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Abstract

Using adaptive dynamics analysis, we study the evolution of cooperation with
evolutionary game theory in a simple, continuous, multi-player model. We ex-
tend analysis from Doebeli et al [8] to multi-player games as suggested in that
article, examining the impact of subgroup size on the dynamics of this evolu-
tion. We study the effects of various benefit functions on these dynamics with
linear and quadratic costs and then briefly compare this continuous case with
the binary one in which players fully defect or cooperate at variable rates. We
provide simulation results to validate our theoretical predictions.
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1 Introduction

The basic framework that underlies current evolutionary theory was originally
propounded in 1859 by Charles Darwin in his treatise, On the Origin of Species[6].
The crux of his idea was that the diversity we see in nature can be primarily
attributed to a slow branching process driven by “natural selection” – a synergy
between gradual mutation and external pressures favoring the “fittest” among a
population. Remarkably, Darwin’s idea was born before the concept of genetic
heredity was widely recognized, before any mechanism for his insight of “dis-
sent with modification” could be realized. Despite many breakthroughs in the
life sciences over the past 150 years, the substance of Darwin’s work remains
nearly unchanged, and the work done since his death can reasonably be viewed
as fleshing out his basic idea and further apprehending its implications.

It is striking how simple the basic principles that govern natural selection
are — indeed there are only two: There must be a possibility of mutation from
one generation to the next, and there must be environmental pressure, like a
competition for resources, which culls the “weak” individuals from the “fit.”
And yet, from these rudimentary rules, astounding complexity and diversity
arise, and after over a century of study, much of the interplay between these two
laws is still not understood. One long-standing mystery in evolutionary theory
has been the evolution of cooperation. Why, for instance, do some members
within a group do things that seem to run counter to their own interests, and how
could such traits evolve? Oftentimes in various species, from bacteria to humans,
cooperation can be observed which comes at a high cost to the cooperator, and
yet somehow, the trait repeatedly survives the evolutionary sieve.

In wrestling with these problems, biologists have posited several theories
for the evolution of cooperation. Inclusive fitness theory is the idea that in as
much as evolution can be thought of as selection at the gene level, genes which
presdispose an individual to incur heavy costs on the behalf of its kin may be
very beneficial to the genes, even if not for the individual itself [10]. This is
because with familial closeness comes genetic commonality, and so the helper’s
genes are passed, by proxy, to future generations. This idea has been used to
explain human behavior which is seemingly anthithetical to Darwinian theory
like a mother risking her life to save an imperiled child. Reciprocal altruism is
another prevailing concept used to explain cooperation in societies. It is the
idea that individuals might incur costs on others’ behalves with the expectation
of some payback in the future. The idea was vindicated by the success of the
“tit-for-tat” strategy in Axelrod’s famous 1979 game theory tournament, and
today reciprocal altruism is thought to be a powerful force in sufficiently small
communities where repeated interactions with the same individuals is very likely.
An important question that remains is the degree to which these phenomena
contribute to cooperative group behavior among animals.

In this paper we focus on a third likely source of cooperative behavior -
synergism. Synergism is the interaction of individuals within a population
to realize goals which would have been unachievable without such cooperation.
It relies on neither relatedness (as in the case of inclusive fitness theory) nor
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assured repeated interactions (as in the case of reciprocal altruism). This is
seen in many social animals; we humans for instance, reap rewards of synergism
in our daily lives. An act as mundane as calling a friend would be impossible
without thousands of people working to advance communication technology,
building telephone line infrastructure, and maintaining those lines. Synergism
is common in other social animals and is often seen in communication of food
sources. The more scavengers for food, the more will likely be found, and
the increase in success for each additional searcher can be greater than linear.
Another example is predators hunting in groups being able to more efficiently
kill their prey, or even prey using large group size to perplex attackers [13].
We will return to the concept of synergism, but first we provide an overview of
evolutionary game theory and give an introduction to the mathematics behind
some of the analysis we will conduct.

1.1 Evolutionary Game Theory

One helpful tool in the study of natural selection that has been developed since
Darwin’s time is the application of Game Theory to evolutionary biology, an
idea pioneered in 1972 by John Maynard Smith. Game theory is a study of
situations in which one individual’s (or “player’s”) success is contingent upon
the behavior of other players in addition to his own. This concept has long been
of interest in economics, where one can think of games as being played between
two rational people, both trying to maximize their profits. However, a brand
of game theory termed “evolutionary game theory” has found wide acceptance
among biologists as an analytical tool to understand evolutionary dynamics.

Evolutionary game theory is an extension of classical game theory that allows
for analysis of repeated interactions within a population. Each individual in this
population acts in accordance with a particular stategy, and the payoffs of its
interactions determine the player’s reproductive rate. As a result, the individu-
als that fair better in their interactions will outcompete those that do worse. In
contrast to standard game theory, there is no clean concept of “rational actions”
since the individuals act, not after deliberation, but in accordance with their
genetics. Despite this, Mother Nature takes the reins and through natural se-
lection does much the same as rational players in the traditional framework. As
selection pressure plays the role of rational actors, Evolutionary Game Theory
can be analyzed in much the same way as standard Game Theory.

We can briefly illustrate the basic concepts of evolutionary game theory with
the ideas of the 1973 landmark paper on the subject by John Maynard Smith and
George Price entitled “The Logic of Animal Conflict” [12]. Imagine a population
of stags, each having one of two traits which bipartitions the population into
hawks and doves. Simplisitically, doves are timid and fighting-averse and hawks
are aggressive and more combative. If a dove encounters another dove while
trying to attract the attention of a hind or while scrounging for food, the two
share the resource (which has value V), and each receives a payoff of V

2 . If
two hawks meet, they fight, and each is equally likely to be hurt, after which
one of the two individuals gets the resource. Hence the expected payoff for
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each is V −C
2 where C is a constant representing damage suffered by the losing

individual. Lastly, if a hawk happens across a dove, the skittish dove will display
and then flee at first sign of agression, and thus the hawk gets payoff V and the
dove gets nothing. We assume C > 0 and V > 0. These payoffs are summarized
in the following table.

Opponent

F
o
ca

l Hawk Dove

Hawk (V −C)
2 V

Dove 0 V
2

Table 1: Payoff to focal individuals in Hawk-Dove game.

It is clear in this situation that in a large population of doves, a couple of
hawks could do quite well for themselves. They would be able to exploit the
meekness of their dove-ish peers and would be expected to have no trouble at
all in sating themselves with food and reproducing abundantly. Alternatively,
we can imagine that this influx of aggressiveness would carry with it a heavy
burden within the population. Hawks would face off with increasing frequency,
and the costs accrued to the average hawk would increase. So in nature, we
may expect populations of all doves to be a rarity since invasion would be likely.
Mathematical analysis also demonstrates that if V > C, an all-hawk population
is the evolutionary endpoint, and if C > V, we would expect a mix– we would
have a stable equilibrium of approximately V

C hawks and the rest doves.
If we allow for “mixed strategies,” wherein each individual acts as a hawk or

dove at a particular rate, the strategy p (the proportion of the time an individual
plays hawk) is what Maynard and Price termed an Evolutionarily Stable
Strategy or ESS– a strategy that when adopted by the entire population
cannot be invaded by another. If C > V, then p = V

C is an ESS, while if C
< V, all-hawk is the ESS. Assuming reasonable C and V values are attainable,
these ESS values are what one might expect to find in the wilderness, although
Smith’s analysis said nothing of the dynamics themselves. When we assume
C > V , then our situation is an instance of the much-studied “Hawk-Dove”
game, a general term to describe conflicts between “nice” and “mean” players
competing for resources.

This sort of game-theoretic analysis can move us away from the classical
paradigm of natural selection as a steady trudge up mountainous fitness terrains
and toward a more subtle understanding of evolutionary processes. Rather
than thinking of evolution as a process achieving ever-more optimal phenotypes,
we can see that the behaviors and traits in a particular individual are largely
contingent upon the behaviors of others within its population. The final mix
of strategies after a long period of evolution may very well not be of maximum
benefit to the population. In the Hawk-Dove game, for instance, the population
may be best off if all are doves since the resources are divided without any fights,
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but that situation is not an endpoint of evolution since hawks could then easily
invade. For the rest of this paper, we will examine qualitatively similar games
that will be explained shortly. However, first we will introduce the analytical
tools used throughout the rest of the paper.

1.2 Adaptive Dynamics

The long-term behaviors of particular strategies are not always initially ob-
vious, and if unequipped, predicting even simple evolutionary trends is not a
trivial exercise. Adaptive Dynamics analysis is a relatively new method by
which much of the long-term behavior resulting from very small mutations can
be understood. With a few basic assumptions and some relatively simple math-
ematics, it is possible to predict the aforementioned long-term behavior.

Two crucial presuppositions underpin the Adaptive Dynamics framework.
The first of which is that before a particular new mutation appears, the indi-
viduals are assumed to be in a dynamic equilibrium. Also, it is assumed that
the success of a particular mutation can be determined by the success of that
particular mutant when it it is rare in a population composed overwhelmingly of
individuals with some resident trait. This growth rate is known as the invasion
fitness of that mutant and can change as the other indviduals (which compose
the fitness landscape) change as well.

We will denote invasion fitness as Doebeli does in [8] by fx(y) to mean the
growth rate of a mutant y in a resident population of trait x. For any particular
x, we may think of this invasion fitness as the fitness landscape from the perspec-
tive of a new mutant. The selection gradient is defined as D(x) = ∂fx

∂y |y=x;
it is this value that ultimately determines the dynamics of a particular trait.
The intuitive rationale is illustrated in Figure 1 in a situation with D(r1) > 0.
A mutant with a slightly higher trait value than the resident population has a
positive invasion fitness, and conversely a slightly lower trait would have a neg-
ative one. As a result, mutants with higher traits will likely be able to invade
the resident population, and thereafter replace the previous population. In the
figure, such a mutant is labeled r2. In the second panel, we see that the new
resident population has, associated with it, a different selection gradient. This
underlines a key aspect of adaptive dynamics analysis– the acknolwedgement of
the changes in fitness landscapes that a population undergoes as a result of its
changing constituents.

Our evolutionarily singular points are the solutions of D(x∗) = 0; these are
points for which the behavior of the population cannot easily be predicted in
the above manner. Though we cannot expect the population to immediately
increase or decrease from these points, it is crucial to observe that the popula-
tion’s evolution does not necessarily stop here. These singular points fall into
one of three categories: fitness maxima, fitness minima, and the “degenerate”
case which catches all scenarios not falling into the first two categories. In
the case of fitness maximua, evolution is expected to converge to these points.
Mutants with trait values both above and below the resident population have
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Figure 1: Invasion fitness before and after an invasion by r2. The solid line
shows fr1(m), and the dotted line shows D(r1). (Reproduced from Brännström
and v. Festenberg [3])

negative growth rate and will be unable to invade. In the second case, mutants
on either side of the resident trait have positive invasion fitness, and will there-
fore be able to invade. The third case represents a local fitness flatness, like the
others, but a mutant sufficiently distanced from the resident trait will be able to
invade. For this reason, the degenerate case is considered inconsequential and
receives much less attention than the other two. These concepts are formalized
by evolutionary stability. If the value of ∂2fx∗

∂y2 |y=x∗ is negative, we call the
system evolutionarily stable since it means mutants on either side of the resident
trait cannot invade, and if it is positive, we call it evolutionarily unstable since
invasion is a likely outcome.

Now we turn our attention to a different type of stability, convergence
stability. This is a designation which differentiates situations in which a par-
ticular singular point is a likely evolutionary destination of a population from
situations in which the singular point acts as a repellor and nearby resident
traits move farther and farther from it. We can determine the convergence sta-
bility of an evolutionary singular point x∗ by the value ∂D

∂x |x=x∗ ; if this value
is negative, we know this state is is an attractor, and if it positive, it is a re-
pellor. In other words, if the initial population all has trait x0, in the first case
the traits will evolve to get ever closer to x∗; in the second, the values of the
population will decrease if x0 < x∗ and increase if x0 > x∗. This makes sense
intuitively. If we have some particular monomorphic population (one composed
uniformly of a particular trait) which is near an evolutionary stable point x∗,
it can be invaded by a trait closer to x∗ if ∂D

∂x |x=x∗ < 0. Interesting dynamics
emerge when a particular evolutionary singular point is convergence stable but
not an evolutionarily stable. The outcome is that a monomorphic population
(one composed uniformly of a particular trait) will evolve toward a particular
singular value and will subsequently branch off in two separate directions – one
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toward the minimum possible investment and the other toward the maximum.
A computer simulation of this phenomenon will be shown in the next section
as we demonstrate our adaptive dynamics concepts with the example of the
Continuous Snowdrift game.

Pairwise invasibility plots, or PIPs, are a useful tool for understanding
adaptive dynamics. We can think of our (x, y) pair in fx(y) as a point on the
Cartesian plane. We are primarily interested with the sign of these evaluations,
and so we graphically distinguish points for which fx(y) is negative from points
for which it is positive. The curves which separate positive regions from negative
regions on these plots are defined by D(x) = 0 and y = x. For any particular
resident trait, we can find the point on our line y = x for which mutants and
residents are equivalent with respect to our trait of interest. To determine the
direction of evolution from that point, we can think of a very small mutation
among the population as being a point directly above or below our starting
point on the plot. The only way for the trait to invade is if the point above or
below our starting point is positive. After this invasion, the invading strategy
becomes the resident strategy, and we return to the diagonal line, but at our
new resident value. As Figure 2 demonstrates, these diagrams capture some of
the most important dynamics of evolutionary change. It is the patterns around
our singular points that determine their crucial characteristics, like convergence
stability and evolutionary stability. Figure 3 gives the possible categories for
evolutionary singularities.

Figure 2: Pairwise Invasibility Plot showing equilibrium with evolutionary sta-
bility and convergence instability. Green represents positive invasion fitness and
gray represents negative fitness. Here we have a starting population with a res-
ident trait at about 0.4, and we see the population evolving toward about 0.7.
After this convergence, we see that traits both above and below 0.7 can invade
this equilibrium, so the equilibrium is evolutionarily unstable. Branching will
occur. This example will come up again soon.
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Figure 3: Categories possible for equilibria based on PIPs. Here, we focus on (1)
and (2). Blue regions represent areas wherein the mutant fitness is negative, and
yellow is where this fitness is positive. So mutants in blue regions can invade,
and those in yellow regions cannot. (Reproduced from Dieckmann, categories
from Geritz et al, 1997)
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2 Two-player Games

We have already broached the basic setup of two-player games through our
introduction of the Hawk-Dove game in which the two stags that met each other
before fighting or fleeing were our two players. Doebeli et al examine another
two-player game labeled the Snowdrift Game to explain different aspects of
biology [8]. The Snowdrift Game is similar to the more familiar Hawk-Dove
game with the exception that the benefits from cooperation are enjoyed by
both the cooperator and the other player. The Snowdrift Game owes its name
to the following situation: two drivers are at an impasse; they are situated on
either side of an insuperable mound of snow. Both drivers would prefer to watch
the other driver shovel aside the snow while sipping coffee in the comfort of his
own car. Though this selfish act is preferable, if both players adopt the strategy,
neither can continue on his way. Using classical game theory terms, we label a
driver who shovels the snow a “cooperator,” and otherwise, he is a “defector.”
The consequence of this setup is that like in the Prisoner’s Dilemma, if one’s
opponent cooperates, defection is best. However, here, if the opponent defects,
cooperation is best.

Rather than thinking in binary terms as we did in the Hawk-Dove game,
we may allow the level of cooperation of an individual to be some point on a
continuum, say in the interval [0, 1] where 1 signifies full cooperation and 0 full
defection. In the above scenario, for instance, we can think of a driver shoveling
some intermediate quantity of snow which is neither null nor the maximum
amount possible. This particular game, called the Continuous Snowdrift
Game was analyzed in Doebeli et al. and will serve as a backdrop for our
exposition of adaptive dynamics.

We will analyze the two-player Continuous Game using our Adaptive Dy-
namics tools and then demonstrate with a case of special interest in Doe-
beli et al, the branching case of the Continuous Snowdrift Game [8]. Let
P (x, y) = B(x + y) − C(x) be the payoff function for a strategy x playing
against a strategy y where B(x) is a benefit function and C(x) is a cost function
such that B(0) = C(0) = 0. After all, with no effort put into a particular game
by either player, we expect no work to be done and no benefit to be heaped
upon them. Similarly, if no effort is put in by a particular player, that player
should not pay any direct price for his lack of work. Our invasion fitness in this
instance is

fx(y) = P (y, x) − P (x, x) = B(x + y) − C(y) − B(2x) + C(x)

where y is the mutant in a resident population with trait x, and

D(x) =
∂fx

∂y
|y=x = B′(2x) − C′(x).

So the singular strategies are solutions to

D(x∗) = B′(2x∗) − C(x∗) = 0.
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If
∂D

∂x
|x=x∗ = 2B′′(2x∗) − C′′(x∗) < 0,

then x∗ is an attractor, if the value is positive, it is a repellor. As we saw
before, x∗ is a maximum if ∂2fx∗

∂y2 |y=x∗ = B′′(2x∗)−C′′(x∗) < 0 and if the value
is positive, x∗ is a minimum (thus it is evolutionarily unstable). As before,
the criterea for a particular stable point to be a branching point is convergence
stability and evolutionary instability.

For example, suppose B(x, y) = b1(x+y)+b2(x+y)2 and C(x) = c1x+c2x
2

with b1 = 10, b2 = −3, c1 = 7, c2 = −4. We first calculate

∂2fx∗

∂y2
|y=x∗ = B′′(2x∗) − C′′(x∗) = b2 − c2.

So the critereon for evolutionary stability is b2 < c2, and since in our example,
b2 = −3 > −4 = c2, we have evolutionary instablity. Now we calculate

∂D

∂x
|x=x∗ = 2B′′(2x∗) − C′′(x∗) = 2b2 − c2,

and so the criterion for convergence stability is 2b2 < c2. In our example,
2b2 = −6 < −4 = c2, and so we have convergence stability. However, we
still need to verify that our stable strategy is even in the interval [0, 1] (this
was unnecessary in determining stability since our second derivatives were just
constants). We determine the fitness gradient

D(x) =
∂fx

∂y
|y=x = B′(2x) − C′(x),

and recalling that our stable points exist where the fitness gradient vanishes,
we solve D(x) = B′(2x) − C′(x) = b1 + 2b2(2x) − c1 − 2c2(x) = 0 and realize
the condition is b1 + 2b2(2x) = c1 + 2c2(x), and in our particular example,
10 + 2 ∗ −3 ∗ 2x = 7 + 2 ∗ −4 ∗ 2x, and we get x∗ = 3

4 . And so we expect
a monomorphic population to evolve toward 3

4 , and upon reaching this value,
to split into two distinct phenotype groups. Figure 4 is a plot of the invasion
fitness for (x, y) pairs; it is similar to a standard invasibility plot but gives more
information (admittedly, at the cost of readability). Figure 5 gives the plot in
its more common form.

So we have methods to predict the basic behavior of our populations, but for
our predictions to carry weight, we back them up with computer simulations.
In our simulation we have a large population of individuals which each invest
a particular amount between 0 and 1. The individuals play games with one
another as described theoretically above, and how prolific their traits are depend
on the outcomes of those interactions. At the end of this paper, we give a more
detailed description of the simulation used as well as the source code to run the
program. Figure 6 shows the outcome of a computer simulation of the previous
situation.
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Figure 4: Invasion fitness for resident and mutant trait values in three dimen-
sions. Dark green represents negative fitness, and light green is positive fitness.

Figure 5: Standard pairwise invasibility plot of system. Green represents posi-
tive invasion fitness, and gray is negative.
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After branching has occurred, we have a dimorphic population which can be
analyzed further. As shown in Doebeli et al [8], we may predict the equilibrium
proportions of two coexisting traits, x and y, with the equality pxP (x, x) +
(1 − px)P (x, y) = pxP (y, x) + (1 − px)P (y, y) where px is the proportion of the
population in the branch with the x trait and 1−px is the proportion with the y
trait. The invasion fitness is now given by fx,y(u) = pxP (v, x)+(1−px)P (v, y)−
P (x, y) where x and y are our two coexisting resident branch traits and u is a
rare mutant. P (x, y) represents the average population payoff and is the value
on either side of the previous equality, so P (x, y) = pxP (x, x)+ (1− px)P (x, y).
More involved calculations can be conducted on this branching, but we will limit
our exposition to what we have covered up to now.
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Figure 6: Simulation of a population starting at 20% investment level governed
by B(x, y) = b1(x + y) + b2(x + y)2 and C(x) = c1x + c2x

2 with b1 = 10, b2 =
−3, c1 = 7, c2 = −4. We see the population evolving toward 75% investment
and then branching into two distinct phenotypes.
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3 N-Player Games

We now consider our previous analysis extended to group sizes of more than
two, as suggested in Doebeli et al [8]. Although the two-player scenario is often
used to generalize interactions within a population, it may be inappropriate in
some situations. There is an abundance of cases in nature wherein group size
itself has a strong impact on the success or failure of cooperative strategies. It
is this focus on multi-player games that is the main contribution of this paper.

For example, synergism among some birds might explain the evolution of
communication in their foraging for food. Cliff swallows actively relay infor-
mation to each other when following moving insect swarms. Their colonies are
genetically unrelated (so inclusive fitness is impertinent), and yet their vitality
may hinge heavily upon cooperative foraging. The swallows signal to indicate
food sources to one another, and the data in Figure 7 give us good reason to be-
lieve that the benefits of signalling might help improve the health and fecundity
of individuals in a colony.

Recall that in our brief discussion on the evolution of cooperation, we men-
tioned synergism as a medium through which cooperation can evolve without
requiring reciprocal nor familial altruism. We can now make sense of this syn-
ergism through the lens of evolutionary game theory. The parasitic bacterium
pseudomonas aeruginosa produces siderophores which facilitate the release of
iron from its host, a process necessary for microbial growth [11]. For the iron to
be of any real utility to the bacteria, however, a substantial quantity must be
produced, and after this threshhold is achieved, the bacteria begin reaping the
reward. Each bacterial cell’s production does, in fact, contribute to its own iron
acqusition, and one cell alone is incapable of producing a sufficient quantity to
benefit much (since the stock of iron released is shared by others in the colony).
A cell might be best off to avoid any costly investment in iron release, as then it
would free energy for reproduction; however, if every cell acted “selfishly,” iron
would be largely inaccessible and the entire colony would suffer. This tension
between the individual optimum and societal optimum characterizes the snow-
drift game and guides the manner in which cooperation evolves. We note in this
instance there is a possibility of inclusive fitness (genetically related individuals
acting altruistically toward one another, passing genes indirectly) playing a role
playing a role, but analysis demonstrates that cooperation is viable without
relying on inclusive fitness.

We will now set cliff swallow signalling in our familar game-theoretic struc-
ture. Here, “always communicate” and “never communicate” represent the two
extremes of our investment continuum and correspond, respectively, to “coop-
erate” and “defect.” Admittedly, the direct cost in communication is relatively
cheap, but by communicating the location of a food source, a swallow must
share the insects it could otherwise have hoarded for itself. One might suppose
that a free-rider would be able to very easily spread that trait within a pop-
ulation over time, and our symphony of cooperation would soon break down.
In addressing this problem, Brown et al explain the evolution of signalling by
hypothesizing that even a single cooperator in a sea of defectors gets a repro-
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Figure 7: A comparison of colony size of cliff swallows to the per capita amount
of food brought to the nest. (Reproduced from [4])

ductive advantage because after finding its prey, its peers’ presences make it
easier for the bird to keep tracking them [5]. Whether any such advantage is
outweighed by the cost of signalling is unclear, but the important point here is
that even without a strong benefit to our lone cooperator, synergism makes the
evolution of widespread cooperation possible.

In order to study the effects that population sizes have on the evolutionary
dynamics of cooperation, we need a concrete structure to relate an individual’s
investment to the payoff it receives. We will use a simple formula suggested in
Doebeli et al and Sumpter & Brännström to study the basic structure of group
synergism [8, 13]. Though it may not be appropriate in all cases involving the
evolution of cooperation, it provides us with a general model to address basic
biological questions.

The payoff formula that we consider for focal individual k is:

B(
∑

j∈X pj)
N

− C(pk) (1)

where each pi ∈ [0, 1] is the investment of a particular individual i. This is the
proportion of the possible productivity that pi achieves. X is the subset of which
individual k is a member, so |X | = N . B(

∑
j∈X pj) is the benefit function of

the entire subgroup’s production and is subsequently divided by N since the
subgroup splits the spoils among its members.
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3.1 Models with Linear Cost Functions

First we will investigate situations with a linear cost function. Here, we let
C(pi) = cpi. The cost function here, cpi, has a common-sense interpretation.
Cost is accrued to an individual in direct proportion to its exertion in a hunt,
enzyme production, or other activity of interest. The idea is that in a partic-
ular population, an individual may expend a certain amount of energy or time
searching for food, for instance, and this would detract from its reproduction.
The cost of such an expenditure is directly proportional to how much game the
individual kills for instance, and thus the cost is the individual production mul-
tiplied by a constant, c. Since the cost function is always the same, our function
B(·) and constant c determine the overall dynamics of our system.

Recall that in our pseudomonas aeruginosa bacteria, iron production is a
necessary and limiting factor of bacterial growth; the more iron a particular
cell receives, the more it will be able to reproduce. B(·) can roughly be inter-
preted as the amount of additional offspring made possible in the colony through
siderophore production, pk represents the amount of siderophore produced by
individual k, and cpi could be the amount of offspring the cooperator forgoes
by expending its effort in siderophore production.

We note that with this payoff function, evolutionary branching as seen
in Doebeli’s paper is impossible. The condition for evolutionary stability is
1
N B′′(Nx∗)−C′′(x∗) < 0, and for convergent stability is B′′(Nx∗)−C′′(x∗) < 0
where B is the benefit function and C is the cost. Since C′′(x∗) = 0 in our setup,
an equilibrium is convergent stable if and only if it is evolutionarily stable.

3.1.1 Convex Benefit Functions

We first turn our attention to the class of all strictly convex collective benefit
functions, those whose second derivative is positive. We will first speak gener-
ally, and then give analysis of a particular convex function. We determine the
gradient, D(q), as sketched in Doebeli et al.:

D(q) =
∂

∂p

(
1
N

B(p + (N − 1)q) − cp)
)
|p=q =

B′(Nq)
N

− c

We determine values of q for which D(q) = 0:

B′(Nq∗)
N

− c = 0

q∗ =
B−1

x (cN)
N

Since B(x) is a convex function, we know any solution q∗ to D(q∗) = 0 is
convergent unstable because

∂

∂q
[D(q)]q=q∗ = B′′(Nq∗) > 0.

We break the convex case into two basic categories. We are most interested
in Case 2 as this is where synergism is possible.
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• Case 1: B′(x) is not superlinear (it can be bounded above by a linear
function)

– a) limx→∞
B′(x)

x = 0
When this is the case, B−1

x is superlinear, and limN→∞ q∗ = ∞.
As a result, cooperation is more difficult in larger populations and
impossible in sufficiently large populations.

– b) B′(x) has a linear asymptote
In this case, B−1

x (cN)
N converges to a constant, and so after some

sufficiently large N, group size has little impact on q∗. If this value
is negative, full cooperation is assured, and if it is greater than one,
full defection is. If this value is between zero and one, we have a
long-term repellor in which starting investment values above q∗ lead
to full cooperation and below to full defection.

• Case 2: B′(x) is superlinear
This is our case of interest. Here B−1

x is sublinear, and limN→∞ q∗ = 0.
As a result, cooperation is easier in larger populations. We can make a
couple more distinctions for this case.

– a) B′(0) > c
In this case, the intial collective benefit of cooperating is greater than
the individual cost. However, we know as the population grows, even-
tually B′(0)

N − c will become negative, and so we know that zero will
eventually become an evolutionary stable endpoint. So for low values,
full cooperation is assured. Then at some N, defection is a possible
evolutionary endpoint, and as N increases further, cooperation be-
comes increasingly likely but not assured. An example is given for
the function B(x) = 8ex and c = 5, since B′(0) = 8 > 5 = c (Figure
8).

– b) B′(0) ≤ c
With inequality above, we have the case wherein the cost for co-
operating outweighs any immediate benefit. Here, we know zero is
evolutionarily stable because D(0) = B′(0)

N − c < 0 and thus zero
is an evolutionary attractor for any population size. Even though
this is the case, in this scenario full cooperation can be a very likely
evolutionary outcome even if a population begins at uniformly zero
investment because B′(x) is increasing, and as a result, q∗ is decreas-
ing. Since limN→∞ q∗ = 0, as N grows sufficiently large, q∗ will be
small enough to where any small stochastic perturbation will push a
fully defecting population into full cooperation. If B′(0) = c, the cost
of cooperation is equal to the immediate benefit, but even very small
N will have evolutionary stability at zero so the case is effectively the
same as with inequality.
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Figure 8: Diagram of D(q)=0 with B(x) = 8ex, c = 5

We now analyze a particular example of Case 2b in detail.

B(x) = bxα (2)

D(q) =
∂

∂p

(
b

N
(p + (N − 1)q)a − cp)

)
|p=q =

bα

N
(Nq)α−1 − c

We evaluate D(0) = −c and D(1) = bαNα−2 − c. This means that 0 is

always evolutionarily stable, and 1 is also stable as long as N >
(

c
bα

) 1
α−2 . Even

if our entire population is fully cooperating, the cooperation will plummet if N
is not sufficiently large. If our starting resident trait q ≥ ( c

bαNα−2 )
1

α−1 , then we
expect our population to converge to 1, otherwise to 0. Assuming α ≥ 2, this
expression converges to zero as N → ∞. So for sufficiently large N, we expect
the population to converge to full cooperation, assuming the average does not
remain at zero indefinitely (which is probablisitically null).

A diagram of D(x) = 0 for parameters b = 5, c = 100, α = 3 is provided in
Figure 9. So under these circumstances, an animal population needs at least
7 individuals in its subgroups in order for cooperation to evolve through syner-
gism. Under this threshhold, the group is insufficiently productive to support
the players’ costs. From that group size on, full cooperation becomes possible
– the more members in the group, the lower the initial resident investment nec-
essary for full cooperation to evolve. Since our equilibrium strategy converges
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asymptotically to zero, for any arbitrarily small resident investment, we can
find a group size such that a group with that investment would converge to full
cooperation. As evidenced by Figure 10, for some N, once this cooperation is
established, it cannot be invaded by a mutation.

We now test our theoretical conditions against our computer simulation.
Figure 11 is the result of the simulation run by varying two parameters -
subgroup sizes and the starting investment levels within the populations. For
every group size, we have starting values (averages of the starting populations)
ranging from 0% to 100%, and we test subgroup sizes (N in our model) from
2 to 50. After a predetermined number of generations (in this case, 1000), the
mean value of the trait in question among the whole population is reported.
Figure 11 is a matrix with these means shown as colors corresponding to the
colormap. We notice that our simulation comports precisely with our prediction
derived by adaptive dynamics analysis given in Figure 9.

We must admit that this scenario is somewhat unrealistic since it implies
payoff always increases cubically with population size. As a result, it is not
compatible with common sense biologically; we would expect at some point
that an individual would be inclined to defect since its contribution to benefit
is small in comparison to the cost it endures. Under equation (2), we would
expect cooperation to increase indefinitely with the size of N. We will try a
couple more reasonable collective benefit functions that do not have unending
rapid increase.
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Figure 9: Curve of D(x) = 0 for collective benefit function 2 for b = 5, c = 100,
α = 3. Here we see 0 is evolutionarily stable, and 1 is also stable so long as
N ≥ ⌈

20
3

⌉
= 7. Our repellor is described by the equation ( 20

3N )
1
2 .

Figure 10: PIP of benefit function 2 with parameters are b = 5, c = 100, α = 3,
N = 10. Green is positive invasion fitness and gray is negative. The curves are
defined by y = x and D(x) = 0.
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Figure 11: Computer simulation of benefit function 2, color represents average
population investment after simulation is run. Here we report this average for
each combination of our group sizes and initial investment level.

3.1.2 Concave Benefit Functions

Now we look at the set of concave collective benefit functions. Here, the rate of
increase of our benefit function decreases as the total investment grows. Again,
we will break our function into a few cases based on long-term behavior of our
function and then focus on the one that is of most interest and provide an
example.

Since B(x) is a concave function, we know any solution q∗ to D(q∗) = 0 is
convergent stable because

∂

∂q
[D(q)]q=q∗ = B′′(Nq∗) < 0.

Because B′(x) is decreasing, limx→∞
B′(x)

x − c = −c. As a result, the long-
term behavior of a system with any concave benefit function will always end
with a sole evolutionary stable solution at zero. So for sufficiently large N, the
population will always evolve to full defection. Also, in this scenario, sufficiently
small subgroups will converge to some degree of cooperation when B′(0) > c,
and full cooperation if B′(1) > c.

Now we look at a different example with the following biological significance.
Suppose there is a maximum payoff achieveable, regardless of additional invest-
ments. Take for instance predator synergism in a predator-prey relation wherein
the quantity of prey is very limited, and so regardless of how much effort the
predators exert, the collective benefit of hunting, B(·), may level off at some
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point. We actually expect a per capita decrease in benefit since at some point,
there is too little food to support all the active hunters.

We use the following collective benefit function:

B(x) =
a

1 + de−bx
− a

1 + d
(3)

Note that when d=1, the function is concave.
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Figure 12: Collective benefit function (3) with a = 10000, b = .2, d=1

Our attractor is the solution of D(x) = 0 and is defined by the following
formula:

− log
(

1
2

ab−2cN−(a2b2−4abcN)
1
2

cdN

)

bN

The cost for which a particular N is the first group size leading to interme-
diate investment is

c∗ =
e−bNdab

N((de−bN )2 + 2e−bNd + 1)

And the first N for which no cooperation is evolutionarily stable is:

N∗ =
abd

c(1 + 2d + d2)

For subgroup sizes under N∗, cooperation is certain to evolve in the popu-
lation. After that point, cooperation is viable, and as expected, we see that at
a certain group size, the benefits of synergism is unable to support the group
members, and full defection dominates. Cooperation is expected to evolve in
intermediate group sizes, even if full defection is the initial group investment.
See Figures 13, 14, 15.
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Figure 13: Curve of the solutions of D(x) = 0 from benefit function (3) with a
= 10000, b = .2, d=1, c = 8

3.1.3 Benefit Functions with Changing Concavity

So far, we have looked at cases in which the collective benefit function was either
concave or convex throughout our domain of interest. In this section we explore
the case in which the concavity changes. We will describe the basic conditions
for systems having two equilibria and end with an example of biological signifi-
cance. In the process it will become clear why strictly convex or concave benefit
functions do not permit multiple equilibria.

Recall that the condition for a particular value q∗ to be an equilibrium is
D(q∗) = 0.

D(q∗) =
B′(Nq∗)

N
− c = 0

B′(Nq∗) = cN.

We will only focus on the case of one change in concavity, however extending
our method to cases with more inflection points should be straight-forward.
Here, we will call our two solutions 0 < q1 < q2 < 1.

B′(Nq1) = B′(Nq2) = cN.

q1, q2 exist iff

x∗ <
B′(x∗)

c
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Figure 14: Pairwise Invasibility Plot for benefit function (3) for N = 30. Positive
invasion fitness values are indicated by green and negative by gray. Here we see
convergence and evolutionary stability at our equilibrium.

when B′(x) is a maximum and x∗ is the x-coordinate of the point of inflection of
our original benefit function. This inequality is reversed if B′(x) is a minimum.
In addition, if our point of inflection is a maximum of B′(N), then our system
changes from concave up to concave down. As a result, for any particular N with
two solutions q1 < q2, q1 is evolutionarily unstable and q2 is stable. Conversely,
if B′(N) is a minimum, then q1 is evolutionarily stable and q2 is unstable.

The rationale can be seen graphically. We will use a particular example to
demonstrate. Consider the collective benefit function:

B(x) = b
x3 + βx2

x2 + α
(4)

where b, α, β > 0.
This collective benefit function has a couple more realistic properties than

does our intitial (2) example. We no longer have long-term cubic growth, which
is what led us to unreasonable predictions in large populations before. Now we
see a cubic increase initially, but this rapid rise is short-lived and is soon taken
over by a linear increase (Figure 16).

The x-coordinate of the maximum of B′(x) is given by

x∗ =
φ

2
3 + α + β2 − βφ

1
3

φ
1
3
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Figure 15: Computer Simulation for benefit function (3) with a = 10000, b =
.2, d=1, c = 8.
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Figure 16: Collective benefit function (4) with b = 500, c = 100, α = 500, β =
500.
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Figure 17: A plot of the functions f(N) = B′(N) and g(N) = cN. The particular
B(x) and c are taken from our upcoming example but for now may be thought
of as arbitrary.

where
φ = −αβ − β3 + (−α(α + β2)2)

1
2 .

In the Figure 17, we let f(x) = B′(N) and g(x) = cN . Our critereon,
x∗ < B′(x∗)

c , is equivalent to determining whether we can draw a horizontal line
that intersects our curve f(N) at two points to the left of where it intersects
g(N). In our diagram we can see where our window permitting two solutions
lay, where N is between approximately 35 and 80. Since we have a maximum
in our first derivative, we can see that beyond 80, no solution is possible.

Remarks on superlinearity, sublinearity, and B′(0) are the same as in the
concave and convex cases. We must keep in mind that B′(0) references the
initial concavity, and superlinearity and sublinearity are in reference to final
concavity. For instance in a concave-convex benefit function (one that starts
concave and becomes convex), B′(0) > c means that the equilibrium curve
starts above 1, whereas if in a convex-concave function, the curve would start
below 0.

Our evolutionarily stable strategy is defined by equations too long to be
contained on this page, so we will focus on our particular example with b =
500, c = 100, α = 500, β = 500 (see Figure 18). Our diagram reveals a couple
stark differences from our first scenario. Small groups in this situation gen-
erally converge to full cooperation. When there are at least 35 individuals in
the subgroup, a wide potential for intermediate investment emerges in which
possible end-state investments other than full cooperation and full investment
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Figure 18: Curve of D(x) = 0 for collective benefit (4) with b = 500, c = 100, α =
500, β = 500

Figure 19: PIP for collective benefit (4) with b = 500, c = 100, α = 500, β = 500
for N = 40
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exist. As the group sizes get larger, our intermediate steady-state gradually
decreases until it disappears after which zero is the only stable equilibrium.
This is compatible with our intuitive sense that assuming resources are shared
among all group members, sufficiently large N values should doom cooperation
all together. We also note that when the investment level of a population is
sufficiently low (in our example, less than 0.1), the population converges to 0,
regardless of group size, and so cooperation is hard to get off the ground. This
becomes clearer in our PIP in Figure 19 which illustrates the case of N = 40.
Here, in fact, a defecting population is entirely immune from invasion, even by a
full cooperator. We confirm our theoretical predictions for equation (4) with the
above parameters by running our simulation with this benefit function; results
are given in Figure 20.

Figure 20: Simulation run using benefit function (4) with parameters b =
500, c = 100, α = 500, β = 500

We can make a few basic observations from our selection gradient:

D(q) =
bq(3qNa + q3N3 + 2βa)

(a + q2N2)2
− c.

For example, we know that zero is stable for any population size. This is be-
cause our D(0) = -c. In addition, we know that full cooperation is evolutionarily
stable if and only if

D(1) =
b(3Na + 2ba + N3)

(a + N2)2
− c ≥ 0.
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Also, we know that regardless of our parameters, at some group size, full defec-
tion is assured because

lim
N→∞

D(q) = −c.

3.2 Models with Nonlinear Cost Functions

Up to now, we have stayed true to the payoff model given in equation (1) with
linear cost. This particular formulation seems to be a common-sense approach
to our problem by framing the relation between benefit and cost of investment in
the most simple way. This being said, it denies us the possibility of evolutionary
branching for the reasons mentioned previously. Additionally, in some scenarios
a non-linear cost function might fit the biological system more aptly. We will
still insist that our cost function must be monotonic (higher investments should
correspond to high costs), but we abandon the requirement of linearity.

We will consider the same model as before, except rather than a linear cost
function, we use a quadradic function of the form C(x) = c1x − c2x

2 where
c1 ≥ 2(c2) > 0. The logic behind making this alteration can be justified in the
following way: we can imagine that in some cases, the more an individual invests,
the less additional loss may be suffered from additional investment. For instance,
suppose that in production of siderophores, our bacteria mentioned previously
specializes and becomes more efficient in production. So it is possible that the
greatest increase in cost occurs near full defection, and toward full cooperation,
the increase in cost is relatively small.

D(q) =
∂

∂p

(
1
N

B(p + (N − 1)q) − c1p + c2p
2)

)
|p=q =

B′(Nq)
N

− c1 + 2c2q

D(q∗) =
B′(Nq∗)

N
− c1 + 2c2q

∗ = 0

B′(Nq∗) = (c1 − 2c2q
∗)N =

(
1 − 2c2q

∗

c1

)
Nc1

Now our critereon is that if a line segment connecting (0, c1) and (N, (c1 −
2c2)) intersects B′(x) in three different places for a given N, there are three
solutions to D(q) = 0 for this subgroup size (two intersections corresponds to
two solutions, etc.). We will illustrate with our benefit function (4) as in our
previous section. In our analysis we will let c1 = 2c2.

In our Figure 21 we see the interval of subgroup sizes for which three
solutions are possible (between the dashed lines). We notice that for Equation 4,
the existence of intervals with 3 solutions is equivalent to determining whether
the slope of B′(x) ever becomes less than -c. If this is the case, there are three
solutions for some N, otherwise there are never three solutions, regardless of
subgroup size. This condition can be formalized as follows:

inf(B′′(x)) < −c
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Figure 21: B′(N) as well as two lines with slope −c1. We see the subgroup
interval for which three solutions are possible with this cost. This benefit and
cost parameters come from our upcoming example.

inf(B′′(x)) = − ba(−2β3 + 2β2
√

a + β2 + a
√

2φ + β2
√

2φ − β
√

2(a + β2)φ + 2a
√

a + β2 − 2βa)

2(2a + 2β2 − 2β
√

a + β2 − β
√

2φ +
√

2φ(a + β2))3

where
φ = a + β2 − β

√
a + β2.

So we have seen that with a quadratic cost function, our solutions change
from two with our linear function, here giving us a possibility of three which
was otherwise impossible. More interesting, however, is that we now can have
evolutionary branching. The critereon for such behavior is, as mentioned in [8]:

B′′(Nq∗) < C′′(q∗) <
1
N

B′′(Nq∗) < 0.

In our Figure 22 we see some interesting dynamics. For any group size,
if the population starts at nearly zero, the population will evolve to zero. For
small group sizes, if the starting investments above this particular threshold,
the population will evolve toward full cooperation. Interesting dynamics occur
in populations between about twenty and fifty-five individuals. In this interval,
populations with nearly full cooperation will evolve to have full cooperation.
Similarly, populations with nearly full defection will evolve to have full defec-
tion. Now, if a population begins between these two extremes, the population
will evolve to some intermediate investment value, after which, the population
will split in two having different investments, one ending in full defection, and
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Figure 22: Curve of D(x) = 0 for collective benefit (4), with quadratic cost.
b = 200, c1 = 200, c2 = 100, a = 15, β = 300. The striped area shows the region
satisfying the critereon for evolutionary stability. Arrows pertain to convergent
stability, not evolutionary stability.
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the other to full cooperation. We also see the region of evolutionary stability in
relation to these equilibrium points, namely that the curve falls entirely outside
this region. This means that any convergent stable solution will branch. An ex-
ample of this branching phenomenon is illustrated in Figure 23, where we have
N = 20. With regard to our communicating birds, this indicates that in this
interval, we might expect to find groups of our birds which do not communicate
at all, or birds which communicate always, or a mix where some always commu-
nicate and others never do since these are all possible evolutionary endpoints
for this trait.
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Figure 23: Simulation of collective benefit (4), with quadratic cost. b = 200, c1 =
200, c2 = 100, a = 15, β = 300, N = 20 and starting investment of 20%.

Figure 24 is an invasibility plot at N = 20. Our pairwise invasibility plot
here is elucidating. One useful piece of information we can glean from this
analysis is that a group of full cooperators can be invaded relatively easily even
by a group of 80 percent investors (which will result in branching after such
invasion and convergence toward 20%). Conversely, if a group of individuals
has all full defectors, an investment of about 90 percent or higher is necessary
to invade. We also provide another plot for this system, showing the Region
of Coexistence in Figure 25. This gives the possible pairs of coexisting traits
in our system (yellow indicates a possible coexisting region) by reflecting the
pairwise invasibility plot over the y = x diagonal and coloring all areas where
both pairs have positive invasion fitness.

We now look at an interesting possibility that quadratic cost functions pro-
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Figure 24: PIP of collective benefit (4), with quadratic cost. b = 200, c1 =
200, c2 = 100, a = 15, β = 300, N = 20. Green signifies positive invasion fitness,
and gray is negative.
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Figure 25: Region of Coexistence for above situation is given in yellow.
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vide benefit function (3). Here our equilibrium curve is stable for some N,
and for subgroups outside this range, the solutions are unstable and branching
occurs. As we see in Figure 26, subgroups of size 3 will evolve toward the
convergent equilibrium, branch, and end in a mix of cooperation and defection.
If the subgroup size is greater by just one, however, no branching occurs, and
the population trait settles at the intermediate equilibrium value. Figure 27
shows two simulations demonstrating this phenomenon.
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Figure 26: Curve of D(x) = 0 for collective benefit (3), with quadratic cost.
a = 1000, b = 1.9, d = 1, c1 = 60, c2 = 30. The striped area shows the region
satisfying the critereon for evolutionary stability. Arrows pertain to convergent
stability, not evolutionary stability.

3.3 Varying Subgroup Sizes

We also briefly examine the question of varying population sizes. For example,
in a particular specie of animals, it is unlikely that an exact number of hunters
is constant every hunt. Now we examine the above scenarios if, rather than
precisely N hunters each time, we let the subgroup size be a random variable be
drawn from a uniform distribution from [N-a, N+a] for some constant a. Here
are diagrams of our first three simulations (to be compared with Figures 11,
15, 20) when using varying subgroup sizes.

Here we see minor discrepencies between our varied population sizes, none
of the significant aspects of the simulation results are different. It seems that
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Figure 27: Panel [A] is a simulation our system with N = 3, and [B] is with N
= 4. In both cases, the population starts at 20%
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Figure 28: Simulation of Equation (2) with group sizes drawn uniformly from
[N-5, N+5] with parameters the same as in Figure 11.
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Figure 29: Simulation of Equation (3) with group sizes drawn uniformly from
[N-5, N+5] with parameters the same as in Figure 15.

Figure 30: Simulation of Equation (4) with group sizes drawn uniformly from
[N-5, N+5] with parameters the same as in Figure 20.
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in these cases our adaptive dynamics analysis holds even when group sizes are
not constant.

3.4 A Comparison to the Binary Case

Recall that in our initial exposition of the Snowdrift Game, the first model
disallowed intermediate cooperation by insisting every strategy needed to be full
cooperation or full defection. We will briefly return to this model to compare
our results with theoretical predictions based on the binary model. So now, our
previous investment continuum is off-limits, excepting 0 and 1, but we allow
players to vary the frequency in which they cooperate or defect, and it is this
rate which is passed down as a trait from generation to generation. We briefly
recapitulate the argument for this ESS analysis given in L.A. Bach et al and
apply it to our N-player model [2].

Let c = (c1, . . . , cN) be the a vector of costs for a cooperating individual
if there are k cooperators in total, and r = (r0, . . . , rN ) represent the benefits
to each individual when there are k cooperators. So rk is the benefit each
individual in the group receives when there are k cooperators, and ck is the cost
foisted upon a cooperator when it has the company of k-1 other cooperators.
Δrk = rk+1− rk for 0 ≤ k ≤ N −1 is then the additional benefit the individuals
of a group get when a group with k defectors has a defector become a cooperator.

We define Wr,c(y, x) as the expected payoff to the “focal individual,” or
the player in question, playing strategy y while all the other N-1 players play
strategy x. We can think of all players other than the focal individual as being
drawn from a large population in which x proportion always cooperate, and
the rest always defect. So the the amount of cooperative players in the group
follows a binomial distribution.

Wr,c(y, x) =
N−1∑
k=1

(
N − 1

k

)
xk(1 − x)N−1−krk + y · gr,c(x)

where

gr,c(x) =
N−1∑
k=1

(
N − 1

k

)
xk(1 − x)N−1−k(Δrk − ck+1).

Here, gr,c(x) is the expected increased payoff that the focal individual will
receive for choosing to cooperate rather than to defect. If this value is zero,
we call x a Nash Equilibrium, meaning if the whole population except the focal
individual plays x, there is no better reply for the focal individual than x itself.
However, this condition is a necessary but not sufficient condition for x to be
an ESS. If x is a Nash Equilibrium and also g′r,c(x) < 0, then x is an ESS.
This is reminiscent of our adaptive dynamics analysis; the negative slope means
that if the focal individual is slightly higher than the Nash Equilibrium, then it
will have done better if the trait had been even closer to the Nash Equilibrium.
Conversely, if the slope is positive, the trait will do better the farther it is away
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from the equilibrium, so the equilibrium is unstable and is called an ESR. Also
if gr,c(0) < 0 then 0 is an ESS, and likewise if gr,c(1) > 0, 1 is an ESS.

We will now reproduce the previous diagrams of D(x) along with the cor-
responding Nash Equilibria derived by our binary analysis, signified by stars.
Recall that the lines in our previous diagram are the values for which D(x) =
0 for the strategy x, and that our Nash Equilibria are values for which a player
cannot achieve higher payoff than by playing x. The strong similarities are
manifest in the following diagrams.
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Figure 31: Nash Equilibria plotted on Figure 9. Red stars indicate ESRs.

As seen in Figure 31, the two scenarios, with intermediate investment and
without, are very similar. Taking an arbitrary example, suppose we have the
situation in equation 1, and a subsgroup size of 25 individuals. with If our start-
ing resident investment level is below about 0.5164, we expect the population’s
investment level to converge to zero. Otherwise, we expect the population to
converge to full investment. If we have the exact same situation, exept that our
population follows our binary case, then at the value if the proportion of cooper-
ators at the starting time is greater than about 0.5072, we expect a convergence
toward full cooperation, with all the individuals cooperating, and otherwise, full
defection. In Figure 32, the ESS solutions faithfully follow the equilibrium for
the continuous cases. There is some minor discrepency between the two, but
the two are very similar.

In Figure 33, we see a more visible difference between the ESS’s in the
binary case and the stable equilibriums in the continuous case. One significant
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Figure 32: Nash Equilibria plotted on Figure 13. Green stars indicate ESSs.
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Figure 33: Nash Equilibria plotted on Figure 18. Green stars indicate ESSs
and red are ESRs.
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difference between these two is that for subgroup sizes five or less, in the contin-
uous case, full defection is a possible end-state where-as in the binary case, zero
is not an ESS. So in a population with resident trait being an intermediate in-
vestment of 0.05, our theory predicts an evolution toward a resident population
with investment of 0. However, if we have a population with a resident strat-
egy of cooperation rate of 0.05, we will see an evolution toward a cooperation
rate of 1. The “cutoff” strategy for the binary case remains below that of the
continuous case until the subgroup size is 53.

There is clearly a strong correlation between the continuous equilibrium
points and the Nash Equilibria in the binary case in all three examples. There
are instances in which the differences between the two are substantial (as in the
second case), but overall, the two are quite similar. This is not surprising since
a strategy with investment x ∈ [0, 1] is in some sense very similar to a binary
strategy which fully cooperates at rate x and fully defects at rate 1-x in that on
average they will invest the same amount. That there are some differences is
not surprising either, since among N players in a subgroup, the collective benefit
is limited to finitely many possibilities in the binary case whereas that is not
so in the continuous case. Non-linear cost functions in the binary case will be
truncated to just the endpoints of the investment continuum (full defection and
full cooperation), effectively making it the same situation as with a linear cost
function. So in the binary case, we would have no major impact on evolutionary
behavior by a change to a nonlinear cost function, whereas in the continuous
case, the impact can be dramatic as we have seen. As a result of this ‘linearizing’
of nonlinear cost functions in the binary case, we would not expect an analogue
of branching to be possible (wherein a population would evolve to a strategy
with individuals cooperating a particular proportion of the time and would then
split into two seperate cooperation rates, with a possible ending state being
one defecting always and the other cooperating always) since in our adaptive
dynamics analysis, linear costs do not permit such behavior.

4 Individual-Based Simulations

The simulation we use is based on the simulation described in Doebeli et al [8].
Each generation, we go through every individual in our population (in random
order), and each one takes the position of focala. N-1 individuals are chosen at
random among the whole population to form a set X, and we call the sum of the
investments in X SUMX . Then focala plays a game with X and receives a payoff
of Pa = P (focala, X) which is based on the value of focala compared to SUMX .
Then, a random second focal individual is chosen called focalb. Similarly, N-1
individuals are chosen at random to form the set Y, and they play a game with
focalb, receiving payoff Pb = P (focalb, Y ). We can consider Pa − Pb as the
strength of focala in its game when compared to focalb in its. We now define
α as α = |P (mintrait, maxtrait ∗ (N − 1)) −P (maxtrait, mintrait ∗ (N − 1)) |
where mintrait is the minimum trait in the current population, and maxtrait
is the maximum; so the first game, for instance, gives the payoff of a game
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between some individual with the minimum trait in the population with N-1
individuals with the maximum population trait. focala is replaced by focalb
with a probability proportional to Pa−Pb

α , and from that point, the individual
has a “child” which has some probability β of having a mutation. Mutantations
occur with standard deviation σ centered around the parent trait. The process
continues for a specified number of generations.

5 Concluding Remarks

In this paper we have used adaptive dynamics and evolutionary game theory to
elucidate the impact of group synergism on evolutionary dynamics. We stress
that the model we used is general enough to describe the interactions of varied
situations, from production of simple compounds in microorganisms to social
behavior in complex animal societies. This first group, cooperative microor-
ganisms, has attracted considerable attention from researchers in recent years
and is perhaps the most fertile avenue for future experimental research on the
evolution of cooperation. We have already come across a case of costly chemical
production in the aforementioned pseudomonas aeruginosa bacteria, but this
was just a modest glimpse of an extraordinary set of behaviors. Other fascinat-
ing cases of microorganic cooperation have been documented, including biofilm
formation, quorum sensing, and even “kamikaze” cells that lay down their lives
to help their brethren invade a host [1].

Much of this behavior has been attributed to kin selection (inclusive fit-
ness), and that familial relation can facilitate cooperation in bacteria has been
experimentally established [9]. Such results have been used to validate Hamil-
ton’s Rule, a formalization of the concept that the likelikhood of a player’s
cooperation increases with its genetic similarity to the would-be recipient. This
being said, extreme care must be taken not to overvalue the importance of kin
selection in the development of bacterial cooperation, a caveat underlined by
Sumpter and Brännström[13]. Diggle et al provide an experimental case of a
group of cooperative bacteria that signal in quorum sensing and a group of de-
fectors that do not [7]. In nutrient-rich environments, the defector is shown to
grow faster than the cooperator, and in another experiment, the cooperator is
shown to be easily invaded by the defector. The authors then posit that the
most likely explanation for bacterial cooperation here is kin selection and futher
bolster the claim with an experiment demonstrating that cooperative behavior
is more common in highly related treatments than in mixes of bacterial strains.
We have seen that this behavior may be explicable without relying on inclu-
sive fitness arguments. In Figure 24 for instance, we saw an instance where
a pure strain of cooperators is very easily invaded by defectors, and after such
invasion, the population evolves to an intermediate investment and then ends,
split into two groups, defectors and cooperators. There is little question that
kin selection helps the cause of cooperation; when cooperators shield themselves
from less generous strains, we should expect any change of cooperation rate to
be positive. However, any strong claims of the necessity of kin selection in the
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development of bacterial cooperation are currently suspect.
Discussion of synergism as a plausible route toward cooperation is often ne-

glected in discussion of cooperation [14]. Literature in the field of bacterial
cooperation acknowledges the role of direct benefit to cooperators but does not
always examine the possibility of benefit being largely affected by the quantity
of nearby cells or even that benefit might be a nontrivial function. West claims
kin selection theory predicts that increased density in bacterial colonies should
increase the success of defectors [14, 604]. Although this hypothesis may be
shown valid, it could also be that density alters outcomes in much the same way
as subgroup size does in our standard model; indeed the density of bacteria is
manifestly linked to the reach of a particular cell’s influence on others, or equiv-
alently, the functional subgroup size. Although experimentation poses practical
difficulties, like discerning between intermediate and full investors, it must be
conducted to resolve these questions and to give clout to any theoretical models.
Recent research in this vein has been encouraging, but much more is needed to
bridge the rift between theory and nature.

6 Matlab Source Code

PopSize=2000;

summaryMATRIX = -3*ones(25, 21);
clear M2;

for(m=1:25)
m
for(n=1:25)

n
SubsetSize2 = m;
INVarray = normrnd(n*.04, .02, 1, PopSize);

for(i=1:PopSize) % makes everything in [0, 1]
if(INVarray(i)<0)

INVarray(i)=0;
elseif(INVarray(i)>1)

INVarray(i)=1;
end

end

for(k=1:1000)
if mod(k, 500) ==0

k
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end
M2(:,k)=hist(INVarray, linspace(0, 1, 100));

%random order in which to asynchronously update
I=randperm(PopSize);
for(j=1:PopSize)

A=floor((rand(1, SubsetSize2-1)*PopSize)+1);
focalA = I(j);
A_invsum = INVarray(focalA);
for(j = 1:SubsetSize2-1)

A_invsum = A_invsum + INVarray(A(j));
end

payA = PAYOFF_Eqn2(SubsetSize2, A_invsum, INVarray(focalA));
focalB = floor((rand*PopSize)+1);
B=floor((rand(1, SubsetSize2-1)*PopSize)+1);
B_invsum = INVarray(focalB);

for(i = 1:SubsetSize2-1)
B_invsum = B_invsum + INVarray(B(i));

end
payB = PAYOFF_Eqn2(SubsetSize2, B_invsum, INVarray(focalB));

a = MAXDIF_Eqn2(SubsetSize2, INVarray, PopSize)/500; %500 is arbitrary to speed up e
w = (payB - payA)/ a;
INVarray(focalA) = NewChild(w, INVarray(focalA), INVarray(focalB));

end
summaryMATRIX(m, n+1) = mean(INVarray);

end
end

end

%----
function [productivity] = g_funct_Eqn2(SIGMA)
a=1000; b=1.9; d=1;
productivity = a/(1+d*exp(-b*SIGMA)) - a/(1+d);
end
%----
function [payoff] = PAYOFF(N, INVSUM, focal_inv)
payoff = 1/N * g_funct_Eqn2(INVSUM) - (60*focal_inv - 30*focal_inv^2);
end
%----
function [maxdif] = MAXDIF(N, INV_array, POPSIZE)
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biggestpay = max(INV_array);
smallestpay = min(INV_array);

bigpay = PAYOFF_Eqn2(N, (N-1)*biggestpay, smallestpay); %largest payoff possible
smallpay = PAYOFF_Eqn2(N, smallestpay*(N-1), biggestpay); %smallest payoff possible
maxdif = abs(bigpay-smallpay);
end
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