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Abstract 
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Many control systems of practical importance are multivariable. In such systems, each manipu-
lated variable (input signal) may affect several controlled variables (output signals) causing 
interaction between the input/output loops. For this reason, control of multivariable systems 
is typically much more difficult compared to the single-input single-output case. It is therefore 
of great importance to quantify the degree of interaction so that proper input/output pairings 
that minimize the impact of the interaction can be formed. For this, dedicated interaction 
measures can be used.  

The first part of this thesis treats interaction measures. The commonly used Relative Gain 
Array (RGA) is compared with the Gramian-based interaction measures the Hankel Interac-
tion Index Array (HIIA) and the Participation Matrix (PM) which consider controllability and 
observability to quantify the impact each input signal has on each output signal. A similar 
measure based on the H2 norm is also investigated. Further, bounds on the uncertainty of the 
HIIA and the PM in case of uncertain models are derived. It is also shown how the link be-
tween the PM and the Nyquist diagram can be utilized to numerically calculate such bounds. 
Input/output pairing strategies based on linear quadratic Gaussian (LQG) control are also 
suggested. The key idea is to design single-input single-output LQG controllers for each in-
put/output pair and thereafter form closed-loop multivariable systems for each control con-
figuration of interest. The performances of these are compared in terms of output variance. 

In the second part of the thesis, the activated sludge process, commonly found in the bio-
logical wastewater treatment step for nitrogen removal, is considered. Multivariable interac-
tions present in this type of bioreactor are analysed with the tools discussed in the first part of 
the thesis. Furthermore, cost-efficient operation of the activated sludge process is investigated. 
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Summary in Swedish

Sammanfattning

A
vhandlingen, med svensk titel interaktionsanalys i flervariabla reglersys-
tem med tillämpningar mot bioreaktorer avsedda för kväverening, sorteras

under ämnet elektroteknik med inriktning mot reglerteknik. I detta kapitel
introduceras och förklaras kortfattat dess innehåll.

Reglerteknik

Reglertekniken och dess metoder är till stor nytta inom en rad olika områden
såsom teknik, biologi, ekonomi och medicin. Den centrala uppgiften är att
få en given process att bete sig såsom användaren önskar. Processen, eller
systemet som den ofta benämns, modelleras i regel matematiskt och har ett
antal variabler – insignaler – som manipuleras för att påverka vissa andra
variabler – utsignalerna. Styrningen sker ofta automatiskt med hjälp av en
regulator som beräknar de insignaler som krävs för att åstadkomma önskad
påverkan på utsignalerna. Ett vanligt sätt att hantera eventuella störningar i
systemet är att inkludera återkoppling.

Korskopplingar i flervariabla reglersystem

Många reglersystem av praktiskt intresse är flervariabla. Det betyder att de
har flera insignaler och flera utsignaler. Jämfört med system med enbart en
insignal och en utsignal är de flervariabla systemen ofta betydligt svårare att
reglera. En anledning är förekomsten av korskopplingar mellan olika delar av
systemet.

Som ett enkelt illustrativt exempel kan vi betrakta en dusch av äldre sort
med en kran för varmvatten och en för kallvatten. Detta system kan sägas vara
ett flervariabelt system med de båda insignalerna varmvattenflöde och kallvat-
tenflöde som påverkar utsignalerna vattentemperatur och totalt vattenflöde.
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14 Summary in Swedish

Antag nu att vi önskar varmare vatten varvid vi vrider på varmvattenkranen.
Detta får – förhoppningsvis – till följd att vattnet som kommer ut ur duschmun-
stycket blir varmare men även att flödet ökar. Därmed påverkar vår insignal,
varmvattenflödet, båda utsignalerna. Vi kan alltså inte reglera utsignalerna
oberoende av varandra. Systemet sägs då vara korskopplat. Problematiken
löses vanligen med hjälp av en blandare med vars hjälp flöde och temperatur
kan regleras oberoende av varandra. Inom processindustrin förekommer sys-
tem med ett stort antal in- och utsignaler. Det är därför i många fall svårt att
enkelt avgöra hur in- och utsignalerna skall sammankopplas för att minimera
inverkan av eventuella korskopplingar. För att utreda detta är interaktionsmått
till stor hjälp.

Översikt över avhandlingen

Avhandlingen är uppdelad i två huvudsakliga delar. I den första delen be-
handlas interaktionsmått. I den andra delen studeras aktivslamprocessen med
avseende på främst korskopplingar. Processen ingår ofta i det biologiska ren-
ingssteget i avloppsreningsverk.

Del I: Interaktionsmått

I avhandlingens första del behandlas ett urval interaktionsmått. I kapitel 2
utreds, härleds och jämförs egenskaper hos dessa. Dessutom ges tolkningar
av interaktionsmåtten och deras koppling till styrbarhet och observerbarhet
diskuteras. Vidare analyseras en rad exempelsystem.

När osäkerheter introduceras i den modell som studeras skapas en klass av
möjliga system. För system inom denna kan interaktionsmåtten mycket väl
skilja sig åt, i värsta fall så pass mycket att de ger olika parningsrekommenda-
tioner. Därför är det viktigt att även ta hänsyn till eventuella osäkerheter då
systemets korskopplingar analyseras. I ett särskilt kapitel (kapitel 3) härleds
gränser för osäkerheten för en viss typ av interaktionsmått. Kopplingen mellan
dem och Nyquist-diagrammet utnyttjas även för att numeriskt beräkna och
grafiskt illustrera sådana gränser.

I kapitel 4 föreslås två nya mått, LQII och ILQIA, som båda baseras på lin-
järkvadratisk LQG-reglering. Huvudidén bakom LQII är att designa en LQG-
regulator för varje delsystem där varje sådant system har en insignal och en
utsignal. Därefter sätts dessa reglerade delsystem ihop till ett fullt reglerat fler-
variabelt system. Detta görs för varje möjlig hopparning av in- och utsignaler
som studeras. Slutligen beräknas och jämförs den resulterande utsignalsvari-
ansen mellan de olika fulla flervariabla systemen. Den struktur som ger lägst
varians är att föredra. Det andra måttet, ILQIA, baseras istället på storleken
hos en införd integralverkan i en LQG-regulator för det fulla flervariabla sys-
temet. Idén är att ju mindre korskopplingar som finns i systemet desto lättare
följer systemet referenssignalen och därmed krävs mindre integralverkan.
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Del II: Interaktionsanalys och reglering av bioreaktorer
avsedda för kväverening

I del II av denna avhandling studeras bioreaktormodeller. Mer specifikt stud-
eras modeller av aktivslamprocessen som ofta ingår som en del i den biologiska
kvävereningen i avloppsreningsverk. I fokus är att utreda vilka korskopplingar
som finns mellan delprocesserna denitrifikation och nitrifikation.

I kapitel 5 studeras en modell som innefattar både denitrifikation och nitri-
fikation. Kopplingen mellan processens utsignaler, ammoniumkoncentration
och nitratkoncentration i utflödet, och dess insignaler, syrebörvärdet i den
luftade zonen och internrecirkulationen, utreds med hjälp av de interaktions-
mått som studeras i kapitel 2.

Nästa kapitel, kapitel 6, fokuserar på reglering av denitrifikationsprocessen
då en extern kolkälla tillsätts. Utsignaler är nu nitratkoncentrationerna i den
anoxa zonen och i utflödet. Som insignaler används internrecirkulationen och
mängden lättillgängligt substrat. Korskopplingarna kvantifieras med hjälp av
interaktionsmåtten från del I. Resultaten används som grund för designen av
två olika typer av regulatorer, en decentraliserad och en flervariabel. Den
flervariabla reducerar inverkan av korskopplingarna betydligt bättre än den
decentraliserade.

I kapitel 7 utreds i en simuleringsstudie hur valet av arbetspunkt påverkar
driftskostnaden. Olika varianter av avgiftsbeläggning av utsläppen av ammo-
nium och nitrat diskuteras och deras inverkan på valet av arbetspunkt illustr-
eras.





Glossary

Abbreviations

DO dissolved oxygen
e.g. exempli gratia, for example
HIIA Hankel interaction index array
HSV Hankel singular value
i.e. id est, that is
ILQIA integrating linear quadratic index array
LQII linear quadratic interaction index
LQG linear quadratic Gaussian
MIMO multiple-input multiple-output
NI Niederlinski index
PM participation matrix
RGA relative gain array
SISO single-input single-output
WWTP wastewater treatment plant

Notation

ai∗ i:th row of the matrix A
a∗j j:th column of the matrix A
[A]ij , Aij j:th element in i:th row of the matrix A
diag(v) diagonal matrix with diagonal given by the vector v
E expectation operator
AH hermitian transpose of the matrix (or vector) A
I identity matrix of unspecified dimension
(i, j) subsystem with output yi and input uj , or j:th ele-

ment in i:th row in a matrix
j imaginary unit
λmax(A) largest eigenvalue of the matrix A
N the set of natural numbers, i.e. {0, 1, 2, . . .}
n! factorial, 1 · 2 · 3 · . . . · (n− 2)(n− 1)n
ω angular frequency
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18 GLOSSARY

p differentiation operator
q forward shift operator
s Laplace variable
tr(A) trace of the matrix A
AT transpose of the matrix (or vector) A
uj input signal number j
var{yi} variance of yi
ẋ(t) time derivative of x(t)
yi output signal number i
z Z-transform variable
∈ belongs to
� equal by definition
≡ identity
∪ union of two sets
|| · || 2-norm (spectral norm)
|| · ||H Hankel norm
|| · ||2 (system) H2 norm
|| · ||F Frobenius norm
.∗ Schur (Hadamard) product, i.e. multiplication ele-

ment by element
⊗ Kronecker product
� end of example
� end of proof

Notation for the bioreactor models

ηg correction factor for anoxic growth of heterotrophs
iXB quotient between the mass of nitrogen and the mass

of the chemical oxygen demand
KNH ammonium half saturation constant for autotrophs
KNO nitrate half saturation constant for heterotrophs
KO,A oxygen half saturation constant for autotrophs
KO,H oxygen half saturation constant for heterotrophs
KS half saturation constant for heterotrophs
μA autotrophic max. specific growth rate
μH heterotrophic max. specific growth rate
Q influent flow rate
Qi internal recirculation flow rate
SNH ammonium concentration
SNO nitrate and nitrite concentration
SO dissolved oxygen (DO) concentration
SS readily biodegradable substrate
Vi volume of tank number i
XB,A active autotrophic biomass
XB,H active heterotrophic biomass
YA autotrophic yield
YH heterotrophic yield
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Commonly used variable names

Λ RGA matrix
ΣH HIIA matrix
Φ PM matrix
G transfer function matrix
P controllability Gramian
Q observability Gramian





Chapter 1
Introduction

M
any control systems of practical importance are multivariable. In
such systems, each manipulated variable (input signal) may affect sev-

eral controlled variables (output signals) causing interaction between the in-
put/output loops. For this reason, control of multivariable systems is typically
much more difficult compared to the single-input single-output case. It is there-
fore of great importance to quantify the degree of interaction so that proper
input/output pairs that minimize the impact of the interaction can be formed.
For this, dedicated interaction measures can be used.

This thesis treats some selected interaction measures and, as a case study,
the interactions present in the activated sludge process (ASP), commonly found
in the biological wastewater treatment step for nitrogen removal in a wastewater
treatment plant (WWTP).

1.1 Interactions in multivariable systems

Compared to single-input single-output (SISO) systems, the control design for
multiple-input multiple-output (MIMO) systems is more elaborate. One reason
for this is, as mentioned above, that different parts of a multivariable system
may interact and cause couplings in the system.

Example 1.1 Consider a shower with separate flow control for hot and cold
water. This is a MIMO system with two inputs, the flow of hot water and the
flow of cold water, which are utilised to control the two outputs, the flow from
the tap and the temperature of the effluent water. Evidently, when changing
one of the inputs, both of the outputs will be affected. This means that there
are significant couplings in the system. In other words, interaction occurs if a
change in one input affects several outputs. A way to minimize the influence
of the interaction is to introduce a mixer tap. �

Often, an easy way to control a fairly decoupled MIMO system (i.e. with

21



22 1. Introduction

a fairly low degree of channel interaction) is to use a multi-loop strategy: The
control problem is separated into several single-loop SISO systems and then
conventional SISO control is used on each of the loops, see Kinnaert (1995)
and Wittenmark et al. (1995). This strategy is referred to as decentralized
control and gives rise to the pairing problem:

Which input signal should be selected to control which output signal to get the
most efficient control with a low degree of interaction?

Figure 1.1 shows a schematic view of a MIMO system with two inputs and
two outputs. Gij denotes the transfer function between input uj and output
yi. If the selected input/output pairing is y1–u1 and y2–u2 then the transfer
functions G12 and G21 represent the cross couplings (channel interactions) in
the system.

���

���

���

���

��

��

��

��

�

�

�

�

�

�

Figure 1.1: Block diagram of a MIMO system with two inputs and two outputs.

Example 1.2 As an illustration of the performance degradation that may re-
sult due to channel interaction, consider Figure 1.2. The figure is a preview
from the interaction analysis of a bioreactor model performed in Chapter 6 and
shows the closed-loop output responses for the two selected output signals, y1
and y2, when a step change in the set point of y2 is applied. A decentralized
controller is employed. Ideally, if there would be no interaction, y1 should not
be affected when y2 is changed. From Figure 1.2 it is evident that the outputs
are coupled since the step change in y2 disturbs y1 significantly. �

In real-life applications the considered MIMO system could be rather com-
plex. In the chemical process industry a complexity of several hundred control
loops is not unusual, see Wittenmark et al. (1995). The proper pairing selection
is thus often not at all obvious. Also, the choice of pairing is crucial since a bad
choice may give unstable systems even though each loop separately is stable.
This problem could arise due to interaction between the different loops. Gen-
erally, the stronger the interactions are, the harder it is to obtain satisfactory
control performance using a multi-loop strategy. Evidently, there is a need for
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a measure that can both give some advise when solving the pairing problem
and that also quantifies the level of interaction occurring in the system.
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Figure 1.2: Decentralized control output responses of a bioreactor system with a
step change in the set point of the second output, y2. Upper plot: The response
of the first output, y1. Lower plot: Solid line shows the response of the second
output, y2. Dashed line shows the set point value.

The control system design procedure for a multivariable plant involves sev-
eral steps. Prior to the actual controller design, the control structure has to be
selected. This step, commonly referred to as control structure design (van de
Wal and de Jager, 1995, 2001) or control and feedback organization (Rusnak,
2008). The first part of this step is to find a set of variables to manipulate—
input signals—and a set of variables to control and measure—output signals.
This is often referred to as the problem of input/output selection and is sur-
veyed by for instance van de Wal and de Jager (2001) and Skogestad and
Postlethwaite (1996, Chapter 10). Next, the control configuration selection
(the feedback organization) has to be performed, where the connections be-
tween the inputs and the outputs are decided. This is the pairing problem
described above. Tools used for solving this problem—interaction measures—
are the focus of this thesis. The discussion is limited to quadratic plant models,
i.e. models with as many inputs as outputs. It is further assumed that the set
of inputs and outputs has already been decided. For the considered inter-
action between input/output pairs, the terms (channel) interaction and cross
couplings will be used interchangeably in the thesis.
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1.1.1 Interaction measures

The probably most commonly used interaction measure is the Relative Gain
Array (RGA) developed by Bristol (1966). The RGA considers steady-state
properties of the plant and gives a suggestion of how to solve the pairing prob-
lem in the case of a decoupled (decentralized) control structure. Such structure
will be diagonal. The RGA also indicates which pairings that should be avoided
due to possible stability and performance problems.

Later, a dynamic extension of the RGA was proposed in the literature, see
e.g. Kinnaert (1995) for a survey. With the extension, the RGA could be used
to analyse the considered plant at any frequency but still only at one single
frequency at a time. A more recent approach to define a dynamic relative
gain array was made by Mc Avoy et al. (2003). Furthermore, the RGA can be
generalized for non-square plants and be employed as a screening tool to get
a suggestion on what inputs or outputs that should be removed in the case of
excess signals, see Skogestad and Postlethwaite (1996).

Over the years, several resembling tools have been developed. One such
example is the Partial Relative Gain (PRG) suggested by Häggblom (1997)
that is intended to handle the pairing problem for larger systems in a more
reliable way than the conventional RGA. Effects on the interactions under fi-
nite bandwidth decentralized control was considered by Schmidt and Jacobsen
(2003) in the dynamic Relative Gain (dRG). Other examples are the μ interac-
tion index (Grosdidier and Morari, 1987) and the Performance Relative Gain
Array (PRGA) (Hovd and Skogestad, 1992). An interesting novel approach
is found in (He and Cai, 2004) where pairings are found by minimizing the
loop interaction energy characterized by the General Interaction (GI) measure.
This measure is used in combination with the pairing rules of the RGA and
of the Niederlinski Index (NI) (Niederlinski, 1971). The NI can be used as an
indicator of possible instability issues when solving the pairing problem. In
the Effective RGA (ERGA) proposed by Xiong et al. (2005) the steady state
gain and the bandwidth of the process are utilised to form a dynamic inter-
action measure. He et al. (2006) suggest an algorithm for control structure
selection where the ideas by He and Cai (2004) are further developed. Fatehi
and Shariati (2007) suggest the use of a weight function to produce a normal-
ized RGA matrix (NRGA) that can be used in an automatic pairing algorithm.
Other examples are given by Kinnaert (1995) where a survey of interaction
measures for MIMO systems can be found.

The RGA provides only limited knowledge about when to use multivariable
controllers and gives no indication of how to choose multivariable controller
structures. A somewhat different approach for investigating channel interaction
was therefore employed by Conley and Salgado (2000) and Salgado and Conley
(2004) when considering observability and controllability Gramians in so called
Participation Matrices (PM). In a similar approach Wittenmark and Salgado
(2002) introduced the Hankel Interaction Index Array (HIIA). These Gramian
based interaction measures seem to overcome most of the disadvantages of the
RGA. One key property of these is that the whole frequency range is taken
into account in one single measure. Furthermore, these measures seem to give
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Figure 1.3: Feedforward control output responses of a bioreactor system with a
step change in the set point of the second output, y2. Upper plot: The response
of the first output, y1. Lower plot: Solid line shows the response of the second
output, y2. Dashed line shows the set point value.

appropriate suggestions for controller structures both when a decentralized
structure is desired as well as when a more elaborate multivariable structure is
needed. The use of the system H2 norm as a base for an interaction measure
has been proposed by Birk and Medvedev (2003) as an alternative to the HIIA.

Example 1.3 Consider the example of control of the bioreactor system illus-
trated in Figure 1.2. In the selection of input/output pairing for the decentral-
ized controller illustrated in this figure the RGA was considered. Figure 1.3
shows the output responses for the same system when a simple multivariable
controller is used. Clearly, the disturbance in y1 is now much better rejected
compared to the case of decentralized control illustrated in Figure 1.2. This
control structure was found based on the HIIA analysis. �

Example 1.4 Consider a 3 × 3-system (Goodwin et al., 2005), with transfer
function

G(s) =

⎡⎢⎣
−10(s+0.4)
(s+4)(s+1)

0.5
s+1

−1
s+1

2
s+2

20(s−0.4)
(s+4)(s+2)

1
s+2

−2.1
s+3

3
s+3

30(s+0.4)
(s+4)(s+3)

⎤⎥⎦
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and a steady-state gain of

G(0) =

⎡⎣ −1.0000 0.5000 −1.0000
1.0000 −1.0000 0.5000
−0.7000 1.0000 1.0000

⎤⎦ .
The interaction measures are calculated to:

Λ(G(0)) =

⎡⎣ 2.8571 −1.2857 −0.5714
−2.8571 3.2381 0.6190
1.0000 −0.9524 0.9524

⎤⎦ ,
ΣH =

⎡⎣ 0.1330 0.0324 0.0648
0.0648 0.2827 0.0324
0.0454 0.0648 0.2798

⎤⎦ ,
Φ =

⎡⎣ 0.0768 0.0036 0.0144
0.0144 0.4377 0.0036
0.0071 0.0144 0.4279

⎤⎦ ,
Σ2 =

⎡⎣ 0.0915 0.0011 0.0044
0.0088 0.2992 0.0022
0.0065 0.0132 0.5732

⎤⎦ ,
where Λ is the RGA, ΣH is the HIIA, Φ is the PM and finally, Σ2 is an H2
norm based interaction measure. All of these will be defined in Chapter 2. The
aim in this example is to find the decentralized pairing recommendation so that
each input signal is paired uniquely with one output signal. In the case of the
RGA, input/output pairings corresponding to elements close to one should be
selected and negative elements should be avoided. The other of the considered
interaction measures recommend the input/output pairings that result in the
largest sum when adding the corresponding elements in the measure. Evidently,
all interaction measures suggest the diagonal pairing: y1–u1, y2–u2 and y3–
u3, where yi denotes output i, and uj denotes input j. However, no useful
pairing information can be found by inspecting G(0). This demonstrates the
need of dedicated interaction measures even for pairing suggestions relevant for
operation in steady state. Even though the considered interaction measures are
rather similar in this particular example, this is not generally the case. �

1.2 Wastewater treatment systems

When the industrial revolution came, a rapidly increased standard of living as
well as a substantial population growth followed. The society became more and
more urbanized and the problem of taking care of the human waste products
and waste disposal became a serious (hygienic) problem. The introduction of
the water closet solved the problem locally, but only locally, since the prob-
lem was instead moved to the surrounding environment with an increased load
on the recipients (e.g. lakes and rivers). This could not be handled by the
recipients without heavily disturbed local ecosystems. The degradation of or-
ganic material present in the wastewater, consumes oxygen and the recipient
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Figure 1.4: A general WWTP (Kommunförbundet, 1988).

will thus suffer from lack of oxygen after some while. Even if most of the or-
ganic matter is removed before the wastewater reaches the recipient, chemical
compounds such as phosphorous and nitrogen are still present, and may cause
eutrophication (over-fertilization). Eventually, this will also result in a lack of
oxygen. Therefore, the aim of wastewater treatment should be to remove both
the content of organic matter and suspended solids as well as the content of
nitrogen and phosphorous to a reasonable extent.

In the beginning of the 20:th century, the first wastewater treatment plants
were introduced in Sweden. They were simple plants using only a mechanical
treatment step. This step could consist of a grid and a sand filter to remove
larger objects and particles. In the late 1950’s the biological treatment step,
was introduced. Hereby, microorganisms (e.g. bacteria) are used to remove
organic matter present in the incoming wastewater. Later, in the 1970’s, the
chemical treatment step, was employed to reduce the content of phosphorous.
Nowadays, the biological step is also utilised to reduce the content of nitrogen
and phosphorous. A general wastewater treatment plant (WWTP), consisting
of the above mentioned steps, is schematically depicted in Figure 1.4.

The sludge also needs to be treated. In the thickening procedure, the sludge
is concentrated. Then, the sludge is stabilized in order to reduce odor and
pathogenic content. Finally, the moisture content of sludge can be reduced
by the use of dewatering. For a description of how to practically realize these
steps, see e.g. Hammer and Hammer (2008).

In the complex process of wastewater treatment, many different cause-effect
relationships exist, and therefore, there are many possible choices of input and
output signals, see Olsson and Jeppsson (1994). This makes the WWTP models
particularly interesting to study with respect to the interactions present and
the selection of proper control structures.

When treating wastewater, the aim is to reduce as much as possible of
the undesired constituents such as organic matter, nitrogen and phosphorous.
This is commonly done using wastewater treatment plants. In a WWTP several
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biological processes occur simultaneously. These processes need to be properly
controlled in order to maintain the concentrations of undesired constituents
in the outlet water within the legislated limits. As the public awareness of
environmental issues increases, the environmental legislation becomes stricter,
and thus, the requirements on WWTPs become even harder to fulfill. The used
control strategies need then to be as efficient as possible, see e.g. Olsson and
Newell (1999). Therefore, models of the WWTP processes are interesting to
study with respect to the choice of e.g. control structure. An example of such
models are the bioreactor models.

From a theoretical point of view, the bioreactor models are non-linear mul-
tivariable systems that may contain a significant degree of coupling. Hence,
this also gives an interesting opportunity to test the performance of the meth-
ods for input/output pairing selection mentioned in the previous section. The
aim of Section 1.2 is to give a brief description of the bioreactor models that
will be analysed in Part II of this thesis.

1.2.1 The activated sludge process (ASP)

The biological treatment step can be realized in several different ways. One of
the most common is the activated sludge process where activated sludge, i.e. mi-
croorganisms (mainly bacteria), is employed to degrade (i.e. oxidize) organic
material. The basic set-up consists of an aerated basin where oxygen is added
by blowing air into the water, and a settler tank, see Figure 1.5. In the aerated
basin, the bacteria degrade the incoming organic material while consuming
oxygen. In this way the microorganisms fulfill their need of energy and as a
result bacterial growth will occur. Together with decayed microorganisms and
other particulate material, the living microorganisms form sludge. To separate
the sludge from the purified water a settler, where the sludge settles, can be
used directly after the aerated tank. Since the amount of microorganisms needs
to be kept at a high level, sludge is recirculated as shown in Figure 1.5, while
the rest is removed as excess sludge. With the excess sludge, some nitrogen
(and phosphorus) is removed, but still too much remains.

EffluentInfluent

Excess sludge

Settler

Sludge recirculation

Aerobic

Figure 1.5: A basic activated sludge process with an aerated basin and a settler.

However, if the activated sludge process is extended to consist of both aer-
ated and non-aerated (anoxic) basins, then bacteria may be employed for effi-
cient nitrogen removal. In the aerated basins, nitrifying bacteria oxidize am-
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monium to nitrate in a two-step process called nitrification:

NH+4 + 1.5O2 → NO−2 + H2O + 2H+,

NO−2 + 0.5O2 → NO−3 .

For these processes to occur, the concentration of dissolved oxygen (DO) must
be sufficiently high and a long sludge age (the average time each particle stays
in the system) is required due to slow bacteria growth.

In the anoxic tanks, another type of bacteria is employed in the denitrifica-
tion process, summarized by

2NO−3 + 2H+ → N2(g) + H2O + 2.5O2

i.e., the bacteria convert nitrate into nitrogen gas using the oxygen in the
nitrate ions. However, no dissolved oxygen should be present for this process
to take place. Instead, a sufficient amount of readily biodegradable substrate
is needed. Hence, together, nitrification and denitrification convert ammonium
into nitrogen gas which is harmless to the environment. For further descriptions
of these processes, see Henze et al. (1995).

Nitrogen removal can be performed in several different types of WWTPs.
One of the most popular is the pre-denitrification system, see Henze et al.
(1995). In this design, the anoxic tanks are placed before the aerated basins,
and thus, denitrification is performed before the nitrification process, see Figure
1.6.

Influent Effluent

Excess sludge

Internal recirculation

Sludge recirculation

Settler

AerobicAnoxicAnoxic AerobicAerobic

Figure 1.6: An activated sludge process configured for nitrogen removal (pre-
denitrification).

To supply the denitrification process with nitrate, there is a feedback flow
from the last tank as shown in Figure 1.6. In some cases, when the influent
water has a low content of carbon, the bacteria in the anoxic tank need to be
fed with an external carbon source. For this purpose, methanol or ethanol is
often used.

For a further discussion about the ASP, see e.g. Olsson and Newell (1999)
and Hammer and Hammer (2008).

1.2.2 The benchmark model BSM1

The comparison between different control strategies for a WWTP is often dif-
ficult due to the variable influent conditions and the high complexity of a
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WWTP. Therefore, to enable objective comparisons between different control
strategies, a simulation benchmark activated sludge process, Benchmark Sim-
ulation Model No.1 (BSM1), has been developed by the COST 682 Working
Group No.2, see Copp (2002) and IWA (November 19, 2007). In the BSM1
a typical activated sludge process with pre-denitrification is implemented. It
consists of five biological reactor tanks configured in-series. The first two tanks
have a volume of 1000 m3 each, and are anoxic and assumed to be fully mixed.
The remaining three tanks are aerated and have a volume of 1333 m3 each. All
biological reactors are modelled according to the ASM1 model (see Appendix
B for a further description of ASM1). Finally, there is a secondary settler
modelled using the double-exponential settling velocity function of Takács et
al. (1991).

To get an objective view of the performance of the applied control strat-
egy, it is important to run the BSM1 simulation with different influent distur-
bances. Therefore, influent input files for three different weather conditions—
dry, stormy and rainy weather—are available together with the benchmark im-
plementation. A number of different performance criteria are defined, such as
various quality indices and formulas for calculating different operational costs.

1.2.3 Control of WWTPs

As previously stated, WWTPs may be seen as complex multivariable systems.
Therefore, to obtain satisfactory control performance, it is often necessary to
use more advanced control strategies. However, since wastewater treatment
traditionally has been seen as non-productive compared to the industry, the
extra investments needed to employ such advanced control strategies have been
hard to justify economically. Nowadays, as the effluent demands get tighter,
the interest for more advanced control strategies is awakening.

The plant has to be run economically and at the same time the discharges
to the recipient should be kept at a low level. The control problem is hence
twofold. The economical aspect involves minimizing operational costs such
as pumping energy, aeration energy and dosage of different chemicals. Conse-
quently, the main problem is how to keep the effluent discharges below a certain
pre-specified limit to the lowest possible cost, see Olsson and Newell (1999).
One way of solving this conflict of interest is to design the control algorithms
in such a way that the overall operational costs are minimized. To make sure
that also the wastewater treatment performance demands are fulfilled, the ef-
fluent discharges can be economically penalized. The corresponding cost can
then be included together with the actual costs (energy and chemicals) in the
calculation of the overall cost.

Control handles for nitrogen removal

In the nitrogen removal process, there are several variables that can be used as
actuators, or control handles, to control the outputs. In a pre-denitrification
system, there are five main control handles, as stated by Ingildsen (2002):

1. The airflow rate (in the aerated compartments).
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2. The internal recirculation flow rate.

3. The external carbon dosage.

4. The sludge outtake flow rate (excess sludge).

5. The sludge recirculation flow rate.

In this thesis, only the three first of these are considered. The last two control
handles are described by for example Yuan et al. (2001) and Yuan et al. (2002).

The first control handle, the airflow rate, is employed to affect the DO
concentration in the aerated compartments. Hereby, the performance of the
autotrophic nitrification bacteria will be influenced. Most common today is
to control the airflow rate to maintain a specific DO level. Another way is to
make use of online-measurements of the ammonium concentration in the last
aerated compartment, and let these control the time-varying DO set point, see
e.g. Lindberg (1997).

The internal recirculation flow rate affects the supply of nitrate for the den-
itrification process but also the DO concentration in the anoxic compartments
since some DO may be transported from the last aerated compartment. The
DO transportation between the processes, can however, be reduced by intro-
ducing an anoxic tank after the last aerated basin.

External carbon dosage can be applied when the influent water does not have
enough readily biodegradable substrate to feed the denitrification bacteria.

Controlled output signals for nitrogen removal

The primary outputs from a WWTP are the effluent ammonium concentration,
the organic matter, the nitrate concentration and the suspended solids, see
Ingildsen (2002).

1.3 Thesis outline

The main content of this thesis is divided into two parts. The first part, com-
prising Chapters 2–4, is denoted Interaction Measures and treats some selected
interaction measures. Properties are derived and new interaction measures
are suggested. The second part, denoted Interaction Analysis and Control of
Bioreactors for Nitrogen Removal, consists of Chapters 5–7 and is a case study.

Here follows an outline of the content and the publications included in this
thesis. The main contributions of each chapter are briefly presented, together
with references to the papers upon which the chapters are based.

Chapter 2: The Relative Gain Array and Gramian-Based Interaction

Measures

In Chapter 2, the reader is introduced to the interaction measures the Relative
Gain Array (RGA), the Hankel Interaction Index Array (HIIA), the Partic-
ipation Matrix (PM) and the H2 norm based interaction measure Σ2. As a
background to the discussion of the Gramian-based interaction measures, the
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concepts of controllability and observability are discussed. The main contribu-
tion of this chapter includes: an alternative proof of the lemma by Salgado and
Conley (2004) concerning the PM and discrete-time systems with time-delays;
findings concerning the selection of proper scaling in the context of Gramian-
based interaction analysis; the interpretation of the Σ2 as being a measure of
the output controllability; derivations of some basic properties of the Σ2; ex-
amples where the RGA, the HIIA, the PM and the Σ2 are compared. To the
author’s knowledge, the Σ2 in particular, has not been widely used so far.

The chapter is based on:

Halvarsson, B. Comparison of some Gramian based interaction measures.
In: Proceedings of the IEEE International Symposium on Computer-
Aided Control System Design (CACSD 2008), Part of IEEE Multicon-
ference on Systems and Control, San Antonio, Texas, USA, September
2008, pp. 138–143.

Chapter 3: Uncertainty Bounds for Gramian-Based Interaction Mea-

sures

The introduction of model uncertainty creates a set of possible plant models
for which the interaction measures may be different. For this reason, the con-
trol structure recommendation may differ between these models. This makes
it essential to include model uncertainties in the interaction analysis. An un-
certainty bound for the HIIA has previously been suggested by Moaveni and
Khaki-Sedigh (2008). In Chapter 3, a tighter bound is suggested. It is also
shown how the suggested bound gives an uncertainty bound for the PM. More-
over, the link between the PM and the Nyquist diagram is investigated. This
forms the base of a new alternative numerical way of calculating the uncertainty
bounds which is investigated. As illustrated in some examples, the method
gives even tighter uncertainty bounds for both the HIIA and the PM than the
other suggested method.

The material in this chapter is based on

Halvarsson, B. and M. Castaño (2010). Uncertainty Bounds for Gramian-
Based Interaction Measures. Submitted for publication.

Chapter 4: New Interaction Measures Based on Linear Quadratic

Gaussian Control

In this chapter, two new input/output pairing strategies based on linear quad-
ratic Gaussian (LQG) control are suggested. The strategies are used to compare
the expected performance of decentralized control structures in some illustra-
tive examples. The pairing suggestions are compared with the recommenda-
tions previously obtained using other interaction measures. The new strategies
give suitable pairing recommendations and are easy to interpret.

The material in this chapter is based on:

Halvarsson, B., B. Carlsson and T. Wik (2010). New Interaction Mea-
sures Based on Linear Quadric Gaussian Control. Submitted for publi-
cation.
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Halvarsson, B., B. Carlsson and T. Wik. A New Input/Output Pairing
Strategy based on Linear Quadratic Gaussian Control. In: Proceedings of
the IEEE International Conference on Control and Automation (ICCA),
2009. Christchurch, New Zealand, December 2009, pp. 978–982.

Halvarsson, B. and B. Carlsson (2009). New Input/Output Pairing Strate-
gies based on Minimum Variance Control and Linear Quadratic Gaussian
Control. Technical Report 2009-012. Division of Systems and Control,
Department of Information Technology, Uppsala University, Uppsala,
Sweden.

Chapter 5: Interaction Analysis of the Activated Sludge Process

In Chapter 5 the interactions in a multivariable ASP model configured for
nitrogen removal are studied. The RGA, the HIIA, the PM and the Σ2 are
utilized to quantify the degree of coupling present in the system. Both the
nitrification and the denitrification process are studied since the output signals
(the controlled signals) are the effluent concentration of ammonium and the
effluent concentration of nitrate. The input signals (control handles) are the
dissolved oxygen concentration set point in the aerobic compartment and the
internal recirculation flow rate. The material is based on:

Halvarsson, B., P. Samuelsson and B. Carlsson (2005). Applications of
Coupling Analysis on Bioreactor Models. In: Proceedings of the 16th
IFAC World Congress, Prague, Czech Republic.

Chapter 6: Interaction Analysis and Control of the Denitrification

Process

Chapter 6 once again considers the interactions present in an ASP. Here, the fo-
cus is on controlling the denitrification process when an external carbon source
is added. Thus, one of the two considered input signals (control handles) is
the readily biodegradable organic substrate in the influent water (which has
the same influence as an external carbon source would have). The other input
signal is the internal recirculation flow rate. The output signals (controlled
signals) are the nitrate concentration in the anoxic compartment and the ni-
trate concentration in the effluent. The model is analysed using the RGA, the
HIIA, the PM, the Σ2 and the two LQG-based interaction measures proposed
in Chapter 4. The results are discussed from a process knowledge point of view,
and are also illustrated with some control experiments.

The chapter is an extension of:

Samuelsson, P., B. Halvarsson and B. Carlsson (2005). Interaction Anal-
ysis and Control Structure Selection in a Wastewater Treatment Plant
Model. IEEE Transactions on Control Systems Technology 13(6) pp. 955–
964.

Samuelsson, P., B. Halvarsson and B. Carlsson (2004). Analysis of the
Input-Output Couplings in a Wastewater Treatment Plant Model. Tech-
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nical Report 2004-014. Division of Systems and Control, Department of
Information Technology, Uppsala University, Uppsala, Sweden.

Chapter 7: Economic Efficient Operation of an Activated Sludge

Process

In this chapter, the focus is on finding optimal set-points and cost minimizing
control strategies for the activated sludge process. Both the denitrification and
the nitrification process are considered. In order to compare different criterion
functions, simulations utilizing the COST/IWA simulation benchmark (BSM1)
are considered. By means of operational maps the results are visualized. It is
also discussed how efficient control strategies may be accomplished.

The material is based on:

Halvarsson, B. and B. Carlsson (2006). Economic Efficient Operation
of a Predenitrifying Activated Sludge Process. HIPCON Report number
HIP06-86-v1-R Deliverable D6.5. Uppsala University, Uppsala, Sweden.1

which is an extended version of:

Samuelsson, P., B. Halvarsson and B. Carlsson (2007). Cost-Efficient
Operation of a Denitrifying Activated Sludge Process. Water Research
41(2007) pp. 2325–2332.

Samuelsson, P., B. Halvarsson and B. Carlsson (2005). Cost Efficient
Operation of a Denitrifying Activated Sludge Plant – An Initial Study.
Technical report 2005-010. Division of Systems and Control, Department
of Information Technology, Uppsala University, Uppsala, Sweden.

In the previous two references only the denitrification process is studied.

1.4 Topics for further research

In the area of interaction analysis of multivariable systems, there are many
interesting topics that need further attention. Here follows a brief outline of
some of these:

• Nonlinear extensions to the RGA have been treated by for instance Glad
(2000) and Moaveni and Khaki-Sedigh (2007). The Gramian-based inter-
action measures presented in this thesis are all defined for linear systems.
An interesting task is to also extend these for nonlinear systems.

• There is more to do concerning Gramian-based interaction measures for
uncertain systems. An obvious first extension to the results in Chapter
3 is to consider other types of uncertainties. The generalized Gramians
for uncertain systems used in the context of model reduction could be of
further interest in the development of future Gramian-based interaction
measures. Beck and D’Andrea (1997) and Li and Petersen (2010) discuss
these.

1This paper is an internal EU project report which is available from the author.
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• The connection between the PM and the Nyquist diagram provides an
interesting starting point for further analysis of the PM. For instance, the
link between the PM and the Direct Nyquist Array (DNA) discussed in
Chapter 3, needs further attention. The DNA approach involves features
such as the possibility of using so-called Gershgorin bands to help in the
visualisation of the interactions. Perhaps some of the techniques of the
DNA can be of interest in some extensions to the PM approach?

• Concerning the LQII, a straightforward extension to the present analysis
in Chapter 4 is to test the strategy for other control structures than the
decentralized ones.

• There is more to explore concerning interactions in systems with time
delays. An approach to consider is the use of continuous delay Lyapunov
equations. These are discussed by Jarlebring et al. (2009).

• The RGA provides information about possible robustness and stability
issues. The Gramian-based measures do not. When using the Gramian-
based measures, how should information of these issues be obtained?

• In the analysis of operational costs of an ASP in Chapter 7 there are sev-
eral possible extensions. The suggested strategies could, for instance, be
evaluated using live data from a full-scale WWTP. Furthermore, the cri-
teria function could be extended with costs for the sludge handling. This
will indeed penalize an excessive carbon dosage. Another interesting ex-
tension is to include chemical precipitation for phosphorous removal. In
a pre-denitrifying plant, there is an interesting trade-off between removal
of phosphorous and substrate where the latter is useful for the denitrifi-
cation process.
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Chapter 2
The Relative Gain Array
and Gramian-Based
Interaction Measures

T
here are today several different measures for quantifying the level of
input/output interactions in multivariable systems. The perhaps most

commonly used is the Relative Gain Array (RGA) introduced by Bristol (1966).
The RGA is a measure that can be employed in order to decide a suitable
input/output pairing when applying a decentralized control structure. It can
also be used to decide whether a certain pairing should be avoided. This
measure, however, suffers from some major disadvantages. For instance it only
considers the plant in one frequency at a time and it often provides limited
knowledge about how to use multivariable controllers.

A different approach for investigating channel interaction was employed by
Conley and Salgado (2000) when considering observability and controllability
Gramians in so called Participation Matrices (PM). In a similar approach Wit-
tenmark and Salgado (2002) introduced the Hankel Interaction Index Array
(HIIA). These Gramian-based interaction measures seem to overcome most of
the disadvantages of the RGA. One key property of these is that the whole
frequency range is taken into account in one single measure. Furthermore,
they often seem to give appropriate suggestions for both decentralized and full
multivariable controller structures.

The use of the system H2 norm as a base for an interaction measure has
been proposed by Birk and Medvedev (2003) as an alternative to the HIIA.
This interaction measure is denoted Σ2.

In this chapter, the reader is introduced to the RGA, the HIIA, the PM and
the Σ2. As a background to the discussion of the Gramian-based interaction
measures, the concept of controllability and observability is discussed. The
main contribution of this chapter includes: an alternative proof of the lemma by
Salgado and Conley (2004) concerning the PM and discrete-time systems with
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time delays; findings concerning the selection of proper scaling in the context
of Gramian-based interaction analysis; the interpretation of the Σ2 as being a
measure of the output controllability; derivations of some basic properties of
the Σ2; examples where the RGA, the HIIA, the PM and the Σ2 are compared.

2.1 Systems description

In this chapter, a stable continuous-time linear time-invariant system, with
inputs at time t given by the p× 1 vector u(t) and outputs at time t given by
the p × 1 vector y(t) will be considered. The system can be described as the
state-space realization

ẋ(t) = Ax(t) +Bu(t),

y(t) = Cx(t), (2.1)

where x(t) is the state vector, A, B and C are matrices of dimension n × n,
n × p and p × n, respectively. The plant is assumed to be quadratic. The
corresponding transfer function is denotedG(s) where s is the Laplace variable.
The elements of G are denoted Gij , i, j = 1, . . . , p.

Furthermore, a discrete-time system

x(t + 1) = Ax(t) +Bu(t),

y(t) = Cx(t), (2.2)

will be considered. Note that both the continuous-time system matrices and
the discrete-time system matrices are denoted (A,B,C). These do not gener-
ally coincide; what triplet of matrices that are referred to will be clear from
the context. In certain cases it is of importance that there is no direct term
in the system. This is emphasized by describing the system with the quadru-
ple (A,B,C, 0). The corresponding discrete-time transfer function matrix is
denoted G(z) where z is the variable of the Z-transform.

2.2 The Relative Gain Array (RGA)

The static RGA for a quadratic plant G is given by

Λ(G) = G(0). ∗ (G(0)−1)T , (2.3)

where “.∗” denotes the Hadamard or Schur product (i.e. element by element
multiplication). Each element in the RGA can be regarded as the quotient
between the open-loop gain and the closed-loop gain. The RGA element (i, j),
Λij , is the quotient between the steady state gain Gij(0) in the loop between
input j and output i when all other loops are open and the steady state gain
Ĝij(0) in the same loop when all other loops are closed and perfectly controlled.
Ideally, if no interaction between the loops are present, the gain between input
uj and output yi would remain the same when the other loops are closed, so
the relative gain Λij(0) = Gij/Ĝij = 1. On the other hand, if there is loop
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interaction in the system, Gij and Ĝij will differ which results in a relative
gain Λij(0) 	= 1. Therefore, to minimize undesired interactions, pairings corre-
sponding to a RGA element as close to one as possible should be selected. For
a full derivation of the RGA see for instance Bristol (1966), Grosdidier et al.
(1985), Skogestad and Postlethwaite (1996) or Kinnaert (1995).

2.2.1 Algebraic properties

The RGA possesses several useful algebraic properties. Some of the most im-
portant are listed below.

Property 1: If rows and columns are permuted in the transfer function ma-
trix, G, then the rows and columns in the RGA are permuted in the same
way.

Property 2: The division in (2.3) ensures the RGA to be scaling independent,
i.e.

Λ(G) = Λ(S1GS2), (2.4)

where S1 and S2 are diagonal scaling matrices of the same dimension as
G.

Property 3: The division in (2.3) normalizes the RGA, in such a way that
the numerical sum of each column, as well as the numerical sum of each
row, in the RGA is equal to one, i.e. for a n× n RGA:

n∑
i=1

Λij =
n∑
j=1

Λij = 1. (2.5)

Property 4: If the transfer function matrix, G, is diagonal or triangular, and
if the rows in the transfer function matrix are permuted to get nonzero
elements along the diagonal in the case of a triangular G, then the RGA
equals the identity matrix.1 Thus the RGA does not differ between di-
agonal and certain triangular plants.

Property 5: For the case of a 2 × 2 plant, G, with nonzero elements only,
the following holds: (a) If the number of positive elements in G(0) is odd
then Λij ∈ (0, 1); (b) If the number of positive elements in G(0) is even
then Λij ∈ (−∞, 0) ∪ (1,∞) (Grosdidier et al., 1985).

Property 1, 2 and 4 can easily be shown by using the definition of the RGA in
Equation (2.3). Additional properties as well as proofs to some of them can be
found in e.g. Skogestad and Postlethwaite (1996).

1For off-diagonal and triangular systems with nonzero elements along the off-diagonal, the
RGA equals the anti-identity matrix with zeros in all positions except along the off-diagonal.
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2.2.2 Pairing recommendation

In the case of a 2×2 system, the following RGA matrix is obtained:

Λ(G) =
[
λ 1− λ

1− λ λ

]
. (2.6)

Depending on the value of λ, five different cases occur (Kinnaert, 1995):

λ = 1: This is an ideal case when no interaction between the loops is present.
The pairing should be along the diagonal, i.e. y1–u1, y2–u2.

λ = 0: This is the same situation as above, except that now the suggested
pairing is along the off-diagonal, i.e. y1–u2, y2–u1.

0 < λ < 1: Now, the gain increases (i.e. Ĝij increases) when the loops are
closed, hence, there is interaction. λ = 0.5 corresponds to the worst
interaction.

λ > 1: Now, the gain decreases when the loops are closed. The interaction gets
worse the larger λ is.

λ < 0: Now, even the sign changes when the loops are closed and this is highly
undesirable. The more negative λ, the worse the interaction.

In short, the rule should be to choose pairings that have an RGA-element close
to one. Negative pairings should definitely be avoided. Moreover, there is
a connection between the RGA and the condition number, see Appendix A.
Since ill-conditioned plants may be hard to control, it is of importance to avoid
pairings which corresponds to large RGA elements, see for instance Waller et
al. (1994) and Waller and Waller (1995).

Stability considerations

As concluded above, a pairing with negative RGA-element is not desirable since
this will cause the gain to change sign when the other loops are closed. Further
investigations made by Grosdidier et al. (1985) have shown that pairings with
negative RGA-elements may cause instability.

Another result to consider in order to avoid pairings that may lead to insta-
bility is Niederlinski’s theorem introduced by Niederlinski (1971) and refined
by Grosdidier et al. (1985): Assuming a system with a feedback configuration
consisting of a compensator, K(s), with the structure

K(s) =
k

s
K̂(s), (2.7)

and also assuming K̂(s) to be diagonal (i.e. a decentralized control structure
is selected), G(s)K̂(s) to be proper, k > 0 and, finally, that each individual
control loop remains stable when any of the other loops are opened2, then a

2For the case of a 2×2 plant this assumption can be relaxed as shown by Chiu and Arkun
(1991).
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sufficient condition for instability of the closed-loop system is

NI = det
(
G(0)

)/ p∏
i=1

gii(0) < 0. (2.8)

This quotient is called the Niederlinski Index (NI). As pointed out by Kinnaert
(1995), it is advisory to combine the use of the RGA with a check of the NI
to see if the chosen pairings may be feasible regarding stability. This check
is also included in other pairing algorithms such as the algorithm in (Fatehi
and Shariati, 2007) that uses a Gramian-based interaction measure. Note that
since (2.8) is only a sufficient condition for instability, there might be some G
which do not fulfill the test but still causes instability. Note also, that the NI
has to be calculated for each pairing combination. This is in contrast to the
RGA.

2.2.3 A dynamic extension of the RGA

Bristol (1966) only used the plant steady-state gain, G(0), when calculating the
RGA. The reason for this was probably that in the process industry the steady-
state measure is often far more easy to obtain than the dynamic counterpart
G(jω) (Maciejowski, 1989). However, later, a dynamic extension of the RGA
was proposed (see e.g. Kinnaert (1995) for a survey):

Λ(G(jω)) = G(jω). ∗ (G(jω)−1)T . (2.9)

When analysing a system it is advisory to use this dynamic RGA and study
the behaviour of Λ(G) in the interesting frequency range. As pointed out by
Skogestad and Postlethwaite (1996), to avoid instability it is often enough to
require Λ(G(jω)) to be near the identity matrix at the crossover-frequency. A
pairing that results in negative RGA-elements should, however, not be tolerated
for any frequency of interest.

2.3 Controllability and observability

In the forthcoming two sections controllability and observability will play a
central role. Therefore these are separately discussed in this section.

2.3.1 State controllability and state observability

The concepts of state controllability and state observability were introduced
by Kalman (1960). With an initial state x(t0) and an input u(t), the solution
of (2.1) for t ≥ t0 is given by

x(t) = eA(t−t0)x(t0) +
∫ t
t0

eA(t−τ)Bu(τ)dτ. (2.10)

This is a standard result found in many text books such as Skogestad and
Postlethwaite (1996) and Zhou et al. (1996). Since the system is time-invariant
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t0 can be set to 0. A system with an arbitrary initial state x(0) = x0 is said to
be state controllable if there exists a piecewise continuous input u(t) such that
x(t1) = x1 for any final state x1 and t1 > 0. Equivalently, a state controllable
system can be transferred from any initial state x(t0) to any final state x(t1)
in finite time. It can be verified using (2.10) that one input that satisfies this
criterion is given by (Skogestad and Postlethwaite, 1996; Zhou et al., 1996)

u(t) = −BT eAT (t1−t)Wc(t1)−1(eAt1x0 − x1), (2.11)

where Wc(t) is a Gramian matrix defined as

Wc(t) =
∫ t
0

eAτBBT eA
T τdτ. (2.12)

Clearly, for the input (2.11) to exist, the inverse of Wc(t) needs to exist,
i.e. Wc(t) must be invertible for every t > 0. For a stable time-invariant system
it is enough to require Wc(∞) to have full rank. Hence, state controllability
can be investigated by considering the controllability Gramian, P , defined for
stable time-invariant systems as

P �

∫
∞

0

eAτBBT eA
T τdτ. (2.13)

If P has full rank the system is state controllable. Similarly, a stable system
will be state observable if the observability Gramian, Q, defined as

Q �

∫
∞

0

eA
T τCTCeAτdτ, (2.14)

has full rank. These Gramians can be obtained by solving the following contin-
uous-time Lyapunov equations (Skogestad and Postlethwaite, 1996):

AP + PAT +BBT = 0, (2.15a)

ATQ+QA+ CTC = 0. (2.15b)

The rank of P is the dimension of the controllable subspace corresponding to
the given system, and correspondingly, the rank of Q is the dimension of the
observable subspace of the same system.

Even though a system is state controllable, it should be noted that there
is no guarantee that the system can remain in its final state x1 as t → ∞.
Furthermore, nothing is said about the behaviour of the required input u(t)
in (2.11). It can both be very large and change suddenly. Therefore, state
controllability is rather a result of theoretical interest than a result of practical
importance.

Similarly to the continuous-time case, the discrete-time Gramians can be
obtained (assume that the considered system is stable) as the solutions to the
discrete-time Lyapunov equations

APAT − P +BBT = 0, (2.16a)
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ATQA−Q+ CTC = 0. (2.16b)

State controllability and state observability can also be examined by con-
sidering the matrices

Wc � [B AB . . . An−1B], (2.17a)

Wo �

⎡⎢⎢⎢⎣
C
CA
...

CAn−1

⎤⎥⎥⎥⎦ . (2.17b)

The system (A,B) is state controllable if Wc has full rank n. Similarly, the
system (A,C) is state observable if Wo has full rank n.

2.3.2 Output controllability

In practical control problems it is often more relevant to be able to control the
outputs rather than all the states. Kreindler and Sarachik (1964) discuss time-
varying plants of the form given in (2.1) and define a plant as being “completely
output-controllable on [to, tf ] if for given t0 and tf any final output y(tf ) can
be attained starting with arbitrary initial conditions in the plant at t = t0.” For
a plant without a direct term this is true if and only if the Gramian

Poc(t0, tf ) �

∫ tf
t0

Hy(tf , τ)HTy (tf , τ)dτ (2.18)

is non-singular (Kreindler and Sarachik, 1964) where Hy(t, τ) is the impulse
response matrix for t > τ . For linear time-invariant stable plants with t0 set
to 0 the Gramian in (2.18) transforms to the output controllability Gramian
given by

Poc =
∫
∞

0

CeAτBBT eA
T τCTdτ = CPCT . (2.19)

In contrast to the state controllability Gramian (P ), Poc is independent of
the selected state-space realization. One way to see this, change the state
coordinates by multiplying the state vector x(t) with a linear non-singular
transformation matrix S. This is a similar transformation that transforms the
state vector x(t) to z(t) = Sx(t). The plant can now be described by

ż(t) = SAS−1z(t) + SBu(t),

y(t) = CS−1z(t). (2.20)
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For the new realization, the output controllability Gramian becomes

P ′oc =
∫
∞

0

CS−1eSAS
−1tSBBTST e(S

−1)TATST t(S−1)TCTdt

=
∫
∞

0

CS−1SeAtS−1SBBTST (S−1)T eA
T tST (S−1)TCTdt

= C

∫
∞

0

eAtBBT eA
T tdt CT

= CPCT

= Poc, (2.21)

where the following equality has been used

eSAS
−1t =

{
eAt = I +At+

A2t2

2!
+ . . .

}
= . . . = SeAtS−1.

The plant is assumed to be time-invariant so that C is independent of time.
Since P ′oc = Poc, Poc is independent of the selected state-space realization.

2.4 Gramian-based interaction measures

2.4.1 The Hankel norm

The Hankel singular values (HSVs) of a system—continuous-time or discrete-
time—with controllability and observability Gramians P and Q, are given by

σ
(i)
H �

√
λi i = 1, 2, . . . , n, (2.22)

where λ1, ..., λn are the eigenvalues of the product PQ. The Hankel norm of
the same system, with corresponding transfer function G, is defined as

‖G‖H � σ(1)H =
√
λmax(PQ), (2.23)

where σ(1)H is the maximum HSV. This measure is invariant with respect to the
state-space realization and is therefore well suited as a combined measure of
(state) controllability and (state) observability. Note that P and Q depend on
the chosen state-space realization. In fact, the HSVs can be interpreted as a
measure of the joint controllability and observability of the states of the consid-
ered system, see for instance Farsangi et al. (2004), Skogestad and Postlethwaite
(1996) and Lu and Balas (1998). Furthermore, the HSVs of G can be regarded
as measures of the gain between past inputs and future outputs since these
are the singular values of the Hankel matrix (defined below) for discrete-time
systems, or equivalently, of the Hankel operator for continuous-time systems
(Antoulas, 2001; Glover, 1984; Skogestad and Postlethwaite, 1996; Weber, 1994;
Wilson, 1989; Wittenmark and Salgado, 2002; Zhou et al., 1996). To see this,
consider the discrete-time system given in (2.2). The influence of the past
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inputs on the state x(0) is given by (Glover, 1984; Weber, 1994)

x(0) = [B AB ... ]︸ ︷︷ ︸
Wc

⎡⎢⎣ u(−1)
u(−2)
...

⎤⎥⎦ , (2.24)

and the influence of the initial state x(0) on the future outputs is given by⎡⎢⎣ y(0)
y(1)
...

⎤⎥⎦ =

⎡⎢⎣ CCA
...

⎤⎥⎦x(0) =Wox(0), (2.25)

where it is assumed that u(t) = 0 for t ≥ 0. To be able to reconstruct all of the
states in the state vector at time 0, i.e. x(0), from the past inputs according to
(2.24), Wc must have full rank n. Similarly, Wo must have full rank n so that
the outputs can be found from (2.25). Combining (2.24) and (2.25) the result
is the following expression that links the past inputs to the future outputs via
the state x(0) at time zero (Antoulas, 2001; Weber, 1994)⎡⎢⎣ y(0)

y(1)
...

⎤⎥⎦ =Wox(0) =WoWc︸ ︷︷ ︸
H

⎡⎢⎣ u(−1)
u(−2)
...

⎤⎥⎦ . (2.26)

H is the (infinite dimensional) Hankel matrix which in the considered case is

H =

⎡⎢⎣ h1 h2 . . .h2 h3 . . .
...
...

⎤⎥⎦ =

⎡⎢⎣ CB CAB . . .
CAB CA2B . . .
...

...

⎤⎥⎦ , (2.27)

where {hk} are the Markov3 parameters of the system which in the discrete-
time case are the impulse response. For MIMO systems the Markov parameters
are matrices and consequently, the Hankel matrix is a block matrix. The im-
pulse response in the discrete-time case for the system given in (2.2) with D = 0
is given by (Antoulas, 2001)

h(t) =
{
CAt−1B t > 0
0 t ≤ 0.

(2.28)

The HSVs equal the non-zero singular values of the Hankel matrix.
In the continuous-time case, the counterpart to the Hankel matrix is the

Hankel operator, Γ, defined from (Antoulas, 2001; Glover, 1984; Wilson, 1989)

y(t) = (Γu)(t) =
∫
∞

0

g(t+ τ)u(−τ)dτ t ≥ 0, (2.29)

3A strictly proper continuous transfer function G(s) can be expressed as a power series
in the Laplace variable s as G(s) =

∑
∞

k=1
gks

−k where {gk} are the Markov parameters
(Weber, 1994).
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where g(t) is the continuous-time impulse response matrix given by

g(t) =
{
CeAtB t ≥ 0
0 t < 0.

(2.30)

Similarly to the discrete-time case, the Hankel operator relates the past in-
puts to the future outputs. The HSVs are the same as the singular values of
the Hankel operator. For a more thorough description of the continuous-time
Hankel operator, see e.g. Glover (1984), Zhou et al. (1996), Antoulas (2001),
Wilson (1989), Birk and Medvedev (2003) and Weber (1994). The Hankel norm
and induced system norms are further discussed in for instance Lu and Balas
(1998).

2.4.2 The Hankel Interaction Index Array (HIIA)

A stable MIMO system represented by (A,B,C, 0) can be split into fundamen-
tal SISO subsystems (A, b∗j , ci∗, 0) with one input uj and one output yi each,
where b∗j is the j:th column in B, ci∗ is the i:th row in C, see Conley and
Salgado (2000) and Salgado and Conley (2004). For each of these, the control-
lability and the observability Gramians can be calculated. Furthermore, the
controllability and observability Gramians for the full system will be the sum
of the corresponding Gramians for the subsystems (Salgado and Conley, 2004):

P =
n∑
j=1

Pj , Q =
n∑
i=1

Qi, (2.31)

where Pj and Qi are the controllability Gramian and observability Gramian,
respectively, for the subsystem (i, j) given by (A, b∗j , ci∗, 0). If the Hankel
norm is calculated for each fundamental subsystem and arranged in a matrix
Σ̃H given by

[Σ̃H ]ij = ‖Gij‖H , (2.32)

this matrix can be used as an interaction measure. A normalized version is the
Hankel Interaction Index Array (HIIA) proposed by Wittenmark and Salgado
(2002):

[ΣH ]ij =
‖Gij‖H∑
kl‖Gkl‖H

. (2.33)

With the normalization, the sum of the elements in ΣH is 1. The larger the
element, the larger the impact of the corresponding input signal on the specific
output signal. Hence, expected performance for different controller structures
can be compared by summing the corresponding elements in ΣH . The aim is to
find the simplest control structure that gives a sum as close to one as possible.
Of course, a big difficulty could be to decide whether an entry in the HIIA
matrix is large enough to be relevant or not, and there are currently no clear
rules for this.

When Gij = 0 the Gramian product, PjQi, will be zero and so will the
corresponding element in the matrix ΣH . This implies that the structure of
ΣH will be the same as the structure of G. Hence, the HIIA can also be used
to evaluate other controller structures than just the decentralized ones.
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2.4.3 The Participation Matrix (PM)

The Hankel norm is given by the largest HSV. For elementary (SISO) subsys-
tems with several HSVs it can be argued that a more relevant way of quantifying
the interactions is to take into account all of the HSVs, at least if there are sev-
eral HSVs that are of magnitudes close to the maximum HSV. This is what
is done in the participation matrix (PM) approach proposed by Conley and
Salgado (2000). Each element in the PM is defined as

[Φ]ij =
tr(PjQi)
tr(PQ)

, (2.34)

where tr denotes the trace. tr(PjQi) is then the sum of the squared HSVs of
the subsystem with input uj and output yi. Note that tr(PQ) equals the sum
of all tr(PjQi). See Salgado and Conley (2004), Salgado and Oyarzún (2005)
and Salgado and Yuz (2007) for a discussion of PM theory. Also, some further
properties of the PM are discussed in Chapter 3, where for instance the link
between the PM and the Nyquist diagram is investigated as well as the topic
of how to calculate the PM for uncertain systems.

2.4.4 The PM for systems with time delays

The following lemma by Salgado and Conley (2004) shows that the Partic-
ipation Matrix (PM) is sensitive to time delays. In the present section, an
alternative proof of this lemma is given. Note that the result is only valid for
discrete-time systems.

Lemma 1. Consider a discrete-time SISO system denoted S0 described by
the state-space matrices (A0, B0, C0, 0) and with controllability Gramian P0,
observability Gramian Q0 and transfer function G0. Let S� be the stable system
where a time delay of 1/z�, � ∈ N, has been applied at the output of the non-
delayed system S0. The corresponding Gramians of this system are P� and Q�.
Let || · ||2 denote the H2 norm, which will be defined in Section 2.5. Then

tr(P�Q�) = tr(P0Q0) + � · C0P0CT0
= tr(P0Q0) + �||G0||22. (2.35)

Proof. For the discrete-time system S0 the Hankel operator equals the Hankel
matrix given by

H =

⎡⎢⎢⎢⎣
h1 h2 h3 . . .
h2 h3 h4 . . .
h3 h4 h5 . . .
...
...
...

⎤⎥⎥⎥⎦ , (2.36)

where hi, i = 1, 2, . . ., are the Markov parameters of the system. The (squared)
Hilbert-Schmidt norm of the Hankel operator for S0 is given by

||S0||2HSH = tr(HHT ) =
∞∑
k=1

kh2k (2.37)
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and is called the (squared) Hilbert-Schmidt-Hankel (HSH) norm, see Hanzon
(1992). The (squared) HSH-norm can be calculated as (Hanzon, 1992; Salgado
and Yuz, 2007)

||S0||2HSH = tr(P0Q0) (2.38)

which in fact shows that the PM can be interpreted as a norm. Moreover, this
implies that (2.35) can be equivalently expressed as

||S�||2HSH = ||S0||2HSH + �||S0||22, (2.39)

where ||S0|| = ||G0|| by definition. To prove (2.39) first consider � = 1. This
case, which is discussed by Hanzon (1992), is easily shown by considering the
Hankel matrix for the one-step delayed system S1:

H1 =

⎡⎢⎢⎢⎣
0 h1 h2 . . .
h1 h2 h3 . . .
h2 h3 h4 . . .
...
...
...

⎤⎥⎥⎥⎦ . (2.40)

The (squared) HSH-norm of S1 can be calculated as

||S1||2HSH = tr(H1HT1 )

=
∞∑
k=1

h2k +
∞∑
k=1

h2k +
∞∑
k=2

h2k +
∞∑
k=3

h2k + . . .

=
∞∑
k=1

h2k + (h21 + h22 + h23 + . . .)

+ (h22 + h23 + h24 + . . .) + (h23 + h24 + h25 + . . .) + . . .

=
∞∑
k=1

h2k + (h21 + 2h22 + 3h23 + . . .)

=
∞∑
k=1

h2k +
∞∑
k=1

kh2k

= ||S0||22 + ||S0||2HSH . (2.41)

The generalization to an arbitrary large time delay is straightforward: The
Hankel matrix for the system with a time delay of � is

H� =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 0 . . . 0 0 h1 h2 . . .
0 0 . . . 0 h1 h2 h3 . . .
0 0 . . . h1 h2 h3 h4 . . .
...
...

...
...
...
...

0 h1 . . .
h1 h2 . . .

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, (2.42)

where the first row and column start with � zeros, the second row and column
start with �−1 zeros, and so on. Similarly to the case where � = 1, the squared
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HSH-norm can be calculated as

||S�||2HSH = tr(H�HT� )

= �

∞∑
k=1

h2k +
∞∑
k=1

h2k +
∞∑
k=2

h2k + . . .

= �

∞∑
k=1

h2k +
∞∑
k=1

kh2k

= �||S0||22 + ||S0||2HSH . (2.43)

2.4.5 The selection of proper scaling

All of the considered Gramian-based interaction measures depend on the se-
lected scaling of the system. This means that some effort must be spent on
finding proper scaling matrices. Salgado and Conley (2004) deal with this issue
by normalizing the ranges of the considered signals. However, what seems to
matter from the author’s point of view, is that the scaled system has a fairly
low condition number. As a guidance what fairly low means, the minimized
condition number discussed in Appendix A can be of interest. For instance,
in the interaction studies of bioreactor models performed in Chapter 5–6 in
Part II, the scaling matrices were selected so that the maximum deviations
from the average point of the considered signals lie in the interval [−1, 1]. This
scaling procedure significantly reduced the steady state condition number for
the plants.

2.5 Σ2—An interaction measure based on the
H2 norm

Birk and Medvedev (2003) use the H2 norm and the H∞ norm as bases for
new interaction measures. The proposed interaction quantifiers share the same
form as the HIIA given in (2.33) but with the use of the H2 norm and the H∞
norm instead of the Hankel norm.

In this section the H2 norm based interaction measure proposed by Birk
and Medvedev (2003) is defined, properties of the H2 norm are reviewed and
some interpretations of the H2 norm are given. Finally some properties of the
H2 norm based interaction measure are derived.

2.5.1 The Σ2 interaction measure

Birk and Medvedev (2003) suggest a new interaction measure, here denoted
Σ2, similar to the HIIA but with the Hankel norm interchanged by the H2
norm, i.e.

[Σ2]ij =
‖Gij‖2∑
kl‖Gkl‖2

. (2.44)
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This measure is normalized in the same way as the HIIA and the PM and
should be used in the same manner as these to analyse the interactions present
in MIMO systems. The aim is to find a controller structure that corresponds
to a sum of the elements in Σ2 as close to one as possible.

2.5.2 The H2 norm

The system H2 norm for a stable and strictly proper system with transfer
function G(s) is given by (Skogestad and Postlethwaite, 1996)

||G(s)||2 =

√
1

2π

∫
∞

−∞

tr
(
GH(jω)G(jω)

)
dω. (2.45)

By the use of Parseval’s relation, the above equation can be expressed as

||G(s)||2 = ||g(t)||2 =

√∫
∞

0

tr
(
gT (τ)g(τ)

)
dτ

=

√√√√∑
i,j

∫
∞

0

|gij(τ)|2dτ , (2.46)

where g is the impulse response matrix with elements [g]ij = gij . Hence, the
squared H2 norm can be interpreted as a measure of the energy of the impulse
response, see e.g. Zuo and Nayfeh (2003) and Zhou et al. (1996). For a SISO
system (2.45) becomes

||G(s)||2 =

√
1

2π

∫
∞

−∞

|G(jω)|2dω. (2.47)

Consequently, the squared H2 norm is proportional to the integral of the
squared magnitudes in the Bode diagram. Furthermore, in the case of white
noise input the H2 norm can be interpreted as the power of the output signal,
see e.g. Glad and Ljung (2000), Zhou et al. (1996), Skogestad and Postlethwaite
(1996) and Gawronski (2004).

2.5.3 Calculation of the H2 norm

Lemma 2. Consider a stable continuous-time strictly proper system described
by the state-space matrices (A,B,C, 0) with controllability Gramian P given in
(2.13), observability Gramian Q given in (2.14) and impulse response matrix,
g, given in (2.30). Then the H2 norm can be calculated as (see e.g. Zhou et al.
(1996) and Skogestad and Postlethwaite (1996))

||G||2 =

√
tr
(
BTQB

)
=

√
tr
(
CPCT

)
. (2.48)
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Proof.

||G(s)||22 = ||g(t)||22 =
∫
∞

0

tr
(
gT (τ)g(τ)

)
dτ

=
∫
∞

0

tr
(

(CeA
T τB)TCeA

T τB
)

dτ

= tr
(
BT
∫
∞

0

eA
T τCTCeAτdτ B

)
= tr

(
BTQB

)
. (2.49)

Since tr
(
xxT
)

= tr
(
xTx
)

holds, where x is a vector, the derivation in (2.49)
can also be written as

||G(s)||22 = ||g(t)||22 =
∫
∞

0

tr
(
gT (τ)g(τ)

)
dτ

=
∫
∞

0

tr
(
g(τ)gT (τ)

)
dτ

=
∫
∞

0

tr
(
CeAτB(CeAτB)T

)
dτ

= tr
(
C

∫
∞

0

eAτBBT eA
T τdτ CT

)
= tr

(
CPCT

)
. (2.50)

For SISO systems CPCT reduces to a scalar. Therefore, for the consid-
ered fundamental subsystems, tr(CPCT ) = CPCT and consequently, in this
particular case, CPCT = BTQB. Hence, [Σ2]ij in (2.44) can be calculated as

[Σ2]ij =

√
ci∗PjcTi∗∑

kl

√
ck∗PlcTk∗

, (2.51)

where Pj and Qi are the controllability Gramian and observability Gramian,
respectively, of the considered subsystem (i, j) given by (A, b∗j , ci∗, 0). This
shows that the Σ2 in fact is a measure of output controllability (defined in
Section 2.3.2).

2.5.4 Properties of the Σ2 interaction measure

In this section, some of the basic properties of the Σ2 are derived.

Independence of realization: The Σ2 is independent of the selected state
space realization. This follows from the definition in (2.44). It is also a
consequence of CPCT being independent of realization which was shown
in section 2.3.2.
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Preservation of structure: The structure of the plant, G, is preserved in
the Σ2: If a subsystem Gij = 0 then [Σ2]ij = 0. To see this, assume
Gij = 0 for some i, j 	= 0. Then tr(ci∗PjcTi∗) = ||Gij ||2 = 0 and the stated
property follows.

Frequency scaling: Σ2 is independent of frequency scaling. One advan-
tage of the HIIA and the PM is that they are insensitive to frequency
scaling. It can be verified (see Salgado and Conley (2004)) that for a fre-
quency scaled system with transfer function Gij(s/ξ) the corresponding
controllability and observability Gramians transform to P̂j = Pj/ξ and
Q̂i = ξQi and clearly, P̂jQ̂i = PjQi which explains why the PM and the
HIIA are preserved. However, the quantity ci∗PjcTi∗ will be affected by
the frequency scaling since

ĉi∗P̂j ĉ
T
i∗ = ci∗P̂jcTi∗ = ci∗

Pj
ξ
cTi∗. (2.52)

The influence of the frequency scaling on the interaction measure Σ2
given in (2.44) will, however, be canceled in the normalization since it
corresponds to a division by

∑
kl

(
ck∗P̂lc

T
k∗)

1

2 =
∑
kl(ck∗(Pl/ξ)c

T
k∗)

1

2 .

Time delays: Σ2 is not affected by time delays. The result is valid for
discrete-time systems and can be shown in the following way: For a
discrete-time SISO system S, the H2 norm can be calculated as (Hanzon,
1992)

||S||22 =
∞∑
k=1

(
hk
)2
, (2.53)

where {hk} are the Markov parameters of the system, which for the con-
sidered discrete-time case equal the impulse response sequence. For a
system with a delay of � steps, S�, the impulse response is

h�k =
{

0 k ≤ �
h0k k > �,

(2.54)

where {h0k} is the impulse response sequence of the corresponding non-
delayed system S0. Clearly,

||S�||22 =
∞∑
k=1

(
h�k
)2

=
∞∑
k=1

(
h0k
)2

= ||S0||22. (2.55)

Hence, the Σ2 is unaffected by time delays. Alternatively, this can be
shown by deriving the system matrices and Gramians for the delayed
system.

2.6 Examples

In this section, the interactions present in several example systems are inves-
tigated using the previously discussed interaction measures. The emphasis is
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on finding appropriate decentralized control structures. Since the usefulness of
the Σ2 has previously only been exemplified for a linearized model of a coal
injection vessel in (Birk and Medvedev, 2003) one objective of this section is to
further exemplify the use of the Σ2 and compare it with the RGA, the HIIA and
the PM. Additional analysis of some of the considered examples in this section
are given in Chapter 4 where two new interaction measures are considered.

2.6.1 Example 2.1: A quadruple-tank process

In the first example the interactions present in a quadruple-tank system are
examined. For a general description of this process, see Johansson (2000). The
considered linear minimum-phase model is given by the following state space
matrices:

A =

⎡⎢⎢⎣
−0.0159 0 0.1590 0

0 −0.0159 0 0.02651
0 0 −0.1590 0
0 0 0 −0.02651

⎤⎥⎥⎦ ,

B =

⎡⎢⎢⎣
0.05459 0

0 0.07279
0 0.01820

0.03639 0

⎤⎥⎥⎦ , C =
[

1 0 0 0
0 1 0 0

]
, D =

[
0 0
0 0

]
. (2.56)

The steady-state transfer function is

G(0) =
[

3.4326 1.1442
2.2884 4.5768

]
. (2.57)

If this matrix is normalized to make the sum of the magnitudes of all elements
equal to 1 the following matrix is obtained:

G(0) =
[

0.3 0.1
0.2 0.4

]
(2.58)

which can be seen as a rough measure of the relative importance of each input-
output channel in steady-state. The condition number for G(0) is 2.6 and the
minimized condition number is around 2.4 so there is no need to scale the
system. The RGA matrix, denoted Λ, for the system is

Λ(G(0)) =
[

1.2 −0.2
−0.2 1.2

]
(2.59)

and the Gramian-based interaction matrices are

ΣH =
[

0.2866 0.1029
0.2285 0.3821

]
, (2.60)

Φ =
[

0.2809 0.0364
0.1834 0.4994

]
, (2.61)

Σ2 =
[

0.3146 0.1000
0.1658 0.4195

]
, (2.62)
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where the HIIA matrix is denoted ΣH , the PM is denoted Φ. To be able to make
direct element by element comparisons between the three considered Gramian-
based interaction measures, it is beneficial to calculate the square-root of the
PM and then normalize the resulting matrix. This gives

Φ =
[

0.2856 0.1028
0.2308 0.3808

]
. (2.63)

In this way the three matrices are expressed in the same unit—recall that the
HIIA can be interpreted as the gain between past inputs and future outputs.
Also recall that the HIIA and the PM differ both by the number of eigenvalues
considered and by a square root, see (2.23), (2.33) and (2.34). This means that
the PM rather is a measure that quantifies the interaction in terms of energy.
In the case of Σ2 recall that the energy interpretation is for the squared H2
norm but since the Σ2 is based on theH2 norm it is already directly comparable
with the HIIA.

As can be seen, the Gramian-based interaction quantifiers all rank the im-
portance of the input/output channels in the same order and they advocate
the same decentralized diagonal pairing (y1–u1, y2–u2) as the RGA does. The
NI does not indicate any possible instability issues with this pairing since it is
positive. For the pairing y1–u2, y2–u1 NI is negative. Each subsystem has one
dominating HSV which explains that there are only minor numerical differences
between ΣH and Φ, compare (2.60) with (2.63). Neither does Σ2 in (2.62) differ
much from ΣH in Equation (2.60) nor Φ in Equation (2.63) with the exception
of element (2,1). Furthermore, note the resemblance of ΣH , Φ and Σ2 to G(0).
This is not surprising in view of the interpretation of the HIIA as being the
gain between past inputs and future outputs. If the system is low-pass filtered
the resemblance is even closer. Clearly, the considered system has most of its
process dynamics in the lower frequencies. Similar arguments can be applied
to explain the resemblance Σ2 shows to G(0).

2.6.2 Example 2.2: A 3× 3 system

In Example 2.2, the following 3× 3-system is analysed

G(s) =

⎡⎢⎣
0.4

(s+1)2
4(s+3)

(s+2)(s+5)
−2
s+4

2
(s+2)(s+1)

2
(s+2)2

1
s+2

6(−s+1)
(s+5)(s+4)

4
(s+3)2

8
(s+2)(s+5)

⎤⎥⎦ . (2.64)

Salgado and Conley (2004) compare different control structures based on the
advice from the PM for this system. The steady-state gain and the normalized
magnitudes G(0) are

G(0) =

⎡⎣ 0.4000 1.2000 −0.5000
1.0000 0.5000 0.5000
0.3000 0.4444 0.8000

⎤⎦ ,
G(0) =

⎡⎣ 0.0709 0.2126 0.0886
0.1772 0.0886 0.0886
0.0531 0.0787 0.1417

⎤⎦ . (2.65)
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The interaction measures are

Λ(G(0)) =

⎡⎣ −0.0831 0.9111 0.1720
1.3809 −0.2745 −0.1064
−0.2979 0.3634 0.9345

⎤⎦ , (2.66)

ΣH =

⎡⎣ 0.0703 0.1663 0.0728
0.1728 0.0878 0.0728
0.1426 0.0781 0.1367

⎤⎦ , (2.67)

Φ =

⎡⎣ 0.0370 0.2018 0.0385
0.2226 0.0578 0.0385
0.2193 0.0457 0.1389

⎤⎦ , Φ =

⎡⎣ 0.0687 0.1604 0.0701
0.1684 0.0858 0.0701
0.1672 0.0763 0.1331

⎤⎦ ,
(2.68)

Σ2 =

⎡⎣ 0.0316 0.2331 0.1119
0.0913 0.0559 0.0791
0.2292 0.0609 0.1070

⎤⎦ . (2.69)

The RGA, the HIIA and the PM all advocate the same decentralized pairing:
y1–u2, y2–u1, y3–u3. The NI for this pairing is positive (NI=0.89). Φ is close
to the HIIA but it emphasizes the importance of element (3,1) slightly more.
Σ2 differs even more and suggests that u1 mostly affects y3 rather than y2 as
indicated by the HIIA and the PM. The pairing suggestion from Σ2 is y1–u2,
y2–u3, y3–u1. The NI does not recommend this particular pairing since it is
negative (NI = −4.76) and thereby indicates possible instability issues.

Next, consider the original system low-pass filtered with

FLP (s) =
1
s+ 1

(2.70)

which has a cut-off frequency of 1 rad/s. The resulting interaction matrices are

ΣLPH =

⎡⎣ 0.0740 0.1933 0.0797
0.1825 0.0908 0.0830
0.0773 0.0787 0.1407

⎤⎦ , (2.71)

ΦLP =

⎡⎣ 0.0429 0.2776 0.0472
0.2596 0.0642 0.0517
0.0574 0.0477 0.1517

⎤⎦ , Φ
LP

=

⎡⎣ 0.0743 0.1889 0.0779
0.1827 0.0909 0.0815
0.0859 0.0783 0.1397

⎤⎦ ,
(2.72)

ΣLP2 =

⎡⎣ 0.0532 0.2216 0.0971
0.1448 0.0809 0.0887
0.0971 0.0782 0.1384

⎤⎦ . (2.73)

Clearly, all of the Gramian-based interaction measures now give the same de-
centralized pairing recommendation as the RGA and the G(0) do: Σ2 has
aligned with the other measures and now suggests the pairing y1–u2, y2–u1,
y3–u3.

A high-pass filtering of the original system with the filter

FHP (s) =
s

s+ 1
, (2.74)
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Figure 2.1: Bode magnitude diagrams for the non-filtered plant in Example 2.2.

with a cut-off frequency of 1 rad/s, gives the following interaction measures

ΣHPH =

⎡⎣ 0.0408 0.1873 0.0868
0.1197 0.0751 0.0724
0.2058 0.0784 0.1336

⎤⎦ , (2.75)

ΦHP =

⎡⎣ 0.0118 0.2861 0.0631
0.1022 0.0402 0.0438
0.2803 0.0438 0.1287

⎤⎦ , Φ
HP

=

⎡⎣ 0.0400 0.1965 0.0923
0.1175 0.0736 0.0769
0.1945 0.0769 0.1318

⎤⎦ ,
(2.76)

ΣHP2 =

⎡⎣ 0.0192 0.2470 0.1216
0.0641 0.0453 0.0785
0.2719 0.0555 0.0969

⎤⎦ . (2.77)

Once again, all Gramian-based interaction measures suggest the same de-
centralized control structure: y1–u2, y2–u3, y3–u1. This is the same pairing as
suggested by Σ2 in the analysis of the original non-filtered system, see Equa-
tion (2.69). Recall that the aim is to find a pairing that yields a sum of the
elements in the considered Gramian-based interaction measure as large as pos-
sible. When a decentralized structure is sought-after, the pairing y2–u3 has
to be selected in favour of y1–u3 and y3–u3 (even though these corresponding
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elements are larger than the selected one) since the elements corresponding to
y1–u2 and y3–u1 make significant contributions to the sum and should therefore
be included.

To appreciate the dynamic behaviour of the plant a Bode magnitude dia-
gram is provided in Figure 2.1. Particularly, note the resonance top in the Bode
magnitude diagram for the subsystem (3,1). Since the H2 norm is proportional
to the integral of the magnitudes in the Bode diagram the shape of the Σ2
is outlined by the Bode diagrams in Figure 2.1. Note the relative high gain
between u1 and y3 for high frequencies. This is reflected in the Σ2 in (2.69)
and (2.77).

2.6.3 Example 2.3: A discrete-time 2×2 system with time
delay

In Example 2.3 a discrete-time system with time delay is considered and the
suggested pairing recommendations are tested in control simulations. The sys-
tem is given by

G(z) =

[
0.5

(z−0.5)
0.15

(z−0.8)z�
0.1

(z−0.5)(z−0.8)
0.3

(z−0.7)

]
. (2.78)

When the nonnegative integer � > 0 there is a time delay present in the channel
between y1 and u2. This system has previously been analysed by Salgado and
Conley (2004) using the PM. With � = 0 the following interaction matrices
result:

Λ(G(0)) =
[

4.0000 −3.0000
−3.0000 4.0000

]
, (2.79)

ΣH =
[

0.2882 0.1801
0.2774 0.2543

]
, (2.80)

Φ =
[

0.3171 0.1239
0.3122 0.2469

]
, (2.81)

Σ2 =
[

0.3746 0.1622
0.1907 0.2725

]
. (2.82)

All of the interaction quantifiers favour the diagonal pairing, i.e. pairing y1–u1,
y2–u2 for decentralized control. The RGA also indicates, with negative ele-
ments, that the off-diagonal pairing should be avoided due to instability issues.
As pointed out by Salgado and Conley (2004), better control performance could
be expected if a sparse controller structure is designed which also includes the
coupling between y2 and u1.

When � = 10 the HIIA and the PM change to

ΣH =
[

0.2631 0.2514
0.2533 0.2322

]
, (2.83)

Φ =
[

0.2193 0.3941
0.2159 0.1707

]
. (2.84)
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Figure 2.2: Plant outputs for decentralized diagonal control of the system (2.78)
in Example 2.3. The upper plot shows the control of the plant with � = 0 and
the lower plot control of the delayed one (� = 10). The solid lines show output
1 and the dashed ones output 2.

Recall that the Σ2 (and the RGA) remains unaffected by the time delay. The
PM is able to detect time delays and this is what is seen in (2.84). Now the
PM recommends the off-diagonal pairing in contrast to both the Σ2 and the
RGA. It is hard to draw any clear conclusions from the HIIA in (2.83).

To validate the relevance of these pairing recommendations decentralized,
integrating, controllers were designed using a polynomial pole-placement metho-
dology. The results are illustrated in Fig. 2.2. The upper plot shows the plant
outputs for the system without the extra time delay controlled by a diagonal
controller. The sampling time was set to 0.5 s in all of the control simulations.
For each of the selected channels a SISO controller was designed with poles in
z = 0.4. Unit step changes were applied at time 0 and 15 s. The lower plot
shows control of the plant with the very same controller but when the extra
time delay of � = 10 is introduced. Furthermore, for the delayed system a con-
troller with off-diagonal pairing as suggested by the PM were designed. The
poles were placed in different locations and the time delay was accounted for
in the controller but stable control with satisfactory performance of the plant
could not be obtained with the selected control design methodology unless the
two input-output channels that were not included in the controller (i.e. y1–u1
and y2–u2) were detached. However, as found in Chapter 4, LQG control may
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work. Note also that the elements of the PM are all of the same order of
magnitude indicating that a full MIMO controller structure may be advisable.

The control simulations indicate that the presence of a time delay by itself
is not a reason enough to say that this particular input/output pair should be
included in the controller when a decentralized controller structure is desired.
This is, for this particular example, in contrast to the indications given by the
PM, but in agreement with those of the Σ2.

2.6.4 Example 2.4: A 2× 2 system with time delays

Now consider the 2× 2 process given by:

G(s) =

[
5e−40s

100s+1
e−4s

10s+1
−5e−4s

10s+1
5e−40s

100s+1

]
. (2.85)

This process has been extensively analysed by Mc Avoy et al. (2003) and Xiong
et al. (2005) with the conclusion that the off-diagonal pairing is preferred for
decentralized control. One reason for this is that the off-diagonal pairing corre-
sponds to faster elements in G. Mc Avoy et al. (2003) came to this conclusion
using the dynamic relative gain array (DRGA) and verified it in a simulation
study involving optimal decentralized PI controllers. Xiong et al. (2005) used
the effective relative gain array (ERGA) with the same result.

The steady state transfer function G(0), the normalized magnitudes G(0)
and the interaction matrices are:

G(0) =
[

5.0000 1.0000
−5.0000 5.0000

]
, G(0) =

[
0.3125 0.0625
0.3125 0.3125

]
, (2.86)

Λ(G(0)) =
[

0.8333 0.1667
0.1667 0.8333

]
, (2.87)

ΣH =
[

0.3125 0.0625
0.3125 0.3125

]
, (2.88)

Φ =
[

0.3289 0.0132
0.3289 0.3289

]
, (2.89)

Σ2 =
[

0.1726 0.1091
0.5457 0.1726

]
. (2.90)

The time delays have been approximated by third order Padé approximations.
The static RGA, the HIIA and the PM suggest the diagonal pairing for decen-
tralized control. However, the recommendation from the Σ2 is the off-diagonal
pairing which is in agreement with the findings by Mc Avoy et al. (2003) and
Xiong et al. (2005). Note that the recommendation from the RGA evaluated
at frequencies � 1 ·10−1.7 rad/s is the off-diagonal. The same recommendation
is also obtained from the HIIA and the PM if the system is high-pass filtered
with a cut-off frequency of 1 · 10−1.7. The NI is positive for both of the decen-
tralized pairing options. Note also that the HIIA is equal to the normalized
steady state gain indicating that the main dynamics of the process are found
in the lower frequencies.
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2.6.5 Example 2.5: A 3×3 system with common dynamic
part

Consider the 3× 3 process given by

G(s) =
1− s

(1 + 5s)2

⎡⎣ 1 −4.19 −25.96
6.19 1 −25.96

1 1 1

⎤⎦ . (2.91)

This process is used by Hovd and Skogestad (1992) as an example of when the
static RGA does not recommend the most desirable pairing. Note that the
system is non-minimum phase. The normalized steady state gain matrix and
the interaction measures are for this system

Λ(G(0)) =

⎡⎣ 1.0009 5.0010 −5.0019
−5.0028 1.0009 5.0019

5.0019 −5.0019 1.0000

⎤⎦ , (2.92)

G(0) = ΣH = Φ = Σ2 =

⎡⎣ 0.0149 0.0623 0.3857
0.0920 0.0149 0.3857
0.0149 0.0149 0.0149

⎤⎦ , (2.93)

Φ =

⎡⎣ 0.0007 0.0125 0.4784
0.0272 0.0007 0.4784
0.0007 0.0007 0.0007

⎤⎦ . (2.94)

The RGA recommends the diagonal pairing combination y1–u1, y2–u2 and y3–
u3. However, as found by Hovd and Skogestad (1992), this pairing combination
is not suitable due to instability issues. Instead, they recommend the pairing
combination y1–u2, y2–u3 and y3–u1. The same pairing suggestion was found
by He and Cai (2004) when considering loop-by-loop interaction energy and by
Schmidt and Jacobsen (2003) when considering their dRG to estimate the effect
of interactions under finite bandwidth decentralized control. The HIIA, the PM
and the Σ2 all recommend the pairing combination y1–u3, y2–u1 and y3–u2
for decentralized control. In fact, the normalized steady state gain matrix, the
HIIA, Φ and Σ2 coincide in this particular case. This is not surprising since the
dynamics are the same for all subsystems. Therefore ΣH , Φ and Σ2 are scaled
versions of G(0) in this particular case. For the HIIA and Σ2 the suggested
pairing give a sum of the elements of 0.54. However, the RGA indicates (by
negative elements) that this pairing combination should be avoided. Moreover,
the NI is negative for this particular pairing but positive for all of the other,
see Table 2.1. If the HIIA, the PM and the Σ2 are combined with the RGA
rule of avoiding pairings corresponding to negative RGA elements (this is one
component of the pairing rule used by He and Cai (2004)), the HIIA, the PM
and the Σ2 suggest the very same pairing combination as the one recommended
in Hovd and Skogestad (1992) and He and Cai (2004). This gives for the HIIA
and the Σ2 a sum of 0.46.
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Table 2.1: The sum of the elements of the HIIA, the PM and the Σ2, the
negative elements of the RGA and the NI for the plant in Example 2.5. The
pairing is specified as ij where i is the output index and j the input index. The
closer 1 the sum of the considered interaction measures the better.

Pairing: 11, 22, 33 11, 23, 32 12, 21, 33

HIIA and Σ2 0.0446 0.4155 0.1691

PM 0.0021 0.4798 0.0404

Neg. RGA-elem. - 32 21

NI 26.94 1.04 1.04

Pairing: 12, 23, 31 13, 21, 32 13, 22, 31

HIIA and Σ2 0.4629 0.4926 0.4155

PM 0.4916 0.5063 0.4798

Neg. RGA-elem. - 13, 21, 32 13

NI 0.25 -0.17 1.04

2.7 Conclusions

In this chapter the interaction measures the Relative Gain Array (RGA) and
the Gramian-based measures the Hankel Interaction Index Array (HIIA), the
Participation Matrix (PM) and the Σ2 were described and their applications
exemplified. In particular the Σ2 was investigated.

The RGA gives a suggestion of how to pair the input and output signals
if the intention is to use a decentralized controller. It may also give warnings
by means of large RGA-elements when there may be stability (and robustness)
problems. One of the main drawbacks with the RGA is that it is only able
to give pairing suggestions for a decentralized control structure. In the case of
a triangular plant this means that the RGA does not indicate the presence of
couplings through off-diagonal elements. The RGA is hence unable to give full
insights of the structure of the interaction. Another drawback is that the RGA
only considers one separate frequency.

Compared to the RGA, the Gramian-based interaction measures possess
several advantages. First of all, these measures are not restricted to decen-
tralized pairing suggestions. Instead, they quantify—in different ways—the
relative importance of each subsystem in the plant. Secondly, these measures
consider interactions present for all frequencies.

Theoretical arguments for including the H2 norm in an interaction measure
were given in Section 2.5. As seen, the H2 norm can be given various useful
energy interpretations, for instance it is proportional to the integral of the
Bode magnitudes. Furthermore, as also investigated in Section 2.5, it can be
seen as a measure of the output controllability of the plant. Some fundamental
properties of the H2 norm based interaction measure Σ2 were also derived. The
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Σ2 was found to be unaffected by time delays (for discrete-time systems). The
other Gramian-based interaction quantifiers, the HIIA and the PM, are not.
All of the Gramian-based interaction measures (including the Σ2) are scaling
dependent. Therefore a proper scaling of the considered systems is important.
The condition number can be compared with the minimized condition number
as a guidance in the search for the scaling matrices.

In Section 2.6 different interaction measures, including the Σ2, were com-
pared in the analysis of different multivariable systems. It was found that often
the Σ2 is similar to the HIIA and the PM. In other examples it was seen that
the Σ2 is potentially able to more clearly reveal interactions present for high
frequencies than the HIIA and the PM are. However, it should be noted that
this way important low frequency behaviour of the plant may be less promi-
nent in the Σ2. It is therefore of vital importance that the system is filtered in
advance in order to focus on the interesting range of frequencies.

Furthermore, it was found that the presence of a time delay in one of the
input/output channels does not necessarily imply that this channel should be
avoided—or selected—for decentralized control design. The impact of a time
delay has to be evaluated in each separate case.

It was also seen in one example (see the example in section 2.6.4) that the
Σ2 was able to select the proper pairings in contrast to the RGA, the HIIA
and the PM. In the final example, the HIIA, the PM and the Σ2 proposed
the correct pairings if their recommendations were combined with the use of
the RGA rule of avoiding pairings that correspond to negative RGA elements.
This indicates that it could be beneficial to consider several different interaction
measures when solving the pairing problem. This is the approach in e.g. (He
et al., 2006). However, to give general rules for how to design such a pairing
algorithm is out of the scope of this thesis.



Chapter 3
Uncertainty Bounds for
Gramian-Based
Interaction Measures

T
he introduction of model uncertainty creates a set of possible models
for which the interaction measures may be different. For this reason,

the control structure recommendation may differ between these models. This
makes it essential to include model uncertainties in the interaction analysis. So
far, the RGA of uncertain plants has been considered by for instance Khaki-
Sedigh and Moaveni (2003), Kariwala et al. (2006), Häggblom (2008) and Cas-
taño and Birk (2008). Moaveni and Khaki-Sedigh (2008) derive an expression
for the uncertainty bounds of the HIIA in the presence of additive uncertain-
ties in the state space matrices. In this chapter, a tighter uncertainty bound is
suggested based on this expression. It is also shown how this bound gives an
uncertainty bound for the PM. Furthermore, a new alternative numerical way
of calculating the bounds is suggested. This method gives even tighter uncer-
tainty bounds for both the HIIA and the PM than the approach by Moaveni
and Khaki-Sedigh (2008).

3.1 An alternative calculation of the Gramian-
based interaction measures

As shown by Moaveni and Khaki-Sedigh (2008), the Hankel norm can be com-
puted from the cross-Gramian matrix Wco given by

Wco =
∫
∞

0

eAtBCeAtdt. (3.1)

The cross-Gramian can be obtained by solving the Sylvester equation

WcoA+AWco = −BC. (3.2)

65
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Using the cross-Gramian, the Hankel norm for each subsystem can be computed
as (Moaveni and Khaki-Sedigh, 2008)

||Gij(s)||H =
√
λmax

(
(W ijco)2

)
= max|λ(W ijco)| (3.3)

This way, only one linear matrix equation needs to be solved to obtain the
Hankel norm and the Hankel Interaction Index Array (HIIA) defined in Section
2.4.2 in Chapter 2. This simplifies the derivation of uncertainty bounds for the
HIIA.

Similarly, the cross-Gramian approach can be used to calculate the Part-
cipation Matrix (PM) defined in Section 2.4.3 in Chapter 2. The unnormed
Participation Matrix (PM) for subsystem (i, j), in the sequel denoted Φ̃ij , can
also be calculated using the cross-Gramian Wco:

Φ̃ij � tr(PjQi) = tr
(
(W ijco)

2
)
, (3.4)

where Φ̃ denotes the unnormed PM, Pj and Qi are the corresponding controlla-
bility and observability Gramians, respectively. This holds since the HSVs are
independent of the realization. Note that the Hankel norm can be calculated
from the unnormed PM, and vice versa, by comparing the HSVs:

||Gij ||H = ηij
√
tr(PjQi) (3.5)

where ηij is the square root of the quotient between the maximum HSV and
the sum of the HSVs

ηij =

√
λmax(PjQi)∑
k λk(PjQi)

≤ 1. (3.6)

For a further discussion of PM theory and properties see for instance Salgado
and Conley (2004), Salgado and Oyarzún (2005) and Salgado and Yuz (2007).

3.2 Theoretical uncertainty bounds for the HI-
IA and the PM

3.2.1 An uncertainty bound for the HIIA

Consider the following continuous-time system with additive uncertainty

ẋ(t) = (A+ ΔA)x(t) + (B + ΔB)u(t),

y(t) = (C + ΔC)x(t). (3.7)

Assume that the upper bounds of ||ΔA||, ||Δb∗j || and ||Δci∗|| are known where
Δb∗j is the additive uncertainty in the j:th column of B, Δci∗ is the additive
uncertainty in the i:th row of C and || · || denotes the 2-norm, i.e. the spectral
norm defined as

||A|| �
√
λmax(AHA) = σ1(A), (3.8)
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where superscript H denotes the Hermitian transpose and σ1(A) is the largest
singular value of the n × n matrix A. An upper bound of the additive un-
certainty of W ijco is derived by Moaveni and Khaki-Sedigh (2008) and is given
by

||ΔW ijco || ≤ ||ΔW ijco ||F
≤
∣∣∣∣∣∣(In ⊗A+AT ⊗ In)−1

∣∣∣∣∣∣(||ΔA||F ||W ijco ||F
+ ||W ijco ||F ||ΔA||F + ||b∗j ||F ||Δci∗||F
+ ||Δb∗j||F ||ci∗||F + ||Δb∗j ||F ||Δci∗||F

)
, (3.9)

where ⊗ is the Kronecker product, b∗j is the j:th column of B, ci∗ is the i:th
row of C and || · ||F denotes the Frobenius norm which is given by

||A||F �
√
tr(AHA) =

√∑
i

σ2i (A). (3.10)

Using the inequality

||A||F ≤
√
n||A|| (3.11)

that holds for n×n matrices A, Moaveni and Khaki-Sedigh (2008) rewrite (3.9)
as

||ΔW ijco || ≤ ||ΔW ijco ||F ≤
∣∣∣∣∣∣(In ⊗A+AT ⊗ In)−1

∣∣∣∣∣∣
·
(

2n||ΔA|| ||W ijco ||+ ||b∗j || ||Δci∗||+ ||Δb∗j || ||ci∗||

+||Δb∗j|| ||Δci∗||
)
. (3.12)

Since

||Gij ||H =
√
λmax

(
(W ijco)2

)
≤
√
λmax

(
(W ijco)H(W ijco)

)
= ||W ijco || (3.13)

||ΔW ijco || is an upper bound of the additive uncertainty in the Hankel norm
||Gij ||H . For the full derivation of (3.12), see Moaveni and Khaki-Sedigh (2008).

3.2.2 A tighter bound of the uncertainty of the HIIA and
a bound of the uncertainty of the PM

The bound of the additive uncertainty of the Hankel norm given by (3.12) can
be tightened as shown in the following theorem:

Theorem 1. Consider the MIMO system with additive uncertainty of (3.7).
An upper bound of the additive uncertainty in the Hankel norm is then, for
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each SISO subsystem, given by

||ΔW ijco || ≤ ηij
∣∣∣∣∣∣(In ⊗A+AT ⊗ In)−1

∣∣∣∣∣∣
·
(

2
√
rΔArW ijco ||ΔA|| ||W

ij
co ||

+||b∗j|| ||Δci∗||+ ||Δb∗j || ||ci∗||+ ||Δb∗j || ||Δci∗||
)
, (3.14)

where rΔA is the rank of ΔA, r
W
ij
co

is the rank of W ijco and ηij is defined in (3.6).

Proof. First, note that ||ΔW ijco || being an upper bound of the uncertainty of
||Gij ||H follows from (3.13). The bound given in (3.12) is made tighter using
the following inequalities (Petersen and Pedersen, 2008):

||A|| ≤ ||A||F ≤
√
r||A|| ≤ √n||A||, (3.15)

where r is the rank of the n× n matrix A. Using these inequalities, the factor
n in (3.12) is replaced by the factor √rΔArΔW ijco . When √rΔArΔW ijco < n,
i.e. when ΔA and/or W ijco are not full rank, and ||ΔA|| 	= 0, this makes the
bound less conservative. Finally, a further tightening is made by the multi-
plication by the quotient ηij . This follows from Remark 1 of Lemma 3 given
below.

Remarks:
1. √rΔArW ijco = n and ηij = 1 give the bound in (3.12).
2. The rank of ΔA depends on the structure of the uncertainty.

From Theorem 1, an upper bound of the unnormed PM, Φ̃, can easily be
derived. This is presented in the following lemma:

Lemma 3. Consider the same type of MIMO system with the same type of
additive uncertainty as in Theorem 1. Then, for each SISO subsystem, an
upper bound of the additive uncertainty of the square root of the unnormed

PM, denoted
(

Δ
√

Φ̃ij
)

, is given by ||ΔW ijco || in Theorem 1 with ηij = 1. The

corresponding uncertainty of Φ̃ is

ΔΦ̃ij =
(

Δ
√

Φ̃ij
)2

+ 2
√

Φ̃ij
(

Δ
√

Φ̃ij
)
. (3.16)

Proof. First note that ||ΔW ijco ||F is an upper bound of the uncertainty of
√

Φ̃ij .
This follows from√

Φ̃ij =
√
tr
(
(W ijco)2

) ≤√tr((W ijco)HW ijco) = ||W ijco ||F . (3.17)

Therefore, (3.12) and the possibly tighter (3.14) with ηij = 1, are also up-

per bounds for the uncertainty
(

Δ
√

Φ̃ij
)

. Finally, ΔΦ̃ij is calculated in the
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following way:

ΔΦ̃ij = (
√

Φ̃ij +
(

Δ
√

Φ̃ij
)

)2 − Φ̃ij

=
(

Δ
√

Φ̃ij
)2

+ 2
√

Φ̃ij
(

Δ
√

Φ̃ij
)
. (3.18)

Remarks:

1. A bound of the Hankel norm can be calculated from the bound
(

Δ
√

Φ̃ij
)

in Lemma 3 by multiplication by the factor ηij—recall the link between the
Hankel norm and the unnormed PM in (3.5).

3.3 An alternative numerical derivation of the
uncertainty bounds for the PM

3.3.1 The link between the PM and the Nyquist diagram

As shown by Hanzon (1992) the squared Hilbert-Schmidt-Hankel (HSH) norm
of an input/output stable strictly proper system S equals π−1 times the area
of the oriented Nyquist curve:

||S||2HSH = π−1Ac(Γ), (3.19)

where Γ(ω) = T (iω) and ω ∈ R runs from −∞ to ∞ in the continuous-time
case, or, in the discrete-time case, Γ(θ) = T (eiθ) and θ ∈ [0, 2π) runs from 0
to 2π . T is the transfer function of the considered system S. The HSH-norm
can be calculated as (Hanzon, 1992)

||S||2HSH = tr(PQ). (3.20)

This means that the PM (recall the definition in (2.34)) can be numerically
calculated from the area enclosed by the oriented Nyquist curve:

Φ̃ij = π−1Ac(Γij). (3.21)

Furthermore, this also shows that the PM is in fact closely related to the
Direct Nyquist Array (DNA) introduced by Rosenbrock in the early 1970:s (see
for instance Kinnaert (1995) and Jensen et al. (1986) for an introduction to
DNA analysis and Chen and Seborg (2002) for a discussion of DNA in con-
nection with uncertain systems). In the basic DNA approach, Nyquist curves
are plotted for each subsystem and decentralized pairings that correspond to
the largest Nyquist curves are sought-after. Obviously, the PM is a similar
quantitative version of this idea, however, derived from another point of view
(recall the definition of the PM involving controllability and observability).
This further motivates the use of the PM.
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Figure 3.1: Nyquist diagram with uncertainty circles for 100 frequency points.
The points on the intersection of the normal to the Nyquist curve for the nom-
inal system and of the uncertainty circle for each frequency (ω), are marked
as ◦ and connected with a line that gives the bounds of the uncertainty region.
The radius of each uncertainty circle is l(ω).

3.3.2 Estimation of uncertainty bounds for the PM

The link between the PM and the Nyquist diagram, established in the previ-
ous section, makes it possible to numerically estimate the uncertainty of the
unnormed PM by calculating the uncertainty area directly in the Nyquist dia-
gram. This is done separately for each subsystem and could possibly, in certain
simple cases, be done analytically by integration, but otherwise it can easily
be done using numerical integration techniques. Such algorithms can be found
in most computational software such as MATLAB; here the function polyarea
in MATLAB were used. This way, an alternative estimation of the uncertainty
bounds for the PM (and for the HIIA) can be obtained. These bounds have
the potential of being as tight as possible since no inequalities are involved in
the calculations.

If the considered uncertainty can be modelled as independent additive un-
certainty in each subsystem in the transfer function matrix, then this approach
of calculating the uncertainty of the PM is straightforward. The uncertain
system GP (s) is then given by

GP (s) = G(s) + ΔG(s), (3.22)

where ΔG(s) is the additive uncertainty matrix where each element is assumed
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to be bounded according

|[ΔG(jω)]ij | ≤ lij(ω) (3.23)

where l(ω) is called the envelope function, see Raisch and Francis (1996) for
a further description. The uncertainty can, for each frequency in a Nyquist
diagram, be characterized as a disc with radius lij(ω) centred at Gij(jω). This
way the frequency dependent uncertainty can easily be visualized. Connecting
the points on the intersection between the normal to the Nyquist curve for
the nominal system and the uncertainty circle for each frequency (ω) gives two
curves that are the boundaries of the uncertain Nyquist curves, see Figure 3.1.

The areas enclosed by these two boundary curves for the full Nyquist di-
agram gives the maximum and the minimum Φ̃ for the system, respectively.
With the suggested numerical area estimation approach, there is no need to
derive expressions for the boundary curves. This considerably simplifies the
interaction analysis of systems with the considered type of uncertainty.

3.4 Examples

3.4.1 Example 3.1

In the first example, the quadruple-tank process described by Johansson (2000)
is studied. Moaveni and Khaki-Sedigh (2008) consider this process when two
of the model parameters, γ1 and γ2, are uncertain and calculate the resulting
variations in the Hankel norm. Here, the very same parameter variations are
considered.

The process is modelled by the following state space model (A,B,C, 0) with
system matrices (Johansson, 2000)

A =

⎡⎢⎢⎣
− 1
T1

0 A3

A1T3
0

0 − 1
T2

0 A4

A2T4

0 0 − 1
T3

0
0 0 0 − 1

T4

⎤⎥⎥⎦ ,

B =

⎡⎢⎢⎢⎣
γ1k1

A1

0
0 γ2k2

A2

0 (1−γ2)k2

A3

(1−γ1)k1

A4

0

⎤⎥⎥⎥⎦ ,
C =

[
kc 0 0 0
0 kc 0 0

]
, (3.24)

and with nominal parameter values given in Table 3.1. The corresponding
transfer function matrix is given by Johansson (2000)

G(s) =

[
γ1c1
1+sT1

(1−γ2)c1
(1+sT3)(1+sT1)

(1−γ1)c2
(1+sT4)(1+sT2)

γ2c2
1+sT2

]
(3.25)

where c1 = T1k1kc/A1 and c2 = T2k2kc/A2. An interaction analysis of the
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Table 3.1: Parameter values for the nominal model of the quadruple-tank pro-
cess in Example 3.1.

Parameter Value Unit

A1, A3 28 cm2

A2, A4 32 cm2

a1, a3 0.071 cm2

a2, a4 0.057 cm2

g 981 cm/s2

γ1 0.42 -

γ2 0.32 -

h1 13.64 cm

h2 16.55 cm

h3 1.91 cm

h4 1.77 cm

kc 0.50 V/cm

k1 3.33 cm3/Vs

k2 3.35 cm3/Vs

nominal plant results in the decentralized pairing suggestion y1–u2, y2–u1. All
of the considered interaction measures give the same suggestion:

Λ(G(0)) =
[ −0.5169 1.5169

1.5169 −0.5169

]
, (3.26)

ΣH =
[

0.1625 0.3095
0.3571 0.1709

]
, (3.27)

Φ =
[

0.0932 0.3451
0.4587 0.1030

]
, (3.28)

Σ2 =
[

0.2201 0.3059
0.2891 0.1849

]
. (3.29)

where Λ(G(0)) is the static RGA, ΣH is the HIIA, Φ is the PM and Σ2 is an
H2-norm based interaction measure, see Chapter 2 for a discussion of these.
The unnormed HIIA (i.e. the Hankel norm, Σ̃H) and the unnormed PM (Φ̃)
are given by

Σ̃H =
[

0.8212 1.5642
1.8051 0.8637

]
, (3.30)

Φ̃ =
[

0.6744 2.4982
3.3205 0.7459

]
. (3.31)
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The quotient matrix η is in this case given by

η =
[

1 0.9897
0.9906 1

]
. (3.32)

The numerical approach where the areas of the Nyquist diagrams are calculated
gives

Φ̃N =
[

0.6744 2.4980
3.3201 0.7458

]
, (3.33)

where the resolution of each Nyquist curve is 5000 data points in the interval
[1 · 10−6, 1 · 106] rad/s. Clearly this gives an approximation of Φ̃ very close to
the analytical Φ̃ in (3.31). The Hankel norm can be approximated from (3.33)
using (3.32):

Σ̃NH =
[

0.8212 1.5642
1.8050 0.8636

]
. (3.34)

Two set of parameter variations are considered. First γ1 and γ2 are varied
in the intervals

γ1 ∈ [0.38, 0.46],

γ2 ∈ [0.28, 0.36]. (3.35)

These uncertain parameters translate to the following additive variations in the
state-space matrices:

ΔA = 04×4,

ΔB|γ1=0.38,γ2=0.28 =

⎡⎢⎢⎣
−0.0048 0

0 −0.0042
0 0.0048

0.0042 0

⎤⎥⎥⎦ ,

ΔB|γ1=0.38,γ2=0.36 =

⎡⎢⎢⎣
−0.0048 0

0 0.0042
0 −0.0048

0.0042 0

⎤⎥⎥⎦ ,

ΔB|γ1=0.46,γ2=0.28 =

⎡⎢⎢⎣
0.0048 0

0 −0.0042
0 0.0048

−0.0042 0

⎤⎥⎥⎦ ,

ΔB|γ1=0.46,γ2=0.36 =

⎡⎢⎢⎣
0.0048 0

0 0.0042
0 −0.0048

−0.0042 0

⎤⎥⎥⎦ ,
ΔC = 02×4. (3.36)

Note that the norm of each column in the above four ΔB matrices are all the
same:

||Δb∗1|| = 0.0063,

||Δb∗2|| = 0.0064.
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Therefore, all of the four ΔB matrices will result in the very same uncertainty
bounds. For the Hankel norm these are

ΔΣ̃(3.12)H =
[

0.2808 0.2825
0.2808 0.2825

]
,

ΔΣ̃(3.14)H =
[

0.2808 0.2796
0.2782 0.2825

]
,

ΔΣ̃NH =
[

0.1008 0.1059
0.1440 0.1396

]
, (3.37)

which give the following intervals for the elements in the Hankel norm:

Σ̃(3.12)H ∈
[

[0.5404, 1.1020] [1.2817, 1.8467]
[1.5243, 2.0859] [0.5811, 1.1462]

]
,

Σ̃(3.14)H ∈
[

[0.5404, 1.1020] [1.2846, 1.8438]
[1.5269, 2.0833] [0.5811, 1.1462]

]
,

Σ̃NH ∈
[

[0.7232, 0.9220] [1.4601, 1.6701]
[1.6623, 1.9490] [0.7292, 1.0032]

]
. (3.38)

ΔΣ̃(i)H and Σ̃(i)H are derived using the bounds in Equation (i) and Σ̃NH is the
Hankel norm calculated using the quotient matrix η and the estimate of Φ̃
obtained from the area of the Nyquist diagrams. Note that ΔΣ̃NH = Σ̃NH,max −
Σ̃NH which is slightly larger than Σ̃NH − Σ̃NH,min. In this case ΔA = 04×4 and
the elements of η equals 1 or is very close to 1. Therefore, the bounds obtained
from (3.14) are only slightly tighter than those obtained from (3.12).

Tighter bounds are obtained from the numerical approach where the area
enclosed by the Nyquist diagram for each subsystem is calculated: The additive
uncertainty is about half the size, or even smaller, see ΔΣ̃NH in (3.37) and Σ̃NH
in (3.38).

In Table 3.2, intervals for the sum of the diagonal and off-diagonal elements,
respectively, are given. For the uncertainty bounds of the Hankel norm, there
are no overlaps between the intervals. This means that the introduction of
the considered uncertainty does not alter the pairing recommendation for any
system in the set of possible systems. Hence, the nominal HIIA analysis is valid
for all these systems.

For the unnormed PM the element variations are

Φ̃(3.14) ∈
[

[0.1343, 1.2145] [1.5253, 3.4711]
[2.2182, 4.4228] [0.1781, 1.3137]

]
,

Φ̃N ∈
[

[0.5230, 0.8501] [2.1767, 2.8457]
[2.8158, 3.8744] [0.5317, 1.0065]

]
, (3.39)

which correspond to the additive uncertainties

ΔΦ̃(3.14) =
[

0.5401 0.9729
1.1023 0.5678

]
,

ΔΦ̃N =
[

0.1757 0.3477
0.5543 0.2607

]
. (3.40)
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Table 3.2: Intervals for the sum of the elements for the two decentralized pairing
options for different versions of the bounds of Σ̃H and Φ̃ in Example 3.1 with
the first considered parameter variations. If the intervals in the second and
third column overlap this is indicated in the last column. Note that negative
elements have been replaced by 0 prior to the summation.

[·] [·]11 + [·]22 [·]12 + [·]21 Overlap

Σ̃(3.12)H [1.1216, 2.2482] [2.8060, 3.9327] No

Σ̃(3.14)H [1.1216, 2.2482] [2.8116, 3.9271] No

Σ̃NH [1.4524, 1.9253] [3.1224, 3.6194] No

Φ̃(3.14) [0.3124, 2.5282] [3.7435, 7.8938] No

Φ̃N [1.0548, 1.8566] [4.9925, 6.7201] No

Note that ΔΦ̃N = Φ̃Nmax − Φ̃N , which is somewhat larger than Φ̃N − Φ̃Nmin.
Also for Φ̃, the approach where the bounds are calculated from the Nyquist
diagrams gives the tightest uncertainty bounds. As can be seen in Table 3.2
the uncertainty intervals of Φ̃ do not overlap for any of the two versions of
the uncertainty bounds. For this reason, the PM analysis for the nominal
system is also valid for the uncertain system. In Figure 3.2, Nyquist curves for
the nominal model are plotted together with Nyquist curves for the uncertain
subsystems when the additive uncertainty is added and subtracted from the
nominal model. To stress the role of the areas in this approach they are shaded.
Note that only half of the Nyquist curves are shown. Since the Nyquist curve
is symmetric around the real axis, Ac(Γ) for each subsystem is obtained as
two times the area enclosed by the Nyquist curve in the figure. The lightest
shaded region corresponds to 1

2Ac(Γ) for the nominal system with the additive
uncertainty subtracted. The area 1

2Ac(Γ) for the nominal system is the previous
area plus the adjacent darker shaded area. Finally, the sum of all shaded regions
corresponds to 1

2Ac(Γ) for the nominal systems with the uncertainty added.
Next, consider the system with new intervals for the uncertain parameters

γ1 and γ2:

γ1 ∈ [0.32, 0.52],

γ2 ∈ [0.12, 0.52], (3.41)

which give the following additive uncertainty in the state space matrices

ΔA = 04×4,

ΔB|γ1=0.32,γ2=0.12 =

⎡⎢⎢⎣
−0.0119 0

0 −0.0209
0 0.0239

0.0104 0

⎤⎥⎥⎦ ,
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Figure 3.2: Nyquist diagrams with uncertainty regions for each subsystem in
Example 3.1 with the first set of parameter variations. The horizontal axis is
the real axis and the vertical axis is the imaginary axis.

ΔB|γ1=0.32,γ2=0.52 =

⎡⎢⎢⎣
−0.0119 0

0 0.0209
0 −0.0239

0.0104 0

⎤⎥⎥⎦ ,

ΔB|γ1=0.52,γ2=0.12 =

⎡⎢⎢⎣
0.0119 0

0 −0.0209
0 0.0239

−0.0104 0

⎤⎥⎥⎦ ,

ΔB|γ1=0.52,γ2=0.52 =

⎡⎢⎢⎣
0.0119 0

0 0.0209
0 −0.0239

−0.0104 0

⎤⎥⎥⎦ ,
ΔC = 02×4. (3.42)

As for the previous case, the norm of each column in the above four ΔB-
matrices are all the same:

||Δb∗1|| = 0.0158,

||Δb∗2|| = 0.0318. (3.43)

The additive uncertainty and the uncertainty intervals for the Hankel norm are
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in this case calculated to

ΔΣ̃(3.12)H =
[

0.7021 1.4125
0.7021 1.4125

]
,

ΔΣ̃(3.14)H =
[

0.7021 1.3979
0.6955 1.4125

]
,

ΔΣ̃NH =
[

0.2557 0.5356
0.3653 0.7224

]
, (3.44)

Σ(3.12)H ∈
[

[0.1192, 1.5233] [0.1517, 2.9768]
[1.1031, 2.5072] [−0.5489, 2.2762]

]
,

Σ̃(3.14)H ∈
[

[0.1192, 1.5233] [0.1663, 2.9622]
[1.1097, 2.5006] [−0.5489, 2.2762]

]
,

Σ̃NH ∈
[

[0.5848, 1.0769] [1.0644, 2.0998]
[1.4536, 2.1703] [0.3762, 1.5860]

]
. (3.45)

ΔA is still 04×4 which means that the difference between the bounds obtained
from (3.14) and from (3.12) are small.

For subsystem (4, 4), ΔΣ̃(3.12)H and ΔΣ̃(3.14)H overestimate the uncertainty
since the lower bound is negative which is not realistic since the elements of
Σ̃H are always nonnegative. A possible way to handle this situation is to replace
the negative elements by 0. This is how Moaveni and Khaki-Sedigh (2008) do
in similar situations.

The Nyquist diagram approach gives the tightest bounds. As can be seen
in Table 3.3, where intervals for the sum of the diagonal and the off-diagonal
elements, respectively, are given, all of the Hankel norm uncertainty bounds
overlap. This means that the most suitable decentralized pairing varies between
the different possible models.

The Φ̃ variations and the additive uncertainty for Φ̃ are in this case

Φ̃(3.14) ∈
[

[−0.9716, 2.3204] [−3.9623, 8.9587]
[0.2690, 6.3720] [−3.6893, 5.1810]

]
,

Φ̃N ∈
[

[0.3420, 1.1597] [1.1566, 4.5017]
[2.1531, 4.7998] [0.1415, 2.5154]

]
, (3.46)

ΔΦ̃(3.14) =
[

1.6460 6.4605
3.0515 4.4352

]
,

ΔΦ̃N =
[

0.4853 2.0037
1.4797 1.7696

]
. (3.47)

Clearly, the bounds derived from Equation (3.14) largely overestimate the un-
certainty since almost all of the lower bounds are negative. The ones ob-
tained from the approach involving Nyquist diagrams are nonnegative and
much tighter. In Table 3.3 it is seen that all of the sums of the uncertain
intervals for Φ̃ overlap. The nominal HIIA and PM analysis are therefore not
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Table 3.3: Intervals for the sum of the elements for the two decentralized pairing
options for different versions of the bounds for Σ̃H and Φ̃ in Example 3.1 with
the second considered parameter variations. If the intervals in the second and
third column overlap this is indicated in the last column. Note that negative
elements have been replaced by 0 prior to the summation.

[·] [·]11 + [·]22 [·]12 + [·]21 Overlap

Σ̃(3.12)H [0.1192, 3.7995] [1.2548, 5.4839] Yes

Σ̃(3.14)H [0.1192, 3.7995] [1.2759, 5.4628] Yes

Σ̃NH [0.9609, 2.6629] [2.5172, 4.2711] Yes

Φ̃(3.14) [0.0000, 7.5014] [0.2690, 15.3307] Yes

Φ̃N [0.4835, 3.6751] [3.3097, 9.3057] Yes

valid for all plants in the set of possible plants. This makes it difficult to
give any decentralized pairing recommendation. The overlap is smallest for
Φ̃N . In Figure 3.3 Φ̃N and the corresponding uncertainties can be graphically
inspected.
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Figure 3.3: Nyquist diagrams with uncertainty regions for each subsystem in
Example 3.1 with the second set of parameter variations. The horizontal axis
is the real axis and the vertical axis is the imaginary axis.
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3.4.2 Example 3.2

In the second example, the very same quadruple-tank model as in the previous
example is studied. Here the parameters γ1 and γ2 are not varied, instead,
[ΔA]22 = 0.10[A]22 	= 0. This corresponds to a 10% additive uncertainty in the
parameter T2. All other model parameters are assumed to be known exactly.
This results in a ΔA matrix of rank 1, and therefore, this example renders
the possibility to illustrate the proposed tighter bounds given by (3.14) and
compare them with the bounds obtained from (3.12). As can be seen from
the transfer function matrix of the system in (3.25) the uncertainty in T2 only
affects the second output. The additive uncertainty in the state space model is

ΔA =

⎡⎢⎢⎣
0 0 0 0
0 −9.6972 · 10−4 0 0
0 0 0 0
0 0 0 0

⎤⎥⎥⎦ ,
ΔB = 04×2,

ΔC = 02×4. (3.48)

The quotient matrix η is

η =
[

1 0.9897
0.9899 1

]
. (3.49)

The uncertainty bounds for the Hankel norm are calculated to

ΔΣ̃(3.12)H =
[

1.1933 1.2436
1.5184 1.5421

]
,

ΔΣ̃(3.14)H =
[

0.4219 0.4351
0.5314 0.5452

]
, (3.50)

which correspond to the following bounds of the elements in the Hankel norm

Σ(3.12)H ∈
[

[−0.3720, 2.0145] [0.3207, 2.8078]
[0.2867, 3.3235] [−0.6784, 2.4057]

]
,

Σ̃(3.14)H ∈
[

[0.3993, 1.2431] [1.1291, 1.9994]
[1.2737, 2.3366] [0.3184, 1.4089]

]
. (3.51)

Now, the difference between ΔΣ̃(3.14)H and ΔΣ̃(3.12)H is significant. The tighter
version does not give negative lower bounds for the diagonal elements as the
other version does. Also, as can be seen in Table 3.4, where intervals for
the sum of the diagonal and the off-diagonal elements, respectively, are given,
the tightening of the bounds obtained with (3.14) significantly reduces the
uncertainty intervals compared to the ones obtained from (3.12).

In this particular example, ΔΦ̃(3.14) is compared with ΔΦ̃Sim which is ob-
tained from a simulation set of 1000 realizations where A is varied in the
considered uncertainty interval. For each realization, Φ̃ is calculated and
ΔΦ̃Sim = Φ̃Simmax − Φ̃ where Φ̃Simmax is the maximum Φ̃ from the simulations.
The additive uncertainties for Φ̃ are
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Table 3.4: Intervals for the sum of the elements for the two decentralized pairing
options for different versions of the bounds for Σ̃H and Φ̃ in Example 3.2. If
the intervals in the second and third column overlap this is indicated in the
last column. Note that negative elements have been replaced by 0 prior to the
summation.

[·] [·]11 + [·]22 [·]12 + [·]21 Overlap

Σ̃(3.12)H [0.0000, 4.4202] [0.6074, 6.1314] Yes

Σ̃(3.14)H [0.7178, 2.6520] [2.4028, 4.3359] Yes

Φ̃(3.14) [0.0000, 3.5302] [1.9908, 9.6466] Yes

Φ̃Sim [1.2909, 1.5951] [5.2789, 6.5372] No

ΔΦ̃(3.14) =
[

0.8709 1.5832
2.2447 1.2390

]
,

ΔΦ̃Sim =
[

0.0000 0.0000
0.7189 0.1748

]
. (3.52)

The element variations of the uncertain Φ̃ are

Φ̃(3.14) ∈
[

[−0.1965, 1.5453] [0.9150, 4.0814]
[1.0758, 5.5652] [−0.4931, 1.9849]

]
,

Φ̃Sim ∈
[

[0.6744, 0.6744] [2.4980, 2.4980]
[2.7809, 4.0392] [0.6165, 0.9207]

]
. (3.53)

For Φ̃(3.14) the sums of the uncertain elements overlap, see Table 3.4. Also, the
intervals of the elements of Φ̃ are clearly too large since the lower bounds of
the diagonal elements of Φ̃(3.14) in (3.53) are negative. Moreover, as pointed
out earlier, only the second output of the system should be affected by the
uncertainty in T2. Obviously, this is only reflected in the tighter Φ̃Sim. In
(3.14) (and (3.12)) the very same ΔA is used for all subsystems. Obviously,
this particular example reveals a weak point of this approach. From Φ̃Sim it is
clear that the preferred decentralized pairing should be the off-diagonal, even
with the uncertainty included. This is directly seen in Figure 3.4.

3.5 Conclusions

In this chapter, the uncertainty bound for the HIIA of a system with additive
parametric uncertainty derived by Moaveni and Khaki-Sedigh (2008) was con-
sidered. Several modifications were suggested to tighten this bound. It was also
modified to give uncertainty bounds for the PM. However, as seen in the pre-
sented examples, even these tighter bounds overestimated the uncertainty. In
many cases negative lower bounds of the HIIA and the PM elements resulted,
which is a clear indication of overestimation since these elements should al-
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Figure 3.4: Nyquist diagrams for each subsystem in Example 3.2 with uncer-
tainty bounds obtained from simulations. The horizonal axis is the real axis
and the vertical axis is the imaginary axis.

ways be non-negative. It was shown how the PM can be calculated using the
cross-Gramian.

A new alternative numerical approach of calculating the uncertainty bounds
of the PM was suggested where the link between the PM and the Nyquist
diagram was utilized. The approach is based on calculating the area enclosed
by the Nyquist diagram for each subsystem and for the corresponding uncertain
subsystems. The uncertainty bounds obtained this way resulted in non-negative
HIIA and PM elements in the considered examples and was found to provide the
tightest bounds of the uncertainties of the HIIA and the PM. Furthermore, the
Nyquist diagram provides a visualization of the PM. For uncertain systems,
the Nyquist curve for each uncertain subsystem may be plotted in the very
same diagram as the Nyquist curve for each nominal subsystem. This way,
the uncertainty in the PM will manifest itself as the area between the different
Nyquist curves. Thereby, the degree of uncertainty can be visually compared
between the subsystems in an easy way. Also, it was seen, via the link between
the PM and the Nyquist diagram, that the PM and the Direct Nyquist Array
(DNA) approach are related.





Chapter 4
New Interaction Measures
Based on Linear
Quadratic Gaussian
Control

I
n this chapter two input/output pairing strategies based on linear quad-
ratic Gaussian (LQG) control are suggested. The strategies are used to

compare the expected performance of decentralized control structures in some
illustrative examples. The pairing suggestions are compared with the recom-
mendations previously obtained using other interaction measures such as the
Relative Gain Array (RGA) and the Gramian-based interaction measures dis-
cussed in Chapter 2. The new strategies give suitable pairing recommendations
and are easy to interpret.

4.1 Introduction

In control performance assessment, the lowest possible output variance, the
minimum variance, has been a key component in many benchmark studies
since the work of Harris (1989) more than two decades ago. The main idea
is to compare the calculated minimum variance with the actual achieved out-
put variance and thereby get an indication of the current performance of the
controller. Harris et al. (1999) give a review of the intense research that has
followed in this field. Some of the extensions to the original idea by Harris
(1989) are made by Harris et al. (1996), Horch and Isaksson (1999), Huang et
al. (2005), Xia et al. (2006) and Wang et al. (2007). Performance indices used
for control structure selection and performance assessment for disturbance re-
jection in multi-input multi-output (MIMO) processes are proposed by Huang
et al. (2007).

83
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Inspired by the above mentioned work in the field of control performance
assessment we here propose two pairing strategies based on linear quadratic
Gaussian (LQG) control. The key idea for the first measure, denoted Lin-
ear Quadratic Interaction Index (LQII), is to design single-input single-output
(SISO) LQG controllers for each input/output pairing and thereafter form the
closed-loop MIMO system. The closed-loop performance in terms of the output
variance is computed for each control structure and the pairing corresponding
to the lowest output variance is selected. As an alternative, minimum variance
controllers can be used, see Halvarsson and Carlsson (2009). In the second mea-
sure, denoted Integrating Linear Quadratic Index Array (ILQIA) the integral
feedback gain in an LQG design is considered.

The structure of this chapter is as follows: In Section 4.2 the general idea for
the first input/output pairing strategy is outlined. The two-by-two system that
is later considered in the theoretical derivations is described in Section 4.3. In
Section 4.4 the controllers are designed and the expressions for the full closed-
loop MIMO systems for decentralized control are derived. The proposed pairing
strategies are presented in Section 4.5. In Section 4.6 different interaction
measures are compared in some illustrative examples. Finally, the conclusions
are drawn in Section 4.7.

4.2 The general idea

For each elementary SISO subsystem of the full MIMO plant, the corresponding
LQG controller is derived. The SISO controllers are thereafter combined to
form a closed-loop expression for the full MIMO system. The loops in the full
MIMO system that are not part of the controller design are the cross-couplings.

Only quadratic plants, i.e. plants with as many inputs as outputs, are con-
sidered, and in the present chapter, the theoretical derivation is restricted
to two-by-two systems. However, the extension to larger systems is straight-
forward and is exemplified in the concluding three examples. Note also that
the proposed evaluation procedure is not limited to decentralized control struc-
tures.

For the design, white unit-variance measurement noise is assumed to be
present at the outputs. The process noise is assumed to have the same char-
acteristics. The reference signals are set to zero. Thus, the noise sources are
the only driving signals. The resulting output variances for the outputs are
thereafter calculated and compared for each of the decentralized input/output
pairings. The pairing selection that results in the lowest sum of the output
variances is the most desirable control structure in a minimum variance sense
and is recommended. The channel interaction in the system will manifest itself
as an extra contribution to the output variances.

A disadvantage of the LQII pairing strategy is that the number of possible
pairings for a system with p inputs and p outputs is p!. Hence, the compu-
tational burden grows accordingly. The second proposed interaction measure,
the ILQIA, does not suffer from this disadvantage. This also holds for other
interaction measures such as the RGA, the HIIA, the PM and the Σ2.
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4.3 System description

The methods presented in the following apply to square systems of arbitrary
size. However, for illustration we consider a stable linear discrete-time MIMO
system with two inputs, u1 and u2, and two outputs, y1 and y2. The transfer
function matrix G(q) of the system can be partitioned as

G(q) =
[
G11(q) G12(q)
G21(q) G22(q)

]
. (4.1)

Figure 4.1 gives a graphical representation of the considered system (noise ex-
cluded) and its cross-couplings. The subsystems G12(q) and G21(q) represents
the cross-couplings if y1 is controlled by u1 and y2 by u2. The subsystems
Gij(q) can be equivalently expressed in state space form represented, in this
chapter, by the system matrices (Aij , Bij , Cij , 0). In the design of the con-
trollers, it is assumed that process noise and measurement noise are present.
A state-space representation of the full system is thus given by

x(t+ 1) = Afx(t) +Bfu(t) +Nfv(t),

y(t) = Cfx(t) + e(t). (4.2)

where

x(t) =

⎡⎢⎣ x11(t)
x12(t)
x21(t)
x22(t)

⎤⎥⎦ , Af =

⎡⎢⎣ A11 0 0 0
0 A12 0 0
0 0 A21 0
0 0 0 A22

⎤⎥⎦ ,

Bf =

⎡⎢⎣ B11 0
0 B12

B21 0
0 B22

⎤⎥⎦ , Cf =

[
C11 C12 0 0
0 0 C21 C22

]
,

y(t) = [y1(t) y2(t)]T .
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Figure 4.1: Block diagram of the considered system.
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{v(t)} and {e(t)} are white noise sequences with diagonal covariance matrices,
i.e. the noise components are assumed to be uncorrelated. The intensities
are Rv and Re, respectively. Observe that all system matrices may be block
matrices. Therefore, the zeros may also denote matrices (with zeros in all
elements) of appropriate dimensions.

4.4 Control design

For each SISO subsystem Gij , a LQG controller is designed. The p2 subsystems
are then connected to form p! different MIMO closed-loop systems. Different
control structures, i.e. different pairings of the inputs and outputs, give different
closed-loop expressions for the full system. These are derived in this section.
The LQG design procedure gives stable closed-loop systems for each SISO
subsystem. There is, however, no guarantee that the full closed-loop system
will be stable. Therefore, the stability has to be investigated separately.

4.4.1 Linear quadratic Gaussian (LQG) control

Optimal linear control for a general SISO system (A,B,C, 0) can be obtained
by minimizing the criterion (Glad and Ljung, 2000; Maciejowski, 1989)

V = E
∑
t

(
xT (t)Qxx(t) + uT (t)Quu(t)

)
, (4.3)

where E is the expectation operator. In the following, the first weight in cri-
terion (4.3) is chosen as Qx = CTQyC in order to penalize the outputs rather
than the states. This gives the criterion

Ṽ = E
∑
t

(
yT (t)Qyy(t) + uT (t)Quu(t)

)
. (4.4)

The following LQG control law is used:

u(t) = −Lx̂(t|t)
= −L(I −MC)x̂(t)− LMy(t), (4.5)

x̂(t+ 1) = Ax̂(t) +Bu(t) +K
(
y(t)− Cx̂(t)), (4.6)

where x̂(t) is the estimate of x(t) using measurements up to time instant t− 1,
x̂(t|t) is the corresponding estimate that uses measurements up to time instant
t, M is the innovation update gain obtained as

M = ΨCT (CΨCT +Re)−1, (4.7)

K is the Kalman gain given by

K = AΨCT (CΨCT +Re)−1, (4.8)

where Ψ is the positive semidefinite solution to the discrete-time Riccati equa-
tion

Ψ = AΨAT +NRvNT −AΨCT (CΨCT +Re)−1CΨAT . (4.9)
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L is the optimal gain given by

L = (BTSB +Qu)−1BTSA, (4.10)

where S is the positive semidefinite symmetric solution to the discrete-time
Riccati equation

S = ATSA+Qx −ATSB(BTSB +Qu)−1BTSA. (4.11)

4.4.2 Integral action

Integral action for setpoint tracking can be incorporated in state space design
in many different ways (see for example Åström and Wittenmark (1990) and
Maciejowski (1989)). One straightforward way is to extend the state space
model with integral states

xI(t) =
1

q− 1
(r(t) − y(t))

=
1

q− 1
(r(t) − Cx(t) − e(t)) (4.12)

such that

xe(t+ 1) = Aexe(t) +Beu(t) +Hr(t) +Ne

[
v(t)
e(t)

]
,

y(t) = Cexe(t) + e(t),

where xe(t) =
[
x(t) xI(t)

]T
,

Ae =
[
A 0
−C I

]
, Be =

[
B
0

]
,

H =
[

0
I

]
, Ce =

[
C 0

]
, Ne =

[
Nf 0
0 −I

]
,

and r(t) is the reference signal. The optimization criterion (4.3) is extended to
include the integral states:

V = E
∑
t

(
xTe (t)

[
Qx 0
0 QI

]
xe(t) + uT (t)Quu(t)

)
,

where xe(t) is the extended state vector. Solving the corresponding Riccati
equations (4.10) and (4.11) will then give the state feedback

u(t) = −Lxe(t)
= −Lxx(t)− LIxI(t). (4.13)

The larger QI is compared to Qx and Qu the more integral action through the
gain LI can be expected.
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For continuous-time systems the following integral states are introduced
instead:

xI(t) =
1
p

(r(t) − y(t)) =
1
p

(r(t) − Cx(t)− e(t)). (4.14)

where p is the differentiation operator. Compared to the discrete-time counter-
part, the only state-space matrix that differ is the extended A-matrix, which
for the continuous-time case is

Ae =
[
A 0

−C 0

]
. (4.15)

The continuous-time optimization criterion is

V = E
∫
t

(
xT (t)Qxx(t) + uT (t)Quu(t)

)
dt. (4.16)

4.4.3 Closed-loop systems

Each SISO closed-loop system can be expressed as[
x(t+ 1)
x̂(t+ 1)

]
= F

[
x(t)
x̂(t)

]
+ J
[
v(t)
e(t)

]
,

y(t) =
[
C 0

] [ x(t)
x̂(t)

]
+
[

0 I
] [ v(t)
e(t)

]
. (4.17)

The LQG controller corresponds to

F =

[
A−BLMC −BL(I −MC)
KC −BLMC A−KC −BL(I −MC)

]
,

J =

[
N −BLM

0 K −BLM

]
. (4.18)

For illustration, the full MIMO closed-loop system is derived for the two de-
centralized pairings y1–u1, y2–u2, and y1–u2, y2–u1 of a 2× 2 system. For the
first pairing choice y1–u1, y2–u2 it is given by

X(t+ 1) = diag(F11, A
e
12, A

e
21, F22)X(t)

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

[J11]11 0 [J11]12 0
[J11]21 0 [J11]22 0

0 N12 0 0
0 0 0 0
N21 0 0 0

0 0 0 0
0 [J22]11 0 [J22]12

0 [J22]21 0 [J22]22

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎣ v1(t)
v2(t)
e1(t)
e2(t)

⎤⎥⎦ ,

(4.19)[
y1(t)
y2(t)

]
=

[
C11 0 C12 0 0 0 0 0
0 0 0 0 C21 0 C22 0

]
X(t)

+

[
0 0 1 0
0 0 0 1

]⎡⎢⎣ v1(t)
v2(t)
e1(t)
e2(t)

⎤⎥⎦ , (4.20)
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where

X(t) = [xT11(t) x̂
T
11(t) x

T
12(t) x̂

T
12(t) x

T
21(t) x̂

T
21(t) x

T
22(t) x̂

T
22(t)]

T ,

diag(A1, A2, A3, A4) denotes a block diagonal matrix with the matrices A1,
A2, A3 and A4 along the diagonal, Fij is the corresponding closed-loop system
matrix for subsystem (i, j),

Aeij =
[
Aij 0
0 0

]
for i, j ∈ {1, 2}, and finally, [Jij ]kl is element (k, l) in the corresponding matrix
J (defined in Equation (4.18)) for subsystem (i, j).

The corresponding system for the other decentralized pairing choice, y1–u2,
y2–u1, is

X(t+ 1) = diag(Ae11, F12, F21, A
e
22)X(t)

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

N11 0 0 0
0 0 0 0
0 [J12]11 [J12]12 0
0 [J12]21 [J12]22 0

[J21]11 0 0 [J21]12

[J21]21 0 0 [J21]22

0 N22 0 0
0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎣ v1(t)
v2(t)
e1(t)
e2(t)

⎤⎥⎦

(4.21)

with outputs given by (4.20).

4.5 Control structure selection

4.5.1 Linear Quadratic Interaction Index (LQII)

As a measure of the performance of the considered control structure, the sum of
the output variances for the closed-loop MIMO system is used here. This mea-
sure gives an indication of how appropriate the control structure is compared to
other structures. The control structure that gives the smallest sum is the struc-
ture that has the most desirable pairing combination in a minimum variance
sense and is therefore the suggested input/output pairing. Note again, that the
pairing strategy is not limited to decentralized control structures. However, in
the present chapter, only decentralized structures are compared.

The output variances can be calculated in the following way: The full MIMO
closed-loop system in (4.19–4.20) can be written as

X(t+ 1) = FCLX(t) + JCLV (t),

Y (t) = CCLX(t) + TCLV (t), (4.22)

where the noise vector V (t) has stationary covariance matrix RV . The station-
ary state covariance matrix Π = EX(t)XT (t) can be determined by solving the
discrete-time Lyapunov equation (Söderström, 2002)

Π = FCLΠFTCL + JCLRV JTCL. (4.23)
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The stationary output covariance matrix for this system is given by

EY (t)Y T (t) = CCLΠCTCL + TCLRV T TCL. (4.24)

To compare the expected control performance of a specific control struc-
ture with the full MIMO controller, the following quotient, denoted Linear
Quadratic Interaction Index (LQII), will be used:

LQII =

∑
i var{yi}∑

i var{yMIMOi } ≤ 1. (4.25)

Since the full MIMO controller gives the lowest possible sum of the output
variances (the denominator), the LQII gives an indication of how much worse
the performance is expected to be for a specific control structure compared
with the full MIMO structure in terms of output variance. Ideally, the selected
control structure should be as simple as possible, but still give satisfactory
performance. If the performance criterion is a minimization of the output
variances, then this means that the LQII should be as close to 1 as possible.

4.5.2 Integrating Linear Quadratic Index Array (ILQIA)

The method suggested above is exhaustive in the sense that it suggests the
pairing that gives the smallest variance out of all possible pairings. There are
two possible disadvantages of this method compared to methods such as control
structure selection based on the RGA or on the Gramian based interaction
measures. One is the computational burden that grows as p!, and the other
is that servo properties may be overlooked since it is only the variance that is
considered.

A different approach, still based on LQG design, is to consider the integral
action feedback LI in (4.13). By setting Qx = 0 and Qu to a moderate value,
the size of the elements of LI reflects the optimal integral gain between outputs
and inputs. Here, a normalized version of |LI |, denoted Integrating Linear
Quadratic Index Array (ILQIA), is used as an interaction measure that reflects
the servo properties. Element (i, j) in the matrix ILQIA is given by

[ILQIA]ij =
[|LI |]ij∑
k,l[|LI |]kl

. (4.26)

The elements of ILQIA sum to 1, and the aim is to find a control structure
that gives a sum of the elements as close to 1 as possible.

4.5.3 Stability considerations

One way of detecting possible instability issues of a specific pairing selection is
to adopt two of the pairing rules from the RGA analysis. The first rule is to
avoid pairings that corresponds to negative RGA elements. Secondly, pairings
that give a negative Niederlinski Index (NI) should be avoided, see Section
2.2.2 for a discussion of the NI. These rules can be incorporated in the pairing
procedure based on for instance the two proposed pairing strategies, but also
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in the procedure based on measures such as the HIIA, the PM and the Σ2. He
and Cai (2004) and Fatehi and Shariati (2007) include the NI in their ERGA
and Normalized RGA pairing algorithms.

4.6 Examples

In this section simulation examples are presented where the proposed LQG
control pairing strategies are used in order to decide appropriate decentralized
controller structures. The suggestions are also compared with the ones obtained
using other interaction measures. Some of the examples have been analysed
using the RGA, the HIIA, the PM and the Σ2 in Chapter 2.

It is assumed that the process noise is additive on the inputs, i.e. N = B,
and for this reason that vij = vj . All noise sequences are assumed to be white
and have unit variance. For the LQII calculation, all of the considered systems
were sampled. Unless otherwise stated, the sampling period was 1 s. All of
the other interaction measures (including ILQIA) were calculated prior to this
sampling, i.e. for the continuous-time system, where appropriate.

The LQ weights in the used criterion (4.4) were selected in two ways. First,
Qy = I and Q̃u = 1 where Qu = Q̃uI and I is the identity matrix of appro-
priate dimension. This is a reasonable choice that has the potential of giving
controllers with output variances only marginally higher than with minimum
variance control (but with substantially lower variances of the control signals),
see Åström and Wittenmark (1990). This is confirmed in the presented ex-
amples below. Secondly, Qy = I and Q̃u = 1 · 10−9. This choice corresponds
to LQG control that will be very close to minimum variance control, but with
the advantage of not being restricted to minimum-phase systems to get stable
controllers.

4.6.1 Example 4.1

In the first example the quadruple-tank process analysed in the example in
Section 2.6.1 is revisited.

The obtained (theoretical) output variances and values of LQII are given in
Table 4.1. Clearly, the pairing combination y1–u1, y2–u2 results in the smallest
output variances for both LQG control settings. Hence, in a minimum variance
sense, this is the recommended pairing selection. Also note that the LQII is very
close to 1 for the recommended pairing which means that the output variances
of the suggested decentralized control structure are only slightly larger than
for a full MIMO control structure. For this reason, decentralized control can
be expected to work well for this plant. Moreover, the RGA elements and
the NI are positive for y1–u1, y2–u2 but negative for the other decentralized
pairing combination. Hence, this does not indicate any stability issues for the
recommended control structure.

ILQIA is calculated to

ILQIA =
[

0.4812 0.0188
0.0188 0.4812

]
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and very clearly recommends the diagonal pairing. The sum of the diagonal
elements of ILQIA is 0.9624. As previously seen in Section 2.6.1, the RGA, the
HIIA, the PM and the Σ2 all recommend the very same pairing for decentralized
control, y1–u1, y2–u2.

Table 4.1: LQII and output variances for LQG control in Example 4.1. The
pairing is specified as ij where i is the output index and j the input index.

Pairing Q̃u
∑2
i=1 var{yi} LQII

11, 22 1 2.1729 1.0165

1 · 10−9 2.1376 1.0171

12, 21 1 2.2891 1.0709

1 ·10−9 2.2807 1.0852

Full MIMO 1 2.1376 1

1 ·10−9 2.1016 1

4.6.2 Example 4.2

Now consider the 2 × 2 plant with time delays analysed in Section 2.6.4. It
was found that only the Σ2 and the RGA evaluated at frequencies � 1 · 10−1.7

rad/s was able to give the off-diagonal pairing recommendation which is the
“correct” one in the literature (Mc Avoy et al., 2003; Xiong et al., 2005).

The output variances and the LQII for both LQG control settings also
indicate that the off-diagonal pairing combination is the most suitable since
this pairing gives the lowest output variances, see Table 4.2. This is in contrast
to the static RGA, the HIIA and the PM, but in agreement with for instance
the Σ2, the RGA evaluated at frequencies � 1 · 10−1.7 rad/s, and with other
findings made by e.g. Mc Avoy et al. (2003) and Xiong et al. (2005). Low LQII

Table 4.2: LQII and output variances for LQG control in Example 4.2. The
pairing is specified as ij where i is the output index and j the input index.

Pairing Q̃u
∑2
i=1 var{yi} LQII

11, 22 1 3.4882 1.1408

1 · 10−9 3.4742 1.1598

12, 21 1 3.2536 1.0641

1 · 10−9 3.2084 1.0711

Full MIMO 1 3.0577 1

1 · 10−9 2.9955 1
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values indicate that a decentralized control structure may be appropriate. The
ILQIA also clearly recommends the off-diagonal pairing:

ILQIA =
[

0.0269 0.5342
0.4034 0.0356

]
.

All of the RGA elements and the NI for both of the decentralized pairings
are positive. The time-delays have been approximated by third order Padé
approximations.

4.6.3 Example 4.3

In this example |G(s)| is the same for all the subsystems. Only the time delay
and the sign of the gain differ between them:

G(s) =
1

1 + s

[
e−s 1
−1 e−2s

]
.

This makes it particularly hard for some of the considered interaction measures.
The time delays are approximated by third order Padé approximations. In this
example the sample time is selected to 0.05 s.

For the RGA and the Σ2 all of the elements are equal. For the RGA this
means that no conclusion can be drawn, and for the Σ2 that all subsystems are
equally important. As shown in Section 2.5.4 the Σ2 does not react on time
delays, and since this interaction measure can be interpreted as the area of the
Bode magnitude diagram the resulting Σ2 is not surprising. The HIIA and the
PM are affected by the time delays in the diagonal elements, and recommend
the diagonal pairing y1–u1 and y2–u2 as the decentralized paring. However,
Meeuse and Huesman (2002) found in simulation studies that the off-diagonal
pairing should be the preferred decentralized choice. Balestrino et al. (2008)
use their suggested interaction measures ARGA and RoMA index to find this
pairing choice. As seen in Table 4.3 the LQII agrees on this choice even though
the difference in variance between the pairings is small. ILQIA is calculated to

ILQIA =
[

0.1393 0.3607
0.3607 0.1393

]
.

and recommends the off-diagonal pairing with a sum of the off-diagonal ele-
ments of ILQIA of 0.7215. The NI does not indicate any possible instability
since it is positive for both of the pairing options.

4.6.4 Example 4.4

Consider once again the 3 × 3 process discussed in Section 2.6.5. There it
was found that the HIIA, the PM and the Σ2 recommend the pairing y1–
u3, y2–u1 and y3–u2. If these measures were combined with the RGA rule
of avoiding pairings corresponding to negative RGA elements, the suggestion
was y1–u2, y2–u3 and y3–u1 which is the same pairing combination as the one
recommended in the literature (He and Cai, 2004; Hovd and Skogestad, 1992).
The RGA recommended the diagonal pairing.
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Table 4.3: LQII and output variances for LQG control in Example 4.3. The
pairing is specified as ij where i is the output index and j the input index.

Pairing Q̃u
∑2
i=1 var{yi} LQII

11, 22 1 3.9885 1.0668

1 · 10−9 3.9796 1.1783

12, 21 1 3.9422 1.0545

1 · 10−9 3.8293 1.1338

Full MIMO 1 3.7386 1

1 · 10−9 3.3775 1

In the calculation of the LQII all six decentralized pairing combinations were
evaluated. In Table 4.4 the sum of the output variances is presented for each
combination. The LQII is minimized for the pairing combination y1–u3, y2–u1
and y3–u2 for both of the settings. Hence, it supports the recommendation
made by the HIIA, the PM and the Σ2. However, the pairing combination
y1–u2, y2–u3 and y3–u1 also gives variances that are very close to the variances
of the suggested pairing. If the pairing combinations corresponding to negative
RGA elements and negative NI are avoided, the LQII gives the very same
pairing suggestion as the one recommended by Hovd and Skogestad (1992) and
He and Cai (2004). It was further found that the diagonal pairing recommended
by the RGA is not desirable in a minimum variance sense. In fact, this pairing
results in the largest sum of output variances, see Table 4.4. There are also
two other pairings that give low output variances: pairing combination y1–u1,
y2–u3 and y3–u2 and pairing combination y1–u3, y2–u2 and y3–u1. However,
both of these invoke pairings corresponding to negative RGA elements. Note
that all of the output variance sums for the decentralized pairings are much
larger than the corresponding sum for the full MIMO control structure. This is
equivalent to large LQII values, indicating that it may be rewarding, in terms
of variance, to seek a sparse, or full, MIMO control structure.

The ILQIA combined with the rule of avoiding negative RGA elements and
negative NI gives the “correct” pairing y1–u2, y2–u3 and y3–u1. Otherwise, the
ILQIA recommends the very same pairing combination as the HIIA, the PM
and the Σ2.

4.6.5 Example 4.5

Now consider the following distillation column model with four inputs and four
outputs with transfer function matrix G(s) = [G1(s) G2(s)] where
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Table 4.4: The sum of the elements of some interaction measures, sum of output
variances, LQII, ILQIA, negative elements of the RGA and NI for different
decentralized pairings for the plant in Example 4.4. The pairing is specified as
ij where i is the output index and j the input index. The closer to 1 the sums of
the considered interaction measures are, the better. In the calculation of LQII
Q̃u = 1 · 10−9.

Pairing: 11, 22, 33 11, 23, 32 12, 21, 33∑3
i=1 var{yi} 75.7704 49.8111 74.2068

LQII 3.6928 2.4276 3.6166

ILQIA 0.2009 0.2925 0.2692

Neg. RGA-elem. - 32 21

NI 26.94 1.04 1.04

Pairing: 12, 23, 31 13, 21, 32 13, 22, 31∑3
i=1 var{yi} 49.3745 49.8111 48.6842

LQII 2.4063 2.3727 2.4276

ILQIA 0.3396 0.4594 0.4383

Neg. RGA-elem. - 13, 21, 32 13

NI 0.25 -0.17 1.04

G1(s) =

⎡⎢⎢⎢⎢⎣
−9.811e−1.59s

11.36s+1
0.374e−7.75s

22.22s+1
5.984e−2.24s

14.29s+1
−1.986e−0.71s

66.67s+1
2.38e−0.42s

(1.43s+1)2
0.0204e−0.59s

(7.14s+1)2

−11.3e−3.79s

(21.74s+1)2
−0.176e−0.48s

(6.9s+1)2

⎤⎥⎥⎥⎥⎦ ,

G2(s) =

⎡⎢⎢⎢⎢⎣
−2.368e−27.33s

33.3s+1
−11.3e−3.79s

(21.74s+1)2

0.422e−8.72s

(250s+1)2
5.24e−60s

400s+1
0.513e−s

s+1
−0.33e−0.68s

(2.38s+1)2

15.54e−s

s+1
4.48e−0.52s

11.11s+1

⎤⎥⎥⎥⎥⎦ .
An interaction analysis of this process involving a combination of the ERGA
and the NI is performed by Xiong et al. (2006) with the conclusion that the most
desirable decentralized pairing is y1–u4, y2–u2, y3–u1, y4–u3. In the analysis,
all of the time-delays were approximated by third order Padé-approximations.
The static RGA and the Σ2 also suggest the same pairing as the ERGA and NI
combination. For the Σ2 this is not surprising since this measure can be given
various energy interpretations. This is similar to the idea behind the ERGA,
see Section 2.5 and Xiong et al. (2005). The HIIA and the PM suggest the
pairing y1–u4, y2–u1, y3–u2, y4–u3. However, the sum of the HIIA and PM
elements for the pairing y1–u4, y2–u2, y3–u1, y4–u3 are very close.
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The LQII (for Qu = 1 · 10−9) was computed for all of the 4! = 24 possible
decentralized pairing combinations. The sampling period was selected to 0.01
s. The pairings y1–u1, y2–u4, y3–u2, y4–u3 and y1–u1, y2–u2, y3–u4, y4–u3
give the lowest LQII: 1.7999 and 1.8000. Since element (2, 4) of the static
RGA is negative, and such pairings should be avoided, the first LQII pairing
recommendation is preferably rejected. The pairing suggestion from the HIIA
and the PM gives a LQII of 1.8110 and the suggestion from the RGA and the
Σ2 gives a LQII of 1.8144. The LQII (for Qu = 1) gives lower values of the
LQII (1.0459 for the recommended pairing y1–u1, y2–u4, y3–u2, y4–u3) due to
a larger sum of variances for the full MIMO structure.

The largest ILQIA sum is obtained for pairing y1–u1, y2–u2, y3–u4, y4–u3
and is 0.6027. The second largest sum is 0.4526 and is for the same pairing as
the RGA, the Σ2 and the combination of ERGA and NI recommend.

In this example it is clear that there are several pairing candidates that
have the potential to perform more or less equally according to the studied
interaction measures. In particular, this holds when the expected control per-
formance is evaluated in terms of output variance as is the case for the LQII.
The difference between the candidates is larger for ILQIA, which much clearer
gives one single pairing candidate than the other measures.

4.6.6 Example 4.6

In the concluding example a continuous-time 6×6 plant model is studied. The
transfer function matrix is

G(s) =
1

s2 + s+ 1

⎡⎢⎢⎢⎢⎢⎢⎣
7 8 9 10 7 9
8 9 7 11 6 7
9 8 12 12 11 10

11 12 8 7 9 10
6 11 8 11 8 8

10 9 8 8 9 12

⎤⎥⎥⎥⎥⎥⎥⎦ .

In the calculation of the LQII the sample time was selected to 0.1 s.
Fatehi and Shariati (2007) and Fatehi (2008) use the Hungarian algorithm

to assign proper pairings based on their Normalized RGA (NRGA) and on a
Gramian-based measure, respectively. Part of the pairing algorithm in Fatehi
and Shariati (2007) is to check whether the NI is positive or not. However,
they calculated the NI incorrectly and suggested the pairing y1–u6, y2–u1, y3–
u5, y4–u3, y5–u2, y6–u4 which in fact has a negative NI. Fatehi (2008) suggest
the pairing y1 − −u4, y2–u5, y3–u3, y4–u2, y5–u1, y6–u6 which also has a
negative NI. Note once again that prior to the calculation of the NI, the inputs
(or outputs) should be rearranged such that the pairing combination to be
analysed is the diagonal one.

Since the dynamics are the same for all of the subsystems, the HIIA, the
PM and the Σ2 are scaled versions of G(0). Hence all of them suggest the same
pairing which is: y1–u3, y2–u4, y3–u5, y4–u1, y5–u2, y6–u6.

In this example the number of different pairing combinations is 6! = 720
which means that the exhaustive nature of the LQII will certainly be evident.
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However, as pointed out before, the LQII does not necessarily need to be cal-
culated for all of the possible pairings. Instead, it can be calculated for certain
selected candidates. Here, there are already three pairing candidates obtained
from other interaction measures. As seen in Table 4.5 LQII recommends the
pairing y1–u3, y2–u4, y3–u5, y4–u1, y5–u2, y6–u6. In fact, a calculation of the
LQII for all of the possible pairings reveals that this is the pairing that gives
the lowest possible LQII. Note also that the LQII values are very large for all of
the considered pairing candidates. This indicates that the difference in perfor-
mance in terms of output variance could be expected to be large between any
of the decentralized control structures and a full MIMO controller. This is also
seen from the HIIA, the PM and the Σ2 since the sum of the elements of these
are for the recommended pairing only around 0.2 (the closer 1, the better).

ILQIA, which does not suffer as much as the LQII from the complexity
growth when the plant size increases, gives the recommendation y1–u4, y2–u5,
y3–u1, y4–u2, y5–u3, y6–u6. The sum of the ILQIA elements for this pairing
is 0.3413. However, y1–u4 and y2–u5 correspond to negative RGA elements.
If such elements and negative NI are avoided, the pairing combination y1–u3,
y2–u4, y3–u1, y4–u2, y5–u5, y6–u6 gives the largest sum (0.2838). Since this
sum is not close to 1, also the ILQIA indicates that it may be of interest to
consider a more complex controller structure.

Table 4.5: LQII, negative elements of RGA and NI for three selected parings
of the plant in Example 4.6. The pairing is specified as ij where i is the output
index and j the input index.

Pairing: 16, 21, 35, 14, 25, 33, 13, 24, 35,

43, 52, 64 42, 51, 66 41, 52, 66

LQII(Q̃u = 1) 23.9124 23.1421 22.3074

LQII(Q̃u = 1 · 10−9) 45.0044 43.4809 41.7356

Neg RGA elem. - 14, 25, 51 -

NI -0.0155 -0.0139 0.0055

4.7 Conclusions

Two new input/output pairing strategies based on LQG control has been pre-
sented. The obtained decentralized input/output pairing suggestions for several
MIMO plants have been compared with those previously obtained with other
interaction measures. It was found that both of the proposed pairing strategies
give suitable decentralized pairing suggestions for the studied processes. This
motivates a further study of the strategies. In the calculation of the LQII, only
decentralized control structures have been considered. However, this is not an
inherent limitation of this pairing strategy since it is able to evaluate the per-
formance of other control structures as well. This is an advantage compared to
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the RGA. Furthermore, since the LQII is based on what control performance
that can be expected to be achieved with the designed control structures, this
measure is easy to interpret.
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Chapter 5
Interaction Analysis of the
Activated Sludge Process

I
n this chapter the Relative Gain Array (RGA) and the Gramian-based
interaction measures the Hankel Interaction Index Array (HIIA), the Par-

ticipation Matrix (PM) and the Σ2 are employed to quantify the degree of
channel interaction in a multivariable bioreactor model, an activated sludge
process (ASP) configured for nitrogen removal. To be more precise, both the
nitrification and the denitrification process in an ASP are studied. The con-
sidered model is a 2 × 2 system with the dissolved oxygen concentration set
point in the aerobic compartment and the internal recirculation flow rate as
input signals (control handles). The effluent concentration of ammonium and
of nitrate are the output signals (the controlled signals). The Gramian-based
interaction measures can deal with plant structures where the RGA fails and
can furthermore also be used to evaluate multivariable controller structures. It
was found that the RGA method was unable to give reasonable input/output
pairing suggestions in some cases while the Gramian-based measures provided
useful information in all of the considered cases.

5.1 Introduction

When comparing the HIIA, the PM and the Σ2 with the RGA, there are some
major differences. The most important one from the author’s point of view is
that the RGA assumes a decentralized control structure to be used. This is not
the case with the HIIA and the PM which rather consider the controllability
and the observability of every subsystem in the plant separately. Similar in-
terpretations applies to the Σ2 (see Chapter 2). These measures can therefore
be valuable particularly when evaluating alternatives to decentralized control
structures, i.e. multivariable control structures with reduced complexity. In
(Conley and Salgado, 2000) and (Salgado and Conley, 2004), it is shown how
to do this when employing the PM. Another difference is that when using the

101



102 5. Interaction Analysis of the Activated Sludge Process

considered Gramian-based measures, the whole frequency range is taken into
account, not only one frequency at the time. As shown in examples given by
Wittenmark and Salgado (2002), the HIIA outperforms the RGA when dealing
with systems that have interactions with non-monotonic frequency behaviour.
The reason for this is that the full dynamics of the system will be taken into
account when using Gramians. If the objective is to study the interactions in
a specific frequency range only, then the transfer functions can be filtered be-
fore the HIIA is calculated, see Wittenmark and Salgado (2002). There are also
cases, see for instance Kinnaert (1995), where the RGA fails to suggest a proper
pairing due to large off-diagonal elements or triangular structure in the plant.
On the other hand, a drawback of the Gramian-based measures compared to
the RGA is that they are scaling dependent. It is therefore of great importance
that the system has been scaled in a physically relevant way in order for the
Gramian-based measures to provide meaningful results. The Gramian-based
approach is further discussed in for instance Salgado and Conley (2004) and in
Chapter 2.

In this chapter, the RGA, the HIIA, the PM and the Σ2 will be employed in
the selection of input/output signal pairings for a part of a MIMO bioreactor
system: an activated sludge process configured for nitrogen removal. Modelling
and control of the activated sludge process have been an intense research area in
the last decades, see for example Olsson (1993), Lindberg and Carlsson (1996),
Alex et al. (1999), Vanrolleghem et al. (1999), Samuelsson and Carlsson (2001),
Ingildsen (2002), Yuan et al. (2002) and Jeppsson and Pons (2004). The results
from the RGA analysis will be compared with those of the Gramian-based
measures and with results obtained from physical insights of the considered
system. It is also discussed what additional conclusions that can be drawn
from the Gramian-based analysis.

5.2 The bioreactor model

In the complex process of wastewater treatment, many different cause-effect
relationships exist, and therefore, there are many possible choices of input
and output signals, see Olsson and Jeppsson (1994). Consequently, this can
motivate the study of wastewater treatment plant models with respect to the
selection of input and output signals.

From a theoretical point of view, the bioreactor models are non-linear multi-
variable systems that may contain a significant degree of coupling. Hence, this
also gives an interesting opportunity to test the performance of the methods
for input/output pairing selection discussed in the previous section.

The objective in this chapter is to find suitable control structures. If the
couplings between the different control handles in the system are sufficiently
low, then a controller selection involving several decoupled SISO controllers
may be suitable. If this is not the case, a MIMO controller structure will
provide a better solution. The MIMO solution will, however, generally be
more complex.

The considered model is a simplified version of the IWA Activated Sludge
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Settler

Effluent

Sludge recirculation Excess sludge

Anoxic Aerobic

Influent, Q

Internal recirculation, Qi

Figure 5.1: A basic activated sludge process (ASP) configured for nitrogen re-
moval.

Model No. 1 (ASM1) that models an activated sludge process configured for
nitrogen removal. ASM1 is thoroughly described by Henze et al. (1987). In this
study the bioreactor consists of two tanks of equal volume (one anoxic and one
aerobic of 1000 m3 each) and a settler, see Figure 5.1. The influent flow rate,
Q, is 18 446 m3/day. The model is valid in the medium time-scale (i.e. hours
to days). For a discussion of the model parameters and the simplified ASM1
used here, see Appendix B.

Two different processes, nitrification and denitrification, are simultaneously
being performed. To get an indication of how well these processes are being
performed the effluent ammonium concentration (SNH,2(t)) and the nitrate con-
centration (SNO,2(t)), respectively, can be considered. For this reason, these
concentrations are selected as output signals. The considered input signals are
the concentration of dissolved oxygen (DO set point, SO,2(t)) in the aerobic
compartment and the internal recirculation flow rate (Qi(t)). According to
Ingildsen (2002) the denitrification is mainly influenced by Qi(t) (among the
selected input signals) while the nitrification is mainly influenced by SO,2(t).
Hence, if the couplings between Qi(t) and SO,2(t) are low, then the denitrifica-
tion and the nitrification process may be considered separately when choosing
controller structure and thus, SISO controllers may be selected.

Three different operating points were selected. These correspond to the
constant input signals:

• ū1 = [10 000 m3/day 2 mg/l]T ,

• ū2 = [36 892 m3/day 2 mg/l]T ,

• ū3 = [50 000 m3/day 2 mg/l]T .

Note that these operating points do not necessarily correspond to feasible
choices concerning an optimal operation of the plant. Instead, they are cho-
sen in order to illustrate different interaction points. The selection of optimal
operation points is discussed in Chapter 7.

Since both the RGA and the considered Gramian-based interaction mea-
sures are defined for linear models, the simplified ASM1 model was linearized
around each operating point using the MATLAB function linmod. In a small
neighbourhood of each operating point the linearized model will approximate
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the nonlinear system. Thus, the analysis in the following sections is strictly
valid only in the above mentioned neighbourhoods. However, as can be seen
in the lower part of Figure 5.2, the operational maps can be divided into two
different regions where the process shows different stationary characteristics.

The obtained linear models can be represented in standard state-space form
as

Δẋ(t) = AΔx(t) +BΔu(t),

Δy(t) = CΔx(t), (5.1)

where x(t) is the state vector given by

x(t) = [SNH,1(t) SNH,2(t) SNO,1(t) SNO,2(t) SS,1(t) SS,2(t)]T , (5.2a)

where the elements are the concentrations of ammonium (SNH,n), nitrate
(SNO,n) and readily biodegradable substrate (SS,n) in compartment n in the
bioreactor. The input signal vector u(t) is given by

u(t) =
[
Qi(t)
SO,2(t)

]
(5.2b)

and the output signal vector is

y(t) =
[
SNH,2(t)
SNO,2(t)

]
(5.2c)

and

C =
[

0 1 0 0 0 0
0 0 0 1 0 0

]
. (5.2d)

The symbol Δ refers to the deviation from the operating point so that Δx =
x− x̄ and Δu = u− ū, where ū is the constant input signal vector that in steady
state renders the operating point x̄. Similarly, Δy = y− ȳ. The corresponding
transfer function matrix is

G(s) = C(sI −A)−1B. (5.3)

The steady-state operational maps for the model, are shown in Figure 5.2.
The output signals, SNH,2(t) and SNO,2(t) are plotted against the two input
signals SO,2(t) and Qi(t).

The operational maps in Figure 5.2 clearly indicate that different controller
structures should be used in the different operating points, at least in the lower
operating point, ū1, compared to the upper operating points, ū2 and ū3. Note,
however, that these operational maps can only be used to give an indication of
the interactions in the system.
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Figure 5.2: Steady-state operational maps for the considered bioreactor model.
The upper plot shows the level curves for the first output signal, the effluent
ammonium concentration, SNH,2, and the lower one shows the effluent nitrate
concentration, SNO,2. The operation points are indicated by stars in the plots.

5.3 Interaction analysis

5.3.1 RGA analysis

The steady-state RGA matrices for the linearized model in the three operating
points are

Λ(Gū3
(0)) =

[
0.0055 0.9945
0.9945 0.0055

]
, (5.4a)

Λ(Gū2
(0)) =

[
0.0051 0.9949
0.9949 0.0051

]
, (5.4b)

Λ(Gū1
(0)) =

[
0.0041 0.9959
0.9959 0.0041

]
. (5.4c)

Apparently, the RGA suggests the off-diagonal pairing SNH,2(t)–SO,2(t) and
SNO,2(t)–Qi(t) for all of the three operating points. This contradicts the results
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from the operational maps in Figure 5.2 which in fact indicate that SNO,2(t) in
ū3 and ū2 also are affected by SO,2(t).

5.3.2 Analysis using the Gramian-based interaction mea-
sures

The HIIA, the PM and the Σ2 are scaling dependent tools. This motivates
a scaling of the systems before these measures are calculated. A standard
procedure (as described by for instance Skogestad and Postlethwaite (1996)) is
to scale the model according to

Gscaled(s) = D−1y G
o(s)Du,

where the original input/output model is given by

yo(t) = Go(p)uo(t)

and the superscript o denotes the original (or physical) variables. Thus, Go(p)
denotes the original transfer function matrix between output yo(t) and input
uo(t); Du and Dy are diagonal scaling matrices.

There exist many different possibilities for choosing the scaling matrices Dy
and Du depending on what the desired achievements are. In this chapter the
model is scaled in such a manner that the maximum deviation from the average
value of each signal lies in the interval [-1,1]. This is achieved here by choosing

Du =
[
50000 0

0 2

]
,

Dy =
[
3 0
0 3

]
,

where the diagonal elements in Du are the maximum allowed value of each
input signal and the elements in Dy states that a maximum deviation in the
output of three units is accepted.

If the linearized model is scaled in the same way for all of the three operating
points, the steady state transfer function matrices are

Gū3

scaled(0) =
[

0.0004 −0.7048
0.0748 0.6674

]
, (5.5a)

Gū2

scaled(0) =
[ −0.0001 −0.7050
−0.0135 0.6422

]
, (5.5b)

Gū1

scaled(0) =
[ −0.0313 −0.7069
−4.9176 0.4526

]
. (5.5c)

Furthermore, since the Gramian-based interaction measures are dynamic
measures that consider all possible frequencies while the considered model is
only valid in a limited frequency band it is also reasonable to perform a band-
pass filtering of the system before calculating them. This was carried out using
a simple first-order low-pass filter, F (s), given by

F (s) =
0.001
s+ 0.001

. (5.6)
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This filter has a cut-off frequency of 1 · 10−3 rad/s which is a reasonable choice
since the considered bioreactor model is valid for frequencies ranging from
approximately 10−5 rad/s up to 10−3 rad/s. Note also that this filter does not
introduce any additional scaling in the steady state.

If the systems are scaled in the suggested way and filtered using the low-pass
filter F given in (5.6) before the Gramian-based measures are calculated, then
the following HIIA matrices, ΣH , are obtained for the three operating points:

Σū3

H =
[

0.0003 0.4869
0.0517 0.4611

]
, (5.7a)

Σū2

H =
[

0.0001 0.5181
0.0099 0.4719

]
, (5.7b)

Σū1

H =
[

0.0052 0.1157
0.8050 0.0741

]
. (5.7c)

The corresponding PM matrices, Φ, are

Φū3 =
[

0.0000 0.5241
0.0059 0.4700

]
, (5.8a)

Φū2 =
[

0.0000 0.5464
0.0002 0.4534

]
, (5.8b)

Φū1 =
[

0.0000 0.0201
0.9717 0.0082

]
. (5.8c)

Finally, the Σ2 matrices are

Σū3

2 =
[

0.0031 0.4855
0.0516 0.4598

]
, (5.9a)

Σū2

2 =
[

0.0050 0.5150
0.0109 0.4691

]
, (5.9b)

Σū1

2 =
[

0.0066 0.1156
0.8039 0.0740

]
. (5.9c)

For all of the subsystems in the three operating points there is only one
dominating Hankel singular value (HSV). For this reason, the difference be-
tween the HIIA and the normalized square root of the PM, Φ, will be very
small. This means that the PM does not capture any more essential informa-
tion about the interactions than the HIIA does. The difference between the
obtained Σ2 matrices and the HIIA matrices are also small.

If a decentralized controller structure is to be used, the Gramian-based in-
teraction measures suggest the same input/output pairings as the RGA, i.e the
off-diagonal pairing in all of the considered operating points. However, since
[ΣH ]22, [Φ]22 and [Σ2]22 are large for ū2 and ū3 this indicates that SO,2 af-
fects both outputs, SNH,2 and SNO,2. This in turn means that the suggested
decentralized controller structure could be insufficient to provide good con-
trol performance. Instead, improved control performance can be expected if
a (multivariable) triangular controller structure that also includes the impact
SO,2 has on SNO,2, is used.
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In the lowest operating point, ū1, the Gramian-based measures indicate
that a decentralized controller may be good enough since the sums of the off-
diagonal elements of the HIIA, the PM and the Σ2 are close to one.

Concerning the scaling procedure, it was found that reasonable small changes
in the scaling matrices (for instance, ±40% in the element that scales Qi) do
not alter the HIIA recommendations.

5.4 Discussion

In the RGA analysis of the bioreactor model it was seen that the RGA method
did not provide reasonable input/output pairings in all of the considered oper-
ating points. The reason for this can be found if the steady-state gain matrices
for the considered systems are studied. Triangular systems will always give the
same RGA, namely the identity matrix (under the assumption that the rows
in the transfer function matrix are permuted to get nonzero elements along the
diagonal before calculating the RGA). The transfer function matrices of the
(scaled) model are almost right under triangular, see (5.5a)–(5.5c). Therefore,
the structure of the RGA will be similar for all of them: almost the anti-
identity matrix. The RGA matrices given in (5.4a)–(5.4c) are all very close to
the anti-identity matrix.

The Gramian-based interaction measures the HIIA, the PM and the Σ2 pro-
vide an interaction analysis that goes deeper than the RGA is able to. When
considering the information given by the Gramian-based interaction measures
there is no longer any contradiction with the steady-state results in the opera-
tional maps in Figure 5.2. This can also be seen as a confirmation that the ap-
plied scaling procedure is reasonable. Note once again, that these steady-state
operational maps can merely be used to give an indication of the interactions
in the system, and what a reasonable controller structure may look like.

Compared to the RGA, the Gramian-based interaction measures possess
several advantages. Evidently, they are able to deal with special transfer func-
tion matrix structures such as the analysed nearly triangular ones. They do
not require decentralized (diagonal) controller structures as the RGA does. In-
stead, they consider each subsystem in the model independently. Therefore,
the Gramian-based interaction measures can be used to suggest MIMO con-
troller structures as seen in Section 5.3.2. The RGA method is unable to do
this.

It was also observed that the Gramian-based interaction measures methods
are scaling-dependent. This means that some effort must be spent on finding
proper scaling matrices. However, this is not necessarily a drawback, since this
gives an opportunity for the user to weight the considered signals according to
his own choice. The RGA method is scaling-independent and does not offer
this possibility.

Based on the RGA results in this particular case, it should not be concluded
that the couplings are low between the DO set point (SO,2(t)) and the internal
recirculation flow rate (Qi(t)) independent of operation point. Instead, the op-
erational maps indicate that there are some couplings between the nitrification
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and the denitrification process. A MIMO controller structure can therefore
be expected to give better control performance compared to a solution involv-
ing decentralized control. The analysis using the Gramian-based interaction
measures supports this view, and also suggests possible controller structure
selections.

5.5 Conclusions

The RGA method provides a simple way to decide how a set of input signals
should be utilized to control a given set of output signals. Often this method
performs well, but in the analysis of the considered bioreactor model, it was
clearly seen that the RGA method does not work properly in all cases. The
reason for this was found to be the almost triangular structure of the transfer
function matrices. From this it can be concluded that the RGA should be
used with care. It is advisory to include an examination of the structure of the
considered transfer function matrices in the RGA analysis.

Furthermore, an interaction analysis using the more recently suggested
Gramian-based interaction measures the HIIA, the PM and the Σ2 was per-
formed to quantify the level of interactions occurring between the inputs and
outputs in the considered bioreactor systems. It was noted that for these mea-
sures to give reasonable information in this particular case, the considered sys-
tems had to be both scaled in a physically relevant way and low-pass filtered.
The filtering was performed to select the frequency band of interest. When
treating the systems according to this procedure, the Gramian-based measures
suggested the same decentralized controller structure as the RGA, but they
also gave suggestions on other controller structures that may perform better.
The RGA is unable to give this extra information. The recommendations from
the HIIA, the PM and the Σ2 coincided for all of the considered systems.





Chapter 6
Interaction Analysis and
Control of the
Denitrification Process

T
his chapter once again considers the problem of channel interaction in
multivariable bioreactor systems. Similar to the previous chapter, nitro-

gen removal in the activated sludge process in a pre-denitrifying wastewater
treatment plant is studied. Cross couplings in other processes in such systems
have previously been studied by Ingildsen (2002) and in Chapter 5. Here,
the focus is on controlling the denitrification process when an external carbon
source is added. Thus, one of the two considered control handles (input signals)
is the readily biodegradable organic substrate in the influent water (which has
the same influence as an external carbon source would have). The other input
signal is the internal recirculation flow rate. The nitrate concentration in the
anoxic compartment and in the effluent are the two controlled signals (out-
put signals). To evaluate the degree of channel interaction, six different tools
are compared: the well-known Relative Gain Array (RGA); the more recently
proposed Gramian-based interaction measures the Hankel Interaction Index
Array (HIIA), the Participation Matrix (PM) and the Σ2; and the two interac-
tion measures based on LQG control, LQII and ILQIA, proposed in Chapter 4.
The results of the analysis are discussed from a process knowledge point of view,
and are also illustrated with some control experiments. The main conclusion
is that, in particular, the Gramian-based measures give a deeper insight about
the actual cross couplings in the system compared to the RGA. Moreover, this
insight is used to design a suitable structured multivariable controller. The
LQII and the ILQIA support the other considered interaction measures con-
cerning the choice of decentralized control configuration. The LQII provides
information of the expected relative performance in terms of variance for the
decentralized control structures compared to a full multivariable controller.

The structure of this chapter is as follows: The bioreactor model used to
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illustrate the different methods for interaction analysis is discussed in Section
6.1. The interaction analysis of this model is given in Section 6.2. To illustrate
these results, some control experiments are performed in Section 6.4. In Section
6.5, the results in the previous sections are discussed. The general conclusions
are summarized in Section 6.6.

6.1 The bioreactor model

The considered bioreactor model describes reduction of nitrate in wastewater
(conversion of nitrate to nitrous oxide, so called denitrification). Generally,
the bioreactor is connected to a clarifier, and the process consisting of these
two parts is commonly called an activated sludge process (ASP), see Henze
et al. (1995). The control problems in this area have become more and more
important due to increased demands on the effluent water quality, see for in-
stance Olsson and Newell (1999), Ingildsen et al. (2002), Yuan et al. (2002) and
Jeppsson et al. (2002). In an ASP configured for nitrogen removal, ammonium
is oxidized to nitrate under aerobic conditions. This process is called nitrifica-
tion. The nitrate formed by the nitrification process, in turn, is converted into
gaseous nitrogen under anoxic conditions, this is the so called denitrification.
Therefore, a multi-step configuration is generally needed in order to perform
an efficient nitrogen removal. If the anoxic part of the process is placed be-
fore the aerobic, the process is said to be pre-denitrifying. In this chapter, a
pre-denitrifying process is considered, see Figure 6.1.

For the denitrification process to take place, a sufficient amount of organic
substrate (readily biodegradable organic substrate) is needed as well as an
anoxic condition, i.e. absence of dissolved oxygen. In a pre-denitrifying system,
the access to nitrate in the anoxic part is achieved by recirculating nitrate rich
water from the aerobic to the anoxic part of the plant. To ensure that enough
readily biodegradable substrate is present, an external carbon source (for exam-
ple ethanol) is often added to the anoxic part. It is thus natural to consider the
flow rates of the internal recirculation and the addition of an external carbon
source as control signals (manipulated variables) in the denitrification process,
although the concentration of readily biodegradable organic substrate in the
influent water is here used as an input signal instead of an external carbon
source. The natural output signals are the nitrate concentration in the last
anoxic compartment and the nitrate concentration in the effluent water. Sev-
eral papers in the literature deal with the above described control problem, see
for instance Carlsson and Rehnström (2002).

The probably most used mathematical model describing biological nitrogen
removal is the IWA Activated Sludge Model No. 1 (ASM1), see Henze et al.
(1987) for a full description. This is a rather complex nonlinear model including
eight different processes describing biomass growth and decay together with a
number of hydrolysis processes. Due to the complexity of the model, it is
not very suitable for control purposes. Instead a somewhat simplified version
of the ASM1 will be used in the analysis carried out in this chapter. The
simplified model is further described in Appendix B. In the analysis, this
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simplified model is linearized for different operating points, and the interaction
analysis is performed on the linearized models. The model used here describes
a pre-denitrifying process with one anoxic and one aerobic compartment, see
Figure 6.1. The compartments are assumed to be completely mixed. For a
full derivation of this model and a discussion of the parameters therein, see
Ingildsen (2002) or Samuelsson et al. (2004).

Q

Qi

Qr

Q−Qw

Qw

Figure 6.1: An ASP with one anoxic and one aerobic compartment and a clar-
ifier. The influent flow rate is denoted Q, the internal recirculation flow rate
Qi, the flow rate of recirculated sludge Qr and the excess sludge flow rate Qw.

In the sequel, the internal recirculation flow rate is denoted Qi [m3/h]
and the influent concentration of readily biodegradable substrate SS,in [mg
(COD)/l]. In practice, SS,in may be controlled by adding an external carbon
source. The nitrate concentration in the anoxic compartment is denoted SanNO
[mg (N)/l] and the nitrate concentration in the effluent water (aerobic com-
partment) is denoted SeNO [mg (N)/l]. The input signal vector of the system
can thus be defined as

u =
[
Qi SS,in

]T
(6.1)

and the output signal vector as

y =
[
SanNO SeNO

]T
. (6.2)

6.2 Analysis of the model

In this section, the bioreactor model is analysed using the RGA, the HIIA,
the PM, the Σ2, the LQII and the ILQIA. One objective is to investigate the
cross couplings in the system and to choose suitable control structures. The
desired control structure may change with different operating points since the
system is nonlinear. Another objective is to illustrate the performance of the
considered methods for interaction analysis, i.e. what different conclusions that
can be drawn from each of the methods: For instance, how the Gramian-based
interaction measures can be used to determine a suitable sparse multivariable
control structure, and what can be seen from the RGA in the corresponding
case.

A first impression of the possible (stationary) cross couplings in the system
can be obtained from the steady state operational maps of the nonlinear model.
Such operational maps are also used by, for instance, Ingildsen (2002) and
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Galarza et al. (2001) in order to analyse the behaviour of bioreactors. In Figures
6.2 and 6.3 the level curves of the stationary nitrate concentrations of the anoxic
and aerobic compartments respectively are plotted against constant values of
the two inputs. From these operational maps it is clear that the system behaves
nonlinearly, i.e. the stationary characteristics are different depending on the
choice of operating point. The static gain in some of the channels actually
changes sign between the different operating ranges (which could also be seen
in a simple step response analysis). In Figure 6.2 it is seen that both inputs
affects the output SanNO over the whole operating range, although the relative
importance of the inputs depends on the choice of operating point. From Figure
6.3 it can be seen that in order to accomplish a change stationary in SeNO for low
values of the input signals, the concentration of readily biodegradable substrate
in the influent, SS,in should be used. For larger values of the input signal SS,in,
the change seems to be best accomplished if the internal recirculation flow rate
Qi is altered. A conclusion that can be drawn is, however, that for high values
of the input signal SS,in, the gain of SanNO is low for both the input signals.
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Figure 6.2: Stationary operational map for the nitrate concentration in the
anoxic compartment, SanNO. The stars show the locations of the three operating
points.

Although these plots contain only stationary values for the open loop system
and therefore cannot be assumed to fully describe all cross couplings in the
system, they will be used to roughly validate the results obtained from the
linear analysis utilizing the selected interaction measures.

As indicated above, Figure 6.3 implies that there are three different areas
in which the process may show different cross couplings. In order to analyse
this behaviour, three different operating points will be considered. These are
indicated by stars in the operational maps in Figures 6.2 and 6.3. These are
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Figure 6.3: Stationary operational map for the nitrate concentration in the
aerobic compartment (effluent water), SeNO. The stars show the locations of
the three operating points.

the ones corresponding to the constant input signals given by

ū1 =
[
35 000 40

]T
,

ū2 =
[
26 000 100

]T
, (6.3)

ū3 =
[
20 000 120

]T
,

where the units are m3/day for the first input signal and mg(COD)/l for the
other. The first operating point, given by ū1, lies in the area where the second
input signal, the concentration of readily biodegradable substrate in the influent
water, SS,in, is low. The second operating point, given by ū2, lies in the
transition phase between the areas, and the third point is in the area where the
concentration of readily biodegradable substrate in the influent water is high.
The selection of optimal operating points is discussed in Chapter 7.

6.2.1 Linearization and scaling of the model

The considered interaction measures are defined for linear models. In order
to perform the analysis, the model needs to be linearized around each oper-
ating point. Since the process characteristics are clearly different in the three
operating points, three different linearizations are needed in order to properly
analyse the system, one for each operating point. In a small neighbourhood
of each point, the linearized model will approximate the characteristics of the
nonlinear system. Thus, the analysis in the following section is strictly valid
only in the same operating points. However, as seen in Figure 6.3, the opera-
tional map for SeNO can clearly be divided into three areas with the same gain
characteristics, which motivates that the results from the analysis hold with
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good accuracy over larger neighbourhoods. This can also be investigated via
further linearizations or simulations.

In practice, the linearizations were made using the MATLAB function lin-
mod. From the linearization procedure, standard linear state-space models of
the form

Δẋ = AΔx +BΔu,

Δy = CΔx (6.4)

were obtained. Here x is a 7×1 state vector containing concentrations of seven
different compounds (for instance the output signals) and u is the input signal
vector defined in (6.1) as

u =
[
Qi SS,in

]T
.

The symbol Δ refers to the deviation from the operating point so that Δx =
x− x̄ and Δu = u− ū, where ū is the constant input signal vector that in steady
state renders the operating point x̄. The output signal vector is defined in (6.2)
as y = [SanNO S

e
NO]T and Δy = y− ȳ. The matrix A is a 7×7 matrix, B is a 7×2

matrix and C is consequently given by a 2×7 matrix that is independent of
the chosen operating point. The corresponding transfer function matrix is then

G(s) = C(sI −A)−1B. (6.5)

As mentioned in Section 2.4.5, the Gramian-based interaction measures are
scaling dependent tools. In order to be able to compare the different elements
of these measures directly, the linearized model obtained by (6.4) and (6.5)
must be properly scaled. The scaling procedure carried out here is similar to
the one described in Section 5.3.2, i.e. the model is scaled in such a manner
that the maximum deviation from the average value of each signal lies in the
interval [-1,1]. This is achieved here by choosing

Du =
[
60000 0

0 160

]
,

Dy =
[
3 0
0 3

]
,

where the diagonal elements in Du are the maximum allowed value of each
input signal and the elements in Dy states that a maximum deviation in the
output of three units is accepted.

6.2.2 RGA analysis of the model

To test the ability of the RGA to provide reasonable pairing suggestions, the
stationary RGA was calculated for the linearized models for each of the chosen
operating points. The results were
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Λ(Gū1 (0)) =
[

1.1979 −0.1979
−0.1979 1.1979

]
, (6.6a)

Λ(Gū2 (0)) =
[

0.3327 0.6673
0.6673 0.3327

]
, (6.6b)

Λ(Gū3 (0)) =
[

0.3263 0.6737
0.6737 0.3263

]
. (6.6c)

Clearly, since the off-diagonal elements in the RGA matrix corresponding to
the first operating point are negative and the diagonal elements are fairly close
to one, the RGA in this case suggests a diagonal controller, i.e. the first input
signal Qi should be used to control the output SanNO and the second input,
SS,in, should control the output SeNO. The latter also seems probable when
comparing the results to the operational map in Figure 6.3, provided that a
decentralized control structure is to be used.

For both the other operating points, off-diagonal control structures are sug-
gested, although without any strong indication since the diagonal element of
the RGA matrix is quite far from one in both cases. For the second operating
point it is hard to evaluate the validity of this from the operational maps, since
the operating point lies in a transition phase. The result for the third operating
point, however, seems reasonable when considering the operational maps.

6.2.3 HIIA, PM and Σ2 analysis of the model

The HIIA, the PM and the Σ2 are measures that indicate the size of the impact
of each input signal on each output signal. It is therefore interesting to compare
the results from these with the results from the RGA analysis.

The considered Gramian-based interaction measures were calculated for the
linearized and scaled model for each operating point and are

Σū1

H =
[

0.1425 0.3596
0.0450 0.4530

]
, (6.7a)

Σū2

H =
[

0.1252 0.1379
0.4009 0.3361

]
, (6.7b)

Σū3

H =
[

0.0090 0.0053
0.7441 0.2415

]
, (6.7c)

Φū1 =
[

0.0577 0.3625
0.0062 0.5736

]
, (6.8a)

Φū2 =
[

0.0551 0.0608
0.5190 0.3651

]
, (6.8b)

Φū3 =
[

0.0002 0.0000
0.9041 0.0956

]
, (6.8c)



118 6. Interaction Analysis and Control of the Denitrification Process

Σū1

2 =
[

0.2974 0.3333
0.0619 0.3074

]
, (6.9a)

Σū2

2 =
[

0.2690 0.1680
0.3244 0.2386

]
, (6.9b)

Σū3

2 =
[

0.1318 0.0069
0.6608 0.2005

]
, (6.9c)

where ΣH and Φ denote the HIIA and the PM matrices, respectively.
For the first operating point, the HIIA indicates that the first output signal,

SanNO, is about equally dependent on both input signals since the elements on the
first row in the HIIA matrix have the same order of magnitude. Furthermore, it
can be seen from the second row that the second output, SeNO, mostly depends
on the second input signal, SS,in. The corresponding HIIA element is also of
the same size as the elements in the first row. The first element in the second
row is however about ten times smaller than the second element in this row.
Thus, the second input should definitely be employed in the control of the
second output. Intuitively, the first input should then be used in the control of
the first output in order to obtain a satisfying result. As pointed out in Section
2.4.2, it could be hard to determine whether an entry in the HIIA matrix is large
enough to be relevant in the control design, and it is also beyond the scope of
this thesis to provide any general rules for such a decision. However, provided
that a reduction of control structure complexity is desirable together with the
fact that the first element on the second row is clearly the smallest element in
the matrix, it is most natural to ignore the interactions in the channel from
the first input to the second output in an eventual design of a reduced order
controller in this operating area. A summation of the elements of the HIIA
matrix as described in Section 2.4.2 also gives at hand that the contribution of
the first element in the second row is relatively small in the total sum.

The interpretation of the HIIA matrix in this case is thus that a good
option for controlling the process in this operating range may be a sparse
multivariable controller taking the analysis results into account. The control
structure selection would therefore in this case be

U(s) =
[
F1(s) F3(s)

0 F2(s)

]
E(s), (6.10)

where F1(s), F2(s) and F3(s) are the transfer functions of each sub-controller,
U(s) is the Laplace transform of the input signal vector as defined in (6.1)
and E(s) is the Laplace transform of the control error vector, i.e. a vector
containing the control errors of SanNO and SeNO. The validity of this choice of
control structure is also illustrated in the simulations in Section 6.4.

The PM suggests the very same decentralized pairing, SanNO–Qi and SeNO–
SS,in, as the HIIA does in the operating point ū1. It also clearly indicates
that the second element in the first row, i.e. the pairing SanNO–SS,in, should
be included if a multivariable controller structure is considered. Note that the
magnitudes of the elements in the PM are not directly comparable with those of
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the HIIA, see the discussion in Chapter 2. Instead, the normalized square root
of the PM, denoted Φ can be considered. For each subsystem of the considered
system there is one dominating HSV. For this reason the difference between Φ
and the HIIA is small. To sum up, the PM analysis supports the HIIA analysis.

In the Σ2 the elements in the first row and the second element in the second
row are almost equal. Hence, the preferred control structure according the Σ2
should be the same sparse multivariable controller as suggested by the HIIA
and the PM. For decentralized control, the Σ2 advocates the diagonal pairing
SanNO–Qi and SeNO–SS,in.

In the second operating point, corresponding to the transition phase be-
tween the operating ranges, all elements in the HIIA matrix are more or less of
the same order of magnitude. This indicates that it is reasonable to consider
a full multivariable control structure in this case. The PM and the Σ2 confirm
this view.

Finally, in the third operating point both elements in the first row of the
HIIA matrix are small compared to the elements in the second row. This is even
more accentuated in the PM and indicates that the first output signal could
be difficult to control at all. A physical interpretation of this will be given in
Section 6.5. In the second row, the first element, corresponding to the pairing
SeNO–Qi, dominates in both the HIIA, the PM and the Σ2. The stationary
operational map in Figure 6.3 indicates that this view is reasonable. The Σ2
differs from the HIIA and the PM in this operating point by a much larger
first element in the first row. However, if a low-pass filtering of the system
with the same filter as in Chapter 5 is performed prior to the calculation of the
interaction measures, then the difference between them will vanish. In fact,
ΣH , Φ and Σ2 for all of the three filtered systems will all be very close to the
normalized steady state magnitude matrices Ḡ(0) which are given by

Ḡ(0)
ū1 =

[
0.1626 0.3868
0.0292 0.4214

]
, (6.11a)

Ḡ(0)
ū2 =

[
0.1044 0.1632
0.4116 0.3208

]
, (6.11b)

Ḡ(0)
ū3 =

[
0.0098 0.0062
0.7530 0.2310

]
. (6.11c)

As seen, the low-pass filtering has only minor effects on the HIIA and the PM.
The effect on Σ2 is somewhat larger, once again indicating that dynamics of
higher frequencies make a significant contribution to the Σ2 for the non-filtered
system. As for the model analysed in Chapter 5 the considered model is only
valid for low frequencies. Hence, the pre-filtering is necessary, at least when
using the Σ2.
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6.3 Interaction analysis using the LQG-based
interaction measures

The LQG-based interaction measures LQII and ILQIA introduced in Chap-
ter 4 are here applied in the interaction analysis of the scaled systems. The
LQII is used to evaluate the decentralized control structures in terms of out-
put variance. In the ILQIA the gain of integral action is considered for each
subsystem.

The obtained ILQIA matrices are given by

ILQIAū1 =
[

0.3321 0.1679
0.1679 0.3321

]
, (6.12a)

ILQIAū2 =
[

0.2132 0.2868
0.2868 0.2132

]
, (6.12b)

ILQIAū1 =
[

0.1169 0.3831
0.3831 0.1169

]
. (6.12c)

For decentralized control, ILQIA recommends the same pairings as the previ-
ously studied interaction measures, i.e. diagonal, off-diagonal and off-diagonal
pairing for the operational points ū1, ū2 and ū3, respectively. The sums of
the ILQIA elements are 0.66, 0.57 and 0.76. The interpretation is that if a
decentralized control structure should be employed, it will probably work best
in the third operating point which corresponds to the highest sum. Recall that
the closer to 1 the sum of the elements in ILQIA, the better.

Table 6.1 lists the LQII values for the scaled and sampled system in the
three operating points. The sampling period was selected to 1/1440 day−1

(note that the time scale of the model is days). The LQG weight Q̃u (see
Chapter 4) was selected to 1 · 10−9 to mimic minimum variance control. The
lowest LQII value corresponds to the pairing option that gives the lowest sum
of output variances.

In the first operating point, the LQII for both of the decentralized pairing
options are large. For this reason, a full or sparse multivariable controller
structure can be expected to perform better than the decentralized ones. Recall
that a LQII of 2 means that the sum of the output variances is twice as large
for the considered control structure compared to the full multivariable LQG
controller.

Table 6.1: LQII values for the three operating points for decentralized LQG
control with LQG weight Q̃u = 1 · 10−9. Diagonal pairing corresponds to the
pairing SanNO–Qi and SeNO–SS,in. Off-diagonal pairing corresponds to the pairing
SanNO–SS,in and SeNO–Qi. The LQII values should ideally be 1.

Pairing LQIIū1 LQIIū2 LQIIū3

Diagonal 2.18 1.48 2.52

Off-diagonal 2.68 1.35 1.17
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The interpretation of the LQII for the second operating point is similar,
even though the LQII values are smaller.

In the third operating point, the difference between the LQII for the two
pairing options is large. In combination with the LQII being fairly low for
the off-diagonal pairing option this indicates that a decentralized off-diagonal
controller structure can be expected to perform reasonably well in terms of
output variance. However, note that the possible problem of controlling the
first output, SanNO, at all, as indicated by the Gramian-based measures, is not
captured in the LQII.

6.4 Simulations of some control strategies

In order to illustrate the findings in the previous section, some control experi-
ments were performed. As an example, control of the nonlinear system in the
neighbourhood of the first operating point given by the input signal ū1 in (6.3)
is considered here. Both a decentralized control structure and a simple multi-
variable strategy are evaluated. The purpose is to compare the results from the
linear analysis in the previous section with the actual results obtained when
controlling the nonlinear system. In particular, it is shown how the information
extracted from the HIIA matrix can be used to design a more elaborate con-
trol structure than decentralized control. Note that the conclusions concerning
control structure selection from the PM and the Σ2 are the same as the ones
from the HIIA.

6.4.1 Decentralized control

A decentralized control law with the input/output pairing recommended by the
RGA analysis in (6.6a), the HIIA in (6.7a), the ILQIA in (6.12a) and LQII in
Table 6.1 was evaluated. The results suggested that if a decentralized control
structure was to be used, the natural pairing selection was to control the first
output signal, SanNO, by manipulating the first input signal, Qi. Consequently,
the second output, SeNO, should be controlled by manipulating the second input
signal SS,in. Thus, the decentralized control law can be written as

Qi(s) = F1(s)E1(s), (6.13)

SS,in(s) = F2(s)E2(s), (6.14)

where E1(s) is the Laplace transformed control error of the first loop, i.e.
e1(t) = San,spNO (t)− SanNO(t), and E2(s) is the Laplace transformed control error
of the second loop, i.e. e2(t) = SeNO(t)− Se,spNO (t) since this process is known to
have negative gain. Here, San,spNO and Se,spNO denote the set point values of the
output signals, respectively.

The controllers F1(s) and F2(s) were in this experiment chosen as ordinary
PI-controllers and were tuned in order to achieve approximately the same rise
time in both control loops to make later comparisons meaningful. The used
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PI-controllers were

F1(s) = 8000 +
7000
s
, (6.15)

F2(s) = 15 +
8
s
, (6.16)

where the large difference in size between the parameters in the controllers are
explained by the large gain differences in the open loop systems.

The decentralized control law (6.13)–(6.14) was then used to control the
nonlinear system. Figure 6.4 shows the output responses of the system when
a 10 % step change in the set point of the first output, San,spNO , is applied. In
the same way, Figure 6.5 shows the output responses for a 10 % step change
in the set point value of the second output, Se,spNO . The conclusions from the
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Figure 6.4: Decentralized control output responses of the system for a step
change in the set point of the first output, SanNO. Upper plot: Solid line shows
the response of the output SanNO. Dashed line shows the set point value. Lower
plot: The response of the second output SeNO.

HIIA in (6.7a) were that the first output, SanNO, is affected by both the input
signals while the second output SeNO is mainly affected by the second input
signal, SS,in. Considering the control law (6.13)–(6.14) it is clear by definition
that a change in the set point San,spNO causes a direct change in the first input
signal, Qi while the second input signal is unaffected. In the same manner, a
change in the other set point Se,spNO causes an immediate change in the second
input, SS,in, but leaves the first input signal unaffected.

Combining this reasoning with the results of the HIIA, it can thus be ex-
pected that a step change in San,spNO will have a relatively small impact on the
output SeNO, while a step change in Se,spNO will have a larger impact in the first
output channel. This is also confirmed by the simulation results in Figures 6.4
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Figure 6.5: Decentralized control output responses of the system for a step
change in the set point of the second output, SeNO. Upper plot: The response of
the first output SanNO. Lower plot: Solid line shows the response of the output
SeNO. Dashed line shows the set point value.

and 6.5. The disturbance response of the first output is considerably larger
when the set point Se,spNO is changed than vice versa. It should be noted that
like the stationary operational maps, these simulations are merely strong in-
dications that the HIIA in (6.7a) provides a reasonable result. Of course, the
performance of the closed-loop system depends also on the choice of decentral-
ized controller. However, using reasonable controllers tuned to achieve same
rise time in both control loops should make the comparison above relevant.

6.4.2 Multivariable control

Next, a simple multivariable control strategy is evaluated. The specific struc-
ture of the controller is determined using the HIIA analysis results. In Section
6.2.3, it was concluded from the HIIA analysis that in the neighbourhood of
the first operating point given by the input signal ū1 in (6.3), a structured mul-
tivariable controller might be preferable to decentralized control. To choose a
suitable control structure, first note that according to (6.7), the dependence
of the first input signal on the second output signal is relatively low. One
possibility to perform the control design could therefore be to approximate the
nonlinear system with a triangular linear system according to[

SanNO(s)
SeNO(s)

]
=
[
G1(s) G3(s)

0 G2(s)

] [
Qi(s)
SS,in(s)

]
, (6.17)

where the elements in the transfer function matrix are obtained by linearizing
the nonlinear system in the neighbourhood of the operating point given by the
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input signal ū1.
Since the second output, SeNO, is assumed to depend only on the second

input, SS,in, it is convenient to choose SS,in according to

SS,in(s) = F2(s)(SeNO(s)− Se,spNO (s)). (6.18)

The first output signal, SanNO is affected by both input signals. A suitable choice
might be to take this into account in the control law, for instance by letting

Qi(s) = F1(s)(S
an,sp
NO (s)− SanNO(s)) + F3(s)SS,in(s), (6.19)

where the latter term can be seen as a feedforward part.
Inserting the control signals (6.18)–(6.19) into the expression for the lin-

earized system (6.17) directly yields

SanNO(s) =
G1(s)F1(s)

1 +G1(s)F1(s)
San,spNO (s)+

+
(G1(s)F3(s) +G3(s))

1 +G1(s)F1(s)
SS,in(s), (6.20)

SeNO(s) =
−G2(s)F2(s)

1−G2(s)F2(s)S
e,sp
NO (s) (6.21)

and it is seen that the system will be completely decoupled if the feedforward
controller F3(s) can be chosen as

F3(s) =
−G3(s)
G1(s)

. (6.22)

In the simulations, the controller F3(s) was obtained in the way described
above. The nonlinear system was linearized in a neighbourhood corresponding
to [SanNO S

e
NO] = [9 15] which corresponds to the input signal values u0 =

[39400 43]. Using (6.22) on the obtained linear model resulted in this case in
a strictly proper linear feedforward controller. The controllers F1(s) and F2(s)
used in the experiment were the same as before, see (6.15) and (6.16). The
presented control law was applied to the nonlinear system. Figures 6.6 and 6.7
show the output responses for step changes in the set point of each output as
in the previous simulations. Comparing Figures 6.5 and 6.7 it can be seen that
the impact of the input signal SS,in on the output signal SanNO is reduced when
the feedforward controller is included, i.e. when a step change in the set point
of SeNO is applied, the magnitude of the disturbance response in SanNO is much
lower.

In the simulation example considered here, the decoupling above is only
approximate since the system is nonlinear. Thus, the disturbance in the out-
put SanNO in Figure 6.7 is not completely attenuated. Further, as mentioned,
in the true nonlinear system the impact of the first input signal on the second
output is not strictly zero as in the linear model example (6.17). Therefore,
the disturbance response of SeNO in Figure 6.6 is not strictly zero. This exam-
ple, however, shows how the HIIA can be used to determine an approximate
decoupling control law for a nonlinear system in the neighbourhood of some
operating point.
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Figure 6.6: Feedforward control output responses of the system for a step change
in the set point of the first output, SanNO. Upper plot: Solid line shows the
response of the output SanNO. Dashed line shows the set point value. Lower plot:
The response of the second output SeNO.

6.5 Discussion

Here, the results in the previous section are further discussed. The results from
the RGA, the HIIA, the PM, the Σ2, the LQII and the ILQIA analysis are also
compared to each other and the relevance of the results are discussed from a
process knowledge point of view. The validity of the results is also discussed
from a more general point of view.

For the first operating point, the RGA clearly suggested a diagonal pairing,
i.e. the input Qi should be used to control the output SanNO and that the input
SS,in should control the output SeNO. This seems reasonable when considering
the operational map in Figure 6.3 where the stationary value of SeNO seem to
depend mostly on the stationary values of SS,in. From the other operational
map in Figure 6.2 it is harder to draw any conclusions. The HIIA, PM and
Σ2 analysis also show that if a decentralized controller is to be used, diagonal
pairing is preferable. The LQG-based interaction measures, the LQII and the
ILQIA support this recommendation. However, the Gramian-based interaction
measures also provide the information that in this operating point, the output
SanNO is also dependent on the input SS,in and thereby that a sparse multi-
variable controller according to (6.10) may be a better option. Thus, these
measures add valuable information about the cross couplings in this operating
point. The results are also in line with the conclusions that can be drawn from
general process knowledge. In the first operating point, SS,in is comparatively
low, and there will be a lack of readily biodegradable substrate available for
denitrification. Since there is not enough readily biodegradable substrate, the
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Figure 6.7: Feedforward control output responses of the system for a step change
in the set point of the second output, SeNO. Upper plot: The response of the
first output SanNO. Lower plot: Solid line shows the response of the output SeNO.
Dashed line shows the set point value.

denitrification process in the anoxic compartment will be incomplete, which
means that all of the recirculated nitrate is not denitrified. Thus, the nitrate
concentration SanNO will depend both on how much readily biodegradable sub-
strate is added and on how much nitrate that is recirculated from the aerobic
compartment to the anoxic, i.e. on both input signals. In this situation the
nitrate concentration in the aerobic compartment, SeNO, depends mainly on
the input SS,in, because when the denitrification in the anoxic compartment
is incomplete, the internal recirculation only leads to an internal transport of
nitrate that does not affect the effluent nitrate concentration of the system. In
other words, for low values of SS,in, there is no meaning in increasing Qi since it
does not affect the effluent nitrate concentration SeNO. To conclude, the result
from the RGA analysis and from the Gramian-based analysis therefore seem
valid. Concerning the decentralized pairing selection also the LQII and ILQIA
analyses seem valid. The HIIA, PM and Σ2 give more information about the
actual cross couplings in the system, and thereby give an opportunity to design
a better controller. The control simulations in Section 6.4 also confirm these
conclusions. The particular decentralized control structure suggested by the
RGA is also suggested by Ingildsen (2002), however, not as a result of a cross
coupling analysis but from an economical point of view.

In the second operating point, the RGA gives an indication (but not very
strong) that the input/output pairing now should be the reversed, i.e. an off-
diagonal pairing. The conclusion from the HIIA, PM and Σ2 analyses is that a
full multivariable controller should be used. It is hard to evaluate the relevance
of the RGA analysis from the operational maps or from a physical reasoning.
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It is clear from the operational maps that in this transition phase, both outputs
rely on both inputs, and the Gramian-based interaction measures thus seem
to provide a reliable result. The LQG-based interaction measures recommend
the same pairing as the other measures for decentralized control. However, the
ILQIA is not very distinct indicating that a full multivariable controller may
be better to consider. The LQII points in the same direction.

In the third operating point, the RGA suggests the same pairing as in the
second operating point with approximately the same order of magnitude on
the RGA elements. The LQG-based interaction measures support the RGA
recommendation. Here, an interesting difference occur when considering the
HIIA and PM analysis. Since the elements on the first row of the HIIA and PM
are close to zero, it indicates that the first output SanNO is difficult to affect at all
using any of the two input signals. The second output, SeNO, is mainly affected
by the first input signal, Qi, but also to some extent by the other input SS,in.
A physical interpretation is that in this case the access of readily biodegradable
substrate is sufficient, and the concentration SanNO takes very low values. This
means that the denitrification in the anoxic compartment is complete. Since
there is a good access to readily biodegradable substrate and the nitrate con-
centration SanNO takes low values, SanNO will not decrease further if more readily
biodegradable substrate SS,in is added. If less readily biodegradable substrate
is added, SanNO will not increase as long as the addition is large enough for the
denitrification to remain complete. In this operating point, when more nitrate
is recirculated through an increase of the internal recirculation flow rate, Qi,
SanNO will not be affected much as long as the transition phase is not passed,
i.e. while the denitrification still is complete. Instead, if the internal recircula-
tion flow rate is decreased, less nitrate has to be denitrified and the stationary
SanNO remains relatively unchanged. Thus, the gains from both input signals
are low. As mentioned, the second output, SeNO, is in this operating point
mainly affected by the internal recirculation flow rate, Qi. If, for instance,
more nitrate is recirculated, more nitrate will also be denitrified and the ni-
trate concentration SeNO is thus reduced. This behaviour is at least reflected
in the HIIA, the PM and the Σ2 for the pre-filtered system although these
conclusions are hard to draw directly from these measures without any prior
process knowledge. In order to control the system in this operating range (so
that a low effluent nitrate concentration is obtained) one possible strategy is to
add sufficient amounts of readily biodegradable substrate to achieve complete
denitrification in the anoxic compartment. The nitrate concentration in the
aerobic compartment can then be moderated by adjusting the internal recir-
culation flow rate. Expressed in control terminology, the input SS,in should
be used to keep the output SanNO at a low set point. The input Qi should be
used to control the output SeNO to some desired value. This specific pairing
is also what the RGA recommends, although as seen above, additional useful
information can be extracted from the Gramian-based interaction measures.

The main conclusion that can be drawn from this study is that the HIIA,
the PM, the Σ2, the LQII and the ILQIA are more powerful tools than the RGA
when it comes to evaluating channel interactions in general, and may therefore
be used in order to determine more elaborate control structures than just de-
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centralized controllers. It should, however, be noted that the RGA assumes a
decentralized control law, while the HIIA and the PM rather investigates the
controllability and observability of each partial input/output subsystem. The
RGA certainly gives some indication of how large the channel interactions may
be, but does not preserve the structure of the transfer function matrix. The
HIIA, PM and Σ2 give detailed information of the size of the interactions for
each channel. One way of describing it is that these measures investigate things
that the RGA cannot because of the needed presumption. Another difference
is that the Gramian-based measures take the whole frequency range into ac-
count. This could certainly increase the usefulness for many applications with
high energy content at higher frequencies. However, in the present study this
has very little to do with the different conclusions that can be drawn since
most of the energy is located at low frequencies. For instance, the HIIA and
the PM were found to be more or less insensitive to a a pre-filtering procedure
cutting off higher frequency components. The results of the HIIA and the PM
actually follows the conclusions that can be drawn directly from Figures 6.2–
6.3, although higher frequency components also are taken into account in these
measures. The pre-filtering had a larger impact on the Σ2. This indicates that
the Σ2 emphasizes the higher frequency content more. The resemblance of the
HIIA for the low-pass filtered systems to Ḡ(0) is not surprising in view of the
interpretation of the Hankel norm as being the gain between past inputs and
future outputs. Similar arguments explains the resemblance the Σ2 shows to
Ḡ(0) for the low-pass filtered systems—recall that Σ2 is based on the H2 norm.

The most obvious drawback of the HIIA, PM, Σ2, LQII and ILQIA meth-
ods may be that the results are scaling dependent. However, in the study in
this chapter, the results did not seem very sensitive to changes in the scaling
matrices, as long as the elements were chosen fairly reasonable in a physical
sense.

It should be noted that in reality, it might be sufficient to run the process
with a process condition similar to the third operating point depending on the
actual demands on effluent nitrate concentration. In the overall consideration,
process economy should also be weighted into the choice of control structure
and desired operating range, not just the goal to reduce nitrate concentration
as much as possible. This is treated in Chapter 7. In a case where the process
may run in different operating ranges, however, the use of different control
structures in the different operating ranges may provide better control of the
process.

6.6 Conclusions

In this chapter, the cross couplings in a bioreactor model describing a pre-
denitrifying wastewater treatment plant have been studied. Six different tools
were used to evaluate these: the Relative Gain Array (RGA), the Hankel Inter-
action Index Array (HIIA), the Participation Matrix (PM), an H2 norm based
interaction measure denoted Σ2 and two LQG-based interaction measures. A
general conclusion from the presented analysis is that both the RGA and the
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other measures give reasonable results for the studied example. An important
difference is, however, that in particular the Gramian-based measures provide
information that the RGA does not. The results from the HIIA, PM and
Σ2 analysis give an understanding of the actual cross couplings in the system
in terms of magnitude and character, and are thereby useful for suggesting
suitable multivariable control structures. In the present study, the LQG-based
interaction measure the LQII has only been used to evaluate decentralized con-
trol structures. This measure is, however, not restricted to control structures
of that type. The conclusions from the LQG-based measures were in line with
the conclusions from the RGA and the Gramian-based measures concerning the
decentralized pairing selection. It was also seen that they were able to indicate
situations when it would be beneficial to consider a full multivariable controller
structure instead of a decentralized one.

The validity of the results is also illustrated by means of some control ex-
periments where the control structure suggested by the HIIA outperformed the
decentralized control structure.





Chapter 7
Economic Efficient
Operation of an Activated
Sludge Process

T
his chapter treats the choice of optimum set points and cost minimizing
control strategies for the activated sludge process. Both the denitrification

and the nitrification process are considered. In order to compare different
criterion functions, simulations utilizing the COST/IWA simulation benchmark
BSM1 are considered. By means of operational maps the results are visualized.
It is found that it is easy to distinguish set point areas where the process can
be said to be efficiently controlled in an economic sense. The characteristics
of these set point areas depend on the chosen effluent nitrate and ammonium
set point as well as the distribution of the different operating costs. It is also
discussed how efficient control strategies may be accomplished.

7.1 Introduction

In recent years, cost minimization has become increasingly important in the
control and operation of wastewater treatment plants. In order to run a plant
economically, operational costs such as pumping energy, aeration energy and
dosage of different chemicals should be minimized. At the same time, the
discharges to the recipient should be kept at a low level. Of course, minimizing
the operational costs and at the same time treat the wastewater properly may
lead to a conflict of interest that must somehow be solved. The main problem
is how to keep the effluent discharges below a certain pre-specified limit to the
lowest possible cost, see Olsson and Newell (1999). Part of the answer is to
design the control algorithms in such a way that the overall operational costs
are minimized. This goal can be attained in different ways. As an example,
the controller set points could be separately optimized or the cost could be
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minimized online by some control strategy, for instance model predictive control
(MPC). See Qin and Badgwell (2003) for how MPC can be used in this context.
In some countries, the authorities charge according to effluent pollution. A
possible way to formulate the on-line minimization criterion in such a case is to
use a cost function that takes actual costs (energy and chemicals) into account
and at the same time economically penalizes the effluent discharges.

Over the years, much effort has been put in developing economically efficient
control strategies for operation of wastewater treatment plants. An interesting
cost function is presented by Carstensen (1994) where the effluent nitrogen is
penalized using a piecewise linear discontinuous function. Effluent ammonium
is penalized in a similar way. The papers (Yuan et al., 1997), (Yuan et al.,
2002) and (Yuan and Keller, 2003) all consider efficient control of the denitri-
fication process. The optimum set point for the nitrate concentration at the
outlet of the anoxic zone is then found to be near 2 mg(N)/l or, at least, in
the interval 1–3 mg(N)/l. An optimization of the dissolved oxygen (DO) and
nitrate set points is made by Ingildsen et al. (2002). In (Galarza et al., 2001)
steady-state operational maps are utilized to examine the feasible operating
area for two activated sludge processes with emphasis on sensitivity analysis.
Fuzzy control evaluated using multi-criteria cost functions is the subject of
(Cadet et al., 2004). Different multi-criteria control strategies are evaluated by
(Vanrolleghem and Gillot, 2002).

In this chapter, the choice of optimum set points and cost minimizing con-
trol strategies for an activated sludge process configured for pre-denitrification
are evaluated. Both the denitrification and the nitrification are treated. The
manipulated variables (input signals) are the internal recirculation flow rate
and the flow rate of an external carbon source and the controlled variables
(output signals) are the effluent ammonium concentration, the nitrate concen-
trations in the last anoxic compartment and in the effluent. In order to compare
the impact of different criterion functions, stationary simulations utilizing the
COST/IWA simulation benchmark BSM1, see Copp (2002), are considered.
By means of operational maps the results are visualized. It is also discussed
how efficient control can be accomplished.

The organization of the chapter is as follows: In Section 7.2, the simulation
model is briefly described together with the associated operational costs. In
Section 7.3 simulation results are presented using operational maps. The sim-
ulation results are discussed and interpreted in Section 7.4. Finally, in Section
7.5 the general conclusions are drawn.

7.2 The model and the operational cost func-
tions

In the simulation study presented in this chapter, the COST/IWA simulation
benchmark model number 1 (BSM1) is used, see Jeppsson and Pons (2004)
for a general survey and Copp (2002) for a more technical description. BSM1
is an important tool for simulation of the activated sludge process in various
realistic wastewater treatment scenarios. In BSM1, five biological reactors are
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implemented using the IWA activated sludge model No. 1 (ASM1), see Henze
et al. (1987). Despite being a fairly complex model, ASM1 has some limita-
tions. For example, the pH does not affect the process rates. The pH of the
wastewater should hence be near neutrality. The alkalinity is, however, cal-
culated in ASM1 and may be used to detect pH related problems, see further
Henze et al. (1987). The model plant is pre-denitrifying with two anoxic and
three aerated compartments. A secondary settler is also implemented. To al-
low for consistent experiment evaluation, three dynamic data input files are
defined, each describing different weather conditions. The purpose of the simu-
lation benchmark is to provide an objective and unbiased tool for performance
assessment and evaluation of proposed automatic control strategies. A great
benefit of the benchmark is that it allows for comparison of many automatic
control strategies given the same conditions.

The aim here is to analyse the stationary operational costs of the activated
sludge process, and in order to visualize the costs, these are presented in sta-
tionary operational maps together with the considered output signals. The
output signals are the nitrate concentration in the last anoxic compartment,
SanNO [mg(N)/l], the nitrate concentration in the effluent, SeNO [mg(N)/l] and
the ammonium concentration in the effluent, SeNH [mg(N)/l]. The available
control handles considered in this chapter are the internal recirculation flow
rate Qi [m3/day], the flow rate of an external carbon source, Qcar [m3/day],
and when the nitrification is studied, the concentration of dissolved oxygen in
the aerated compartments, DO.

To express the cost for controlling the denitrification process, a number of
partial costs are taken into account:

• Pumping costs due to the required pumping energy.

• Aeration costs due to the required aeration energy (which varies due to
the input load). Excessive use of an external carbon source has a large
impact on the required aeration energy, and thus on the total cost.

• External carbon dosage costs.

• Possible fees for effluent nitrate discharge and for effluent ammonium
discharge.

In BSM1, the total average pumping energy over a certain period of time, T ,
depends directly on the internal recirculation flow rate Qi and is according to
Copp (2002) calculated as

EP =
0.04
T

∫ t0+T
t0

(
Qr(t) +Qi(t) +Qw(t)

)
dt (7.1)

expressed in units of kWh/day. In (7.1), Qr denotes the return sludge flow rate
and Qw the excess sludge flow rate, both in units of m3/day.

The average energy in kWh/day required to aerate the last three compart-
ments can in turn be written as

EA =
24
T

∫ t0+T
t0

5∑
i=3

(
0.4032KLai(t)2 + 7.8408KLai(t)

)
dt, (7.2)
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where KLai(t) is the oxygen transfer function in the aerated tank number i in
units of h−1.

Further, assuming a prize kcar [EUR/m3] on the external carbon source
and that an external carbon flow rate, Qcar(t) [m3/day], is fed into the process
during the time interval T , the cost per day of the external carbon flow rate is

Ccar =
1
T

∫ t0+T
t0

kcarQcar(t)dt (7.3)

expressed in EUR/day.
Normally, when nitrogen concentrations in the effluent water are econom-

ically charged, the fees consider the total nitrogen discharges in the effluent
water. In this chapter, the first part only considers the denitrification process.
Therefore, the effluent discharge fees used in this chapter are separated into
one fee for the effluent nitrate and one for the effluent ammonium.

7.2.1 The nitrate fee

A reasonable way to describe a fee for the effluent nitrate discharge is to let
the fee depend on how large mass of nitrate that is discharged per time unit.
This depends, of course, on the effluent flow rate, Qe(t), and the nitrate con-
centration in the effluent, SeNO(t). The nitrate discharge cost may be expressed
as (in EUR/day)

CNO =
1
T

∫ t0+T
t0

fNO(Qe(t), SeNO(t))dt, (7.4)

where fNO is some function describing the fee. Now, assuming a constant
energy prize, kE , the total cost expressed (in EUR/day) can be calculated
during a representative time interval T from (7.1)–(7.4) as

Ctot = kE(EP + EA) + Ccar + CNO. (7.5)

The fee functions for the discharge of nitrate can have different forms. Nor-
mally, the fee functions are set-up by the legislative authorities. Here, three
typical fee functions are considered:

1. No charge is added for the disposal of nitrate, i.e.
fNO(Qe(t), SeNO(t)) ≡ 0. In practice, even though not associated with a
direct fee, it is common to have legislative limits on the average effluent
nitrate concentration in such a case.

2. Effluent nitrate is charged with a constant cost, say ΔαNO per discharged
kg. Such a fee function is

fNO(Qe(t), SeNO(t)) = ΔαNOSeNO(t)Qe(t). (7.6)

3. Effluent nitrate is charged with a constant cost per discharged kg, ΔαNO,
up to a legislative discharge limit for the effluent concentration, αlimit,NO.
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Above this limit the cost of discharging additional nitrate is ΔβNO. Ex-
ceeding the limit also imposes an additional charge of β0,NO per volume
effluent water. A mathematical description of this cost function is given
in (7.7):

fNO(Qe(t), SeNO(t)) =

=

⎧⎪⎨⎪⎩
ΔαNOSeNO(t)Qe(t) if SeNO(t) ≤ αlimit,NO
ΔαNOαlimit,NOQe(t) + β0,NOQe(t)+

+ΔβNO(SeNO(t)− αlimit,NO)Qe(t) if SeNO(t) > αlimit,NO.

(7.7)

In the cost functions above, the effluent flow rate is calculated as Qe(t) =
Qin(t)−Qw(t). The difference between the cost functions presented by Carsten-
sen (1994) and the one in (7.7) is that here only the nitrate discharge is pe-
nalized, while in (Carstensen, 1994) the nitrate and ammonium concentrations
are lumped together and charged.

7.2.2 The ammonium fee

Effluent ammonium is penalized according a fee function that is similar to the
fee for effluent nitrate. The fee function is described by

fNH(Qe(t), SeNH(t)) =

=

⎧⎪⎨⎪⎩
ΔαNHSeNH(t)Qe(t) if SeNH(t) ≤ αlimit,NH
ΔαNHαlimit,NHQe(t) + β0,NHQe(t)+

+ΔβNH(SeNH(t)− αlimit,NH)Qe(t) if SeNH(t) > αlimit,NH.

(7.8)

7.3 Simulation results

The considered cost functions for penalizing nitrogen discharge are evaluated
utilizing BSM1. In the simulation study, the benchmark WWTP is fed with
constant influent flow rate of wastewater, 18 446 m3/day. Basically, the default
values of BSM1 are used, with the following exceptions:

• The influent is assumed to have a concentration of readily biodegradable
substrate, SS,in, of 60 mg(COD)/l.

• The external carbon source is ethanol with a COD of 1.2·106 mg (COD)/l.

• No limit for the carbon dosage is assumed.

• The last three compartments are aerated utilizing DO controllers with
a fix set point of 2 mg/l in the first part of the study where only the
denitrification is considered. The DO control is fast compared to the
other control loops. In the simulations where also effluent ammonium is
charged, various fix DO set points in the range of 0.5 mg/l and 5.0 mg/l
have been selected.
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All of the other parameters adopt the standard values used in BSM1, these
values can be found in, for instance, (Copp, 2002) or on the benchmark web-
page (IWA, November 19, 2007). See Table 7.1 and Table 7.2 for other values
describing energy prices, carbon source prices and fee functions. These values
are in the sequel referred to as the nominal case.

Table 7.1: Nominal energy and carbon source prices used in the simulation
studies. The energy price, kE, is based on yearly average prices from a major
Swedish supplier.

Parameter Value Unit

kE 0.037 EUR/kWh

kcar 549 EUR/m3

Table 7.2: Default parameter values of the nitrogen fee functions used in the
simulation studies.

Parameter Value Unit

αlimit,NO 8.0 mg(N)/l

β0,NO 1.4 EUR/1000 m3

ΔαNO 2.7 EUR/kg NO

ΔβNO 8.2 EUR/kg NO

αlimit,NH 1.5 mg(N)/l

β0,NH 2.7 EUR/1000 m3

ΔαNH 4.1 EUR/kg NO

ΔβNH 12.3 EUR/kg NO

In each experiment, the benchmark has been run for 150 simulation days
for a grid of constant input values. Only the last 100 simulation days were con-
sidered when evaluating the cost functions to avoid the influence of transients.

7.3.1 Simulation results for the denitrification process

To obtain Figures 7.1–7.5 the benchmark has been run for a grid of different
values of the external carbon dosage, Qcar, and the internal recirculation flow
rate, Qi, in order to obtain stationary values of the nitrate concentrations.
Qcar has been varied in steps of 0.1 m3/day and Qi in steps of 2500 m3/day.

In Figure 7.1 the stationary operational map depicting the total cost is
shown for the nominal case in Table 7.1 when no nitrate discharge fee is used.
The level curves for the nitrate concentrations in the anoxic and aerobic com-
partments, SanNO and SeNO, respectively, are plotted. From the figure, an opti-
mum nitrate set point in the anoxic compartment is easily found for any given
effluent nitrate set point. Approximate locations for these optima are marked
by x in the figures. If, for instance, an effluent set point of 13 mg (N)/l is desired
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it is seen from the figure that the corresponding optimum set point of nitrate
in the anoxic compartment is around 2.5 mg (N)/l and that the corresponding
optimum operational cost is around 400 EUR/day. With an effluent nitrate set
point of 7 mg(N)/l, the optimum set point of nitrate in the anoxic compartment
is between 1 and 1.5 mg(N)/l. If an operational map for a wider operational
area is studied it is seen more clearly that the value of SanNO at the cost optimal
point decreases as SeNO decreases. For instance, if SeNO = 2 mg(N)/l, SanNO near
0.3 mg(N)/l gives the cost-optimal operating point. Note from Figure 7.1 that
the difference in the operational costs between using optimal and non-optimal
set points of nitrate in the anoxic compartment may be significant.
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Figure 7.1: Stationary operational map for a grid of different values of Qcar and
Qi for the case with no nitrogen fee. Solid lines show the total cost, dash-dotted
lines show the effluent nitrate concentration, SeNO, and dotted lines show the
nitrate concentration in the anoxic compartment, SanNO. Approximate locations
for the optimal nitrate set points in the anoxic compartment for given desired
effluent nitrate concentrations are marked by x. Nominal energy and carbon
source prices according to Table 7.1 are used.

In order to illustrate the impact of changes in energy prices on the choice
of optimum nitrate set point in the last anoxic compartment, Figure 7.2 shows
simulations with the same settings as in Figure 7.1 except that the energy price
is ten times as high (kE = 0.37 EUR/kWh). It is seen that the external carbon
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Figure 7.2: Stationary operational map with the same settings as in Figure 7.1
except that the energy price is ten times as high.

dosage now is less dominant in the total cost and that the optimum set point
of nitrate in the anoxic compartment decreases to below 1 mg(N)/l for effluent
nitrate set points less than 10 mg(N)/l, see Figure 7.2. Another interesting
case is illustrated in Figure 7.3, where the cost for dosing an external carbon
source is set to zero. This case is not unrealistic since the carbon source may
be provided free of charge if, for instance, industrial by-products are available.
The principal behaviour of the cost function in this case is the same as if a very
high energy price is used. The conclusion that can be drawn from Figure 7.3
is that even though provided for free, the dosage of an external carbon source
may have a large impact on the total cost. This is due to the impact of external
carbon addition on the aeration costs. The cheaper the price of carbon source,
the lower the optimum nitrate set point in the anoxic compartment becomes.

Table 7.3 summarizes optimum set point values of nitrate in the anoxic
compartment for a number of effluent set point values and operational costs.
In the table, the tendencies described above is seen. The first part of the table
shows the impact of a decreasing effluent nitrate set point on the optimum
value of the anoxic nitrate set point, the second part of the table shows the
impact of a higher energy price and the third part of the table shows some
optimum values when the carbon source is provided without cost.

Next, the case with a constant cost per discharged kg effluent nitrate ac-
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Figure 7.3: Stationary operational map with the same settings as in Figure 7.1
except that the carbon source is assumed to be provided for free.

cording to (7.6) is investigated. Figure 7.4 shows this case with a fee of 5.5
EUR/kg effluent nitrate, i.e. ΔαNO = 5.5 EUR/kg. The nominal energy and
carbon source prices from Table 7.1 are used. The cost-optimum is now found
at Qcar = 0.7 m3/day and Qi = 52 500 m3/day with a cost of 1620 EUR/day
corresponding to SanNO = 1.7 mg(N)/l and SeNO = 8.8 mg(N)/l. The penal-
ization of nitrate discharges creates a well-defined minimum in the total cost
function and makes it less desirable to discharge more nitrate with the efflu-
ent. Consequently, the importance of the set point choice for SanNO has become
larger. The overall optimum nitrate set point is marked by a star.

The effluent nitrate fee certainly has an impact on the cost-optimal effluent
nitrate set point. However, since there is no impact in the discharge fee of
the desired (set point) effluent nitrate concentration, it may be hard to relate
the value of ΔαNO to the optimum operating point (or region) at (or below) a
certain effluent nitrate concentration.

The third investigated nitrate cost function given by (7.7) has a disconti-
nuity at a certain predefined concentration of effluent nitrate, αlimit,NO. If the
jump at the discontinuity, β0, is sufficiently large it is easy to find the optimum
operating point. Also in this case, the nominal energy price is considered. Fig-
ure 7.5 shows the stationary operational map when using this cost function with
parameter values given by Table 7.2 (nominal energy and carbon source prices
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Table 7.3: Optimum values of SanNO, Qi and Qcar for a number of given values
of SeNO are shown for the nominal case, the case in Figure 7.2 and the case in
Figure 7.3. The energy price kE are in units of EUR/kWh and the price for
carbon source in EUR/m3.

Case SeNO [mg(N)/l] SanNO [mg(N)/l] Qi [m3/d] Qcar [m3/d]

kE=0.037, 10 1.8 43 000 0.55

kcar=549 7 1.3 73 000 1.0

5 0.9 110 000 1.4

2 0.35 280 000 2.7

kE=0.37, 10 1.0 35 000 0.6

kcar=549 7 0.6 58 000 1.1

kE=0.037, 10 0.6 31 000 0.7

kcar=0 7 0.4 56 000 1.2

in Table 7.1 were used). The optimum point is located at Qcar = 0.825 m3/day
and Qi= 63 000 m3/day with a total cost of 1227 EUR/day, SanNO = 1.7 mg(N)/l
and SeNO equals 8 mg(N)/l.

In practice, when treating non-constant influents, it is of course advisory
to choose an operating point that is located slightly below the legislative limit.
The region of economic efficient operation, say operation with a total cost
below 1300 EUR/day, is relatively large. The larger β0, the sharper the limit
at αlimit,NO becomes.

To check the robustness of the results, the sensitivity to changes in model
parameters on the location of the cost-optimal operational points was investi-
gated. It was found that there were only minor differences between the obtained
operational maps, and in fact, for many changes of the model parameters most
of the optimum set points almost coincide. Since the conclusions from the
sensitivity analysis were similar to the conclusions in the previous cases, the
results are omitted here, see Samuelsson et al. (2005) for details.

Furthermore, in (Samuelsson et al., 2005), the case with time varying in-
fluents was considered in order to study the effects of dynamic influents and
different load situations. The used time varying influents were the ones speci-
fied by BSM1 to describe different weather conditions. These experiments did
not lead to any essential changes in the results and are therefore also omitted
in this chapter.

7.3.2 Simulation results for the combined denitrification
and nitrification process

The aeration is a key parameter when considering the nitrification. Therefore,
the simulations discussed in this section have been run for a range of different
constant DO set points, from 0.5 mg/l up to 5.0 mg/l.

In Figure 7.6 operational maps for the effluent ammonium concentration
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Figure 7.4: Stationary operational map for a grid of different values of Qcar and
Qi. Solid lines show the total cost including a constant nitrate-charge per kg
effluent nitrate, dash-dotted lines show the effluent nitrate concentration, SeNO,
and dotted lines show the nitrate concentration in the anoxic compartment,
SanNO. The star indicates the minimum-cost point. Here ΔαNO = 5.5 EUR/kg.

are shown for four different DO set points. A DO set point of 0.5 mg/l results
in very high effluent ammonium concentrations and is therefore clearly not suf-
ficient for good nitrification performance. The performance in terms of effluent
ammonium is much better with DO set points of 2.0 mg/l, 3.5 mg/l and 5.0
mg/l, see Figure 7.6.

For a comparison, Figure 7.7 shows four operational maps for the effluent
nitrate concentration for the same DO set points [mg/l] as in Figure 7.6. As
expected, the denitrification benefits from low DO set points.

From Figure 7.8, where operational maps for the total cost are shown, it is
clear that the selection of the DO set point is crucial for the total cost. When
the DO set point is 0.5 mg/l the total cost is very high due to the large effluent
ammonium concentrations. For the other three considered DO set points, note,
for instance, how the operational area corresponding to a total cost of less than
2000 EUR/day expands when the DO set point is decreasing from 5 mg/l to 2
mg/l. A DO set point near 2 mg/l appears to be close to optimal from a total
cost point of view. Note also, that the impact of the ammonium fee on the
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Figure 7.5: Stationary operational map for a grid of different values of Qcar
and Qi. Solid lines show the total cost including a nitrate-charge according to
(7.7), dash-dotted lines show the effluent nitrate concentration, SeNO, and dotted
lines show the nitrate concentration in the last anoxic compartment, SanNO. The
additional charge for exceeding the legislative discharge limit at αlimit,NO = 8.0
mg(N)/l is here β0,NO = 1.4 EUR/1000 m3. The star indicates the minimum-
cost point.

total cost is rather limited in the case of sufficient aeration (i.e. in this study
for the DO set points 2 mg/l, 3.5 mg/l and 5 mg/l). Therefore the optimum
operating point does not change much when also charging effluent ammonium.
This is further illustrated in Figure 7.9 that shows the operational map when
the DO set point is 2.0 mg/l. The optimum point is located at approximately
Qi = 58 000 m3/day and Qcar = 0.75 m3/day.

7.4 Discussion

Cost efficient operation of the denitrification and nitrification processes was
studied using operational maps. Considering the case when no charge on efflu-
ent nitrate is imposed it is seen that, in the nominal case, the cost for dosing
an external carbon source dominates the total cost. It is also clear that the
operational area with respect to effluent nitrate is divided in two parts with
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Figure 7.6: Stationary operational maps for a grid of different values of Qcar
and Qi showing the effluent ammonium concentrations for four different con-
stant DO set points [mg/l].

different gain characteristics, and that for each desired value (set point) of SeNO,
there is a cost-optimal point in the operational map corresponding to a cer-
tain value of the nitrate concentration in the last anoxic compartment, SanNO.
This point naturally also corresponds to certain stationary values of the input
signals, Qcar and Qi. In contrast to what is described in, for instance (Yuan
and Keller, 2003), the findings in this chapter are that the cost-optimal set
point of nitrate in the anoxic compartment depends on the choice of effluent
nitrate set point, as well as the specific operational costs. The optimum SanNO
level decreases with decreasing SeNO levels and with increasing energy costs (or
decreasing costs for external carbon). The location of the optimum set point
choice is, however, not very sensitive to variations in the ASM1 parameters.
Simulations showed that when an appropriate level of aeration is employed
the effluent ammonium concentration is kept low. Therefore, the location of
the optimum operating region was not significantly changed when also effluent
ammonium was charged.

From the results in the previous section, some questions may arise. The first
is which control structures that can be expected to give a good performance
in terms of disturbance rejection and set point tracking. In different operating
points different control structure selections may be suitable. As indicated by
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Figure 7.7: Stationary operational maps for a grid of different values of Qcar
and Qi showing the effluent nitrate concentrations for four different constant
DO set points [mg/l].

e.g. Figure 7.1, in the area of the operational map corresponding to cost-efficient
nitrate control, SeNO is mostly affected by the input signal Qcar, while SanNO is
affected by both input signals in this area. This situation in particular is further
discussed in Chapter 6 and also to some extent by Yuan and Keller (2004).

The second question is how to design the actual control law in order to
minimize operational costs. Below, some possibilities for this control design
are discussed:

• One approach is to use two different control loops (for instance PI-
controllers) to control SeNO and SanNO separately. Given the desired nitrate
effluent concentration, SeNO, the optimum set point of SanNO can be found
from the operational maps depending on process conditions. For instance,
in the nominal case, if the set point for SeNO is chosen as 8 mg(N)/l, the
optimum set point for SanNO is close to 1.5 mg(N)/l. If decentralized con-
trol is to be used, Qcar should control SeNO and Qi SanNO. Other control
structures may, however, yield a better performance, see Chapter 6.

• Another possibility in the nominal case, see Figure 7.1, is to use a constant
high internal recirculation flow rate Qi and to use only Qcar in order to
control the effluent nitrate concentration. Since Qi has a much smaller
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Figure 7.8: Stationary operational map for a grid of different values of Qcar and
Qi showing the total cost including a nitrate-charge according to (7.7) and an
ammonium-charge according to (7.8) for four different constant DO set points
[mg/l].

impact on the total cost than Qcar, this would render a close to cost-
optimal operation. This possibility has also been mentioned by Ingildsen
(2002). This is, however, not a suitable strategy if the carbon source is
inexpensive, see Figure 7.3.

• To achieve a cost-optimal performance in the nominal case, the total cost
could be minimized on-line using quadratic criteria yielding for example
LQG or MPC controllers. Such a criterion has the typical form

V =
∫ T
0

eT (t)Q1e(t) + uT (t)Q2u(t)dt, (7.9)

where e is a column vector containing the control errors and u the input
signals. The weighting matrix Q2 can be chosen to reflect the costs for
the different input signals and Q1 can be seen as a performance weight.
The difficulty with this criterion is how to weight control performance
against cost minimization, i.e. how to choose the matrices Q1 and Q2.
From the prior knowledge obtained from Figure 7.1, in the nominal case,
the elements of the matrix Q2 could be chosen in an intuitive manner. A
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Figure 7.9: Stationary operational map for a grid of different values of Qcar
and Qi. Solid lines show the total cost including a nitrate-charge according to
(7.7) and an ammonium-charge according to (7.8), dash-dotted lines show the
effluent nitrate concentration, SeNO, dotted lines show the nitrate concentration
in the last anoxic compartment, SanNO and dashed lines show the effluent ammo-
nium concentration, SeNH. The additional charge for exceeding the legislative
discharge limits at αlimit,NO = 8.0 mg(N)/l and αlimit,NH = 1.5 mg(N)/l is
here β0,NO = 1.4 EUR/1000 m3 and β0,NH = 2.7 EUR/1000 m3, respectively.
x indicates the minimum-cost point.

rule of thumb could be to chooseQ2 as a diagonal matrix with the element
corresponding to Qcar significantly larger than the element corresponding
to Qi, since the external carbon source is much more expensive than the
pumping of the internal recirculation flow rate in the nominal case and
thereby dominates the total cost. Such a choice clearly penalizes a large
value of Qcar in the criterion.

• A simple grid search could be performed on-line until the optimum point
is reached. This method is simple and has the advantage that no oper-
ational map and thereby no model is required. One such optimization
algorithm is presented by Ayesa et al. (1998). This algorithm is employed
to minimize a global penalty function combining effluent requirements
and costs.
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For the case when the nitrate discharge is penalized with a constant charge
per kg, see (7.6), it is seen from Figure 7.4 that this creates a minimum in the
total cost function (7.5). The main drawback using such a cost function for
automatic control is that it is hard to relate the location of the cost-optimal
set point to the nitrate discharge fee, ΔαNO, and thereby hard to say which
set point a certain fee results in. This also depends on the effluent flow rate,
Qe. Due to the discontinuity, this problem can be overcome if instead the fee
function according to Carstensen (1994) is implemented. The location of the
discontinuity of the fee function (7.7) immediately coincides with the optimum
set point for the effluent nitrate, SeNO, if the discontinuity is sufficiently large.
Using this fee in the total cost is a convenient way to achieve cost optimality
for a certain set point of effluent nitrate, SeNO, see Figure 7.5. Minimizing this
total cost function on-line using some automatic control strategy would be a
good way to impose the importance of good performance via penalizing the
effluent discharge into the control design. If the discharge of nitrogen over a
certain legislative limit is directly associated with a higher fee, this could clearly
motivate the use of more advanced control strategies. The impact of the fee
in the control design is also easy to understand even for people with a limited
knowledge in automatic control, compared to the related matter of choosing a
performance weight in some quadratic criterion.

7.5 Conclusions

In this chapter a bioreactor model describing a pre-denitrifying wastewater
treatment plant was studied from a process economic point of view. The im-
pact of different nitrate and ammonium cost functions on the location of the
cost-optimal operating point was examined. Given the desired value of the
effluent nitrate concentration, the energy price and the price of carbon source,
there is a corresponding optimum set point for the nitrate in the anoxic com-
partment. For low effluent set points, the optimum anoxic set point may be
located well below 1 mg(N)/l. The simulations also show that the difference in
the operational costs between an optimum and non-optimum anoxic set point
may be large. The locations of the optimum set point values are, however,
not very sensitive to changes in the ASM1 parameters. In summary, it can be
concluded that the approach presented in this chapter may give a valuable tool
towards running a WWTP in a more cost effective way.





Appendix A
The Minimized Condition
Number

This appendix reviews the concept of minimized condition number. To obtain
the minimized condition number the scaling matrices, S1 and S2, are chosen
according to

γmin(G) = min
S1,S2

γ(S1GS2). (A.1)

As shown by Grosdidier et al. (1985) γmin is closely related to the RGA. For
the case of a 2× 2 plant, G, Grosdidier et al. (1985) show that the minimized
condition number is given by

γmin = ‖Λ(G)‖1 +
√
‖Λ(G)‖21 − 1, (A.2)

where Λ is the RGA matrix and the 1-norm is defined as

‖Λ‖1 = max
j

m∑
i=1

|Λij |, (A.3)

i.e. the maximum column sum. It can also be shown that γmin is bounded by
‖Λ(G)‖1 according to

γmin ≤ 2‖Λ(G)‖1 (A.4)

with equality when ‖Λ(G)‖1 →∞.
For larger quadratic systems the following conjecture is valid (Grosdidier et

al., 1985):
γmin ≤ 2 max(‖Λ(G)‖1, ‖Λ(G)‖∞), (A.5)

where the ∞-norm is defined as

‖Λ‖∞ = max
i

m∑
i=1

|Λij |, (A.6)
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i.e. the maximum row sum. The work of finding γmin by means of optimization
theory is often rather tedious and therefore it is handy to first calculate the
RGA and then use (A.2), (A.4) or (A.5).



Appendix B
The IWA Activated Sludge
Model No. 1

The activated sludge process (ASP) considered in Part II of this thesis is mod-
elled by the IWA Activated Sludge Model No. 1 (ASM1) which is thoroughly
described by Henze et al. (1987). Eight different processes are modelled:

P1 Aerobic growth of heterotrophs.

P2 Anoxic growth of heterotrophs.

P3 Aerobic growth of autotrophs.

P4 Decay of heterotrophs.

P5 Decay of autotrophs.

P6 Ammonification.

P7 Hydrolysis of entrapped organic materials.

P8 Hydrolysis of entrapped organic nitrogen.

Further, thirteen state variables are used in the model:

SI Soluble inert organic matter.

SS Soluble readily biodegradable substrate.

XI Particulate inert organic matter and products.

XS Slowly biodegradable substrate.

XB,A Active autotrophic biomass.

XB,H Active heterotrophic biomass.
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XP Particulate products arising from biomass decay.

SO Dissolved oxygen.

SNO Soluble nitrate nitrogen.

SNH Soluble ammonium nitrogen.

SND Soluble biodegradable organic nitrogen.

XND Particulate biodegradable organic nitrogen.

SALK Alkalinity.

Due to the complexity of the full ASM1 several simplified models have been
developed. For the investigations carried out in Chapter 5 and 6, two reduced
models are used. These models were originally used in the analysis performed
by Ingildsen (2002).

B.1 Simplified ASM1 models

The two simplified ASM1 models only consider processes that are relevant
in the medium time scale, i.e. in the time scale of hours to days. Hence,
slowly changing variables are assumed constant and quickly varying variables
are neglected. The growth of autotrophic and heterotrophic microorganisms
can be regarded as slow, and thus, the processes P4 and P5 are excluded (see
Glossary for nomenclature). The ammonification and the hydrolysis (P6, P7
and P8) are also neglected since all of these have an almost constant process
rate when the ASP operates under normal conditions, see Ingildsen (2002).
Further, the ASP is here modelled as a two-tank system, with one anoxic tank
and one aerated tank. Table B.1 shows the parameter values that were used in
the simulations of the simplified models.

In the first simplified model, used in Chapter 5, anoxic processes (e.g. den-
itrification) only take place in the anoxic tank, and similarly, the aerobic pro-
cesses (e.g. nitrification) are only allowed in the aerated tank. Hence, the DO
concentration is assumed to be zero in the anoxic tank. The volume of the two
tanks were chosen to 1000 m3 each. The differential equations describing the
model are given by:

dSNH(1)
dt

=
Q

V1
SNH,in − Q+Qi

V1
SNH(1) +

Qi
V1
SNH(2)− iXBP2(1),

dSNH(2)
dt

=
Q+Qi
V2
SNH(1)− Q+Qi

V2
SNH(2)− iXBP1(2)− (iXB +

1
YA

)P3(2),
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dSNO(1)
dt

= −Q+Qi
V1
SNO(1) +

Qi
V1
SNO(2)− 1− YH

2.86YH
P2(1),

dSNO(2)
dt

=
Q+Qi
V2
SNO(1)− Q+Qi

V2
SNO(2) +

1
YA
P3(2),

dSS(1)
dt

=
Q

V1
SS,in − Q+Qi

V1
SS(1) +

Qi
V1
SS(2)− 1

YH
P2(1),

dSS(2)
dt

=
Q+Qi
V2
SS(1)− Q+Qi

V2
SS(2)− 1

YH
P1(2),

(B.1)

where the nomenclature is explained in Glossary. The arguments 1 and 2 denote
tank 1 and tank 2, respectively. The equations for the different processes are
given by

P1(1) = μH
SS(1)

KS + SS(1)
SO(1)

KO,H + SO(1)
XB,H ,

P1(2) = μH
SS(2)

KS + SS(2)
SO(2)

KO,H + SO(2)
XB,H ,

P2(1) = μH
SS(1)

KS + SS(1)
KO,H

KO,H + SO(1)
SNO(1)

KNO + SNO(1)
ηg XB,H ,

P2(2) = μH
SS(2)

KS + SS(2)
KO,H

KO,H + SO(2)
SNO(2)

KNO + SNO(2)
ηg XB,H ,

P3(1) = μA
SNH(1)

KNH + SNH(1)
SO(1)

KO,A + SO(1)
XB,A,

P3(2) = μA
SNH(2)

KNH + SNH(2)
SO(2)

KO,A + SO(2)
XB,A.

(B.2)

The model given in (B.1) can be extended if the assumptions of zero DO
concentration in the anoxic compartment is relaxed. Hence, both processes, the
nitrification and the denitrification, are allowed to take place in both reactor
tanks, and the DO concentration in the anoxic tank, SO(1), is added as an
extra state. The model is then given by the following differential equations
(Ingildsen, 2002):

dSNH(1)
dt

=
Q

V1
SNH,in − Q+Qi

V1
SNH(1) +

Qi
V1
SNH(2)− iXBP2(1)

− iXBP1(1)− (iXB +
1
YA

)P3(2),
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Table B.1: Parameter values used in the simplified ASM1 models.

Parameter Value Unit

SNHi
31.56 g N m−3

V1, V2 in (B.1) 1000 m3

V1 in (B.3) 2000 m3

V2 in (B.3) 3999 m3

ηg 0.8 -

iXB 0.08 -

KNH 1.0 g NH3-N m−3

KNO 0.5 g NO3-N m−3

KO,A 0.4 g O2 m−3

KO,H 0.2 g O2 m−3

KS 10.0 g COD m−3

μA 0.5 day−1

μH 4.0 day−1

XB,A 150 g COD m−3

XB,H 2500 g COD m−3

YA 0.24 -

YH 0.67 -

dSNH(2)
dt

=
Q+Qi
V2
SNH(1)− Q+Qi

V2
SNH(2)− iXBP2(2)− iXBP1(2)

− (iXB +
1
YA

)P3(2),

dSNO(1)
dt

=
Q+Qi
V1
SNO(1) +

Qi
V1
SNO(2)− 1− YH

2.86YH
P2(1) +

1
YA
P3(1),

dSNO(2)
dt

=
Q+Qi
V2
SNO(1)− Q+Qi

V2
SNO(2)− 1− YH

2.86YH
P2(2) +

1
YA
P3(2),

dSS(1)
dt

=
Q

V1
SS,in − Q+Qi

V1
SS(1) +

Qi
V1
SS(2)− 1

YH
P2(1)− 1

YH
P1(1),

dSS(2)
dt

=
Q+Qi
V2
SS(1)− Q+Qi

V2
SS(2)− 1

YH
P2(2)− 1

YH
P1(2),

dSO(1)
dt

= −Q+Qi
V1
SO(1) +

Qi
V1
SO(2)− 1− YH

YH
P1(1)− (

4.57
YA

+ 1)P3(1).

(B.3)

This is the second simplified ASM1 which is used in Chapter 6. The volume of
the two tanks were chosen to 2000 m3 and 3999 m3, respectively.
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