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Abstract

Calculations of neutron energy spectra from fast ion
reactions in tokamak fusion plasmas

Jacob Eriksson

A MATLAB code for calculating neutron energy spectra from JET discharges was
developed. The code uses the fuel ion distribution calculated by the computer code
SELFO to generate the spectrum through a Monte-Carlo simulation. The calculated
spectra were then compared against experimental results from the neutron
spectrometer TOFOR. In the calculations, the exact orbits of the fuel ions are taken
into account, in order to investigate what effects this has on the spectrum. The
reason for this is that, for certain plasma heating scenarios, large populations of fast
fuel ions are formed. These fast ions may have Larmor radii of the order of
decimeters, which is comparable to the width of the sight line of TOFOR, and may
therefore affect the recorded neutron spectrum. A JET discharge with both NBI and
3rd harmonic ICRF heating was analyzed. The results show that the details of the line
of sight of the detector indeed affects the neutron spectrum. This effect is probably
important for other diagnostics techniques, such as gamma-ray spectroscopy and
neutral particle analysis, as well. Good agreement with TOFOR data is observed, but
not for the exact same time slice of the discharge, which leaves some questions yet to
be investigated.
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Sammanfattning på svenska

Energifrågor tar idag stor plats i sammhällsdebatten, och kommer inte att bli
mindre viktiga i framtiden. I jakten på nya, hållbara metoder för elproduktion är
fusionsenergi en stor kandidat. Principen går ut på att ta tillvara på energin som
frigörs när två lätta atomkärnor slås ihop och bildar en tyngre kärna. Bränslet
kan utvinnas ur havsvattnet och räcker i miljontals år, olycksrisken är liten
och det bildas inget långlivat radioaktivt avfall. Fusion visar sig dock vara
mycket svårt att realisera i praktiken, framför allt för att det krävs mycket
höga temperaturer (ca 100 miljoner grader) för att tillräckligt mycket energi ska
produceras.

Ett stort antal forskningsanläggningar finns runt om i världen för att försöka
åstadkomma produktion av fusionsenergi i stor skala. En av dessa är JET
(förkortning av Joint European Torus) som ligger utanför Oxford i England.
Detta är en fusionsreaktor av en typ som kallas för Tokamak, där bränslet hålls
inneslutet i reaktorn med hjälp av ett magnetiskt fält. JET byggdes i början av
1980-talet och många fusionsexperiment har utförts där sedan dess.

I fusionsreaktionerna frigörs neutroner som far iväg från reaktorn (i och
med att neutroner är oladdade partiklar så hålls de inte kvar av magnetfältet).
Genom att mäta hur många neutroner som kommer ut ur reaktorn, och vilka
energier de har, kan man dra olika slutsatser om hur bränslet beter sig inne i
reaktorn. Detta kallas för att man mäter neutronernas energispektrum.

En del av analysen och tolkningen av dessa neutronspektrum är att jäm-
föra mätdata med teoretiska förutsägelser och modeller. Det är detta som har
gjorts i det här examensarbetet. Utifrån olika modeller och simuleringar av hur
bränslejonerna rör sig i reaktorn kan teoretiska neutronspektrum räknas ut och
jämföras med experimentella data. Liknande beräkningar har gjorts förut, men
det speciella med det här projektet är att bränslejonernas exakta rörelse i reak-
torn tas hänsyn till i högre utsträckning än tidigare, vilket kan vara nödvändigt
för att förklara vissa delar av neutronspektrumet.

Arbetet beskrivs i detalj i den här rapporten, och resultaten jämförs med
data från neutronspektrometern TOFOR på JET.
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Chapter 1

Introduction

1.1 Nuclear fusion
The earth is powered by the sun. The sun, in turn, is powered by nuclear
fusion reactions. Ever since this was realized, mankind has been interested in
investigating the possibility for exploiting fusion reactions for energy production
on earth as well.

The basic principle of fusion is the fact that when free nucleons come to-
gether and form bound states in the strong nuclear force potential, the mass
of the nucleus is always slightly less than the sum of its constituent masses.
This is because some of the mass is now tied up in the energy of the strong
bonds between the nucleons. This energy is called the binding energy, and can
be related to the mass difference by the famous formula for energy and mass
equivalence following from the theory of special relativity

EB = ∆mc2. (1.1)

A plot of the binding energy per nucleon as a function of mass number A is given
in figure 1.1. It is seen that for the lighter elements, the binding energy increases
with mass number. If, for instance, two deuterons (A = 2) come together and
form a helium-3 nucleus (A = 3) and a free neutron, the mass difference can be
obtained as

2 (mD + EB,D) = mHe +mn + EB,He ⇒
mHe +mn − 2mD = 2EB,D − EB,He = −3, 27 MeV.

The decrease in mass corresponds to a release of energy, which can be used to
generate electricity in a power plant.

However, for this reaction to happen, the particles must overcome the Coulomb
repulsion between them, coming so close to one another that the attractive
strong nuclear force dominates. This reaction probability is quantified by the
cross section, denoted by σ. This is a quantity measured in

[
m2
]
and defined in

such a way that if two beams of particles collide with each other, then n1n2σvrel
is the number of reactions per unit time and volume in the collision region (n1,2

is the particle density in the respective beams, and vrel is the relative velocity
of the colliding beams). For the DD reaction considered above, the cross section
as a function of centre of mass energy is given in figure 1.2.
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Figure 1.1: Binding energy for some common elements as a function of mass
number.
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Figure 1.2: Cross section for fusion for the DD reaction (solid) and the DT
reaction (dashed).
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However, in order to successfully mimic the sun, a lot of fusion reactions
need to take place simultaneously and continuously. Therefore, a reaction with
both a large cross section and a large energy release is desired. The two most in-
teresting reactions for fusion power on earth are the reaction between deuterons
as mentioned above, and the reaction between deuterons and tritons:

D + D → 3He + n+ 3.27 MeV (1.2)
D + T → 4He + n+ 17.6 MeV (1.3)

The DT reaction releases more energy and has a higher cross section at lower
energies (see figure 1.2), which makes this reaction the most promising for a
fusion power plant. However, tritium is radioactive and consequently cumber-
some to handle, and a lot of research is therefore carried out using the DD
reaction. Note also that even for tritium, ion energies in the order of 10 keV
are needed. For thermonuclear fusion where, like in the sun, the fuel ions are in
thermal equilibrium in a plasma, this corresponds to a temperature around 108

K, which is technically very challenging.
As a first rough estimate of the conditions that need to be met, one can

compare the produced fusion power

Pfus = n1n2 〈σvrel〉Q (1.4)

and the power losses

Ploss =
3 (n1 + n2 + ne) kT

2τe
. (1.5)

Here, 〈σvrel〉 is the so called reactivity, i.e., the cross section times the relative
velocity, averaged over the reacting particles. ne is the electron density, Q the
released fusion energy, and τe is the energy confinement time, which is a measure
of how long time the energy of the particles can be sustained. A necessary
condition for a profitable fusion reactor is of course that Pfus is larger than
Ploss, i.e. that

n1n2 〈σvrel〉Q >
3 (n1 + n2 + ne) kT

2τe
. (1.6)

By assuming a DT reactor, with an equal mixture of deuterium and tritium
(n1 = n2 = ne/2), the following expression is obtained:

neτe >
12kT

Q 〈σvrel〉
. (1.7)

This criterion was first derived by JD Lawson [15], and by substituting the DT
reactivity and Q-value into the right hand side it becomes approximately [9]

neτe > 2 · 1020
[
sm−3

]
. (1.8)

This implies that fusion energy could in principle be achieved in various ways.
High density and short confinement time, low density and long confinement time
or anything in between.

During the last 50 years a lot of effort has been made to reach these con-
ditions, but it has proved extremely difficult and a lot of unforeseen problems
have arisen along the way. The next section is devoted to describing one of the
most promising attempt to solve this problem.
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1.2 The tokamak
As described above, one of the key problems in fusion research is to keep the
particles confined long enough for a sufficiently large number of fusion reactions
to take place. Due to the high temperatures required, simply “putting them in
a box” is not an option. In the sun, confinement is taken care of by gravity;
due to the enormous amount of plasma, enough density and temperature is
reached automatically. On earth however, the scales involved are necessarily
much smaller, and gravity will not help us much in this case. Instead, two other
ways of confining the plasma are considered: inertial confinement and magnetic
confinement. This work concerns only the latter technique. Below follows an
overview of magnetic confinement in general and of the most developed magnetic
confinement fusion device – the tokamak – in particular.

All magnetic confinement techniques rest on the fact that for a single charged
particle in a magnetic field the equation of motion takes the form

m
dv

dt
= qv ×B (1.9)

dx

dt
= v (1.10)

This is Newtons second law, with the Lorentz force on the right hand side. For
a uniform magnetic field the velocity can be separated into a parallel and a
perpendicular component. The equation of motion then becomes

m
dv‖

dt
= 0 (1.11)

m
dv⊥
dt

= qv⊥ ×B (1.12)

The parallel component of the equation describes constant motion along B, and
the perpendicular part describes circular motion with angular frequency [3]

ωc =
|q|B
m

. (1.13)

This is known as the cyclotron frequency and is one of the most important
quantities in fusion plasma physics. Another important quantity is the radius
of the gyration, known as the Larmor radius

rL =
v⊥
ωc

=
mv⊥
|q|B

. (1.14)

The important conclusion to be drawn from the above discussion is that a
charged particle in a uniform magnetic field spirals around the field lines. This
fact provides a mean of confining fusion plasmas, and is the basic idea behind
the so called tokamak1, the most developed magnetic confinement fusion device.

The tokamak is a toroidal device, meaning that the field lines are bent and
close on each other. This gives the tokamak its very characteristic appearance,
resembling a doughnut or a car tire as illustrated in figure 1.3. The toroidal

1Russian abbreviation for Toroidal Chamber with Magnetic Coils.
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Figure 1.3: Schematic sketch of the tokamak magnetic field and its field coils.
(Image from JET — www.jet.efda.org)

magnetic field is produced by a set of coils positioned around the torus. The
magnitude of the field can be obtained from Ampère’s law

ˆ
B · dr = µ0Ic ⇒ Bφ =

µ0Ic
2πR

, (1.15)

where Ic is the total current in the coils. R is the radial coordinate in a cylin-
drical coordinate system RφZ, with Z-axis placed through the middle of the
torus, as illustrated in figure 1.4. This is one of two commonly used coordinate
systems used when describing tokamaks. The other one is a toroidal system
rφθ, also shown in figure 1.4. Here r is a coordinate along the minor radius of
the torus, and θ is the angle in the poloidal plane. In both systems φ denotes
the toroidal angle.

The naïve expectation would now be that particles in this magnetic field
would spiral around the different field lines, and that a plasma placed in this
field would be confined forever. Unfortunately this is far from the case, because
of various reasons.

One reason is collective effects. There is a big difference between one particle
traveling in a magnetic field and a whole collection of them, like a plasma.
Collisions will cause the particle to change their velocity, ultimately leading to
a diffusion of particles towards low density regions. Also, charged particles in
motion create their own electromagnetic field, which alters the background field
and affects the other particles in a complicated manner.

The other reason is that even a single charged particle will not be completely
confined to the field lines when additional forces are present. The gyro centre
of a particle moving in a magnetic field under influence of an arbitrary force F,
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r 

Figure 1.4: The cylindrical and toroidal coordinate systems commonly used
when describing tokamaks.

is subject to a drift [3] with velocity given by

vf =
F×B

qB2
. (1.16)

For a purely toroidal magnetic field, at least two additional forces reveal them-
selves; the centrifugal force associated with the curvature of the field, and the
net magnetic force during one Larmor gyration associated with the radial gradi-
ent in the field. These forces are both directed outwards in the radial direction,
resulting in a vertical drift, upwards or downwards depending on the charge of
the particle. This gives rise to charge separation, and a corresponding vertical
electric field. The electric field, in turn, causes an additional drift in the radial
direction, leading to loss of confinement.

In the tokamak configuration, these complications are dealt with by intro-
ducing a small magnetic field in the poloidal direction, with the effect that the
field lines form helices instead of circles. This so called poloidal field is induced
by a current flowing in the plasma. The current is induced by generating a
(time-varying) magnetic flux through the centre of the tokamak, as shown in
figure 1.3. In effect, this is a way of “short-circuiting” the electric field created
by the particle drifts, since the particles now move around in the poloidal plane
as well as traveling around the torus in the toroidal direction. This substan-
tially improves confinement and stabilizes the plasma, making tokamaks a very
promising concept for a future fusion reactor.

Thus, the magnetic field in a tokamak consists of a main toroidal field pro-
duced by the external coils and a small poloidal field, produced by a current
flowing in the plasma (figure 1.3). The point in the RZ-plane where the poloidal
field is zero is called the magnetic axis of the tokamak. The field strength at
the magnetic axis is usually denoted by B0, which makes it possible to express
equation (1.15) for the toroidal magnetic field strength in the following way (R0
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Figure 1.5: Definition of the poloidal flux function ψ.

is the major radius of the magnetic axis):

B = B0
R0

R
. (1.17)

The total magnetic field form helical field lines which spiral around the mag-
netic axis. The magnitude of the poloidal field is much smaller than the toroidal
field, which means that equation (1.17) is also a very good approximation for the
magnitude of the total magnetic field. Nevertheless, the details of the poloidal
field is crucial when it comes to confinement and particle motion in the plasma.
A convenient way of describing the poloidal field is through the poloidal flux
function ψ. As the name implies, ψ (R,Z) is the poloidal magnetic flux (per
unit toroidal angle) through a surface perpendicular to the RZ-plane, its side
extending from the magnetic axis to the point with coordinates R and Z. Re-
ferring to figure 1.5 , the flux through an infinitesimal surface can be written
as

dψ = Rdrdφ (−BR sin θ +BZ cos θ) . (1.18)
Also, by the chain rule of differentiation dψ = δψ

δRdR + δψ
δZ dZ, which can be

combined with the above equation to give

BR = − 1

R

δψ

δZ
and BZ =

1

R

δψ

δR
, (1.19)

where we have used dR = dr cos θ and dZ = dr sin θ. Expressing ψ in this
way indicates that the flux function can be viewed as some kind of potential
function, and it is indeed possible to show that, for a toroidally symmetric field,
the ordinary magnetic vector potential A satisfies

BR = − 1

R

δ (RAφ)

δZ
, BZ =

1

R

δ (RAφ)

δR
(1.20)
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Hence, we may identify the following simple relationship between ψ and A

ψ = RAφ + C, (1.21)

where C is an arbitrary constant, which can be put equal to zero.
Several tokamaks have been constructed and experimented with around the

world. Presently, the largest one is the Joint European Torus (JET) in England.
It has been in operation since the 1980’s, and a description of the machine and
the major results can be found in [17]. The results from this and other smaller
tokamaks have laid the foundation for the construction of the next generation
tokamak, ITER, in France. This device is believed to finally break the barrier
of more produced fusion power than applied heating power.

Finally it should be noted that the subject of tokamak confinement is much
more complicated than the qualitative picture given above, and the reader is
referred to the literature for a more elaborate treatment [5].

1.3 Aim of the project
In magnetic confinement fusion research information is needed about different
plasma parameters at all times during an experiment. Densities, temperatures
and velocity distributions are a few examples of quantities that need to be mea-
sured in order to understand what is happening in the tokamak. One important
technique for diagnosing the plasma is neutron spectroscopy, described in section
2.3. And the analysis and interpretation the data from a neutron spectrometer
involves calculating and predicting the spectra from a given plasma.

The main objective of this diploma work is to calculate neutron spectra by
taking the details of the fuel ion motion into account to a higher extent than
what is usually done. Normally the Larmor gyration of the ions is not fully
included in the velocity distributions used in the calculations, which is believed
to cause errors for certain plasma heating scenarios.

The problem is described in greater detail in the next chapter.



Chapter 2

Theory

2.1 Particle orbits
The orbits traced out by particles moving in the tokamak magnetic field play a
central role in the work presented in this thesis. Some fundamental character-
istics of these orbits have already been touched upon in the preceding section,
and it is now necessary to delve a litter deeper into this subject.

The orbits of particles moving in the tokamak magnetic field can be con-
veniently characterized by three conserved physical quantities. The first one is
the kinetic energy

E =
1

2
mv2 =

1

2
m
(
v2
‖ + v2

⊥

)
, (2.1)

which is conserved as long as there is no force acting in the direction of particle
motion, or during time-scales when the effects of such a force is negligible. A
second invariant can be obtained by writing down the Lagrangian for a particle
in an electromagnetic field, which is given by the difference between the kinetic
and potential energy [4]

L = T − U =
1

2
mv2 − qΦ + qA · v, (2.2)

where Φ and A are the electric and magnetic potentials, respectively. In cylin-
drical coordinates, the Lagrangian becomes

L =
1

2
m
(
Ṙ2 +R2φ̇2 + Ż2

)2

− qΦ + q
(
ṘAR +Rφ̇Aφ + ŻAZ

)
. (2.3)

We now calculate the canonical momentum conjugate to the φ-coordinate and
use equation (1.21) for the magnetic flux function

pφ =
δL

δφ̇
= mR2φ̇+ qRAφ = mRvφ + qψ. (2.4)

Finally, we note that for a toroidally symmetric situation, like a tokamak for
instance, one of Hamilton’s equations becomes simply

ṗφ = −δH
δφ

= 0, (2.5)

11
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and hence, pφ is also a constant of motion. The third invariant is related to the
magnetic moment of the particle. This quantity, denoted by µ, is defined as

µ =
mv2
⊥

2B
. (2.6)

It can be shown [3] that µ is a constant of motion as long as the time variation of
the magnetic field is slow compared to ωc. This is certainly true in a tokamak,
where the magnetic field is constant in time. Thus, the third invariant can be
chosen to be

Λ =
B0µ

E
. (2.7)

The reason for not simply choosing µ is made clear below.
With the three constants of motion above, it is possible to describe the orbit

traced out by the gyro centre of the particle. This can be seen by noting that
vφ in equation (2.4) for the conjugate momentum can be expressed in terms of
E and Λ (this is shown in section 3.1). Hence, pφ can be expressed in terms of
the other invariants and the poloidal flux function. The orbit of a particle with
specified values of E, pφ and Λ then consists of all the points in the magnetic
field where pφ is equal to its “true” value. Thus, through the spatial dependence
of ψ, the expression for pφ becomes an implicit equation for the gyro center
orbit.

A subtle point here is why the above procedure only gives the gyro centre
averaged orbit. This is a big question that has to do with the fact that the mag-
netic moment µ is not an absolute constant of motion, but a so called adiabatic
invariant. As remarked above, µ is only constant during certain circumstances,
and even then it may oscillate around a constant value during one gyro period.
Unfortunately, a full account of this would be beyond the scope of this thesis –
and beyond the intellectual capability of the author. References [6] and [7] may
serve as good starting points for further study for the interested reader.

The orbits can now be seen to divide into two groups: passing orbits and
trapped orbits. Which group a given particle falls into depends on the the mag-
netic moment and the energy. Using equations (2.1) and (2.6) the energy can
be written as

E =
1

2
mv2
‖ + µB. (2.8)

A particle traveling towards the high field region on the inner side of the tokamak
will see an increasing magnetic field. Since both E and µ has to remain constant,
this will cause v‖ to decrease in such a way as to keep equation (2.8) fulfilled.
Depending on the values of E and µ, some particles will manage to complete a
full poloidal revolution, whereas some particles will have v‖ = 0 at the turning
points, given by R = Rturn, and will bounce back and forth between these
points. This is illustrated in figure 2.1. For obvious reasons, trapped orbits are
also called “banana orbits”.

An important remark here is that not all orbits are completely determined
by the three invariants mentioned above. From equation (2.4) for the canonical
momentum it can be seen that a passing particle with given values of E, pφ
and Λ will describe two different orbits depending on the sign of vφ. Hence
an additional label is needed to distinguish between these cases. For trapped
orbits, however, the sign of vφ changes at the turning points, and each of these
orbits correspond to unique values of E, pφ and Λ.
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Figure 2.1: Example of passing and trapped tokamak orbits (blue lines). The
plot is a poloidal projection of the 3-dimensional orbit. The gyro centre-averaged
orbits are shown as red, dashed lines. The black lines are contours of constant
magnetic flux ψ.



CHAPTER 2. THEORY 14

Finally, it can be noted that Λ has a simple interpretation for trapped orbits

B0µ

E
=

B0µ

Bturnµ
=
Rturn
R0

. (2.9)

Hence, Λ is simply the R-coordinate at the turning point, normalized to the
major radius of the tokamak.

2.2 Heating
As described in section 1.1, very high temperatures are needed in order for
enough fusion reactions to take place. For thermonuclear fusion, the required
temperatures are of the order of 10-20 keV. It is therefore necessary to be able
to heat the plasma to these temperatures.

In a tokamak, one obvious heating mechanism is provided through the
plasma current that generates the poloidal magnetic field. As the current flows
through the plasma, the charges in the current will collide with the plasma and
thereby heat it. This is known as Ohmic heating, and it can be quantified in
terms of the plasma resistivity, η. By Ohm’s law, the heating power from the
current is

PΩ = ηj2, (2.10)

where j is the current density. Unfortunately, an increase in temperature is
inevitably associated with a decrease of the Coulomb cross section responsible
for the resistivity. It can be shown that the resistivity is proportional to T−3/2

e ,
where Te is the electron temperature [3]. Hence, the effect of Ohmic heating
is reduced at high temperatures, and in practice it cannot be used to heat a
plasma above a few keV. Other heating schemes are thus needed to provide the
additional heating required to reach the desired temperatures. The two most
commonly used techniques, neutral beam injection and radio frequency heating,
are briefly discussed below.

2.2.1 Radio frequency heating
The basic principle of radio frequency (RF) heating is the same as that of
a microwave oven; the energy is carried by an electromagnetic wave and is
transferred to the plasma through a resonance with the electric field component
of the wave.

However, propagation of electromagnetic waves in magnetized plasmas is a
complex subject, since the plasma consists of charged particles, which react very
strongly to the applied field, and the particle motion is different depending on
whether the electric field oscillates perpendicular or parallel to B. As a first
approach to study the possible waves, one usually starts by considering the
plasma as a linear dielectric media. By proceeding analogously as in the case
with an ordinary dielectric, it is possible to introduce an electric displacement,
D, and a dielectric tensor ε1 [9]

D = ε0ε ·E. (2.11)
1The fact that ε is a tensor and not simply a constant is due to the anisotropy created by

the B-field
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Figure 2.2: Some fundamental wave modes in a uniform, magnetized plasma.
The plot shows the index of refraction N2 as a function of ω. Waves propagating
parallel toB are shown as blue, solid lines, and waves propagating perpendicular
toB are shown as red dashed lines. Also shown are the resonances for the various
cases.

By combining the expression for D with Maxwell’s equations, and assuming
harmonically varying fields, it is possible to obtain the following (linearized)
equation for E (

Ik2 − kk− ω2

c2
ε

)
·E = 0, (2.12)

where I is the unity tensor, k the wave vector and ω the angular frequency of
the wave. This vector equation has non-trivial solutions only if the determinant
of the coefficient matrix vanish, i.e. if

det

∣∣∣∣Ik2 − kk− ω2

c2
ε

∣∣∣∣ = 0. (2.13)

This is the dispersion relation for waves plasma.
It is also possible to obtain an explicit expression for ε. This is done in

most plasma physics textbooks for the case with a cold, uniform plasma [3, 9],
and once ε is known it is possible to investigate the solutions of the dispersion
relation (2.13). The result can be conveniently presented as a plot of the square
of the index of refraction, which is given by

N2 =

(
kc

ω

)2

, (2.14)

versus the angular frequency ω. Such a plot is shown in figure 2.2. From this
it can be seen that there are a lot of possible wave modes which can propagate
in the plasma. The modes all have different characteristics (dispersion curves)
depending on the type of wave (longitudinal or transverse) and the direction of
propagation (parallel or perpendicular to B). The details of this plot are not
important here, but two qualitative features of the dispersion curves should be
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noted, namely the existence of resonances and cut-offs, for different values of
ω. The cut-offs are points beyond which a given wave cannot propagate, and
the resonances are points where the wave resonates with the plasma in various
ways, making the amplitude of the oscillating plasma particles grow very large.
This is clearly interesting from a heating point of view, since it means efficient
energy transfer from the wave to the plasma. Therefore, all RF heating schemes
use waves that are tuned to some resonance frequency of the plasma.

One of the most commonly used techniques is the so called ion cyclotron radio
frequency (ICRF) heating. Here the resonance at the ion cyclotron frequency
ωci is used to transfer the energy. At the resonance the electric field rotates in
phase with the cyclotron motion of some of the plasma ions, which gain kinetic
energy. Through subsequent collisions with other plasma particles the kinetic
energy is converted into thermal energy. This technique is widely used in a lot of
tokamak experiments and has proved to work very well. One convenient feature
is the possibility to control the location of the energy deposit in the plasma;
since the cyclotron frequency depends on the magnitude of B, heating will only
take place in a certain region of the plasma, called the resonance layer. When
B is a function only of R, as is the case in large aspect ratio tokamaks such as
JET and ITER, the resonance layer is a region of constant R. By combining
equations (1.13) and (1.15) the resonance is seen to occur at

Rres =
|q|B0R0

mωICRH
, (2.15)

where ωICRH is the angular frequency of the wave.
Another interesting feature with ICRF heating is the ability to heat the

plasma at higher harmonics of the cyclotron frequency. I.e., not only is there a
resonance at ω = ωci, but there are also resonances at

ω = nωci (n = 2, 3, . . .) . (2.16)

This is not obvious, but a detailed analysis shows that this is indeed the case
[10]. It is a consequence of the Larmor gyration in combination with the fact
that the electric field is inhomogeneous in space. It can also be shown that this
effect is stronger for high energetic particles, since these have larger Larmour
radius. More precisely, the strength of the wave-particle interaction, Dn, can
be shown to behave roughly as [18]

Dn ∝ |Jn−1 (k⊥rL)E+|2 , (2.17)

where E+ is the magnitude of the co-rotating electric field, k⊥ the perpendicular
wave number, and Jn is the Bessel function of degree n. For higher harmonics
of the cyclotron frequency (n > 1), Dn grows with increasing rL, i.e., increasing
energy. Thus, energetic ions will be heated more than thermal ones. A typical
characteristic of ICRF is therefore the formation of high energy tails in the ion
distribution function, as illustrated in figure 2.3. The effect of these high energy
tails is studied in this thesis.

2.2.2 Neutral beam injection
Another commonly used heating technique is the neutral beam injection (NBI).
As the name implies this amounts to firing energetic neutral particles into the
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E

Figure 2.3: Sketch of a Maxwellian distribution with a high energy tail (blue,
solid), and an ordinary Maxwellian (red, dashed).

plasma. Since the particles are neutral they can penetrate the confining mag-
netic field. Once inside the plasma the particles ionize and transfer their energy
to the bulk plasma through Coulomb collisions, very similar to the ICRF case.

This heating scheme also gives rise to non-Maxwellian, high energetic ions
in the plasma.

2.3 Neutron spectra
Experiments are the foundation of all science. And any experiment would be
meaningless if there were no means of observing the results. Sometimes our six
senses are enough to observe the results of an experiment, but sometimes - like
in the case with a 100 million K fusion plasma for instance - this is not enough.
At JET there is a multitude of diagnostics devices that serve as the eyes and
ears of the scientists during the experiments.

Neutron emission spectroscopy (NES) is one of these diagnostics techniques.
It is based on the fact that a fusion neutron carries with it a lot of information
about the particles in the plasma where it was produced. This can be seen in
the following way. In a fusion reaction between two particles with masses m1

and m2, the conservation of energy and momentum in the lab reads

m1v1 +m2v2 = mnvn +mRvR (2.18)
1

2
m1v

2
1 +

1

2
m2v

2
2 +Q =

1

2
mnv

2
n +

1

2
mRv

2
R, (2.19)

where mR,n is the mass of the residual product(s) and the neutron respectively,
and Q is the the released fusion energy in the reaction. The neutron energy is
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most easily solved for by transforming to centre of mass coordinates, where the
conservation conditions become

m1u1 +m2u2 = mnun +mRuR = 0 (2.20)

K +Q =
1

2
mnu

2
n +

1

2
mRu

2
R, (2.21)

where

K =
1

2
m1u

2
1 +

1

2
m2u

2
2 = ... =

=
1

2

m1m2

m1 +m2
(u1 + u2)

2 ≡ 1

2
µv2

rel (2.22)

is the total kinetic energy of the incident particles in the centre of mass frame
(i.e. the relative kinetic energy in any other frame). In the above expression the
reduced mass µ has also been introduced. Using these equations, the neutron
energy in the lab frame can be expressed as [1]

En =
1

2
mnv

2
CM +

mR

mn +mR
(Q+K) + vCM cos θCM

√
2mnmR

mn +mR
(Q+K).

(2.23)
Here vCM is the velocity of the centre of mass

vCM =
m1v1 +m2v2

m1 +m2
, (2.24)

and θCM is the angle between the neutron emission direction in the centre of
mass frame, and the centre of mass velocity. Hopefully, figure 2.4 will make the
situation clear.

From equation (2.23) it is clear that if the detailed kinematics of the par-
ticles in the fusion reactions are known, the neutron energies are completely
determined. However, in a fusion plasma containing around 1020 particles per
cubic meter, such detailed knowledge is impossible. Instead, the best one can
do is to try to get information about the distribution function of the plasma
particles. This function carries information about the statistical behavior of the
particles. It is usually denoted by f (v, r, t), and defined in such a way that

dN = f (v, r, t) dvdr (2.25)

is the number of particles inside the volume element dr (centered at the position
r), with velocities between v and v + dv. Alternatively, the distribution func-
tion could be normalized to unity, in which case equation (2.25) describes the
probability to find a particle in the phase space volume element dvdr. However,
in this report the first definition will be used.

A particularly important distribution function is the Maxwellian distribu-
tion, which describes particles in thermal equilibrium. It is derived for example
in [2] and for a nonuniform distribution of particles it is given by

f (v, r) = n (r)

(
m

2πkBT

)3/2

e
− mv2

2kbT , (2.26)

where n is the particle density, m the particle mass, T the temperature, and kB
is the Boltzmann constant.
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Figure 2.4: The kinematics of a fusion reaction in the CM frame (red, dotted)
and in the LAB frame (black, solid). For clarity, all the fusion products are not
shown, only the neutron.

Now look at the situation in a fusion plasma in more detail. The plasma
consists of electrons and ions. The ions constitute the reactants for the fusion
reactions and may be described by the two distribution functions f1 and f2.
These particles will now move around and bounce into each other and, occa-
sionally, a fusion reaction will take place. The number of fusion neutrons with
energy En emitted from the volume element dr, centered at r, is obtained as
the integral over the reactant distributions and the reactivity

dn

dE
=

1

1 + δ12

ˆ

v1

ˆ

v2

f1 (v1, r) f2 (v2, r) δ (E − En) vrelσ (vrel) dv1dv2 (2.27)

Here, En is the neutron energy as a function of the initial particle velocities as
given by equation (2.23); δ (E − En) is the Dirac delta function used to single
out the ion velocities that give rise to the specific neutron energy, and σ is the
cross section for fusion of the two reactants. The Kroenecker symbol δ12 is
included so as not to count any reactions twice, if the plasma would contain
only one ion species (like a DD plasma for instance). Now, the total number of
fusion reactions in the plasma is obtained by integrating over the whole plasma
volume

dN

dE
=

ˆ

r

ˆ

v1

ˆ

v2

f1 (v1, r) f2 (v2, r) δ (E − En) vrelσ (vrel) dv1dv2dr. (2.28)

However, in an actual measurements of the neutron spectrum, the detector has
a limited line of sight, and will only “see” a small fraction of the plasma. The
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only neutrons that will be recorded in the spectrum are the ones emitted in the
direction of the line of sight, from a position where the detector is visible. This
can be quantified by the solid angle ∆Ω (r), and is illustrated in figure 2.5. The
cross section in equation (2.28) is then replaced by the differential cross section
times the solid angle, and the expression for the neutron spectrum becomes

dN

dE
=

ˆ

r

ˆ

v1

ˆ

v2

f1 (v1, r) f2 (v2, r) δ (E − En) vrel
dσ (vrel, θ)

dΩ
∆Ω (r) dv1dv2dr.

(2.29)
Points that are outside the line of sight have ∆Ω equal to zero, and thus do not
contribute to the spectrum. This is the equation that will be used as the basis
of spectra calculations in this report.

The above discussion suggests that there is indeed a strong connection be-
tween the neutron spectrum and the ion distribution functions in the plasma.
It is therefore of great interest to be able to measure neutron spectra, and to be
able to interpret the results and extract information from it.

2.3.1 The TOFOR spectrometer
There are many different techniques for measuring fusion neutron spectra. Of
relevance for this work is the TOFOR spectrometer installed at JET. This de-
tector uses the so called time of flight principle to measure neutron energies.
Very simplified, it consists of two sets of detectors, a distance L apart, and the
time difference between detection for an incident neutron is recorded. This time,
tTOF , can then be related to the neutron energy

En =
1

2
mn

(
L

tTOF

)2

(2.30)

and for a large number of incident neutrons, the neutron spectrum can be de-
duced.

However, since the detectors are not ideal devices, they will detect different
energies with different probability. This property of the detector can be captured
in a so called response function. The measured spectrum can then be seen as a
folding of the "true" spectrum with the response function.

TOFOR is situated in the roof lab, directly above the JET torus, with the
same line of sight as the schematic detector in figure 2.5. This is the line of
sight used below, when calculating neutron spectra.

2.4 Modeling of neutron spectra
In order to understand the spectra recorded by a spectrometer it is neccesary to
develop physics models to analyze neutron spectra. By doing this it is possible to
identify different components of the spectrum, and to attribute them to different
reactions in the plasma.

The main component of a fusion neutron spectrum is the thermal component,
resulting from fusion reactions between ions in the thermal bulk plasma. This
has an almost Gaussian shape [1].
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Figure 2.5: Schematic picture illustrating the solid angle ∆Ω of the detector
seen by a particle in the tokamak. The detector has approximately the same
line of sight as TOFOR.



CHAPTER 2. THEORY 22

En

d
N
/d
E

Figure 2.6: Sketch of the thermal (red, solid), and beam (blue, dashed) compo-
nents of the neutron spectrum.

The neutrons from non-thermal reactions have entirely different spectra.
Consider for example the reaction between energetic ions and the bulk plasma.
The neutron energies are given by

En = E0 + ∆EcosθCM (2.31)

from equation (2.23). Due to the large Larmor radius of the fast ions the
corresponding neutron spectrum ranges between E0 −∆E and E0 + ∆E and is
peaked towards the edges, as illustrated in figure 2.6. The neutrons emitted in
the direction of the sight line will have different energies depending on where
during the gyration the reaction occurs (θCM equal to 0, π/2 or π). This causes
a broadening of the spectrum, and since the cosθCM term varies more slowly
close to θCM equal to 0 and π, the spectrum is peaked at the edges. This
spectrum is a typical signature for NBI heating.

A lot of spectral components can be identified and understood in this way.
And when the physics behind the different components are known, a lot can
be said about the physics going on in the plasma by analyzing the neutron
spectrum [12, 13].

An important part of the analysis is the ability to calculate neutron spectra,
given the distribution function of the fuel ions. This is done by evaluating
equation (2.29) numerically, usually by means of Monte-Carlo techniques. The
reason one wants to do this could be to test whether theoretical predictions
actually produce the neutron spectrum that is measured. A computer code
called ControlRoom has been developed for this purpose [14]. This code has
proved very useful when analyzing neutron spectra.

However, the distribution functions used when calculating a spectrum in
this way do not fully include the Larmor gyration of the particles. Essentially
the particles are approximated to move along their gyro centre-averaged orbits.
This approximation usually works very well, because the Larmor radius of a
typical plasma particle (E ≈ 5 keV) is only a fraction of a centimeter, much
less than other relevant length scales in the plasma. But there are situations
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Figure 2.7: The sight line of a detector (indicated with dashed lines), may
affect which neutrons that are observed. Here only the high energy neutron
(blue arrow) is detected. The low energy neutron (red arrow) is outside the line
of sight, but in the gyro centre approximation this neutron would also be seen.

when this approximation does not hold any longer, for example when there is a
large population of fast ions. As discussed in section 2.2 such high energy tails
arise when NBI and higher harmonic ICRF are used. These fast ions may have
Larmor radii of the order of decimeters, which is comparable to the width of the
sight line of TOFOR, and may therefore affect the recorded neutron spectrum.

Consider for example the energetic plasma particle sketched in figure 2.7.
As it moves around in the tokamak it may collide and fuse with an ion from the
thermal bulk plasma (fusion with other fast ions is of course also possible, but
much less probable). The resulting neutron, in turn, may be emitted upwards,
towards the TOFOR spectrometer in the roof. The neutron will only be detected
if it is emitted in the line of sight (i.e. if it has ∆Ω not equal to zero). But, with
the gyro centre approximation that is used when calculating neutron spectra
this effect is not taken into account. Hence, in figure 2.7, both the high and low
energy neutron would contribute to the spectrum. For a plasma with a lot of
fast ions, this is believed to cause an error in the calculated spectrum.

2.4.1 The aim revisited
As stated in section 1.3, the aim of this thesis is to calculate neutron spectra,
taking the full ion velocity distribution into account, i.e. fully including the Lar-
mor gyration of the fuel ions. The above discussion suggests why it is desireble
to do this. We want to investigate if there is a significant difference between
spectra calculated with and without the gyro centre-approximation, and if the
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latter agrees with TOFOR-data.
The starting point is the gyro centre-averaged distribution function obtained

from the SELFO code (described in chapter 3). From this distribution the orbits
of a large number of test particles can be calculated, and the neutron spectrum
can be generated by a Monte-Carlo simulation.



Chapter 3

Calculations of neutron
spectra

This chapter describes the actual work performed during the diploma work. As
described in the last chapter, the task is to calculate neutron spectra taking
into account the exact motion of the fuel ions. Starting from "scratch", this
would be a formidable problem, involving a lot of complicated plasma physics
and electrodynamics. Fortunately a lot of earlier work, somewhat outside the
field of neutron spectroscopy, reduces the problem considerably.

A computer code called SELFO [16] have been developed to model the heat-
ing of tokamak fusion plasmas. This code calculates ion distributions and elec-
tromagnetic field configurations for a given heating scenario, in a self-consistent
manner. It is done by combining the two codes FIDO [22], which calculates the
change in the plasma particle distribution subject to an electromagnetic field,
and LION [21], which calculates the change in the electromagnetic field caused
by the particle distribution. As output, the ion distribution is given in terms
of a distribution of the constants of motion E, pφ and Λ, described in section
2.1. Hence, this is essentially a distribution of the gyro centre orbits of the ions.
The main problem in the spectrum calculation is then to calculate the full ion
orbits, given a FIDO-distribution.

It is shown below that the constants of motion from the FIDO-distribution
can be used to calculate initial positions and velocities of the fuel ions. These
initial values can then be be fed into a numerical ODE solver to calculate the
full ion orbits.

The approach followed in this work is to calculate a neutron spectrum by
first calculating a large number of particle orbits from the FIDO-distribution,
and then to build up the spectrum according to equation (2.29), using a Monte-
Carlo simulation. Particles are sampled along the orbits, and reacts with the
thermal background plasma. Below follows a description of the steps leading
from the FIDO-distribution to the calculated neutron spectrum.

3.1 Initial conditions
The first step in the calculation of a spectrum is to find initial conditions for
the position and velocity of the ion to feed to a numerical ODE solver. The

25
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starting point is the set of constants of motion (E, pφ,Λ) that is obtained from
the FIDO-distribution. These numbers completely determine the gyro centre-
averaged orbit, but to make any use of them we must find the transformation
from “constant of motion”-space to ordinary space. To do this we first note that
we can use the approximate expression for the tokamak magnetic field (equation
(1.17)) to rewrite Λ in the following way

Λ =
Rturn
R0

=
Bo
Bturn

. (3.1)

Furthermore, at the turning point the parallel velocity is equal to zero, and the
kinetic energy of the particle simply becomes

E = µBturn. (3.2)

Combining these two equations with equation (2.6) for the magnetic moment,
we can write down the following expressions for the parallel and perpendicular
speeds

v2
⊥ =

2

m
EΛ

R0

R
(3.3)

v2
‖ =

2

m
E

(
1− Λ

R0

R

)
, (3.4)

where we again used equation (1.17) for the tokamak magnetic field. Now we
have values of the speed and pitch angle everywhere in the tokamak. But we
would like to have the velocity vector, expressed in the cylindrical coordinates
of the tokamak. That is, we must find expressions for vR, vφ and vZ in terms
of v⊥ and v‖. This can be done by introducing a new coordinate system x′y′z′

in addition to the cylindrical coordinates RφZ. The situation is illustrated in
the figure 3.1. The new coordinate system is such that B = Bŷ′. From this
definition of ŷ′ we now want to construct x̂′ and ẑ′ so that we get a right-handed,
orthonormal basis. Since Bφ is always non-zero in a tokamak, this can be done
for example in the following way

x̂′ =
R̂− BR

B2 B

1− BR

B

, ẑ′ = x̂′ × ŷ′ =
R̂× B

B

1− BR

B

. (3.5)

However, at this stage it is useful to make an approximation, in order to simplify
the rest of the calculations. The key observation is that the toroidal component
of the magnetic field greatly outweighs the other two components, as noted in
section 1.2. Because of this, the following approximations can be made

BR
B

≈ BZ
B
≈ 0 (3.6)

Bφ
B

≈ sgn

(
Bφ
B

)
(3.7)

In the last expression, sgn denotes the sign function, defined as

sgn (x) =

{
+1 x > 0

−1 x < 0
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Figure 3.1: Illustration of the primed coordinate system.

With these approximations, the new coordinate system almost coincides with
the cylindrical coordinate system:

x̂′ = R̂ (3.8)

ŷ′ = sgn

(
Bφ
B

)
φ̂ (3.9)

ẑ′ = sgn

(
Bφ
B

)
Ẑ (3.10)

Now we are finally in a position to determine the parallel and perpendicular
velocities. The parallel velocity is easily expressed as

v‖ = ±v‖sgn
Bφ
B
φ̂, (3.11)

where the ± sign determines whether the particle moves parallel or anti-parallel
to the magnetic field. As for the perpendicular velocity, there is no ambiguity
when it comes to the sign, due to the nature of the Lorenz force it is anti-
clockwise in the x′z′-plane (for positively charged particles), as seen in figure
3.2. The perpendicular velocity can now be written as

v⊥ = v⊥ (− sin θgx̂
′ + cos θgẑ

′) =

= v⊥

(
− sin θgR̂ + cos θgsgn

(
Bφ
B

)
Ẑ

)
(3.12)

where θG is the gyro angle, also shown in figure 3.2. From these expressions it is
straightforward to write down the velocity components in terms of the constants
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Figure 3.2: The direction of the Lorenz force for a positive particle moving in the
x′z′-plane. The gyro angle is the angle between the x′-axis and a line between
the gyro centre and the particle.

of motion and the gyro angle

vR = −
√

2

m
EΛ

R0

R
sin θg (3.13)

vφ = ±

√
2

m
E

(
1− Λ

R0

R

)
sgn

Bφ
B

(3.14)

vZ =

√
2

m
EΛ

R0

R
cos θgsgn

(
Bφ
B

)
(3.15)

where we have substituted equations (3.3) and (3.4) for v⊥ and v‖. A certain
arbitrariness has now been introduced in terms of θg. This is not surprising,
since the constants of motion (E, pφ,Λ) only describes the gyro centre-averaged
orbit, and the particle can spiral along this orbit with different phases.

Now that the velocity components are known, an initial value for the position
can be found by noting that the gyro centre orbit consists of all the points that
satisfy equation (2.4) for the canonical momentum. Hence, by substituting
the expression for vφ into this equation, we get an implicit equation for the
gyro centre orbit (the spatial dependence of B is provided from data taken at
JET during the pulse under consideration). If any of these points are found,
the initial velocity is given by equations (3.13) through (3.15), evaluated at
the corresponding point, and the initial position is found by moving away one
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Larmor radius from this point, in the direction specified by the gyro angle

Ri = Rgc + rL cos θg (3.16)
Zi = Zgc + rL sin θg (3.17)

The φ-coordinate need not be specified, since the problem is toroidally symmet-
ric. This completes the first part of the spectrum calculation.

3.2 Integration of the equation of motion
The equation of motion can now be integrated numerically. This was done in
MATLAB, using a Runge Kutta method. In cylindrical coordinates the system
of equations becomes

dvR
dt

=
q

m
(vφBZ − vZBφ) +

v2
φ

R
dvφ
dt

=
q

m
(vZBR − vRBZ)− vφvR

R
dvZ
dt

=
q

m
(vRBφ − vφBR)

dR

dt
= vR

dφ

dt
=

vφ
R

dZ

dt
= vZ

The goal is to simulate the particles during one full orbit in the poloidal plane,
no more and no less. To do this a suitable stopping condition is needed. In this
work this was done by creating a “target area” from the first short part of the
orbit. When the particle reenters this area, it has completed one full orbit, and
the simulation is stopped. An overview of the implementation can be found in
the appendix.

3.2.1 Evaluation of the orbit code
It is essential for this work that the calculated orbits are accurate, i.e., that they
really correspond to a physical orbit of an ion moving in the magnetic field. It is
therefore necessary at this point to test the orbit code and try to decide whether
it produces physical results.

The first test is simply inspecting the orbits, to see if there is any apparent
errors in the implementation. Four random orbits obtained from the FIDO-
distribution are shown in figure 3.3. This looks quite encouraging; there are no
sign of divergences of any kind, and the orbits follow the gyro centre orbits very
nicely.

Another, more quantitative, test is to check that the code really conserves
the energy and the toroidal canonical momentum, as it should do according to
the discussion in section 2.1. Figure 3.4 shows a plot of the relative loss in E
and pφ during on poloidal revolution, for 5000 orbits. In the topmost panel
it is seen that the particle energy is indeed conserved, within a fraction of a
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Figure 3.3: Examples of four orbits calculated from the FIDO-distribution
(blue), and the corresponding gyro-averaged orbits (red, dashed).
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Figure 3.4: Relative change in E and pφ during one poloidal turn for 5000 orbits.

percent. In the bottom panel the same type of plot is shown for pφ. However,
here the results are more disturbing. There is one orbit that seem to change its
canonical momentum by a factor of 40, and a closer look on the rest of the data
shows that some of the other particles also lose or gain a considerable amount of
momentum (this is not visible in the plot). This is of course deeply disquieting,
and at first glance it seems like a serious problem. However, an explanation can
probably be found by examining the numerics a little closer. Namely, when pφ
is calculated it involves subtracting two numbers of almost the same size, which
is numerically a very sensitive operation.

From equation (2.4) it can be seen that pφ is calculated by summing two
terms, one involving the toroidal velocity and the other involving the magnetic
flux. Figure 3.5 shows a plot of these two terms separately, along with the sum,
pφ. From this plot it certainly looks like pφ is conserved along the orbit. A
zoom of the plot shows that pφ indeed fluctuates quite a bit, but this is on a
much smaller scale than the fluctuations in the separate terms. Since the two
terms are almost equal in magnitude but have opposite sign, small numerical
fluctuations in the separate terms becomes dominating when they are summed,
and this is what shows up in the relative loss in pφ.

Similar plots for the other deviating particles show the same effect. Hence it
still seems reasonable to believe that the orbit code used in this work produce
results that can be trusted.
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Figure 3.5: A plot of the two terms that is summed when calculating pφ, along
with the sum.

3.3 Monte-Carlo simulation
The aim is now to evaluate the integral in equation (2.29) numerically, through
a Monte-Carlo simulation. A large number of particles were sampled from the
FIDO-distribution, corresponding initial values were generated, and the orbits
were calculated according to equation given above. The actual Monte-Carlo
simulation is then performed according to the following steps:

1. Sample a particle along one of the orbits (i.e., choose a random point and
the corresponding velocity) .

2. Sample a particle from the thermal background plasma at this point. The
background plasma is assumed to be Maxwellian with temperature 3 keV,
and the radial density profile is the one measured at JET for the pulse
under consideration.

3. If the particles are in the line of sight, calculate the neutron energy for a
fusion reaction between these two particles, for the case when the neutron
is emitted in the direction of the line of sight.

4. Calculate the cross section for the reaction. In this work the parametriza-
tion by Bosch and Hale [8] was used.

5. Repeat the above steps, and build up a histogram of the different neutron
energies, weighted with the reactivities and the densities of the involved
particles, according to equation (2.29). The spectrum is normalized with
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the total number of Monte-Carlo particles, not just the ones in the line of
sight.

The neutron energy in the third step is calculated using equation (2.23), where
the centre of mass angle θCM can be obtained in terms of the LAB emission
angle by some elementary geometry and the conservation laws.

3.4 Application to a JET pulse
A neutron spectrum from JET discharge #74937 was calculated. In this dis-
charge both NBI and 3rd harmonic ICRF were used, creating a large population
of fast ions. The time trace of the applied heating and the total neutron flux
is shown in figure 3.6. It is seen that when the NBI is turned on at t = 11 s
the neutron rate rises and quickly stabilizes around 5 · 1014 s−1. At t = 12 s the
ICRF is turned on, creating even more fast ions and a corresponding increase
in the neutron flux. The neutron spectrum was calculated for the time t = 15.3
s.

Since the finite Larmor radius effect we are investigating is only expected
to be important at high ion energies, only orbits with energy larger than 50
keV were used in the spectra calculations, in order to save computation time.
This will not cause much error in the spectrum, due to the low reactivity at
thermal energies, and the low density of the plasma under consideration. The
ion temperature was assumed to be 3 keV, and the plasma density during the
discharge was measured to be around 2 · 1019 m−3. This gives rise to a thermal
neutron emission rate in the order of 1012 m−3s−1, which is several orders of
magnitude less than the non-thermal emission rate.
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Figure 3.6: Time trace of the heating systems (top) and the total neutron
emission rate (bottom) for JET discharge #74937.



Chapter 4

Results and discussion

The neutron spectrum calculated for JET discharge #74937 are presented below.
The spectrum is compared against another calculated spectrum, that essentially
corresponds to the gyro centre-approximation, and against experimental results
from TOFOR.

4.1 Comparison with gyro centre approximation
Figure 4.1 shows the neutron spectrum calculated from the FIDO-distribution
as described in the previous chapter. This spectrum takes the line of sight of
TOFOR into account, and will be called L-spectrum in what follows. Also shown
in the figure is a spectrum where all the neutrons emitted radially upwards have
been recorded (called F-spectrum in what follows), not just the ones in the line
of sight. This serves as a way to illustrate what would happen if the full Larmor-
gyration of the particles were not taken into account and roughly corresponds
to the gyro centre approximation that is usually used when calculating spectra.
The scale of the y-axis is arbitrary, hence only the shapes of the spectra should
be compared, not the absolute intensities.

The two spectra exhibit both similarities and differences. Both have the
characteristic beam component (the two humps on each side of 2.5 MeV), and
the neutron energies lie in the same range. Both spectra also have a high energy
tail created by the applied RF-heating. However, in the L-spectrum, the relative
intensity of the low energy hump is much lower compared to the F-spectrum,
and the former falls off a lot faster on the low energy side. The RF-tail of the
L-spectrum also seem to fall of a little faster than the F-spectrum , but this is
a smaller effect.

The fact that the low energy part is affected more than the high energy part
for this discharge is due to the details of the ICRF heating used. The plasma
was heated with a frequency around 5 ·107 Hz, and according to equation (2.15),
this places the resonance layer close to the magnetic axis (R ≈ 3 m). This is
quite close to the outer limit of the TOFOR line of sight. Hence we have here
exactly the situation illustrated in figure 2.7, and a lot of low energy neutrons
are probably "missed" because of this, as discussed in section 2.4.
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Figure 4.1: Calculated spectra for JET discharge #74937 at t = 15.3 s, shown
in both linear and logarithmic scale. The red, solid line is the L-spectrum, and
the blue, dashed line is the F-spectrum.
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Figure 4.2: The L-spectrum (blue, solid line) for t = 15.3 s compared with
TOFOR-data from the same time of the discharge (points with error bars).
The calculated spectrum is seen to have a larger beam component in relation
to the RF-tail, compared to the TOFOR-data.

4.2 Comparison with TOFOR-data
These results clearly indicate that the details of the sight line can have con-
sequences that are visible in the spectrum. It is now interesting to check how
well the calculated spectra agrees with the actual spectrum measured by TO-
FOR at the corresponding time during the discharge. This is done by folding
the calculated spectra with the TOFOR response function and calculating the
flight time corresponding to the different neutron energies from equation (2.30).
This is shown in figure 4.2. However, the agreement seems to be very poor.
It is seen that the TOFOR spectrum at time t = 15.3 s is qualitatively very
different from the calculated spectra. The RF-tail is smaller in relation to the
beam component than what is actually observed. It is not obvious why this is
so. One possible explanation could be that SELFO does not fully capture the
strength of the coupling between the RF heating and the plasma, thereby under-
estimating the number of fast ions from the RF. This assumption is supported
by the graphs in figure 4.3. Here it is seen that much better agreement between
calculations and observations is obtained if the calculated spectra are compared
against an earlier time slice, t = 13 s. At that time the applied RF power was
about half as high as at t = 15.3 s, and if SELFO really does underestimate
the effect of the RF heating it seems reasonable that it should produce better
agreement when compared to a time slice with the same beam power but with
lower RF power.

These are just speculations, and the reason for the observed differences needs
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to be investigated further. However, here we limit ourselves to pointing out
the similarities between the calculated spectra from the FIDO-distribution for
t = 15.3 s and the TOFOR spectrum at t = 13 s that can be seen in figure 4.3
The L-spectrum fits the data quite well at low energies (long time of flight), but
at high energies the spectrum falls off too rapidly. The F-spectrum overestimates
the number of low energy neutrons and shows the same disagreement at high
energies as the L-spectrum. These results indicate that the sight line effect was
important for this discharge, and that it is satisfactorily accounted for when
calculating the spectrum in the way presented in this thesis. But of course it
is not possible to draw any certain conclusions before the question about the
different time slices has been resolved.

As for the discrepancy at high energies, a possible explanation can be found
by returning to the RF diffusion coefficient, Dn, of section 2.2. This was seen
to be proportional to the Bessel functions Jn. It was pointed out that Dn grows
with increasing energy, leading to the formation of high energy tails in the dis-
tribution function. But this is not the whole picture; since the Bessel functions
are oscillating functions, Dn will eventually start decreasing and become zero
for some energy E∗ [19]. Hence, no ions are accelerated above this energy, and
therefore E∗ is related to the maximum neutron energy. The value of E∗ is in-
versely proportional to the electron density, ne [20]. Thus, uncertainties in the
measurements of ne would propagate through SELFO and ultimately show up
in the spectrum calculated here. The uncertainty is often as large as 10 percent.
A 10 percent lower value of ne corresponds to a 11 percent higher value of E∗,
which would probably lead to more high energy neutrons in the calculated spec-
tra. But this must also be investigated further. It would be interesting to see
if another FIDO-distribution based on a lower electron density would produce
a spectrum in better agreement with TOFOR-data.

As a final remark, it is worth pointing out that the cross section used in the
calculations is the total, angle integrated, cross section. The reason for this is
mainly the difficulty to find a parametrization of the differential cross section
at the relevant energies. However, the DD cross section has a distinct angular
dependence, which might alter the calculated spectra somewhat.
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Figure 4.3: Top: The L-spectrum (blue, solid line) for t = 15.3 s compared
with TOFOR-data from the earlier time slice t = 13 s (points with error bars).
The calculated spectrum fits the experimental data well, except at the highest
energies (short time of flight), see discussion in text. Bottom: Same plot for the
F-spectrum. Here, the low energy (long time of flight) part of the calculated
spectrum is overestimated, and the disagreement at high energies is the same
as in the L-spectrum.



Chapter 5

Conclusions and outlook

The results indicate that the details of the sight line of a detector might indeed
affect the features of the measured neutron spectrum. This thesis has only
studied the implications for neutron spectroscopy, but it seems plausible that
similar effects are also associated with other fusion diagnostics techniques that
depend on reaction between the fuel ions, such as gamma-ray spectroscopy and
neutral particle analysis (NPA).

The biggest question arising from the results is the observed similarity be-
tween the calculated L-spectrum and the TOFOR-spectrum from a somewhat
earlier time during the discharge. In order to fully understand the results this
must be investigated further.

The results presented here are only qualitative, and represent a first inves-
tigation of the effect. Only one discharge has been analyzed, and comparison
with more experimental data is needed to test the reliability of the code. An
implementation of the angular dependent differential cross section would also
be a suitable development.

Furthermore, if one would like to incorporate the code into the more day-
to-day analysis of NES data, additional work is needed. The code needs to
be rewritten in another, faster language, and merged into the existing analysis
software. However, even if this is done, a FIDO-distribution is needed for each
discharge that is analyzed. This is inconvenient and time consuming, and it
would therefore be desirable to develop a model that captures the effect without
the need to calculate the detailed orbits of a large number of ions. The code
developed in this work may then serve as one way to benchmark such a model.
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Appendix A

MATLAB implementation

A.1 Overview of the functions
An overview of the main MATLAB functions and their use in the calculations
is shown in figure A.1. From the FIDO-distribution initial values are calculated
with initialValue. The initial values are then fed into tokamakOrbit, which
integrates the orbits. Both of these functions uses linInterp to linearly inter-
polate the magnetic field at the various points in the tokamak. Once the orbits
are calculated, these are fed into spectrum, which samples points along the or-
bits and builds up a histogram of fusion neutrons emerging from these points,
with the help of getSpectrum. The velocities of the bulk ions are sampled with
maxwellVelocity, and the kinematics of the fusion reaction is calculated with
DDNeutron. The cross section parametrization is in CrossSection.
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Figure A.1: Overview of the MATLAB functions.


