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Abstract

A proper understanding of biological processes requires an understanding
of genetics and evolutionary mechanisms. The vast amounts of genetical
information that can routinely be extracted with modern technology have
so far not been accompanied by an equally extended understanding of the
corresponding processes.

The relationship between a single gene and the resulting properties,
phenotype of an individual is rarely clear. This thesis addresses several
computational challenges regarding identifying and assessing the effects
of quantitative trait loci (QTL), genomic positions where variation is
affecting a trait. The genetic information available for each individual is
rarely complete, meaning that the unknown variable of the genotype in
the loci modelled also needs to be addressed. This thesis contains the
presentation of new tools for employing the information that is available
in a way that maximizes the information used, by using hidden Markov
models (HMMs), resulting in a change in algorithm runtime complexity from
exponential to log-linear, in terms of the number of markers. It also proposes
the introduction of inferred haplotypes to further increase the power to
assess these unknown variables for pedigrees of related genetically diverse
individuals. Modelling consequences of partial genetic information are also
treated.

Furthermore, genes are not directly affecting traits, but are rather expressed
in the environment of and in concordance with other genes. Therefore,
significant interactions can be expected within genes, where some combi-
nation of genetic variation gives a pronounced, or even opposite, effect,
compared to when occurring separately. This thesis addresses how to
perform efficient scans for multiple interacting loci, as well as how to derive
highly accurate empirical significance tests in these settings. This is done by
analyzing the mathematical properties of the objective function describing
the quality of model fits, and reformulating it through a simple trans-
formation. Combined with the presented prototype of a problem-solving
environment, these developments can make multi-dimensional searches for
QTL routine, allowing the pursuit of new biological insight.
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Chapter 1

Introduction

In the popular mind, DNA has become the symbol of the secret of
biology. Advances in molecular methods have resulted in that processes
and phenomena that previously could only be studied externally, as a
“black box”, can now be controlled and unravelled in great detail. Efficient
sequencing means that the full DNA structure, the genome, for sample
individuals within species can almost routinely be determined [50, 23, 34, 49].
An expected development is that sequencing of large numbers of individuals
within a species will also become routine. These sequencing results are then
not only scientific pinnacles in themselves, but also form the basis for further
work. Microarray techniques allow the study and assessment of the presence
of almost any possible substance, in any tissue, at any point in time, allowing
the study of correlations between genetic data and molecular properties.

Such advances impose a paradigm shift on experimental workflows. While
previously, the prudent method was to first decide a candidate substance,
a candidate reaction, or a candidate gene, and then studying its biological
role and variations, it is now possible to scan or probe complete systems.
The scientific challenge is no longer a matter of designing and performing
experiments for extracting enough data of enough quality to devise a model.
It is rather a matter of how to design a model that can find the networks,
reactions and components that are relevant, within a cloud of noise.

The field of analysis of quantitative trait loci (QTL) is part of this paradigm
shift. A locus is a genetic location within the genome. In each locus, different
individuals can carry different alleles (gene versions). Different alleles can,
but will not always, give rise to different observable properties, or traits.
Sometimes, the expression (result) of an allele will be highly dependent on
the environment. These environmental factors can be external, like chemical
factors present or absent during the early development of an organism, or
the quality of nutrients available. They can also be internal, in the sense of
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what other alleles are present in other loci. Therefore, to study a quantitative
trait, i.e. a phenotype variable of some kind that can be measured for
each individual, one wants to find a complete set or network of loci where
the allelic variations can explain the variation seen in trait values between
individuals.

The loci found in such a scan will be dependent on the experimental setting.
Loci that potentially have alleles greatly affecting a trait will not be found –
if those alleles were absent or infrequent in the population studied. Likewise,
external environmental factors might result in a genetic difference never
rendering any observable results. For example, an inability or enhanced
ability to handle a specific nutrient (such as lactose for humans and bacteria),
will only be apparent in an environment where that nutrient is available (i.e.
in dairy products).

From a mathematical and statistical standpoint, the problem of QTL
analysis is one of model fitting and model selection. The total number of
loci included should not exceed those for which statistical significance is
plausible. In other words, a repeated experiment, with nominally identical
conditions, should result in the same loci being reported. In practice, linear
regression models are frequently used. As complete genome sequencing is still
not a cost-effective operation to be performed on hundreds of individuals in
an experimental population, one resorts to analyzing genomic markers. The
markers are located at known positions. To analyze loci not coinciding with
the markers, the probability for a specific allele being present in the locus
needs to be assessed based on the marker value. From such probabilities, the
correlation between genotype and phenotype (trait) can be determined. For
models of equal size, that correlation should be maximized, the result being
considered the true QTL. When choosing between models of different size,
adjustment is needed to correct for the fact that a model with increased
degrees of freedom will always be able to provide a better fit, compared to
a limited model. One way to empirically determine significance is through
random modifications or permutations of the experimental data, in one sense
a form of cross-validation.

In this thesis, advances are presented in the areas of preprocessing marker
data to compute genotype probabilities, the structure of the linear regres-
sion model used, as well as new developments for efficiently performing
permutation testing for determining significance. The latter advances are
related to the practical utilization of high-performance computing (HPC)
infrastructure, as well as a mathematical reformulation of the optimization
problem, which accelerates both actual QTL searches and permutations, but
especially the latter. In all, these advances allow for routinely including a
larger number of loci in models, allowing a better understanding of the ge-
netical architecture underlying complex traits in experimental populations.
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The remainder of this thesis is organized as follows. In Section 2 the
structure of input data is reviewed. This defines the scope of populations
for which our methods are applicable, as well as what pre-processing is
required to efficiently handle that data. In Section 3 an overview is given
of linear regression models, and some comments on how those relate to
other existing models for QTL analysis. Section 4 discusses the actual
optimization problem of finding one or more QTL in an optimization search,
given preprocessed input. The papers forming the basis for the thesis are
summarized in Section 5, followed by a short presentation of possible future
extensions and developments.
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Chapter 2

Genetic and Biological
Background

2.1 Chromosomes, DNA, Genes

The genome of an individual is primarily structured in chromosomes.
Each chromosome contains two interlinked complementary molecules of
deoxyribonucleic acid (DNA). These can be used to replicate each other,
through the process of base-pairing allowed by the structure first described
in [51]. Within a chromosome, the genetic code is a sequence of nucleotides,
where each nucleotide is represented by one of the letters A, C, G, T. Pairing
is restricted in such a way that A can only pair to T in the complementary
strand, while C pairs to G. A single chromosome can be millions of such
base pairs in length. A mutation in the genetic code can include the deletion
of a stretch of base pairs, an insertion of base pairs originating from another
region, a duplication of a short genetic segment, or the modification of a
single base pair (insertion-deletion, indel). Therefore, different individuals
of a species tend to share the same genomic structure on a macroscopic
level, but there is not always a one-to-one correspondence for individual
base pairs.

A gene is a specific region encoding some product, affecting the function
of the cell. The gene product is frequently a protein, which is produced
through transcription into messenger RNA, followed by translation into a
protein in a ribosome external to the cell nucleus, where DNA is preserved.
However, the definition of a gene is not completely straightforward. In
eukaryotic organisms (organisms that do have a cell nucleus), the gene might
be “interrupted” by introns, base pair sequences that are not included in
the actual mRNA and hence are not translated into a protein sequence.
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The structure of the introns, as well as surrounding genetic material, both
upstream and downstream relative to the protein-coding sequence, can also
influence the practical expression of the gene in different ways. There are
also many pseudo-genes in most genomes, i.e. genetic material that is clearly
similar to true genes, but where transcription or translation never takes
place, possibly due to missing critical regulatory sequences, or due to some
kind of suppression.

For these reasons, a quantitative trait locus will frequently coincide with
a gene, but it cannot be said beforehand that the genetic cause of trait
variation will actually be found within the coding sequence. A gene can also
sometimes be moved, translocated within the genome, so that it can appear
at different loci. Such events will cause problems for the methods described
in this thesis. Furthermore, a locus determined using these methods will
frequently be wide, so that multiple closely linked genes are indicated as
associated with the trait, making other methods necessary to discriminate
between them.

2.1.1 Haploid and Diploid

Most of the genetic material in an organism from a species that practices
sexual reproduction is duplicated, with one copy originating from each
parent. This means that every chromosome exists in pairs. The genome in
such a cell is called diploid. During the life cycle of an individual, every cell
will preserve that separation, with one copy of maternal origin and another
of paternal origin, replicated through each cell division (mitosis). Only in
meiosis, when new gametocytes (oocytes and spermatocytes) are created,
these two copies will intermingle. From the pairs of chromosomes, a new,
recombined, genome is created for each gametocyte, half of which is actually
included. This genome, half the size of the genome in a conventional somatic
cell, is called haploid, with one copy of each homologous chromosome.

This mixing of genetic material for each chromosome is called recombination.
An individual instance where the source is switched is known as a cross-over.
The frequency of cross-overs is not constant over the genome. It has been
shown that some sequences are related to triggering them. There are also
macroscopic variations over the genome, recombination being more frequent
in some regions compared to others.

2.1.2 Genetic Distances

From the perspective of this thesis, and QTL analysis in general, the
chromosome can be seen as a continuous object. Distances are not measured

14



in discrete base pairs, but rather in the unit centimorgan, cM. A one
centimorgan interval corresponds to that the probability of crossing over
taking place between two endpoints is 1%. The probability for some crossing
to occur over a distance of 2 cM is then naturally 2%. However, there is a
definite probability of double recombination, so that the detected origin will
be identical to the source. Hence, the probability for a difference in sequence
origin for a very large distance will approach 50%.

In the literature, several mapping functions have been suggested for the
translation between recombination frequencies and genetic distances. The
Morgan map function, is completely linear, assuming no double recombina-
tions. The Kosambi map function [30], on the other hand, includes modelling
of the biologically known fact that a single cross-over tends to shadow
the neighboring regions, making another recombination event nearby more
unlikely than otherwise expected (interference). Kosambi distances are not
additive, though.

The Haldane mapping function is more complex than the Morgan function,
in that there is no linear correlation between the net parity of recombination
events and distance, but on the other hand simpler than Kosambi, ensuring
that the distance between A and C, traversing B, is equal to the distances
AB +BC, a much needed convenience for modelling purposes. The Haldane
function, defined for non-negative distances in cM, is given by

p = 0.5 + 0.5e−0.02x, (2.1)

where p is the probability of identical genetic phase (chromosome origin) at 0
and x. This relationship can be derived from realizing that the recombination
process itself, assuming no interference, is a Poisson process, and then
summing over the probability of an even state (i.e. a total of 0, 2, 4, 6...2k
recombination events between the two points considered) [19].

2.1.3 Markers

It is generally not feasible to study each haploid genome separately. Rather,
the resulting genome in diploid cells in the offspring is studied. Full sequences
are generally also not detected, instead specific markers are used. Markers
are known location of variability, which can be based on genetic repeats,
including so-called microsatellites. A repeat is a rather short pattern that
is repeated in multiple instances adjacent to each other in the genome
sequence. Due to molecular details in the process of genome replication, the
exact number of such repeats can change due to “slippage”. Therefore, the
number of microsatellites can vary even between closely related individuals.
For this reason, this class of marker has been used in forensic studies. It was
also the first class that could be routinely detected in the 1980s.
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Another class of markers is the so-called single-nucleotide polymorphisms
(SNPs). These are point-mutations, where a single base-pair (letter) in the
genetic code has been altered. An SNP, when it has occurred, tends to
be preserved. As there are billions of base-pairs in an ordinary genome,
the general probability of another mutation in the same position is low.
Therefore, all individuals with a specific allele are assumed to share a
common ancestor or have a direct ancestor-descendent relationship. The
standard situation is therefore that only one wild-type allele (the most
common) and one mutant version exist, despite the fact that there are
theoretically four possible bases in each position.

Some SNP testing methods also only test for the known variants. The tests
are frequently done by hybridization against oligo-nucleotides in a microar-
ray. When the genetic material binds to a short sequence of either allele, the
binding will have greater affinity if the match is perfect. A new mutant might
therefore not be detected, as it will match neither probe. With a proper
preparation, binding can be detected by luminescence. Hybridization arrays
for 10, 000 or more SNPs can be manufactured industrially, allowing a very
high number of markers to be analyzed simultaneously.

Due to the nature of marker determination, the ordering of markers in the
actual genome may now be known. Specific tools exist to devise plausible
marker maps, including mapping distances between markers, from unordered
marker lists [33, 48]. The algorithms used are based on different simplifying
assumptions, as it is computationally prohibitive to test for the exponential
number of possible marker orderings. From the perspective of this thesis, we
consider the determined orderings of markers, as well as their interspersing
distances, to be accurate. However, it should be noted that existing methods
for setting up marker maps are conceptually similar to our new algorithms
for determining genotype probabilities presented in this thesis. The problem
of determining proper marker maps is also being influenced by the continuing
change in total marker counts, and the fact that markers now frequently have
a known genome location in the genomes of fully sequenced species, which
makes the ordering known.

2.2 Experimental Populations

Theoretically, QTL analysis can be performed in natural as well as exper-
imental populations. In this context, a natural population is a population
that would exist, with similar characteristics, even if no QTL experiment
would have taken place. A wild population of some mammal species
would be one example of this. In a natural population, the total genetic
variability might be great and not completely characterized. Furthermore,
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environmental conditions are not well-defined, and may even be unknown.

The alternative to a natural population is an experimental population. In
many cases, these are based on different lines within a species. A line can be
based on inbreeding, where all individuals within the line are identical. A
line can also be defined as a specific breed or variant, or based on geographic
origin, and similar factors. In these outbred conditions, individuals are still
expected to be more similar within each line than between lines. Inbred
lines can be preferable, since variations in genetic background between
the different founder individuals will not affect the analysis, which is the
case in outbred conditions. On the other hand, an inbred line might have
genetic deficiencies in addition to the intended trait under study, making
the experiment results highly significant, but at the same time resulting in
a limited opportunity for generalization.

When the lines demonstrate differences in some trait, such as body weight
or length of flowering time, crosses between the lines can help elucidate the
genetic structure. By convention, the founder individuals of such a cross are
called the F0 generation. Individuals from the two lines can be mated, in
such a way that each resulting individual has one parent from line 1, and
one from line 2. Ideally, parents of both sexes should be represented for both
line origins, to avoid confusing genetic effects with e.g. epigenetic effects due
to imprinting, or womb effects. The resulting individuals form the so called
F1 generation. All individuals in the F1 generation show the same genetic
background, with one allele from each line in every gene. The phenotype
distribution for the F1 individuals is therefore expected to be identical for
all individuals, any differences arising from environmental factors.

From an F1 generation, two general crossing schemes are common. One is
the backcross, where F1 individuals are crossed with individuals from either
founder line. In such a structure, the backcross offspring will have 1 or 2
alleles from the founder line chosen in the backcross, and 0 or 1 alleles
from the other line, in every locus. No effects will be seen in e.g. loci where
the founder line used is dominant, as dominance can obscure the presence
of another allele. The average genetic contribution of the line used in the
backcross is then 75%.

The other common cross structure is the intercross. In an intercross, F1

individuals are crossed once again, to form an F2 generation. The average
genetic contribution is the same as in the F1, 50% from each original line
in each resulting individual. However, at the locus level, greater variability
can be observed, with 0, 1 or 2 alleles from both lines being possible, with
the relative proportions 1 : 2 : 1. An intercross can detect dominant alleles,
but the additional degrees of freedom might reduce the exact assessment of
effects.
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More elaborate crossings are directly conceivable from these basic structures,
like repeated crossings of individuals from successive generations, going on
from the F2. A multi-generational design of this type will introduce more
recombination events between the markers, allowing a finer mapping of QTL,
assuming the marker map is dense and informative enough to properly trace
inheritance.
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Chapter 3

Models for QTL Analysis

In Section 2 of this thesis, we have briefly covered the critical aspects of the
genetics involved. When probabilities of state or line origin are defined in any
putative set of candidate loci, a proper model is needed to analyze the quality
of a fit. Several approaches are available in the literature. Many are related
to interval mapping (IM), which is in fact a specific approach for handling
non-definite genotypes. Earlier approaches only analyzed single markers,
discarding those samples where genotype information was not conclusive.
Such an available case analysis is well-known in the statistical literature,
but known to be flawed, with limited power as well as distorted results as
possible consequences [35].

What constitutes a model is not always evident, especially as different
methods and frameworks in some cases give identical or directly equivalent
results, while the outcome can vary in more complex cases. One modeling
aspect is what assumptions are made on the phenotype distribution for
single individuals, given their genetic information. This results in a statistical
framework for the analysis. Another is what phenotype values are expected
for different genotypes, defining the parametrization of the model. The
framework will primarily affect the detection of a proper QTL location,
while the parametrization is critical for making the estimated genetic
effects possible to interpret and analyze from a biological standpoint. These
two aspects tend to be intertwined, something that becomes even more
clear when model selection is considered. Beforehand, it is in general not
known what number of loci and genetic mechanisms to expect, so different
parametrizations need to be tested in a common framework.
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3.1 Normal Mixtures

The main hypothesis of all QTL models described here is that the
total variance in a trait can be decomposed into multiple independent
components, Vtot = Vg +Ve. Here, the component Vg is the genetic variance,
while Ve is an environmental component. These components are assumed to
be separate, or statistically independent, i.e. with zero covariance. General
analysis of similarity between relatives can indicate the portion of genetic
variance, the broad-sense heritability h2, without identifying the specific loci
causing that variance [37]. If a proper separation of the genetic variance is
constructed, the with-in class variance for each genotype identified would be
Ve.

If a genetic property is in fact interacting with the environment, or with
another locus not covered by the model, the within-class variance will
increase. The actual explainable variance from the model will probably be
smaller than Vg, as multiple loci are exerting a limited influence on the trait
and not included in the model. An effect counteracting this is the problem
of over-fitting, where, by chance, the recombinations between an analyzed
position and the true position can redistribute individuals between classes in
such a way that the with-in class variances are reduced. Even at the correct
locus, a model with a high number of parameters can give a better-than-
true fit, as the parameter estimates are fitted against the specific individuals
sampled and can describe the random variations within that sample as part
of the model.

Assume that the genotype class for each individual i is described by a vector
zi = (00 · · · 010 · · · 0), where the single non-zero element is 1 represents the
true genotype. The distribution for observed trait values for i can then be
expressed as:

Li =
∑

j

zijN
(
µj , Veσ

2)
)
, (3.1)

where σ2 is ideally expected to approach Ve. This interpretation is common
to all the models presented here, when z indeed is a binary vector. The
maximum likelihood (ML) can in this case be performed using linear
regression, or using the PERF algorithm presented in paper III. The
variables µj are fitted directly, and σ computed from those variables.

3.2 Partial Information

In the case of partial information, several interpretations are possible. The
original presentation of IM reuses (3.1), but defines z to be a general
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probability vector, i.e. only imposing the conditions
∑

j zij = 1, 0 ≤ zij ≤ 1.
The result is a normal mixture, a linear combination of multiple normal
distributions describing the expected phenotype for the individual i [31]. It
should be noted that this distribution is not equivalent to the distribution of
the sum of two normally distributed variables. Rather, the shape of the single
distribution is the sum of multiple identical normal distributions, weighted
by probability, and with identical standard deviations, determined by σ.

Optimizing this likelihood as a function of the vector θ = {σ, µj} is a
non-linear problem which is usually solved by the expectation-maximization
(EM) algorithm. This algorithm, first presented in its general-purpose form
with that name in [14], is relatively robust, but sometimes converges slowly.
The algorithm consists of two main steps, explaining the name:

1. Expectation: Compute the expected value of the full (log-)likelihood
function for the population, given a current parameter vector θ.

2. Maximization: Compute the optimal θ, given the log-likelihood func-
tion.

When the optimization is complete, marginalization can be done to deter-
mine a posterior probability vector where the prior genotype probabilities
pij are replaced by posterior probabilities πij .

3.2.1 Imputation Methods

In the IM methodology, a single mixture realization of the population
is considered. The prior probabilities for the individual genotypes are
used over all iterations. There are competing schemes, called imputation
methods, that use multiple realizations of the population. One form of
this is the multi-QTL model (MQM) method [25], which encompasses e.g.
the inclusion of covariates for markers at non-modelled positions to handle
genetic background, and as the name indicates, the modelling of multiple
loci within a single model.

However, in the context of treatment of partial information, MQM differs
from IM by its use of repeated weighted linear regression. The individuals
are not realized as a single phenotype distribution as a normal mixture,
but rather multiple separate distributions, where the total influence of each
onto the composite likelihood for the population is defined as L

πij

j . The
distributions resulting from the different states for a single individual are
multiplied by each other, rather than merged into a single distribution
by addition. In the likelihood space, a choice between an arithmetic or a
geometric mean must be made.
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Furthermore, MQM is adjusting the probabilities πij at each step, using
these within the model. The genotype probability is then based on a
combination of prior information and the resulting phenotype probabilities.
This two-sided scheme is in fact a variation of the general location
model, where an excellent description of the general case and different
specializations found in [35]. It should be noted that the general location
model is not equivalent to generalized linear models, although specific
realizations of one can fall within the other.

The linear regression case for full information, the partial information model
in IM, and the partial information model in MQM share a central property
of posing a single realization of the population. MQM will introduce multiple
rows for each individual, but they are all part of a common parameter fitting
step, which is iterated until the effects, as well as the πi have converged,
together.

There are several methods employing Bayesian and Monte Carlo method-
ology for QTL analysis. Someare “true” Markov Chain Monte Carlo
approaches, like the ones described in [47], but there are also other methods
employing the methodology towards the analysis of a single set of candidate
loci, i.e. a comparable setting to the cases for the models already discussed.
The input for these algorithms consists of genotype probabilities and
phenotype values, the output a likelihood of a fit, and a set of model
parameters focusing on the genetic effects and the residual variance. In
[45] one such approach is described, where multiple full realizations of the
genotype at evenly spaced “pseudomarkers” are constructed.

In the context of a single position, creating a set of realizations through
pseudomarkers is equivalent to sampling from the individual genotype
probabilities already seen in the other methods. Each realization will be
a case of full information, which can be handled through the first method
described above. These realizations are then weighted together, based on
the residual variance determined. The residual variance has an immediate
algebraic relationship to the likelihood for the model. In effect, the method
is approximating sampling from the posterior distribution by taking samples
from the (much simpler) prior distribution, and then applying this weighting.
The authors of [45] note that there is a close similarity to general IM, the
critical difference being that IM finds a single optimum parameter vector,
whereas imputation methods marginalize over all vectors.

3.2.2 Linear Models for Partial Information

IM using the EM algorithm is computationally expensive. The evaluation of
each iteration requires evaluation of the Gaussian probability distribution
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function in different points for each individual. In addition, the EM method
has only linear convergence, normally resulting in a large number of
iterations. For these reasons, the authors of [38, 20] independently suggested
the use of linear regression, also for partial information, where the zi vectors
are not binary. The result is a probability distribution with σ2 variance,
centered not on either genotype mean, but on a point between them, as
if the continuum of probabilities directly corresponded to a continuity of
genetic effects on phenotype.

The simplicity, both in computation time and regarding simple use of
existing software tools, has made this form of linear regression highly
popular [24, 9, 43]. However, multiple limitations have been pointed out,
including a confusion of residual variance with unexplainable variance due
to lack of information [52], and other aberrations found in systematic
simulation studies [28]. Suggested remedies have included iteratively re-
weighted regression [53], and estimating equations (EE) [15]. The latter of
these can also be implemented using Fisher scoring [22].

3.3 Orthogonal Models

From a biological perspective, handling arbitrary mappings of full genotype
realizations for all loci modelled into mean phenotype values is cumbersome.
The total number of parameters also becomes very large for multiple loci,
as the total set of phenotype effects would have size nd, where n is the
number of genotypes per locus (generally 3 for F2 populations), and d is the
number of loci. In addition, a number of covariates can be included in the
model, e.g. sex and other factors not captured directly by the markers, while
these factors are still expected to have a significant influence on the trait
under study. By correcting for such effects, the actual correlation between
the genotypes and the trait can be made more clear.

In basic Mendelian genetics, the traits are binary. The inheritance pattern for
the trait can introduce an assymmetry between alleles, with one dominant
allele, meaning that the presence of that specific allele results in the trait
being “active”. Other alleles are recessive, meaning that the trait connected
to the allele will only be seen if the dominant allele is not present, i.e. that
both the copies in a diploid genome are copies of the recessive allele. The
dominant and recessive effects can frequently be understood as a matter of
working versus silent alleles. If one copy of the allele is damaged in some
way, it might never be used, with the working copy being used instead. The
damaged, or silent, allele is then recessive, as no phenotype change is seen
unless both copies are silent. Against a background of silent alleles, a single
working allele will be considered dominant, as its presence will modify the
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phenotype. Two copies of the dominant allele will not affect the trait further
than a single copy, as the working piece of genetic code is already present.

Based on Mendelian thinking, a continuous trait with two alleles can be
dissected into an additive and a dominant portion. The additive portion
is linear to the allele count, while the dominant portion is contrasting
heterozygotes against homozygotes. For a F2 population, a design matrix
S can be defined as

SF2 =

1 −1 −0.5
1 0 0.5
1 1 −0.5

 , (3.2)

where the columns represent base vectors for the variables µ, α, δ. This design
matrix can be multiplied with a Z matrix with full-information individuals to
build the model for linear regression. Similar approaches can also be devised
for the partial information methods, using the parameters to compute the
per-genotype class means. The original F2 model was due to Fisher, in
[17]. Further extensions were made in the 1950s for more properly handling
epistatic interactions in loci showing F2 frequency proportions.

3.4 Current Models

The renewed interest in quantitative genetics due to the molecular devel-
opments presented in Section 2 has also spurred new efforts regarding on
the basic modelling and parametrization issues. These efforts have been
focused on achieving orthogonality in more cases. In mathematical terms, the
property of an orthogonal model is equivalent to the full model design matrix
X = ZS being orthogonal, for which XTX being diagonal is a sufficient and
necessary condition.

Orthogonality, in this context, is generally analyzed in the case of individuals
of full information, independently of the regression model and parametriza-
tion. The intent is to ensure that estimates of the different variables (model
parameters) are independent. This independence ensures that the remaining
parameter estimates are unaffected if a parameter is removed. The explained
variance from the model can also be clearly and uniquely attributed to the
parameters. The original F2 model and other models were conceived to be
orthogonal for populations exactly matching that structure. No population
of finite size will be a perfect F2, as the allele and genotype frequencies
will not match the expectation values exactly. Therefore, no matter the
problem structure, a slight deviation from orthogonality will be present
for actual data. Subsequent developments implement support for other
frequency distributions, first handling deviations where Hardy-Weinberg
equilibrium (genotype frequencies being products of allele frequencies)
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still holds [56] and finally handling any genotype frequencies for a single
locus [3]. The parameter estimates for one specific population can also
be translated into corresponding functional estimates (estimates describing
gene function). Functional estimates derived from different populations can
then be accurately compared.

3.5 Model Selection

Selecting the appropriate model is a matter of finding the proper set of
loci, with the proper parameter set best describing the external factors.
There is an inherent trade-off between specifying multiple loci and several
parameters, and the risk for fitting the specific sample, rather than capturing
the true biological properties of the underlying population.

One common approach is to separate the selection of model size (or rather
a specific parameter set), and the selection of the optimum locus set for this
model configuration. This has also been the view used in the papers in this
thesis. The other option would be a more general Markov chain Monte Carlo
walk, with transitions including variations in model configuration as well as
loci [47].

3.5.1 Model Choice between Parameter Sets

The traditional likelihood for a model is, in essence, the likelihood for the
observed data, given the model, i.e. P (y|M). If we want to choose the single
most likely model, we should maximize P (M |y). However, assuming the
prior probability for any model M to be a constant C = P (M), we can see
that, according to Bayes’ law, P (M |y) ∝ P (y|M).

The assumption of a constant P (M) will break down if models of varying
sizes are analyzed. A larger number of parameters increases the model space,
although not all models are relevant. Several criteria have been suggested
for introducing a correction to the likelihood to account for model size
differences. Two general approaches (not restricted to QTL analysis) are
the Akaike information criterion [2], and the Bayesian information criterion
[44]. These have been studied for QTL applications [6], including simple
modifications of the BIC. In recent work, a more context-sensitive approach
is proposed, handling main effect and interaction parameters with separate
weights [5, 54]. A review of these methods can be found in [40]. For reference,
the expressions for AIC, BIC are given below:
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AIC = n ln
(

RSS

n

)
+ 2K (3.3)

BIC = n ln
(

RSS

n

)
+ K lnn (3.4)

mBIC = n ln
(

RSS

n

)
+ (a + b) ln n + 2a ln(l − 1) + 2bln(u− 1)(3.5)

Here, n is the number of individuals, K is the number of parameters, and
RSS is the residual sum of squares (which relates to the model likelihood in
the linear regression case). In mBIC, a is the number of main effects, b is the
number of interaction effects. The values of l and u are based on the number
of markers and marker pairs, respectively, somewhat arbitrarily chosen by
default as l = Nm/2.2, u = Np/2.2.

3.5.2 Orthogonality for Model Selection

If the modelling approach is not orthogonal, all models in the model selection
set must be evaluated to select the most suitable model. The parameter
estimates and variance components per parameter cannot directly be used
to estimate the total explainable variance in a model where that parameter
would be excluded. For K parameters, 2K evaluations need to be made. This
is prohibitive even for limited values of K.

If the total modelling approach is orthogonal, only the full model has to be
fitted. The variance components for specific parameters will be unchanged
when the total parameter set is modified. Therefore, an optimal combination
of variance components can be selected with no new model fitting. This
optimum can generally be found using a simple dynamic programming
algorithm, depending on what constraints are imposed on the parameter
set, e.g. requiring main effects to be present before allowing corresponding
interaction effects, as frequently advocated [45].

3.5.3 Model selection and significance testing

The concept of model selection is closely related to significance testing. For
model selection, as treated here, the interest is to determine which model is
the most likely to be true for the underlying population. Significance testing
is assessing if the effects found are significant from the null hypothesis, i.e. if
the model including the specific set of loci chosen has more than, for example,
95% support. In a way, this is a very specific case of model selection, with
the only models specifying 0 and n loci, respectively.
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3.5.4 Permutation Tests

Deriving theoretical expressions for the distribution of the likelihood
function is a complex task. Some attempts have been made [31, 42], since the
QTL analysis setting exhibits non-symmetric population structures, non-
normal phenotype distributions and non-homogeneous marker maps and
marker information patterns, the efforts based on conventional statistical
theory by necessity become crude approximations.

Instead, the standard approach is to perform permutation testing [12]. From
the original dataset, permuted versions are created. Here, the individuals
and their genetic makeup are kept unchanged, while the phenotypes are
permuted. Several of the sources for specific deviations in the objective
function will be kept by this method. However, if covariates of different kinds
are included in the model, the permutation needs to take these into account,
possibly by doing permutes within separate classes defined by the covariates
[13]. The intent is to do permutes between individuals considered to be
identical, except for the actual genotypes modelled, but this is exceedingly
hard when more background factors ate taken into account.

Assuming suitable permutes can be created, the objective function distribu-
tion for the null hypothesis can be found empirically. If 99 % of the values
are inferior to the determined objective function value for the real model, the
probability of a Type-I error is 1 %, resulting in a practical implementation
of a significance test.
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Chapter 4

Optimization over the
Genome Landscape

In order to find a proper set of QTL, using the data described in Chapter 2,
and the models described in Chapter 3, the genome needs to be scanned in
some manner, to find the actual optimum. This optimum is then considered
to be the true QTL, although the literature is frequently reporting multiple
“peaks” of independent models, assuming independence between them [29,
9]. However, for such cases, a multi-dimensional model with only main effects
would be preferable, to avoid confounding effects from other QTL to be
included in the respective main effect estimates.

4.1 Exhaustive Search

The most straightforward, almost näıve, approach to explore the model fit
landscape over the genome (in whatever dimensionality d), is to loop over
all genome positions in a closely spaced grid, say every 1cM , evaluating
the model at each of these positions. The position resulting in the highest
likelihood will be stored and reported in the end.

4.2 Forward Selection and Backward Elimination

Exhaustive search is more or less computationally intractable for any
dimensionality d > 2. A common approach is then forward selection
[7, 5, 54, 55]. The basis for forward selection is to find a single QTL with the
highest possible likelihood, for inclusion of that QTL in the model. When
that locus has been selected, a new scan is performed, keeping the first
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locus fixed and adding a second locus. This process can continue to an
arbitrary dimensionality d. Unless full independence of parameters per locus
can be guaranteed, this approach will not necessarily find the optimal set of
loci, unless full independence of parameters per locus would be guaranteed.
If interaction effects are included, the forward selection approach is also
inappropriate, since the selection of the first locus will not take into account
what level of explanative power might arise when interactions are taken into
account. One possible approach is then to select pairs of loci as the basic
forward selection unit. However, this solution will not handle networks of
gene interaction, where the same locus is part of multiple pairs. The best
first locus to include would be a “hub” in such a network, but the hub will
not be the first selected locus in a pair-based forward selection method.

The suboptimality of forward selection is also acknowledged by authors
suggesting use of the method [7]. This can be compensated by a later step
of backward elimination. A model of a size greater than the optimal final
model is developed through forward selection. A backward iteration is then
initiated, systematically testing the removal of the included loci. In each
iteration, a new model is created, removing the locus where the removal
proved to have the lowest reduction of the likelihood. The resulting models
of size [1, d] will most likely have a higher likelihood than the original models
of equivalent size during the forward selection phase, since the removal step
has a form of hindsight with a larger total set of relevant loci, where the
non-independence and interaction contributions that make forward selection
sub-optimal can better be taken into account.

The results are, despite the use of backward elimination, not guaranteed
to be optimal. The total set of models to test per iteration is much
smaller for backward elimination, since the space only consists of those QTL
already identified in the forward selection phase, which can be contrasted
to the dense grid of all locations in the genome, or even all pairs of such
locations, that form the basis for the exhaustive search in forward selection.
Therefore, using forward selection without backward elimination can rarely
be warranted. It is also possible to extend the single “cycle” of forward
selection and backward elimination by adding additional and more flexible
paths of extension and elimination from a model. Optimality of the solution
given still relies on the problem structure being overly simple, or the signals
from individual loci strong.

4.3 Genetic Algorithms

Genetic algorithms (GA) is a class of methods for general global op-
timization, frequently used when details about the analytical properties
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of the problem at hand are scarce. Inspired by natural evolution, a
population of “individuals” are evolved. Each individual carries some form of
“genetic code” determining the properties of the individual. Each individual
represents an object that can fulfil a defined purpose or objective, i.e. a
solution to the optimization problem. Between generations, reproduction
is taking place, mixing the genes between the individuals, followed by
selection, removing individuals with inferior performance relative to the
objective. Many different schemes exist with different specific methods for
reproduction, representation of genes, mixing of genetic material, but the
main ideas are shared by all concepts. A summary of GA approaches in
general can be found in [4].

For QTL problems, genetic algorithms were pioneered in [10], where each
locus was treated as a separate GA gene. As the effects from the loci are
frequently almost independent, separate searches would tend to find good
candidate loci, or small networks. By mixing the GA genes, these individual
genes or networks are merged into a total optimum.

4.4 DIRECT

In global optimization theory, different mathematical properties of the
objective function in the model space can be exploited. One example of
such a property is that of Lipschitz continuity, which can be defined as

|f(x + v)− f(x)| ≤ rK, |v| ≤ r, (4.1)

where v is an arbitrary vector of maximum length r, r, K ∈ R, > 0, and x is
some vector within the model space. In other words, within any environment,
there is a limit on the total variation relative to its center point. When we
seek for an optimum of f(x), this property can be used to reduce the space
explored. If there is a known fmin candidate, and f has been evaluated
in another point x′, where fmin < f(x′), no point x′′ where |x′ − x′′| ≤
fmin−f(x′)

K can result in a value f(x′′) < fmin. Exploiting (4.1) for Lipschitz
optimization has been frequently described in the literature [46, 41, 18, 39],
and even more frequently as an implicit assumption in different heuristics
within other methods.

4.4.1 General Presentation of DIRECT

A straight-forward application of Lipschitz optimization requires K to be
known. However, if K is unknown, the algorithm DIRECT, for DIviding
RECTangles, can be used [27]. In DIRECT, concurrent hypotheses are
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examined for K. This is done by dividing the search space in so-called boxes.
For each box, the objective function is evaluated in the center. The first box
will cover the entire search space, and this box is split into three boxes
along some dimension. The centroid of the center box will coincide with the
centroid of the original box, while the objective function is evaluated in the
two new boxes adjacent to the center box. From this point on, a convex hull
is taken in a space consisting of box radius on one axis, and function value
on the other. All boxes represented by vertices included in this hull are split
in one iteration of the DIRECT algorithm.

A box will be part of the convex hull if there is no box with higher radius
that presents a smaller value for f in the centroid. Among the active boxes
(the original box in a splitting is always removed, replaced by the three
children), one, out of potentially many, with maximum radius will always
be split. This is due to the fact that the optimal minimum of the function
might actually be within that box, no matter what the value of f is in the
centroid, assuming some arbitrarily high value of K. Likewise, for all boxes
in the hull, there will be some value of K which would allow a value of f
superior to the currently known fmin to exist within the box radius from
the centroid. If a larger box b1 has a smaller value of f than some smaller
box b2, the minimum possible f value within b1 would always be lower than
that of b2, no matter the value of K. Hence, b2 is not a suitable candidate
for splitting.

During the iterations of DIRECT, a possible result is that the environment of
b1 is shown not to contain any value close to the theoretical Lipschitz bounds
possible with free assignment of K, and thus b2 might be considered at a
later iteration, at the very least when the descendent boxes after splitting of
b1 all have a smaller radius than b2. As the largest box of the active set will
always be split, there is no natural termination condition for DIRECT. The
objective function can be studied in ever-increasing detail, but assuming no
upper bound on K, there is in theory always a possibility that there will be
a new optimum to be found within the vicinity of the centroid of some box.

Standard termination criteria for the iteration process can be based
on simply running a fixed number of iterations. Other options include
termination after a certain number of iterations with no new global optimum
found, or a certain minimum maximum radius (i.e. a maximum size on
the largest remaining box), or similar heuristic variations shown to be very
effective in practice [16]. If a maximum radius is chosen equivalent to that
of the lattice spacing in an exhaustive search, a DIRECT search will require
at least the same number of function evaluations as the corresponding
exhaustive configuration.
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4.4.2 DIRECT for QTL Analysis

The QTL objective function, whether it is based on the linear regression
residual or the log-likelihood from some other model, is a candidate for
optimization using DIRECT. There is no known Lipschitz constant, but on
the other hand there is clearly a continuous quality to the shape of the
function in the limit of an infinite population with recombination taking
place in a continuous manner. DIRECT has also been successfully used
for QTL analysis, with the minor modification of introducing so-called
chromosome boxes [36].

When DIRECT is used for QTL analysis, the initial state used represents
any combination of QTL (the total number determined by a chosen
dimensionality d) located on the chromosomes included, rather than a
single box representing the full search space. This is done since even
though an arbitrary concatenation of the chromosomes of the genome could
be constructed, no continuity in the objective function is expected over
chromosome boundaries. Although DIRECT supports values of K arbitrarily
large in theory, the method also becomes arbitrarily inefficient in actually
finding the optimum under such conditions. The division into chromosome
boxes also presents an obvious choice for loosely connected parallelization
of the DIRECT search, executing a search for part of the search space, as
defined on a subset of the initial chromosome boxes, on each node in e.g. a
computational grid environment [26].
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Chapter 5

Summary of Attached Papers

The papers included in this thesis cover many aspects needed for QTL
analysis for line crosses. The material covered follows the workflow of
QTL analysis, starting with the issues around pre-processing of marker
and pedigree data. This is followed by a treatment of the methods for
evaluating linear models, and an analysis of their consequence, followed
by analysing the objective function in the space of different loci within
the genome, for allowing more efficient searches. The final paper starts
treating the infrastructure issues hampering the implementation of high-
dimensional models for actual QTL scientists interested in biology, with
limited experience in high-performance computing.

The results in this thesis form the basis for actual experiments unravelling
the secrets of biology, as well as realizing possible economical gains for
important crops and animal breeds. The thesis is not focused directly on
the genetic applications, but it has been done with an awareness of the
needs arising, including the need to describe gene networks and epistasis,
aspects critical for more complex traits [11]. Another limitation in scope
is that the results are directly applicable only to applications with a clear,
known, population structure.

Paper I

In this conference paper, Hidden Markov Models are used to determine
genotype probabilities. The use of HMMs for genetics was first introduced
over 20 years ago [33, 32]. The approach has also been used in specific cases
for QTL analysis [8, 45]. In paper I, we present a general tool replicating the
results for outbred populations in [21], but now exploiting HMMs, reducing
algorithm complexity from exponential to log-linear. This development is
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critical in modern applications, as the total number of markers increases.
Furthermore, while it is simple to inspect a larger number of markers,
the general data quality will decrease. Values will be missing for some
individuals, or there will be ambiguities. These properties were handled in
[21], but with an algorithm requiring an exponential increase in time and
memory use, making the problem intractable in practice.

In paper I, we also explore using the HMMs for haplotyping, inferring
the phasing for linked markers in especially the F0 and F1 generations.
This is a critical development for making the genotype probabilities in
the F2 generation independent. If the probabilities are not independent,
a proper analysis of the population should take the dependence structure
into account, something current models will not do. Hence, the probability
adjustments due to haplotyping will not only decrease the uncertainty of the
F2 probabilities, but also remove a bias in the estimates.

Paper II

This report deals with the question of whether orthogonal estimates are
feasible in a relevant form in spite of partial genotype information. As partial
information, with varying information patterns, is currently becoming the
norm, this is an issue of increased relevance. Also, recent contributions to
the field [3, 56] have attempted to achieve orthogonality in more general
configurations, but only in the case of full information. We describe how the
residual sum of squares is modified in the presence of partial information,
and also suggest an imputation method where the parameter estimates are
independent. This method will select QTL candidates with a preference
for marker locations with high information content in a way that might
be problematic. In the report, we show that this approach, IRIM, in
practice performs well when compared to Haley-Knott regression in a chicken
intercross.

Paper III

This paper explores more efficient methods of evaluating linear regression
models, compared to traditional methods such as QR factorization. The
presented PERF algorithm can be used with any model parametrization,
and significant performance improvements are shown in different settings.
One limitation of PERF is that full information cases are needed. However,
from an algorithm perspective, full information is also present in individual
imputations. Therefore, PERF is highly applicable for imputation methods.
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Paper IV

Paper IV improves upon the previous use of the DIRECT Lipschitz
optimization method. The results are based on a novel transformation of
the residual sum of squares, which is the objective function previously used
for DIRECT. The transformed objective function is shown to be Lipschitz
continuous, with a well-defined Lipschitz constant in many settings, given a
theoretical infinite-size population and perfect recombination frequencies.

Actual real populations are not infinite-size and recombinations never have
an ideal distribution. Therefore, the original DIRECT iteration approach
is retained, but an additional pruning condition based on the stochastic
Lipschitz constant is introduced. Using simulations, we show how this
condition gives rise to a termination condition resulting in that the correct
optimum is found with very high probability. Using this condition, extremely
high performance can be achieved in permutation tests. When starting from
a set of candidate models, with a specific objective function value fmin,
DIRECT searches on permuted sets can be performed, with the goal of
finding an optimum superior to fmin. The termination condition will allow
most such searches to terminate early, if fmin is significant.

Paper V

The larger datasets and the interest in epistasis and accompanying mul-
tidimensional models increases the computational needs for QTL analysis
radically. Therefore, there is a clear motivation to utilize modern high-
performance computing resources, such as computational grids. In this
paper, we extend on previous work by integrating the R statistical environ-
ment [1] to a DIRECT-based implementation for QTL searches in multiple
dimensions. Efficient random permutation tests will also require substantial
computational resources, especially in order to determine relevant thresholds
for high significance levels.
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Chapter 6

Future Work

This thesis covers many aspects of QTL analysis. In the future, this work
will need to be disseminated further into the biological community. The
prototype described in paper V is a first step in this direction. One avenue for
further work would be to use our tools to analyze new and coming datasets in
the search for significant three-way interactions. The motivation for choosing
3D searches is that the conventional approach of forward selection would be
inadequate in that case, and that the general issue of the importance of
high-level interactions is contested.

From a modelling perspective, the issue of orthogonality carries great
interest, as an orthogonal definition of main effects would change the possible
methodology for model selection within larger parameter sets in a drastic
manner.

The PERF algorithm presented in paper III changes the relative perfor-
mance benefits of Haley-Knott regression, and methods based on multiple
imputations with full-information genotype realizations. The work in papers
III, IV could be combined, with an implementation of multiple imputation
schemes similar to the one presented in [45]. Each imputation gives one
candidate value for the likelihood. These could be used for deriving bounds
on the possible objective function value in each locus tested, with the
higher and lower parts of the bound used in separate parts of the DIRECT
algorithm pruning condition, to err on the side of caution. An approach of
this type could limit the upper limit constant found in paper IV.

The results in this thesis form the basis for actual experiments ravelling
the secrets of biology, as well as realizing possible economical gains for
important crops and animal breeds. Results from experimental crosses in
other organisms can also further the understanding of homolog structures
in man.
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