuming that the measurement noise was temporally and spatially white. The
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Figure 7.7: Real (a) and imaginary (b) parts of the identified complex modulus.
Nonparametric estimate (dotted), parametric estimate using the nonparametric
values (dash-dotted), and parametric estimate using the resonant frequencies
of the wave propagation (solid). The values of E(ŝk) are marked by (∗).
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validity of these expressions was investigated both with simulated and with
experimental data. In the simulated data study, the theoretical variances were
in good agreement with the experimental variances of the estimates. In the
experimental data case, the theoretical values however severely underestimated
the variance in all three cases. For one of the identification procedures, the
theoretical accuracy expression was therefore modified to cover an arbitrary
noise model. It was found that using a colored noise assumption gave much
better accuracy for the variance of the estimate.

A different approach, where only the resonance frequencies of the wave
propagation were used to estimate the complex modulus, was also investigated.
This approach is a modification of the work in [64], which here is adapted to the
experimental setups described in Chapter 2. The advantage of using only the
resonance frequencies is that the estimation procedure becomes less sensitive
to model inconsistencies, provided that the appropriate resonances, belonging
to the right vibrational mode, are chosen. The feasibility of this approach was
illustrated using experimental data.





Chapter 8
Optimal Sensor Locations

In order to get a good quality of the estimated complex modulus, it is im-
portant that the measured data contains as much valuable information as

possible. Design parameters that influence the accuracy should thus be chosen
carefully. For the experimental setups described in Chapter 2, such parameters
include the sensor positions and the input excitation signal.

In this chapter, the topic of optimal sensor locations for nonparametric
identification of the complex modulus is considered. In previous studies, the
sensor locations have been assigned in an ad-hoc manner based on some physical
insight into the system, see [30] in particular. In [53], a theoretical study
on optimal sensor configurations for parametric identification was performed,
and the results there indicate a substantial increase in accuracy by the use of
optimally placed sensors. A similar study is in this chapter performed for the
nonparametric case, and the results are verified by experimental data. The
focus here is on longitudinal wave propagation in a bar, but the theory is also
valid for both flexural and torsional wave propagation.

8.1 The Covariance Expression of the Estimates

In the experimental setups described in Chapter 2, a bar or beam specimen
is excited at one end. The excitation give rise to strain waves traveling back
and forth in the specimen. The associated strains are measured at n differ-
ent sections located at x =

[
x1 · · · xn

]T , and then transformed into fre-
quency domain using the discrete Fourier transform. The strain measurements
ε(ω,x) =

[
ε(ω, x1) · · · ε(ω, xn)

]T can in frequency domain be modeled by
the system of equations in (2.47), where A(ω) and c(ω) are given by (2.48)-
(2.49). The matrix A(ω) is not only an analytic function of the complex mod-
ulus, as was discussed in Section 6.1, but also depends on the sensor locations
x. The notation A(ω) will therefore be replaced by A(eω,x) in the following.
Here eω is the real valued vector containing the real and imaginary parts of
the complex modulus, as given in (6.1).

105
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In (6.9), an expression for the covariance matrix of the estimated complex
modulus was given. This expression is valid under the assumption that the
time domain measurement noise is spatially and temporally white, and that
the signal-to-noise ratio is high. In the new notation above, the covariance
expression can be rewritten as

PNP(ωk, ωl) = cov(eωk , eωl) =
λ2

2h(ωk,x)
δk,lI2, 0 < k, l <

N

2
. (8.1)

where

h(ω,x) = ε∗(ω,x)A†∗(e0
ω,x)A

∗
R(e

0
ω,x)P(e

0
ω,x)AR(e

0
ω,x)A

†(e0
ω,x)ε(ω,x)

= c∗(ω)A∗R(e
0
ω,x)P(e

0
ω,x)AR(e

0
ω,x)c(ω). (8.2)

In (8.2), e0
ω denotes the true parameter vector (6.1), c(ω) is the nuisance pa-

rameter vector in (2.49), A†(eω,x) is the pseudo-inverse of A(eω,x), P(eω,x)
the orthogonal projection onto the null space of A∗(eω,x), and AR(eω,x) is
the partial derivative of A(eω,x) with respect to the real part of the complex
modulus. See Section 6.1.2 for details.

The expression in (8.1) obviously depends on the sensor locations x =[
x1 · · · xn

]T . The variance of the estimate is hence influenced by the choice
of sensor locations, and by the number of sensors used, which in turn means
that an optimal choice of x will improve the accuracy of the estimate. The
expression in (8.1) also has a number of other properties that are interesting
for the coming analysis. For example:

• The estimate at a particular frequency is uncorrelated with the estimate
at any other frequency, which means that each frequency can be consid-
ered separately.

• The covariance matrix is diagonal, meaning that the estimates of the real
and the imaginary parts are uncorrelated at any given frequency.

• The diagonal elements of the covariance matrix are the variance of the
real and the imaginary part of the complex modulus, respectively. These
variances are equal and proportional to 1/h(ω,x).

Together, the above points mean that the most common experiment design
criteria can be cast as simple functions of the variance of the real and the
imaginary parts of the complex modulus.

8.2 Optimal Experiment Design

In nonparametric identification, an estimate of the complex modulus is deter-
mined separately for each frequency. As a result, there will be one covariance
matrix for each frequency at which the complex modulus has been evaluated.
Naturally, it is desirable to keep the variance to a minimum at every given
frequency, a task not necessarily trivial. As was discussed in Section 3.3, one
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may instead minimize the covariance matrix on average by choosing a pertinent
scalar measure. Three such scalar criteria are suggested in Section 3.3, where
the integral of a scalar function of the covariance matrix is taken over some
frequency interval. In the case of optimal sensor locations, the optimization
problem is not analytically solvable with respect to x, and has to be solved
by numerical methods. In the following, the integral is hence exchanged for a
sum.

In this chapter, three different scalar criteria are evaluated. These are

V1(x) =
1

h(ωk,x)
,

V2(x) =
∑
ωk∈Ω

1
h(ωk,x)

, (8.3)

V3(x) =
∑
ωk∈Ω

1
h2(ωk,x)

,

where V1(x) minimizes the trace of the covariance matrix at a single frequency,
while V2(x) and V3(x) are equivalent to minimizing the mean of the trace
and the mean of the determinant of the covariance matrix, respectively. The
mean is calculated over some frequency range Ω, which can be chosen to cover
an interval of particular interest. In this case, the criteria V1(x) and V2(x)
implies A-optimality, since A-optimality is based on the average variance of
the parameter estimates, i.e. the trace of the covariance matrix. Also note
that A- and E-optimal design here yields the same result, as the covariance
matrix is diagonal with equal diagonal entries. Similarly, the criterion V3(x)
implies D-optimality, which is based on minimizing the determinant of the
covariance matrix.

In the following, the three optimization criteria above are evaluated for
a longitudinal wave propagation experiment. This type of experiment is de-
scribed in Section 2.3.1. The data used in this work was obtained in [30], where
the material PMMA (plexiglass) was studied. A bar of L = 2 m was axially
impacted, and strain data collected at N = 4096 discrete time instances, with
a sampling interval of T = 20 μs. Furthermore, the bar is supported in such
a way that there is a free end at x = 0, and the strain at this section hence
equals

ε(ω, 0) = 0. (8.4)

This boundary condition can be used as an extra strain measurement, reducing
the sensors needed by one, cf. Section 6.1.1. In [30], two different approaches
to sensor configuration were also considered. In one approach, the sensors were
spaced uniformly on the bar, so that the distance between any two sensors
was a multiple of 0.2 m. This configuration was found to have an apparent
drawback, as the estimate at frequency ω can be expected to be inaccurate
if all sensors are placed so that the distance between any two sensors is an
integral multiple of half a wavelength of ω, cf. the discussions in Chapters 5
and 6. In the case with uniformly spaced sensors, this condition will always be
fulfilled for some frequencies. The estimate will also be inaccurate if only three
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strain measurements are used (including the free end strain), and the distance
between the free end and the middle sensor is an integral multiple of half a
wavelength of ω. These conditions are important to keep in mind during the
optimizations.

In the second approach, five sensors were unevenly placed on the bar, in
order to minimize the risk of the critical conditions described above to occur.
This configuration,

xref =
[
0 0.290 0.646 1.078 1.600

]T m, (8.5)

proved to give a low variance for all frequencies considered in the identification
experiment, and has thus become a standard configuration in subsequent work.
It is also the configuration for collecting the data used in this study. In the
following, this sensor configuration will therefore be referred to as the reference
configuration.

8.3 Optimization Aspects

The three criteria presented in (8.3) involve very hard optimization problems
with several local minima separated by high peaks. This can be seen in Fig-
ure 8.1, where criterion V1(x) and V2(x) are shown as functions of one moving
sensor. Two more sensors were here locked to position x = 0 and x = 1.98 m,
respectively. From this figure, it is clear that a global optimization algorithm
is needed. In this study, an algorithm based on multilevel coordinate search
was used, see [35]. Each of the criteria was minimized with respect to the
sensor positions for different numbers of sensors. For experimental aspects of
implementation, the following constraints were imposed on the optimization:

0 + δ1 ≤ xi ≤ L− δ2, i = 1, . . . , n (8.6)
xi+1 − xi ≥ δ3, i = 1, . . . , n− 1. (8.7)

Here, δ1 is the minimum distance between a sensor and the free left end of the
bar, δ2 is the minimum distance between a sensor and the point of excitation
at the right end of the bar, and δ3 is the minimum distance between two
adjacent sensors. The constraints δ1 and δ2 ensures that no sensor will be
placed too close to the ends of the bar. When the waves are reflected in the
bar ends, vibrational modes other then the ones described by the model may
arise. These additional modes quickly die out, but in order for them not to
corrupt the strain measurements, the strains should not be measured too close
to the bar ends. The physical size of the sensors also put a constraint on how
close together the sensors can be mounted on the bar. This constraint can be
handled by choosing the parameter δ3 in an appropriate way.

8.4 Theoretical Study

In this section, the optimization criteria in (8.3) are evaluated based on the
data obtained in [30]. The way the optimization problem is formulated allows
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Figure 8.1: For longitudinal wave propagation and n = 3 sensors, criterion
V1(x) (a) and criterion V2(x) (b) are shown as functions of sensor location x2.
Sensors x1 and x3 are locked to position x1 = 0 and x3 = 1.98 m, respectively.
Criterion V1(x) was minimized at approximately 5.3 kHz and criterion V2(x)
within the frequency range 2-8 kHz. The behavior of criterion V3(x) is similar
to that of V2(x) and is thus omitted.
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Figure 8.2: Variance of estimated complex modulus when criterion V1 was min-
imized for n = 5 sensors at approximately 3 kHz (dotted), and corresponding
variance for the reference sensor configuration xref (solid).

us to pose a number of questions concerning the sensor locations and the de-
sign of the experiment. Some of these questions are discussed in this section.
In accordance with the work in [53], the numerical values of δ1 − δ3 of the
constraints in (8.6)-(8.7) were chosen as δ1 = 0 and δ2 = δ3 = 0.02 m, unless
stated otherwise. In order to evaluate the covariance matrix in (8.1)-(8.2), the
true complex modulus is needed for each frequency. These values are here re-
placed by the mean of the estimated complex modulus from the 10 independent
identification experiments described in [30]. In the following, the argument x
of the criterion functions are omitted for brevity.

Question 8.1: Is V1 a good criterion to use? What happens at other frequen-
cies than ωk, the frequency at which V1 is minimized?
During the optimizations it was clear that the surface produced by the crite-
rion V1 is particularly hard for optimization purposes, and the optimization
algorithm did in many cases not converge to the global minimum for this cri-
terion. Furthermore, minimizing the variance at a single frequency showed a
strong tendency to increase the variance at other frequencies, as can be seen
from Figure 8.2. The criteria V2 and V3 proved to be simpler for optimization
purposes, even though the summation over a range of frequencies significantly
increases the computational load. Similarly to V1, both V2 and V3 experience
the problem of large inaccuracy in the estimates for frequencies outside the
range of minimization. However, a strength of these criteria is that the exper-
iment designer can choose an interval of frequencies, in which the variance of
the estimates should be kept low. Within the chosen interval, the variance can
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Figure 8.3: Variance of the estimated complex modulus for n = 5 sensors. Ref-
erence sensor configuration xref in (8.5) (solid), optimal sensor configuration
by V2 (dotted), and optimal sensor configuration by V3 (dash-dotted). V2 and
V3 were minimized in the interval 2 to 8 kHz.

be significantly reduced compared to the accuracy achieved with the reference
sensor configuration xref . This can be seen in Figure 8.3, where the variance
from the two criteria are shown together with the variance of the reference
sensor configuration. It can also be seen that minimizing the criteria V2 and V3

produce similar results. Due to the averaging, neither of these two criteria tol-
erates a high variance in the estimates within the chosen interval. In criterion
V1 on the other hand, only one single frequency is considered and bad behavior
at any other frequency is thus allowed. This problem can be partly taken care
of by the use of more than three sensors, since this will decrease the possibility
of a critical sensor configuration, see Figure 8.4. This should be true for all
criteria used.

Question 8.2: What is the potential for improved performance compared to
the standard configuration xref?
In Table 8.1 numerical values for xref are displayed together with the corre-
sponding results for the three criteria considered in this study. From the table
we see that already with three optimally placed sensors there is a significant
decrease of the function values, compared to the reference configuration. For
the same number of sensors in the optimal configuration as in the reference,
the decrease of function values is even greater. In Table 8.1 we see that for V1,
the function value has gone from 2.665 to 0.957, corresponding to a decrease
of the variance of the estimates at the frequency of minimization by 80%. For
criterion V2 (and V3) the related decrease of functional values corresponds to a
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Figure 8.4: Variance of the estimated complex modulus for criterion V1, min-
imized at approximately 5.3 kHz. Optimal sensor configuration for n = 3
sensors (critical sensor configuration for 6.4 kHz, 8.5 kHz, and 11 kHz), (solid),
and for n = 4 sensors, (dotted).

decrease of 65% (65%) of the average variance within the interval of minimiza-
tion or a decrease of 73% (69%) of the maximal variance within that interval.
These results indicate that the quality of the estimate of the complex modulus
can be greatly improved, at one single frequency or within a range of frequen-
cies, if an optimal sensor configuration is used.

Question 8.3: What is a good number of sensors to use?
In Table 8.1 there is a continuous decrease of function values and related vari-
ances with an increasing number of sensors. The gain from adding one more
sensor is however reduced as more sensors are added, as can be seen in Fig-
ure 8.5. This leaves the designer with the choice of how many sensors it is
reasonable to use. It is apparent from Figure 8.5 that a great improvement is
achieved for the criteria V2 and V3 when increasing the number of sensors from
three to four, but that more than four sensors give a more moderate improve-
ment. This can be compared with the optimal experimental design for the
parametric case studied in [53], where a great improvement was seen for up to
five sensors. For the criterion V1, there is not the same leap in function values.
One reason could be that these values only depend on the behavior at one sin-
gle frequency point, and that three sensors are enough to achieve a reasonably
good value at that point. As discussed above, it is also preferable to use more
than three sensors to avoid a situation where the estimation algorithm breaks
down for some frequencies.
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Figure 8.5: Function values for V1 (circles), V2 (crosses), and V3 (triangles).
Note that the values are normalized so that the function value for the reference
sensor configuration equals one.

Question 8.4: What effect will changing the constraints have on the sensor
positions?
Studying the sensor configurations in Table 8.1, it is apparent that a number of
sensors tend to group as close together as the constraint (8.7) allows, close to
the free left end of the bar. For the criterion V1, the same behavior is also true
for the right end. We therefore examined the optimization problem without the
constraint (8.7), i.e. δ3 = 0, so that sensors are allowed to be co-located. For all
three criteria, this gave the result that more sensors were placed at the very left
end of the bar (at xi = 0), giving slightly lower values than those in Table 8.1.
This indicates that, instead of having an increasing number of sensors, higher
accuracy in the estimates can be achieved by using a more accurate sensor at
this point. For criteria V1, sensors also group together towards the right end of
the bar, leaving only three distinct sensor locations. This again indicates that
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Figure 8.6: Optimal sensor configurations in Table 8.1 for criterion V3.

three sensors are enough to get a good accuracy at one single frequency point.
For more details, see [75].

Question 8.5: Do the optimal sensor configurations show any characteristic
pattern?
From the examples above, and in accordance with the findings in the parametric
case [53], it is apparent that it is advantageous to place sensors close to the
point of excitation at the right end of the bar, as well as close to the free left
end. This is illustrated in Figure 8.6, where the optimal sensor configurations
for criterion V3 in Table 8.1 are plotted. Grouping the sensors towards the
ends of the bar is reasonable since i) it gives the best SNR for (damped) waves
traveling in positive and negative x-direction, respectively, and ii) it provides
the most information on how the waves are changed when traveling between
each group of sensors. It is also advantageous to make use of a free end with zero
strain at x = 0. This behavior is true for all three criteria. These results are
similar to results connected to direction-of-arrival (DOA) estimation in array
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signal processing, see for example [1] and [13]. For DOA estimation using a
linear array, it is optimal to place the sensors at the ends of the array, with an
equal number of sensors at each end. This corresponds well with the results in
Table 8.1. In the case of an uneven number of sensors, the remaining sensor is
optimally placed in the middle of the array for DOA estimation. To place at
least one sensor in the middle of the bar is also a common approach to sensor
placement in experiments using linear arrays, such as the one described in here.
It is therefore interesting to note that in the optimal sensor configurations
derived in this study, no sensors seem to be placed in the middle section of
the bar. To fully explain this phenomenon, a more detailed analysis is needed,
which is beyond the scope of this study and will be left to future work. There
are however a number of circumstances that separate this experiment from,
for example, DOA estimation. Firstly, the experiment described in this paper
is designed so that both ends are free, i.e. the strain at each end is equal to
zero after the impact. Naturally, this impose restrictions on how the waves can
propagate in the material, cf. the discussion in Chapter 5, in contrast to DOA
estimation where no such constraint exists. Furthermore, in the case of DOA
estimation, the problem can roughly be described as estimating the frequency
of undamped exponentials. Estimating the complex modulus of a viscoelastic
material are instead concerned with damped exponentials, where the real part
of the wave propagation function γ(ω) is the damping factor, cf. (2.27) and
(5.1).

Question 8.6: Do the optimal sensor configurations show a different pattern
for a more heavily damped materials?
The above analysis is performed based on the weakly damped material PMMA.
It is therefore reasonable to suspect that the optimal sensor configurations
would display a different pattern for a more heavily damped material. It might
for example not be as advantageous to place sensors as close to the left end of
the bar, i.e. far from the point of excitation, if the waves are rapidly damped
out. In order to investigate this, the above analysis was repeated for the more
heavily damped material PP (polypropylene). The experimental conditions in
this case are identical to those in [30], and is briefly described in Section 8.2.
Also for this set of experiments it was found that the quality of the estimated
complex modulus can be greatly improved by placing the sensors in an optimal
way. The optimal sensor configurations for PP and criterion V3 are shown in
Figure 8.7. It is seen that the sensors in this case tend to group in the middle
section of the bar, with one sensor close to the point of excitation at the right
end. It is also seen that no sensor is placed at the left end of the bar, i.e. far
from the excitation. Simulated data, with a gradual increase of the damping,
also confirms that the sensors are optimally placed closer and closer to the
point of excitation when the damping is increased.
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Figure 8.7: Optimal sensor configurations using criterion V3 for the heavily
damped material PP (polypropylene).

8.5 Experiments

8.5.1 Sensor Locations

As was discussed in Section 8.3, sensors can not be placed too close to the
bar ends in order for the 1D wave propagation theory to hold. To meet the
requirements for 1D theory, sensors should therefore not be placed within 10
diameters from the ends of the bar. This is not fulfilled for the constraints on
the sensor placements used in the theoretical study. In order to get optimal sen-
sor configurations suitable for an experiment, the optimizations were therefore
repeated considering bars of diameter less than 0.015 m, i.e. δ1 = δ2 = 0.15 m
and δ3 = 0.02 m. As the previous results in this study show that it is desirable
to utilize the free end boundary condition ε(ω, x) = 0, one sensor was fixed at
x = 0 in order to simplify the optimization. As it is no longer possible to place
sensors as close to the ends as in Table 8.1, some changes in the sensor config-
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Table 8.2: Minimum values of V2 and corresponding x for n = 5 and n = 7.
Criterion minimized on the interval I = 2 − 8 kHz. Note that 1/h(ω,x) has
been scaled by 10−28 in order to get more manageable numbers.

n xT [m] V2(x)
5 [0 0.231 0.329 1.763 1.850] 43.558
7 [0 0.150 0.234 0.342 1.741 1.795 1.850] 23.164

xref [0 0.290 0.646 1.078 1.600] 352.547

n
Average variance on Maximal variance on
interval I [(GPa)2] interval I [(GPa)2]

5 2.719× 10−5 7.934× 10−5

7 1.983× 10−5 5.380× 10−5

xref 6.739× 10−5 2.943× 10−4

Figure 8.8: Experimental setup.

urations were noted, giving slightly higher function values, see [75] for details.
The general behavior was however in agreement with the earlier results. A
study on misplacement of the sensors was performed, allowing for a deviation
of 5 mm from the nominal value. The study showed an increase of function
values of at most 10% (for criterion V3 and three sensors), and typically below
6% when more sensors were used. Thus, within this reasonable error bound,
the optimally placed sensors will still give a drastically improved performance,
compared to the reference sensor configuration. The sensor configuration used
in the experiments were those received by minimizing criterion V3 for 5 and 7
sensors, respectively, see Table 8.2. Note that the locations have been rounded
to millimeter precision.
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Figure 8.9: Mean of estimated complex modulus for 5 optimally placed sensors.
Real part (upper) and imaginary part (lower).

8.5.2 Data

The experiment was performed on a polymethyl methacrylate (PMMA) bar of
length L = 2 m, a circular cross-section of diameter d = 0.012 m, and density
ρ = 1183 kg/m3. The bar used in the experiment was produced from a moulded
plate and machined down to its final shape and dimension. In Figure 8.8,
a detailed schematic picture of the experiment setup is shown. During the
experiment, the bar was supported by 8 teflon coated bearings to minimize the
influence of friction. The strains were measured by the means of foil strain
gauges (TML GFLA-3-350-70-1L), with an active gauge length of 3 mm and
gauge factor 2.07. This particular type of strain gauge is designed to be used
on materials with low elastic modulus. The gauges were mounted on the bar in
pairs with diametrically opposite members, using cyanoacrylate adhesive. Each
pair were then connected to a Wheatstone bridge in a half-bridge configuration,
which allows the output signal to be proportional to the axial strains only.
The bridge circuit was connected to a bridge amplifier (Measurement Group
2210), and the signals from the strain gauges were recorded by means of a
12 bit UltraFast UF.3122 eight-channel data acquisition board with sampling
interval T = 0.1 μs. The sampling was synchronous on all channels, and shunt
calibration was used to convert the gauge output (voltage) into strain. In order
to generate a pulse with the proper strength and duration, lead bullets with an
approximate mass of 0.4 g were fired at the impact end of the bar using an air
gun. The impact velocity of the bullets was estimated to approximately 46 m/s.
Strain measurements for the reference sensor configuration and 5 optimally
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Figure 8.10: Theoretical variance (solid), and experimental variance (dotted)
for reference sensor configuration.

placed sensors were recorded simultaneously1, while 7 optimally spaced sensors
required a separate experiment due to the limited number of channels. The
number of samples taken from each channel was N = 218. The first 16000
samples, which were sampled prior to excitation and containing only noise,
were used to estimate the noise variance. The variance of the measurement
noise was estimated to approximately λ2 = 10−11. However, to account for the
noise not being completely white, a noise variance of λ2 = 4 · 10−11 was used
in the evaluation. Note that λ2 acts purely as a scaling factor on the variance,
and will hence not influence the optimal sensor placement.

The experiment was repeated 10 times, under as identical conditions as
possible, and the complex modulus E(ω) identified for each realization. In Fig-
ure 8.9, the mean of the identified complex modulus from the 10 experiments is
shown for 5 optimally placed sensors. In the expression for the covariance ma-
trix in (8.1) and (8.2), the true complex modulus at each frequency is needed.
For the most realistic scenario, the true values were here replaced with the
estimated complex modulus from one single realization. This can be compared
with the theoretical study where a mean of all 10 realizations was used. In
Figure 8.10, the variance obtained through the theoretical expression is dis-
played together with the experimental variance based on the 10 experiments
for the reference sensor configuration. As can be seen, there is a good agree-
ment between the theoretical and experimental results for the noise variance
given above.

1Totally eight sensors since use is made of a free end where the strains are known to be
zero.
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Figure 8.11: Variance for reference sensor configuration (dotted) and 5 op-
timally placed sensors (solid). Criterion minimized in the interval 2-8 kHz.
Theoretical values in (a) and experimental values in (b).
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Figure 8.12: Variance for 5 optimally placed sensors (dotted) and 7 optimally
placed sensors (solid). Criterion minimized in the interval 2-8 kHz. Theoretical
values in (a) and experimental values in (b).



8.6. Conclusions 123

8.5.3 Evaluation

In order to assess the performance of the optimal sensor configurations, the
variances (both theoretical and experimental) of the estimates were evaluated.
In Figure 8.11, the reference sensor configuration is compared to 5 optimally
placed sensors. In agreement with the theoretical study in Section 8.4, an in-
creased accuracy of the estimates can be noted when optimally placed sensors
were used. For the variance computed through the theoretical expression in
(8.1) and (8.2), the result in Figure 8.11(a) indicates a decrease of 60% of the
average variance within the interval of minimization or a decrease of 78% of
the maximum variance on this interval. The experimentally computed vari-
ance in Figure 8.11(b) implies a decrease of similar magnitude (56% and 89%
respectively). This is directly comparable to the values in Table 8.2 where the
average variance is decreased by 60%, and the maximum variance by 73%.

The benefit of using 7, instead of 5, optimally placed sensors is more modest,
as can be seen from Figure 8.12. However, for the theoretical variance, adding
two extra sensors gives an additional decrease of 22% of the average variance
and 30% of the maximum variance on the interval. The corresponding values
in Table 8.2 are 27% and 32%. In the experimental case there is a decrease
of 31% of the average variance on the interval, while the maximum variance
for this particular set of experiments instead is increased. For the majority of
frequencies however, the use of 7 optimally placed sensors gives a significantly
lower variance than in the case of 5 optimally placed sensors. The experiments
thus confirm that there is a great benefit from using an optimal sensor config-
uration, compared to the previously used reference sensor configuration. Also,
using two additional sensors will further improve the accuracy of the estimates,
although this effect is more modest.

8.6 Conclusions

In this chapter, the problem of optimal sensor locations for estimating the
complex modulus of a viscoelastic material is treated. The idea is that by
placing the sensors at optimal locations, it is possible to maximize the amount
of useful information that can be extracted from the data, and thereby get a
more accurate identification. The focus here is on nonparametric identification
of the complex modulus from longitudinal wave propagation experiments, but
the theory can easily be modified to cover both flexural and torsional wave
propagation. In the case of parametric identification of the complex modulus,
a similar study was performed in [53].

In this study, the design criteria V1, V2 and V3 in (8.3) were evaluated. The
criterion V1 minimizes the variance at one single frequency point, while the
criteria V2 and V3 aim to minimize the average variance over an interval of fre-
quencies. The criterion functions used are based on the trace (V1 and V2) or the
determinant (V3) of the covariance matrix, and are hence connected to A- and
D-optimal design, respectively. It was found that minimizing the variance at a
limited number of frequencies leads to increased variance at frequencies outside
the interval of minimization. This is particularly bad for V1, targeting only one
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frequency and thus allowing for a bad behavior at every other frequency. The
negative effect is less pronounced for V2 and V3, as the experiment designer
can choose an interval of frequencies, in which the variance should be kept
low. It is thereby possible to target a range of frequencies of special interest,
at the expense of accuracy at less interesting frequencies. It is also evident
that more than three sensors should be used in the experiments, even though
three optimally placed sensors seem to be enough to give a reasonably good
estimate at one single frequency (i.e. for criterion V1). Adding more sensors
will continuously decrease the variance of the estimates. The benefit of adding
one more sensor is however decreased, the more sensors that are used. It is
hence up to the designer to decide when the cost of adding one more sensor is
not compensated by the gain in accuracy. Finally, it is advantageous to place
sensors near the ends of the bar. Moreover, placing more accurate sensors at
critical points of the bar was found to have an effect similar to that of increasing
the number of sensors.

For the experimental evaluation of the theoretical results, the sensor config-
uration obtained through criterion V3 for 5 and 7 sensors, were implemented.
This choice was partly due to the substandard behavior of criterion V1. The
criteria V2 and V3 were found to have a similar behavior, both in actual sensor
placements and in the behavior inside the interval of minimization. The connec-
tion between criterion V3 and D-optimality however makes this the preferable
choice. There are of course experimental aspects other than the number of
sensors and the sensor locations, that influence the accuracy of the estimates.
One example is the input signal to the identification experiment, which is the
topic of the following chapter.



Chapter 9
Optimal Excitation

In the previous chapter, optimal sensor locations for nonparametric identi-
fication of the complex modulus was treated. Here, the subject of optimal

input signal for this identification problem is considered instead. The theory
developed can be used for both longitudinal [30], flexural [45], and torsional1

[58] wave propagation. The preferred kind of input has in these previous stud-
ies been a strain pulse generated at one end of the specimen, and the material
response following the pulse is then studied. However, in order to get good es-
timates it is important to give sufficient excitation to all frequencies considered
in the identification, i.e. the input signal should contain enough energy at all
these frequencies. As a pulse tends to have the majority of its energy at low
frequencies, and as identification of the complex modulus is frequently carried
out for frequencies up to 15 kHz, this kind of excitation can be expected to
be sub-optimal for identification in the higher frequency range. The question
addressed here can thus be formulated as follows: if we have the same energy
content as in the strain pulse above, and if we could freely control the frequency
distribution of this energy, what would this distribution optimally be? That is,
how would optimal spectrum of the input signal look and what can be gained
in accuracy when estimating the complex modulus E(ω)?

9.1 Input Signals

Before starting the analysis in this chapter, it is important to discuss what can
be regarded as the input signal for the experimental setups considered here. For
the coming analysis it is important that there is a linear relationship between
the input signal and the measured strain signals, i.e.

ε(ω) = g(ω)u(ω), (9.1)
1In torsional wave propagation, the complex modulus refers to the complex shear modulus

as opposed to the complex extension modulus in longitudinal and flexural wave propagation.
As the theory covers both cases, the term complex modulus, E(ω), is here used interchange-
ably for both the extension and the shear modulus.

125
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Figure 9.1: Amplitude of transfer function from input force signal to measured
strain signal at x = 1.6 m (solid). Frequencies fulfilling (5.23) marked with (∗),
and frequencies fulfilling (5.24) marked with (o).

where u(ω) is the Fourier transformed input signal, ε(ω) is the strain vector in
(2.50), and

g(ω) = [g(ω, x1) · · · g(ω, xn)]T . (9.2)

In Appendix C.1, it is described how this function can be identified from mea-
sured strain data, for a certain class of experiments. Also note that when g(ω)
has been found, the unknown input signal used in a particular experiment can
easily be identified from the measured strains.

A linear relationship between the input signal and the measured strain
signal is easily achieved by choosing the input signal as, or proportional to,
one of the elements of the state vector in the wave propagation model, cf.
Section 2.3.1. For longitudinal wave propagation, the normal force Nf (ω) at
x = L is a natural choice of input signal. This signal is both easily measured
and easily controlled, and it is also proportional to the strain at that section.
For flexural wave propagation on the other hand, appropriate input signals can
be chosen either as the shear force Q(ω) or the rotational velocity ẇ(ω) at the
point of excitation.

In the examples given in this chapter, longitudinal wave propagation with
input signal chosen as the normal force at x = L is considered. The experi-
mental setup is designed so that the opposite end of the bar (at x = 0) is free.
The strain, and thereby the normal force Nf (ω), at this section will then equal
zero for all frequencies. An explicit expression for the transfer function g(ω)
is for this setup given in Appendix C.1. Figure 9.1 shows the magnitude of
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g(ω, x) of this transfer function, for strain measured at x = 1.6 m. It can be
seen that the transfer function clearly captures the resonance property of the
system. It can also be seen that the poles and zeros of the transfer function are
in good agreement with the frequencies predicted by the analysis in Chapter 5.
The frequencies where the strain signal is amplified correspond well with the
peaks in |g(ω, x)|, while the frequencies where the signal is damped are in good
agreement with the dips.

9.2 Reformulation of Covariance Expression

The analysis in this chapter is based on the covariance expression in (6.9),
derived in [45]. This expression does not explicitly show how the covariance
matrix depends on the input signal, and can therefore not be directly used
for input design purposes. However, by using the linearity property (9.1) of
the system, the expression can be reformulated to show the dependence on the
input signal. Replacing ε(ω) in (6.9) by the expression in (9.1), covariance
matrix can be reformulated as

PNP (ωj , ωk) = cov(eωj , eωk) =
λ2

2|u(ωk)|2l(ωk)δj,kI2 , 0 < j, k < N/2, (9.3)

where
l(ω) = g∗(ω)A†∗(e0

ω)A
∗
R(e

0
w)P(e

0
ω)AR(e

0
ω)A

†(e0
ω)g(ω). (9.4)

In (9.3), λ2 is the time domain noise variance and δk,l is the Kronecker delta
function. Further, e0

ω in (9.4) denotes the true parameter vector (6.1), A†(eω)
is the pseudo-inverse of A(eω), P(eω) is the orthogonal projection onto the
null space of A∗(eω), and AR(eω) is defined as the partial derivative of A(eω)
with respect to the real part of the complex modulus. See Section 6.1.2 for
details. The function l(ω) does not depend on the input signal, but is solely a
function of the material characteristics and the sensor positions.

As in the case of optimal sensor locations, the covariance matrix in (9.3)
has a number of properties that are interesting for the coming analysis. For
example:

• The estimate at a particular frequency is uncorrelated with the estimate
at any other frequency, which means that each frequency can be consid-
ered separately.

• The covariance matrix is diagonal, meaning that the estimates of the real
and the imaginary parts are uncorrelated at any given frequency.

• The diagonal elements of the covariance matrix are the variance of the
real and the imaginary part of the complex modulus, respectively. These
variances are equal and proportional to 1/

(|u(ω)|2l(ω)), i.e inversely pro-
portional to the input signal power.

Together, the above points mean that the most common experiment design
criteria can be cast as simple functions of the variance of the real and the
imaginary parts of the complex modulus, as will be illustrated in the next
section.
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9.3 Experiment Design

In Section 3.3, some common choices of optimization criterion were described.
In this study, the focus will be on A- and D-optimal design, since A- and E-
optimal design yield the same result when the covariance matrix is diagonal
with equal diagonal entries. The analysis will hence be based on the criterion
functions

A− optimality : min
∫

Ω

tr
(
PNP(ω, ω)

)
dω (9.5)

D− optimality : min
∫

Ω

det
(
PNP(ω, ω)

)
dω (9.6)

where PNP is the covariance matrix in (9.3) and Ω is a frequency interval chosen
by the experiment designer. This interval can be chosen to cover a frequency
range of particular interest. From the discussion in the previous section, it
is easily seen that both the trace and the determinant in this case are simple
functions of the variance of the real and the imaginary parts of the complex
modulus. The trace is for example proportional to 1/

(|u(ω)|2l(ω)), while the
determinant is proportional to 1/

(|u(ω)|2l(ω))2. It is from these expressions
obvious that we can make the criterion functions arbitrarily small by choosing
|u(ω)|2 large for all ω ∈ Ω. To keep the input energy on a reasonable level, we
must therefore constrain it in the optimizations. This will give the following
problem, which can be solved by calculus of variations, see [18; 76].
Optimal experiment design: Let the criterion function be

V =
∫

Ω

1(|u(ω)|2l(ω))q dω , Ω = [ω1, ω2]. (9.7)

For A-optimality choose q = 1, and for D-optimality choose q = 2. The
optimization problem can then be formulated as

min
|u(·)|2

V s.t.
∫

Ω

|u(ω)|2dω = β. (9.8)

The solution to the optimization problem in (9.8) is given by

|uopt(ω)|2 = 1(
l(ω)

)q/(q+1)

β∫
Ω

1
(l(ω))q/(q+1) dω

. (9.9)

The optimal value of V is given by

Vopt =
1
βq

(∫
Ω

1(
l(ω)

)q/(q+1)
dω

)q+1

. (9.10)

For a derivation, see Appendix C.2. �

Remark 1: Since it is advantageous to use all the input energy available, we
have chosen the constraint on input energy in (9.8) as an equality rather than
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Figure 9.2: Typical input signal for a longitudinal wave experiment (a), and its
spectrum (b).The input signal in this case is the normal force Nf at the end of
the bar.
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Figure 9.3: Variance of the estimated complex modulus, based on experiments
using unknown pulse excitation. Theoretical variance (solid), and experimental
variance from 10 independent experiments (dotted).

an inequality.

Remark 2: Since the input energy outside the interval Ω will have no effect on
the estimates within that interval, the input energy is set to zero for frequencies
outside Ω.

9.4 Investigations

The following investigations are based on strain data taken from the longi-
tudinal wave propagation experiment described in [30]. With this setup, it
is possible to estimate the complex modulus for frequencies between 400 Hz
and 14 kHz. This frequency range will in the following be referred to as
the useful frequencies. The sensor positions used to retrieve the data were
{xi}ni=1 = {0 0.290 0.646 1.078 1.600} m, and the excitation was a pulse gen-
erated at the end of the bar by the impact of a steel hammer. This pulse may
be regarded either as the strain, or as the normal force at the bar end. These
quantities are related as in (2.29). Throughout this study, the input signal
refers to the normal force Nf (t) at the bar end.

The characteristics of the exciting pulse in the above experiments are un-
known, but can be identified through (C.10) and the measured strain data. A
typical input signal identified from the given data is shown in Figure 9.2, along
with its power spectra. As can be seen, the impulse has most of its energy
concentrated at low frequencies; the majority of the power lies below 6 kHz.
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Figure 9.4: Optimal input spectra for Ω = [400Hz, 14 kHz]. Pulse excitation
identified through (C.10) (dotted), A-optimal input (solid), and D-optimal in-
put (dash-dotted).

Now imagine that we could distribute this energy freely over the useful fre-
quencies. What would this distribution then optimally be? And how would
this affect the estimation accuracy? These questions are addressed in the fol-
lowing. The study is theoretical, and issues concerning the implementability
of the achieved input spectra are left to the following sections. Details needed
in the experiment design for this particular experiment can be found in Sec-
tion 2.3.1 and Appendix C.1.

Question 1: What is the frequency content of an optimal input signal?
In order to get good estimates for all useful frequencies, we want an input sig-
nal that excites the system for all the frequencies within that range. For the
input signal in Figure 9.2, it is reasonable to think that the system is insuffi-
ciently excited at higher frequencies, since the input lacks power in the higher
frequency range. The lower accuracy in the estimates is evident in Figure 9.3,
where a gradual increase in the variance of the estimates can be noted for fre-
quencies over 6 kHz. The true complex modulus needed in (9.3) to calculate
the standard deviations was here replaced by the estimated complex modulus,
and the value of the noise variance was λ = 2.1× 10−14, see [56].

The optimal input spectra achieved by (9.9) are shown in Figure 9.4. We
have here included all the useful frequencies in the minimization, i.e. Ω =
[400Hz, 14 kHz], but Ω can also be chosen as a smaller interval of frequencies
in order to reflect the intended use of the estimated complex modulus. The
complex modulus may for example be used to predict the material response
for a very limited frequency interval, and the input energy should then be
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Figure 9.5: Theoretical variances of estimated complex modulus. Original im-
pulse excitation (dotted), A-optimal input (solid), and D-optimal input (dash-
dotted).

concentrated to these frequencies only.
From Figure 9.4, it is evident that it is better to distribute the energy more

evenly over the frequencies as more power has been allocated to the higher
frequency range of the input signal. This is true for both A- and D-optimal
design. It is also interesting to compare the optimal input spectra in Figure 9.4
to the variances in Figure 9.3. Clearly, the procedure allocates less input energy
to those frequencies where the current sensor position already yields estimates
with a low variance. These frequencies corresponds to those satisfying (5.23),
i.e. where the strain signal is magnified due to the wave propagation dynamics
in the bar. The energy is instead allocated to frequencies where the estimates
are poor, i.e. where the variance is increased. Intuitively it makes sense that
areas of increased variance needs to be suppressed when minimizing a criterion
function like the one in (9.7). This is done by extracting more information
from these modes, here achieved by allocating more input power around certain
frequencies, and thereby getting a better estimate.

Question 2: What can be gained in estimation accuracy with the use of an
optimal input signal?
From Figure 9.5 it is clear that it is possible to achieve better estimate by
using an optimal distribution of input power, compared to that of the classical
impact excitation. The average variance has for example decreased by around
75 % over the range of useful frequencies for both A- and D-optimal design, and
the corresponding decrease in maximal variance is about 90 %. Most notably,
the optimal input will counteract the increase of variance in the high frequency
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Figure 9.6: Theoretical variances of estimated complex modulus. Original im-
pulse excitation (dotted), A-optimal input (solid), and D-optimal input (dash-
dotted). Inputs optimized in the range Ω = 2− 8 kHz.

range. Instead the accuracy is kept on approximately the same level for all
frequencies.

From Figure 9.5, it is also clear that keeping variance on the same level
for all frequencies tends to decrease variance in the higher frequency range, at
the expense of accuracy at lower frequencies. It is however possible to target
specific areas and get better accuracy at frequencies with already low variance.
In Figure 9.6, the input energy was optimally distributed within the interval
2 − 8 kHz, while no input energy was allocated to frequencies outside this
interval. It can be seen that a better accuracy is achieved within the range
of optimization when the optimal input signal is used, compared to using the
original impulse excitation.

9.5 Implementability Aspects

In order to investigate the applicability of the optimal input scheme suggested
in the previous sections, an attempt was made to implement the achieved spec-
trum in a real-life experiment. A number of issues were dealt with during this
work, as is described in the following.

9.5.1 Experimental Setup

In the theoretical study the normal force at one end of the bar was regarded
as input. In order to generate the required force at the end of the bar, the
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Figure 9.7: Experimental setup.

experimental setup depicted in Figure 9.7 was designed. In this setup, a PMMA
(Polymethyl methacrylate) bar with diameter d = 8 mm, length L = 2.007 m,
and density ρ = 1180 kg/m3 where instrumented by strain gauges at {xi}ni=1 =
{0.290 0.646 1.078 1.600} m from the free end of the bar. The free end, where
the strains are known to be zero, was also used in the analysis. The strain
gauges used to measure the strains were of the type GFLA-6-350-70-1, which is
a single gauge with an active gauge length of 5 mm. The gauges were mounted
on the bar in pairs with diametrically opposite members, and each pair were
then connected to a Wheatstone bridge in a half-bridge configuration. This
allows the output signal to be proportional to the axial strains only. The signals
from the Wheatstone bridges were fed to a bridge amplifier (Measurement
Group 2210) and filtered at 10 kHz. The filtered signals were then sampled
with a sampling interval of T = 1 μs, at N = 218 discrete time instances, using
a data acquisition board (Strategic Test UF.4541). Shunt calibration was used
to convert the gauge output (voltage) into strain.

The designed input signals were implemented using a waveform generator
(Hewlett Packard 33120A). The signals were amplified using a power amplifier
(Bruel & Kjaer, Type 2706), and the amplified signal then fed to the shaker
(Bruel & Kjaer, Type 4809). The shaker is connected to the bar using a stinger
rod, in order to suppress bending disturbances as much as possible. All the
experiments were conducted at room temperature. A block diagram of the
system can be seen in Figure 9.8.

The use of a shaker will introduce constraints on the generated input signal.
Firstly, there is an upper limit on how fast the shaker can work, and thereby
on how high frequencies that can be generated. Secondly, the shaker cannot
generate signals with arbitrarily high amplitude. There generally is a tradeoff
between these two limitations, since a heavy and thereby strong shaker can
generate higher amplitude signals, but will have a stricter limitation in fre-
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Figure 9.8: Block diagram of experimental setup.

quency due to its larger mass. A lighter shaker, on the other hand, may work
faster, but cannot generate as high amplitude signals.

An output strain signal from the experimental setup, measured at sensor
position x = 1.6 m, is shown in Figure 9.9. The setup was in this case driven by
a low-pass filtered white Gaussian noise process with cut-off frequency 4 kHz
generated by the waveform generator. This strain signal is compared to the
corresponding signal from an impulse excitation experiment, where the input
excitation was generated at the end of the bar directly by the use of an air
gun. It can be seen that it is possible to generate signals with much higher
amplitudes if impulse excitation is used, compared to the use of a shaker. The
SNR will hence be much lower in the shaker experiments, with poorer quality
signals as a result. This also translates into the frequency domain, as can be
seen from the figure. When evaluating the results from the estimation, the
poorer signal-to-noise ratio has to be taken into account.

9.5.2 Input Signal Generation

To produce a force signal Nf (t) with the desired spectrum at the end of the bar,
it is necessary to know what signal w(t) to feed to the shaker, cf. Figure 9.8.
This in turn means that the amplifier and shaker dynamics have to be known.
The amplifier may be regarded as a low pass filter, with bandwidth specified by
the manufacturer. To model the shaker dynamics is more complex, since the
connection with the bar will force the shaker and the bar to interact; the shaker
will not only push the bar, the bar will also push the shaker. A discussion on
this can be found in, for example, [9]. Due to this coupling, it is not possible
to separate the shaker and the bar dynamics.

Instead of isolating the dynamics of the shaker, one may regard the dy-
namics between the wave generator and the force exerted at the end of the bar
as a single transfer function Gp(s), as can be seen in Figure 9.8. This trans-
fer function may be estimated using standard system identification techniques.
One complicating factor is that Gp(s) is an infinite dimensional system, due
to the properties of the wave propagation in the bar. This means that a very
high order model has to be used, even if accuracy is only required in a small
frequency interval. A discussion on this may be found in, for example, [64].

Once an estimate of Gp(s) has been found, this may be used to derive the
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Figure 9.9: Strain signal from shaker experiment measured at sensor location
x = 1.6 m (a), and corresponding frequency domain signal (b). Strain signal
from impulse excitation experiment measured at sensor location x = 1.6 m (c),
and corresponding frequency domain signal (d).
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Figure 9.10: Force measurement from load cell, frequency domain.

spectrum of w(t) according to

|w(ω)|2 = |Gp(iω)|−2|u(ω)|2. (9.11)

Simply inverting the transfer function will however cause problems, as is dis-
cussed in the next section, and a more clever approach to finding w(t) is hence
needed.

9.5.3 Identification of Gp(s)

The transfer function Gp(s) can be identified through the signal from the wave-
form generator, w(t), and from force measurements at the excitation end of the
bar. As was discussed above, Gp(s) is infinite dimensional due to the proper-
ties of the wave propagation, and a very high order model has to be used if
parametric identification is performed. This can be avoided by nonparamet-
ric identification, since no model structure has to be specified. On the other
hand, the identification will only provide information on the system at discrete
frequency points, and the field of application will hence be more limited.

In order to identify Gp(s), a number of experiments were performed. The
input signal w(t), generated by the waveform generator, for the experiments
was a low pass filtered white Gaussian noise sequence with cut-off frequency
4 kHz. This signal will sufficiently excite the system for identification within
the bandwidth of the input. The resulting force signal was then measured by
a load cell at the excitation end of the bar, e.g. Nf (t) in Figure 9.8. Both
signals were here sampled at N = 218 discrete time instances, with a sampling
interval of T = 1 μs. An frequency domain example of the measured load



9.5. Implementability Aspects 139

0 1 2 3
−15

−10

−5

0

5

10

f = ω/2π [kHz]

M
ag

ni
tu

de
 [d

B
]

Figure 9.11: Magnitude of identified transfer function Ĝp(iω). The low gain at
frequencies below 100 Hz is an effect of the inadequate information on the low
frequency behavior of the system.

signal can be seen in Figure 9.10. In the experiments, the total duration of the
noise sequence was 1 s, while the signals were measured for approximately 2.6
s. The signals were truncated before the output force signal had returned to
zero, which gives inadequate information on the static gain of the system, i.e.
on the low frequency behavior. This will however not influence the estimate of
the transfer function for frequencies considered in this implementation study.

A nonparametric estimate of Gp(s) was found using a smoothed empirical
transfer function estimate (ETFE) with a Hanning window of lag size M =
103. See [41] or [83] for a discussion on the ETFE estimate. In Figure 9.11,
the amplitude of the identified transfer function can be seen. The transfer
function estimate reflects the dynamics of the measured force signal shown
in Figure 9.10, with increased amplitudes at some frequencies. There also is
a clear low-pass character in the estimated transfer function, which can also
be detected in the force signal. This effect is mainly due to the limitations
of the shaker, which are much stricter than the bandwidth of the amplifier.
Simply inverting the transfer function to find the spectrum of w(t), as was
done in (9.11), will concentrate most of the energy at high frequencies, which
are inherently hard to generate. In order not to penalize the lower frequency
range too much, this phenomenon has to be controlled.

From the transfer function estimate, an upper limit on the effective range of
the shaker can be estimated to approximately 2 kHz. Frequencies higher than
2 kHz are assumed to be so severely damped by the shaker dynamics that it
is hard to efficiently excite the bar in this frequency range. To implement the
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spectrum from the theoretical study in the entire range of useful frequencies
is hence not feasible, and the frequency interval Ω has to be reduced. In the
following, the frequency interval Ω = [400Hz, 2 kHz] is used in the optimal
excitation problem.

9.6 Modification of Optimization Criteria to In-
clude Shaker Dynamics

9.6.1 Theory

One way to prevent that a unproportionally large amount of the input energy
is allocated to the higher frequency range, due to the low pass character of
Gp(s), is to modify the optimization criterion in (9.7) so that Gp(s) is taken
into account when designing the optimal input spectrum. In the following, all
signals will be described by their frequency domain representation.

When modifying the criterion, the signal from the wave generator is re-
garded as the input instead of the force exerted at the end of the bar. These
are related as

u(ω) = Gp(iω)w(ω), (9.12)

where w(ω) is the signal from the wave generator, and u(ω) = Nf (ω) is the
force at the end of the bar. Substituting u(ω) in (9.3) for the expression in
(9.12), the covariance matrix of the estimates can be expressed as

PNP (ωj , ωk) =
λ

2|w(ωk)Gp(iωk)|2l(ωk)δj,kI2 (9.13)

=
λ

2|w(ωk)|2 l̃(ωk)
δj,kI2 , 0 < j, k < N/2. (9.14)

Here, l̃(ω) is given by
l̃(ω) = |Gp(iω)|2l(ω). (9.15)

An optimization problem as the one in (9.7)-(9.8) can now be formulated using
(9.14) and solved in the same way as in Appendix C.2. The criterion function
in this case is given by

V =
∫

Ω

1(|w(ω)|2 l̃(ω))q dω , Ω = [ω1, ω2], (9.16)

and the optimization problem by

min
|w(·)|2

V s.t.
∫

Ω

|w(ω)|2dω = β, (9.17)

where β is the energy of the input signal w(ω) within the interval Ω. The
solution the optimization problem in (9.17) is given by

|wopt(ω)|2 = 1(
l̃(ω)

)q/(q+1)

β∫
Ω

1
(l̃(ω))q/(q+1) dω

. (9.18)
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Figure 9.12: (a) D-optimal spectrum of w(ω) from (9.18), with Ω =
[400Hz, 2 kHz]. (b) Corresponding spectrum of force signal u(ω) = Gp(iω)w(ω)
applied to the end of the bar.
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Figure 9.13: D-optimal input spectrum (solid), and periodogram of measured
input signal (dotted). The optimal spectrum is scaled in order to reflect the
amplification of the measured signal. Shaded regions: frequency intervals where
the estimation algorithm breaks down, cf. Figure 9.14

with optimal value

Vopt =
1
βq

(∫
Ω

1(
l̃(ω)

)q/(q+1)
dω

)q+1

. (9.19)

As before, choose q = 1 for A-optimality, and q = 2 for D-optimality. In this
study, the optimization problem in (9.17) is solved for energy level β = 1 of the
input signal. Since β enters as a scaling factor in (9.18), optimal input spectra
for any other energy level can then be found by scaling this normed spectrum
by the desired energy level.

The D-optimal spectrum of w(ω), achieved from (9.18) with β = 1 and
Ω = [400Hz, 2 kHz], is shown in Figure 9.12(a). The optimal spectrum in (9.18)
is here approximated by numerical methods, and the nonparametric model of
Gp(s) from Section 9.5.3 used to evaluate the expression. The corresponding
spectrum of the force signal u(ω) applied to the end of the bar, achieved from
(9.12), is shown in Figure 9.12(b). It can be seen that the optimal spectra
display the same general behavior as the optimal spectrum from the theoretical
study, with increased power levels in certain frequency intervals, cf. Figure 9.4.

9.6.2 Experiments

In order to evaluate the performance of the optimal input spectrum derived
above, a number of experiments were performed and the wave propagation
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Figure 9.14: Estimated wave propagation function γ(ω). Imaginary part (upper
curve) and real part (lower curve). Shaded regions: frequency intervals where
the estimation algorithm breaks down.

function γ(ω) estimated for each experiment. The wave propagation function
is related to the complex modulus E(ω) through (2.26), and an estimate of the
complex modulus can therefore be found from the estimated wave propagation
function. Estimating γ(ω) will in this case yield more legible results, as the real
and the imaginary parts of this function have a straightforward interpretation
as the damping and the wave number of the waves for each frequency, cf.
(5.1). The reason for estimating the wave propagation function, instead of the
complex modulus, in this case will become clear in the following analysis.

In order to perform the experiments, an input signal w(t) was generated
from the optimal spectrum in Figure 9.12(a) using a random phase multisine
[22; 64]. The waveform generator can transmit Nw = 16000 data points at a
frequency of fw = 16 kHz. For

ωk =
2πfw
Nw

k, 0 ≤ k ≤ Nw

2
, (9.20)

w(t) was therefore generated according to

w(t) =
2√
Nw

∑
ωk∈Ω

|wopt(ωk)| sin(ωkt+ φk), t = 0, 1, . . . , Nw − 1. (9.21)

The phase φk was here chosen randomly from a uniform distribution on the
interval [0, 2π]. The frequency domain representation of w(t) is shown in Fig-
ure 9.13, together with the spectrum used to generate the signal. It can be
seen that the periodogram of the attained signal is a good representation of
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the optimal input spectrum. Note that the signal has here been amplified,
i.e. β has been increased, in order to introduce as much energy as possible
into the experiment. An estimate of the wave propagation function γ(ω) using
this input signal is shown in Figure 9.14. It can be seen that the estimation
process breaks down in certain frequency intervals, which are shaded in the
figure. These breakdowns principally occurs for frequencies where the power of
the input signal is decreased due to the behavior of the optimal spectrum, cf.
the shaded regions in Figure 9.13. After the initial breakdown, the estimation
procedure has difficulties recovering, even though the input power is increased.

There obviously is a risk that the optimal input spectra as defined in (9.18)
allocates too little input power at certain frequencies, resulting in a too poor
signal-to-noise ratio for the estimation algorithm to work. This problem can be
dealt with by further modifying the optimization criterion in order to include
a base level that will ensure that the power of the input signal will always be
at least some minimum value. This is discussed in the next section.

9.7 Modification of Criteria to Include Base Level

9.7.1 Theory

In order to prevent that too little input power is allocated to some frequen-
cies, the optimization criterion has to be modified to include a base level that
ensures that the input power will always be above some user specified level.
This is done by adding an extra constraint to the optimization problem in
(9.7)-(9.8). Continuing the modifications already performed in Section 9.6, the
optimization problem can be stated as follows.
Optimal experiment design with base level C: Let the criterion function
V be given by (9.16). The optimization problem can then be formulated as

min
|w(·)|2

V s.t.
∫

Ω

|w(ω)|2dω = β,

|w(ω)|2 ≥ C, ∀ω ∈ Ω
(9.22)

where the second constraint will ensure that the input power will be greater or
equal to the base level C for all frequencies within the interval Ω. The solution
to the optimization problem in (9.22) is given by

|wopt(ω)|2 = max

{
C,

(
q

νopt ·
(
l̃(ω)

)q
) q

q+1
}
, (9.23)

where νopt is given by

νopt = argmin
ν

(∫
Ω

|w(ω, ν)|2dω − β
)2

. (9.24)

In (9.24), the function |w(ω, ν)|2 is given by

|w(ω, ν)|2 = max

{
C,

(
q

ν · (l̃(ω))q
) q

q+1
}
. (9.25)
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Figure 9.15: D-optimal spectrum from (9.23) with base level C = 0.5 (solid)
and corresponding spectrum from (9.18) corresponding to base level C = 0
(dotted).

The optimal value of V is now given by inserting (9.23) into (9.16). For a
derivation, see Appendix C.3. �

A D-optimal input spectrum given by equation (9.23) is shown in Figure 9.15,
together with the corresponding spectrum given by equation (9.18) in the pre-
vious section. Again Ω is chosen as the frequency interval 400 Hz to 2 kHz. It
can be seen that the new constraint will cause slightly less energy to be allo-
cated to regions with power levels above the base level. This energy is instead
distributed over the frequency intervals where the power was previously below
the base level. This behavior also means that the higher value that is chosen
for the base level, the flatter the optimal spectrum will be.

9.7.2 Experiments

As before, the optimal spectra in Figure 9.15, corresponding to base level C = 0
and C = 0.5, respectively, were implemented using a random phase multisine,
cf. Section 9.6.2. In order to evaluate and compare the performance of the sig-
nals, the wave propagation function γ(ω) was estimated for each experiment.
A frequency domain representation of the implemented signals are shown in
Figure 9.16, together with the optimal spectra used to generate the signals.
It can again be seen that the attained signals are good representations of the
optimal spectra. In Figure 9.17, an estimate of the wave propagation function
γ(ω) is shown for each input. The overall performance of the estimation is in
both cases much better than for the estimate with no base level, cf. Figure 9.14.
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Figure 9.16: D-optimal input spectrum (solid), and periodogram of measured
input signal (dotted). (a) Base level C = 0 and (b) base level C = 0.5. The
optimal spectra are scaled in order to reflect the amplification of the measured
signals. The optimal spectrum in (a) is identical to that in Figure 9.13, while
the periodograms of implemented signals differ in the two figures. The signal
in (a) is for example better amplified (corresponding to a larger β), compared
to that in Figure 9.13.
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Figure 9.17: Estimated wave propagation function γ(ω) from the input signals
in Figure 9.16. (a) Base level C = 0 and (b) C = 0.5. Imaginary part (upper
curves) and real part (lower curves). Note that a better amplification of the
signals was achieved for these experiments, compared to the experiment behind
the estimate in Figure 9.14. The estimate in (a) is hence better than the one
in Figure 9.14, even though the same spectrum was used to generate the input
signals.
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This is partly due to a better amplification of the input signal (corresponding
to a larger β) for these experiments. For an input signal with base level C = 0,
corresponding to the optimal spectrum from (9.18), this means that the esti-
mation algorithm does not break down as spectacularly as in Figure 9.14. It is
however clear that the modification to include a base level will give better esti-
mation within the frequency intervals where the power is increased compared
to when no base level was used. In the following, only the optimal input signal
with base level C = 0.5 will therefore be considered.

From Figure 9.17 it can be seen that the estimation algorithm still breaks
down in certain frequency intervals. This is particularly noticeable for the
real part of the wave propagation function, corresponding to the damping of
the waves in the material, which is estimated to be zero for a large number
of frequencies. With the experimental setup described above, it is obviously
hard to excite the system in such a way that sufficient information is received
on the damping of the waves. Due to this problem, only the imaginary part
of the wave propagation function, corresponding to the wave number at each
frequency, will be considered in the following. One solution to the problem of
insufficient excitation is to use a stronger shaker, but then the limitations on
the frequency range that can be generated will be stricter, as was discussed in
Section 9.5.1.

An interesting question is how well the optimal input spectra derived above
perform compared to a more traditional input signal. In these investigations,
a band-pass filtered white Gaussian noise with pass-band 400 Hz to 2 kHz was
used as a reference. This signal is designed to contain an equal amount of
energy in the pass-band as the optimal input signal contains in the correspond-
ing frequency interval. The results are also compared to the accuracy of the
estimates from an impulse excitation experiment, and the variance is in this
case scaled so that the energy of the force signal at the end of the bar is equal,
cf. the discussion in Section 9.5.1. As was discussed above, only the imaginary
part of the estimated wave propagation function is considered here, since the
current experimental setup does not give enough information on the damping
of the material, i.e. on the real part of the wave propagation function.

In Figure 9.18(a), the variance of the imaginary part of the estimated wave
propagation function is shown for the three excitation signals described above.
In the case of the optimal and the band-pass filtered input signal, the variances
are estimated from 20 experiments performed under as identical conditions as
possible. The variance of the impulse experiment is estimated from 10 exper-
iments, described in Chapter 8. It can be seen that the optimal input signal
performs better than the impulse excitation when the variances are scaled so
that the energy of the force signals are comparable. For the unscaled variance,
the performance between these two input signals are of the same magnitude,
as can bee seen in Figure 9.18(b). This result is however only valid for the
estimate of the imaginary part of the wave propagation function. As no reli-
able estimate of the real part is available from the experiments where the input
signal is produced by the shaker, a fair comparison between the accuracy of
the real parts of the estimates can not be made.

From Figure 9.18(a), it can also be seen that the same accuracy for the
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Figure 9.18: Variance of the imaginary part of the estimated wave propagation
function γ(ω) using band-pass filtered Gaussian white noise (dotted), optimal
input with base level C = 5 (solid), and impulse excitation (dashed), respec-
tively. In (a), all variances are scaled so that the energy of the force signal at
the end of the bar is equal. Unscaled variances are shown in (b).
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Figure 9.19: The power spectral density estimate of w(ω) for an optimal input
signal with base level C = 5 (dashed), and a low-pass filtered noise signal with
pass band 400 Hz to 2 kHz (solid).

imaginary part of the estimated wave propagation function is achieved when
using a band-pass filtered noise signal, as when an optimal input signal was
used. In Figure 9.19, the estimated power spectral density is shown for both
signals, and it can be seen that the implemented optimal spectrum does not
differ much from the spectrum of low-pass filtered noise signal. It can hence
be expected that both signals perform similarly. The levels of increased energy
for the optimal input signal in the frequency intervals just below 1 kHz and
2 kHz, respectively, does not seem to have any major effect on the accuracy
of the estimated wave propagation function. Compensating for the damping
effects of Gp(s), and of the wave propagation in the bar, for these frequencies
obviously is hard.

9.8 Conclusions

This chapter treats the problem of optimal excitation for estimating the com-
plex modulus of a viscoelastic material. In this study, the focus is on nonpara-
metric identification from longitudinal wave propagation experiments, but the
theory is also valid for both flexural and torsional wave propagation. The idea
is that if we can distribute the energy content of the input excitation signal in
an optimal way, it is possible to maximize the amount of useful information
that can be extracted from the data, and thereby get a more accurate estimate.
This concept was first investigated in a theoretical study, and then validated
in a series of experiments.
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The typical way to excite the system has in previous studies been through
impact by the use of a steel hammer or an air gun; a kind of excitation that
has most of its power in the lower frequency range. In the theoretical study,
it was found that more accurate estimates can be achieved by spreading the
input power more evenly over the frequencies. Furthermore, it was found to be
advantageous to allocate more energy to frequencies where the current sensor
position yields a poor estimate. The theory developed here was also used to
identify the excitation used in a particular experiment, since this is generally
not known and in many cases hard to measure.

In order to evaluate the implementability of the optimal input spectra de-
rived in the theoretical study, a number of experiments were performed. The
input signal was in these experiments generated by a shaker, and the optimal
experiment design had to be modified to include the shaker dynamics. The
use of a shaker also introduces a strict limitation on the frequency range of
the optimal input signal, since there is an upper limit on how fast the shaker
can work. The bandwidth of the shaker was here estimated to approximately
2 kHz, while the complex modulus is commonly estimated up to 14 kHz for
an impulse excitation experiment. Furthermore, it is possible to generate in-
put signals with much higher amplitude when an air gun or a steel hammer is
used to excite the system, as compared to when a shaker is used. This means
that the signal-to-noise ratio is much larger in the classical impulse excitation
experiments, compared to the optimal input signals generated in this study.

When evaluating the optimal input signals generated by the shaker, it was
clear that the current experiment setup did not give sufficient information on
the damping of the material, i.e. on the real part of the wave propagation
function γ(ω), related to the complex modulus through (2.26). When the
wave propagation function was estimated for each frequency, the estimation
algorithm gave unreliable results for the real part of the estimate for a large
number of frequencies. The corresponding estimate of the complex modulus
may therefore be expected to be inaccurate. The imaginary part of the wave
propagation was however accurately estimated, and with a variance of the same
magnitude as for an impulse excitation experiment.





Chapter 10
Summary and Future Work

10.1 Summary

An isotropic and linearly viscoelastic material can be completely characterized
by two independent complex valued functions of frequency. Common choices
for these functions are the complex extension modulus E(ω) and the complex
shear modulus G(ω). These are commonly referred to simply as the complex
modulus. If these functions are known, the material behavior can be simulated
and predicted for different kinds of dynamic load on the system.

The complex moduli are in general identified through wave propagation
testing, where a specimen of the viscoelastic material is subjected to some
kind of load, and the material response then measured. A number of different
experimental setups exist in the literature. These setups differ in a number of
ways. Some important design issues include the specimen geometry, the choice
of excitation signal and how the material response is measured. This is briefly
discussed in Chapter 2.

This thesis treats different aspects on the identification of the complex mod-
uli mentioned above. The focus is on the complex extension modulus, E(ω),
but the theory can also be used to identify the complex shear modulus. The
identification is based on strain data from different kinds of wave propagation
experiments, described in Chapter 2. These are divided into two categories.
In one, a large homogeneous specimen is used and the strains are measured on
the specimen itself. In the other category, a short specimen of the viscoelastic
material is placed between two long pressure bars. This approach is commonly
known as the Split Hopkinson Pressure Bar (SHPB) technique. The strain is
in this case measured on the bars, instead of on the specimen itself, and in-
formation on the complex modulus is gained from how the waves are altered
when passing through the specimen. This second type of experiment is suit-
able to use with materials for which a large homogeneous specimen can not be
produced.

In order to identify the complex modulus from the strains measured in the

153
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experiments above, models describing the wave propagation in the setups are
needed. In order for the identification to be accurate, it is important that these
models can describe the wave propagation in an adequate way. This topic
is investigated in Chapter 4, where a statistical test is derived and used to
evaluate the structure of the proposed wave propagation models. The analysis
in Chapter 4 is based on a matrix containing data from a number of independent
experiments, performed under as identical conditions as possible. The key
observation is that if the model structure is correct, then the unperturbed
(noise-free) data matrix should be rank deficient with a known number of zero-
valued singular values. As a result, the noise corrupted data matrix should
have the same number of singular values that deviate from zero only due to the
measurement noise. The test derived in this chapter is based on the distribution
of these smallest singular values, assuming that the signal-to-noise ratio is
large and that the measurement noise is white and Gaussian distributed. In
Chapter 4 the test is applied to data from the two types of experimental setups.
In the first type, a slender bar is axially excited and the resulting strain data
measured at a number of locations along the bar. The structure of the wave
propagation model was in this case shown to be adequate for describing the
wave propagation in the bar. For the second type of experiment, the SHPB
technique, the model structure was on the other hand found to be inadequate
and the model thus rejected.

The wave propagation in an axially impacted bar, as the one mentioned
above, is a highly resonant system. The frequency content of the measured
strain signal will in turn influence the identification the material character-
istics. In previous studies it was for example found that the quality of the
estimated complex modulus varies significantly with frequency. In Chapter 5,
the frequency content in an axially impacted bar subject to a free end bound-
ary condition was therefore considered. The results from this chapter is used
throughout the thesis, in order to explain different phenomena observed when
longitudinal wave propagation experiments are used for identifying the com-
plex modulus. One of these phenomena is the variation in accuracy mentioned
above.

In this thesis, both nonparametric and parametric identification of the com-
plex modulus is treated. The nonparametric case is handled in Chapter 6, where
the identification procedure is described both for experiments on a large homo-
geneous specimen and for the SHPB technique. In the case of wave propagation
in a large homogeneous specimen, this problem has been handled in several pre-
vious studies and a theoretical expression for the covariance of the estimates
has there been derived. The results are summarized here and illustrated using
experimental data. For the SHPB technique, three different methods to iden-
tify the complex modulus from measured strain data are described. For each
method, a theoretical expression for the accuracy of the estimate is derived and
evaluated using both simulated and experimental data.

The case of parametric identification is handled in Chapter 7. Three dif-
ferent approaches for finding a parametric model of the complex modulus are
considered in the chapter. The models are fitted either from the nonparametric
estimate in Chapter 6, or directly from the measured strain data. Theoretical
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expressions for the accuracy of the estimates are derived in each case, assuming
that the measurement noise is temporally and spatially white. These expres-
sions are evaluated against simulated, as well as against experimental data. It
was found that the theoretical and the experimental variances were in good
agreement when simulated data was used. For the experimental data, on the
other hand, the theoretical expressions severely underestimate the variance of
the estimates. For one of the methods, the theoretical expression was there-
fore modified to cover the case of correlated noise, with a considerably better
agreement as a result.

In order to get a good quality estimate of the complex modulus, it is impor-
tant that the measured data contains as much valuable information as possible.
The information content in the data is influenced by a number of design pa-
rameters in the experiment, and these parameters should therefore be chosen
carefully. For the identification problem considered here, such parameters in-
clude the sensor positions and the number of sensors used, as well as the input
excitation signal. These topics are discussed in Chapters 8 and 9.

Optimal sensor placement for nonparametric identification of the complex
modulus is considered in Chapter 8. The sensor locations have in previous
studies been assigned in an ad-hoc manner, based on some physical insight
into the system. In Chapter 8, it is examined what can be gained by using op-
timal experiment design techniques to find an optimal sensor configuration for
the considered experiment. Both the number of sensors that should be used in
the experiment, as well as the optimal configuration of a fixed number of sen-
sors, are considered. A number of different optimization criteria, based on the
covariance expression in Chapter 6, were evaluated and the resulting optimal
sensor configurations analyzed. The results indicate a substantial increase in
the accuracy of the estimated complex modulus when optimal sensor locations
were used, compared to the previously used ad-hoc sensor configuration. It was
also found that adding more sensors will continuously increase the accuracy of
the estimates, although the benefit of adding one more sensor is decreased the
more sensors that are already used. These results were confirmed in a series
of experiments, where optimal sensor locations were used when measuring the
strain signals.

In Chapter 9, the topic of optimal excitation is instead treated. The pre-
ferred kind of excitation has in previous studies been a strain pulse generated
at one end of the specimen. In this chapter, it is examined what can be gained
in accuracy of the estimated complex modulus, by redistributing the energy
of the strain pulse in an optimal way. The theoretical study indicates that a
substantial increase in accuracy can be gained by an optimal distribution of
input power. An attempt to implement the achieved optimal input spectrum
in a real-life experiment was also made. It was found that implementing the
spectrum is hard, due to practical limitations caused by the equipment used
to generate the corresponding input signal. A number of issues concerning the
implementation of an arbitrary input signal was dealt with during this work.
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10.2 Topics for Future Research

There are a number of possible extensions to the work presented in this thesis.
In Chapter 5, it was for example mentioned that the analysis of the frequency
contents in an axially impacted viscoelastic bar is valid provided that the damp-
ing α(ω) of the material is sufficiently low. It is of course of interest to further
investigate what value of α(ω) that can be considered low enough for the results
to hold. Alternatively, the exact minima of | sinh (γ(ω)L)| and | sinh (γ(ω)x)|
could be determined. This would result in exact conditions for when the mea-
sured signal is amplified or damped, respectively, and no assumption on α(ω)
is then necessary.

Throughout this thesis, the the time domain measurement noise is assumed
to be both temporally and spatially white. In the study of parametric identifi-
cation of the complex modulus, performed in Chapter 7, it was however found
that the white noise assumption was not valid when evaluating the theoretical
variance of the estimates. A more general assumption on the frequency domain
measurement noise was therefore made. It would be interesting to investigate
what time domain characteristics this corresponds to.

In Chapter 8, it was observed that the optimal sensor configurations share
some properties with optimal sensor locations for direction-of-arrival (DOA)
estimation in array signal processing. It would therefore be interesting to see if
any parallels can be drawn between these two theories. Furthermore, the study
on optimal sensor locations was made for a system excited through impact. The
sensor configurations achieved in Chapter 8 may not be optimal for other types
of inputs, such as the optimal excitation in Chapter 9. Similarly, the optimal
input derived in Chapter 9 may not be optimal for the sensor positions derived
in Chapter 8. A total experiment design, where optimality in sensor locations
and excitation are explored together, would therefore be of interest.

In the implementation of the optimal input spectrum derived in Chapter 9,
a very basic identification of the amplifier and shaker dynamics was performed.
Furthermore, the identified model also includes the wave propagation dynamics
of the test specimen attached to the shaker. This model is hence experiment
dependent, and a new model has to be identified if the experimental setup
is changed. It would therefore be of interest to separate the amplifier/shaker
dynamics from that of the test specimen, and to get a better model for these
transfer functions. It would then no longer be necessary to redo this identifi-
cation step each time the experiment setup is modified.

Finally, the optimal experiment design performed in this thesis is for non-
parametric identification of the complex modulus. In [53], the problem of
optimal sensor locations for parametric identification was explored, but no
such study on optimal excitation has been made. For example, does the opti-
mal input spectrum for parametric identification differ from that in derived in
Chapter 9?



Appendix A
Proofs of Chapter 4

A.1 Proof of Lemma 4.1

Consider the matrix Q(Δ) in (4.2). The eigenvalues, λi, of Q(Δ) are given as
the solution to the characteristic equation

0 =det
[
λI−Q(Δ)

]
= det

[
λI−A(Δ) −ΔB(Δ)
−ΔB∗(Δ) λI−Δ2C(Δ)

]
=det

[
λI−A(Δ)

]
det

[
λI−Δ2

(
C(Δ) +B∗(Δ)

(
λI−A(Δ)

)−1

B(Δ)
)]
,

(A.1)

where the third equality is the determinant for a partitioned matrix, as can be
found in for example [83]. Since A(Δ) is positive definite, the p eigenvalues
of Q(Δ) that for small values of Δ are close to zero are associated with the
equation

0 =det
[
λI−Δ2

(
C(Δ) +B∗(Δ)

(
λI−A(Δ)

)−1
B(Δ)

)]
=det

[
λI−Δ2

(
C0 +B∗0(λI−A0)−1B0

)
+O(Δ3)

]
≈det

[
λI−Δ2(C0 −B∗0A

−1
0 B0) +O(Δ3)

]
. (A.2)

Here, the second equality is obtained through Taylor expansion around Δ =
0. The last approximation can be made since the values of λ for which this
equation holds (i.e. the p smallest eigenvalues) are small compared to the
elements of A0. The p smallest eigenvalues of Q(Δ) can hence be approximated
by

{λi}pi=1 = eig
[
Δ2(C0 −B∗0A

−1
0 B0) +O(Δ3)

]
(A.3)
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and consequently

p∑
i=1

λi = tr
[
Δ2

(
C0 −B∗0A

−1B0

)
+O(Δ3)

]
= Δ2tr

[
C0 −B∗0A

−1
0 B0

]
+O(Δ3). (A.4)

A.2 Proof of Result 4.1

In the following, the unitary condition of V and U will be employed, which
gives

V∗
1V1 = I, V∗

1V2 = 0. (A.5)

From (A.5), the definition of Π̂ in (4.6), and the singular value decomposition
in (4.5) we get

Π̂V = (Π+ΔΓ)V

= (U1Σ1V∗
1 +ΔΓ)

[
V1 V2

]
=
[
U1Σ1V∗

1V1 +ΔΓV1 U1Σ1V∗
1V2 +ΔΓV2

]
=
[
U1Σ1 +ΔΓV1 ΔΓV2

]
. (A.6)

The matrix in (4.7) follows through straightforward application of (A.6). For
Δ = 0, the equations in (4.8) give

A0 = A(0) = Σ2
1

B0 = B(0) = Σ1U∗
1ΓV2

C0 = C(0) = V∗
2Γ
∗ΓV2

(A.7)

and

C0 −B∗0A
−1
0 B0 = V∗

2Γ
∗ΓV2 −V∗

2Γ
∗U1Σ1Σ−2

1 Σ1U∗
1ΓV2

= V∗
2Γ
∗
(
I−U1U∗

1

)
ΓV2

= V∗
2Γ
∗U2U∗

2ΓV2, (A.8)

where the last equality follows from the unitary condition of U. Invoking the
result from Lemma 1, we get

p∑
i=1

σ̂2
i = Δ2tr[V∗

2Γ
∗U2U∗

2ΓV2] +O(Δ3). (A.9)

A.3 Proof of Result 4.2

Recall equation (4.12), where ΓCN is an n × q matrix whose elements γi,j are
independent CN (0, 1) variables. The n × (n − r) matrix U2 and q × (q − r)
matrix V2 arise from the singular value decomposition of the noise-free data
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matrix E(ω), cf. (4.5). Denote the elements of U2 by ui,j and the elements of
V2 by vi,j and define the matrix

Ψ = U∗
2ΓCNV2

=
n∑
i=1

q∑
j=1

⎡
⎢⎣

u∗i,1vj,1γi,j · · · u∗i,1vj,(q−r)γi,j
...

. . .
...

u∗i,(n−r)vj,1γi,j · · · u∗i,(n−r)vj,(q−r)γi,j

⎤
⎥⎦

�

⎡
⎢⎣ ψ1,1 · · · ψ1,(q−r)

...
. . .

...
ψ(n−r),1 · · · ψ(n−r),(q−r)

⎤
⎥⎦ . (A.10)

The following proposition characterizes the elements of this matrix.

Proposition A.1: The elements ψi,j of the matrix Ψ in (A.10) are mutu-
ally independent, circular1 and Gaussian distributed with zero mean and unit
variance. The real and imaginary parts of each element are hence distributed
according to [

ψRi,j
ψIi,j

]
∼ N

([0
0

]
,
1
2
I2

)
(A.11)

where ψi,j = ψRi,j + iψIi,j .

Proof: It is from equation (A.10) seen that the elements of Ψ are linear com-
binations of independent complex Gaussian variables. Each element of Ψ is
hence itself complex Gaussian. The mean of the elements are given by

E{ψa,b} =
n∑
i=1

q∑
j=1

u∗i,avj,bE{γi,j} = 0 ∀ a, b, (A.12)

which also gives that the mean of the real and imaginary parts are zero. The
covariances are given by

E{ψa,bψ∗c,d} =
n∑
i=1

q∑
j=1

n∑
k=1

q∑
l=1

u∗i,avj,b E{γi,jγ∗k,l}︸ ︷︷ ︸
=δi,kδj,l

v∗l,duk,c

=
n∑
i=1

u∗i,aui,c
q∑

j=1

v∗j,dvj,b

= δa,cδb,d ∀ a, b, c, d (A.13)

In the last equality the unitary property of U and V has been used. This gives

I = U∗
2U2

=

⎡
⎢⎣

∑n
i=1 u

∗
i,1ui,1 · · · ∑n

i=1 u
∗
i,1ui,(n−r)

...
. . .

...∑n
i=1 u

∗
i,(n−r)u

∗
i,1 · · · ∑n

i=1 u
∗
i,(n−r)ui,(n−r)

⎤
⎥⎦ (A.14)

1See definition on page 43.
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and hence
n∑
i=1

u∗i,aui,c = δa,c. (A.15)

Repeating the above derivation gives a corresponding result for V2.
From equation (A.13) it is seen that the elements of Ψ have unit variance

and that they are mutually independent. To show that the real and imaginary
parts of the elements are independent, it is sufficient to show that E{ψa,bψc,d} =
0. Here

E{ψa,bψc,d} =
n∑
i=1

q∑
j=1

n∑
k=1

q∑
l=1

u∗i,avj,b E{γi,jγk,l}︸ ︷︷ ︸
=0

vl,du
∗
k,c

= 0 ∀ a, b, c, d (A.16)

since the elements of ΓCN are circular. The distribution in (A.11) for the real
and the imaginary parts then follows automatically. �
Now return to the proof of Result 4.2. The trace in equation (4.12) can through
the above notation be expressed as

tr[V∗
2Γ
∗
CNU2U∗

2ΓCNV2] = tr[Ψ∗Ψ] =
n−r∑
i=1

q−r∑
j=1

|ψi,j |2

=
n−r∑
i=1

q−r∑
j=1

[(ψRi,j)
2 + (ψIi,j)

2], (A.17)

which is the sum of 2(n−r)(q−r) independent N (0, 1
2 ) variables. Normalizing

the sum of squared variables yields

2
n−r∑
i=1

q−r∑
j=1

[(ψRi,j)
2 + (ψIi,j)

2] ∼ χ2
(
2(n− r)(q − r)

)
. (A.18)

Result 2 then follows by applying equations (A.17) and (A.18) in (4.12).
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Proofs of Chapter 7

B.1 Proof of Property 7.2

For the first and second derivative of the projection operator P(ω,θ) = In −
A(ω,θ)A†(ω,θ) in (7.22) we have the following results

Pi(ω,θ) =−P(ω,θ)Ai(ω,θ)A†(ω,θ)−
[
P(ω,θ)Ai(ω,θ)A†(ω,θ)

]∗
(B.1)

Pij(ω,θ) =−Pj(ω,θ)Ai(ω,θ)A†(ω,θ)−P(ω,θ)Aij(ω,θ)A†(ω,θ)

−P(ω,θ)Ai(ω,θ)(A†(ω,θ))j − [Pj(ω,θ)Ai(ω,θ)A†(ω,θ)]∗

− [P(ω,θ)Aij(ω,θ)A†(ω,θ)]∗ − [P(ω,θ)Ai(ω,θ)(A†(ω,θ))j ]∗.
(B.2)

For proof, the reader is referred to [23]. Since

P(ω,θ)A(ω,θ) = P∗(ω,θ)A(ω,θ) = 0, (B.3)

and using (7.17), we get

ε∗PiPjε = ε∗
[
PAiA† + [PAiA†]∗

][
PAjA† + [PAjA†]∗

]
ε

= c∗A∗
[
PAiA† +A†∗A∗iP

∗][PAjA† +A†∗A∗jP
∗]Ac

= c∗A∗A†∗︸ ︷︷ ︸
=I

A∗iP
∗PAj A†A︸ ︷︷ ︸

=I

c = c∗A∗i P∗P︸︷︷︸
=P

Ajc

= c∗A∗iPAjc, (B.4)
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which proves (7.63). In (B.4), the arguments ω and θ are omitted for brevity.
Similarly, using (B.2) we have that

ε∗Pijε = −ε∗
[
PjAiA† +PAijA† +PAi(A†)j

+ [PjAiA†]∗ + [PAijA†]∗ + [PAi(A†)j ]∗
]
ε

= −c∗A∗
[
PjAiA† +PAijA† +PAi(A†)j
+A†∗A∗iP

∗
j +A†∗A∗ijP

∗ + (A†)∗jA
∗
iP
∗]Ac

= −c∗
[
A∗PjAi A†A︸ ︷︷ ︸

=I

+A∗A†∗︸ ︷︷ ︸
=I

A∗iP
∗
jA

]
c

= −c∗
[
A∗PjAi +A∗iP

∗
jA

]
c

= −c∗A∗
[−PAjA† − [PAjA†]∗

]
Aic

− c∗A∗i
[− [PAjA†]∗ −PAjA†

]
Ac

= c∗A∗A†∗︸ ︷︷ ︸
=I

A∗jP
∗Aic+ c∗A∗iPAj A†A︸ ︷︷ ︸

=I

c

= c∗A∗jP
∗Aic+ c∗A∗iPAjc, (B.5)

which proves (7.64).

B.2 Proof of Property 7.3

For this proof, the following result and property are needed.

Result B.1: Let v(ω) be a complex Gaussian random vector with properties

E {v(ωk)} = 0, (B.6)

E
{
v(ωk)vT (ωl)

}
= 0, ∀k, l s.t. 0 < k, l <

N

2
, (B.7)

E {v(ωk)v∗(ωl)} = λ2I, ∀k, l s.t. 0 < k, l <
N

2
. (B.8)

Let x be a complex valued deterministic vector of the same dimension as v(ω).
Let R and S be matrices of compatible dimensions such that

x∗Rx = x∗Sx = 0. (B.9)

Then

E {[x+ v(ωk)]∗R[x+ v(ωk)][x+ v(ωk)]∗S[x+ v(ωk)]}
= λ2x∗[RS+ SR]x+ λ4[tr{S}tr{R}+ tr{SR}]. (B.10)

Proof: See [45]. �
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Property B.1: The following holds

tr {Pi(ω,θ0)} = 0. (B.11)

Proof: See [56]. �
The measured data vector εM(ω) used in Property 7.3 is given by

εM(ω) = ε(ω,θ0) + v(ω), (B.12)

where v(ω) is a noise vector with properties as in (B.6)-(B.8). Using (7.17),
(B.1) and (B.3) we have that

ε∗(ω,θ0)Pi(ω,θ0)ε(ω,θ0) = ε∗
[
PAiA† + [PAiA†]∗

]
ε

= c∗A∗
[
PAiA† +A†

∗
A∗iP

∗]Ac = 0. (B.13)

Furthermore, using (B.6), (B.8), (B.13) and Property B.1 we have that

E {ε∗M(ωk)Pi(ωk,θ0)εM(ωk)} = E {v∗(ωk)Pi(ωk,θ0)v(ωk)}
= tr {Pi(ωk,θ0)E {v∗(ωk)v(ωk)}}
= λ2tr {Pi(ωk,θ0)} = 0. (B.14)

The following result can now be formulated.

Result B.2: Let εM(ω) be given by (B.12) with noise properties as in (B.6)-
(B.8). Then

E {ε∗M(ωk)Pi(ωk,θ0)εM(ωk)ε∗M(ωl)Pj(ωl,θ0)εM(ωl)}

=

⎧⎨
⎩

λ2ε∗[PiPj +PjPi]ε
+λ4[tr{Pi}tr{Pj}+ tr{Pj}tr{Pi}], k = l

0, k �= l
. (B.15)

Proof: For k = l, the result follows from direct application of (B.12), (B.13),
and Result B.1 above. For k �= l we have that uncorrelated random vectors are
independent, and hence

E {ε∗M(ωk)Pi(ωk,θ0)εM(ωk)ε∗M(ωl)Pj(ωl,θ0)εM(ωl)}
= E {ε∗M(ωk)Pi(ωk,θ0)εM(ωk)}E {ε∗M(ωl)Pj(ωl,θ0)εM(ωl)} = 0, (B.16)

by the use of (B.14). �
Neglecting the fourth order moment of the noise in (B.15), the expression in
(7.65) is received.
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B.3 Proof of Property 7.5

Differentiating the elements in the second column of A(ω,θ) with respect to
the real part of the complex modulus gives(

eγ(ω,θ)xi
)
R
=

∂eγ(ω,θ)xi

∂ER(ω,θ)
= xieγ(ω,θ)xi

∂γ(ω,θ)
∂ER(ω,θ)

= xieγ(ω,θ)xi
∂γ(ω,θ)
∂E(ω,θ)

∂E(ω,θ)
∂ER(ω,θ)︸ ︷︷ ︸

=1

= xieγ(ω,θ)xi
∂γ(ω,θ)
∂E(ω,θ)

(B.17)

Analogous results are obtained for the elements of the first column of A(ω,θ).
Similarly, differentiating the elements of A(ω,θ) with respect to θi gives(

eγ(ω,θ)xi
)
i
=
∂eγ(ω,θ)xi

∂θi
= xieγ(ω,θ)xi

∂γ(ω,θ)
∂θi

= xieγ(ω,θ)xi
∂γ(ω,θ)
∂E(ω,θ)

∂E(ω,θ)
∂θi

=
(
eγ(ω,θ)xi

)
R
Ei(ω,θ), (B.18)

with analogous results for the elements of the first column. Stacking the ele-
ments into matrices we hence get

Ai(ω,θ) = AR(ω,θ)Ei(ω,θ). (B.19)

B.4 Proof of Property 7.6

Using (7.81), (B.13), and neglecting the third and fourth order moments of the
noise, we have that

E
{
ε∗M(ωk)Pi(ωk)εM(ωk)ε∗M(ωl)Pj(ωl)εM(ωl)

}
= E

{
[ε(ωk) + v(ωk)]∗Pi(ωk)[ε(ωk) + v(ωk)]

× [ε(ωl) + v(ωl)]∗Pj(ωl)[ε(ωl) + v(ωl)]
}

= E
{
φi(ωk)v(ωk)φj(ωl)v(ωl)

}
+ φi(ωk)E

{
v(ωk)v∗(ωl)

}
φ∗j (ωl)

+ E
{
v∗(ωk)φ∗i (ωk)φj(ωl)v(ωl)

}
+ E

{
v∗(ωk)φ∗i (ωk)v

∗(ωl)φ∗j (ωl)
}

= φi(ωk)E
{
v(ωk)vT (ωl)

}
φT
j (ωl) + φi(ωk)E

{
v(ωk)v∗(ωl)

}
φ∗j (ωl)

+ φj(ωl)E
{
v(ωl)v∗(ωk)

}
φ∗i (ωk) + [φ∗i (ωk)]

T
E
{
[vT (ωk)]∗v∗(ωl)

}
φ∗j (ωl)

= φi(ωk)Q(k, l)φT
j (ωl) + φi(ωk)R(k, l)φ∗j (ωl)

+ φj(ωl)R(l, k)φ∗i (ωk) + [φ∗i (ωk)]
TQ∗(l, k)φ∗j (ωl)

= φi(ωk)R(k, l)φ∗j (ωl) + φi(ωk)Q(k, l)φT
j (ωl)

+ [φi(ωk)R(k, l)φj(ωl)]
∗ + [φi(ωk)Q(k, l)φT

j (ωl)]
∗
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= φi(ωk)R(k, l)φ∗j (ωl) + φi(ωk)Q(k, l)φT
j (ωl)

+ conj
{
φi(ωk)R(k, l)φj(ωl) + φi(ωk)Q(k, l)φT

j (ωl)
}
. (B.20)

Above, we have used that φi,j(ω)v(ω) and each term of the sum are scalar,
and hence equal to its transpose. We have also used that R(l, k) = R∗(k, l)
and Q(l, k) = QT (k, l). The argument θ0 has here been omitted for brevity.





Appendix C
Derivations of Chapter 9

C.1 Derivation of g(ω)

C.1.1 Theory

In order to identify g(ω), additional information on the system is needed. For a
carefully planned experiment, this information can be obtained through various
boundary conditions. The most common approach is the use of a free end. At
the free end, one or more of the states states is theoretically known to be zero.
See [46; 58] for the use of the free end in different experimental setups.

In the following, we will assume that the bar/beam specimen has a free end
in x = 0, and that the only influence at the other end (x = L) is that of the
excitation. This gives the boundary conditions

B1s(ω,L) = e1u(ω), (C.1)
B2s(ω, 0) = 0, (C.2)

where L is the length of the specimen, and e1 = [1 0 · · · 0]T . The matrices B1

and B2 have one nonzero entry in each row, corresponding to the state equal to
the input signal or to a state equal to zero due to the free end. By expressing
the solution to the system of differential equations in (2.30) as

s(ω, x) = eR(ω)xs(ω, 0), (C.3)

the equations in (C.1) and (C.2) can be written as

Λ(ω)s(ω, 0) = eu(ω), (C.4)

where

Λ(ω) =
[
B1eR(ω)L

B2

]
, e =

[
e1

0

]
. (C.5)

By combining (C.3) with (2.31), the strain vector ε(ω) =
[
ε(ω, x1) · · · ε(ω, xn)

]T
in (2.50) can then be written as

ε(ω) = Γ(ω)s(ω, 0) (C.6)
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where

Γ(ω) =

⎡
⎢⎣cT0 (ω)e

R(ω)x1

...
cT0 (ω)e

R(ω)xn

⎤
⎥⎦ . (C.7)

The function g(ω) defined in (9.1) can now be identified through combining
(C.4) with (C.6), which gives

ε(ω) = Γ(ω)Λ−1(ω)eu(ω) (C.8)

and hence
g(ω) = Γ(ω)Λ−1(ω)e. (C.9)

Note that we have assumed the matrix Λ(ω) to be square, i.e. that we have the
same number of boundary conditions as the number of states. We also have to
assume the matrix Λ(ω) to be invertible for all frequencies.

In order to evaluate g(ω), the unknowns c0(ω) and R(ω) have to be found.
These are typically known functions of the complex modulus, see for example
(2.32)-(2.33) and (2.35)-(2.36). Approximate values of c0(ω) andR(ω) can thus
be retrieved once an estimate of the complex modulus has been determined.
When the function g(ω) has been found, it can then be used to identify the
input in a particular experiment from the measured strain data εM(ω). This
can be done in a least squares sense by applying

u(ω) = g†(ω)εM(ω), (C.10)

where

g†(ω) =
gT

gTg
(C.11)

is the pseudo-inverse of the vector g(ω).

C.1.2 Example – Longitudinal Wave Propagation

The state space equation for longitudinal wave propagation in an axially im-
pacted bar is given by (2.30)-(2.33). If the experiment is designed so that there
is a free end at x = 0, the strain (and thereby the normal force Nf ) at that
section will then equal zero for all frequencies. Furthermore, if the input signal
to the system is chosen as the normal force at x = L (the point of excitation),
this gives the following set of boundary conditions

Nf (ω,L) = u(ω) , Nf (ω, 0) = 0. (C.12)

The matrices B1 and B2, defined in Section C.1.1 in order to calculate g(ω),
will thus be

B1 =
[
1 0

]
, B2 =

[
1 0

]
, (C.13)

and the vector e1 a scalar, i.e. e1 = 1. Together, this gives the matrix Λ(ω) in
(C.5) as

Λ(ω) =
[
cosh

(
γ(ω)L

)
i ρωAγ(ω) sinh

(
γ(ω)L

)
1 0

]
, (C.14)

which can be shown to be invertible for all ω �= 0.
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C.2 Solution to the Optimization Problem

A problem on the form

min
y(·)

∫ ω2

ω1

f
(
ω, y(ω), y′(ω)

)
dω, y′(ω) =

dy(ω)
dω

(C.15)

can be solved by calculus of variations, see [18] or [76]. According to this theory,
the minimizing function of (C.15), y∗(ω), must satisfy the Euler equation

d
dω

( ∂f
∂y′

)
− ∂f

∂y
= 0, (C.16)

where the arguments of the functions have been omitted for brevity. The closely
related problem with an integral side condition

min
y(ω)

∫ ω2

ω1

f
(
ω, y(ω), y′(ω)

)
dω s.t.

∫ ω2

ω1

g
(
ω, y(ω), y′(ω)

)
dω = β (C.17)

can be handled in the same way by first introducing the Lagrange multiplier
ν, see [5]. The minimum of (C.17) can then be found through solving the
equivalent optimization problem

min
y(ω)

∫ ω2

ω1

F
(
ω, y(ω), y′(ω)

)
dω, (C.18)

where

F
(
ω, y(ω), y′(ω)

)
= f

(
ω, y(ω), y′(ω)

)
+ νg

(
ω, y(ω), y′(ω)

)
. (C.19)

Note that f(·) will now be replaced by F (·) in (C.16).
For the design problem in (9.7) and (9.8), we have y(ω) = |u(ω)|2. This

gives

f
(
ω, y(ω), y′(ω)

)
=

1
(y(ω)l(ω))q

,

g
(
ω, y(ω), y′(ω)

)
= y(ω), (C.20)

F
(
ω, y(ω), y′(ω)

)
=

1
(y(ω)l(ω))q

+ νy(ω).

Since F (·) does not include y′(ω), the Euler equation (C.16) for this problem
is reduced to

∂F

∂y
= − q(

y(ω)
)q+1(

l(ω)
)q + ν = 0. (C.21)

The minimizing function y∗(ω) thus has to satisfy

y∗(ω) =
( q

ν · (l(ω))q
)1/(q+1)

. (C.22)
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To find the value of the Lagrange multiplier ν at the optimum, we can use the
constraint in (C.17). With g(·) defined as in (C.20), at the minimum point we
have ∫ ω2

ω1

y∗(ω)dω =
1

ν1/(q+1)

∫ ω2

ω1

( q(
l(ω)

)q )1/(q+1)

dω = β, (C.23)

which gives

ν =
( 1
β

∫ ω2

ω1

( q(
l(ω)

)q )1/(q+1)

dω
)q+1

. (C.24)

Substituting ν into (C.22), we get the minimizing function

y∗(ω) = |uopt(ω)|2 = 1(
l(ω)

)q/(q+1)

β∫ ω2

ω1

1
(l(ω))q/(q+1) dω

, (C.25)

which equals (9.9). The optimal function value in (9.10) follows from straight-
forward application of (9.9) in (9.7).

C.3 Solution to the Optimization Problem With
Base Level C

An optimization problem with an lower bound on a variable can be solved
by introducing an excess variable, e. By introducing an excess variable, an
optimization problem of the form

min
y
f(y) s.t. g(y) = β,

y ≥ C
(C.26)

can be transformed into an analogous problem, containing only the equality
constraint. First, the inequality in (C.26) can be converted to an equality
through

y = C + e2, (C.27)

where e is the (real valued) excess variable expressing the difference between y
and C. The square ensure that this difference is positive so that y ≥ C holds.
The analogous optimization problem can now be reformulated as

min
e
f(C + e2) s.t. g(C + e2) = β. (C.28)

Once this minimization problem is solved, the minimizing value of y can be
found through (C.27).

Through the approach described above, the optimization problem in (9.22)
can be reformulated as

min
e(·)

∫
Ω

1(
[C + e2(ω)]l̃(ω)

)q dω s.t.
∫

Ω

(
C + e2(ω)

)
dω = β (C.29)
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where
|w(ω)|2 = C + e2(ω). (C.30)

This problem can be solved by calculus of variations, as in Appendix C.2. The
Euler equation (C.16) will in this case be

∂F

∂e
= 2

(
− q(

C + e2(ω))q+1
(
l̃(ω)

)q + ν

)
e(ω) = 0. (C.31)

where ν is the Lagrange multiplier introduced in (C.19). The minimizing func-
tion e∗(ω) thus has to satisfy

e∗(ω) = 0 or e∗(ω) = ±

√√√√(
q

ν · (l̃(ω))q
) q

q+1

− C. (C.32)

The optimal input spectrum in (9.23) can now be found through substituting
(C.32) into (C.30). This gives

|wopt(ω)|2 = C (C.33)

or

|wopt(ω)2| =
(

q

ν · (l̃(ω))q
) q

q+1

≥ C, (C.34)

since e∗(ω) is real. Equations (C.33)-(C.34) is equivalent to the expression
in (9.23). The value of the Lagrange multiplier ν is given by the equality
constraint in (9.22), i.e. ν has to be chosen so that∫

Ω

|wopt(ω)|2dω = β (C.35)

is satisfied. This value is found through solving the problem in (9.24).





Summary in Swedish

Viskoelastiska material – identifiering och experimentdesign

Som den direktöversatta titeln antyder handlar denna avhandling om visko-
elastiska material, närmare bestämt om hur egenskaperna hos dessa material
kan identifieras samt hur man p̊a bästa sätt konstruerar ett experiment för att
bestämma dessa egenskaper. Här följer en kortfattad sammanfattning p̊a sven-
ska av avhandlingens inneh̊all. Avhandlingen är skriven i ämnet elektroteknik
med inriktning mot reglerteknik. Först ges en kort introduktion till ämnet
viskoelastiska material och sedan följer en översikt över avhandlingen.

Viskoelastiska material

Viskoelastiska material används flitigt i dagens samhälle. Olika plaster, som
t.ex. plexiglas, är exempel p̊a vanligt förekommande viskoelastiska material i
bilar, flygplan etc. I s̊adana miljöer utsätts materialet för olika slags p̊afrest-
ningar, som bland annat kan uppst̊a genom vibrationer fr̊an en motor eller
genom kollision med ett annat förem̊al. För att kunna använda dessa material
p̊a ett effektivt och säkert sätt är det därför viktigt att kunna förutsäga mate-
rialets uppförande i olika situationer. Vad händer t.ex. med flygplansfönstret
d̊a motorn startas? Kommer de vibrationer motorn orsakar att försämra kon-
struktionen? Det finns idag ett antal hjälpmedel för att simulera och förutsäga
s̊adant uppförande, givet att materialets egenskaper är kända.

Den s̊a kallade Hookes lag beskriver många materials egenskaper med stor
noggrannhet. Dessa material kallas elastiska och många metaller tillhör denna
kategori. Enligt Hookes lag finns det ett proportionellt och momentant för-
h̊allande mellan p̊afrestning och töjning i ett elastiskt material. Detta innebär
att materialet kommer att deformeras (töjas) om det utsätts för p̊afrestning,
men ocks̊a att materialet direkt kommer att återg̊a till sin ursprungliga form
d̊a p̊afrestningen försvinner. Detta är inte fallet med viskoelastiska material.
Ett viskoelastiskt material kommer endast sakta återg̊a till sin ursprungliga
form när p̊afrestningen försvinner, vilket betyder att det finns ett tidsberoende
förh̊allande mellan töjning och p̊afrestning för dessa material. Töjningen beror
allts̊a inte bara av den nuvarande p̊afrestningen utan ocks̊a p̊a all tidigare
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p̊afrestning som materialet har utsatts för. Denna omständighet gör att det är
mycket mer komplicerat att bestämma egenskaperna hos ett viskoelastiskt ma-
terial än för ett elastiskt s̊adant. Egenskaperna hos ett viskoelastiskt material
beskrivs ofta i frekvensdomän, där förh̊allandet mellan p̊afrestning och töjning
anges av den frekvensberoende s̊a kallade komplexa modulen.

Information om den komplexa modulen kan erh̊allas genom olika slags v̊ag-
utbredningsexperiment. I ett s̊adant experiment utsätts det viskoelastiska ma-
terialet för n̊agon slags p̊afrestning (det exciteras) och materialets svar mäts
sedan vid ett antal punkter p̊a strukturen. Svaret kan t.ex. mätas som töjning,
acceleration eller förflyttning. Denna avhandling handlar om hur den komplexa
modulen kan bestämmas genom töjningsmätningar fr̊an s̊adana v̊agutbred-
ningsexperiment. Det huvudsakliga ämnet är hur noggrannheten (variansen)
hos den identifierade komplexa modulen kan bestämmas fr̊an ett enda experi-
ment, samt hur noggrannheten kan förbättras genom att utforma experimentet
p̊a ett optimalt sätt.

Översikt över avhandlingen

Denna avhandling best̊ar av 10 kapitel, varav kapitel 4-9 baseras p̊a frist̊aende
artiklar. Vilka artiklar de olika delarna bygger p̊a anges i kapitel 1, där en
introduktion samt översikt till avhandlingen ocks̊a ges. I kapitel 2 ges en bak-
grund till ämnet viskoelastiska material, d̊a egenskaperna hos dessa material
inte är allmän kännedom. Olika sätt att konstruera matematiska modeller
av den komplexa modulen, samt de v̊agutbredningsexperiment som används i
avhandlingen, beskrivs även i detta kapitel.

Det övergripande ämnet i denna avhandling är systemidentifiering, vilket
kortfattat innebär att konstruera matematiska modeller av ett system, baserat
p̊a mätningar av systemets uppförande. Ämnet systemidentifiering är tämligen
omfattande och beskrivs inte i detalj. De delar som är relevanta för avhand-
lingen beskrivs kortfattat i kapitel 3.

Den komplexa modulen hos ett viskoelastiskt material kan bestämmas genom
olika sorters v̊agutbredningsexperiment. Ett antal s̊adana experiment beskrivs
i kapitel 2. I dessa experiment exciteras materialet p̊a n̊agot sätt, vilket ger
upphov till töjningar som breder ut sig (propagerar) i materialet. Töjningarna
mäts sedan vid ett antal punkter p̊a strukturen. För att kunna bestämma den
komplexa modulen utifr̊an dessa mätningar behövs en bra matematisk modell
för v̊agutbredningen i materialet. Om skattning av den komplexa modulen skall
vara p̊alitlig är det viktigt att dessa modeller kan beskriva v̊agutbredningen p̊a
ett tillförlitligt sätt. Detta diskuteras i kapitel 4, där ett statistiskt test härleds
för att kunna utvärdera olika sorters v̊agutbredningsmodeller.

En enkel och ofta använd experimentuppställning är en l̊ang st̊ang som
exciteras i längdriktningen. Excitationen ger upphov till stötv̊agor som färdas
fram och tillbaks i materialet och information om den komplexa modulen erh̊alls
genom att mäta de resulterande töjningarna p̊a ett antal punkter längs st̊angen.
V̊agutbredningen i st̊angen är ett s̊a kallat resonant system, vilket innebär att
den mätta signalen är förstärkt vid vissa frekvenser och dämpad vid andra.
Denna egenskap kommer i sin tur att p̊averka noggrannheten hos den identi-
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fierade komplexa modulen. Frekvensinneh̊allet hos de mätta töjningarna analy-
seras därför i kapitel 5. Resultaten i detta kapitel används i efterföljande kapitel
för att tolka olika fenomen som uppst̊ar d̊a den komplexa modulen identifieras
utifr̊an denna typ av experiment.

B̊ade icke-parametrisk och parametrisk identifiering av den komplexa mod-
ulen berörs i denna avhandling. Icke-parametrisk identifiering innebär här att
den komplexa modulen bestäms vid ett antal diskreta frekvenspunkter. Mellan
dessa punkter saknas däremot information om materialets egenskaper. Icke-
parametrisk identifiering behandlas i kapitel 6, där ocks̊a variansen hos den
skattade komplexa modulen härleds. I parametrisk identifiering ansätts istället
en matematisk modell för den komplexa modulen och informationen om mate-
rialets egenskaper koncentreras d̊a till ett litet antal parametrar i denna modell.
Utifr̊an denna modell kan sedan värdet p̊a den komplexa modulen bestämmas
för en godtycklig frekvens. Parametrisk identifiering av den komplexa mod-
ulen behandlas i kapitel 7, där variansen hos tre olika ansatser till parametrisk
identifiering studeras.

För att kunna bestämma den komplexa modulen s̊a bra som möjligt är
det viktigt att de mätta töjningarna inneh̊aller mycket information om denna.
Informationsinneh̊allet kan p̊averkas genom att utforma experimentet p̊a ett op-
timalt sätt, t.ex. genom hur materialet exciteras eller genom var p̊a strukturen
töjningarna mäts. Förfarandet som används för att utforma ett experiment p̊a
ett optimal sätt brukar kallas optimal experimentdesign. I kapitel 8 behand-
las var man optimalt skall placera sensorerna för att mäta töjningarna i de
experiment som avses här. Motsvarande problem för hur man skall excitera
strukturen behandlas i kapitel 9. Avhandlingen sammanfattas i kapitel 10, där
olika inriktningar för framtida forskning ocks̊a diskuteras.
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[89] S. Ödeen and B. Lundberg, “Determination of complex modulus from
measured end-point accelerations of an impacted rod specimen,” Journal
of Sound and Vibration, vol. 165, no. 1, pp. 1–8, July 1993.





1–11: 1970–1975
12. Lars Thofelt: Studies on leaf temperature recorded by direct measurement and by thermo-

graphy. 1975.
13. Monica Henricsson: Nutritional studies on Chara globularis Thuill., Chara zeylanica Willd.,

and Chara haitensis Turpin. 1976.
14. Göran Kloow: Studies on Regenerated Cellulose by the Fluorescence Depolarization Tech-

nique. 1976.
15. Carl-Magnus Backman: A High Pressure Study of the Photolytic Decomposition of Azo-

ethane and Propionyl Peroxide. 1976.
16. Lennart Källströmer: The significance of biotin and certain monosaccharides for the growth

of Aspergillus niger on rhamnose medium at elevated temperature. 1977.
17. Staffan Renlund: Identification of Oxytocin and Vasopressin in the Bovine Adenohypophysis.

1978.
18. Bengt Finnström: Effects of pH, Ionic Strength and Light Intensity on the Flash Photolysis of

L-tryptophan. 1978.
19. Thomas C. Amu: Diffusion in Dilute Solutions: An Experimental Study with Special Refer-

ence to the Effect of Size and Shape of Solute and Solvent Molecules. 1978.
20. Lars Tegnér: A Flash Photolysis Study of the Thermal Cis-Trans Isomerization of Some

Aromatic Schiff Bases in Solution. 1979.
21. Stig Tormod: A High-Speed Stopped Flow Laser Light Scattering Apparatus and its Appli-

cation in a Study of Conformational Changes in Bovine Serum Albumin. 1985.
22. Björn Varnestig: Coulomb Excitation of Rotational Nuclei. 1987.
23. Frans Lettenström: A study of nuclear effects in deep inelastic muon scattering. 1988.
24. Göran Ericsson: Production of Heavy Hypernuclei in Antiproton Annihilation. Study of their

decay in the fission channel. 1988.
25. Fang Peng: The Geopotential: Modelling Techniques and Physical Implications with Case

Studies in the South and East China Sea and Fennoscandia. 1989.
26. Md. Anowar Hossain: Seismic Refraction Studies in the Baltic Shield along the Fennolora

Profile. 1989.
27. Lars Erik Svensson: Coulomb Excitation of Vibrational Nuclei. 1989.
28. Bengt Carlsson: Digital differentiating filters and model based fault detection. 1989.
29. Alexander Edgar Kavka: Coulomb Excitation. Analytical Methods and Experimental Results

on even Selenium Nuclei. 1989.
30. Christopher Juhlin: Seismic Attenuation, Shear Wave Anisotropy and Some Aspects of

Fracturing in the Crystalline Rock of the Siljan Ring Area, Central Sweden. 1990.
31. Torbjörn Wigren: Recursive Identification Based on the Nonlinear Wiener Model. 1990.
32. Kjell Janson: Experimental investigations of the proton and deuteron structure functions.

1991.
33. Suzanne W. Harris: Positive Muons in Crystalline and Amorphous Solids. 1991.
34. Jan Blomgren: Experimental Studies of Giant Resonances in Medium-Weight Spherical

Nuclei. 1991.
35. Jonas Lindgren: Waveform Inversion of Seismic Reflection Data through Local Optimisation

Methods. 1992.
36. Liqi Fang: Dynamic Light Scattering from Polymer Gels and Semidilute Solutions. 1992.
37. Raymond Munier: Segmentation, Fragmentation and Jostling of the Baltic Shield with Time.

1993.

Acta Universitatis Upsaliensis
Uppsala Dissertations from the Faculty of Science

Editor: The Dean of the Faculty of Science


	Abstract
	Acknowledgments
	Glossary and Notation
	Notations
	Abbreviations

	1. Introduction
	1.1 Thesis Outline

	2. Viscoelastic Materials
	2.1 Viscoelasticity
	2.2 Parametric Models
	2.2.1 The Maxwell Model
	2.2.2 The Standard Linear Solid Model
	2.2.3 The Generalized Standard Linear Solid Model

	2.3 Wave Propagation Modeling
	2.3.1 Wave Propagation in Large Homogeneous Speci-mens
	2.3.2 The Split Hopkinson Pressure Bar Technique

	2.4 Identification of the Complex Modulus

	3. System Identification
	3.1 Time and Frequency Domain Identification
	3.2 Parametric and Nonparametric Identifica-tion
	3.3 Experiment Design
	3.4 Noise Characteristics in Time and Frequency Domain
	3.5 Identification of the Complex Modulus

	4. Structure Testing of Wave Propagation Models
	4.1 Mathematical Background
	4.2 Data Corrupted by Measurement Noise
	4.3 Longitudinal Wave Propagation
	4.4 The Non-equilibrium SHPB Procedure
	4.5 Conclusions

	5. Frequency Contents in a Longitudinal Wave Propagation Experiment
	5.1 Elastic and Viscoelastic Materials
	5.2 Analysis of Frequency Contents
	5.2.1 Elastic Materials
	5.2.2 Viscoelastic Materials
	5.2.3 Experiment on a Viscoelastic Bar

	5.3 Conclusions

	6. Nonparametric Identification of Viscoelastic Materials
	6.1 Identification from Wave Propagation in a Large Homogeneous Specimen
	6.1.1 Identification
	6.1.2 Accuracy

	6.2 Identification Using the Split Hopkinson Pres-sure Bar Procedure
	6.2.1 Identification
	6.2.2 Accuracy
	6.2.3 Simulation Study
	6.2.4 Experiments

	6.3 Conclusions

	7. Parametric Identification of Viscoelastic Materials
	7.1 Parametric Identification
	7.1.1 Parametric Identification Using the Nonparametric Estimate
	7.1.2 Fitting a Parametric Model Directly from Data
	7.1.3 Fitting a Parametric Model Directly from Data – A Modified Approach

	7.2 Accuracy Analysis
	7.2.1 Accuracy Analysis of the Nonparametric Based Es-timate
	7.2.2 Accuracy Analysis of the Parametric Estimate Iden-tified Directly from Data
	7.2.3 Accuracy Analysis of the Modified Data Approach
	7.2.4 Comparison of Accuracy Between the Nonparamet-ric Based and the Modified Data Approach

	7.3 Simulation Study
	7.4 Experiments
	7.5 Accuracy Analysis – Correlated Noise
	7.6 Parametric Identification Using the Reso-nant Frequencies of the Wave Propagation
	7.6.1 The Strain-to-Strain Transfer Function
	7.6.2 Identification of the Complex Modulus
	7.6.3 Experiments

	7.7 Conclusions

	8. Optimal Sensor Locations
	8.1 The Covariance Expression of the Estimates
	8.2 Optimal Experiment Design
	8.3 Optimization Aspects
	8.4 Theoretical Study
	8.5 Experiments
	8.5.1 Sensor Locations
	8.5.2 Data
	8.5.3 Evaluation

	8.6 Conclusions

	9. Optimal Excitation
	9.1 Input Signals
	9.2 Reformulation of Covariance Expression
	9.3 Experiment Design
	9.4 Investigations
	9.5 Implementability Aspects
	9.5.1 Experimental Setup
	9.5.2 Input Signal Generation
	9.5.3 Identification of Gp(s)

	9.6 Modification of Optimization Criteria to In-clude Shaker Dynamics
	9.6.1 Theory
	9.6.2 Experiments

	9.7 Modification of Criteria to Include Base Level
	9.7.1 Theory
	9.7.2 Experiments

	9.8 Conclusions

	10. Summary and Future Work
	10.1 Summary
	10.2 Topics for Future Research

	Appendix A: Proofs of Chapter 4
	A.1 Proof of Lemma 4.1
	A.2 Proof of Result 4.1
	A.3 Proof of Result 4.2

	Appendix B: Proofs of Chapter 7
	B.1 Proof of Property 7.2
	B.2 Proof of Property 7.3
	B.3 Proof of Property 7.5
	B.4 Proof of Property 7.6

	Appendix C: Derivations of Chapter 9
	C.1 Derivation of g(ω)
	C.1.1 Theory
	C.1.2 Example – Longitudinal Wave Propagation

	C.2 Solution to the Optimization Problem
	C.3 Solution to the Optimization Problem With Base Level C

	Summary in Swedish
	Viskoelastiska material – identifiering och experimentdesign
	Viskoelastiska material
	Översikt över avhandlingen


	Bibliography

