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Abstract

In this report we compute bond prices where the short rate is described
by the classic versions of the Vasiček model and the CIR model. We
state the basic properties concerning parameter monotonicity and term-
structures for these models. We then let the volatility be described by
a stochastic process of the same type as the short rate process and use
Matlab to generate sampling paths from which we calculate bond prices in
these models with stochastic volatility. We also use asymptotic methods
to derive a stochastic volatility alternative to the classic Vasiček model.
These bond prices are then compared to the prices in the classic versions
of respective model. We also investigate parameter monotonicity in these
alternative models.
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1 Introduction

Under the risk neutral measure Q, which we will define in Section 2.1 below,
bond prices are given by the formula p(t, T ) = F (t, r(t);T ) for which

F (t, r;T ) = EQ
t,r

(
e−

R T
t r(s)ds

)
,

where r is the short rate and T is the date of maturity. The literature contains
many different models for the short rate (see [1] p. 327 for examples). In this
report we will focus on two models, the first being the Vasiček model which is
characterized by the stochastic differential equation (SDE)

dr(t) = α(b− r(t))dt + σdW (t)

and the second being the Cox-Ingersoll-Ross (CIR) model in which r is the
solution to

dr(t) = α(b− r(t))dt + σ
√

r(t)dW (t).

These models will be referred to as the “classic models”. As we can see, the
difference between the models is that the diffusion term in the CIR model
goes to zero as r(t) goes to the origin which prevents r(t) from taking negative
values.

In the present report we will let the volatility σ in these classic models be
described by a SDE which will give us short rate models of the form (r, V )
and they will be referred to as the “stochastic models”. The use of stochastic
volatility is originally a way of trying to correct a flaw in the Black-Scholes the-
ory in which the volatility is assumed to be a deterministic constant. However,
empirical data suggests that volatility tends to vary with respect to strike price
and expiration, causing what is known as volatility smile and volatility skew.
These phenomena cannot be explained in the Black-Scholes framework and it
is the purpose of stochastic volatility to correct this shortcoming and make
derivative pricing more accurate [11]. Another argument for using stochastic
volatility is that in many models the effects of transaction costs show up as
uncertainty in the volatility [6, p. 33].

Bond pricing however, is not done using the Black-Scholes model and we
might ask ourselves if there is any meaning in complicating the pricing problem
further by using a stochastic volatility term? How will prices in the stochastic
models differ from prices in the classic models? It is the purpose of this report
to try to answer these questions. We will do this by calculating the price
pc(t, T ) using the classic models and the price ps(t, T ) using the stochastic
models and see if they differ. This will be done for both the Vasiček and the
CIR model in a few concrete examples where we fix all parameters but one
and see what happens to the bond prices when that parameter changes. We
will also study parameter monotonicity in the classic respectively the stochas-
tic version of each model. To calculate the bond prices we will use numerical
discretization methods, primary the Euler scheme but in some cases we will
also use the Milstein scheme.

The classic models above share two important properties. The first one is
that they are both mean-reverting in the drift term where b can be viewed as
the rate level in the long run and α as the speed with which r(t) is approaching
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b. The economic argument for mean reversion is that if the interest rate gets
too high, people and companies will reduce their borrowing and less capital
will be invested. This will make the production rate, as well as people’s inter-
est in making investments fall, which pushes interest rates down. Conversely,
if interest rates are low, people and companies increase their borrowing and
investments, which in the long run leads to a higher demand on capital for
investments which in turn raises the interest rate.

The reason for using mean-reverting models for the stochastic volatility
term when pricing derivatives is that it is well suited for describing so-called
bursts. This feature of the volatility is shown by empirical studies and means
that when the volatility is low, it tends to stay low for a period, and similarly
when it is high, it stays high for a period. Between these highs and lows the
process returns to its mean and this occurs more often when the period of the
bursts are short [6, p. 58f.].

The second common feature is that they have affine term structures which
in this case means that the bond price can be written in such a way that the
logarithm of the bond price is an affine function of r, i.e. that

log(p(t, T )) = A(t, T )−B(t, T )r,

where A(t, T ) and B(t, T ) are deterministic functions.
Unlike the classic model, the model (r, V ) does not allow us to write the

bond price as an affine function of r. But if we follow [6] and treat this system
as a perturbation of the classic case we can calculate a correction term C(t, T )
which we add to the affine formula. This gives us an approximation of the
logarithmic bond price of the form

log(p(t, T )) ≈ log(1 + C(t, T )) + A(t, T )−B(t, T )r

for the stochastic model. In Section 3.2.1 we will calculate this corrected bond
price for the Vasiček model and use it to analyze what happens when one
parameter in the model is changed, all other things being equal. We will do
the derivation of the corrected price formula in full detail to show the theory
behind it. This will be referred to as the “corrected bond price”and we will
compare this price to the price in the stochastic model.

Section 2 will present the theoretical background for the simulations, which
will be presented in Section 3 and 4, for the Vasiček and the CIR model
respectively. It is not the purpose of this report to investigate the numerical
aspects of the results, nor to compare the two methods used but in Section
5 we will briefly discuss some of these issues and finally Section 6 gives a
summary of the report.

2 Prerequisites

In this section we try to present the underlying theory of the subsequent
sections in generic terms. We start with the important concept of risk neutral
valuation. Then we look at the short rate models, the parameter monotonicity
in these and their term structure equations. In the last subsection we present
the numerical methods which will be used.
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2.1 Risk Neutral Valuation

We consider a contingent claim X = Φ(S(T )) in a market characterized by
the equations

dB(t) = rB(t)dt
dS(t) = α(t, S(t))S(t)dt + σ(t, S(t))S(t)dW (t).

Furthermore, we know that the arbitrage free price of the claim is given by
Π(t; Φ) = F (t, S(t)) where F solves the Black-Scholes equation. Moreover,
Feynman-Kač tells us that the solution to this Black-Scholes equation is given
by

F (t, s) = e−r(T−t)Et,s (Φ(X(T ))) , (1)

where X is a stochastic process defined by

dX(u) = rX(u)du + σX(u)dW (t)
X(t) = s.

(2)

The only difference between the processes dS and dX is that the former has
α as local rate of return, whereas in the latter the local rate of return is r.
Risk neutral valuation means that we use the process dX in (2) to calculate
the price Π = F using the Feynman-Kač representation (1). To indicate that
we are using the dynamics in (2) we write (1) as

F (t, s) = e−r(T−t)EQ
t,s (Φ(S(T ))) ,

where Q indicates that we are using the risk neutral measure. To keep notation
simple we will henceforth write dW instead of dW (t).

2.2 The Systems

The stochastic volatility models for the short rate which we will consider are
of the form

dr(t) = µ(t, r(t))dt + σV (t)dW1

dV (t) = µ̃(t, V (t))dt + σ̃dŴ2

which contains two Brownian motions: W1 and Ŵ2. Simplifying the notation
further we will write µ instead of µ(t, r(t)) whenever the meaning is clear from
the context. Since we cannot assume independence between the Brownian
motions above we will use the identity

dŴ2 = ρdW1 +
√

1− ρ2dW2 (3)

in which W1 and W2 are two independent, standard, Brownian motions. Hence
we will write the system above as

dr(t) = µdt + σV (t)dW1

dV (t) = µ̃dt + σ̃
(
ρdW1 +

√
1− ρ2dW2

)
.

(4)

The correlation coefficient between the two Brownian motions, ρ ∈ [−1, 1], is
often positive since rising volatility tends to make bond prices grow and yields

3



decrease [6, p. 177].
As mentioned in Section 1 the models we will study are mean reverting

and the long term behavior of the volatility process is b̃. This means that if
we put σ = b̃ in the classic models and σ = 1 in the stochastic models, the
stochastic models should approach the classic models as t →∞.

2.3 Parameter monotonicity

If we look at the bond pricing formula

F (t, r;T ) = EQ
t,r

(
e−

R T
t r(s)ds

)
, (5)

for one of the classic short rate models we see that if we raise the drift the
value of the integral will grow and hence the bond price will decrease. We also
see that if we raise the volatility the values of the diffusion term will have a
wider range and hence the value of the expectation will be higher. This means
that bond prices in the classic Vasiček and CIR models presented in Section
1 are decreasing in the drift µ and increasing in the volatility σ. (See [5] for a
more general study of parameter monotonicity.)

Moving on to stochastic volatility models on the form (4) were σ = 1, we
can use arguments similar to those in the classic case. That is, if we raise
the volatility of the volatility σ̃ the range of values for the process V will be
larger. But V is the volatility of the r process and hence the values of the
diffusion term will have a wider range which implies that the price will raise.
This means that we expect bond prices in the stochastic volatility models to
be increasing in the volatility of the volatility.

2.4 Term Structure Equations

As mentioned above the classic Vasiček and CIR models have affine term
structures and when the volatility is deterministic bond prices can be written
in the form

p(t, T ) = A(t, T )e−B(t,T )r. (6)

Under the risk neutral measure we get the conditions for A(t, T ) and B(t, T )
by solving the term structure equation

∂F

∂t
+ µ

∂F

∂r
+

1
2
σ2 ∂2F

∂r2
− rF = 0, (7)

with boundary condition F (T, r;T ) = 1. The function F (t, r;T ) in (5) satisfies
(7) and hence the term structure and the prices of all interest rate derivatives
are completely determined once we have specified the Q-dynamics for the short
rate. The term structure equation for a specific model can be derived by using
Itô’s formula and the fact that under Q, every price process of a traded asset
has r as its local rate of return.

In order to calculate the correction term C(t, T ) in Section 3.2.1 we need
the following two dimensional version of the term structure equation:

∂F

∂t
+ µ

∂F

∂r
+

1
2
σ2 ∂2F

∂r2
− rF + µ̃

∂F

∂v
+

1
2
σ̃2 ∂2F

∂v2
+ σσ̃ρ

∂2F

∂r∂v
= 0, (8)

with the terminal condition F (T, r, v;T ) = 1 for all r, v.
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2.5 Numerical Methods

The integral in (5) is often hard to calculate analytically so we will use a Monte
Carlo method called the sample-mean method,1 to calculate it numerically.
The method approximates an integral

I =
∫ b

a
r(x)dx

with
Î = (b− a)

∑
r(ti)
n

.

Our primary discretization method is an Euler scheme. In this method we
consider a discretization t0 < t1 < · · · < tN = T of the interval [t0, T ] and a
SDE

dX(t) = µdt + σdW. (9)

We approximate a solution to this SDE by a stochastic process Y (t) where
t0 ≤ t ≤ T such that

Y (ti+1) = Y (ti) + µ · (ti+1 − ti) + σ
√

ti+1 − tiZi (10)

in which Zi are independent, N(0, 1)-distributed stochastic variables. This
discretization scheme is strongly consistent with order of convergence at least 1

2
[8, p. 305-326]. To keep things simple we will use a fixed step size ti+1−ti = k.

In some of the cases we have used the Milstein discretization scheme, which
adds a extra term to the Euler scheme, giving a convergence order of 1. In
this scheme, a solution to (9) is approximated with

Y (ti+1) = Y (ti) + µk + σ
√

kZi +
1
2
σσ′

(
(
√

kZi)2 − k
)

.

For the relation between the number of simulations j and the size of the
time step k we use a result from Duffie and Glynn [4, p. 901]. It states that
in the Euler scheme, j should increase at the order of k−2 which means that
if we double the number of time intervals, the root-mean-squared estimation
error is halved. Similarly in the Milstein scheme j should increase at the order
of k−4 which implies that if we double the number of time intervals, we reduce
the root-mean-squared estimation error by a factor of 4.

3 The Vasiček model

This model was proposed by Oldrich Vasiček in his 1977 paper An equilibrium
characterization of the term structure [10].

3.1 Deterministic volatility

In the classic Vasiček model

dr(t) = α(b− r(t))dt + σdW, (11)
1Described for example in [9], p. 118-119.
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the term structure equation (7) takes the form

∂F

∂t
+ α(b− r)

∂F

∂r
+

1
2
σ2 ∂2F

∂r2
− rF = 0

and F (t, r;T ) is the solution to this equation with the terminal condition
F (T, r;T ) = 1. The infinitesimal operator of (11) is

A = α(b− r)
∂

∂r
+

1
2
σ2 ∂2

∂r2
. (12)

This operator will appear later when we calculate the correction term in the
stochastic model.

The affine bond price formula (6) for the Vasiček model is often written as

p(t, T ) = eA(t,T )−B(t,T )r(t).

We get the conditions for A(t, T ) and B(t, T ) by solving the term structure
equation which give rise to two ordinary differential equations in which we can
plug in the coefficients from (11) to get

B(t, T ) =
1
α

(
1− e−α(T−t)

)
(13)

A(t, T ) =
(

b− σ2

2α2

)
(B(t, T )− T + t)− σ2

4α
B(t, T )2. (14)

3.2 Stochastic volatility

Now we add a stochastic volatility to the diffusion term in (11) which gives us
the system

dr(t) = α(b− r(t))dt + σV (t)dW1

dV (t) = α̃(b̃− V (t))dt + σ̃(ρdW1 +
√

1− ρ2dW2),
(15)

where W1 and W2 are independent, standard, Brownian motions. As men-
tioned in Section 2.2, the long term behavior of dV (t) in (15) is that V (t) → b̃
as t → ∞ which means that if we let σ = 1 in the stochastic model, the
dynamics of the short rate will have the form

dr(t) = α(b− r(t))dt + b̃dW1

as t → ∞. So if we set σ = b̃ in the classic model (11) we see that the
stochastic model (15) with σ = 1 should approach the classic model in the
long run. And since α̃ is the reversion rate for the process V (t), the stochastic
model approaches the classic model faster if we raise the value of α̃.

So, for the simulations we put σ = b̃ in the classic model (11) and σ = 1
in the stochastic model (15). The Euler scheme (10) then gives us that

rc(ti+1) = rc(ti) + α(b− rc(ti))k + b̃
√

kXi (16)

for the classic model, and

rs(ti+1) = rs(ti) + α(b− rs(ti))k + V (ti)
√

kXi

V (ti+1) = V (ti) + α̃(b̃− V (ti))k + σ̃
(
ρ
√

kXi +
√

1− ρ2
√

kZi

) (17)
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for the stochastic model. The random variables Xi and Zi are independent
and N(0, 1)-distributed. We see that the only difference between rc and rs is
the b̃ and V (t) in the diffusion terms. Figure 1 shows the sample paths for the
volatility V (t) in the stochastic model (17) where the constants are defined
as in (18) below. The left path corresponds to α̃ = 1 and the right path to
α̃ = 10.
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Figure 1: Plots of the volatility V (t) for the stochastic Vasiček model with
b̃ = 0.1.

In these sample paths the rate of mean reversion for the volatility is b̃ = 0.1 and
as we can see the right path approaches b̃ faster and has smaller deviations from
the mean reversion rate than the left path. Since the paths goes form being
above b̃ to being below b̃ many times there is no point in making analytical
statements like: If Vi(t) < b̃ and Xi > 0, the bond price in the classic model
will be lower than the price in the stochastic model. Instead, we will set the
constants to

α = α̃ 10

b = b̃ 0.1
σ̃ 0.1
ρ 0.5
V0 0.2
r0 0.07
k 0.01
j 10000

(18)

Then we will compute the bond price in a few concrete examples where we
change one of the constants, keeping everything else equal.

In a few cases we will use the Milstein scheme which for the stochastic
Vasiček model takes the form

rs(ti+1) = rs(ti) + α(b− rs(ti))k + V (ti)
√

kXi + 1
2V (ti)V ′(ti)

(
(
√

kXi)2 −∆t
)

V (ti+1) = V (ti) + α̃(b̃− V (ti))k + σ̃
(
ρ
√

kXi +
√

1− ρ2
√

kZi

)
,

where V ′ is approximated with

V ′(ti) = dV (ti) ≈ α̃(b̃− V (ti))k + σ̃
(
ρ
√

kXi +
√

1− ρ2
√

kZi

)
.
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Example 1 - Varying α and α̃.
In this first example we let the constants be given by (18) and calculate the
bond price as a function of T , where 0 ≤ T ≤ 30. We will do this for different
values of α and α̃ which will belong to the set A where

A = {1, 10, 20, 50, 75, 100, 125, 150, 175}.

First we fix α = 1, let α̃ ∈ A and calculate the differences ps(t, T )−pc(t, T )
between the stochastic and the classic model. We get that for all different val-
ues of α̃ the bond price in the stochastic model is higher than in the classic
model. The left part of Figure 2 shows the differences between the stochastic
model and the classic model for three of the cases. The upper solid curve
corresponds to α̃ = 1, the dashed curve to α̃ = 10 and the lower solid curve
to α̃ = 50.

When we set α̃ = 1 and calculate ps(t, T )− pc(t, T ) for α∈A we find that
the price in the stochastic model is strictly bigger than the price in the classic
model when α = 1, 10, 50, 100, 125 and 175. In the right part of Figure 2 the
solid curve represents α = 1 and the dashed curve represents α = 10.
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Figure 2: Differences for α = 1 and varying α̃ and α̃ = 1 and varying α.

As expected, the differences between the stochastic and the classic model
becomes smaller when we raise the rate of mean-reversion and the differences
shrinks faster when we change α than when we change α̃.

If we fix α ≥ 10 or α̃ ≥ 10 and vary α̃ respective α there are no general
conclusions to be drawn.

Now we focus on the classic and the stochastic model individually. If we
let α ∈ A our simulations suggest that the bond prices in the classic model
are decreasing in α.

If we fix α̃∈{1, 10, 50} in the stochastic model and let α be as above we
see that bond prices in the stochastic model are also decreasing in α. Figure
3 shows bond prices for two different values of α when α̃ = 50. Even though
the bond price corresponding to the larger α value is strictly below the other
price we see that the difference between them is very small.

If we let α ∈ {1, 10} and vary α̃ ∈ A we find that when α̃ = 1, 75, 125,
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Figure 3: α = 1 (compact line), α = 175 (dashed line).

raising α̃ decreases the bond price. For the other values of α̃ we cannot find
any trends in the results.

Example 2 - Varying b and b̃.
The long term behavior of the stochastic system (17) is b and since bond prices
are decreasing in the drift we expect pc(t, T ) and ps(t, T ) to decrease when we
raise b. Simulations for b ∈ B, where

B = {0.05, 0.06, . . . , 0.14},

supports this suspicion. Figure 4 shows bond prices in the stochastic model
corresponding to three different values of b.
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Figure 4: b = 0.05 (upper compact line) b = 0.09 (dashed line) b = 0.14 (lower
compact line).

If we put b = 0.1 and let b̃ ∈ B the results of the simulations might lead us
to suspect that prices in the stochastic model are increasing in b̃. However, in
some cases the increase is not strict and in a few cases the price is decreasing.
The reason for the more ambiguous results in this case is probably that the
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long term behavior of V (t) is b̃ so by raising b̃ we also raise the volatility of
r(t) and thus increase the influence of the random term. Neither when we use
the Milstein scheme does the results indicate any trends.

3.2.1 Correction for stochastic volatility

We consider the model

dr(t) = α(b− r(t))dt + V (t)dW1

dV (t) = α̃(b̃− V (t))dt + σ̃dŴ2,
(19)

where dW1 and dŴ2 are not independent.2 Now we want to find the invariant
distribution, or the equilibrium state, of V (t). This means that we want to
find an initial distribution V (t0) such that for all t > 0, V (t) has the same
distribution. So we are looking for a distribution of V (t0) such that

d

dt
E(g(V (t))) = 0,

for arbitrary g. Since the process V (t) is time-homogeneous, which means
that its statistics depend only on the time for which it has been running and
not on the specific time, we have that

d

dt
E (g(V (t))) = lim

∆t→0

E(g(V (tt+∆t))− E(g(V (t)))
∆t

= E

(
lim

∆t→0

E(g(V (tt+∆t))|V (t))− g(V (t))
∆t

)
= E

(
lim

∆t→0

E(g(V (∆t))|V (t0) = V (t))− g(V (t))
∆t

)
,

where the expression in the parenthesis is exactly the definition of the infinites-
imal generator of V (t). Hence we are looking for a function g such that

d

dt
E(g(V (t))) = E(Lg(V (t))) = 0,

where the infinitesimal generator of dV is given by (12) with the appropriate
renaming of variables and hence have the form

α̃(b̃− v)
∂

∂v
+

1
2
σ̃2 ∂2

∂v2
.

Moreover, since E(X) =
∫∞
−∞ xfX(x)dx, we can call the density function of g

for Φ(v), which gives us that∫ ∞

−∞
Φ(v)Lg(v) dv = 0.

Integration by parts then implies that∫ ∞

−∞
g(v)L?Φ(v) dv = 0, (20)

2This section follows [6] p. 177-182.
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where the adjoint of L is

L? = −α̃(b̃− v)
∂

∂v
+

1
2
σ̃2 ∂2

∂v2
.

Since Φ, Φ′ → 0 as v → ±∞ there are no boundary terms and if (20) holds
for any smooth function g, then Φ satisfies

L?Φ =
1
2
σ̃2Φ′′ − α̃((b̃− v)Φ)′ = 0.

Using that ∫ ∞

−∞
Φ(v) dv = 1

we can solve this second-order ordinary differential equation to get

Φ(v) =
1√

2πθ2
e−

(v−b̃)2

2θ2 , (21)

which is the distribution for a N(b̃, θ2)-variable where

θ2 =
σ̃2

2α̃
.

If we denote the inverse of the reversion rate by ε we can write the volatility
of the process dV (t) as

σ̃ = θ
√

2α̃ =
θ
√

2√
ε

.

So in terms of the small parameter ε the system (19) can be written as

drε(t) = α(b− rε(t))dt + V ε(t)dW1

dV ε(t) = 1
ε (b̃− V ε(t))dt + 1√

ε
θ
√

2dŴ2.

For this system the term structure equation (8) takes the form

∂F ε

∂t + α(b− r)∂F ε

∂r + 1
2v2 ∂2F ε

∂r2 − rF ε

+1
ε (b̃− v)∂F ε

∂v + 1
ε θ

2 ∂2F ε

∂v2 + 1√
ε
vθ
√

2ρ∂2F ε

∂r∂v = 0,
(22)

with the terminal condition F ε(T, r, v;T ) = 1. We then use the identity (3) to
get independent Brownian motions. Collecting the terms of order 1/ε, 1/

√
ε

and 1 in (22) and writing them on operator form gives us

L0 = (b̃− v)
∂

∂v
+ θ2 ∂2

∂v2
,

L1 = vθ
√

2ρ
∂2

∂r∂v
,

L2 =
∂

∂t
+ α(b− r)

∂

∂r
+

1
2
v2 ∂2

∂r2
− r.

Now the term structure equation (22) can be written as(
1
ε
L0 +

1√
ε
L1 + L2

)
F ε = 0. (23)
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This type of equation is known as a singular perturbation problem and has
a unique solution F ε for arbitrary ε > 0. Furthermore the solution F ε has a
limit as ε goes to zero and our aim is to find the first correction for small but
nonzero ε. We do this by expanding F ε in powers of

√
ε:

F ε = F0 +
√

εF1 + εF2 + ε
√

εF3 + ε2F4 + · · · , (24)

where F0, F1, . . . are functions of t, r and v which will be determined such that
F0(T, r, v;T ) = 1 and F1(T, r, v;T ) = 0. If we insert (24) into (23) we get(

1
ε
L0 +

1√
ε
L1 + L2

)(
F0 +

√
εF1 + εF2 + ε

√
εF3 + ε2F4 + · · ·

)
= 0

and if we carry out the multiplication and collect the terms of order 1/ε, 1/
√

ε,
1,
√

ε and ε we get

1
ε
L0F0 +

1√
ε
(L0F1 + L1F0)

+ (L0F2 + L1F1 + L2F0)
+

√
ε(L0F3 + L1F2 + L2F1)

+ ε(L0F4 + L1F3 + L2F2)
+ · · ·

= 0. (25)

Equating the terms of different order we must for the term of order 1/ε have
that

L0F0 = 0 ⇔
(

(b̃− v)
∂

∂v
+ θ2 ∂2

∂v2

)
F0 = 0.

Hence the L0 part only acts on the v variable so F0 must be a constant with
respect to v which means that F0 = F0(t, r;T ). Similarly, to eliminate the
1/
√

ε term we must have L0F1 + L1F0 = 0 which is equivalent to(
(b̃− v)

∂

∂v
+ θ2 ∂2

∂v2

)
F1 +

(
vθ
√

2ρ
∂2

∂r∂v

)
F0 = 0.

Since L1 takes derivatives with respect to v and we saw earlier that F0 does
not depend on v we get that L1F0 = 0 which implies L0F1 = 0 and using the
same arguments as for F0 it is clear that

F1 = F1(t, r;T ). (26)

Hence the combination of the first two terms F0 +
√

εF1 will not depend on v.
Now that we have eliminated the diverging terms in (25) we continue by

eliminating the first order term which give

L0F2 + L1F1 + L2F0 = 0.

From (26) we know that L1F1 = 0 so we get L0F2 + L2F0 = 0 or written out
explicitly(

(b̃− v)
∂

∂v
+ θ2 ∂2

∂v2

)
F2 +

(
∂

∂t
+ α(b− r)

∂

∂r
+

1
2
v2 ∂2

∂r2
− r

)
F0 = 0. (27)
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If r is fixed, L2F0 is a function of v and focusing on the v dependence only,
equation (27) is of the form

L0χ + g = 0 (28)

which is known as a Poisson equation for χ(v) with respect to the operator
L0 in the variable v. The Poisson equation only has a solution if the function
g(v) is centered with respect to the invariant distribution of the process V (t)
whose infinitesimal generator is L0. Hence we look for a distribution such that

E (L0g(V (t0))) = 0

for any smooth and bounded function g. But the density function of this
distribution is (21) so assuming the centering condition

〈g〉 =
∫

g(v)Φ(v)dv = 0,

which is necessary for (28) to admit a solution, a formal solution of our Poisson
equation is given by the converging integral

χ(v) =
∫ ∞

0
E(g(V (t))|V (t0) = v)dt (29)

and all solutions to (28) are obtained by adding constants to (29). This means
that F0 is the solution to

∂F0

∂t
+ α(b− r)

∂F0

∂r
+

1
2
v2 ∂2F0

∂r2
− rF0 = 0

with the terminal condition F0(T, r;T ) = 1. But this we recognize as the
term structure equation for the classic model with the difference that σ2 = v2.
Hence we have that

F0(t, r;T ) = eA(t,T )−B(t,T )r,

where A(t, T ) and B(t, T ) are given by (14) and (13).
The terms of order

√
ε gives a Poisson equation in F3 with the solvability

condition
〈L2F1 + L1F2〉 = 0 ⇒ 〈L2F1〉 = −〈L1F2〉.

The poisson equation for F2 implies that

F2 = −L−1
0 (L2 − 〈L2〉)F0 + c(t, r).

The solvability condition then gives the following equation for F1(t, r;T ):

〈L2〉F1 = 〈L1L−1
0 (L2 − 〈L2〉)〉F0.

The function c(t, r) disappears because of the derivative with respect to v in
the operator L1. We are interested in the first correction to F0 so we rewrite
this equation in terms of F̃1(t, r;T ) =

√
εF1(t, r;T ) as

〈L2〉F̃1 =
√

ε〈L1L−1
0 (L2 − 〈L2〉)〉F0 = AF0. (30)
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Note that both F̃1 and AF0 is of order
√

ε. The operator L2 − 〈L2〉 is given
by

L2 − 〈L2〉 =
1
2
(v2 − 〈v2〉) ∂2

∂r2
. (31)

We introduce the function φ which is the solution of L0φ = v2−〈v2〉. Inserting
this into (31) gives

L2 − 〈L2〉 =
1
2
L0φ

∂2

∂r2
,

which inserted into A gives

A =
√

ε〈L1L−1
0 (L2 − 〈L2〉)〉

=
√

ε

〈
L1L−1

0

(
1
2
L0φ

∂2

∂r2

)〉
=

√
ε

2
〈L1φ〉

∂2

∂r2

=
√

ε

2
〈vθ

√
2ρ

∂2

∂r∂v
φ〉 ∂2

∂r2

=
√

ε

2
θρ〈vφ′〉 ∂3

∂r3
,

and if we let ε = 1/α̃ we get

A =
1√
2α̃

θρ〈vφ′〉 ∂3

∂r3
= U

∂3

∂r3
.

Hence equation (30) can be written as

∂F̃1

∂t
+ α(b− r)

∂F̃1

∂r
+

1
2
v2 ∂2F̃1

∂r2
− rF̃1 = U

∂3

∂r3
eA(t,T )−B(t,T )r.

If we make a change of variable, setting τ = T − t, and carry out the differen-
tiation of the right hand side we get that

∂F̃1

∂τ
= α(b− r)

∂F̃1

∂r
+

1
2
v2 ∂2F̃1

∂r2
− rF̃1 + UB3(τ)eA(τ)−B(τ)r,

with the initial condition that F̃1(T − 0, r;T ) = 0. If we try to find a solution
on the form

F̃1(T − τ, r;T ) = C(τ)eA(τ)−B(τ)r

we get the following differential equation for C(τ):

C ′(τ) =
(

1
2
v2B2(τ)− α(b− r)B(τ)−A′(τ) + B′(τ)− r

)
C(τ) + UB3(τ)

where the expression in the parenthesis equals zero. So if we insert B(τ) =
(1− e−ατ )/α we have that

C ′(τ) =
U

α3

(
1− 3e−ατ + 3e−2ατ − e−3ατ

)
,
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which has the solution

C(τ) =
U

α3

(
τ − 3

α
e−ατ − 3

2α
e−2ατ +

1
3α

e−3ατ + K

)
.

And using that C(0) = 0 we get hat K = −11/(6α). So changing back to t
we have that the bond price with correction for stochastic volatility is

F (t, r, v;T ) ≈ F0(t, r;T ) + F̃1(t, r;T )

= eA(t,T )−B(t,T )r + C(t, T )eA(t,T )−B(t,T )r

= (1 + C(t, T ))eA(t,T )−B(t,T )r,

where

C(t, T ) =
U

α3

(
T − t− 3

α
e−α(T−t) − 3

2α
e−2α(T−t) +

1
3α

e−3α(T−t) − 11
6α

)
and

U =
σ̃

2α̃
ρ〈vφ′〉.

This price
pa(t, T ) = (1 + C(t, T ))eA(t,T )−B(t,T )r (32)

will be referred to as the “corrected bond price” calculated in the “corrected
Vasiček model”. Since the only occurrence of α̃ is in the denominator of U
we see that this corrected bond price is decreasing in α̃. Figure 5 shows bond
prices calculated with the correction term and U = ρ σ̃

2α̃ . The constants are as
in (18) and the compact curve corresponds to α = 10 and the dashed curve
to α = 100. Simulations where α ∈ A and b ∈ B suggests that this corrected
bond price formula is decreasing in α and b.
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Figure 5: Corrected bond prices

Example 3 - Euler method compared to correction formula.
We start by comparing the corrected bond price pa(t, T ), given by (32), to the
price ps(t, T ), given by the Euler scheme (17) in the case when the constants
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are given by (18). The solid curve in the left of Figure 6 is the solution cor-
responding to pa(t, T ) and the dashed curve represents ps(t, T ). In the right
part of the figure, we have plotted the difference pa(t, T )−ps(t, T ) for different
values of α. The upper compact curve represents α = 10, the dashed curve
α = 50 and the lower compact curve α = 100.
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Figure 6: Corrected price and stochastic price

As we can see the corrected bond price seems to be a little bit higher than
the price calculated with the Euler scheme. We also see that the difference
between the two methods becomes smaller when α becomes bigger.

Example 4 - Varying the initial rate r0.
We begin by looking at the affine bond price formulas

pc(t, T ) = eA(t,T )−B(t,T )r

and
pa(t, T ) = (1 + C(t, T ))eA(t,T )−B(t,T )r.

In the classic case we see that a higher initial rate r0 would make the exponent
smaller and hence the bond price pc(t, T ) smaller. Conversely, a lower r0 results
in a higher bond price. If C(t, T ) in the second formula is positive the same
argument holds for pa(t, T ). (In our simulations C(t, T ) is positive except for
a few values at the beginning.)

If we let the constants be as in (18) and consider the cases when r0 ∈ R
where

R = {0.01, 0, 02, . . . , 0.1}

the results from our Euler scheme suggests that if x, y ∈ R, are values of r0

then
x < y ⇒ pcx > pcy

and
x < y ⇒ psx > psy .

Hence bond prices seems to be decreasing in r0.
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Example 5 - Varying the volatility of the volatility.
If we look at the corrected bond price formula (32) we see that the only oc-
currence of σ̃ is in the numerator of the U term which means that C(t, T ) is
increasing in σ̃ and hence pa(t, T ) is increasing in σ̃.

When we use the Euler scheme to calculate prices for σ̃ ∈ B it seems, that
if we start with σ̃ ∈ {0.05, . . . , 0.09} and raise σ̃, bond prices are decreasing.

4 The CIR model

The CIR model was introduced by John C. Cox, Jonathan E. Ingersoll and
Stephen A. Ross in their 1985 paper A Theory of the Term Structure of Interest
Rates [3]. In [6, p. 190f.] a correction term similar to that in the Vasiček model
is calculated. But this is done using a different system (r, V ) than the one we
will use below and therefore we will not use these results.

4.1 Deterministic volatility

We now consider the CIR model

dr(t) = α(b− r(t))dt + σ
√

r(t)dW (33)

where α, b and σ are positive constants. If one want to be sure that r stays
positive the condition 2αb > σ2 can be imposed.

The term-structure equation for the CIR model is

∂F

∂t
+ α(b− r)

∂F

∂r
+

1
2
σ2r

∂2F

∂r2
− rF = 0,

with the boundary condition F (T, r;T ) = 1.
The price of a zero-coupon bond at time t is given by

p(t, T ) = A(t, T )e−B(t,T )r

where

A(t, T ) =

(
2he(α+h)(T−t)/2

2h + (α + h)(e(T−t)h − 1)

)2αb/σ2

B(t, T ) =
2(e(T−t)h − 1)

2h + (α + h)(e(T−t)h − 1)

and h =
√

α2 + 2σ2 [2].

4.2 Stochastic volatility

Now we include a stochastic volatility term which gives us the following model

dr(t) = α(b− r(t))dt + σV (t)
√

r(t)dW1

dV (t) = α̃(b̃− V (t))dt + σ̃
√

V (t)
(
ρdW1 +

√
1− ρ2dW2

)
.

(34)

Again we see that if we set σ = b̃ in (33) and σ = 1 in (34), the stochastic
volatility model approaches the classic model when t → ∞. As with the
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Vasiček model, we use the Euler scheme (10) to make an approximation of our
system which results in the following

rs(ti+1) = rs(ti) + α(b− rs(ti))k + V (ti)
√

rs(ti)
√

kXi

V (ti+1) = V (ti) + α̃(b̃− V (ti))k + σ̃
√

V (ti)+
(
ρ
√

kXi +
√

1− ρ2
√

kZi

)
,

where Xi and Zi are independent N(0, 1)-distributed variables and

V (ti)+ =
{

V (ti), V (ti) ≥ 0
0, V (ti) < 0.

The Milstein scheme for this model is

rs(ti+1) = rs(ti) + α(b− rs(ti))k + V (ti)
√

rs(ti)
√

kXi

+1
2σrσ

′
r

(
(
√

kXi)2 − k
)

V (ti+1) = V (ti) + α̃(b̃− V (ti))k + σ̃
√

V (ti)+
(
ρ
√

kXi +
√

1− ρ2
√

kZi

)
+1

2σV σ′V

(
(
√

kXi)2 − k
)

where
σr = V (ti)

√
rs(ti), σ′r = V ′(ti)

√
rs(ti) +

1
2

V (ti)√
rs(ti)

and
σV = σ̃

√
V (ti)+, σ′V =

1
2
σ̃

1√
V (ti)+

.

Hence we have for the extra terms that
1
2σrσ

′
r = 1

2V (ti)V ′(ti)rs(ti) + 1
4V (ti)2

1
2σV σ′V = 1

4 σ̃2.

The derivative V ′(t) is approximated with

V ′(t) ≈ α̃(b̃− V (ti))k + σ̃
√

V (ti)+
(
ρ
√

kXi +
√

1− ρ2
√

kZi

)
.

As with the Vasiček model we calculate prices in a few examples where the
constants are given by (18).

Example 1 - Varying α and α̃.
If we fix α = 1 or α̃ = 1 and let α̃ or α be in A where

A = {1, 10, 20, 50, 75, 100, 125, 150, 175},

we have that prices in the stochastic model are strictly bigger than prices in
the classic model when the non-fixed parameter equals 1, 20, 100 or 125. The
left part of Figure 7 shows plots of simulations when we fixed α = 1. The solid
curve corresponds to α̃ = 1 and the dashed curve to α̃ = 10. The right part
shows the corresponding plots for a fixed α̃ = 1 and α = 1, 10.

As expected, the stochastic model approaches the deterministic when the
rate of mean-reversion is raised and this approach is faster when we fix α̃.

Fixing α or α̃ ≥ 10 no general conclusions could be drawn.
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Figure 7: Plots of the difference ps(t, T )− pc(t, T ).

As with the Vasiček case we now look at what happens to bond prices in
the classic model and in the stochastic model respectively when we let α ∈ A
wary. And the results are the same as in the Vasiček model. Bond prices in
the classic model are decreasing in α and if we fix α̃ ∈ {1, 10, 50} we have that
bond prices in the stochastic model are decreasing in α.

When we fix α = 1 and start from α̃ = 1, 10, 20 or 125 prices in the stochas-
tic model are increasing in α̃.

Setting α = 10 and starting from α̃ = 20, 50, 100 or 150, prices in the
stochastic model are decreasing in α̃.

Example 2 - Varying b and b̃.
Again we let b ∈ B where

B = {0.05, 0.06, . . . , 0.14}

and find that prices in the classic model and the stochastic model are decreas-
ing in b. A plot of prices corresponding to different values of b in the stochastic
CIR model looks almost exactly as it did in the Vasiček case (see Figure 4).

When we fix b = 0.1 and let b̃ ∈ B the only visible trend is that if we
start from b̃ ∈ {0.07, 0.11, 0.14} and decrease b̃, the bond price also decrease.
Calculating the bond price with the Milstein scheme when b̃ ∈ B do not allow
us to draw any general conclusions.

Example 3 - Varying the initial rate r0.
Since the CIR model have an affine term structure the reasoning used for the
Vasiček model says that, in the classic CIR model, a higher short rate results
in a lower bond price.

Moving on to the stochastic model we let the constants be defined by (18)
and let r0 ∈ R where

R = {0.01, 0.02, . . . , 0.1}.

And as in the Vasiček model we have that if x, y ∈ R are values of r0, then

x < y ⇒ pdx > pdy
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and
x < y ⇒ psx > psy .

So bond prices in the stochastic CIR model are decreasing in r0.

Example 4 - Varying the volatility of the volatility.
When we use the Euler and the Milstein scheme to calculate bond prices for
the cases when σ̃ ∈ B we find no obvious trends in the results.

5 Differences in the numerical schemes

In the examples of the previous sections we have calculated bond prices in
different cases using the Euler scheme. Sometimes when we could not draw
any conclusions from the results we have redone the calculations using the
Milstein scheme which has a higher order of convergence. In neither of the
cases did the use of the Milstein scheme give us results which allowed us to draw
conclusions we had not been able to draw from our Euler scheme. However,
it could be worth mentioning that there were some differences between the
schemes. When we calculated prices under varying σ̃ in Example 4 of Section
4.2, the Euler scheme told us that the price when σ̃ = 0.06 were higher than
the price when σ̃ ∈ {0.07, 0.09, 0.12} and the Milstein scheme told us that the
price when σ̃ = 0.06 were lower than the price when σ̃ ∈ {0.07, 0.09, 0.12}.
This contradiction between the two methods occurred for a few values of σ̃.
Since it is not the aim of this report to discuss and investigate properties of
numerical methods we will not try to explain these kind of things. To give
an example of how little the two schemes differ Figure 8 shows the difference
between the price in the CIR model calculated with the Euler scheme and the
price calculated with the Milstein scheme in two different cases. The left part
shows the case when α = α̃ = 1 and the right part when α = α̃ = 10.
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Figure 8: Differences between the Euler and the Milstein scheme.

As we can see in this case the Euler scheme gives higher prices than the
Milstein scheme even though the differences are small. Since it is not the
purpose of this paper to explain these differences I have not tried to find, and
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hence do not know if there exists, results on the subject. If the literature does
not contain such results it could be a interesting subject for further studying.

6 Summary

In this report we compute bond prices using two different models for the short
rate. The first one is the Vasiček model

dr(t) = α(b− r(t))dt + σdW

and the second one is the CIR model

dr(t) = α(b− r(t))dt + σ
√

r(t)dW.

These are referred to as the “classic models”. Both these models are mean-
reverting and have affine term structures. This last feature means that bond
prices can be written on the form

p(t, T ) = A(t, T )e−B(t,T )r

and hence it is easily seen that bond prices in these affine models are decreas-
ing in r. Furthermore, it follows from the explicit formulas for the Vasiček
and CIR models that bond prices in these models are decreasing in the drift
and increasing in the volatility.

After reviewing the classic models we add a stochastic process to the diffusion
term in our short rate models. This results in the following systems:

dr(t) = α(b− r(t))dt + σV (t)dW1

dV (t) = α̃(b̃− V (t))dt + σ̃(ρdW1 +
√

1− ρ2dW2)

for the Vasiček model and

dr(t) = α(b− r(t))dt + σV (t)
√

r(t)dW1

dV (t) = α̃(b̃− V (t))dt + σ̃
√

V (t)
(
ρdW1 +

√
1− ρ2dW2

)
for the CIR model. These are referred to as the “stochastic models”. They do
not have analytical solutions so we conduct Matlab simulations, using Euler
and Milstein schemes in order to get approximate solutions for the bond prices.
We do this in a few examples and try to see what happens when changing one
of the model parameters, all other things being equal.

The stochastic models above do not have affine term structure representa-
tions but in [6] it is suggested that one can consider them as perturbations of
the classic models and that we can calculate a correction term C(t, T ) which
enables us to write an affine approximation of the bond price on the form

p(t, T ) ≈ (1 + C(t, T ))eA(t,T )−B(t,T )r.

We have done this in full detail for the Vasiček model and this is referred to as
the “corrected Vasiček model”or the “corrected bond price”. Comparing this
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model to the classic and stochastic Vasiček models we see that bond prices
calculated in the corrected model are higher than prices in the classic model
and prices in the stochastic model calculated with our discretization schemes.

Setting σ = b̃ in the classic models and σ = 1 in the stochastic models we
expect the stochastic models to approach the classic models as t → ∞. We
also expect this approach to be faster when α and/or α̃ grows. Our simulations
where α, α̃ ∈ A, and

A = {1, 20, 50, 75, 100, 125, 150, 175},

show that this is indeed the case and that the approach is faster when we raise
α than when we raise α̃. The simulations also show that when fixing α = 1
or α̃ = 1 and calculating prices when α̃ ∈ A respective α ∈ A, prices in the
stochastic models tends to be higher than prices in the classic models. When
we fix α ≥ 10 or α̃ ≥ 10 and vary α̃ or α respectively, we find no obvious
trends in the results. In both cases the difference between the classic model
and the stochastic model is very small.

When we look at the classic and stochastic models individually, fixing α̃
and letting α vary, our simulations suggest that bond prices are decreasing in
α. This is valid for the classic as well as for the stochastic models. It is also
valid in the corrected Vasiček model. When we fix α in the stochastic models
we see some tendencies of parameter monotonicity but not enough to make
us able to draw any generic conclusions. Bond prices in the corrected Vasiček
model are shown to be decreasing in α̃.

Since b is the long term behavior of the classic, as well as the stochastic
models, and bond prices are decreasing in the drift we expect bond prices to
be decreasing in b and our simulations confirm that this is true for the classic,
the stochastic and the corrected models.

When we vary b̃ in our stochastic models, the results of our simulations do
not allow us to draw any general conclusions.

If we raise the volatility of the volatility σ̃, we expect the values of the V
process to be in a wider range. This means that the values of the diffusion
term in the r process will be in a wider range which would imply that the
process r itself will be in a wider range and hence that the bond price will be
higher. But in neither the Vasiček or the CIR model do the simulations give
results that allow us to say something about what happens when increasing
or decreasing the volatility of the volatility. In the corrected model however,
we see that bond prices are increasing in σ̃.

In the classic and the corrected model the affine bond price formulas tells
us that prices are decreasing in r and our simulations show that this is true
in the stochastic models as well.

Table 1 shows the studied models and how they react to changes in the dif-
ferent parameters. Observe that these results were obtained with the fixed
parameter setting (18).
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Model Type α α̃ b b̃ σ̃ r0

Vasiček Classic D - D - - D
Stochastic D (D) D (I) (D) D
Corrected D D D - I D

CIR Classic D - D - - D
Stochastic D (I) D N N D

Table 1: Summary over the studied models. D = decreasing, I = increasing,
N = no obvious trends, ( ) = not in all cases but in most, - = does not appear
in the model.

Based on the results of this report the necessity for using stochastic volatility
in bond pricing is not obvious. The differences between the stochastic and
classic models are often very small and in each iteration the stochastic models
demand more calculations than the classic models. Furthermore, the use of
the computationally heavier Milstein scheme did not improve the possibilities
to notice general trends in the results.
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