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A psi-calculus is an extension of the pi-calculus with nominal data types for data structures, 
logical assertions, and conditions. These can be transmitted between processes and their 
names can be statically scoped as in the standard pi-calculus. Expressiveness and therefore 
modeling convenience significantly exceed those of other formalisms: psi-calculi can capture 
the same phenomena as other extensions of the pi-calculus, and can be more general, e.g. by 
allowing structured channels, higher-order formalisms such as the lambda calculus for data 
structures, and predicate logic for assertions.  

Ample comparisons to related calculi are provided and a few significant applications are 
discussed. The labelled operational semantics and definition of bisimulation is straightfor-
ward, without a structural congruence. Minimal requirements on the nominal data and logic 
are established in order to prove general algebraic properties of psi-calculi. The purity of the 
semantics is on par with the pi-calculus.  

The theory of weak bisimulation is established, where the tau actions are unobservable. 
The notion of barb is defined as the output label of a communication action, and weak barbed 
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It is proved that weak barbed equivalence coincides with weak bisimulation equivalence.  

A symbolic transition system and bisimulation equivalence is presented, and shown fully 
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symbolic setting if they are bisimilar in the original semantics.  
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Psi-calculi quick reference

Psi-calculi parameters

The psi-calculi parameters are described in Chapter 3, and given in Table 3.6
on page 46. Parameters T, C, and A are nominal data types, and the rest are
equivariant operators.

T the (data) terms, ranged over by M,N
C the conditions, ranged over by ϕ
A the assertions, ranged over by Ψ
.↔: T×T→ C Channel Equivalence

⊗ : A×A→ A Composition

1 : A Unit

�⊆ A×C Entailment

Requisites on valid psi-calculus parameters

The requisites on valid psi-calculus parameters are described in Section 3.2.1
and are all given in Definition 3.9 on page 45.

Channel Symmetry: Ψ �M .↔ N =⇒ Ψ � N .↔M
Channel Transitivity: Ψ �M .↔ N ∧ Ψ � N .↔ L =⇒ Ψ �M .↔ L
Compositionality: Ψ	Ψ′ =⇒ Ψ⊗Ψ′′ 	Ψ′⊗Ψ′′

Identity: Ψ⊗1	Ψ
Associativity: (Ψ⊗Ψ′)⊗Ψ′′ 	Ψ⊗(Ψ′⊗Ψ′′)
Commutativity: Ψ⊗Ψ′ 	Ψ′⊗Ψ

Syntax

The syntax is described in Section 3.1 and is given in full in Table 3.1 on page
38.

P,Q,R ::= 0 Nil

MN.P Output

M(λ x̃)N.P Input

case ϕ1 : P1 [] · · · [] ϕn : Pn Case

(νa)P Restriction

P | Q Parallel

!P Replication

(|Ψ|) Assertion
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Operational semantics

The semantics is described in Section 3.2 and is given in full in Table 3.8 on
page 43.

IN
Ψ �M .↔ K

Ψ � M(λ x̃)N.P K N[x̃:=L̃]−−−−−→ P[x̃ := L̃]
OUT

Ψ �M .↔ K

Ψ � MN.P KN−−→ P

CASE
Ψ � Pi

α−→ P′ Ψ � ϕi

Ψ � case ϕ̃ : P̃ α−→ P′

COM

Ψ⊗ΨP⊗ΨQ �M .↔ K

ΨQ⊗Ψ � P M (ν ã)N−−−−−→ P′ ΨP⊗Ψ � Q K N−−→ Q′

Ψ � P | Q τ−→ (ν ã)(P′ | Q′)
ã#Q

PAR
ΨQ⊗Ψ � P α−→ P′

Ψ � P | Q α−→ P′ | Q
bn(α)#Q

SCOPE
Ψ � P α−→ P′

Ψ � (νb)P α−→ (νb)P′
b#α,Ψ

OPEN
Ψ � P M (ν ã)N−−−−−→ P′

Ψ � (νb)P M (ν ã∪{b})N−−−−−−−→ P′
b#ã,Ψ,M
b ∈ n(N)

REP
Ψ � P | !P α−→ P′

Ψ� !P α−→ P′

Symmetric versions of COM and PAR are elided. In the rule COM we as-

sume that F (P) = (ν b̃P)ΨP and F (Q) = (ν b̃Q)ΨQ where b̃P is fresh for all

of Ψ, b̃Q,Q,M and P, and that b̃Q is correspondingly fresh. In the rule PAR we

assume that F (Q) = (ν b̃Q)ΨQ where b̃Q is fresh for Ψ,P and α . In OPEN the
expression ã∪{b} means the sequence ã with b inserted anywhere.

10



Behavioural equivalences
.∼ Bisimulation, Definition 6.5, page 84
.∼
ctx

Context bisimulation, Definition 6.4, page 82

∼ Congruence, Definition 6.16, page 92
.∼∗ Bisimulation with late semantics, Definition 6.31, page 116
.≈

smp
Simple weak bisimulation, Definition 6.37, page 121

.≈ Weak bisimulation, Definition 6.38, page 123
.≈
ctx

Weak context bisimulation, Definition 6.40, page 127

≈ Weak congruence, Definition 6.44, page 129
.≈

barb
Weak barbed bisimulation, Definition 6.52, page 132

.∼
sym

Symbolic bisimulation, Definition 7.5, page 145
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1. Introduction

Concurrency and interactions are easy. Things happen simultaneously and in-
teract all the time: people move about independently of each other, meet and
exchange information, and continue on their ways. While I type on my com-
puter cars drive around outside, completely oblivious to my struggles. The
earth spins around the sun, and in a different part of the universe another
planet spins around its sun. Concurrency is a most natural phenomenon and
we do not think twice about it.
Concurrency and interactions are hard. Computer systems consist of one

or more computers, each running several processes on one or more proces-
sor cores. Each process may communicate with other processes, either locally
on the same computer, or remotely over a network. Processes may mutually
wait for each other to finish, causing a deadlock, compete for the same re-
source, causing a race condition, or one process may eagerly use a resource so
that another process starves. Two processes on different computers may run
a cryptographic protocol to negotiate a shared encryption key, while a third
process can interfere with the protocol to learn the secret key. A process that
behaves according to its specification in one context may exhibit flaws when
put in a different context.
To address the difficulties of constructing concurrent systems, we need to be

able to formally analyse them. A number of formalisms have been developed:
an early example is Petri nets [66], first presented in the 1960s [64]. Another
example is the Actor model (1970s) [39]. The work in this thesis is within the
field of process calculi (or process algebras), which is another area of research
for formalisation of concurrent systems. There are three main branches: the
first traces its roots to the Calculus of Communicating System (CCS) [54], in-
troduced by Robin Milner around 1980 [52]. CCS is designed with communi-
cation as the central concept, and uses a minimal set of operators. The second
branch traces its origins to Communicating Sequential Processes (CSP) [41],
first described by C.A.R. Hoare in 1978 [40]. The focus of CSP is a simple
semantic model in which new operators can be defined as needed. The third
branch originates in the Algebra of Communicating Processes (ACP), initially
developed by Jan Bergstra and Jan Willem Klop in 1982 [11]. The develop-
ment of ACP focused on creating an abstract, generalised axiomatic system
for processes. For an overview of the history of process calculi the reader is
referred to J. C. M. Baeten’s A brief history of process algebra [5].
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The basic operation in CCS is synchronization between processes, possi-
bly transmitting a value from the sender to the receiver. The expressiveness
is limited by the fact that communication channels can not be transmitted.
The pi-calculus is a development of CCS where communication channels are
also communicated values which allows for dynamically changing the com-
munication structure of systems, and thus adds mobility. The pi-calculus has
had a profound impact with hundreds of papers investigating or developing
it. While being a good theoretical foundation for concurrency and mobility,
from a practical perspective it suffers greatly from a lack of data types. The
only data type in the pi-calculus is names. Names serve as both communica-
tion channels, unit of scoping, and communicated values, and together with a
small set of primitives this is sufficient to achieve Turing completeness [55],
which intuitively means that any algorithm can be expressed in it. The advan-
tage is a small and comparatively simple theory, but the cost is the difficulty of
constructing models of large applications. Modelling in the pi-calculus is low-
level and akin to programming in assembly language: it is certainly doable,
but it is easy to get lost in the details. For this reason many extensions of
the pi-calculus have been developed for various domains such as concurrent
constraint programming [29, 23], cryptography [3, 2], and concurrent objects
[70], to mention a few.
A typical theory for a process calculus includes a notion of equivalence that

defines which processes are considered to be equivalent. With an equivalence
it is e.g. possible to say what it means for an implementation to behave as
its specification, or how one process must behave in order to replace another
without changing to overall behaviour. Some processes are “obviously” equiv-
alent for any reasonable notion of equivalence, and the notion of equivalence
for a particular process calculus should of course agree with these. Consider
the parallel composition of the processes P and Q, written P | Q. This should
in most calculi be equivalent to Q | P for any reasonable equivalence. The set
of such obvious rules is called structural rules.
A process can be in one of many states, and moves from one state to an-

other by making a transition. A process calculus is often equipped with an
operational semantics which defines the possible transitions of a process. The
structural rules can be postulated as part of the semantics, in which case they
hold trivially, or the semantics can be defined without them. In the latter case
they must be proved to hold. This is more difficult since it involves more
proofs, but has the advantage that once done, it results in a semantics that is
easier to use in new proofs. Several extensions of the pi-calculus postulate the
structural rules and therefore it is difficult to prove new properties of them.
A desirable property of an equivalence is that it should be compositional,

or in other words, equivalent processes should continue to be equivalent when
put in a new context. This is a property that must be shown for each extension
of the pi-calculus thus leading to a repeated and tedious effort for each new
calculus.
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Looking at extensions of the pi-calculus abstractly, several common traits
can be identified: for example they all have notions of communication chan-
nels, most have notions of tests, and many have some sort of data which may
be communicated.
The work in this thesis defines a framework, psi-calculi, that captures the

common traits and defines what is required of them for the structural rules to
hold, and for the equivalence to be compositional. For each instance of the
framework the structural rules and compositionality results are guaranteed to
hold, thus eliminating the need to redo the proofs in slightly different set-
tings. Expressiveness and therefore modelling convenience significantly ex-
ceed those of other formalisms: psi-calculi can capture the same phenomena
as other proposed extensions of the pi-calculus, and can be more general, for
example by allowing structured channels, higher-order formalisms such as the
lambda calculus for data structures, and predicate logic for assertions.

1.1 Organisation of the thesis

Chapter 2 describes related calculi and gives brief introductions to the pi-
calculus, the applied pi-calculus, the explicit fusion calculus and the concur-
rent constraint pi-calculus. Readers familiar with one or more of these can
safely skip this chapter. Chapter 3 introduces psi-calculi, defines its syntax
and semantics, and establishes the parameters of the framework and the requi-
sites on them. Chapter 4 contrasts psi-calculi with some earlier extensions of
the pi-calculus, such as the applied pi-calculus and the concurrent constraint
pi-calculus. Chapter 5 describes applications of psi-calculi, including crypto-
graphic mechanisms and a communication protocol using frequency hopping.
Chapter 6 defines various behavioural equivalences for psi-calculi and estab-
lishes their properties and relations between them, while Chapter 7 defines
a symbolic semantics, which reduces the number of states of processes, and
a symbolic behavioural equivalence for psi-calculi. Chapter 8 concludes the
thesis.

1.2 My contributions

In a sense the thesis began with its end. The last chapter before the conclusion
defines symbolic semantics for psi-calculi. My work originated with attempts
to define a symbolic semantics for the applied pi-calculus. There the structural
rules are part of the definitions, and not a consequence of them, which leads
to problems when trying to show that the original semantics and the symbolic
semantics coincide. These problems led me to attempt to define a new seman-
tics for the applied pi-calculus, without the structural rules. This semantics
marks the start of the road that was going to lead to psi-calculi.

15



Defining a new semantics for an existing calculus is a lot of work with a
small reward. This led me and my colleagues Björn Victor, Jesper Bengtson,
and Joachim Parrow to consider how we could make the applied pi-calculus
more general while simplifying the semantics. The first result of this work
was the extended pi-calculus [43], which generalises the applied pi-calculus.
The psi-calculi framework is simpler and more expressive than extended pi-
calculus, and thus the extended pi-calculus is superseded by psi-calculi and
not covered by this thesis.
The material in this thesis is based on the last five of the following six

papers:

1. Extended pi-Calculi by Magnus Johansson, Jesper Bengtson, Joachim
Parrow, and Björn Victor; published in the proceedings of the 35th
International Colloquium on Automata, Languages and Programming
(ICALP 2008) [43].

2. Psi-calculi: Mobile processes, nominal data, and logic by Jesper Bengt-
son, Magnus Johansson, Joachim Parrow, and Björn Victor; published
in the proceedings of the 24th Annual IEEE Symposium on Logic in
Computer Science (LICS 2009) [8]. Material from this paper appears in
Chapter 3, Chapter 4, and Section 6.1.

3. A Fully Abstract Symbolic Semantics for Psi-Calculi by Magnus Jo-
hansson, Björn Victor, and Joachim Parrow; published in the proceed-
ings of Structural Operational Semantics 2009 (SOS 2009) [44]. Mate-
rial from this paper appears in Chapter 7.

4. Weak equivalences in psi-calculi by Magnus Johansson, Jesper Bengt-
son, Joachim Parrow, and Björn Victor; to appear in the 25th Annual
IEEE Symposium on Logic in Computer Science (LICS 2010) [42].
Material from this paper appears in Sections 6.2 and 6.3.

5. Psi-calculi: a Framework for Mobile Processes with Nominal Data and
Logic by Jesper Bengtson, Magnus Johansson, Joachim Parrow, and
Björn Victor; submitted for publication [9]. Material from this paper
appears in Chapters 3, 4, and 5, and Section 6.1.

6. A Fully Abstract Symbolic Semantics for Psi-Calculi. Extended version.
byMagnus Johansson, Björn Victor, and Joachim Parrow; submitted for
publication [45]. Material from this paper appears in Chapter 7.

The development of psi-calculi was a close collaboration with my co-authors.
I was part of all aspects of the work with the definitions, examples, applica-
tions, and proofs, with the exception of the implementation in Isabelle [10, 7].
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I did the pen and paper proofs for the results in Section 6.1. The barbed equiv-
alence in Section 6.3 was defined by me and I also carried out the proofs in
that section. The definition of weak equivalence in Section 6.2.2 is actually
the third version proven to have the desired properties, but was the first to
coincide with barbed equivalence. I also did the major work in defining the
symbolic semantics in Chapter 7 and I carried out all the proofs. Furthermore
I did the application in Section 5.1.1 and formalised the other applications in
Chapter 5 as instances of psi-calculi. When seeking the right strong bisimula-
tion for psi-calculi we first arrived at Definition 6.5, while in this thesis context
bisimulation is presented first. Context bisimulation is an idea of mine, and in
retrospect is easier to grasp and has a greater pedagogical merit.
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2. Background

In this chapter a number of mobile process calculi are presented in order to
give the reader some background. First the pi-calculus [58] is introduced. To
appreciate most of the material in this thesis a reader should be familiar with
it. It is the foundation for the other calculi introduced in this chapter: the ap-
plied pi-calculus [2], which add structured data types and has mainly been
used for cryptographic applications, the explicit fusion calculus [72], which
removes the asymmetry between input and output in the pi-calculus, and fi-
nally the concurrent constraint pi-calculus [23, 24]. The concurrent constraint
pi-calculus adds constraints to the pi-calculus and can e.g. be used to model
web services.

2.1 The pi-calculus

A reader already familiar with the pi-calculus can safely skip this section. The
pi-calculus [58] was developed by Robin Milner, Joachim Parrow, and David
Walker in the late 1980’s and extends the Calculus of Communicating System
(CCS) [54] with the possibility to send channel names between processes, thus
adding mobility. It is minimalistic in the sense that it lacks the primitive data
types that are taken for granted in common programming languages, such
as integers, booleans, or strings. Instead it has names that serve in the role
of all of communication channels, variables, transmitted objects, and unit of
scoping. We let names range over a,b,c, . . . ,x,y,z, . . . , and use x,y,z, . . . when
a name is used as a variable. The names are picked from a countably infinite
set of names, denoted N .
Pi-calculus agents are ranged over P,Q,R, . . . . The syntax is given in Ta-

ble 2.1, which also defines what are the free names of an agent P, written
fn(P).

Nil is the empty (inactive) agent. Output sends the name b along channel
a and then continues as P. Input receives a name along channel a. The name
x is a place holder for the received name and is bound in P. The agent then
continues as P, but with x replaced by the received name. For this purpose
there is a substitution function from names to names. We write [x := b] for
the substitution that maps x to b and is identity for all other names. The agent
P[x :=b] is P with x replaced by b, with α-conversion where needed to avoid
captures. Intuitively, α-conversion means that when applying a substitution
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Free names

P,Q ::= 0 Nil /0

| ab.P Output {a,b}∪ fn(P)
| a(x).P Input {a}∪ (fn(P)\ x)
| P+Q Sum fn(P)∪ fn(Q)

| P | Q Parallel fn(P)∪ fn(Q)

| [a=b]P Match {a,b}∪ fn(P)
| (νa)P Scope fn(P)\a
| !P Replication fn(P)

Table 2.1: Syntax and free names of pi-calculus agents.

[x := b] to an agent P, P[x := b], the names bound in P are renamed so that
the only occurrences of x and b in P are free. Substitution distributes over all
operators. A Sum non-deterministically acts as the left or right hand side. A
Parallel composition represents both sides running in parallel. Match acts as
P if a and b are the same name, otherwise it does nothing. Scope limits the
scope of a. It acts as P, but the name a is local to P and can not be used as
a communication channel between P and its environment. Replication acts as
arbitrarily many copies of P in parallel. We often elide a trailing 0 and allow
ourselves to write e.g. ab instead of ab.0.
Note that this is but one of many variants of the pi-calculus. Common vari-

ations include using recursion instead of replication, as in the original paper
on the pi-calculus [58], or adding a mismatch operator [62].
We now turn to the semantics. The calculus is given an operational seman-

tics through a labelled transition system. The transitions are labelled by ac-
tions:

Definition 2.1 (Pi-calculus actions). The pi-calculus actions, ranged over
α,β , are given by

α ::= ab | a (νb)b | a b | τ

The first action is the output action, sending b via a. The second action is
the bound output action, sending the fresh name b via a, effectively opening
its scope. The third action is the input action, receiving the name b over a.
The final action is the silent action, representing some internal activity, not
visible from the outside. We define the free and bound names of an action as
follows: fn(ab) = {a,b}, bn(ab) = /0, fn(a (νb)b) = {a}, bn(a (νb)b) = {b},
fn(a b)= {a,b}, bn(a b)= /0, and fn(τ)= bn(τ)= /0.

Definition 2.2 (Pi-calculus transitions). The pi-calculus transitions are of
form P α−→π P′ and are defined inductively by the rules in Table 2.2.
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π -IN
a(x).P a b−→π P[x :=b]

π -OUT

ab.P ab−→π P

π -MATCH
P α−→π P′

[a=a]P α−→π P′
π -SUM

P α−→π P′

P+Q α−→π P′

π -PAR
P α−→π P′

P | Q α−→π P′ | Q
bn(α)∩ fn(Q)= /0

π -COM
P ab−→π P′ Q a b−→π Q′

P | Q τ−→π P′ | Q′

π -CLOSE
P a (νb)b−−−−→π P′ Q a b−→π Q′

P | Q τ−→π (νb)(P′ | Q′)
b /∈ fn(Q)

π -SCOPE
P α−→π P′

(νb)P α−→π (νb)P′
b /∈ fn(α)∪bn(α)

π -OPEN
P ab−→π P′

(νb)P a (νb)b−−−−→π P′
b �= a π -REP

P | !P α−→π P′

!P α−→π P′

Table 2.2: Pi-calculus operational semantics. Symmetric versions of π -SUM, π -PAR,

π -COM, and π -CLOSE are omitted, and α-equivalent agents are considered the same.

We now briefly explain these transition rules. In π -IN a name is received
along channel a. The received name is locally represented by x in P. The agent
then continues as P with x replaced by the received name. In π -OUT a name b
is sent along channel a, while the agent in π -MATCH behaves as P if the names
involved in the match are the same. Rule π -SUM states that a sum behaves like
the summand P and discards the other summand. Together with the symmetric
version that behaves like Q a sum is a non-deterministic choice between P and
Q. According to rule π -SCOPE, the agent (νb)P behaves like P provided the
name b, local to P and P′, does not occur on the label. The intuition is that it
should not be possible to do visible actions involving names that are local to P
and P′. Rule π -OPEN states that if the process P does a free output of a name
b over a channel a, the process (νb)P may open the scope of b by doing a
bound output of the name b over the same channel, provided that the channel
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is different from the name b local in P, i.e. a name must not be sent over a
restricted channel. Note that b is not bound in the derivative P′; it has been
extruded. When this extruded name is received by another agent, the scope
of it will be extended to that agent as well. This behaviour is handled by rule
π -CLOSE. Rule π -PAR states that the parallel composition of P and Q may
behave like P (or by the symmetric rule like Q), without discarding the other
component. The side condition bn(α)∩ fn(Q) = /0 ensures that a name local
to P does not interfere with the names of Q. Without this requirement the fol-

lowing transition would be possible: ((νb)(ab.bc)) | b(x) a (νb)b−−−−→π bc | b(x).
This can then be followed by a communication between the two parallel com-
ponents, but since b is local in the left hand side the intended meaning is that
it should not be possible to communicate with an agent outside the scope of b.
Rule π -COM works as follows: A free name sent by an agent P over channel
a is received by an agent Q that can receive over the same channel. Here is an
example of a derivation using this rule:

π -COM
ab.P ab−→π P a(x).Q a b−→π Q[x :=b]

ab.P | a(x).Q τ−→π P | Q[x :=b]

The rule π -CLOSE is similar to π -COM, but deals with the
case where the output action is a bound output action. The side
condition b /∈ fn(Q) prevents unintended name collisions. With-
out this side condition we could have the following transition:

((νb)(ab.0)) | a(x).(xc | b(y).Q)
τ−→π (νb)(0 | (bc | b(y).Q). The derivative

would then have an additional, unintended, τ-transition resulting from a
communication between its components. The behaviour of rule π -REP was
mentioned when discussing the syntax: !P should behave as arbitrarily
many copies of P in parallel. By this rule any number of copies of P can be
unfolded and then a transition is derived from them. According to this rule,
!P will have the same transition.
Let us look at a brief example of an agent and some derivations of transi-

tions it can make. Let

P = (νb)(ab | a(x).[x = b]ab).

This agent has an internal communication:

π -COM

π -OUT

ab ab−→π 0
π -IN

a(x).[x = b]P′ a b−→π ([x = b]ab)[x :=b]

π -SCOPE
ab | a(x).[x = b]ab τ−→π 0 | ([x = b]ab)[x :=b]

(νb)(ab | a(x).[x = b]ab) τ−→π (νb)(0 | ([x = b]ab)[x :=b])
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The side condition b /∈ fn(τ)∪ bn(τ) on rule π -SCOPE has been omitted
from the derivation. Applying the substitution the derivative agent becomes

P′ = (νb)(0 | [b = b]ab).

The agent P′ has a further transition, a bound output:

π -MATCH

π -OUT

ab ab−→π 0

π -OPEN

π -PAR
[b = b]ab ab−→π 0

0 | [b = b]ab ab−→π 0 | 0
bn(ab)∩ fn(0)= /0

(νb)(0 | [b = b]ab) a (νb)b−−−−→π 0 | 0
a �= b

A desirable property when reasoning about concurrent systems is the abil-
ity to replace one component for an equivalent one while not changing the
behaviour of the system as a whole. For this purpose the notion of bisimula-
tion exists. It was originally developed by D. M. Park in 1981 [60] and used
byMilner for concurrent systems [53]. Intuitively bisimulation means that two
processes can indefinitely mimic the transitions of each other. This is a notion
of equivalence adopted for the pi-calculus:

Definition 2.3 (Bisimulation). A bisimulation R is a binary relation between
pairs of agents such that R(P,Q) implies all of

1. Symmetry: R(Q,P)

2. Simulation: for all α,P′ such that bn(α) /∈ fn(Q) there exists a Q′ such
that if P α−→π P′ then Q α−→π Q′ and R(P′,Q′)

We define P .∼π Q to mean that there exists a bisimulation R such that
R(P,Q).

We will not go further into the world of pi-calculus, since the material pre-
sented so far is just the amount needed to appreciate the presentation of psi-
calculi in Sections 3.1 and 3.2. The interested reader may look to some of the
following texts for a deeper treatment of the pi-calculus.
The original papers on the pi-calculus are A Calculus of Mobile Processes

Part I and A Calculus of Mobile Processes Part II [58] by Robin Milner,
Joachim Parrow, and David Walker. Since then a number of other texts has
been written that may give an easier introduction to the pi-calculus. Joachim
Parrow’s An Introduction to the π-Calculus [61] is a fairly short and gentle in-
troduction that is available on-line from the author’s home page. Robin Milner
wrote a textbook on the subject called Communicating and Mobile Systems:
the Pi-Calculus [57]. The most exhaustive treatment of the pi-calculus so far
is given in Davide Sangiorgi and David Walker’s textbook The π-calculus: A
Theory of Mobile Processes [69].
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2.2 The applied pi-calculus

The applied pi-calculus [2] by Martín Abadi and Cédric Fournet extends the
pi-calculus in two ways. Firstly it adds function symbols which allow data
structures to be constructed from names and those function symbols. Secondly
it adds an auxiliary construct, active substitutions, which represent the knowl-
edge the environment may have of some values. The following presentation
is close to [2], but with slightly different notation (such as (νa)P instead of
νa.P) in order to be more in line with the rest of this thesis.
The function symbols, such as encrypt and hash, together with their arity

are given by a signature Σ. The set of terms, ranged over by L,M,N are then
given by

L,M,N ::= term

a,b,c, . . . ,k, . . . ,m,n, . . . ,s name

x,y,z variable

f(M1, . . . ,Ml) function application

where f is a function symbol with arity l. The meta variables u,v,w range
over both names and variables. The signature is equipped with an equational
theory which governs how terms may be rewritten. An equational theory is an
equivalence relation on terms that is closed under substitutions of terms for
variables. When the equation M = N is in the theory associated with Σ we
write Σ � M = N. The applied pi-calculus relies on a sort system for terms.
A term is either of channel type, or of some other type, and collectively these
other types are called base types. The function symbols only take arguments
and produce results of base types, and a variable can have any sort.
The syntax of agents has two layers: plain agents and extended agents (in

[2] called plain processes and extended processes, respectively). Plain agents
are very close to pi-calculus agents:

P,Q,R ::= plain agent

0 nil agent

P | Q parallel composition

!P replication

(νa)P restriction

if M = N then P else Q conditional

u(x) .P input

uN .P output

All constructs are as in the pi-calculus, with the exception of output which
carries a data term, and if M = N then P else Q which is the usual if-then-
else construct found in many programming languages. In contrast to the match
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construct of the pi-calculus, the condition M = N represents equivalence up
to the equations of the signature and the active substitutions, rather than strict
syntactic identity. Active substitutions are added to the plain agents to form
extended agents:

A,B,C ::= extended agent

P plain agent

A | B parallel composition

(νa)A name restriction

(νx)A variable restriction

{M/x} active substitution

In an extended agent it is assumed that there is at most one substitution for
each variable, exactly one when the variable is restricted, and the substitutions
must not be circular. By restricting the variable, the familiar let x = M in P
construct can be expressed as an active substitution: (νx)({M/x} | P). The
free names and variables of an extended agent A are denoted fn(A) and fv(A),
respectively, and defined similarly to the free names of a pi-calculus agent,
with the addition of

fv({M/x}) = fv(M)∪{x} fn({M/x})= fn(M)

An extended agent is closed if every variable is bound or defined by an active
substitution. The domain of an agent A, written dom(A), is the set of all vari-
ables x for which A contains an active substitution {M/x} not under a restric-
tion on x. We write {M̃/x̃} for a parallel composition of active substitutions
{M1/x1} | . . . | {Mn/xn} for some n≥ 0.

2.2.1 Semantics and equivalence of the applied pi-calculus.

Structural equivalence states what the designers of the calculus think are “ob-
vious” equivalences, and by postulating them the designer can be certain that
they indeed hold. The structural equivalence for the applied pi-calculus con-
tain the usual laws such as associativity and commutativity of the parallel
operator, but also laws that govern how active substitutions react with parallel
agents. An evaluation context, or static context is a context whose hole is not
under a replication, a conditional, an input, or an output. When the hole of
context C is filled by agent A we write C[A]. A context C closes A when C[A]
is closed.

Structural equivalence ≡ is the smallest equivalence relation defined on
extended agents that is closed by α-conversion on both names and variables,
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Aπ -COM

ax .P | a(x) .Q −→Aπ P | Q

Aπ -THEN

if M = M then P else Q −→Aπ P

Aπ -ELSE
Σ � M = N

if M = N then P else Q −→Aπ Q
fv(M)∪ fv(N) = /0

Table 2.3: Reductions.

by application of evaluation contexts, and satisfying:

A ≡ A | 0
A | (B |C) ≡ (A | B) |C

A | B ≡ B | A
!P ≡ P | !P

(νx){M/x} ≡ 0
{M/x} | A ≡ {M/x} | A[x :=M]

{M/x} ≡ {N/x} when Σ �M = N

(νa)0 ≡ 0
(νu)(νv)A ≡ (νv)(νu)A
A | (νu)B ≡ (νu)(A | B) when u /∈ fn(A)∪ fv(A)

The application of a substitution to an agent A[x := M] is defined
similarly to the pi-calculus. With these rules it can be inferred that
A[x :=M]≡ (νx)({M/x} | A).

Definition 2.4 (Reduction relation). The Reduction relation, −→Aπ , is de-
fined on extended agents as the smallest relation, closed by structural equiva-
lence and application of evaluation contexts, satisfying the rules in Table 2.3.

The rule Aπ -COM looks overly simplistic, but it is sufficient since a more
traditional COM rule can be derived with the structural laws:

aM .P | a(x) .Q ≡ (νx)({M/x} | ax .P | a(x) .Q)

−→Aπ (νx)({M/x} | P | Q)

≡ P | Q[x :=M]

We define A ==⇒Aπ A′ to mean that there exists a sequence of zero or more
reductions from A to A′, and we define A ⇓ a to mean that there exists an

evaluation context C such that A ==⇒Aπ C[aM .P], where C does not bind
a. Intuitively this means that A can reduce to a point where it is ready to
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send on a. Barbed equivalence (in [2] called observational equivalence) is
now defined:

Definition 2.5 (Barbed equivalence). Barbed equivalence is the largest sym-
metric relation R between closed extended processes with the same domain
such that R(A,B) implies all of

1. if A ⇓ a then B ⇓ a;

2. if A ==⇒Aπ A′ then there exists B′ such that B ==⇒Aπ B′ and R(A′,B′);

3. R(C[A],C[B]) for all closing evaluation contexts C.

Barbed equivalence is not a very practical equivalence when conducting
proofs due to the universal quantification of contexts. The traditional way to
solve this problem is to define a labelled operational equivalence, defined with
a labelled operational semantics, to coincide with barbed equivalence.

Definition 2.6 (Actions). An action α is of one of the following forms: input
a M, output au, where u is a channel name or a variable of base type, and
bound output a (νu)u. The bound names of an action α , written bn(α) is {n}
for a (νn)n, and /0 for the other actions. The bound variables of an action is
defined similarly.

Definition 2.7 (Transitions). The transitions are the reductions, and in addi-
tion also a relation of form A α−→Aπ A′ that are defined on extended agents
according to the rules in Table 2.4.

A naive approach to an operational equivalence is to adopt the bisimula-
tion definition of the pi-calculus, but doing so is not enough to get an equiv-
alence that coincides with barbed equivalence. To see this consider the two
inert agents

A = {M/x} | {M/y} B = {N/x} | {M/y}

in a setting where Σ � M = N. With such a naive definition these agents would
be equal since none of them has any transitions, but put in parallel with the
agent R = if x = y then ab else cb the agents would have different transitions.
In fact, any reasonable equivalence that equates A and B would not be pre-
served by parallel, and hence not coincide with barbed equivalence. A way to
tell A and B apart is needed. First we define frames:

Definition 2.8 (Frame). A frame is an extended agent built from 0 and ac-
tive substitutions by parallel composition and restriction. F and G range over
frames.

Every extended agent can be mapped to a frame:
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Aπ -IN
a(x) .P a M−−→Aπ P[x :=M]

Aπ -OUT

au .P au−→Aπ P

Aπ -THEN

if M = M then P else Q −→Aπ P

Aπ -ELSE
Σ � M = N

if M = N then P else Q −→Aπ Q
fv(M)∪ fv(N) = /0

Aπ -PAR
A α−→Aπ A′

A | B α−→Aπ A′ | B

bv(α)∩ fv(B) = /0

bn(α)∩ fn(B)= /0

Aπ -COM

ax .P | a(x) .Q −→Aπ P | Q

Aπ -SCOPE
A α−→Aπ A′

(νu)A α−→Aπ (νu)A′

u /∈ fv(α)∪bv(α)
u /∈ fn(α)∪bn(α)

Aπ -OPEN
A au−→Aπ A′

(νu)A a (νu)u−−−−→Aπ A′
u �= a

Aπ -STRUCT
A≡ B B α−→Aπ B′ B′ ≡ A′

A α−→Aπ A′

Table 2.4: Transition rules for the applied pi-calculus.
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Definition 2.9 (Frame of an agent). The frame of an agent A, denoted F (A)
is obtained by replacing every plain agent in A with 0.

Similarly to the domain of an agent, the domain of a frame F , written
dom(F) is defined to be the set of all variables x for which F contains an
active substitution {M/x} not under a restriction on x.

Definition 2.10 (Entailment). The equality M = N is entailed by the frame F,
written F �M = N, if and only if F ≡ (ν ñ){L̃/x̃}, M[x̃ := L̃] = N[x̃ := L̃], and
ñ∩ (fn(M)∪ fn(N)= /0), for some names ñ and substitutions {L̃/x̃}.

We now define equivalence of frames and static equivalence:

Definition 2.11 (Static equivalence). Two closed frames are equivalent, writ-
ten F 	 G, when they have the same domain and when for all terms M and N
we have that F �M = N if and only if G �M = N.

Two closed extended agents are statically equivalent if their frames are
equivalent.

With this notion of static equivalence between extended agents we define
weak bisimulation. “Weak“ intuitively means that internal behaviour is ig-
nored.

Definition 2.12 (Weak bisimulation on applied pi-calculus agents). A bisim-
ulation R is the largest binary relation between closed extended agents such
that R(A,B) implies all of

1. Static equivalence: A	 B

2. Symmetry: R(B,A)

3. Reduction simulation: if A −→Aπ A′ then there exists B′ such that
B ==⇒Aπ B′ and R(A′,B′)

4. Simulation: for all α,A′ such that fv(α) ⊆ dom(A) and bn(α) /∈ fn(B)

there exists a B′ such that if A α−→Aπ A′ then B ==⇒Aπ
α−→Aπ==⇒Aπ B′

and R(A′,B′)

We define A .∼Aπ B to mean that there exists a bisimulation R such that
R(A,B).

For a more thorough treatment of the applied pi-calculus, see [2].

2.3 The explicit fusion calculus

One approach to communication is to fuse two objects together. This yields
a symmetry between output and input, not present in the pi-calculus and the
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applied pi-calculus, in that information flows in both directions. This is the
approach taken in the χ-calculus [33], the fusion calculus [63], and the explicit
fusion calculus [72], pi-F. Here a communication looks like:

a .(〈b〉 | P) | a .(〈c〉 | Q) | R τ−→F b=c | P | Q | R

The explicit fusion calculus is defined with a commitment semantics where a
communication is represented by two separate constructs in the language: the
commitment to communicate and the exchange of objects. This gives a cleaner
semantics at the price of additional constructs in the language. The names 〈b〉
and 〈c〉 in the example above are datums [sic], representing the communicated
objects, and b=c denotes the fusion of the names, which means that b and c
should be treated as the same. Note that in the example above, this affects also
R, which was not part of the communication. The set of agents of the explicit
fusion calculus is

P,Q,R ::= agent

0 nil agent

P | Q parallel composition

!P replication

(νa)P restriction

a .P input

a .P output

〈a〉 datum

a=b fusion

The arity of an agent P is the number of top level datums in it, and we write
P : m when P has arity m. A context is an agent with a hole, and contexts are
ranged over by C. The syntax is similar to the pi-calculus. The main differ-
ences stem from the commitment semantics and the fusion of names.

Definition 2.13 (Structural congruence in pi-F). The structural congruence
between agents, written ≡, is the smallest congruence satisfying the axioms
given in Table 2.5, and is closed with respect to contexts.

Most rules are standard. The rules for fusions state that they induce an
equivalence relation, and that a fusion may change a name to an equivalent
name.
The labels in pi-F are a, a, τ , and ?a=b. The first three are similar to output,

input, and τ in the pi-calculus, but without objects due to the commitment
semantics. The fourth is the fusion label. It is is used when two agents can
communicate in the presence of the explicit fusion a=b. The semantics allows
for labels to be rewritten to equal labels, and this relies on the equivalence
relation induced by the fusions in an agent:
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P | 0 ≡ P
(P | Q) | R ≡ P | (Q | R)

P | Q ≡ Q | P if P : 0

!P ≡ P | !P

a=b | a .P ≡ a=b | b .P
a=b | a .P ≡ a=b | b .P
a=b | c .P ≡ a=b | c .(a=b | P)
a=b | c .P ≡ a=b | c .(a=b | P)
a=b | 〈a〉 ≡ a=b | 〈b〉

(νa)(P | Q) ≡ P | (νa)Q if a /∈ fn(P)
(νa)(P | Q) ≡ (νa)P | Q if a /∈ fn(Q)

(νa)(νb)P ≡ (νb)(νa)P

a=a ≡ 0
a=b ≡ b=a

a=b | b=c ≡ a=c | b=c

Table 2.5: Structural congruence for the explicit fusion calculus.

Definition 2.14 (Equivalence relation). Let � be union of equivalence rela-
tions, closed under equivalence, and I be the identity relation. The equiva-
lence relation E(P) is as follows:

E(P | Q) = E(P)�E(Q) equivalence-closed union
E((νa)P) = E(P)\{a} name removal

E(a=b) = I� (a,b) smallest equivalence containing a = b
E(!P) = E(P) replication has no effect on the equiva-

lence class
E(_) = I identity relation otherwise

Definition 2.15 (Label equality). P � τ = τ , P �?a=b =?b=a, and

P � a = b if (a,b) ∈ E(P)
P � a = b if (a,b) ∈ E(P)
P �?a=b =?c=d if (a,c) ∈ E(P) and (b,d) ∈ E(P)

The semantics also relies on the connection operator, @, which in turn is
only defined on agents on standard form:

Definition 2.16 (Standard form). Every explicit fusion calculus agent is struc-
turally congruent to one in the standard form

(ν ã)(〈b̃〉 | P)

where ã are distinct and contained in b̃, and P’s top level contains no datums
nor any fusions any a ∈ ã. A standard form (ν ã)(〈b̃〉 | P) is written I ·P where
I = (ν ã)(〈b̃〉 | _). The context I is called the interface and agent P the contents.
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PI-F-IN
a .P a−→F P

PI-F-OUT

a .P a−→F P

PI-F-PAR
P α−→F P′

P | Q α−→F P′ | Q
PI-F-COM

P a−→F P′ Q b−→ Q′

P | Q ?a=b−−→F P′@Q′

PI-F-SCOPE
P α−→F P′

(νa)P α−→F (νa)P′
a /∈ n(α) PI-F-TAU

P ?a=a−−→F P′

P τ−→F P′

PI-F-REWRITE-LABEL
P α−→F P′ P � α = β

P β−→F P′

PI-F-STRUCT
P α−→F P′ P′ ≡ P′′

P α−→F P′′

Table 2.6: Transitions in the explicit fusion calculus.

Definition 2.17 (Connection operator). Assume two agents P and Q with stan-
dard forms (ν ã)(〈b̃〉 | P′) and (ν c̃)(〈d̃〉 | Q′), respectively, of the same arity,
with ã∩ c̃ = /0. Then P@Q is defined by

P@Q = (ν ãc̃)(b̃=d̃ | P′ | Q′)

The transitions are given in Table 2.6. Note that the rule for rewriting labels
allows for rewriting of all of input, output, and communication labels. This is
similar to the rewriting of subjects in psi-calculi as discussed in Section 3.2.4
on page 55.
The bisimulation is an open style bisimulation. This traditionally [68]

means that the bisimulation relation is closed with respect to substitutions at
every step of the bisimulation, but in the explicit fusion calculus it is more
natural to close with respect to fusions:

Definition 2.18 (Fusion bisimulation). A symmetric relation R is a fusion
bisimulation if and only if whenever R(P,Q) then either P,Q : 0 and

1. P α−→F P′ implies Q α−→F Q′ and R(P′,Q′) for labels α ∈ {a,a,τ}.

2. P ?a=b−−−→F P′ implies a=b | Q τ−→F Q′ and R(a=b | P′,Q′)

3. E(P) = E(Q)
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or P,Q : m > 0 and there exists a common interface I such that P and Q have
standard forms I ·P′ and I ·Q′ respectively, and R(P′,Q′). Two processes P
and Q are fusion bisimilar when there exists a fusion bisimulation between
them.

Note that the equivalence classes of names of P and Q are compared in
Case 3. This is similar to static equivalence for the applied pi-calculus. For
further explanations the reader is referred to [72].

2.4 The concurrent constraint pi-calculus

The concurrent constraint pi-calculus (CC-Pi calculus) [23, 24] can be seen as
a (monadic) explicit fusion calculus with ask and tell statements, parametrised
by a constraint system in the form of a named c-semiring. Such a constraint
system contains names, name fusion constraints and a name hiding operator ν ,
and supports general constraint semirings, e.g. Herbrand constraints. We shall
not look closer at named c-semirings here. The reader is referred to [23, 24]
for details and further references. For the presentation below we note that a
relation � is defined on elements of a named c-semiring. Essentially it im-
poses an order on the elements. We letC, D range over elements (constraints)
of a named c-semiring. Constraints are composed by the operator ⊗ of the
named c-semiring. Among the constraints are fusions, a=b, that states that two
names are equal, the unit constraint 1, which is the unit of the operator ⊗, and
the constraint 0 that denotes inconsistency. The version of the CC-Pi calculus
presented here is the same as in [24] and the syntax is given in Table 2.7. The
syntax has two layers: unconstrained agents, ranged over by U,V , and con-
strained agents, ranged over by P,Q,R. The unconstrained agents are similar
to pi-calculus agents, and the constrained agents add constraints in parallel
with the unconstrained agents. The collection of all constraints in an agent is
called the store. As usual we let names range over a,b,c, . . . ,x,y,z.
The τ-prefix represents a silent action, and the output prefix is similar to

the output prefix in the pi-calculus. The input prefix is different, however. The
object is not bound by the prefix and not substituted for in a communication.
Instead, like in pi-F, the object is fused with the object of the corresponding
output prefix, as seen in the operational semantics in Table 2.9. The tell C
prefix adds the constraint C to the store, and the ask C prefix asks the store if
the constraintC is entailed by it. We write D�C to mean that we can deduceC
from the store D. The free names of an agent P, written fn(P), and substitution
on an agent, written P[x̃ := ã], are defined in the usual way.
The store of an agent is formally inductively defined as
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π ::= prefix

τ silent action

ab output

ab input

tell C tell

ask C ask

U,V ::= unconstrained agent

0 nil agent

U |V parallel composition

Σiπi .Ui sum

(νa)U restriction

I(x̃) agent identifier

P,Q,R ::= agent

U unconstrained agent

C constraint

P | Q parallel composition

(νa)P restriction

Table 2.7: Syntax for the CC-Pi calculus.

(P | Q) | R ≡ P | (Q | R)
P | Q ≡ Q | P

(νa)(P | Q) ≡ P | (νa)Q if a /∈ fn(P)
(νa)(νb)P ≡ (νb)(νa)P

I(ã) ≡ U [x̃ := ã] if I(x̃) =U
C | D ≡ C⊗D

0 ≡ 1

Table 2.8: Structural congruence for the CC-Pi calculus.

Definition 2.19 (Store).

store(C) = C
store(P | Q) = store(P)⊗ store(Q)

store(U) = 1

store((νa)P) = (νa)store(P)

The semantics of the CC-Pi calculus is defined with a structural congru-
ence, ≡, that is the smallest congruence over agents closed with respect to
α-equivalence and satisfying the axioms in Table 2.8. We assume that the
syntax of the name hiding operator of the named c-semiring is the same as the
restriction operator, thus making the usual rule for rewriting one into the other
superfluous.
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The transitions is the smallest relation P α−→cc P′ satisfying the rules in
Table 2.9, where α ∈ {τ,ab,ab,a(νb)b,a(νb)b}. The label τ is the silent ac-
tion, labels ab and ab are free output and input, respectively, and a(νb)b and
a(νb)b are bound output and input, respectively. The bound and free names
of a label is defined as usual, and denoted bn(α) and fn(α).
We now turn to a definition of bisimilarity for agents. We write C = D for

C � D∧D �C, and for two agents P and Q to be bisimilar it is required that
store(P) = store(Q). In the definition below C � α = β is an abbreviation for

C � a=c⊗b=d if α = ab and β = cd and similarly for input

C � a=c if α = a(νb)b and β = c(νb)b and similarly for input

C � 1 if α = β = τ

Definition 2.20 (Open bisimilarity for the CC-Pi calculus). Open bisimilarity
is the largest relation R between agents such that R(P,Q) implies:

1. store(P) = store(Q);

2. R(Q,P);

3. For all constraints C �= 0, R(C | P,C | Q).

4. If P α−→cc P′ with bn(α)∩ fn(Q) = /0 then Q β−→cc Q′ and R(P′,Q′)
for some Q′ and β such that store(P)� α = β ;

Similarly to the bisimulation for the explicit fusion calculus, instead of clos-
ing under all substitutions at every step of the bisimulation, the relation is
closed under all consistent constraints at every step, which yields an open
style definition. The simulation case is standard, with the exception that the
labels are compared semantically according to the store.
For more details and examples, the reader is referred to [23] and [24].

2.5 Summary

In this section we have seen the pi-calculus and three extensions of it: the
applied pi-calculus, the explicit fusion calculus, and the concurrent constraint
pi-calculus. Abstractly, all these share some traits:
• They all have notions of communication channels and transmitted data.
• They all have a notion of test, and define when a test is true.
• With the exception of the pi-calculus they all have some auxiliary informa-
tion in parallel with agents.

• They define implicitly which communication channels are considered
equivalent.

In Chapter 3 we generalise and formalise these common traits.
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CC-PREFIX
π ∈ {τ,ab,ab}

C | π .U π−→cc C |U
CC-TELL

C⊗D �= 0

C | tell D .U τ−→cc C⊗D |U

CC-ASK
C � D

C | ask D .U τ−→cc C |U
CC-SUM

C | πi .Ui
α−→cc U ′

C | Σπi .Ui
α−→cc U ′

CC-PAR
P α−→cc P′

P |U α−→cc P′ |U
bn(α)∩ fn(U)= /0

CC-COM

C |U ab−→cc C |U ′

C |V cd−→cc C |V ′ C⊗(b = d) �= 0 C � a = c

C |U |V τ−→cc C⊗(b = d) |U ′ |V ′

CC-SCOPE
P α−→cc P′ a /∈ n(α)

(νa)P α−→cc (νa)P′

CC-OPEN-I
P ab−→cc P′ store(P)� a = b

(νb)P a(νb)b−−−−→cc P′

CC-OPEN-O
P ab−→cc P′ store(P)� a = b

(νb)P a(νb)b−−−−→cc P′

CC-STRUCT
Q≡ P P α−→cc P′ P′ ≡ Q′

Q α−→cc Q′

Table 2.9: Transitions in the concurrent constraint pi-calculus.
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3. Syntax and semantics of psi-calculi

In this chapter we introduce the syntax and semantics of psi-calculi by show-
ing how it generalises the pi-calculus. Psi-calculi is a parametric framework
for creating process calculi: instantiating seven parameters yields a process
calculus with an equivalence relation which is preserved by the operators of
the calculus, and satisfies natural structural laws. The first three parameters
are explained in Section 3.1 and the final four are explained in Section 3.2.

3.1 Syntax

Names are fundamental to psi-calculi, but they have a less prominent role than
in the pi-calculus where the names are the building blocks, serving as all of
communication channels, communicated objects, and what can be scoped and
substituted for. In psi-calculi names only serve as the unit of scoping and what
can be substituted for. Thus in the following we assume a countably infinite
set of names N . We write ã for a finite (possibly empty) sequence of names,
a1, . . . ,an. The empty sequence is written ε and the concatenation of ã and b̃
is written ãb̃. When occurring as an operand of a set operator, ã means the
corresponding set of names {a1, . . . ,an}.
The Psi-calculi framework is parametric: the first three parameters are

the terms denoted T, and ranged over by M,N. These are used for both com-
munication channels and transmitted values.

the conditions denoted C, and ranged over by ϕ . The conditions are used for
tests.

the assertions denoted A, and ranged over by Ψ. They are used for any piece
of information in parallel with the agents.

We use sequences of terms M̃, conditions ϕ̃ , and assertions Ψ̃ in the same way
as sequences of names. The syntax of psi-calculi is given in Table 3.1.
In psi-calculi, the pi-calculus output prefix ab .P, is generalised so that

terms instead of names are used for both channels and values. An output prefix
in psi-calculi is thus of form MN .P. We use the symbol � when instantiating
a parameter. In order to get an instance of psi-calculi that corresponds to the
pi-calculus, the terms are instantiated to the set of names,

T � N .
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P,Q,R ::=

0 Nil

MN.P Output

M(λ x̃)N.P Input

case ϕ1 : P1 [] · · · [] ϕn : Pn Case

(νa)P Restriction

P | Q Parallel

!P Replication

(|Ψ|) Assertion

Table 3.1: Psi-calculi syntax. In !P any assertion in P must occur under an input or
an output, and similarly for each Pi in case ϕ1 : P1 [] · · · [] ϕn : Pn.

In this instance the output prefix becomes ab.P, or in other words exactly the
same as in the pi-calculus. Let us call this instance Pi, and in the following
we will gradually define it. The full definition is given in Table 3.7. We will
also show how pi-calculus agents are encoded into this psi-calculi instance,
and we write [[P]]Pi for the psi-calculus representation of the pi agent P. For
the output prefix we have that

[[ab.P]]Pi = ab.[[P]]Pi.

The full encoding is given in Table 3.3.
The input prefix M(λ x̃)N .P is more intricate than its pi-calculus counter-

part. In contrast to the pi-calculus, the subject M can be arbitrarily complex,
and to make agents easier to parse we underline it. For simple subjects we
may omit the underlining. It is required that the sequence of names x̃ is a sub-
set of the free names in N, x̃ ⊆ n(N). The function n(N) is formally defined
in Section 3.1.1, but for now it is sufficient to think of it as the free names
of N. The names x̃ is a sequence without duplicates, and the names in x̃ bind
occurrences in both N and P.
Looking at the instance Pi again, we get two possible kinds of input pre-

fixes: a(λx)x and a(λε)x, where ε is the empty sequence. The former directly
corresponds to a(x) in the pi-calculus, while the latter is an input that can only
receive precisely the name x. Thus we let

[[a(x) .P]]Pi = a(λx)x . [[P]]Pi.

The parallel operator P |Q and the replication operator !P of the pi-calculus
have direct counterparts in psi-calculi, and also the restriction operator (νa)P
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and the inert agent 0. Thus we let

[[P | Q]]Pi = [[P]]Pi | [[Q]]Pi
[[!P]]Pi = ![[P]]Pi

[[(νa)P]]Pi = (νa)[[P]]Pi
[[0]]Pi = 0

The pi-calculus operators [a = b]P and P+Q have no direct counterparts
in psi-calculi. Instead they are captured by the single, and more general,
operator case ϕ1 : P1 [] · · · [] ϕn : Pn. It behaves as one of the Pi for which
the corresponding condition ϕi is true. If more than one ϕi are true, it
non-deterministically behaves as one of corresponding Pi. For the instance Pi
we let the conditions be defined as

C � { a = b : a,b ∈ T}∪{�},

where � is a condition that is always true. In Pi the pi-calculus operator [a =
b]P is written case a = b : P, i.e.

[[[a = b]P]]Pi = case a = b : [[P]]Pi.

The non-deterministic choice P+Q can also be expressed by the case opera-
tor: case � : P []� : Q, i.e.

[[P+Q]]Pi = case � : [[P]]Pi []� : [[Q]]Pi.

Since � is a condition that is always true, a non-deterministic choice is made
between P and Q. We will often write P + Q for case � : P []� : Q, and
if ϕ then P for case ϕ : P in examples.
We have now seen how all pi-calculus syntax has been generalised to psi-

calculi, but as we have seen in Chapter 2 there are process calculi that extend
the pi-calculus with pieces of information in parallel with the agents. In the
applied pi-calculus these are active substitutions, and in the concurrent con-
straint pi-calculus they are constraints. In psi-calculi these components are
generalised to assertions, ranged over by Ψ. For technical reasons the set of
assertions must not be empty. In the pi-calculus there are no pieces of infor-
mation floating in parallel with agents, so for the instance Pi we invent the
uninteresting assertion 1, and let A � {1}. We write (|Ψ|) for an assertion Ψ
occurring in an agent.
An assertion is guarded in P if it is a subterm of an input prefix or an output

prefix in P, and unguarded otherwise. For reasons that shall be made clear in
Section 3.2.2, we impose some restrictions on the replication operator and the
case operator: in a replication !P there may be no unguarded assertions in P,
and in case ϕ1 : P1 [] · · · [] ϕn : Pn there may be no unguarded assertion in any
Pi.
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Psi− calculi pi− calculus
P,Q,R ::=

0 0 Nil

MN.P ab.P Output

M(λ x̃)N.P a(x).P Input

case ϕ1 : P1 [] · · · [] ϕn : Pn − Case

− P+Q Sum

− [a=b]P Match

(νa)P (νa)P Restriction

P | Q P | Q Parallel

!P !P Replication

(|Ψ|) − Assertion

Table 3.2: Psi-calculi syntax and pi-calculus syntax. In !P all assertions in P must be
guarded, and in case ϕ1 : P1 [] · · · [] ϕn : Pn all assertions in all Pi must be guarded.

The syntax of psi-calculi next to the syntax of the pi-calculus is in Table 3.1,
and the full encoding of pi-calculus agents into Pi is given in Table 3.3.
We have now seen the three datatypes that must be instantiated by an in-

stance of the framework: the terms T, the conditions C, and the assertions A.
For the simple instance Pi we are defining these are distinct, but in general
they may be overlapping. It is e.g. possible to define an instance where the
conditions also are terms and can be sent as data objects between agents.
Before we look at the semantics of psi-calculi we will postulate some mod-

est but technical requirements on the parameters T, C, and A that involve
α-conversion and substitution.

3.1.1 Requirements on terms, conditions, and assertions

The original presentation of the pi-calculus [58] uses explicit α-conversion
rules in the operational semantics, but most recent presentations identify
agents up to α-equivalence so that each agent represents a whole equivalence
class. It is rare in presentations of process calculi that α-equivalence is
formally defined, and a certain amount of informal arguments are usually
involved. Nominal logic [65, 35, 34] was developed as a tool for dealing
with α-equivalence, and is used for defining the framework of psi-calculi. A
requirement on T, C, and A is that they are nominal data types, and in the
following we formally define this, using concepts from nominal logic.
A traditional data type is typically built from a signature of constant sym-

bols, functions symbols, etc, and the free names of a term is syntactically
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[[0]]Pi = 0
[[ab.P]]Pi = ab.[[P]]Pi

[[a(x) .P]]Pi = a(λx)x . [[P]]Pi
[[P | Q]]Pi = [[P]]Pi | [[Q]]Pi

[[!P]]Pi = ![[P]]Pi
[[(νa)P]]Pi = (νa)[[P]]Pi

[[[a = b]P]]Pi = case a = b : [[P]]Pi
[[P+Q]]Pi = case � : [[P]]Pi []� : [[Q]]Pi

Table 3.3: Encoding of pi-calculus agents into the psi-calculi instance Pi.

(a a) ·E = E
(a b) · (a b) ·E = E
(a b) · (c d) ·E = ((a b)c (a b)d) · (a b) ·E

where (a b)c �

⎧⎪⎨
⎪⎩

a if c = b
b if c = a
c otherwise

and similarly for (a b)d.

Table 3.4: Requirements on the name swapping operation.

defined. A nominal data type is more general, for example it can also contain
binders and identify alpha-variants of terms. Formally a nominal data type is
not required to be built in a particular way, e.g by structured grammars; the
only requirements are related to the treatment of names as explained below,
and the set of free names, or the support, of a term can be given a syntax
independent definition.
We let arbitrary expressions range over E. For psi-calculi this will typically

be terms M, assertions Ψ, conditions ϕ , or agents P. All the following defini-
tions are adapted from [65], with the exception of Definitions 3.6 and 3.7.

Definition 3.1 (Name swapping and permutation). A name swapping opera-
tion on some expression E, written (a b) ·E, is the simultaneous renaming of
a by b and b by a in E, satisfying the requirements in Table 3.4. A permutation
p on some expression E is a sequence of name swappings on E, written p ·E.

The intuition is that for any expression E it holds that (a b) ·E is E with a
replaced by b and b replaced by a. One main point of this is that even though
we have not defined any particular syntax we can define what it means for a
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name to “occur" in an element: it is simply that it can be affected by swap-
pings. The names occurring in this way in an element E constitute the support
of E, written n(E):

Definition 3.2 (Support). The support of an expression E is the least set of
names A such that (a b) ·E = E for all a, b, not in A. We write n(E) for the
support of E.

The notation n(E) can be read as “the names of E”. Traditionally in process
calculi this would be written as fn(E), and read as “the free names of E”.
In the lambda calculus where alpha-equivalent terms are identified (i.e. the
elements are alpha-equivalence classes of terms) the support corresponds to
the free variables. We now define freshness:

Definition 3.3 (Freshness). A name a is fresh for an expression E if a �∈ n(E),
written a#E. We let a,b#E mean a#E and b#E, and similarly for arbitrary
sequences of names. Also we let a#E,E ′ mean a#E and a#E ′. For a set A of
names we let A#E mean for each a ∈ A, a#E.

For example, in an inductively defined data type without binders we will have
a#E if a does not occur syntactically in E.
The basis for nominal datatypes is nominal sets:

Definition 3.4 (Nominal set). A nominal set A is a set equipped with name
swapping operations. It is required that n(E) is finite for each E ∈ A.

The final ingredient needed for defining nominal datatypes is substitutions.
Their definition uses the concept of equivariant functions:

Definition 3.5 (Equivariant function). A function f on nominal sets is equiv-
ariant if it has the property that p · f(x1, . . . ,xn) = f(p · x1, . . . p · xn) for all
permutations p.

We now define substitutions:

Definition 3.6 (Substitution). Substitution is an equivariant function satisfy-
ing the requirements in Table 3.5. The substitution of a sequence of expres-
sions Ẽ for an equally long sequence of names ã in an expression E ′ is written
E ′[ã := Ẽ]. We let σ range over substitutions.

We now have everything needed to define nominal datatypes:

Definition 3.7 (Nominal datatype). A nominal datatype is a nominal set with
a set of functions on it, including a substitution function.

A formal requirement on a psi-calculus instance is that the parameters T,
C, and A must all be nominal datatypes.
In this section only the parts of nominal logic needed for presenting psi-

calculi have been given. More thorough treatments can be found in the before

42



Freshness: x̃⊆ n(E)∧a#E[x̃ := Ẽ ′] ⇒ a#Ẽ ′

α-equivalence: p⊆ x̃× (p · x̃)∧ (p · x̃)#E ⇒
E[x̃ := Ẽ ′] = (p ·E)[(p · x̃) := Ẽ ′]

Table 3.5: Requirements on the substitution function.

mentioned papers Nominal Logic, A First Order Theory of Names and Binding
by Andrew M. Pitts [65], A New Approach to Abstract Syntax with Variable
Binding by Pitts and Murdoch J. Gabbay [35], and in Gabbay’s PhD thesis A
Theory of Inductive Definitions With α-equivalence [34].

3.2 Semantics

The semantics for psi-calculi is very close to the semantics for the pi-calculus.
The main differences are due to the parametric nature of psi-calculi: we can-
not say syntactically when a condition is true or when two terms represent
the same communication channel. This depends on the instance through the
parameters of the framework. The first three parameters were explained in
Section 3.1, and in this section the final four parameters are explained:

Channel equivalence is denoted
.↔, and is used to define which terms are

considered to be equivalent channels.

Composition is denoted ⊗, and is used to compose assertions.

Unit is denoted 1, and is the unit of ⊗.

Entailment is denoted �, and defines which conditions follow from which
assertions.

3.2.1 Assertions, conditions, and entailment

Entailment is a relation between assertions and conditions. Given an assertion,
the entailment relation defines which conditions follow from it, and we write
Ψ � ϕ when the condition ϕ follows from Ψ. Formally we have that

� ⊆ A×C.

In Pi the assertions are A � {1} and the conditions are C � { a = b : a,b ∈
T} ∪ {�}, and the required entailment relation must have the property that
1 � � and 1 � a = a for all a ∈N , or more formally

� � {(1,a = a) : a ∈N }∪{(1,�)}.
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The entailment relation must define when two terms represent the same
channel. For this purpose there is a condition required to be present in all
instances of the framework: the channel equivalence condition. If the terms M
and N represent the same channel we write M .↔N, and formally we have that

.↔ : T×T→ C.

In Pi the channel equivalence condition is the same as the equivalence condi-
tion defined above:

.↔ � = .

As we will see below, we need to combine assertions, but since the set of
assertions is a parameter we cannot make a general definition of this. Com-
position is instead a parameter of the framework, written ⊗, and formally we
have that

⊗ : A×A→ A.

In Pi composition is simple:

⊗ � λΨ1,Ψ2. 1.

The composition operator needs a unit element, and this purpose is served by
the final parameter of psi-calculi: the unit assertion , written 1, and formally
we have that

1 : A

In Pi there is only one assertion 1 and this serves as the unit element:

1 � 1

There are six requisites on the parameters, two of which are on entailment
of the channel equivalence condition. The first is channel symmetry:

Ψ �M .↔ N =⇒ Ψ � N .↔M,

and the second is channel transitivity:

Ψ �M .↔ N ∧ Ψ � N .↔ L =⇒ Ψ �M .↔ L.

Note that it is not required that the channel equivalence condition is reflexive.
This allows an instance to define terms that can not be used as channels.
The four remaining requisites are on the parameter ⊗ and these requisites

are expressed with assertion equivalence:

Definition 3.8 (assertion equivalence). Two assertions are equivalent, written
Ψ	Ψ′, if for all ϕ we have that Ψ � ϕ ⇔Ψ′ � ϕ .
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The first requirement is compositionality:

Ψ	Ψ′ =⇒ Ψ⊗Ψ′′ 	Ψ′⊗Ψ′′.

Composing two equivalent assertions with a third does not break the equiva-
lence. The second requirement is identity:

Ψ⊗1	Ψ.

The unit parameter 1 of the framework must be the unit of ⊗. The third
requirement is associativity:

(Ψ⊗Ψ′)⊗Ψ′′ 	Ψ⊗(Ψ′⊗Ψ′′).

The final requirement is commutativity:

Ψ⊗Ψ′ 	Ψ′⊗Ψ.

These requirements must hold for the algebraic properties of Section 6.1.1
to hold. The full set of requirements, including the requirements for channel
equivalence, is presented in Definition 3.9.

Definition 3.9 (Requisites on valid psi-calculus parameters).

Channel Symmetry: Ψ �M .↔ N =⇒ Ψ � N .↔M
Channel Transitivity: Ψ �M .↔ N ∧ Ψ � N .↔ L

=⇒ Ψ �M .↔ L

Compositionality: Ψ	Ψ′ =⇒ Ψ⊗Ψ′′ 	Ψ′⊗Ψ′′

Identity: Ψ⊗1	Ψ
Associativity: (Ψ⊗Ψ′)⊗Ψ′′ 	Ψ⊗(Ψ′⊗Ψ′′)
Commutativity: Ψ⊗Ψ′ 	Ψ′⊗Ψ

We have now seen all the parameters to the psi-calculi framework. They are
collected in Table 3.6. The instance Pi is now fully defined: see Table 3.7.

3.2.2 Frames

When assertions occur unguarded in an agent they are part of the environment
in which the agent executes, and they contribute information to surrounding
agents. An unguarded assertion may reside under a restriction and thus con-
tain names that are hidden from the environment. To capture the effect that
assertions under restrictions have on the environment we use the concept of
frames, first introduced by Abadi and Fournet [2]. Basically, a frame is just an
assertion with additional information about which names are scoped.
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T the (data) terms, ranged over by M,N
C the conditions, ranged over by ϕ
A the assertions, ranged over by Ψ

.↔: T×T→ C Channel Equivalence

⊗ : A×A→ A Composition

1 : A Unit

�⊆ A×C Entailment

Table 3.6: Psi-calculi parameters. Parameters T, C, and A are nominal data types,
and the rest are equivariant operators.

T � N

C � {a = b : a,b ∈ T}∪{�}
A � {1}
.↔ � =

⊗ � λΨ1,Ψ2. 1

1 � 1

� � {(1,a = a) : a ∈N }∪{(1,�)}

Table 3.7: The instance Pi.

46



Definition 3.10 (Frame). A frame is of the form (ν b̃)Ψ where b̃ is a sequence
of names that bind into the assertion Ψ. We identify alpha variants of frames.1

This defines the same concept as Definition 2.8, but in a psi-calculi setting.
We use F,G to range over frames. Since we identify alpha variants we can
choose the bound names freely. We write just Ψ for (νε)Ψ when there is no
risk of confusing a frame with an assertion, and ⊗ to mean composition on

frames defined by (ν b̃1)Ψ1⊗(ν b̃2)Ψ2 = (ν b̃1b̃2)Ψ1⊗Ψ2 where b̃1 # b̃2,Ψ2

and vice versa. We write (νc)((ν b̃)Ψ) to mean (νcb̃)Ψ.
Formally we establish frames and agents as separate types, although a valid

intuition is to regard a frame as a special kind of agent, containing only scop-
ing and assertions. This is the view taken in [2], cf. Definition 2.8.
Intuitively a condition is entailed by a frame if it is entailed by the assertion

and does not contain any names bound by the frame:

Definition 3.11 (Frame entailment). We define F � ϕ to mean that there exists
an alpha variant (ν b̃)Ψ of F such that b̃#ϕ and Ψ � ϕ .

The information which an agent contributes to the environment is defined
by the frame of an agent:

Definition 3.12 (Frame of an agent). The frame F (P) of an agent P is defined
inductively as follows:

F (0) = F (M(λ x̃)N .P) = F (MN .P) = F (case ϕ̃ : P̃) = F (!P) = 1
F ((|Ψ|)) = Ψ
F (P | Q) = F (P) ⊗ F (Q)

F ((νb)P) = (νb)F (P)

The frames of M(λ x̃)N .P and MN .P are both 1 since the assertions in these
agents are hidden under the prefixes, and thus not visible to the environment.
Strictly speaking, it follows from the requirement of no unguarded assertions
under case and ! that F (case ϕ̃ : P̃) = 1 and F (!P) = 1, but for brevity we
let them be 1 by definition.
A simple example illustrates F (P): If a#Ψ1 we have that

F ((|Ψ1|) |(νa)((|Ψ2|) |MN .(|Ψ3|)) = (νa)(Ψ1⊗Ψ2)

Here Ψ3 occurs under a prefix and is therefore not at top level. An agent where
all assertions are guarded thus has the frame 1. In the following we often write
(ν b̃P)ΨP for F (P), but note that this is not a unique representation since
frames are identified up to alpha equivalence.

1In some presentations frames have been written just as pairs 〈b̃,Ψ〉. The notation in this dis-

sertation better conveys the idea that the names bind into the assertion, at the slight risk of

confusing frames with agents.
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3.2.3 Transitions

An instance of the framework defines substitution functions on terms, con-
ditions and assertions. To define the operational semantics, substitution on
agents must also be defined. Substitution simply distributes over all operators
of psi-calculi, α-converting as necessary to avoid capture by binders:

Definition 3.13 (Substitution on agents).

0[ỹ := L̃] = 0
(MN .P)[ỹ := L̃] = M[ỹ := L̃]N[ỹ := L̃] .P[ỹ := L̃]

(M(λ x̃)N .P)[ỹ := L̃] =

M[ỹ := L̃](λ x̃)N[ỹ := L̃] .P[ỹ := L̃] if x̃#ỹ, L̃
(case ϕ1 : P1 [] · · · [] ϕn : Pn)[ỹ := L̃] =

case ϕ1[ỹ := L̃] : P1[ỹ := L̃] [] · · · [] ϕn[ỹ := L̃] : Pn[ỹ := L̃]
((νa)P)[ỹ := L̃] = (νa)P[ỹ := L̃] if a#ỹ
(P | Q)[ỹ := L̃] = P[ỹ := L̃] | Q[ỹ := L̃]

(!P)[ỹ := L̃] = !P[ỹ := L̃]
(|Ψ|)[ỹ := L̃] = (|Ψ[ỹ := L̃]|)

We now have everything needed to define transitions and the operational
semantics.

Definition 3.14 (Actions). The actions ranged over by α,β are of the follow-
ing three kinds:

M(ν ã)N Output, where ã⊆ n(N)

M N Input
τ Silent

For actions we refer to M as the subject and N as the object. We define
bn(M(ν ã)N)= ã, and bn(α)= /0 if α is an input or τ . We also define n(τ) = /0
and n(α) = n(N)∪n(M) if α is an output or input. The output M(ν ã)N rep-
resents an action sending N along M and opening the scopes of the names ã.
Note in particular that the support of this action includes ã. Thus M(νa)a and
M(νb)b are different actions. When the subject of an input action is unam-
biguous we may omit the underlining.
As we saw in Section 2.1, the pi-calculus has three actions: ab, a (νb)b,

ab, and τ . In psi-calculi the first two are captured by the general output action
M (ν ã)N. It is required that ã ∈ n(N). In Pi we would have either that the
length of ã is zero, corresponding to the first pi-calculus action, free output,
or that the length of ã is one, corresponding to the second pi-calculus action,
bound output. The pi-calculus input action is generalised to the psi-calculi

48



IN
Ψ �M .↔ K

Ψ � M(λ x̃)N.P K N[x̃:=L̃]−−−−−→ P[x̃ := L̃]
OUT

Ψ �M .↔ K

Ψ � MN.P KN−−→ P

CASE
Ψ � Pi

α−→ P′ Ψ � ϕi

Ψ � case ϕ̃ : P̃ α−→ P′

COM

Ψ⊗ΨP⊗ΨQ �M .↔ K

ΨQ⊗Ψ � P M (ν ã)N−−−−−→ P′ ΨP⊗Ψ � Q K N−−→ Q′

Ψ � P | Q τ−→ (ν ã)(P′ | Q′)
ã#Q

PAR
ΨQ⊗Ψ � P α−→ P′

Ψ � P | Q α−→ P′ | Q
bn(α)#Q

SCOPE
Ψ � P α−→ P′

Ψ � (νb)P α−→ (νb)P′
b#α,Ψ

OPEN
Ψ � P M (ν ã)N−−−−−→ P′

Ψ � (νb)P M (ν ã∪{b})N−−−−−−−→ P′
b#ã,Ψ,M
b ∈ n(N)

REP
Ψ � P | !P α−→ P′

Ψ� !P α−→ P′

Table 3.8: Structured operational semantics. Symmetric versions of COM and PAR

are elided. In the rule COM we assume that F (P) = (ν b̃P)ΨP and F (Q) = (ν b̃Q)ΨQ

where b̃P is fresh for all of Ψ, b̃Q,Q,M and P, and that b̃Q is similarly fresh. In the
rule PAR we assume that F (Q) = (ν b̃Q)ΨQ where b̃Q is fresh for Ψ,P and α . In
OPEN the expression ã∪{b} means the sequence ã with b inserted anywhere.

input action M N, while the silent action is the same in both the pi-calculus
and psi-calculi.
The operational semantics consists of transitions of the form

Ψ � P α−→ P′.

This intuitively means that P can perform an action α leading to P′ in an

environment that asserts Ψ. We write P α−→ P′ for 1 � P α−→ P′.
The full operational semantics is given in Table 3.8, and below we describe

each rule and contrast it with the corresponding pi-calculus rule. The en-
vironmental assertions Ψ � · · · in the transitions express the effect that the
environment has on the agent: enabling conditions in case, rewriting prefix
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subjects to action subjects, and enabling interactions between parallel agents.
The environmental assertion Ψ never changes between hypothesis and con-
clusion in the transition rules except for the parallel operator, where an agent
is part of the environment for another agent. In a derivation tree for a transi-
tion, the assertion will therefore increase towards the leafs by application of
the rules for the parallel operator.
In a transition the names in bn(α) count as binding into both the action ob-

ject and the derivative, and transitions are identified up to alpha equivalence.
This means that the bound names can be chosen fresh, substituting each oc-
currence in both the object and the derivative. This is the reason why bn(α)
is in the support of the output action: otherwise it could be alpha-converted in
the action alone.
The psi-calculi rule OUT is very similar to the pi-calculus rule:

π -OUT

ab .P ab−→ P
OUT

Ψ �M .↔ K

Ψ � MN .P KN−−→ P

The main differences are the assertion Ψ that represents the environment in
which the transition is being derived, and that the subject on the label, K, is any
term that is channel equivalent to the subject in the prefix, M. Note that since
.↔ is not required to be reflexive there are instances where it is possible to
write output prefixes with a subject that is not channel equivalent to anything.
This means there are no transitions via such a prefix.
The psi-calculi rule IN looks a bit different than the corresponding pi-

calculus rule due to pattern matching:

π -IN
a(x) .P a b−→ P[x :=b]

IN
Ψ �M .↔ K

Ψ � M(λ x̃)N .P K N[x̃:=L̃]−−−−−→ P[x̃ := L̃]

The treatment of the assertion and the subject is the same as for output. The
intuition is that the pattern (λ x̃)N matches any term obtained by substituting x̃
in N. In other words, the pattern (λ x̃)N matches any term obtained by N[x̃ :=
L̃]. By letting N = x̃ = x we get a special case that is very similar to the pi-
calculus rule.
The rule for case is special in that it has no direct counterpart in the pi-

calculus. Instead it captures the two pi-calculus rules π -SUM (P + Q) and
π -MATCH ([a = b]P) as we saw in Section 3.1. The transition rule for case is

CASE
Ψ � Pi

α−→ P′ Ψ � ϕi

Ψ � case ϕ̃ : P̃ α−→ P′

It works as expected by behaving as one of the Pi for which the corresponding
ϕi is true. The environment in which the transition in the hypothesis is derived
is the same as the environment for the conclusion.
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The rule SCOPE is very similar to the corresponding rule in the pi-calculus:

π -SCOPE
P α−→ P′

(νb)P α−→ (νb)P′
b /∈ fn(α)∪bn(α)

SCOPE
Ψ � P α−→ P′

Ψ � (νb)P α−→ (νb)P′
b#α,Ψ

The side condition b#Ψ is necessary to prevent name clashes between the
names in Ψ and the names in P. The side condition b#α in SCOPE fully cap-
tures the side condition b /∈ fn(α)∪bn(α) in π -SCOPE since the support of α
includes bn(α).
The rule OPEN is a bit different from the pi-calculus rule since it is possible

to open more than one name in a transition in psi-calculi. In this, psi-calculi
is more like the polyadic pi-calculus [56], rather than the monadic pi-calculus
presented in Section 2.1.

π -OPEN
P ab−→ P′

(νb)P aνb−−→ P′
b �= a

OPEN
Ψ � P M (ν ã)N−−−−−→ P′

Ψ � (νb)P M (ν ã∪{b})N−−−−−−−→ P′
b#ã,Ψ,M
b ∈ n(N)

Here ã∪{b} means the sequence ã with b inserted anywhere. It is required
that the name to be opened is in the support of N, hence the side condition
b ∈ n(N). The side condition b#M directly corresponds to the side condition
b �= a in the pi-calculus rule, and the side condition b#ã prevents a name from
occurring more than once in the sequence of names to be opened. The side
condition b#Ψ has the same motivation as in rule SCOPE.
The PAR rule is similar to the pi-calculus rule. The main difference stems

from Q being part of the environment for P:

π -PAR
P α−→ P′

P | Q α−→ P′ | Q
bn(α)∩ fn(Q)= /0

PAR
ΨQ⊗Ψ � P α−→ P′

Ψ � P | Q α−→ P′ | Q
bn(α)#Q

Here F (Q) = (ν b̃Q)ΨQ. In addition to the usual side condition on rule PAR

it is required that b̃Q#Ψ,P,α . The assertion ΨQ represents the environment
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which Q contributes to P. Since a name bound in Q is different from all names
outside the scope, care must be taken to avoid name clashes. Hence the extra
side condition.
Since at most one name at a time can be opened in the pi-calculus there are

two rules for communication, π -COM, for a free output, and π -CLOSE, for a
bound output:

π -COM
P ab−→ P′ Q a b−→ Q′

P | Q τ−→ P′ | Q′

π -CLOSE
P a (νb)b−−−−→ P′ Q a b−→ Q′

P | Q τ−→ (νb)(P′ | Q′)
b /∈ fn(Q)

These are captured by a single rule for communication in psi-calculi:

COM

Ψ⊗ΨP⊗ΨQ �M .↔ K

ΨQ⊗Ψ � P M (ν ã)N−−−−−→ P′ ΨP⊗Ψ � Q K N−−→ Q′

Ψ � P | Q τ−→ (ν ã)(P′ | Q′)
ã#Q

The case where the length of ã is zero corresponds to π-COM, and the case
where the length of ã is one corresponds to π-CLOSE. This is the most com-

plicated rule in psi-calculi. Here F (P) = (ν b̃P)ΨP and F (Q) = (ν b̃Q)ΨQ.
The agent Q is part of P’s environment and vice versa, so similarly to the ex-

tra side conditions in rule PAR, we require that b̃P#Ψ, b̃Q,Q,M,P and that b̃Q

is correspondingly fresh. It might be surprising that the side condition b̃P#M
is required, so a motivating example is presented in Section 3.2.4, where also
the need for using channel equivalence in all of OUT, IN, and COM is made
clear.
The final rule REP is very similar π -REP:

π -REP
P | !P α−→ P′

!P α−→ P′
REP

Ψ � P | !P α−→ P′

Ψ� !P α−→ P′

The only difference is the presence of the environmental assertion Ψ.
We now look at a few examples that illustrate the semantics and give some

motivations for the rules.
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3.2.4 Illustrative examples

For a simple example of a transition, suppose for an assertion Ψ and condition
ϕ that Ψ � ϕ . Assume that

∀Ψ′.Ψ′ � Q α−→ Q′

i.e., Q has an action α regardless of the environment. Then by the CASE rule
we get

Ψ � if ϕ then Q α−→ Q′

i.e., if ϕ then Q has the same transition if the environment is Ψ. Since
F ((|Ψ|)) = Ψ and Ψ⊗1 = Ψ we get by PAR that

1 � (|Ψ|) | if ϕ then Q α−→ (|Ψ|) | Q′

Data terms may also represent communication channels and here the chan-
nel equivalence comes into play. For example, in a psi-calculus mimicking the
polyadic pi-calculus the terms include tuples and projection functions with
the usual equalities, for example π1(t2(a,b)) = a, where π1 is the usual pro-
jection function and t2 denotes pairing. If these terms can represent chan-
nels then they must represent the same channel, consequently we must have
Ψ � π1(t2(a,b))

.↔ a for all Ψ, a, and b. As an example,

aN .P | π1(t2(a,b))(y) .Q
τ−→ P | Q[y :=N]

Agents such as π1(t2(a,b))(y) .Q can arise naturally if tuples of channels are
transmitted as objects. For example, an agent that receives a pair of channels
along c and then inputs along the first of them is written c(x) .π1(x)(y) .Q.

When put in parallel with an agent that sends t2(a,b) along c it will have
a transition leading to the agent where x is substituted by t2(a,b), i.e.
π1(t2(a,b))(y) .Q. A more detailed discussion on the polyadic pi-calculus
and its representation as a psi-calculus is given in Section 4.1.
The semantics makes no particular provision for an equality of terms in ob-

ject position. Thus, the agents ca .P and cπ1(t2(a,b)) .P have different transi-
tions, and correspond to sending out the “unevaluated texts” a and π1(t2(a,b))
respectively. To represent agents which send “evaluated values” we can do as
in the applied pi-calculus where assertions declare equivalence of terms and
agents send freshly generated aliases, e.g.

(νz)(cz .P | (|z = π1(t2(a,b))|))

This agent has the same transition as (νz)(cz .P | (|z= a|)). Any agent receiving
the z will not be able to distinguish if z is a or t2(a,b)) since these terms are
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equated by all assertions. Also, if a and b are scoped as in

(νa,b,z)(cz .P | (|z = π1(t2(a,b))|))

then their scopes will not open as a consequence of the output. In the applied
pi-calculus this is the only form of communication and it is not possible to di-
rectly transmit data structures containing channel names, like the name tuples
of the polyadic pi-calculus above. In psi-calculi instances these communica-
tion possibilities can coexist.
The main technical issue in the semantics is the treatment of scoping, as

illustrated by the following example where the terms are just names. The intu-
ition here is that there is a communication channel available to all agents, and
agents can declare any name to represent it through an assertion. The asser-
tions are thus sets of names, and any name occurring in the assertion can be
used as the subject of an action. Any two names in the assertion are deemed
channel equivalent. Formally,

T � N

C � {a .↔ b : a,b ∈ T}
A � Pfin(N )

⊗ � ∪
1 � /0

� � {(Ψ,a .↔ b) : a,b ∈Ψ}

Intuitively, this represents a situation where there is only a single communica-
tion channel and the assertions let us declare aliases for it, so two names are
channel equivalent precisely if both are such aliases. Omitting the object in
both the action and the prefix we get

{a,b} � a .0 a−→ 0

and also

{a,b} � a .0 b−→ 0

By the PAR rule we have

/0 � a .0 | (|{a,b}|) a−→ 0 | (|{a,b}|)

and

/0 � a .0 | (|{a,b}|) b−→ 0 | (|{a,b}|)

Applying a restriction we get

/0 � (νa)(a .0 | (|{a,b}|)) b−→ (νa)(0 | (|{a,b}|))
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but no corresponding action with subject a because of the side condition on
SCOPE. Thus, a communication through COM can be inferred from

(νa)(a .0 | (|{a,b}|)) | b .0

but not from
(νa)(a .0 | (|{a,b}|)) | a .0

This instance of a psi-calculus illustrates two features of the semantics:
firstly that channel equivalence is used in all three rules IN, OUT and COM,
and secondly that assertions rather than frames represent the environment.
Both issues are related to the law of scope extension, i.e., if a#Q then the
agents (νa)(P | Q) and ((νa)P) | Q should have the same transitions. Elabo-
rating the example above and noting that {a}∪{b} � a .↔ b, we get that

(νa,b)((|{a}|) | (|{b}|) | a .0 | b .0)

has an internal communication. By scope extension this agent should have the
same transitions as P | Q where

P = (νa)((|{a}|) | a .0) Q = (νb)((|{b}|) | b .0)

Here the frames of P and Q are alpha equivalent, and F (P) = (νa){a} and
F (Q) = (νb){b} represent the same frame. Since they will be composed be-
low we choose different representatives for the bound names. A communica-
tion from P | Q is inferred by COM and the premises

1. {b} � P b−→ (νa)((|{a}|) | 0)
(derived using {a} ⊗ {b}= {a,b} � a .↔ b in OUT)

2. {a} � Q a−→ (νb)((|{b}|) | 0)
(derived using {b} ⊗ {a}= {a,b} � a .↔ b in IN)

3. {a} ⊗ {b}= {a,b} � a .↔ b

Note how the action subjects are derived by the assertions in both cases to not
clash with the binders, and that channel equivalence is necessary in all three
rules.
The same example demonstrates why the transitions are defined with as-

sertions and not frames, for whereas {a,b} � a .↔ b the corresponding result
cannot be obtained from the frames of the agents. We have thatF (Q)⊗{a}=
(νb){a,b} � a .↔ b, so that frame is not useful for deriving a transition from
P. An earlier attempt [43] erroneously used frames rather than assertions, and
this means that scope extension does not hold unless a further condition is
imposed on the entailment relation to eliminate this kind of example.
A more complicated variant of the example motivates the requisite that

.↔ must be transitive. Consider any psi-calculus where Ψ1 and Ψ2 such that
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Ψ1⊗Ψ2 � a .↔ b and Ψ1⊗Ψ2 � b .↔ c. Then the agent

(νa,b,c)((|Ψ1|) | (|Ψ2|) | a .0 | c .0)

has an internal communication using b. If c#Ψ1 and a,b#Ψ2, by scope exten-
sion the agent should behave similarly as

(νa,b)((|Ψ1|) | a .0) | (νc)((|Ψ2|) | c .0)

Clearly the left hand component cannot act with a subject a or b, so the only
possibility to derive an internal communication is that it can act with subject
c given assertion Ψ2, i.e. that

Ψ2 � (νa,b)((|Ψ1|) | a .0) c−→ ·· ·

This requires that Ψ1⊗Ψ2 � a .↔ c.
A final example illustrates the need for the side condition b̃P#M in rule

COM.

T � N ∪{f}
C � {M .↔ N : M,N ∈ T}
A � Pfin(N )

⊗ � ∪
1 � /0

� � {(Ψ,a .↔ b) : a,b ∈Ψ or a,b /∈Ψ}∪
{Ψ,a .↔ f : a ∈Ψ}∪
{Ψ, f

.↔ a : a ∈Ψ}∪
{Ψ, f

.↔ f}

Intuitively an assertion divides the names into two partitions: those that are
in the assertion and those that are not. Two names within the same partition
are channel equivalent. In addition, the names in one partition are channel
equivalent to the term f which is not a name. Consider the two agents

P = {a} | c .0 and Q = f .0

and the agent (νa)P. By α-equivalence (νa)P is the same agent as P′ =
(νb)({b} | c .0) and consequently they have the same transitions. Assume that

the side condition b̃P#M is dropped from the COM-rule in Table 3.8. We derive
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the following transition from P′:

SCOPE

PAR

OUT
{b} � c .↔ a

/0∪{b} � c .0 a−→ 0

/0 � {b} | c .0 a−→ {b} | 0
/0#{b}

/0 � (νb)({b} | c .0) a−→ (νb)({b} | 0)
b#a, /0

Since we identify α-equivalent agents, this gives us also that (νa)P a−→ . . . ,
and we derive an interaction between (νa)P and Q:

COM
1 � (νa)P a−→ (νa)({a} | 0)

IN
{a} � f

.↔ f

{a} � f .0 f−→ 0 {a} � a .↔ f

1 � (νa)({a} | c .0) | f .0 τ−→ (νa)({a} | 0 | 0)

But we cannot derive an interaction from (νa)(P | Q) since P can do any
transition except a and f, and Q can only do an a or an f transition.
In other words, scope extension does not hold without the side condition

b̃P#M on COM that prevents (νa)P to use its a transition in an interaction.
This example is a bit curious because (νa)P has a transition a which is

not present in P. So here restriction works backwards, since it negates the
discriminating effect of {a}.

3.2.5 The pi-calculus and the encoding into Pi
In Section 2.1 we saw the pi-calculus semantics, and in this chapter we have
seen the psi-calculi semantics, the instance Pi, and the encoding of the pi-
calculus into Pi. To prove that a pi-calculus agent and its encoding into Pi
have the same transitions the following two lemmas about substitutions and
the support are needed:

Lemma 3.15. If P is a pi-calculus agent, then [[P]]Pi[x :=b] = [[P[x :=b]]]Pi.

Proof. The proof is a straightforward induction over the structure of P.

Lemma 3.16. If P is a pi-calculus agent, then n(P) = n([[P]]Pi).

Proof. The proof is a straightforward induction over the structure of P.
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Let α be a pi-calculus action. We define the encoding of α into psi-calculi
actions as:

[[ab]]Pi = ab
[[a (νb)b]]Pi = a (νb)b

[[a b]]Pi = a b
[[τ]]Pi = τ

We have the following relation between the pi-calculus agent P and the Pi
agent [[P]]Pi:

Lemma 3.17 (Transitions in Pi and the pi-calculus correspond). If P is a pi-
calculus agent, then

if P α−→π P′ then [[P]]Pi
[[α]]Pi−−−→ [[P′]]Pi

and

if [[P]]Pi
α ′−→ P′′ then P α−→π P′ where [[α]]Pi = α ′ and [[P′]]Pi = P′′.

Proof. The proof is by induction over the length of the derivation of P α−→π

P′ and [[P]]Pi
α−→ P′′, respectively. As an illustration, one induction case is

shown: the case when the pi-calculus transition is derived with π -CLOSE:

π -CLOSE
P a (νb)b−−−−→π P′ Q a b−→π Q′

P | Q τ−→π (νb)(P′ | Q′)
b /∈ fn(Q)

By induction it follows that [[P]]Pi
a (νb)b−−−−→ [[P′]]Pi and that [[Q]]Pi

a b−→ [[Q′]]Pi.
Since there is only one assertion in Pi, the frames of [[P]]Pi and [[Q]]Pi will be of

forms (ν b̃P)1 and (ν b̃Q)1, respectively. We choose the frames so that b̃P and

b̃Q are sufficiently fresh according to rule COM. It trivially holds that 1� a= a,
and by definition in Pi we have that 1⊗1 = 1, so also 1⊗1⊗1 � a = a. Since
b /∈ fn(Q) (i.e. b#Q) it follows from Lemma 3.16 that b#[[Q]]Pi. We now infer
the following derivation:

COM

1⊗1 � [[P]]Pi
a (νb)b−−−−→ [[P′]]Pi

1⊗1 � [[Q]]Pi
a b−→ [[Q′]]Pi 1⊗1⊗1 � a = a

1 � [[P]]Pi | [[Q]]Pi
τ−→ (νb)([[P′]]Pi | [[Q′]]Pi)

b#[[Q]]Pi
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IN-L
Ψ �M .↔ K

Ψ � M(λ x̃)N.P K(λ x̃)N−−−−→ P

COM-L

ΨQ⊗Ψ � P M (ν ã)N−−−−−→ P′

ΨP⊗Ψ � Q K(λ x̃)N′−−−−−→ Q′ Ψ⊗ΨP⊗ΨQ �M .↔ K

Ψ � P | Q τ−→ (ν ã)(P′ | Q′[x̃ := L̃])

ã#Q
N′[ã := L̃] = N

Table 3.9: Late operational semantics. Symmetric version of COM-L is elided. In the

rule COM-L we assume that F (P) = (ν b̃P)ΨP and F (Q) = (ν b̃Q)ΨQ where b̃P is

fresh for all of Ψ, b̃Q,Q,M and P, and that b̃Q is correspondingly fresh.

By definition we have that [[P | Q]]Pi = [[P]]Pi | [[Q]]Pi, that [[(νb)(P′ | Q′)]]Pi =
(νb)([[P′]]Pi | [[Q′]]Pi), and that [[a (νb)b]]Pi = a (νb)b, so in other words we

have that [[P | Q]]Pi
[[a (νb)b]]Pi−−−−−−→ [[(νb)(P′ | Q′)]]Pi.

3.2.6 Late semantics

The semantics in Table 3.8 is an early semantics, meaning input actions are of
kind M N. In this subsection we give an operational semantics of the late kind,
meaning that the labels of input transitions contain variables for the object to
be received. With this kind of semantics it is easier to establish a relation to
the symbolic semantics presented in Chapter 7. We also establish precisely
how it relates to the early semantics.

Definition 3.18 (Late actions). The late actions ranged over by α,β are of the
following three kinds: M (ν ã)N (Output), M(λ x̃)N (Input), where x̃ ∈ n(N),
and τ (Silent).

As for the early actions, we refer to M as the subject and N as the object.
We define bn(M(ν ã)N)= ã, bn(M(λ x̃)N)= x̃, and bn(τ)= /0. We also define
n(τ) = /0 and n(α) = n(N)∪n(M) if α is an output or input.

Definition 3.19 (Late transitions). The late transitions are the same as the
early transitions in Table 3.8, but with rules IN and COM replaced by the
rules in Table 3.9.

The following lemma clarifies the relation between the two semantics:
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Lemma 3.20. 1. Let B be a finite set of names. Ψ � P M N−−→ P′ in the early
semantics iff there exist P′′, N′, x̃, and L̃ such that Ψ � P M(λ x̃)N′−−−−−→ P′′
in the late semantics, where P′ = P′′[x̃ := L̃], N′[x̃ := L̃] = N, and x̃#B.

2. For output and τ actions, Ψ � P α−→ P′ in the early semantics iff the
same transition can be derived in the late semantics.

Proof. The proof is by induction over the transition derivations. In the proof
of (2), the case α = τ needs both (1) and the case where α is an output. As an
example we here show the proof of (1), case PAR, (⇒)-direction:
In this case the transition is derived as

PAR
ΨQ⊗Ψ � P M N−−→ P′

Ψ � P | Q M N−−→ P′ | Q
bn(M N)#Q

Let B = n(Q). By induction we have that there exists P′′, N′, x̃, and L̃ such

that ΨQ⊗Ψ � P M(λ x̃)N′−−−−−→ P′′, N = N′[x̃ := L̃], P′ = P′′[x̃ := L̃], and x̃#n(Q).
We then infer the following derivation:

PAR
ΨQ⊗Ψ � P M(λ x̃)N−−−−→ P′′

Ψ � P | Q M(λ x̃)N−−−−→ P′′ | Q
bn(M(λ x̃)N′)#Q

From induction we have that P′ = P′′[x̃ := L̃], and also that P′ | Q = P′′[x̃ :=

L̃] |Q. Since x̃#Q we also have that P′ |Q= (P′′ |Q)[x̃ :=L̃], by Definitions 3.6
(substitution) and 3.13 (substitution on agents).

3.2.7 Alternative semantics

In this subsection we present some alternatives in the design of the transition
rules for psi-calculi.
The transition rule for CASE is

CASE
Ψ � Pi

α−→ P′ Ψ � ϕi

Ψ � case ϕ̃ : P̃ α−→ P′ .

Assume that unguarded assertions in any Pi are allowed. The construct
case ϕ̃ : P̃ should behave as any Pi for which the corresponding ϕi is true.
Consider the agent

P = case ϕ1 : P1 [] ϕ2 : P2
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Assume that P1 has the frame Ψ1, and P2 has the frame Ψ2 with the mutually
exclusive properties that Ψ1 � ϕ and Ψ2 � ¬ϕ . Since P should behave as P1
if ϕ1 holds, the frame of P should be the frame of P1, and thus entail ϕ . For
the same reason, if also ϕ2 holds, P should behave as P2, and its frame thus
entail ¬ϕ . It is unreasonable for the frame of P to entail both ϕ and ¬ϕ at the
same time. Which of the conditions it should entail is not known until after a
transition has been made. Thus it is not obvious what the frame of case ϕ̃ : P̃
should be. This was the topic of many discussions during the development of
psi-calculi, and the solution was the syntactic restrictions on case ϕ̃ : P̃ given
in Section 3.1, i.e. that each Pi ∈ P̃ must not contain any unguarded assertions.
An alternative is a different CASE rule:

CASE
Ψ � ϕi

Ψ � case ϕ̃ : P̃ τ−→ Pi

This rule is also viable, but in the end we decided to go with the current one
because of its similarity with the SUM rule of other process calculi. The ad-
vantage of the alternative definition is that we need not forbid unguarded as-
sertions under a case operator, as we do now. In an instance where a τ-prefix
is definable2, this alternative definition corresponds to the current definition
with each Pi in P̃ prefixed by τ , effectively guarding any unguarded assertion
in Pi. It can be argued that passing a test is an internal unobservable action,
and in this sense this alternative rule is quite intuitive.
A similar decision had to be made for the replication operator !P. There

is a requirement that P must not have any unguarded assertions, and thus we
have that F (!P) = 1. An alternative could be to define F (!P) = F (P) and
require ⊗ on frames to be idempotent: F⊗F 	 F . This puts an extra require-
ment on instances, and for this reason we instead decided to forbid unguarded
assertions in P.

2The usual trick in the pi-calculus is to define τ .P as (νa)(a | a .P), where a is fresh in P. This
does not work in general in psi-calculi since it is not certain that there are channels that may be

scoped in this way.
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4. Psi-calculi vs. other calculi

In this chapter we contrast and compare psi-calculi to the polyadic pi-calculus,
the pi-calculus with polyadic synchronisation, the applied pi-calculus, the ex-
plicit fusion calculus, and the concurrent constraint pi-calculus. In comparison
to the applied pi-calculus and the concurrent constraint pi-calculus one main
novelty is the inclusion of environmental assertions in the transition rules.
They are necessary to make the semantics compositional, i.e., the effect of
the environment on an agent is wholly captured by the semantics. In contrast,
the labelled transitions of the applied and the concurrent constraint pi-calculi
must rely on an auxiliary structural congruence, containing axioms such as
scope extension (νa)(P | Q) ≡ (νa)P | Q if a#Q. In psi-calculi such laws are
derived rather than postulated. The advantage of this approach is that proofs
of meta theoretical results such as compositionality are much simpler since
there is only the one inductive definition of transitions.

4.1 Basic pi-calculus variants

Throughout Chapter 3 the pi-calculus was compared to psi-calculi and the
instance Pi was presented. We will use it as a base for other instances. The
definition of Pi was given in full in Table 3.7, but is repeated here for ease of
reference:

T � N

C � {a = b : a,b ∈ T}∪{�}
A � {1}
.↔ � =

⊗ � λΨ1,Ψ2. 1

1 � 1

� � {(1,a = a) : a ∈N }∪{(1,�)}

As in Section 3.2.4, we obtain the polyadic pi-calculus [56] by adding the
tupling symbols tn for tuples of arity n to T., i.e. T = N ∪{tn(a1, . . . ,an) :
a1, . . . ,an ∈ N }. The polyadic output is to simply output the corresponding
tuple of object names, and the polyadic input a(b1, . . . ,bn) .P is represented by
a pattern matching a(λb1, . . . ,bn)tn(b1, . . . ,bn) .P. An example of a polyadic
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communication is

COM

OUT
1⊗1 � a = a

1⊗1 � at2(b1,b2) .P
at2(b1,b2)−−−−−−→ P

IN
1⊗1 � a = a

1⊗1 � a(λx1,x2)t2(x1,x2) .Q
a t2(b1,b2)−−−−−−→ Q[x1,x2 :=b1,b2]

1⊗1⊗1 � a = a

1 � at2(b1,b2) .P | a(λx1,x2)t2(x1,x2) .Q
τ−→ P | Q[x1,x2 :=b1,b2]

Strictly speaking this instance allows tuples also in subject position in agents,
but such prefixes will not give rise to any transition, since in this psi-calculus
M .↔M is only entailed when M is a name, i.e., only names are channels.
In a psi-calculus the channels can be arbitrary terms. This means that it is

possible to introduce functions on channels (e.g., if M is a channel then so
is f (M)). It also means that a channel can contain more than one name. An
extension of this kind is explored by Carbone and Maffeis [25] in the so called
pi-calculus with polyadic synchronisation, eπ . Here action subjects are tuples
of names, and it is demonstrated that this allows a gradual enabling of commu-
nication by opening the scope of names in a subject. It also results in simple
representations of localities and cryptography, and gives a strictly greater ex-
pressiveness than standard pi-calculus. We can represent eπ by using tuples of
names in subject position. The only modification to the representation of the
polyadic pi-calculus is to extend � to {(1,M .↔M) : M ∈ T}∪{(1,�)}. An
example of a polyadic synchronisation is then

COM

OUT
1⊗1 � t2(a,b) = t2(a,b)

1⊗1 � t2(a,b)c .P
t2(a,b)c−−−−→ P

IN
1⊗1 � t2(a,b) = t2(a,b)

1⊗1 � t2(a,b)(λx)x .Q
t2(a,b) c
−−−−→ Q[x :=c]

1⊗1⊗1 � t2(a,b) = t2(a,b)

1 � t2(a,b)c .P | t2(a,b)(λx)x .Q τ−→ P | Q[x :=c]

4.2 Calculi for cryptography

Psi-calculi can express a variety of cryptographic operations on data, such as
encryption and decryption with symmetric and asymmetric keys, hash func-
tions, digital signatures etc. Assertions can contain information about names,
and names can be scoped using the operator ν . In a cryptographic application
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an assertion Ψ could be that a datum represents the encoding of a message
using a key k. This Ψ can occur under the scope of νk, to signify that the key
is known only locally. Assume that the term enc(M,k) represents the result
of encoding message M with key k. Let Ψ be the assertion C = enc(M,k),
stating that the ciphertext C is the result of encoding M by k. If an agent
contains this assertion the environment of the agent will be able to use it to
resolve tests on the data, in particular to infer that C = enc(M,k). In other
words, if the environment receives C it can test if this is the encryption of
M. In order to restrict access to the key k it can be enclosed in a scope νk.
The environment of the agent will then have access to the frame (νk)Ψ rather
than Ψ itself. This frame is much less informative, for example it does not
hold that (νk)Ψ � C = enc(M,k). Here great care has to be made to formu-
late the class of allowed conditions. If these only contain equivalence tests
of terms, (νk)Ψ will entail nothing but tautologies and be equivalent to 1.
But if quantifiers are allowed in the conditions, then by existential introduc-
tion Ψ � ∃k.C = enc(M,k), and since this condition has no free k we get
(νk)Ψ � ∃k.C = enc(M,k). In other words the environment will learn that
C is the encryption of M for some key k.

Similarly to the meaning of “C = enc(M,k)" we let “M = dec(C,k)" mean
that decrypting C with key k yields M. Entailment contains equations relating
encryption and decryption such as ∀M,k.dec(enc(M,k),k) = M. An example
agent aC .(νk)((|C = enc(M,k)|) | P) outputs a term C and asserts that it is the
encryption of M using the bound k as key, without opening the scope of k.
Therefore an agent receiving C can resolve the condition dec(C,k) = M only
after receiving this k in a communication. Technically this is because of the

freshness conditions in the PAR rule in Table 3.8 where b̃Q is assumed fresh
for P: this means that to apply the rule, P cannot use any name bound in the
frame of Q.
This closely resembles the situation in the applied pi-calculus [2]. By con-

trast, in the spi-calculus [4] encrypted messages such as enc(M,k) are trans-
mitted directly. Consider an example spi-calculus process

P = (νk,m)a〈enc(m,k)〉 .P′ (4.1)

where P′= b(x) . if x = m then c. Here P sends a fresh name m encrypted with
a fresh key k to the environment, and then receives a value x. Assuming per-
fect encryption, the environment cannot know m or k, so P′ cannot receive
m along b, and the output on c will never be possible. However, in the spi-

calculus the transition P (νk,m)a〈enc(m,k)〉−−−−−−−−−−→ P′ opens the scopes of k and m, so
here scoping does not correspond to restriction of knowledge. A reasonable
equivalence must explicitly keep track of which names are known, leading to
several complex bisimulation definitions (see [20] for an overview).
The applied pi-calculus, as described in Section 2.2, is parametrised by a

signature Σ for data terms and an equational theory �Σ over Σ, and more im-
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portantly introduces active substitutions {M/x} of data terms for variables.
These can be introduced by the inferred structural rule (νx)({M/x} | A) ≡
A[x :=M]. As we pointed out in Section 2.2, structured data terms cannot be
sent directly, instead an alias variable such as x must be used, and the term
itself does not occur on the transition label. We have P ≡ Q for P above in
(4.1), where

Q = (νx,k,m)({enc(m,k)/x} | ax .P′) (4.2)

Here Q a(νx)x−−−→ (νk,m)({enc(m,k)/x} | P′) and only the alias of the encryption
(its “value”) appears on the label; the scope of k and m is not opened and in this
sense they are still confidential to the environment. However, the labelled se-
mantics does not allow sending structured data terms where the scope should
be opened, such as a tuple of names in the polyadic pi-calculus.
The labelled semantics for applied pi turns out to be non-compositional.

Consider the closed (extended) applied pi-calculus agents

A = (νa)({a/x} | x.b.0) B = (νa)({a/x} | 0) (4.3)

where we omit the objects of the prefixes. They have the same frame and no
transitions, and are thus semantically equivalent. But a context can contain x
and can therefore use the active substitution to communicate with A. Formally,
let R= x.0. We have by scope extension that A |R≡ (νa)({a/x} | x.b.0 | x .0)⇓
b, but it is not the case that B | R ⇓ b. Therefore, no observational equivalence
that is preserved by all contexts and satisfies scope extension can be captured
by the labelled semantics. In this, Theorem 1 of [2] is incorrect; the labelled
and observational equivalences do in fact not coincide, nor is labelled equiv-
alence a congruence. This is relevant for other papers that use or develop the
labelled semantics, e.g. [36, 46, 28, 27].
Possible fixes are to disallow aliases for channel names, to be satisfied with

compositionality for closed contexts, or to allow variables in action subjects.
The consequences are difficult to assess, and a solution is to instead define
a psi-calculus representing the corresponding applied pi-calculus as follows.
Assertions are finite sets of active substitutions, ⊗ is union, and entailment
deduces equality under �Σ and application of all relevant active substitutions.
Furthermore we divide the set of names into two infinite partitions: one parti-
tion for names, and one partition for variables, as in the applied pi-calculus.
Requirements on the assertions in applied pi are that they can only con-

tain one active substitution per variable, that the active substitutions are non-
circular, that they do not occur under a replication etc. To stay as close to the
applied pi-calculus as possible we inherit these restrictions and only consider
agents that satisfy them. This allows us to write M(Ψ∗) for the term result-
ing from the fix point of the substitutions in Ψ. We write v(M) for the free
variables of M, and Chan for the set of names of channel type.
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T � the set of terms defined by Σ
A � Pfin({{M/x} : M ∈ T,x variable})
C � {M = N,¬(M = N),M .↔ N : M,N ∈ T}
1 � /0

⊗ � ∪
Ψ �M = N if �Σ M(Ψ∗) = N(Ψ∗)
Ψ � ¬(M = N) if v(M(Ψ∗))∪ v(N(Ψ∗)) = /0

∧¬(Ψ �M = N)

Ψ �M .↔ N if Ψ �M = N∧∃c ∈ Chan : Ψ �M = c

Terms, assertions and conditions are as for the applied pi-
calculus except for the condition ¬(M = N) which is needed to
represent the if M = N then P else Q construct of applied pi as
case M = N : P [] ¬(M = N) : Q in Psi. As in applied pi, the terms compared
for inequality need to be ground. Channel equivalence M .↔ N requires that
there is a channel name equal to both M and N.
The resulting psi-calculus differs from the applied pi-calculus in some

ways, the most important being that in psi, aM .P aM−−→ P where M is a
structured term, corresponds to sending the cleartext of M directly. This is
not possible in the applied pi-calculus. In order to transmit M in the applied
pi-calculus the structural rule (νx)({M/x} | A) ≡ A[x := M] must be used
and an alias x for M be sent. To send an alias in this way in psi it must be
introduced explicitly, as in (|{M/x}|) | ax .P, and this agent is not the same as
aM.P.
Therefore, although the agents P and Q above (in (4.1) and (4.2)) are the

same in the applied pi-calculus, the psi counterparts of the agents are differ-
ent. In psi, P in (4.1) represents an agent that emits the clear text “enc(m,k)”.
Any agent that receives this will immediately learn both m and k, and any
scope of k will be opened in the process. This kind of agent can only in-
directly be represented in the applied pi-calculus, by sending the restricted
names separately one at a time. In contrast, the psi counterpart of (4.2) is Q =
(νx,k,m)((|{enc(m,k)/x}|) | ax .P′) and defines Q to emit an alias for enc(m,k).
As in the applied pi-calculus since k is scoped a recipient will not learn m.
If the same recipient later receives k, an alias z for the message m can be
constructed as (|{dec(x,k)/z}|).
Similarly, the agents R1 and R2 below are different in the psi-calculus se-

mantics, but the corresponding agents in applied pi are equivalent.

R1 = (νx,k,m)((|{enc(m,k)/x}|) | ax .ax .P′)
R2 = (νx,k,m)((|{enc(m,k)/x}|) | ax .(νy)((|{x/y}|) | ay .P′))
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In the applied pi-calculus, a new alias for a term can always be introduced “on-
the-fly”, and R1 and R2 are structurally equivalent. The psi-calculus approach
admits the possibility to discern the two agents, similarly to how the same
ciphertext bitstring sent twice can be identified even if the plain text cannot
be recovered. To avoid this, a new alias needs to be explicitly introduced for
each transmission, mimicking a crypto with salting where different ciphertext
bitstrings correspond to the same plain text and key.
Thus in psi, communication objects can range from literal data terms to

indirect references, giving the user of the calculus the possibility to choose
the appropriate form.
Another difference between the calculi is illustrated by the agent A of

the compositionality counterexample (4.3): Its counterpart PA in psi is

(νa)((|{a/x}|) | x .b .0) x−→ (νa)((|{a/x}|) | b .0) and is not equivalent to

(νa)((|{a/x}|) | 0); indeed also PA | x .0 τ−→ b−→ in the labelled semantics.

4.3 Fusion and concurrent constraints

In the explicit fusion calculus byWischik and Gardner [72], briefly introduced
in Section 2.3, the names in object position are fused by a communication,

as in a .(〈b〉 | P) | a .(〈d〉 | Q)
τ−→F b=d | P | Q where b=d is a fusion which

allows us to treat b as equivalent to d. The explicit fusion calculus has a simple
formulation as a psi-calculus:

T � N

C � {a = b : a,b ∈ T}
A � {{a1=b1, . . . ,an=bn} : ai ∈N ,bi ∈N }
.↔ � =

⊗ � ∪
1 � /0

� � {(Ψ,a = b) : a=b ∈ EQ(Ψ)}

where EQ(Ψ) is the equivalence closure of Ψ (i.e. transitive, symmetric and
reflexive closure). Thus terms are names, assertions are name fusions, and
the entailment relation deduces equality between names based on fusion as-
sertions treated as equivalence relations. In the discussion below we use the
shorthand a(x) .P for a(λx)x .P. We can represent the explicit fusion calcu-
lus input a .(〈b〉 | P) as a(x) .((|{b=x}|) | P) where x#a,b,P. This is reminis-
cent of Merro’s encoding of fusion into asynchronous pi-calculus, using equa-
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tors [51]. For example, the fusion calculus communications

a .(〈b〉 | c .(〈c〉 | P)) | a .(〈c〉 | b .(〈d〉 | Q))
τ−→F b=c | c .(〈c〉 | P) | b .(〈d〉 | Q)
τ−→F b=c | c=d | P | Q

are expressed as:

a(x) .
(
(|{b=x}|) | cc .P

) | ac .b(y) .
(
(|{d=y}|) | Q

)
τ−→ (

(|{b=x}|) | cc .P
)
[x :=c] | b(y) .

(
(|{d=y}|) | Q

)
= (|{b=c}|) | cc .P | b(y) .

(
(|{d=y}|) | Q

)
τ−→ (|{b=c}|) | P | ((|{d=y}|) | Q

)
[y :=c]

= (|{b=c}|) | P | (|{d=c}|) | Q

The concurrent constraint pi-calculus (CC-Pi calculus) [24], briefly intro-
duced in Section 2.4, can be seen as a (monadic) explicit fusion calculus with
ask and tell statements, parametrised by a constraint system in the form of
a named c-semiring. Such a constraint system contains names, name fusion
constraints and a name hiding operator ν , and supports general constraint
semirings, e.g. Herbrand constraints. The semantics is given by a structural
congruence and a reduction relation. In Section 2.4 we also presented the la-
belled operational semantics from [24], but it is in fact not compositional.
Consider the CC-Pi calculus agents

P = (νb,x)(x=b | ax .b .c) Q = (νb,x)(x=b | ax)

(where insignificant objects are omitted). They have the same constraint store
and the same transitions in all constraint contexts. However, they do not have
the same transitions in all process contexts: a parallel context R = ay.y tells
the difference:

P | R τ−→cc
τ−→cc (νb,x)(x = b | x = y | c) c−→cc

while Q | R of course has no such c transition. Thus Theorem 1 of [24] is
incorrect: open bisimilarity is not a congruence.
The labelled semantics of CC-Pi calculus has a curious asymmetry between

the rule for prefixes and the rule for communication: in the first case, the con-
straint store cannot affect the label induced by the prefix, while in the com-
munication case, the constraint store judges whether the subjects should be
considered the same, enabling the communication. The psi-calculi framework
has no such asymmetry: the assertions (corresponding to the store) allow the
subject to be rewritten in the prefix rules and the subjects in COM are com-
pared using the assertions (see Section 3.2.4 for a discussion). A possible fix
for the CC-Pi calculus would involve allowing the store to rewrite terms, thus
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also subjects in prefixes [22]. The agent P above could then do the following
transitions:

P a (νx)x−−−−→cc
x−→cc,

which cannot be simulated by Q, thus making P and Q not equivalent to begin
with. A psi-calculus corresponding to the CC-Pi calculus with semiring C
extends the psi-calculus for the explicit fusion calculus as follows:

T � C � A � C
.↔ � =

⊗ � The similarly notated operator ⊗ in CC-Pi

1 � 1

� � �

Thus terms, conditions and assertions are defined by the carrier of the
named c-semiring (which by definition includes names and name fusions); 1
is the unit element, ⊗�⊗, and entailment is the CC-Pi calculus partial order
�. We extend a monadic version of the explicit fusion calculus formulation
above by representing ask ϕ .P as if ϕ then P, and tell Ψ .P as (|Ψ|) | P. We
avoid recursion (it can be encoded using replication).
There are a couple of ways in which this psi-calculus differs from the CC-Pi

calculus, apart from the source of the non-compositionality mentioned above.
Most prominently, in the semantics of the CC-Pi calculus the fusions resulting
from communication are required to be consistent with the store (as defined by
the constraint system). In contrast psi-calculi semantics will allow transitions
that lead to an inconsistent store. In general both of these approaches have
been used in concurrent constraint systems. It appears not possible to integrate
a consistency check in a psi-calculus communication without changing our
COM-rule.
An example of how a CC-Pi calculus communication is represented in psi:

In the CC-Pi calculus:

P = Ψ | ab .Q | cd .R τ−→cc Ψ⊗b=d | Q | R
if Ψ � a=c and Ψ⊗b=d consistent

In psi:

P = (|Ψ|) | ab .Q | c(x) .((|x=d|) | R)
τ−→ (|Ψ|) | (|b=d|) | Q | R if Ψ � a=c

Psi-calculi go beyond most concurrent constraint systems in two ways.
Firstly, we allow arbitrary logics, even higher-order ones. Secondly, we
allow constraints and conditions to be data terms, which means an agent
can transmit and receive these. For example, assume that C is a constraint
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and that f is a function from assertions to assertions. Then in the agent

aC .P | a(z) .((|f(z)|) | Q)
τ−→ P | (|f(C)|) | Q the left hand agent sends a the

constraint C to the right, and f is applied to it. Similarly, if p is a unary

predicate, in the agent ap .P | a(z) . if z(x) then Q τ−→ P | if p(x) then Q the
left hand agent sends the predicate to the right, which applies it to x.
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5. Applications

In this chapter we will show a few applications of psi-calculi, some of which
have been described before in other formalisms, and some which are novel.
Section 5.1 illustrates two uses of structured terms as channels, and Sec-
tion 5.2 illustrates cryptographic primitives in psi-calculi.

5.1 Structured terms as channels

Calculi with channels that can carry complex data are common, but in most
cases the terms that represent channels are very simple, usually only a single
name. In Section 4.1 we saw a simple example of more complex terms as
channels: the pi-calculus with polyadic synchronisation. We here give two
additional examples where the channels have structure, and thus may contain
more than one name.

5.1.1 Frequency hopping spread spectrum

Wireless communication over a constant radio frequency has a number of
drawbacks. In a hostile environment a radio can be tuned in to the correct fre-
quency and monitor the communication, which is also vulnerable to jamming.
A solution to these problems is to jump quickly between different frequencies
in a scheme called frequency hopping spread spectrum (FHSS), first patented
in 1942 [50]. To eavesdrop it would then be necessary to match both the or-
der of the frequencies and the pace of switching. Jamming is also made more
difficult since the available power would have to be distributed over many
frequencies.
We will here show how this can be modelled in a psi-calculus. It is assumed

that the initiator of the communication and the receiver share an algorithm
used to calculate the next frequency. The procedure starts by the initiator
sending a communication request over some predetermined frequency. The
receiver then sends a seed back to the initiator and both use it to calculate the
sequence of frequencies to be used. Then the initiator synchronises over the
first calculated frequency to verify that it got the right sequence. The commu-
nication then proceeds and both parties change frequencies accordingly.
We will now look at the psi-calculus used to model this frequency hopping

algorithm. We let terms represent radio frequencies and use the unary function
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nextFreq(M) to represent the algorithm for calculating the next frequency,
given the previous frequency M. This psi-calculus has no assertions other than
unit.

T � N ∪{nextFreq(M) : M ∈ T}
C � {M = N : M,N ∈ T}
A � {1}
.↔ � =

⊗ � λΨ1,Ψ2. 1

1 � 1

� � {(1,M,M) : ∀M ∈ T}

Let X be an arbitrary agent that communicates with the environment via the
channels in and out, where in and out are names. This agent will be wrapped
in contexts that will let it do FHSS in a transparent way: from the agent’s point
of view it will only communicate over the local channels in and out. The agent
FHSS that implements frequency hopping looks like:

FHSS = ! fh(freq) .

⎛
⎜⎝

out(y) . freq〈y〉 . fh〈nextFreq(freq)〉
+

freq(y) . in〈y〉 . fh〈nextFreq(freq)〉

⎞
⎟⎠

Here fh and freq are names. This agent can be thought of as a function fh that
will take a frequency and then either wait for something to be received from
the local channel out to send over this frequency, or to receive something over
this frequency and forward it to the local channel in. It will then calculate the
next frequency and start over.
The behaviour when the agent X acts as initiator is modeled as a context I,

where the initiating sequence starts by sending a synchronisation name sync
over a predetermined control channel ctl, and then waits for a seed from that
channel. It then starts the frequency hopping algorithmwith the seed and sends
a synchronisation message over the first frequency, and behaves as X . It is
assumed that seed#X .

I[X ] = ctl〈sync〉 .ctl(seed) . fh〈seed〉 .out〈sync〉 .X | FHSS

The behaviour when the agent X acts as a receiver is modelled similarly
as R: the receiver listens to the control channel ctl and sends back a seed.
Then it starts the frequency hopping algorithm with this seed and waits for a
synchronisation message. The receiver then behaves as X . It is assumed that
x,seed,s#X .

R[X ] = ctl(s) .(νseed)ctl〈seed〉 . fh〈seed〉 . in(x) .X | FHSS
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The full system where X may behave as either a receiver or initiator is then
modelled as

FH[X ] = (ν fh, in,out)(I[X ]+R[X ])

where it is assumed that fh#X .
Let us look at a few transitions of the receiver. First the receiver gets a

request to do frequency hopping over the control channel:

FH[X ]
ctl sync−−−−→

(ν fh, in,out)
(
(νseed)ctl〈seed〉 . fh〈seed〉 . in(x) .X | FHSS

)
It then sends the seed to the initiator and starts the frequency hopping using
this seed:

ctl (νseed)〈seed〉−−−−−−−−−→ (ν fh, in,out)
(
fh〈seed〉 . in(x) .X | FHSS

)

τ−→ (ν fh, in,out)

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

in(x) .X

∣∣
⎛
⎜⎝

out(y) .seed〈y〉 . fh〈nextFreq(seed)〉
+

seed(y) . in〈y〉 . fh〈nextFreq(seed)〉

⎞
⎟⎠

∣∣ FHSS

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

At this point the initiator will send the sync message:

seed sync−−−−−→
(ν fh, in,out)

(
in(x) .X | in〈sync〉 . fh〈nextFreq(seed)〉 | FHSS

)
τ−→ (ν fh, in,out)

(
X | fh〈nextFreq(seed)〉 | FHSS

)
After another τ-transition the agent is ready to communicate over the next
frequency:

τ−→ (ν fh, in,out)⎛
⎜⎜⎜⎜⎜⎜⎜⎝

X

∣∣
⎛
⎜⎝

out(y) .nextFreq(seed)〈y〉 . fh〈nextFreqnextFreq(seed)〉
+

nextFreq(seed)(y) . in〈y〉 . fh〈nextFreq(nextFreq(seed))〉

⎞
⎟⎠

∣∣ FHSS

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

This example could easily be made more complex by adding relevant error
checking (e.g. the receiver could check that the synchronisation message is
correct), but even in this form it illustrates the use of structured channels.
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5.1.2 Local services

A common scenario is that different servers implement the same kind of func-
tionality known under some globally known name. HTTP servers are exam-
ples of this where the service provided is normally available on IP port 80.
Here the name of the service (port 80) is shared among the different servers.
The general problem is that there is a service known under a global name, but
available from servers with different names. This problem is treated in depth
in [26] where the authors invent a new calculus for this purpose. Here we show
how the same problem can be solved using an instance of psi-calculi.
The instance used is basically the same as for polyadic pi-calculus as pre-

sented in Section 4.1 augmented with terms of form a@b and the entailment
1 � a@b .↔ a@b, where a and b are names. This gives the possibility to scope
a part of a channel term, e.g (νb)(a@bc.P), as in [25].

T � {a@b : a,b ∈N }∪
{t2(M,N) : M,N ∈ T}∪N

C � {M .↔ N : M,N ∈ T}
A � {1}
⊗ � λΨ1,Ψ2. 1

1 � 1

1 � a .↔ a ∀a ∈N

1 � a@b .↔ a@b ∀a,b ∈N

The following example is adapted from [26]. Assume there are globally
known names finger and daytime which refer to resources located at some
server. Different servers have different local information, but this information
is accessed through the same globally known names. This can be modelled as

Server =

!server(t2(service,replyc)) .(νa)

⎛
⎜⎝

service@a〈replyc〉 .0
| Finger(a)
| Daytime(a)

⎞
⎟⎠

Finger(a) = finger@a(replyc) .replyc〈UserList〉 .0
Daytime(a) = daytime@a(replyc) .replyc〈Date〉 .0

where UserList and Date are some terms containing the requested informa-
tion. The exact nature of these terms is unimportant for this example.
The server listens to incoming requests on channel server and receives two

names. The first name is the requested service, and the second is the reply
channel. It will then do an internal communication with the particular service
daemon. There is no risk of interference since a locally scoped name is part
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of the service channel. The result of the request is then forwarded along the
reply channel.

Server server t2(finger,c)−−−−−−−−−→ Server | (νa)

⎛
⎜⎝

finger@a〈c〉 .0
| Finger(a)
| Daytime(a)

⎞
⎟⎠

τ−→ Server | (νa)
(

0 | c〈UserList〉 .0 | Daytime(a)
)

c〈UserList〉−−−−−−→ Server | (νa)
(

0 | 0 | Daytime(a)
)

Since any transitions from Daytime(a) are prevented by the restriction, the
final derivative will behave like Server.

5.2 Cryptography

In this section we give a sequence of examples from cryptography, culminat-
ing with a model of the Diffie-Hellman key agreement protocol. The expo-
sition is quite similar to the applied pi-calculus as presented in [2], and we
will use a psi-calculus that mimics this closely. The main point is that psi-
calculi can express these cryptographic examples in an equally concise way,
and within a leaner and more symmetric formalism.
The psi-calculus instance we use for the examples below can be seen as a

simplification of the one in Section 4.2. To construct this psi-calculus we as-
sume an inductively defined set of terms T using a signature Σ, and an equa-
tional theory �Σ which let us infer equations M = N where M and N are terms.
Exactly how this theory works is unimportant for this presentation. We let an
assertion in A be a finite set of equations between terms and names, and often
elide the set brackets in agents, e.g. writing (|M = x|) instead of (|{M = x}|).
In such an assertion we call x an alias of M. The conditions are just equa-
tions M = N and channel equivalences M .↔ N. Entailment is defined such
that Ψ �M = N and Ψ �M .↔ N both hold if M = N can be inferred from the
equations in Ψ using the equational theory �Σ. The unit 1 is /0 and composition
⊗ of assertions is union of sets.
We start by looking at how one-way hashing is modelled. The signature

contains the unary symbol hash(x) which has no equations. The only equa-
tion on hash that is true is hash(M) = hash(M), and this means that the hash
function is collision free. The following example shows one agent sending a
message M together with a hashing x of the message and a secret name s to
another agent. The second agent will only forward M if it is properly hashed.

(νs)((|hash(t2(s,M)) = x|) | a〈t2(M,x)〉 |
a(y) . if hash(t2(s,π1(y))) = π2(y) then b〈π1(y)〉)
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To model symmetric cryptography, the signature is extended as in Sec-
tion 4.2: we add the binary symbols enc(x,y) and dec(x,y) together with the
equation dec(enc(x,y),y) = x. The following agent sends a message M en-
crypted with the secret key k, without revealing the plaintext or key.

(νk,x)((|enc(M,k) = x|) | ax) a(νx)x−−−→ . . .

Asymmetric encryption is modelled by adding two new unary symbols
pk(s) and sk(s)which generate the public and secret keys from a common seed
value, and the equation dec(enc(x,pk(k)),sk(k)) = x. The following agent
sends the public key on channel a, receives a message along channel b, de-
crypts it with the secret key, and sends the decrypted message along channel
c:

(νs,x)((|pk(s) = x|) | ax | b(y).((|dec(y,sk(s)) = z|)) | cz)

Non-deterministic crypto is modelled by using a ternary version of the sym-
bol enc(x,y,z) where the third argument is some salt, together with the equa-
tion dec(enc(x,pk(k),z),sk(k)) = x. Consider the following agent:

a(x).
(
(νm,y)((|enc(M,x,m) = y|) | by) | (νn,z)((|enc(M,x,n) = z|)) | cz

)
An observer of this agent cannot tell whether y and z are encryptions of the
same message or not, because of the unique salt.
Digital signatures are modelled by adding the binary symbol sign(x,y),

the ternary symbol check(x,y,z), the constant symbol ok, and the equation
check(x,sign(x,sk(k)),pk(k)) = ok. The following agent sends a signed mes-
sage along a, then the parallel component receives it and checks the signature.
If the check returns ok it is then forwarded.

(νs,z)((|pk(s) = y|) | (|sign(M,sk(s)) = z|) | at2(M,z))
| a(x).if check(π1(x),π2(x),y) = ok then bπ1(x)

5.2.1 Diffie-Hellman key agreement

The Diffie-Hellman protocol [30] is used to establish a shared secret between
two principals who do not necessarily share any secrets beforehand. This is
done by exchanging messages over a public channel.
We let Σ include f(x,y) and g(x), and the equation system includes

f(x,g(y)) = f(y,g(x)), but no other equations on f and g. The first principal P
creates a secret nP and sends an alias xP of g(nP) to the other principal Q, and
Q does likewise. Then P can create the term f(nP,xQ) and Q can create the
term f(nQ,xP). Using the equations above these two terms are equivalent and
the shared secret has been established. Concretely f and g are functions in a
multiplicative group modulo a large prime, but here we ignore the number
theory.
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Let PkP and QkQ be two agents that will share a secret key and will use the
names kP and kQ, respectively, to refer to it. The Diffie-Hellman key agree-
ment is modelled as two symmetric contexts DH01(k)[·] and DH10(k)[·] in
which the agents are placed, where k denotes the key that will be negotiated.
The context DH01(k)[X ] is defined as

DH01(k)[X ] = (νn,x,a01,a10)((|g(n)= x|) | a01x | a10(z).(νk)((|f(n,z)= k|) |X))

where n,x,a01,a10#X and k occurs in X as a a name that refers to a key. Since k
is bound by the context it is subject to α-conversion. The context DH10(k)[X ]
is defined in the same way but with a10 and a01 swapped.
The agents P and Q agree on the secret by placing them in the contexts:

DH01(kP)[P] and DH10(kQ)[Q], where kP and kQ refer to the keys of P and Q,
respectively. The key agreement will then do two internal transitions:

DH01(kP)[P] | DH10(kQ)[Q]
τ−→ τ−→ (νxP,xQ)(P′ | Q′)

where

P′ = (νnP,a01,a10)((|g(nP) = xP|) | (νkP)((|f(nP,xQ) = kP|) | PkP))

Q′ = (νnQ,a01,a10)((|g(nQ) = xQ|) | (νkQ)((|f(nQ,xP) = kQ|) | QkQ))

The x and n from the context have been alpha-converted to the variants with
subscripts to avoid clashes.
Since the agents are communicating over a public channel the messages

may be intercepted by a passive attacker which then forwards them unmodi-
fied. In presence of such an attacker the agents evolve to P′ |Q′ where the lack
of binders for xP and xQ represent that the hostile environment now has access
to these values. We will return to this example in Section 6.1.4 when the first
equivalence has been presented.
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6. Behavioural equivalences

In modular construction it must be possible to replace one component for an
equivalent one while not changing the behaviour of the system as a whole.
For this purpose the notion of bisimulation exists. It was originally developed
by D. M. Park in 1981 [60] and used by Milner for concurrent systems [53].
Intuitively bisimulation means that two processes can indefinitely mimic the
transitions of each other.
In this chapter notions of bisimulation between psi-calculi agents are in-

troduced and investigated: strong bisimulation, weak bisimulation where the
internal τ-actions are abstracted, and barbed bisimulation, a general and natu-
ral equivalence. First strong bisimulation for the pi-calculus is presented and
used as a point of reference.

6.1 Bisimulation

The following is a notion of equivalence for the pi-calculus, and it is the one
presented in Section 2.1:

Definition 6.1 (Bisimulation in the pi-calculus). A bisimulation R is a binary
relation between agents such that R(P,Q) implies all of

1. Symmetry: R(Q,P)

2. Simulation: for all α,P′ such that bn(α)#Q there exists a Q′ such that

P α−→π P′ =⇒ Q α−→π Q′ ∧R(P′,Q′)

We define P .∼π Q to mean that there exists a bisimulation R such that
R(P,Q).

The definition means that P and Q can indefinitely mimic the transitions of
each other.
In psi-calculi a way to relate the frames of P and Q is necessary. Equiva-

lence of frames is defined similarly to how we define equivalence of assertions
in Section 3.2.1:

Definition 6.2 (Equivalence of frames). We define F 	 G to mean that for all
ϕ it holds that F � ϕ iff G � ϕ .
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Frame equivalence is aptly named:

Lemma 6.3 (Frame equivalence is an equivalence). The relation 	 is reflex-
ive, symmetric, and transitive.

Proof. This follows easily from the definitions.

Most of the properties of assertions carry over to frames. Channel symmetry
and channel transitivity, identity, associativity and commutativity all hold, but
compositionality in general does not. In other words, there are psi-instances
with frames F,G,H where F 	G but not F⊗H 	G⊗H. An example is if there
are assertions Ψ, Ψ′ and Ψa for all names a, conditions ϕ ′ and ϕa for all names
a, and where the entailment relation satisfies Ψa � ϕa and Ψ′ � ϕ ′. Suppose
composition is defined such that Ψ⊗Ψ = Ψ and all other compositions yield
Ψ′. By adding a unit element this satisfies all requirements on a psi-calculus.
In particular ⊗ is trivially compositional because no two different assertions
are equivalent. Also (νa)Ψa 	 Ψ, but Ψ⊗(νa)Ψa �	 Ψ⊗Ψ since Ψ⊗Ψa =
Ψ′ � ϕ ′.
With this notion of equivalence between frames we also have a notion of

“static” equivalence between agents: if their frames are equivalent, then the
agents are statically equivalent, meaning they are equivalent without taking the
dynamic behaviour of the agents into account. By extending Definition 6.1 by
requiring the agents to be statically equivalent we get a notion of bisimulation
for psi-calculi:

Definition 6.4 (Context bisimulation). A context bisimulation R is a binary
relation on agents such that R(P,Q) implies all of

1. Static equivalence: F (P)	F (Q)

2. Symmetry: R(Q,P)

3. Extension of contextual assertion: ∀Ψ. R((|Ψ|) | P, (|Ψ|) | Q)

4. Simulation: for all α,P′ such that bn(α)#Q there exists a Q′ such that

P α−→ P′ =⇒ Q α−→ Q′ ∧ R(P′,Q′)

We define P .∼
ctx

Q to mean that there exists a context bisimulation R such that

R(P,Q).

Clause 3 means that the agents are related in changing environments. To see
why a definition without Clause 3 is not sufficient, consider an instance where
1 � ϕ and Ψ � ϕ , for some assertion Ψ and some non-trivial condition ϕ , and
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where there is a condition � used to define +, as in Section 3.1. Let β be a
prefix, and consider

P = β .β .0+β .0+β . if ϕ then β .0
Q = β .β .0+β .0

P can non-deterministically choose between three branches and Q between the
two first of them. Without Clause 3, P and Q are bisimilar. If P performs an
action corresponding to its third case, reaching the agent P′ = if ϕ then β .0,
then Q can simulate this since Q′ = 0 is equivalent to P′ (because 1 � ϕ).
Now consider the agent R = γ .(|Ψ|), where γ is some prefix different from

β . The transition P | R β−→ P′ | R cannot be simulated by Q | R, since P′ | R
can only do an action γ followed by an action β , whereas β .0 | R can do β
immediately, and 0 | R can do no β at all. This demonstrates that Clause 3 is
necessary. In fact, any reasonable equivalence that makes P and Q bisimilar
will not be preserved by parallel.
For another example illustrating Definition 6.4, consider

R = if ϕ then β . if ϕ then β .0 S = if ϕ then β .β .0

In R the condition ϕ is checked twice. In general R and S are not equiva-
lent. To see this, let Ψ and Ψ′ be such that Ψ � ϕ and Ψ⊗Ψ′ �� ϕ . We then

have that (|Ψ|) | R β−→ (|Ψ|) | if ϕ then β .0 and it cannot be simulated by

(|Ψ|) | S β−→ (|Ψ|) | β .0 because of the recurring clause of extension of con-
textual assertion: (|Ψ′|) | (|Ψ|) | if ϕ then β .0 has no transition. However, if the
entailment relation satisfies weakening, i.e. Ψ � ϕ ⇒ Ψ⊗Ψ′ � ϕ , we get the
intuitive result that R and S are bisimilar. Weakening is a quite natural require-
ment, intuitively it says that no assertion can “undo" any entailments. This
also demonstrates why we rejected the smaller and simpler definition of

.∼
ctx

as

the largest relation satisfying

∀Ψ.Ψ � P β−→ P′ =⇒Ψ � Q β−→ Q′ ∧ P′ .∼
ctx

Q′

The difference is that here bisimulation recurringly requires to hold for all
assertions, not only for those that are extensions of the ones passed so far.
This would have the unintuitive effect of making R and S in the example above
non-bisimilar, even if weakening holds.
Definition 6.4 turns out to be an equivalence that has the desired proper-

ties: it is closed under all operators, except input, and structural laws such as
(P | Q) | R .∼

ctx
P | (Q | R) hold.

Definition 6.4 relies on an operator in the calculus (parallel) which makes
the definition easier to read. Most of the proofs in this thesis are easier to
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conduct with a another definition of bisimulation which does not depend on
the syntax of psi-calculi. It is basically a refactorisation of Definition 6.4:

Definition 6.5 (Bisimulation). A bisimulation R is a ternary relation between
assertions and pairs of agents such that R(Ψ,P,Q) implies all of

1. Static equivalence: Ψ⊗F (P)	Ψ⊗F (Q)

2. Symmetry: R(Ψ,Q,P)

3. Extension of arbitrary assertion: ∀Ψ′. R(Ψ⊗Ψ′,P,Q)

4. Simulation: for all α,P′ such that bn(α)#Ψ,Q there exists a Q′ such
that

Ψ � P α−→ P′ =⇒Ψ � Q α−→ Q′ ∧R(Ψ,P′,Q′)

We define Ψ � P .∼ Q to mean that there exists a bisimulation R such that
R(Ψ,P,Q), and write P .∼ Q for 1 � P .∼ Q.

We sometimes write P .∼Ψ Q for Ψ � P .∼ Q when it is more convenient.
In Section 6.1.1 we see that bisimulation and context bisimulation coincide
(Theorem 6.23). Which variant of bisimulation is more convenient depends
on the problem at hand. All proofs for the results in Section 6.1.1 have been
conducted with Definition 6.5, but in Section 6.3 a weak version of context
bisimulation is used as it is easier when establishing the relation to weak
barbed bisimulation (see Theorem 6.62).
Before we turn to the algebraic properties of bisimulation we show that

bisimulation for the pi-calculus and bisimulation for the instance Pi coincide:

Lemma 6.6 (pi-calculus bisimulation, Definition 2.3, and Pi bisimulation,
Definition 6.5, coincide).

P .∼π Q⇔ [[P]]Pi
.∼ [[Q]]Pi

Proof. (⇒) Static equivalence and extension of arbitrary assertions hold triv-
ially since the only assertion is 1. Symmetry follows directly, and sim-
ulation follows from Lemma 3.17.

(⇐) Symmetry follows directly, and simulation follows from Lemma 3.17.

6.1.1 Algebraic properties

In this section we establish some properties of bisimulation, such that bisimu-
lation being an equivalence and preserved by the operators, and that the usual

84



structural laws hold. In addition to the pen and paper proofs outlined in this
and the next section, all results in this section have been verified in the inter-
active theorem prover Isabelle [10, 7].
First we show that bisimulation is an equivalence. That is, it holds that

Ψ � P .∼ P, Ψ � P .∼ Q implies Ψ � Q .∼ P, and if Ψ � P .∼ Q and
Ψ � Q .∼ R then Ψ � P .∼ R.

Theorem 6.7 (Bisimulation is an equivalence). The relation .∼ is reflexive,
symmetric, and transitive.

Proof. Reflexivity and symmetry are trivial. For transitivity we let R =
{(Ψ,P,R) : Ψ � P .∼ Q and Ψ � Q .∼ R} and show that it is a bisimula-
tion. Static equivalence follows since 	 is transitive, and symmetry follows
from Ψ � R .∼ Q and Ψ � Q .∼ P. Extension of arbitrary assertion follows
from ∀Ψ′.Ψ⊗Ψ′ � P .∼ Q and Ψ⊗Ψ′ � Q .∼ R.
For simulation we have the following: If Ψ � P α−→ P′ then from Ψ � P .∼

Q also Ψ � Q α−→ Q′ and Ψ � P′ .∼ Q′ From Ψ � Q .∼ R we get that

Ψ � R α−→ R′ and Ψ � Q′ .∼ R′. In other words, if Ψ � P α−→ P′ then
Ψ � R α−→ R′ and R(Ψ,P′,R′).

Another property is that bisimulation is an equivariant relation:

Lemma 6.8 (Bisimulation is equivariant). Let p be a permutation. Then

Ψ � P .∼ Q =⇒ p ·Ψ � p ·P .∼ p ·Q.

The proof of this lemma is given in [7].
Other properties are that bisimilarity is preserved by the operators in the

expected way, and also satisfies the structural algebraic laws.

Theorem 6.9. For all Ψ:

1. Ψ � P .∼ Q ⇒ Ψ � P | R .∼ Q | R.
2. Ψ � P .∼ Q ⇒ Ψ � (νa)P .∼ (νa)Q if a#Ψ.

3. Ψ � P .∼ Q ⇒ Ψ � !P .∼!Q.

4. ∀i.Ψ � Pi
.∼ Qi ⇒ Ψ � case ϕ̃ : P̃ .∼ case ϕ̃ : Q̃.

5. Ψ � P .∼ Q ⇒ Ψ � MN .P .∼MN .Q.

6. (∀L̃. Ψ � P[x̃ := L̃] .∼ Q[x̃ := L̃]) ⇒
Ψ � M(λ x̃)N .P .∼M(λ x̃)N .Q if x̃#Ψ
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Proof. The most awkward part of the proof is for (1); the intricate correspon-
dences between parallel processes and their assertions are hard to get com-
pletely right. We give an outline of the proof, and in detail cover the simulation
case where the parallel processes communicate with each other. The proof is
quite lengthy and is concluded on page 91. For a fuller account of the proof,
see Section 6.1.2.
We pick the candidate relation R = {(Ψ,(ν ã)(P | R),(ν ã)(Q | R)) :

Ψ⊗ΨR � P .∼ Q} where ã#Ψ, and prove that R is a bisimulation. More-

over we assume that b̃P#b̃Q,Q, b̃R,R,Ψ, and b̃R#P,Q,Ψ, or, in other words,
that bound names are distinct from all free names and other bound names.
Formally the proof is conducted by an induction on the length of ã. The in-
duction steps are straightforward, so we focus on the base case. The agent
P | R can operate either by P or R doing individual actions, or by P and R
communicating, where we cover the latter case, as it is the most involved.
In this case we have, by the COM rule, that P does an input transition

(Ψ⊗ΨR � P M N−−→ P′), R does an output transition (Ψ⊗ΨP � R K (ν ã)N−−−−→ R′),
and that the subjects of the transitions are channel equivalent (Ψ⊗ΨP⊗ΨR �
M .↔K). The resulting communication between P and R is thus Ψ � P |R τ−→
(ν ã)(P′ | R′).
To complete this step of the proof we need to find a Q′ such that Ψ �

Q | R τ−→ (ν ã)(Q′ | R′), and (Ψ, (ν ã)(P′ | R′), (ν ã)(Q′ | R′)) ∈R.
The presence of assertions in the transitions complicates the proof. We

know that Ψ � P .∼Q, and hence by Definition 6.5 (3) that Ψ⊗ΨR � P .∼Q.

Since Ψ⊗ΨR � P M N−−→ P′, we obtain a Q′ such that Ψ⊗ΨR � Q M N−−→ Q′
and Ψ⊗ΨR � P′ .∼ Q′. However, this transition cannot communicate with

Ψ⊗ΨP � R K (ν ã)N−−−−→ R′, since that transition is derived by the assertion
Ψ⊗ΨP, and not Ψ⊗ΨQ. Moreover, M and K are channel equivalent by the
assertion Ψ⊗ΨP⊗ΨR, and not Ψ⊗ΨQ⊗ΨR, which would be needed to derive
the desired communication. In order to complete the proof, we need a lemma
which switches the occurrences of ΨP to ΨQ in the transition of R, as well as
in the channel equality.
Once a communication has been derived, we must prove that the corre-

sponding derivatives (ν ã)(P′ | R′), and (ν ã)(Q′ | R′) are in the candidate rela-
tion R. From the definition of R we get that this holds if Ψ⊗ΨR′ � P′ .∼Q′,
but we only know that Ψ⊗ΨR � P′ .∼ Q′. In order to complete the proof, P′
and Q′ must be bisimilar in the assertion Ψ⊗ΨR′ , and not only in Ψ⊗ΨR.
We provide lemmas which will address both of these obstacles in turn, af-

ter which this proof will be concluded. Lemma 6.12 simultaneously changes
the assertion deriving the transition for R, and the channel equality, and Lem-
mas 6.13 and 6.14 ensure that the derivatives of the communicating agents are
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in the candidate relation R. Lemmas 6.10 and 6.11 are two generally applica-
ble lemmas used to prove Lemma 6.12.

We define subj(M (ν ã)N) = M and similarly for input actions, and in all

lemmas we tacitly assume F (P) = (ν b̃P)ΨP, where b̃P#P, for any agent P.
The first lemma shows that given a finite set of names B that are fresh for

P we can find a term M channel equivalent to the subject of an action from P
whose names are fresh for B.

Lemma 6.10 (Find equivalent term).

B⊆N ∧B finite ∧B#P

∧ Ψ � P α−→ P′ where α �= τ
∧ b̃P#Ψ,P,subj(α),B

=⇒ ∃M . B#M
∧Ψ⊗ΨP �M .↔ subj(α)

Proof. A straightforward induction on the length of the derivation of the tran-
sition. In the base case we choose M as the prefix in the agent. See Sec-
tion 6.1.2 for details.

The next lemma shows that given a transition we can find another transition
whose subject is channel equivalent to the subject of the original transition
and that leads to the same derivative as the original transition.

Lemma 6.11 (Rewrite subject).

Ψ � P M (ν ã)N−−−−−→ P′

∧ ΨP⊗Ψ � K .↔M
∧ b̃P#Ψ,P,K,M

=⇒ Ψ � P K (ν ã)N−−−−→ P′

The symmetric lemma where P does an input also holds.

Proof. A straightforward induction on the length of the derivation of the tran-
sition. See Section 6.1.2 for details.
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We now prove the lemma which allows us to simultaneously switch the
assertions deriving a transition, as well as channel equality in a communica-
tion. This lemma looks a bit intimidating and the proof details can safely be
skipped at a first reading. It says that if P and Q are bisimilar and P can com-
municate with R via the channel K, then there exists a channel K′ such that Q
can communicate with R via K′.

Lemma 6.12 (Switching).

ΨR⊗Ψ � P .∼ Q

∧ ΨR⊗Ψ � P M N−−→ P′

∧ ΨP⊗Ψ � R K (ν ã)N−−−−→ R′

∧ Ψ⊗ΨP⊗ΨR � K .↔M
∧ b̃R#b̃P, b̃Q,Ψ,P,Q,R,K
∧ b̃Q#Ψ,R,P,Q,M
∧ b̃P#R,M,Ψ

=⇒ ∃K′.ΨQ⊗Ψ � R K′ (ν ã)N−−−−−→ R′

∧ Ψ⊗ΨQ⊗ΨR � K′ .↔M
∧ b̃R#K′

The symmetric lemma where R does an input also holds.

Proof. By induction on the length of the derivation of the transition from R.
We only look at one base case and one induction step here. The other cases
are similar.

OUT In this case R = KsN.R′ for some term Ks, and the transition is derived
like this:

OUT
ΨP⊗Ψ � Ks

.↔ K

ΨP⊗Ψ � KsN.R′ KN−−→ R′

Since b̃P#Ψ,R we get that F (P)⊗Ψ � Ks
.↔ Ks. This in turn gives us

that F (Q)⊗Ψ � Ks
.↔ Ks, which means that ΨQ⊗Ψ � Ks

.↔ Ks. We
then establish the first conjunct by:

OUT
ΨQ⊗Ψ � Ks

.↔ Ks

ΨQ⊗Ψ � KsN.R′ KsN−−→ R′
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For the second conjunct, we have that Ψ⊗ΨP �Ks
.↔K (commutativity

of ⊗) and that Ψ⊗ΨP⊗1 � K .↔M (since in this case ΨR is 1). Identity
and transitivity then gives us that Ψ⊗ΨP � Ks

.↔M. Since b̃P#R,M we
have that Ψ⊗F (P) � Ks

.↔ M and since P and Q are bisimilar we also
have that Ψ⊗F (Q) � Ks

.↔ M. We finally get Ψ⊗ΨQ � Ks
.↔ M. The

third conjunct is trivial since b̃R is empty.

SCOPE In this case R = (νb)R′ for some name b and the transition is derived
like this:

SCOPE
ΨP⊗Ψ � R′ K (ν ã)N−−−−→ R′′

ΨP⊗Ψ � (νb)R′ K (ν ã)N−−−−→ (νb)R′′
b#K (ν ã)N,Ψ

Let b#b̃P, b̃Q,P,Q. Note that by definition we have that

Ψ(νb)R′ = ΨR′ . We also have that b̃(νb)R′#b̃P, b̃Q,Ψ,P,Q,(νb)R′,K =⇒
b̃R′#b̃P, b̃Q,Ψ,P,Q,R′,K and that b̃(νb)R′#b̃P, b̃Q ∧ b̃P, b̃Q#(νb)R′ ∧
b#b̃P, b̃Q =⇒ b̃P, b̃Q#R′. From the induction hypothesis we then get that

ΨQ⊗Ψ � R′ K′ (ν ã)N−−−−−→ R′′, ΨQ⊗Ψ⊗ΨR′ �M .↔ K′, and that b̃R′#K′.
From the fact that P and Q are bisimilar we get that Ψ(νb)R′⊗Ψ �
Q M N−−→ Q′. Let B= {b}∪ b̃R′ . By Lemma 6.10 we learn that there exists
a term K′′ such that Ψ(νb)R′⊗Ψ⊗ΨQ � K′′ .↔ M, fulfilling the second

obligation, and that B#K′′. This gives us that b̃R′ ,b#K′′. By transitiv-
ity we then get that Ψ⊗Ψ(νb)R′⊗ΨQ � K′ .↔ K′′. We now use Lemma

6.11 to get that ΨQ⊗Ψ � R′ K′′ (ν ã)N−−−−−→ R′′. Finally we do the following
derivation:

SCOPE
ΨQ⊗Ψ � R′ K′′ (ν ã)N−−−−−→ R′′

ΨQ⊗Ψ � (νb)R′ K′′ (ν ã)N−−−−−→ (νb)R′′
b#K′′ (ν ã)N,Ψ

That b̃(νb)R′#K′′ follows from B#K′′.

See Section 6.1.2 for further details.
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The following lemma proves that when an agent performs a transition, its
frame is extended with a new assertion (Ψ′ below):

Lemma 6.13. If Ψ � R M N−−→ R′ and b̃R#R,N,C where C is a set of names,
then ∃Ψ′, b̃R′ ,ΨR′ such that F (R′) = (ν b̃R′)ΨR′ ∧ ΨR⊗Ψ′ 	ΨR′ ∧ b̃R′#C,R′.

Proof. A straightforward induction on the length of the derivation of the tran-
sition.

Finally, we need a lemma which allows us to switch the environment for a
bisimulation for an equivalent one.

Lemma 6.14 (Change assertion in bisimulation). If Ψ � P .∼ Q and Ψ	Ψ′
then Ψ′ � P .∼ Q

Proof. The candidate relation for the bisimulation is R = {(Ψ′, P, Q) : Ψ �
P .∼ Q∧Ψ	Ψ′}. The four clauses of the bisimulation are proven separately.

Static equivalence: Follows from the fact that⊗ is compositional, where the
bound names of the frames of P and Q are alpha-converted not to clash
with Ψ′.

Symmetry: R is trivially symmetric, since
.∼ and 	 are symmetric.

Extension of arbitrary assertion: Follows from the fact that ⊗ is composi-
tional.

Simulation: From the definition of
.∼ and the transition Ψ � P α−→ P′, we

obtain a Q′. s.t. Ψ � Q α−→ Q′ and Ψ � P′ .∼ Q′. By induction on
the derivation of this transition, and the fact that Ψ 	 Ψ′, we get that

Ψ′ � Q α−→ Q′. Moreover, since Ψ � P′ .∼ Q′ and Ψ 	 Ψ′ we have
that (Ψ′, P′, Q′) ∈R.

With these lemmas in place we complete the proof of Theorem 6.9(1) com-
menced on page 86.

Proof. The case we are proving is when P | R performs a communication.
We must find a corresponding transition from Q | R such that the derivatives
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remain in the candidate relation R. The agents P and Q can communicate
using the following derivation.

COM

ΨR⊗Ψ � P M (ν ã)N−−−−−→ P′

ΨP⊗Ψ � R K N−−→ R′ Ψ⊗ΨP⊗ΨR �M .↔ K

Ψ � P | R τ−→ (ν ã)(P′ | R′)
ã#R

Our goal is to replace P with Q in the premises so that we can derive the

simulating transition. Let F (Q) = (ν b̃Q)ΨQ be such that b̃Q#P, b̃R,R,Ψ,M.

We use Lemma 6.12, to obtain ΨQ⊗Ψ � R K′ N−−→ R′ and Ψ⊗ΨQ⊗ΨR �
M .↔ K′. Since P and Q are bisimilar we have that Ψ⊗ΨR � Q M (ν ã)N−−−−−→ Q′.
We then derive the following:

COM

ΨR⊗Ψ � Q M (ν ã)N−−−−−→ Q′

ΨQ⊗Ψ � R K′ N−−→ R′ Ψ⊗ΨQ⊗ΨR �M .↔ K′

Ψ � Q | R τ−→ (ν ã)(Q′ | R′)
ã#R

We know that Ψ⊗ΨR � P′ .∼Q′ and by clause 3 in the definition of bisimula-
tion (extension of arbitrary assertion) that Ψ⊗ΨR⊗Ψ′ � P′ .∼ Q′ for any Ψ′.
By Lemma 6.13 we know that there exists a Ψ′′ such that ΨR⊗Ψ′′ 	ΨR′ , so in
particular, using Lemma 6.14, we have that Ψ⊗ΨR′ � P′ .∼ Q′ We then con-
clude that (Ψ,(ν ã)(P′ | R′),(ν ã)(Q′ | R′)) ∈R. See Section 6.1.2 for further
details.

The usual structural laws hold for bisimulation:

Theorem 6.15 (Structural laws).

P .∼Ψ P | 0
P | (Q | R) .∼Ψ (P | Q) | R

P | Q .∼Ψ Q | P
(νa)0 .∼Ψ 0

P | (νa)Q .∼Ψ (νa)(P | Q) if a#P
MN .(νa)P .∼Ψ (νa)MN .P if a#M,N

M(λ x̃)N .(νa)P .∼Ψ (νa)M(λ x̃)N .P if a#x̃,M,N

case ϕ̃ : (̃νa)P .∼Ψ (νa)case ϕ̃ : P̃ if a#ϕ̃
(νa)(νb)P .∼Ψ (νb)(νa)P

!P .∼Ψ P | !P
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The most difficult rule to prove is P | (νa)Q .∼Ψ (νa)(P | Q)if a#P, and a
proof is outlined in Section 6.1.2. By closing bisimulation under all substitu-
tions we obtain a congruence:

Definition 6.16. Ψ � P ∼ Q (sometimes written P ∼Ψ Q) means that for all
substitutions σ it holds Ψ � Pσ .∼ Qσ , and we write P∼ Q for 1 � P∼ Q.

Theorem 6.17. ∼Ψ is a congruence for all Ψ.

Proof. We only show that ∼Ψ is closed under input, since that is the most
difficult case.
We know that Ψ � Pσ .∼ Qσ for all σ . We must show that Ψ �

(M(λ x̃)N .P)σ ′ .∼ (M(λ x̃)N .Q)σ ′ for all σ ′. By Definition 3.13 (substitution
on agents), α-converting as necessary to avoid capture, we get that we must
show that Ψ � Mσ ′(λ x̃)Nσ ′ .Pσ ′ .∼ Mσ ′(λ x̃)Nσ ′ .Qσ ′. Since Ψ � Pσ .∼
Qσ for all σ , we have in particular that Ψ � Pσ ′[x̃ := L̃] .∼ Qσ ′[x̃ :=

L̃] for all L̃. By Theorem 6.9(6) we get that Ψ � Mσ ′(λ x̃)Nσ ′ .Pσ ′ .∼
Mσ ′(λ x̃)Nσ ′ .Qσ ′.

The structural laws of Theorem 6.15 hold also for ∼.
Section 6.1.2 gives more proof details for the properties in this section.
We now proceed to show that bisimulation and context bisimulation coin-

cide. The proof is based on a couple of lemmas:

Lemma 6.18.

1. If Ψ � P α−→ P′ then (|Ψ|) | P α−→ (|Ψ|) | P′, and

2. if (|Ψ|) | P α−→ T then there exists P′ such that T = (|Ψ|) | P′ and Ψ �
P α−→ P′.

Proof. Case 1 follows from F ((|Ψ|)) = Ψ and the PAR-rule. In case 2 the
transition must have been derived by rule PAR, and the desired transition is
given in the hypothesis of that rule.

Lemma 6.19. (|1|) | P .∼ P
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Proof. Similar to the proof of P .∼Ψ P | 0.

Lemma 6.20. P .∼ P′ ∧ P′ .∼
ctx

Q′ ∧ Q′ .∼ Q =⇒ P .∼
ctx

Q

Proof. Let R = {(P,Q) : P .∼ P′ ∧ P′ .∼
ctx

Q′ ∧ Q′ .∼Q}. We show that

R is a context bisimulation. The proof follows the same pattern as the proof
of Theorem 6.7, the transitivity case, but needs extra lemmas that deal with
the unit assertion.

Lemma 6.21. The relation R = {(Ψ,P,Q) : (|Ψ|) | P .∼
ctx

(|Ψ | Q|)} is a bisimu-
lation.

Proof. We must check the four conditions in Definition 6.5.

Static equivalence: That Ψ⊗F (P)	Ψ⊗F (Q) follows fromF ((|Ψ|) |P)	
F ((|Ψ|) | Q).

Symmetry: That R(Ψ,Q,P) follows from (|Ψ|) | Q .∼
ctx

(|Ψ|) | P.

Extension of arbitrary assertion: That ∀Ψ′.R(Ψ⊗Ψ′,P,Q) follows from
∀Ψ′.(|Ψ′|) | (|Ψ|) | P .∼

ctx
(|Ψ′|) | (|Ψ|) | Q, associativity and commutativ-

ity of | , and that (|Ψ|) | (|Ψ′|) .∼
ctx

(|Ψ⊗Ψ′|), which follows directly from

definitions.

Simulation: Assume that Ψ � P α−→ P′. By Lemma 6.18 (1) we get that

(|Ψ|) |P α−→ (|Ψ|) |P′, and by (|Ψ|) |P .∼
ctx

(|Ψ|) |Q we get that (|Ψ|) |Q α−→
T with (|Ψ|) | P′ .∼

ctx
T . By Lemma 6.18 (2) it follows that there exists Q′

such that T = (|Ψ|) | Q′ and Ψ � Q α−→ Q′. By the construction of R
we then have that R(Ψ,P′,Q′) as required.

Lemma 6.22. The relation R = {((|Ψ|) |P,(|Ψ|) |Q) :Ψ � P .∼Q} is a context
bisimulation.
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Proof. We must check the four conditions in Definition 6.4.

Static equivalence: That F ((|Ψ|) | P) 	 F ((|Ψ|) | Q) follows from
Ψ⊗F (P)	Ψ⊗F (Q).

Symmetry: That R((|Ψ|) | Q,(|Ψ|) | P) follows from Ψ � Q .∼ P.

Extension of arbitrary assertion: That ∀Ψ′.R((|Ψ′|) | (|Ψ|) |P,(|Ψ′|) | (|Ψ|) |Q)
follows from ∀Ψ′.Ψ⊗Ψ′ � P .∼ Q, associativity and commutativity
of | , and that (|Ψ|) | (|Ψ′|) .∼

ctx
(|Ψ⊗Ψ′|), which follows directly from

definitions.

Simulation: Assume that (|Ψ|) | P α−→ T . By Lemma 6.18 (2) we get that

there exists P′ such that T = (|Ψ|) | P′ and that Ψ � P α−→ P′. By
Ψ � P .∼ Q we get that Ψ � Q α−→ Q′ and that Ψ � P′ .∼ Q′. By
Lemma 6.18 (1) we get that (|Ψ|) |Q α−→ (|Ψ|) |Q′. By the construction
of R we also have that R((|Ψ|) | P′,(|Ψ|) | Q′).

Theorem 6.23 (Bisimulation and context bisimulation coincide). .∼=
.∼
ctx

Proof. (⇒): Suppose P .∼ Q. This means that 1 � P .∼ Q. By Lemma 6.22
we learn that (|1|) | P .∼

ctx
(|1|) | Q. By Lemma 6.19 we get that (|1|) | P .∼ P and

that (|1|) | Q .∼ Q. Then by Lemma 6.20 it follows that P .∼
ctx

Q.

(⇐): Suppose P .∼
ctx

Q. By Lemmas 6.19 and 6.20 we get that (|1|) | P .∼
ctx

(|1|) | Q. Then by Lemma 6.21 we get that P .∼ Q.

6.1.2 Proofs for Section 6.1.1

In this section proofs for Lemmas 6.10, 6.11, and 6.12, and Theorems 6.9(1)
and (2) from Section 6.1.1 are given, together with a number of supporting
lemmas. In addition one case of Theorem 6.15 is shown.
First we define bisimulation “up-to” which is used in some proofs:

Definition 6.24. A relation R is a bisimulation up-to .∼Ψ if P R Q implies
Clauses 1-3 of Definition 6.5 and Clause 4 replaced by:
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for all α,P′ such that bn(α)#Ψ,Q there exists a Q′ such that if Ψ � P α−→ P′

then Ψ � Q α−→ Q′ and P′ .∼Ψ ·R· .∼Ψ Q′.

Lemma 6.25. If R is a bisimulation up-to .∼Ψ and P R Q then P .∼ψ Q.

The proof of this lemma is found in [7].
We first give the full proof of Lemma 6.10 from Section 6.1.1. The lemma

says that given a finite set of names B that are fresh for P we can find a term M
channel equivalent to the subject of an action from P whose names are fresh
for B.

Lemma (Find equivalent term). (Lemma 6.10)

B⊆N ∧B finite ∧B#P

∧ Ψ � P α−→ P′ where α �= τ
∧ b̃P#Ψ,P,subj(α),B

=⇒ ∃M . B#M
∧Ψ⊗ΨP �M .↔ subj(α)

Proof. The proof is by induction on the length of the derivation of P’s transi-
tion.

IN The transition is derived like

IN
Ψ �M .↔ K

Ψ � M(λ x̃)N .P K N[x̃:=L̃]−−−−−→ P[x̃ := L̃]

Since B#M(λ x̃)N .P the first proof obligation is fulfilled. In this case
F (P) = 1, and we know that Ψ �M .↔ K, so also that Ψ⊗1 �M .↔ K,
fulfilling the last proof obligation.

OUT This case is very similar to case IN.

CASE Here F (case ϕ̃ : R̃) = 1. The transition is derived like

CASE
Ψ � Pi

α−→ P′ Ψ � ϕi

Ψ � case ϕ̃ : P̃ α−→ P′

We know that b̃P#Ψ,case ϕ̃ : P̃,subj(α),B which gives us that

b̃P#Ψ,Pi,subj(α),B. We also know that B#case ϕ̃ : P̃ which gives us
that B#Pi. By induction we have that there exists M such that B#M and
Ψ⊗1 �M .↔ subj(α).

95



PAR Here F (P1 | P2) = (ν b̃P1 b̃P2)ΨP1⊗ΨP2 with b̃P1#b̃P2 ,ΨP2 and vice versa.
The transition is derived like

PAR
ΨP2⊗Ψ � P1

α−→ P′1
Ψ � P1 | P2

α−→ P′1 | P2
bn(α)#P2

We know that B#P1 | P2 which gives us that B#P1. We also know that

b̃P1 b̃P2#Ψ,P1 | P2,subj(α),B, which gives us that b̃P1#Ψ,P1,subj(α),B.
We have that b̃P1#ΨP2 , and consequently that b̃P1#ΨP2⊗Ψ. By induc-
tion we get that there exists M such that B#M, fulfilling the first proof
obligation, and that ΨP2⊗Ψ⊗ΨP1 � M .↔ subj(α), or in other words
Ψ⊗ΨP1⊗ΨP2 �M .↔ subj(α), fulfilling the second proof obligation.

SCOPE In this case we have that F ((νb)P) = (νb)F (P) where F (P) =
(ν b̃P)ΨP, or in other words that F ((νb)P) = (νbb̃P)ΨP. The transition
is derived like

SCOPE
Ψ � P α−→ P′

Ψ � (νb)P α−→ (νb)P′
b#α,Ψ

We assume that b#B, b̃P. If not α-convert so that it holds. We know
that B#(νb)P, and consequently that B#P. Furthermore we have that

bb̃P#Ψ,(νb)P,subj(α),B which gives us that b̃P#Ψ,P,subj(α),B. By
induction we get that there exists M such that B#M, fulfilling the first
obligation, and that Ψ⊗ΨP � M .↔ subj(α), fulfilling the second obli-
gation.

OPEN In this case we have that F ((νb)P) = (νb)F (P) where F (P) =
(ν b̃P)ΨP, or in other words that F ((νb)P) = (νbb̃P)ΨP. The transi-
tion is derived like

OPEN
Ψ � P M (ν ã)N−−−−−→ P′

Ψ � (νb)P M (ν ã∪{b})N−−−−−−−→ P′

b#ã,Ψ,M
b ∈ n(N)

We assume that b#B, b̃P. If not α-convert so that it holds. We know
that B#(νb)P, and consequently that B#P. Furthermore we have that

bb̃P#Ψ,(νb)P,M,B which gives us that b̃P#Ψ,P,M,B. By induction we
get that there exists M′ such that B#M′, fulfilling the first obligation, and
that Ψ⊗ΨP �M′ .↔M, fulfilling the second obligation.
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REP In this case we have that F (!P) = 1. The transition is derived like

REP
Ψ � P | !P α−→ P′

Ψ� !P α−→ P′

We know that B#!P which gives us that B#P | !P. By induction we get
that there exists M such that B#M, fulfilling the first obligation, and that
Ψ⊗1 �M .↔ subj(α), fulfilling the second obligation.

We proceed to present the proof of Lemma 6.11 from Section 6.1.1. The
lemma says that given a transition we can find another transition whose subject
is channel equivalent to the subject of the original transition and which leads
to the same derivative as the original transition.

Lemma (Rewrite subject). (Lemma 6.11)

Ψ � P α−→ P′

∧ ΨP⊗Ψ � K .↔M
∧ b̃P#Ψ,P,K,M

=⇒ Ψ � P α ′−→ P′

where α = M (ν ã)N or α = M N and α ′ = K (ν ã)N or α ′ = K N, respectively.

Proof. The proof is by induction on the length of the derivation of the transi-
tion.

IN The transition is derived like

IN
Ψ � L .↔M

Ψ � L(λ x̃)N .P M N[x̃:=L̃]−−−−−→ P[x̃ := L̃]

We know that Ψ⊗1 � K .↔ M and by transitivity and symmetry that
Ψ � L .↔ K. We the derive

IN
Ψ � L .↔ K

Ψ � L(λ x̃)N .P K N[x̃:=L̃]−−−−−→ P[x̃ := L̃]

OUT This case is very similar to case IN.
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CASE Here F (case ϕ̃ : P̃) = 1. The transition is derived like

CASE
Ψ � Pi

α−→ P′ Ψ � ϕi

Ψ � case ϕ̃ : P̃ α−→ P′

Here α = M (ν ã)N or α = M N and α ′ = K (ν ã)N or α ′ = K N, re-
spectively. We know that 1⊗Ψ � K .↔ M. By induction we get that

Ψ � Pi
α ′−→ P′. We then derive

CASE
Ψ � Pi

α ′−→ P′ Ψ � ϕi

Ψ � case ϕ̃ : P̃ α ′−→ P′

PAR Here F (P1 | P2) = F (P1)⊗F (P2) = (ν b̃P1 b̃P2)ΨP1⊗ΨP2 with

b̃P1#b̃P2 ,ΨP2 and vice versa. The transition is derived like

PAR
ΨP2⊗Ψ � P1

α−→ P′1
Ψ � P1 | P2

α−→ P′1 | P2
bn(α)#P2

Here α = M (ν ã)N or α = M N and α ′ = K (ν ã)N or α ′ = K N, respec-
tively.

We know that ΨP1⊗ΨP2⊗Ψ � K .↔ M and that b̃P1 b̃P2#Ψ,P1 | P2,K,M.

This gives us that also b̃P1#ΨP2⊗Ψ,P1,K,M. By induction we get that

ΨP2⊗Ψ � P1
α ′−→ P′1, and we derive

PAR
ΨP2⊗Ψ � P1

α ′−→ P′1
Ψ � P1 | P2

α ′−→ P′1 | P2
bn(α ′)#P2

Note that bn(α)= bn(α ′), and that b̃P2#α,α ′.

SCOPE In this case we have that F ((νb)P) = (νb)F (P) where F (P) =
(ν b̃P)ΨP, or in other words that F ((νb)P) = (νbb̃P)ΨP. The transition
is derived like

SCOPE
Ψ � P α−→ P′

Ψ � (νb)P α−→ (νb)P′
b#α,Ψ

Here α = M (ν ã)N or α = M N and α ′ = K (ν ã)N or α ′ = K N, respec-
tively.
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We know that ΨP⊗Ψ�K .↔M and that bb̃P#Ψ,(νb)P,K,M. We further

assume that b#b̃P. If not, α-convert so that it holds. We then have that

b̃P#Ψ,P,K,M. By induction we get that Ψ � P α ′−→ P′ and we derive

SCOPE
Ψ � P α ′−→ P′

Ψ � (νb)P α ′−→ (νb)P′
b#α ′,Ψ

OPEN In this case we have that F ((νb)P) = (νb)F (P) where F (P) =
(ν b̃P)ΨP, or in other words that F ((νb)P) = (νbb̃P)ΨP. The transi-
tion is derived like

OPEN
Ψ � P M (ν ã)N−−−−−→ P′

Ψ � (νb)P M (ν ã∪{b})N−−−−−−−→ P′

b#ã,Ψ,M
b ∈ n(N)

We know that ΨP⊗Ψ�K .↔M and that bb̃P#Ψ,(νb)P,K,M. We further

assume that b#b̃P. If not, α-convert so that it holds. We then have that

b̃P#Ψ,P,K,M. By induction we get that Ψ � P K (ν ã)N−−−−→ P′ and we
derive

OPEN
Ψ � P K (ν ã)N−−−−→ P′

Ψ � (νb)P K (ν ã∪{b})N−−−−−−−→ P′

b#ã,Ψ,K
b ∈ n(N)

REP In this case we have that F (!P) = 1. The transition is derived like

REP
Ψ � P | !P α−→ P′

Ψ� !P α−→ P′

Here α = M (ν ã)N or α = M N and α ′ = K (ν ã)N or α ′ = K N, respec-
tively.

We know that 1⊗Ψ � K .↔ M. By induction we learn that Ψ �
P | !P α ′−→ P′ and we derive

REP
Ψ � P | !P α ′−→ P′

Ψ� !P α ′−→ P′
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Lemma 6.12 states that if P and Q are bisimilar and P can communicate
with R via the channel K, then there exists a channel K′ such that Q can com-
municate with R via K′.

Lemma (Switching). (Lemma 6.12)

ΨR⊗Ψ � P .∼ Q

∧ ΨR⊗Ψ � P M N−−→ P′

∧ ΨP⊗Ψ � R K (ν ã)N−−−−→ R′

∧ Ψ⊗ΨP⊗ΨR � K .↔M
∧ b̃R#b̃P, b̃Q,Ψ,P,Q,R,K
∧ b̃Q#Ψ,R,P,Q,M
∧ b̃P#R,M,Ψ

=⇒ ∃K′.ΨQ⊗Ψ � R K′ (ν ã)N−−−−−→ R′

∧ Ψ⊗ΨQ⊗ΨR � K′ .↔M
∧ b̃R#K′

The symmetric lemma where R does an input also holds.

Proof. By induction on the length of the derivation of the transition from R.

IN This proof is very similar to case OUT below.

OUT In this case R = KsN.R′ for some term Ks, and the transition is derived
like this:

OUT
ΨP⊗Ψ � Ks

.↔ K

ΨP⊗Ψ � KsN.R′ KN−−→ R′

Since b̃P#Ψ,R we get that F (P)⊗Ψ � Ks
.↔ Ks. This in turn gives us

that F (Q)⊗Ψ � Ks
.↔ Ks, which means that ΨQ⊗Ψ � Ks

.↔ Ks. We
then establish the first conjunct by:

OUT
ΨQ⊗Ψ � Ks

.↔ Ks

ΨQ⊗Ψ � KsN.R′ KsN−−→ R′
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For the second conjunct, we have that Ψ⊗ΨP �Ks
.↔K (commutativity

of ⊗) and that Ψ⊗ΨP⊗1 � K .↔M (since in this case ΨR is 1). Identity
and transitivity then gives us that Ψ⊗ΨP � Ks

.↔M. Since b̃P#R,M we
have that Ψ⊗F (P) � Ks

.↔ M and since P and Q are bisimilar we also
have that Ψ⊗F (Q) � Ks

.↔ M. We finally get Ψ⊗ΨQ � Ks
.↔ M. The

third conjunct is trivial since b̃R is empty.

CASE In this case F (case ϕ̃ : R̃) = 1 and the transition is derived like

CASE
ΨP⊗Ψ � Ri

K (ν ã)N−−−−→ R′ Ψ � ϕi

ΨP⊗Ψ � case ϕ̃ : R̃ K (ν ã)N−−−−→ R′

From the freshness conditions in the assumption it follows that

b̃Q#Ψ,Ri,P,Q,M, and that b̃P#Ri,M,Ψ. By induction we get that there

exists K′ such that ΨQ⊗Ψ � Ri
K′ (ν ã)N−−−−−→ R′, and that Ψ⊗ΨQ⊗1�K′ .↔

M. We then derive

CASE
ΨQ⊗Ψ � Ri

K′ (ν ã)N−−−−−→ R′ Ψ � ϕi

ΨQ⊗Ψ � case ϕ̃ : R̃ K′ (ν ã)N−−−−−→ R′

The third conjunct is trivially true since b̃R is empty.

PAR Here F (R1 | R2) = F (R1)⊗F (R2) = (ν b̃R1
b̃R2

)ΨR1
⊗ΨR2

with

b̃R1
#b̃R2

,ΨR2
and vice versa. The transition is derived like

PAR
ΨR2

⊗ΨP⊗Ψ � R1
K (ν ã)N−−−−→ R′1

ΨP⊗Ψ � R1 | R2
K (ν ã)N−−−−→ R′1 | R2

ã#R2

We have that b̃R1
b̃R2

#b̃P, b̃Q,Ψ,P,Q,R1 | R2,K, which implies that

b̃R1
#b̃P, b̃Q,Ψ,P,Q,P1,K. We also have that b̃Q#Ψ,R1 | R2,P,Q,M,

which gives us that b̃Q#ΨR2
⊗Ψ,R1,P,Q,M. Finally we have that

b̃P#R1 | R2,M,Ψ, which gives us that b̃P#R1,M,ΨR2
⊗Ψ. Furthermore

we know that ΨR1
⊗ΨR2

⊗Ψ � P .∼Q and ΨR1
⊗ΨR2

⊗Ψ � P M N−−→ P′.
By induction we get that there exists K′ such that ΨQ⊗ΨR2

⊗Ψ �
R1

K′ (ν ã)N−−−−−→ R′, that ΨR2
⊗Ψ⊗ΨQ⊗ΨR1

� K′ .↔M, and that b̃R1
#K′.

Since P and Q are bisimilar we have that ΨR1
⊗ΨR2

⊗Ψ � Q M N−−→ Q′.
Let B = b̃R2

∪ b̃R1
. By Lemma 6.10 we get that there exists K′′ such that

ΨR1
⊗ΨR2

⊗Ψ⊗ΨQ �K′′ .↔M, fulfilling the second obligation, and that
B#K′′. By transitivity and symmetry we get that ΨR1

⊗ΨR2
⊗Ψ⊗ΨQ �
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K′′ .↔ K′, and by Lemma 6.11 we get that ΨQ⊗ΨR2
⊗Ψ � R1

K′′ (ν ã)N−−−−−→
R′, and we derive

PAR
ΨR2

⊗ΨQ⊗Ψ � R1
K′′ (ν ã)N−−−−−→ R′1

ΨQ⊗Ψ � R1 | R2
K′′ (ν ã)N−−−−−→ R′1 | R2

ã#R2

That b̃R1
b̃R2

#K′′ follows from B#K′′.

SCOPE In this case R = (νb)R′ for some name b and the transition is derived
like this:

SCOPE
ΨP⊗Ψ � R′ K (ν ã)N−−−−→ R′′

ΨP⊗Ψ � (νb)R′ K (ν ã)N−−−−→ (νb)R′′
b#K (ν ã)N,ΨP⊗Ψ

Let b#b̃P, b̃Q,P,Q. Note that by definition we have that

Ψ(νb)R′ = ΨR′ . We also have that b̃(νb)R′#b̃P, b̃Q,Ψ,P,Q,(νb)R′,K =⇒
b̃R′#b̃P, b̃Q,Ψ,P,Q,R′,K and that b̃(νb)R′#b̃P, b̃Q ∧ b̃P, b̃Q#(νb)R′ ∧
b#b̃P, b̃Q =⇒ b̃P, b̃Q#R′. From the induction hypothesis we then get that

ΨQ⊗Ψ � R′ K′ (ν ã)N−−−−−→ R′′, ΨQ⊗Ψ⊗ΨR′ �M .↔ K′, and that b̃R′#K′.

From the fact that P and Q are bisimilar we get that Ψ(νb)R′⊗Ψ �
Q M N−−→ Q′. Let B= {b}∪ b̃R′ . By Lemma 6.10 we learn that there exists
a term K′′ such that Ψ(νb)R′⊗Ψ⊗ΨQ � K′′ .↔ M, fulfilling the second

obligation, and that B#K′′. This gives us that b̃R′ ,b#K′′. By transitivity
we then get that Ψ⊗Ψ(νb)R′⊗ΨQ � K′ .↔ K′′. We now use Lemma 6.11

to get that ΨQ⊗Ψ � R′ K′′ (ν ã)N−−−−−→ R′′. Finally we do the following
derivation:

SCOPE
ΨQ⊗Ψ � R′ K′′ (ν ã)N−−−−−→ R′′

ΨQ⊗Ψ � (νb)R′ K′′ (ν ã)N−−−−−→ (νb)R′′
b#K′′ (ν ã)N,Ψ

That b̃(νb)R′#K′′ follows from B#K′′.
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OPEN In this case R = (νb)R′ for some name b and the transition is derived
like this:

OPEN
ΨP⊗Ψ � P M (ν ã)N−−−−−→ P′

ΨP⊗Ψ � (νb)P M (ν ã∪{b})N−−−−−−−→ P′

b#ã,ΨP⊗Ψ,M
b ∈ n(N)

Let b#b̃P, b̃Q,P,Q. Note that by definition we have that

Ψ(νb)R′ = ΨR′ . We also have that b̃(νb)R′#b̃P, b̃Q,Ψ,P,Q,(νb)R′,K =⇒
b̃R′#b̃P, b̃Q,Ψ,P,Q,R′,K and that b̃(νb)R′#b̃P, b̃Q ∧ b̃P, b̃Q#(νb)R′ ∧
b#b̃P, b̃Q =⇒ b̃P, b̃Q#R′. From the induction hypothesis we then get that

ΨQ⊗Ψ � R′ K′ (ν ã)N−−−−−→ R′′, ΨQ⊗Ψ⊗ΨR′ �M .↔ K′, and that b̃R′#K′.

From the fact that P and Q are bisimilar we get that Ψ(νb)R′⊗Ψ �
Q M N−−→ Q′. Let B= {b}∪ b̃R′ . By Lemma 6.10 we learn that there exists
a term K′′ such that Ψ(νb)R′⊗Ψ⊗ΨQ � K′′ .↔ M, fulfilling the second

obligation, and that B#K′′. This gives us that b̃R′ ,b#K′′. By transitiv-
ity we then get that Ψ⊗Ψ(νb)R′⊗ΨQ � K′ .↔ K′′. We now use Lemma

6.11 to get that ΨQ⊗Ψ � R′ K′′ (ν ã)N−−−−−→ R′′. Finally we do the following
derivation:

OPEN
ΨQ⊗Ψ � P K′′ (ν ã)N−−−−−→ P′

ΨQ⊗Ψ � (νb)P K′′ (ν ã∪{b})N−−−−−−−−→ P′

b#ã,ΨQ⊗Ψ,M
b ∈ n(N)

That b̃(νb)R′#K′′ follows from B#K′′.

REP Here F (!R) = 1. The transition is derived like

REP
ΨP⊗Ψ � R | !R M (ν ã)N−−−−−→ R′

ΨP⊗Ψ� !R M (ν ã)N−−−−−→ R′

From the freshness conditions in the assumption it follows that

b̃Q#Ψ,R | !R,P,Q,M, and that b̃P#R | !R,M,Ψ. By induction we get

that there exists K′ such that ΨQ⊗Ψ � R | !R K′ (ν ã)N−−−−−→ R′, and that
Ψ⊗ΨQ⊗1 � K′ .↔M. We then derive

REP
ΨQ⊗Ψ � R | !R K′ (ν ã)N−−−−−→ P′

ΨQ⊗Ψ� !R K′ (ν ã)N−−−−−→ R′
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The third conjunct is trivially true since b̃!R is empty.

Lemma 6.26 (Equivalence of frames is preserved by scope).

F 	 G =⇒ (νa)F 	 (νa)G

Proof. ByDefinition 6.2 (equivalence of frames) we have that F �ϕ ⇔G�ϕ .
By Definition 3.11 (frame entailment) get two cases: either a#ϕ , in which
case we have that (νa)F � ϕ ⇔ (νa)G � ϕ , or not a#ϕ in which case the
implications in both directions become trivial.

Lemma 6.27 (Binders in frames commute).

(νa)(νb)F 	 (νb)(νa)F

Proof. Follows directly from Definitions 6.2 (equivalence of frames) and 3.11
(frame entailment).

Lemma 6.28 (Fresh for assertion). If F (P) = (ν b̃P)ΨP and a#b̃P,P, then
a#ΨP.

Proof. The proof is a straightforward induction on the structure of P.

The next lemma has a lengthy proof. Intuitively the lemma states that if P
and Q are bisimilar in the environment of R, then if R makes a transition in
P’s environment, it can make the same transition in Q’s environment.

Lemma 6.29 (Swap bisimilar environments in transitions). If
F (P) = (ν b̃P)ΨP, b̃P#Ψ,R,α , F (R) = (ν b̃R)ΨR, b̃R#Ψ,P,Q,R, b̃P,

Ψ⊗ΨR � P .∼ Q, Ψ⊗ΨP � R α−→ R′, and B is a set of names, then
there exists b̃Q, ΨQ such that F (Q) = (ν b̃Q)ΨQ, b̃Q#Ψ,R,α,B, and

Ψ⊗ΨQ � R α−→ R′.

104



Proof. The proof is by induction on the length of the derivation of R’s transi-
tion.

IN In this case F (R) = 1. The transition is derived like

IN
Ψ⊗ΨP �M .↔ K

Ψ⊗ΨP � M(λ x̃)N .R K N[x̃:=L̃]−−−−−→ R[x̃ := L̃]

From Ψ⊗ΨP �M .↔K and b̃P#Ψ,R,K N[x̃ :=L̃]we get that Ψ⊗F (P)�
M .↔K. Since Ψ⊗1 � P .∼Q we have that Ψ⊗F (P)	Ψ⊗F (Q), and

consequently that Ψ⊗F (Q)�M .↔K. LetF (Q) = (ν b̃Q)ΨQ such that

b̃Q#Ψ,R,α,B. We then have that Ψ⊗ΨQ �M .↔K. We do the following
derivation:

IN
Ψ⊗ΨQ �M .↔ K

Ψ⊗ΨQ � M(λ x̃)N .R K N[x̃:=L̃]−−−−−→ R[x̃ := L̃]

OUT This case is similar to case IN.

CASE Here F (case ϕ̃ : R̃) = 1. The transition is derived like

CASE
Ψ⊗ΨP � Ri

α−→ R′ Ψ⊗ΨP � ϕi

Ψ⊗ΨP � case ϕ̃ : R̃ α−→ R′

We know that b̃P#Ψ,case ϕ̃ : R̃,α which gives us that b̃P#Ψ,Ri,α . Let

C′ = C ∪ n(case ϕ̃ : R̃). By induction we get that there exists b̃Q, ΨQ

such that F (Q) = (ν b̃Q)ΨQ, b̃Q#Ψ,Ri,α,C′, and Ψ⊗ΨQ � Ri
α−→ R′.

From Ψ⊗ΨP � ϕi and b̃P#Ψ,case ϕ̃ : R̃ we get that Ψ⊗F (P) � ϕi and

since Ψ � P .∼ Q also that Ψ⊗F (Q) � ϕi. Since b̃Q#Ψ,ϕi we have
that Ψ⊗ΨQ � ϕi. We then derive

CASE
Ψ⊗ΨQ � Ri

α−→ R′ Ψ⊗ΨQ � ϕi

Ψ⊗ΨQ � case ϕ̃ : R̃ α−→ R′

From b̃Q#Ψ,Ri,α,C′ we get that b̃Q#Ψ,case ϕ̃ : R̃,α,C.
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COM Here F (R1 | R2) = (ν b̃R1
b̃R2

)ΨR1
⊗ΨR2

with b̃R1
#b̃R2

,ΨR2
and vice

versa. The transition is derived like

COM

ΨR2
⊗Ψ⊗ΨP � R1

M (ν ã)N−−−−−→ R′1
ΨR1

⊗Ψ⊗ΨP � R2
K N−−→ R′2 Ψ⊗ΨP⊗ΨR1

⊗ΨR2
�M .↔ K

Ψ⊗ΨP � R1 | R2
τ−→ (ν ã)(R′1 | R′2)

ã#R2

We cannot use the induction hypothesis directly since we do not know

that b̃P#M (ν ã)N and b̃P#K N, respectively. We assume that b̃P#ã,N
since b̃P#R1 |R2 (otherwise α-convert ã as necessary). LetC = b̃P∪ b̃R2

.

We have that b̃R1
#ΨR2

,Ψ,ΨP,R1,M,C. By Lemma 6.10 we get that

there exists M′ such that b̃R2
#M′ and Ψ⊗ΨP⊗ΨR1

⊗ΨR2
� M .↔ M′.

Similarly by applying Lemma 6.10 on R2’s transition we learn that

there exists K′ such that b̃R1
#K′ and Ψ⊗ΨP⊗ΨR1

⊗ΨR2
� K .↔ K′.

By symmetry and transitivity we then get that Ψ⊗ΨP⊗ΨR1
⊗ΨR2

�
M′ .↔ K′. By Lemma 6.11 we get that ΨR2

⊗Ψ⊗ΨP � R1
K′ (ν ã)N−−−−−→ R′1

and that ΨR1
⊗Ψ⊗ΨP � R2

M′ N−−→ R′2. By induction we learn that

ΨR2
⊗Ψ⊗ΨQ � R1

K′ (ν ã)N−−−−−→ R′1, that ΨR1
⊗Ψ⊗ΨQ � R2

M′ N−−→ R′2, and
that there exists b̃Q, ΨQ such that F (Q) = (ν b̃Q)ΨQ and b̃Q#K′,M′.
Since b̃P#K′,M′ we get that Ψ⊗F (P)⊗ΨR1

⊗ΨR2
�M′ .↔K′ and since

Ψ⊗ΨR1
⊗ΨR2

� P .∼ Q we also have that Ψ⊗F (Q)⊗ΨR1
⊗ΨR2

�
M′ .↔K′. Since b̃Q#K′,M′ we also have that Ψ⊗ΨQ⊗ΨR1

⊗ΨR2
�M′ .↔

K′. We now do the following derivation:

COM

ΨR2
⊗Ψ⊗ΨQ � R1

K′ (ν ã)N−−−−−→ R′1
ΨR1

⊗Ψ⊗ΨQ � R2
M′ N−−→ R′2 Ψ⊗ΨQ⊗ΨR1

⊗ΨR2
�M′ .↔ K′

Ψ⊗ΨQ � R1 | R2
τ−→ (ν ã)(R′1 | R′2)

ã#R2

By induction we got the freshness conditions on b̃Q.

PAR Here F (R1 | R2) = (ν b̃R1
b̃R2

)ΨR1
⊗ΨR2

with b̃R1
#b̃R2

,ΨR2
and vice

versa. The transition is derived like

PAR
ΨR2

⊗Ψ⊗ΨP � R1
α−→ R′1

Ψ⊗ΨP � R1 | R2
α−→ R′1 | R2

bn(α)#R2

We know that b̃P#Ψ,R1 | R2,α , that b̃R1
b̃R2

#Ψ,P,Q,R1 | R2, b̃P, and

that Ψ⊗ΨR1
⊗ΨR2

� P .∼ Q. This gives us that also b̃P#ΨR2
⊗Ψ,R1,α

and that b̃R1
#ΨR2

⊗Ψ,P,Q,R1, b̃P. Let C′ = C ∪ b̃R2
∪ n(R2). By in-

106



duction we get that there exists b̃Q, ΨQ such that F (Q) = (ν b̃Q)ΨQ,

b̃Q#ΨR2
⊗Ψ,R1,α,C′, and ΨR2

⊗Ψ⊗ΨQ � R1
α−→ R′1. We then do the

following derivation:

PAR
ΨR2

⊗Ψ⊗ΨQ � R1
α−→ R′1

Ψ⊗ΨQ � R1 | R2
α−→ R′1 | R2

bn(α)#R2

From b̃Q#ΨR2
⊗Ψ,R1,α,C′ we deduce that b̃Q#Ψ,R1 | R2,α,C.

SCOPE In this case we have that F ((νb)R) = (νb)F (R) where F (R) =
(ν b̃R)ΨR. The transition is derived like

SCOPE
Ψ⊗ΨP � R α−→ R′

Ψ⊗ΨP � (νb)R α−→ (νb)R′
b#α,Ψ⊗ΨP

We know that b̃P#Ψ,(νb)R,α and that bb̃R#Ψ,P,Q,(νb)R, b̃P. This

gives us that b̃P#Ψ,R,α , and that b̃R#Ψ,P,Q,R, b̃P. We also know
that Ψ⊗ΨR � P .∼ Q. Let C′ = C ∪ {b}. By induction we get that

there exists b̃Q, ΨQ such that F (Q) = (ν b̃Q)ΨQ, b̃Q#Ψ,R,α,C′, and
Ψ⊗ΨQ � R α−→ R′. Since b#Q and b#b̃Q by Lemma 6.28 we also have
that b#ΨQ. We then derive

SCOPE
Ψ⊗ΨQ � R α−→ R′

Ψ⊗ΨQ � (νb)R α−→ (νb)R′
b#α,Ψ⊗ΨQ

That b̃Q#Ψ,R,α,C′ also gives us that b̃Q#Ψ,(νb)R,α,C′.

OPEN Here the transition is derived like

OPEN
Ψ⊗ΨP � R M (ν ã)N−−−−−→ R′

Ψ⊗ΨP � (νb)R M (ν ã∪{b})N−−−−−−−→ R′

b#ã,Ψ⊗ΨP,M
b ∈ n(N)

We know that b̃P#Ψ,(νb)R,M (ν ã ∪ {b})N. This gives us that also

b̃P#Ψ,R,M (ν ã)N. We also know that F ((νb)R) = (ν b̃(νb)R)Ψ(νb)R

and that b̃(νb)R#Ψ,P,Q. By definition we have that F ((νb)R) =

(νb)F (R), where F (R) = (ν b̃R)ΨR, or in other words b̃(νb)R = bb̃R
and Ψ(νb)R = ΨR. In particular we get that b#Q. This together with the

freshness conditions on b̃(νb)R gives us that b̃R#Ψ,P,Q. We also get that

Ψ⊗ΨR � P .∼ Q. Let B′ = B∪{b}. By induction we get that F (Q) =
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(ν b̃Q)ΨQ such that b̃Q#Ψ,R,M (ν ã)N,B′, and that Ψ⊗ΨQ � R M (ν ã)N−−−−−→
R′. Since b#b̃Q and b#Q, by Lemma 6.28 we also have that b#ΨQ. We
then derive

OPEN
Ψ⊗ΨQ � R M (ν ã)N−−−−−→ R′

Ψ⊗ΨQ � (νb)R M (ν ã∪{b})N−−−−−−−→ R′

b#ã,Ψ⊗ΨQ,M
b ∈ n(N)

From b̃Q#Ψ,R,M (ν ã)N,B′ we conclude that b̃Q#Ψ,(νb)R,M (ν ã ∪
{b})N,B.

REP In this case we have that F (!R) = 1. The transition is derived like

REP
Ψ⊗ΨP � R | !R α−→ R′

Ψ⊗ΨP� !R α−→ R′

We know that b̃P#Ψ, !R,α which also gives us that b̃P#Ψ,R | !R. By
induction we get that Ψ⊗ΨQ � R | !R α−→ R′ and we do the following
derivation:

REP
Ψ⊗ΨQ � R | !R α−→ R′

Ψ⊗ΨQ� !R α−→ R′

The freshness conditions on b̃Q follow directly from the induction hy-
pothesis.

The next lemma states that when a process makes a transition, the assertions
of the original process extended with a new assertion is statically equivalent
to the assertions of the derivative process.

Lemma 6.30 (Frame grows in derivative). 1. If Ψ � P M N−−→ P′

and b̃P#P,N,C where C is a set of names, then ∃Ψ′, b̃P′ ,ΨP′ s.t.
F (P′) = (ν b̃P′)ΨP′ ∧ΨP⊗Ψ′ 	ΨP′ ∧ b̃P′#C,P′.

2. If Ψ � P M (ν ã)N−−−−−→ P′, b̃P#P, ã,C, and ã#P,C where C is a set of names,
then ∃p,Ψ′, b̃P′ ,ΨP′ s.t. p ⊆ ã× (p · ã) ∧ (ν b̃P′)ΨP′ = F (P′) ∧ (p ·
ΨP)⊗Ψ′ 	ΨP′ ∧ b̃P′#C,P′,N∧ (p · ã)#C,P′,N, b̃P′ ∧ ã#b̃P′ ∧ b̃P′#N.

The proof of this lemma is given in [7].

Theorem. Ψ � P .∼ Q =⇒Ψ � P | R .∼ Q | R (Theorem 6.9(1))
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Proof. We pick the candidate relation R = {(Ψ,(ν ã)(P | R),(ν ã)(Q | R)) :
Ψ⊗ΨR � P .∼ Q} where ã#Ψ, and prove that R is a bisimulation. Moreover

we assume that b̃P#b̃Q,Q, b̃R,R,Ψ, and b̃R#P,Q,R,Ψ, or, in other words, that
bound names are distinct from all free names and other bound names.
We must prove each case in Definition 6.5. The first one is static equiva-

lence.

Static Equivalence: Ψ⊗F ((ν ã)(P | R))	Ψ⊗F ((ν ã)(Q | R))

Let F (P) = (ν b̃P)ΨP, F (Q) = (ν b̃Q)ΨQ, and F (R) = (ν b̃R)ΨR,

where b̃P#ã,Ψ, b̃Q,ΨQ, b̃R,ΨR, and b̃Q and b̃R are similarly fresh.

By Definition 3.12 (frame of an agent) and composition of frames we
get that we must show that

(ν ãb̃Pb̃R)(Ψ⊗ΨP⊗ΨR)	 (ν ãb̃Qb̃R)(Ψ⊗ΨQ⊗ΨR).

We know that

Ψ⊗ΨR⊗F (P)	Ψ⊗ΨR⊗F (Q)

and again by Definition 3.12 and composition of frames we also know
that

(ν b̃P)(Ψ⊗ΨR⊗ΨP)	 (ν b̃Q)(Ψ⊗ΨR⊗ΨQ).

By Lemmas 6.26 and 6.27 and Definition 3.9 we deduce that

(ν ãb̃Pb̃R)(Ψ⊗ΨP⊗ΨR)	 (ν ãb̃Qb̃R)(Ψ⊗ΨQ⊗ΨR).

Symmetry: R(Ψ,(ν ã)(Q | R),(ν ã)(P | R))

Follows directly from Ψ⊗ΨR � P .∼ Q being symmetric.

Extension of arbitrary assertion: ∀Ψ′.R(Ψ⊗Ψ′,(ν ã)(P | R),(ν ã)(Q | R))

Let b̃ be a sequence of names of the same length as ã such that

b̃#Ψ,Ψ′, b̃R,R,P,Q. We know that Ψ⊗ΨR⊗Ψ′′ � P .∼ Q for all Ψ′′.
In particular it holds for Ψ′′ = (ã b̃) ·Ψ′. By Lemma 6.8 (bisimulation is

equivariant) we have that Ψ⊗(ã b̃) ·ΨR⊗Ψ′ � (ã b̃) ·P .∼ (ã b̃) ·Q and
by Definition 3.9 (requisites on parameters) and Lemma 6.14 (change

assertion in bisimulation) that Ψ⊗Ψ′⊗(ã b̃) ·ΨR � (ã b̃) ·P .∼ (ã b̃) ·Q.

By the construction of R we then have that R(Ψ⊗Ψ′,(ν b̃)((ã b̃) ·
P) | (ã b̃) · R),(ν b̃)((ã b̃) ·Q) | (ã b̃) · R)), and by α-conversion that
R(Ψ⊗Ψ′,(ν ã)(P | R),(ν ã)(Q | R)).
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Simulation: We show that if Ψ � (ν ã)(P | R) α−→ P′′ then P′′ =
(ν ã′)(P′ | R′) for some ã′, P′ and R′, Ψ � (ν ã)(Q | R) α−→
(ν ã′)(Q′ |R′), andR(Ψ,(ν ã′)(P′ |R′),(ν ã′)(Q′ |R′)). The proof is con-
ducted by an induction on the length of ã. There are only two induction
steps and we look at those first.

One case is when the transition from (ν ã)(P |R) is derived with SCOPE.
The derivation is then of form

SCOPE
Ψ � (ν ã)(P | R) α−→ P′′

Ψ � (νa)(ν ã)(P | R) α−→ (νa)P′′
a#α,Ψ

By induction we get that P′′ = (ν ã′)(P′ | R′) and also that Ψ �
(ν ã)(Q | R) α−→ (ν ã′)(Q′ | R′). We then do the derivation

SCOPE
Ψ � (ν ã)(Q | R) α−→ (ν ã′)(Q′ | R′)

Ψ � (νa)(ν ã)(Q | R) α−→ (νa)(ν ã′)(Q′ | R′)
a#α,Ψ

Also by induction we get that R(Ψ,(ν ã′)(P′ | R′),(ν ã′)(Q′ | R′)),
and by the construction of R also that

R(Ψ,(νa)(ν ã′)(P′ | R′),(νa)(ν ã′)(Q′ | R′)).

The other case is when the transition is derived with OPEN. The deriva-
tion is then of form

OPEN
Ψ � (ν ã)(P | R) M (ν b̃)N−−−−−→ P′′

Ψ � (νa)(ν ã)(P | R) M (ν b̃∪{a})N−−−−−−−→ P′′
a#Ψ,M a ∈ n(N)

By induction we get that P′′ = (ν ã′)(P′ | R′) and also that Ψ �
(ν ã)(Q | R) M (ν b̃)N−−−−−→ (ν ã′)(Q′ | R′). We then do the derivation

OPEN
Ψ � (ν ã)(Q | R) M (ν b̃)N−−−−−→ (ν ã′)(Q′ | R′)

Ψ � (νa)(ν ã)(Q | R) M (ν b̃∪{a})N−−−−−−−→ (ν ã′)(Q′ | R′)
a#Ψ,M a ∈ n(N)

Also by induction we get that R(Ψ,(ν ã′)(P′ | R′),(ν ã′)(Q′ | R′)).

We now focus on the base cases. The agent P | R can operate either by
P or R doing individual actions, or by P and R communicating. We first
look at the case where P does an action. In this case the transition is
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derived like

PAR
Ψ⊗ΨR � P α−→ P′

Ψ � P | R α−→ P′ | R
bn(α)#R

where F (R) = (ν b̃R)ΨR and b̃R#Ψ,P,α . Let p be a permutation with

the property that p · b̃R#Ψ,P,Q,α (we can find such a permutation by

swapping any name in b̃R that is not sufficiently fresh for a name that

is). By equivariance we get that Ψ⊗p ·ΨR � P α−→ P′. We know that
Ψ⊗ΨR � P .∼ Q and by equivariance also that Ψ⊗p ·ΨR � P .∼ Q.

This gives us that Ψ⊗p ·ΨR � Q α−→ Q′ and that Ψ⊗p ·ΨR � P′ .∼Q′,
and since F (R) = (ν b̃R)ΨR = (ν p · b̃R)p ·ΨR we derive

PAR
Ψ⊗p ·ΨR � Q α−→ Q′

Ψ � Q | R α−→ Q′ | R
bn(α)#R

By the construction of R we have that R(Ψ,P′ | R,Q′ | R).

We now look at the case where R does an action. In this case the transi-
tion is derived like

PAR
Ψ⊗ΨP � R α−→ R′

Ψ � P | R α−→ P | R′
bn(α)#P

The rule gives us that b̃P#Ψ,R,α , and from the candidate relation R

we have that b̃R#Ψ,P,Q,R, b̃P. We further assume that bn(α)#Q since
only such transitions are considered in the definition of bisimulation.

By Lemma 6.29 we get that Ψ⊗ΨQ � R α−→ R′. We then derive

PAR
Ψ⊗ΨQ � R α−→ R′

Ψ � Q | R α−→ Q | R′
bn(α)#Q

We must now show that R(Ψ,P | R′,Q | R′) and there are two different
cases to consider: either is α a bound output, or it is not. We here look at
the more complicated case where α is a bound output. By Lemma 6.30
there exists a permutation p such that p⊆ bn(α)×(p·bn(α)), or in other
words, a permutation that swaps names in ã for fresh ones. We have
that Ψ⊗ΨR � P .∼ Q and since bn(α)#Ψ,P,Q we get by equivariance
that Ψ⊗p ·ΨR � P .∼ Q. From Lemma 6.30 we also get that there
exists Ψ′,ΨR′ such that p ·ΨR⊗Ψ′ 	 ΨR′ . By extension of arbitrary
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assertion we then have that Ψ⊗p ·ΨR⊗Ψ′ � P .∼ Q, or in other words
that Ψ⊗ΨR′ � P .∼ Q. This gives us that R(Ψ,P | R′,Q | R′).

The final case is when there is a communication between P and R. There
are two ways the communication can be derived: either P does the out-
put, or R does the output. We first look at the case where P does the
output:

COM

ΨR⊗Ψ � P M (ν ã)N−−−−−→ P′

ΨP⊗Ψ � R K N−−→ R′ Ψ⊗ΨP⊗ΨR �M .↔ K

Ψ � P | R τ−→ (ν ã)(P′ | R′)
ã#R

We know that Ψ � P .∼ Q, and hence by Definition 6.5 (3) that

Ψ⊗ΨR � P .∼ Q. Since ΨR⊗Ψ � P M (ν ã)N−−−−−→ P′, we obtain a Q′ such
that ΨR⊗Ψ � Q M (ν ã)N−−−−−→ Q′ and Ψ⊗ΨR � P′ .∼ Q′. However, this
transition cannot communicate with Ψ⊗ΨP � R K N−−→ R′, since that
transition is derived by the assertion Ψ⊗ΨP, and not Ψ⊗ΨQ. More-
over, M and K are channel equivalent by the assertion Ψ⊗ΨP⊗ΨR,
and not Ψ⊗ΨQ⊗ΨR, which would be needed to derive the desired

communication. We use Lemma 6.12, to obtain ΨQ⊗Ψ � R K′ N−−→ R′
and Ψ⊗ΨQ⊗ΨR � M .↔ K′. Since P and Q are bisimilar we have that

Ψ⊗ΨR � Q M (ν ã)N−−−−−→ Q′. We then derive the following:

COM

ΨR⊗Ψ � Q M (ν ã)N−−−−−→ Q′

ΨQ⊗Ψ � R K′ N−−→ R′ Ψ⊗ΨQ⊗ΨR �M .↔ K′

Ψ � Q | R τ−→ (ν ã)(Q′ | R′)
ã#R

Once the communication has been derived, we must prove that the cor-
responding derivatives (ν ã)(P′ | R′), and (ν ã)(Q′ | R′) are in the can-
didate relation R. From the definition of R we get that this holds if
Ψ⊗ΨR′ � P′ .∼ Q′, but we only know that Ψ⊗ΨR � P′ .∼ Q′. In or-
der to complete the proof, P′ and Q′ must be bisimilar in the assertion
Ψ⊗ΨR′ , and not only in Ψ⊗ΨR.

We know that Ψ⊗ΨR � P′ .∼ Q′ and by clause 3 in the definition
of bisimulation (extension of arbitrary assertion) that Ψ⊗ΨR⊗Ψ′ �
P′ .∼ Q′ for any Ψ′. By Lemma 6.13 we know that there ex-
ists a Ψ′′ such that ΨR⊗Ψ′′ 	 ΨR′ , so in particular, using Lemma
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6.14, we have that Ψ⊗ΨR′ � P′ .∼ Q′ We then conclude that
(Ψ,(ν ã)(P′ | R′),(ν ã)(Q′ | R′)) ∈R.

The case where R does the output is more complicated. The trick is to
apply Lemma 6.13 earlier to get the permutation p, and use equivariance
of transitions to get transitions from P and Q in the environment p ·
ΨR⊗Ψ instead of the environment ΨR⊗Ψ. Apart from this, the proof is
similar to the case just presented.

Theorem. Ψ � P .∼ Q =⇒Ψ � (νa)P .∼ (νa)Q if a#Ψ (Theorem 6.9(2))

Proof. We pick the candidate relation R = {(Ψ,(νa)P,(νa)Q) : Ψ � P .∼
Q}∪{(Ψ,P,Q) :Ψ � P .∼Q}where a#Ψ, and prove thatR is a bisimulation.
It is easy to see that R is equivariant since Ψ � P .∼ Q is equivariant. We

assume that b̃P#b̃Q,Q,Ψ, and vice versa, or in other words, that bound names
are distinct from all free names and other bound names.
That (Ψ,P,Q) ∈R fulfills the requirements of Definition 6.5 is trivial since

Ψ � P .∼Q so we only check that (Ψ,(νa)P,(νa)Q) ∈R fulfills the require-
ments.
The first case is static equivalence.

Static Equivalence: Let F (P) = (ν b̃P)ΨP and F (Q) = (ν b̃Q)ΨQ, where

b̃P#ã,Ψ, b̃Q,ΨQ, and b̃Q is similarly fresh. We must show that
Ψ⊗F ((νa)P) 	 Ψ⊗F ((νa)Q). By Definition 3.12 (frame of an
agent) and composition of frames this is the same as showing that

(νa)(ν b̃P)(Ψ⊗ΨP)	 (νa)(ν b̃Q)(Ψ⊗ΨQ).

We have that Ψ⊗F (P) 	 Ψ⊗F (Q). By Definition 3.12 (frame of an
agent) and composition of frames this is the same as

(ν b̃P)(Ψ⊗ΨP)	 (ν b̃Q)(Ψ⊗ΨQ).

By Lemma 6.26 we directly the desired result:

(νa)(ν b̃P)(Ψ⊗ΨP)	 (νa)(ν b̃Q)(Ψ⊗ΨQ).

Symmetry: Since Ψ � P .∼ Q is symmetric we also have that Ψ � Q .∼ P
and consequently that R(Ψ,(νa)Q,(νa)P)).
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Extension of arbitrary assertion: We must show that
∀Ψ′.R(Ψ⊗Ψ′,(νa)P,(νa)Q). Because of the construction of R
we are only interested in showing this for a#Ψ. The difficulty is that a
may not be fresh for Ψ′.
Let b be a name such that b#Ψ,Ψ′,P,Q. From Definition 6.5 (bisim-
ulation) we know that Ψ⊗Ψ′′ � P .∼ Q for all Ψ′′. In particular it
holds for Ψ′′ = (a b) ·Ψ′. By Lemma 6.8 (bisimulation is equivariant)
we have that (a b) · (Ψ⊗(a b) ·Ψ′) � (a b) ·P .∼ (a b) ·Q, or in other
words that Ψ⊗Ψ′ � (a b) ·P .∼ (a b) ·Q. By the construction of R
we then have that R(Ψ⊗Ψ′,(νb)((a b) · P),(νb)((a b) ·Q)), and by
α-conversion that R(Ψ⊗Ψ′,(νa)P,(νa)Q).

Simulation: We show that if Ψ � (νa)P α−→ P′ then Ψ � (νa)Q α−→ Q′
and R(Ψ,P′,Q′). One case is when the transition from (νa)P is derived
with SCOPE. The derivation is then of form

SCOPE
Ψ � P α−→ P′

Ψ � (νa)P α−→ (νa)P′
a#α,Ψ

From Ψ � P .∼ Q we get that Ψ � Q α−→ Q′ and that Ψ � P′ .∼ Q′.
We then do the derivation

SCOPE
Ψ � Q α−→ Q′

Ψ � (νa)Q α−→ (νa)Q′
a#α,Ψ

By the construction of R we get that R(Ψ,(νa)P′,(νa)Q′). The other
case is when the transition is derived with OPEN. The derivation is then
of form

OPEN
Ψ � P M (ν b̃)N−−−−−→ P′

Ψ � (νa)P M (ν b̃∪{a})N−−−−−−−→ P′
a#Ψ,M a ∈ n(N)

From Ψ � P .∼Q we get that Ψ � Q M (ν b̃)N−−−−−→ Q′ and that Ψ � P′ .∼Q′.
We then do the derivation

OPEN
Ψ � Q M (ν b̃)N−−−−−→ Q′

Ψ � (νa)Q M (ν b̃∪{a})N−−−−−−−→ Q′
a#Ψ,M a ∈ n(N)

By the construction of R we get that R(Ψ,P′,Q′).
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Theorem. Ψ � P | (νa)Q .∼ (νa)(P | Q) if a#P. (Scope extension, Theo-
rem 6.15)

Proof. It can be assumed that a#Ψ. If not, α-convert to avoid clashes. Let

R = {(Ψ,(ν b̃)(P | (νa)Q),(ν b̃)(νa)(P | Q)) : a#P,Ψ ∧ b̃#Ψ} ∪
{(Ψ,(ν b̃)(νa)(P | Q),(ν b̃)(P | (νa)Q)) : a#P,Ψ ∧ b̃#Ψ} ∪ {Ψ,P,P}.
We show that R is a bisimulation up-to

.∼Ψ.

Static equivalence This follows directly from the definitions.

Symmetry Trivial by the construction of R.

Extension of arbitrary assertion This follows from the construction of R
after α-converting a and b̃ to avoid clashes.

Simulation The difficult case is when (νa)(P | Q) makes an internal com-
munication which must be simulated by P | (νa)Q. This case has two
variants, and we only look at the variant where P does the output here.
The other case is slightly more involved since the name a might be
opened by Q, thus requiring a different derivation, but the principle is
the same. In this case the transition is derived like this:

COM

Ψ⊗ΨP⊗ΨQ �M .↔ K

ΨQ⊗Ψ � P M (ν b̃)N−−−−−→ P′ ΨP⊗Ψ � Q K N−−→ Q′

SCOPE
Ψ � P | Q τ−→ (ν b̃)(P′ | Q′)

Ψ � (νa)(P | Q)
τ−→ (νa)(ν b̃)(P′ | Q′)

a#τ,Ψ

b̃#Q

We choose F (P) = (ν b̃P)ΨP such that b̃P#Ψ,P,M and that a#b̃P, and

F (Q) = (ν b̃Q)ΨQ such that b̃Q#Ψ,Q,K and that a#b̃Q. We must now
derive a transition from (νa)Q which can communicate with P, but the
problem is that a#K is not necessarily true, so we use Lemmas 6.10 and

6.11 to find another subject M′ in an action for Q. Let B = {a}∪ b̃Q.
By Lemma 6.10 we learn that there exists M′ such that Ψ⊗ΨQ⊗ΨP �
M′ .↔M with {a}∪ b̃Q#M′. By transitivity we learn that Ψ⊗ΨQ⊗ΨP �
M′ .↔ K, and by Lemma 6.11 we get that ΨP⊗Ψ � Q M′ N−−→ Q′. Since
a#b̃P,P it follows that a#N (N is the object of the output prefix in P), and
by Lemma 6.28 also that a#ΨP. Since F (Q) = (ν b̃Q)ΨQ and a#b̃Q we
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have by Definition 3.12 that F ((νa)Q) = (νab̃Q)ΨQ. We then derive

COM

SCOPE
ΨP⊗Ψ � Q M′ N−−→ Q′

ΨP⊗Ψ � (νa)Q M′ N−−→ (νa)Q′
a#M′ N,ΨP⊗Ψ

Ψ⊗ΨP⊗ΨQ �M .↔M′ ΨQ⊗Ψ � P M (ν b̃)N−−−−−→ P′

Ψ � P | (νa)Q τ−→ (ν b̃)(P′ | (νa)Q′)
b̃#(νa)Q

By Theorem 6.15 we get that

Ψ � (νa)(ν b̃)(P′ |Q′) .∼ (ν b̃)(νa)(P′ |Q′), and thus R is a bisimula-
tion up-to

.∼Ψ.

6.1.3 Bisimulation with late semantics

Bisimulation can also be defined with the late semantics in Definition 3.19.
This bisimulation is easier to use for some proofs, e.g. those in Chapter 7.

Definition 6.31 (Bisimulation with late semantics). A bisimulation with late
semantics R is a ternary relation between assertions and pairs of agents such
that R(Ψ,P,Q) implies all of

1. Static equivalence: Ψ⊗F (P)	Ψ⊗F (Q)

2. Symmetry: R(Ψ,Q,P)

3. Extension of arbitrary assertion: ∀Ψ′. R(Ψ⊗Ψ′,P,Q)

4. Simulation: for all α , P′ such that bn(α)#Ψ,Q

(a) if α = M(λ x̃)N: Ψ � P α−→ P′ =⇒
∀L∃Q′ . Ψ � Q α−→ Q′ and R(Ψ,P′[x :=L],Q′[x :=L]).

(b) otherwise: Ψ � P α−→ P′ =⇒ ∃Q′ . Ψ � Q α−→ Q′ and
R(Ψ,P′,Q′).

We define P .∼∗ Q to mean that there exists a bisimulation R such that
R(1,P,Q). We also define P ∼∗ Q to mean that P[x :=L] .∼∗ Q[x :=L] for all
x,L.

In the late semantics input transitions have place holder names instead of
explicit terms, and no substitution is performed. The substitution is instead
done in the simulation clause of the definition of bisimulation. Apart from
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this, the definition is the same as Definition 6.5. The relation between this
definition and Definition 6.5 is clarified by the following:

Lemma 6.32. A relation is a bisimulation according to Definition 6.31 pre-
cisely if it is a bisimulation according to Definition 6.5.

Proof. All clauses are identical between the two definitions, except input.
From Lemma 3.20 it follows that the input clauses coincide.

As a corollary the algebraic properties of ∼ established in Section 6.1.1
hold also for ∼∗, notably that it is a congruence.

6.1.4 Diffie-Hellman revisited

We now return to the Diffie-Hellman example presented in Section 5.2.1 on
page 78. The agents P′ and Q′ represent the agents after the protocol has run.
They are defined as

P′ = (νnP,a01,a10)((|g(nP) = xP|) | (νkP)((|f(nP,xQ) = kP|) | PkP))

Q′ = (νnQ,a01,a10)((|g(nQ) = xQ|) | (νkQ)((|f(nQ,xP) = kQ|) | QkQ))

where PkP uses key kP and QkQ uses key kQ for the agreed upon key. As a spec-
ification for the protocol we put PkP |QkQ in a context where they already share

a secret, here represented by the name k′: S = (νkP,kQ,k′)((|k′ = kP|) | (|k′ =
kQ|) | PkP | QkQ). We then show that P′ | Q′ ∼ S, or in other words that the
agents after the protocol has run behave the same as the agents that already
share a secret.
We have that

(νnP,aP)((|g(nP) = xP|) | (|f(nP,xQ) = kP|)) |
(νnQ,aQ)((|g(nQ) = xQ|) | (|f(nQ,xP) = kQ|))

∼
(νk′)((|k′ = kP|) | (|k′ = kQ|))

The reason is that the only condition entailed on both sides is kP = kQ, no
equalities can be entailed on xP and xQ. Since ∼ is closed under parallel com-
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position we add the agents PkP and PkQ :

(νnP,aP)((|g(nP) = xP|) | (|f(nP,xQ) = kP|)) |
(νnQ,aQ)((|g(nQ) = xQ|) | (|f(nQ,xP) = kQ|))
| PkP | QkQ

∼
(νk′)((|k′ = kP|) | (|k′ = kQ|))
| PkP | QkQ

Since ∼ is closed under the restriction operator we restrict the names kP and
kQ in both agents:

(νkP,kQ)

((νnP,aP)((|g(nP) = xP|) | (|f(nP,xQ) = kP|)) |
(νnQ,aQ)((|g(nQ) = xQ|) | (|f(nQ,xP) = kQ|))
| PkP | QkQ)

∼
(νkP,kQ)

((νk′)((|k′ = kP|) | (|k′ = kQ|))
| PkP | QkQ)

Finally, by the structural laws of Theorem 6.15:

P′ | Q′ ∼ S.

6.2 Weak bisimulation

In this section the theory of weak (or observational) equivalences for psi-
calculi is established. These equivalences abstract from the internal behaviour
of the processes and are essential for applications, e.g. in simplifying de-
scriptions in a modular way, and in verifying implementations against more
abstract specifications. Interactions between internal components are disre-
garded unless they affect the externally visible behaviour. If the weak equiva-
lence is compositional then the abstract specification can also be used as a part
when building even larger systems, and this facilitates modular construction
and reasoning.
It is challenging to define weak equivalences that abstract from as much de-

tail as possible and yet are both compositional and computationally tractable.
A standard approach is to use weak bisimulations, where a single transition
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a−→ is simulated by a sequence of transitions where the internal τ actions are

considered invisible, a so called weak transition a
==⇒ . In the pi-calculus sev-

eral alternatives have been investigated for weak bisimulation, e.g. open, late
and early. The latter coincides with barbed equivalence [67].
Weak bisimulation has been studied for some extensions of the pi-calculus,

but the results are not conclusive and a general framework is lacking. In
the case of spi-calculus [4] the weak labelled bisimulations are rather com-
plex and the spectrum of equivalences includes framed [4], alley [16, 17,
14], fenced [31], trellis [16], and hedged [18], where framed coincides with
hedged [14, 18] and fenced with trellis [32]. For the applied pi-calculus, the
weak labelled bisimulation defined in [2] does not coincide with barbed equiv-
alence and turns out non-compositional unless further restrictions on the cal-
culus are imposed (as remarked in Section 4.2). The explicit fusion calcu-
lus [71] defines weak barbed equivalence which is compositional but compu-
tationally awkward because of a universal quantification over contexts. Ex-
tensions of the pi-calculus for constraint programming have been defined e.g.
in [29] (the π+-calculus) and [24] (the CC-Pi calculus). The first only de-
fines barbed equivalence; the second only defines strong equivalence and the
(strong) barbed equivalence does not coincide with (strong) labelled bisimu-
lation which turns out to be non-compositional (as remarked in Section 4.3).
It is often convenient to use a τ-prefix in examples, and in the presentation

below we assume such a prefix. In many instances this prefix is definable
similarly to the pi-calculus:

τ .P = (νa)(a | a .P)

where a#P. This assumes that there exist channels that can be scoped not
to interfere with surrounding agents, and this assumption is not true for all
instances of psi-calculi; in these instances we introduce a new syntactic prefix
τ together with a new transition rule:

TAU
τ .P τ−→ P

Formally, the only property we need is that if P is an agent then so is τ .P, and
τ .P α−→ P′ holds precisely if α = τ and P .∼ P′. This can be satisfied either
by adopting τ .P as a new constructor together with the TAU inference rule, or
by encoding it where possible. For the remainder of this chapter the presence
of a τ prefix is assumed.

6.2.1 Simple weak bisimulation and the role of weakening

The notion that τ-actions are invisible is standard in many variants of the pi-
calculus, but in psi-calculi it poses unexpected challenges. The problem is that
a τ-action may reveal new assertions that affect the context. As an example,
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consider the law P
.≈ τ .P, where

.≈ is weak bisimulation. This law looks
obvious and indeed holds for many variants of weak bisimulation in the pi-
calculus. But in psi-calculi in general it would imply that parallel composition
does not preserve

.≈. Consider a situation where it holds that 1�ϕ andF (P) ��
ϕ . In other words, F (P) makes condition ϕ false. Now consider

P | if ϕ then Q and τ.P | if ϕ then Q

Here only the right hand side has the possibility of acting like Q. Therefore
the left and right hand sides are not in general equivalent. If parallel preserves.≈ then it follows that P and τ.P are not always equivalent.
The root of this issue is that the frame of P can falsify the condition ϕ .

There are some circumstances where this might happen; an example is if the
assertions represent constraint stores and the constraint system admits retracts.
Suppose that P represents a retract of ϕ . A system sitting in parallel with P
cannot infer ϕ , and therefore if ϕ then Q will have no action. But a system
in parallel with τ .P might infer ϕ . Only when this agent executes its action
τ and asserts the retract will if ϕ then Q become blocked. Thus P and τ .P
cannot be deemed equivalent: the parallel context of if ϕ then Q can tell the
difference by proceeding only in company with the latter.
In many natural instances of psi-calculi this situation cannot arise. For ex-

ample, if the logics involved are monotonic there can be nothing similar to
a retract. Formally, frame composition ⊗ is interpreted as conjunction of in-
formation, and a logical weakening law is assumed, saying that a conjunction
cannot entail less than its conjuncts. In our framework this is represented as
an extra requisite on the psi instance:

Definition 6.33 (Weakening). Ψ � ϕ ⇒ Ψ⊗Ψ′ � ϕ

Since (⊗,1) is a monoid we have 1⊗Ψ	Ψ for all Ψ, and with weakening
this implies 1 � ϕ ⇒Ψ � ϕ , in other words, no assertion can falsify any con-
dition. With this requisite the law P

.≈ τ .P indeed holds, and it turns out that
the definition of weak bisimulation is significantly simpler. We shall therefore
begin by exploring weak bisimulation for psi-instances with weakening, and
later generalise to the situation without weakening.
Our approach is to adjust Definition 6.5 (strong bisimulation) so that τ ac-

tions can be inserted or removed when simulating a transition. Clause 1 in the
definition, that P and Q are statically equivalent, is adjusted so that if P can
make conditions true, then Q can make them true possibly after performing
some τ actions. Clauses 2 and 3 are unchanged. Clause 4 (simulation) is split
in two parts. If the action α to be simulated is τ then Q should simulate by
doing zero or more τs. If it is a visible (i.e. non-τ) action then Q simulates by
doing an arbitrary number of τ actions before and after the α action.
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Definition 6.34. We define Ψ � P ==⇒ P′ to mean that there exist P1, . . .Pn

where P = P1,P′ = Pn, and Ψ � Pi
τ−→ Pi+1 for all i in [1,n−1], allowing the

case where n = 1 and P = P′.

Definition 6.35 (Weak transition). The weak transition Ψ � P α
==⇒ P′ is de-

fined as Ψ � P ==⇒ P′′ and Ψ � P′′ α−→ P′′′ and Ψ � P′′′ ==⇒ P′.

Definition 6.36 (Static implication). We define P ≤Ψ Q, pronounced P stati-
cally implies Q, to mean that ∀ϕ. Ψ⊗F (P) � ϕ implies Ψ⊗F (Q) � ϕ . We
write P≤ Q for P≤1 Q.

Definition 6.37 (Simple weak bisimulation). A simple weak bisimulationR is
a ternary relation between assertions and pairs of agents such that R(Ψ,P,Q)
implies all of

1. Weak static implication: There exists Q′ such that
Ψ � Q ==⇒ Q′ and P≤Ψ Q′ and R(Ψ,P,Q′).

2. Symmetry: R(Ψ,Q,P)

3. Extension of arbitrary assertion:
∀Ψ′. R(Ψ⊗Ψ′,P,Q)

4. Weak simulation: for all α,P′ such that bn(α)#Ψ,Q and Ψ � P α−→ P′
it holds

if α = τ : ∃Q′. Ψ � Q ==⇒ Q′ ∧ R(Ψ,P′,Q′)
if α �= τ : ∃Q′. Ψ � Q α

==⇒ Q′ ∧ R(Ψ,P′,Q′)

We define P
.≈

smpΨ
Q to mean that there exists a simple weak bisimulation R

such that R(Ψ,P,Q), and write P
.≈

smp
Q for P

.≈
smp1

Q.

The one point which may not be immediately obvious is Clause 1, weak
static implication, where the conjunct R(Ψ,P,Q′) may be surprising. It says
that Q must evolve to a Q′ that is statically implied by P, and also bisimilar
to P. This last requirement may seem unnecessarily strong, but in fact without
it the resulting simple weak bisimulation equivalence would not be preserved

by the parallel operator. To prove this, let
.≈′ be defined as simple weak bisim-

ulation above but without the conjunct R(Ψ,P,Q′) in Clause 1. Let there be
an assertion Ψ and condition ϕ such that Ψ � ϕ and 1 �� ϕ , and let L,M,N be
distinct terms. Consider the following agents (the diagrams illustrate agents
informally):

P = (|Ψ|) |(τ.M.0+ τ.N.0)
Q = τ.((|Ψ|)|M.0)+ τ .((|Ψ|)|N.0)
R = if ϕ then L.0
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The transitions from P and Q are identical, only their frames differ in that
F (P) = Ψ and F (Q) = 1. With our original definition P � .≈

smp
Q, since there is

no appropriate Q′ for Clause 1. In contrast we have P
.≈′ Q since Q τ−→ Q′

implies F (Q′) = F (P). But to simulate P|R L−→ P|0 from Q|R the only

possibilities are Q|R L
==⇒ (|Ψ|)|M.0|0 and Q|R L

==⇒ (|Ψ|)|N.0|0. Neither of
these can continue to simulate P|0 which can perform both actions M and N.

Therefore P|R � .≈′ Q|R.
Simple weak bisimulation is the natural weak counterpart of Definition 6.5.

For the many natural psi-calculi that satisfy the weakening requisite it is suf-
ficient. As we demonstrate in the following section, without weakening the
simple weak bisimulation is in general not preserved by parallel composition
and also not transitive, therefore a more elaborate definition is required in
these cases.

6.2.2 Weak bisimulation without weakening

We now generalise to psi-calculi without the weakening requisite. It turns
out that the definition of weak labelled bisimulation needs to be adjusted in
Clauses 1 and 4, where the interplay of assertions and transitions is quite sub-
tle. We proceed to give the full definition of weak labelled bisimulation and
a proof that it coincides with

.≈
smp

for psi-calculi with weakening, followed by

a series of examples motivating the need for the added complexities. In Sec-
tion 6.3 we show that weak bisimulation coincides with a natural definition of
barbed equivalence.

Definition 6.38 (Weak bisimulation). A weak bisimulation R is a ternary
relation between assertions and pairs of agents such that R(Ψ,P,Q) implies
all of

1. Weak static implication:

∀Ψ′∃Q′′,Q′. Ψ � Q ==⇒ Q′′ ∧ P≤Ψ Q′′ ∧
Ψ⊗Ψ′ � Q′′ ==⇒ Q′ ∧ R(Ψ⊗Ψ′,P,Q′)

2. Symmetry: R(Ψ,Q,P)
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3. Extension of arbitrary assertion:
∀Ψ′. R(Ψ⊗Ψ′,P,Q)

4. Weak simulation: for all α,P′ such that bn(α)#Ψ,Q and Ψ � P α−→ P′
it holds

if α = τ : ∃Q′. Ψ � Q ==⇒ Q′ ∧ R(Ψ,P′,Q′)
if α �= τ : ∀Ψ′∃Q′′,Q′′′.

Ψ � Q ==⇒ Q′′′ ∧ P≤Ψ Q′′′ ∧
Ψ � Q′′′ α−→ Q′′ ∧
∃Q′. Ψ⊗Ψ′ � Q′′ ==⇒ Q′ ∧ R(Ψ⊗Ψ′,P′,Q′)

We define P
.≈Ψ Q to mean that there exists a weak bisimulation R such that

R(Ψ,P,Q) and write P
.≈ Q for P

.≈1 Q.

Theorem 6.39. For psi-calculi that satisfy weakening,
.≈

smp
and

.≈ coincide.

Proof. Proof sketch for Clause 4: In one direction, every weak bisimulation
with weakening is also a simple weak bisimulation (just take Ψ′ = 1). For the
other direction we must show that in psi-calculi that satisfy weakening, every
simple weak bisimulation is a weak bisimulation. We explain how the addi-
tional requirements of Clause 4 in weak bisimulation are satisfied. First, use

Clause 1 to find Q∗ such that Ψ � Q ==⇒ Q∗ and P ≤Ψ Q∗ and R(Ψ,P,Q∗).
Using the latter with Clause 4 we get that Ψ � Q∗ α

==⇒ Q′ with R(Ψ,P′,Q′),
and since Ψ � Q ==⇒ Q∗ we get a corresponding Ψ � Q α

==⇒ Q′, where
the first part of the weak transition passes through Q∗. Now use the following
lemma (which requires weakening):

P≤Ψ Q and Ψ � Q α−→ Q′ implies P≤Ψ Q′

This gives the conjunct P≤Ψ Q′′′ in Clause 4. Next use the lemma (which also
requires weakening):

Ψ � P α−→ P′ implies Ψ⊗Ψ′ � P α−→ P′

This means that the part “Ψ⊗Ψ′ � Q′′ . . .” follows from the simpler
Clause 4 (which has the same without “⊗Ψ′”. Finally the last conjunct
R(Ψ⊗Ψ′,P′,Q′) follows from R(Ψ,P′,Q′) of the simpler Clause 4, and
Clause 3.

We now proceed to motivate the added complexity of Clause 4.
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Example: the use of P≤Ψ Q′′′ in weak simulation.
We shall demonstrate that with a simplification omitting P ≤Ψ Q′′′ in Clause
4, i.e., if we do not take into account the conditions that hold at the point of
executing the visible part of a simulation, then equivalence is not in general

preserved by parallel. Let
.≈′ be defined with this simplification. Choose an

instance with an assertion Ψ and condition ϕ such that Ψ �� ϕ and 1 � ϕ , i.e.,
Ψ makes ϕ false. Consider the agents

P = τ.((|Ψ|) |M.0)+M.(|Ψ|)
Q = τ.((|Ψ|) |M.0)
R = if ϕ then M.N.0

Here P
.≈′ Q. To see this, consider the only transition that differs between the

agents, namely P M−→ (|Ψ|). This can be simulated by Q τ−→ (|Ψ|) |M.0 = Q′′′

and Q′′′ M−→ (|Ψ|)|0. But in composition with R, we have through the second

branch of P that P|R τ−→ (|Ψ|)|N.0. This cannot be weakly simulated by Q|R
since Q|R τ−→ (|Ψ|) |M.0 |R which has no N transition. Therefore P|R � .≈′ Q|R
and

.≈′ is not preserved by parallel.

Example: the quantification ∀Ψ′.
Next we motivate the quantification of Ψ′ in the sub-clause α �= τ of weak
simulation, showing that without it, again equivalence would not be preserved

by parallel. Let
.≈′ be defined with this simplification. Let Ψ and ϕ be such

that 1 � ϕ and Ψ �� ϕ and let

P = M. if ϕ then τ.P′

Q = P+ if ϕ then M.P′

R = M.(|Ψ|)
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Here P
.≈′ Q. Clearly we have Q|R τ−→ P′|(|Ψ|) through the second branch

of Q. This cannot be weakly simulated by P|R. Here the only transition is

P|R τ−→ if ϕ then τ.P′ |(|Ψ|) which has no further transition. Therefore

P|R � .≈′ Q|R and
.≈′ is not preserved by parallel.

Example: quantifier order of Ψ′ and Q′.
Next we motivate the order of the quantifiers, showing that if we commute
the quantifiers ∀Ψ′ and ∃Q′ the resulting relation would not be transitive. Let
.≈′ be defined with these quantifiers commuted. Let all Qi for i = 1,2,3 be
distinct but weakly equivalent, and let ϕ,¬ϕ be two conditions that partition
the assertions in two disjoint sets {Ψ. Ψ � ϕ ∧Ψ �� ¬ϕ} and {Ψ. Ψ �� ϕ ∧Ψ �
¬ϕ}. Let � be a condition that is entailed by all assertions, and let

U = case ϕ : τ.Q1 [] ¬ϕ : τ.Q2

V = case ϕ : τ.Q1 [] ¬ϕ : τ.Q2 []� : τ.Q3

Here U
.≈V . The rightmost branch in Ψ � V τ−→ Q3 is simulated by one of

the two branches in U (which one depends on Ψ). Let

P = M.Q1+M.U
Q = M.U
R = M.V

Our point is that although P
.≈ R

.≈ Q we have P
.≈′ R and R

.≈′ Q, but not

P
.≈′ Q. The crucial difference between the relations is explained as follows.

P
.≈ Q holds because the only non-trivial simulation is for Q to simulate the

first branch of P. This is done by first doing M leading toU , and then for all Ψ′
continuing to either Q1 or Q2, depending on whether Ψ′ � ϕ or not. Here the
quantification order is important. If the final bisimulation clause would read

∃Q′∀Ψ′ . . . then Q cannot simulate the first branch of P and therefore P � .≈′ Q.

Note that P
.≈′ R since the only non-trivial case is again for R to simulate the

first branch of P. This can be done through the third branch leading to Q3.
This holds for any Ψ′.
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Example: quantifier order of Ψ′ and Q′′.
In Clause 4, the quantifier order is ∀Ψ′∃Q′′. Let

.≈′ be defined with the alter-
native order ∃Q′′∀Ψ′. The difference is highlighted by the following example.
Let ϕ and ¬ϕ be two conditions such that for any assertion exactly one of
them is entailed, as in the previous example. Let

P = M.Q′+Q
Q = M.if ϕ then τ.Q′

+M.if ¬ϕ then τ.Q′

Here P
.≈ Q and P � .≈′ Q. To see this consider how Q can simulate P M−→ Q′.

Using
.≈, for all Ψ′ we must find a Q′′ such that Q M−→ Q′′ and Q′′ ==⇒ Q′.

This holds, since the choice of Q′′ may depend on Ψ′. Using
.≈′ we must find

one Q′′ suitable for all Ψ′, and there is none.
As it turns out

.≈′ is a viable definition, in the sense that it is transitive and
preserves parallel. But from an observational point of view it is hard to argue
that P and Q should be different — in essence that would give the observer the
power to observe that a conditional branch has been passed. The difference

between
.≈ and

.≈′ is reminiscent of the difference between late and early
equivalence, and as we shall see in Section 6.3 the weak barbed bisimulation

corresponds to
.≈ and not to

.≈′.

Example: quantifiers in Clause 1.
Keeping the simpler Clause 1 from Definition 6.37 will also yield an equiv-

alence
.≈′ that preserves parallel. A distinguishing example is similar to the

one above. Again, let ϕ and ¬ϕ be two conditions such that for any assertion
exactly one of them is entailed. Let Ψ be an assertion such that 1 ≤ Ψ and
Ψ �≤ 1 and Ψ⊗Ψ	 1.

P = (|Ψ|) | (τ . if ϕ then τ.Q′+ τ . if ¬ϕ then τ.Q′

Q = τ .((|Ψ|) | if ϕ then τ.Q′)
+ τ .((|Ψ|) | if ¬ϕ then τ.Q′)
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Here we assume that Q′ is weakly bisimilar to (|Ψ|) | Q. Then P
.≈ Q. The

critical argument is that in Clause 1, depending on whether Ψ′⊗Ψ � ϕ or not,
Q can evolve to either (|Ψ|) | if ϕ then τ.Q′ or (|Ψ|) | if ¬ϕ then τ.Q′, in either
case reaching an agent with a frame Ψ. It can then continue to (|Ψ|) | Q′ .≈
(|Ψ⊗Ψ|) | Q

.≈ Q. In contrast P � .≈′ Q, since Q cannot evolve to an agent that
both has Ψ as frame and is bisimilar to P. Again, it is hard to argue that they
should be different from an observational point of view, and they are indeed
weakly barbed equivalent.

6.2.3 Weak context bisimulation

Similarly to Section 6.1 we define a binary relation weak context bisimulation:

Definition 6.40 (Weak context bisimulation). A weak context bisimulation R
is a binary relation between pairs of agents such that R(P,Q) implies all of

1. Weak static implication:

∀Ψ∃Q′′,Q′. Q ==⇒ Q′′ ∧ P≤Ψ Q′′ ∧
Q′′ | (|Ψ|) ==⇒ Q′ | (|Ψ|) ∧ R(P | (|Ψ|),Q′ | (|Ψ|))

2. Symmetry: R(Q,P)

3. Extension of arbitrary assertion:
∀Ψ. R(P | (|Ψ|),Q | (|Ψ|))

4. Weak simulation: for all α,P′ such that bn(α)#Q and P α−→ P′ it holds

(a) if α = τ :

∃Q′. Ψ � Q ==⇒ Q′ ∧ R(P′,Q′)

(b) if α �= τ : ∀Ψ∃Q′′,Q′′′.

Q ==⇒ Q′′′ ∧ P≤ Q′′′ ∧ Q′′′ α−→ Q′′ ∧
∃Q′. Q′′ | (|Ψ|) ==⇒ Q′ | (|Ψ|) ∧ R(P′ | (|Ψ|),Q′ | (|Ψ|))

We define P
.≈
ctx

Q to mean that there exists a weak context bisimulation R such

that R(P,Q).
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For some of the proofs in Section 6.3 weak context bisimulation is easier to
work with than weak bisimulation.

Lemma 6.41. Ψ � P α−→ P′ if and only if P | (|Ψ|) α−→ P′ | (|Ψ|)

Proof. By straightforward inductions on the length of the derivations of the
transitions.

Lemma 6.42. P≤Ψ Q if and only if P | (|Ψ|)≤ Q | (|Ψ|)

Proof. Just expand the definitions involved.

Theorem 6.43 (Weak bisimulation and weak context bisimulation coincide).
P

.≈
ctx

Q if and only if P
.≈ Q.

Proof. Construct the relations R = {(Ψ,P,Q) : P | (|Ψ|) .≈
ctx

Q | (|Ψ|)} and R ′ =

{(P | (|Ψ|),Q | (|Ψ|)) : P
.≈Ψ Q} and show that they are weak and weak context

bisimulations, respectively. The proof uses Lemmas 6.41 and 6.42.

6.2.4 Algebraic properties of weak bisimulation

In this section we establish results about weak bisimulation equivalence and
the related congruence. These results have been verified in the interactive the-
orem prover Isabelle. See [7] for details.
First, note that weak bisimulation is not preserved the case construct. The

reasoning is analogous to why weak bisimulation is not preserved by the op-
erator + in CCS or the pi-calculus: τ .0

.≈ 0 but a .0+ τ .0 � .≈ a .0+ 0. If the
left-hand process does its τ action, the right-hand can only simulate by stand-
ing still. In the next step, the right-hand can do the action a which the left-hand
can no longer simulate. This problem is solved in a standard way: in the simu-
lation clause of bisimulation where α = τ , Q must simulate the τ action made
by P with a τ chain containing at least one τ action.
Weak bisimulation is also not preserved by input prefixes, again for the

same reason as in the pi-calculus. Closing the relation is under substitution in
the same way as is done for strong bisimulation leads to the definition of weak
congruence, denoted ≈.
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Definition 6.44 (Weak congruence). P and Q are weakly τ-bisimilar, written
Ψ � P

.≈
tau

Q, if P
.≈Ψ Q and they also satisfy the following variant of Clause

4, weak τ-simulation:
for all P′ such that Ψ � P τ−→ P′ it holds:

∃Q′. Ψ � Q τ
==⇒ Q′ ∧ P′

.≈Ψ Q′

and similarly with the roles of P and Q exchanged. We define P ≈ Q to mean
that for all Ψ, and for all x̃,M̃ of equal length it holds that Ψ � P[x̃ :=M̃]

.≈
tau

Q[x̃ :=M̃].

An expected result is:

Theorem 6.45. If P∼ Q then P≈ Q.

With this and the results in Section 6.1.1 it is straightforward to infer the
usual structural laws:

Theorem 6.46.

P ≈ P | 0
P | (Q | R) ≈ (P | Q) | R

P | Q ≈ Q | P
(νa)0 ≈ 0

P | (νa)Q ≈ (νa)(P | Q) if a#P
MN.(νa)P ≈ (νa)MN.P if a#M,N

M(λ x̃)N .(νa)P ≈ (νa)M(λ x̃)N .P if a#x̃,M,N

case ϕ̃ : (̃νa)P ≈ (νa)case ϕ̃ : P̃ if a#ϕ̃
(νa)(νb)P ≈ (νb)(νa)P

!P ≈ P | !P

As noted, weak bisimilarity preserves all operators except case and input
prefix:

Theorem 6.47. For all Ψ:

1. P
.≈Ψ Q =⇒ P | R

.≈Ψ Q | R.

2. P
.≈Ψ Q =⇒ (νa)P

.≈Ψ (νa)Q if a#Ψ.

3. P
.≈Ψ Q =⇒ !P

.≈Ψ !Q.

4. P
.≈Ψ Q =⇒MN .P

.≈Ψ MN .Q.

5. (∀L̃. P[ã := L̃]
.≈Ψ Q[ã := L̃]) =⇒ M(λ ã)N .P

.≈Ψ M(λ ã)N .Q if ã#Ψ.
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Weak congruence is aptly named:

Theorem 6.48. Weak congruence ≈ is preserved by all operators.

We have also proved the usual τ laws [38]:

Theorem 6.49. 1. P
.≈ τ .P in psi-calculi with weakening.

2. P+ τ .P≈ τ .P.

3. α .τ .P≈ α .P in psi-calculi with weakening.

4. α .P+α .(τ .P+Q)≈ α .(τ .P+Q).

Proof. We only look at the last three laws here.

P+ τ .P≈ τ .P: Candidate relation: R = ∀Ψ,P.{(Ψ,P +
τ.P,τ.P),(Ψ,τ.P,P + τ.P),(Ψ,P,P)}. We show that R is a weak
congruence. We only look at transitions from P since transitions from
τ.P can always be simulated by the other.

P does an initial τ-transition: Ψ � P+ τ.P τ−→ P′. This can be sim-

ulated by two τ-transitions from τ.P: Ψ � τ.P τ−→ P and Ψ �
P τ−→ P′. Clearly (Ψ,P′,P′) ∈R.

Weak static implication: This can be simulated by τ.P by standing
still. Clearly P+ τ.P≤Ψ τ.P and (Ψ,P+ τ.P,τ.P) ∈R.

Symmetry: Clearly also (Ψ,τ.P,P+ τ.P) ∈R.

Extension of arbitrary assertion: Clearly ∀Ψ.(Ψ,P+ τ.P,τ.P) ∈R.

Weak simulation, α = τ: In this case Ψ � P+τ.P τ−→ P′. Exactly as
the first item.

Weak simulation, α �= τ: In this case Ψ � P+ τ.P α−→ P′. We have

that Ψ � τ.P τ−→ P and that P+ τ.P≤Ψ P (since the frame of P
is empty). We also know that Ψ � P α−→ P′. We then have that

for all Ψ′ Ψ⊗Ψ′ � P′ ==⇒ P′. Clearly (Ψ⊗Ψ′,P′,P′) ∈R.

α .τ .P≈ α .P: Candidate relation: R = ∀Ψ,P.{(Ψ,P +
τ.P,τ.P),(Ψ,τ.P,P + τ.P),(Ψ,P,P)}. We show that R is a weak
congruence assuming that the instance satisfies weakening or that the
frame of P is empty. We only look at transitions from α.τ.P here.

α.τ.P does an initial τ-transition: Ψ � α.τ.P τ−→ τ.P (in this case

α = τ). This can be simulated by Ψ � α.P τ−→ P. We then have
that τ.P

.≈Ψ P (by the law P
.≈ τ.P and weakening).

130



Weak static implication: This can be simulated by α.P by standing
still. Clearly α.τ.P≤Ψ α.P and (Ψ,α.τ.P,α.P) ∈R).

Symmetry: Trivial by the construction of R.

Extension of arbitrary assertion: Trivial by the construction of R.

Weak simulation, α = τ: In this case Ψ � α.τ.P τ−→ τ.P and α = τ .
We have that Ψ � α.P ==⇒ α.P. Clearly (Ψ,τ.P,α.P) ∈R.

Weak simulation, α �= τ: In this case Ψ � α.τ.P α−→ τ.P. We have

that Ψ � α.P ==⇒ α.P, that α.τ.P≤Ψ α.P, that Ψ � α.P α−→ P,
and that ∀Ψ′.Ψ⊗Ψ′ � P ==⇒ P. We then have that P

.≈Ψ⊗Ψ′ τ.P
by law P

.≈ τ.P and weakening.

α .P+α .(τ .P+Q)≈ α .(τ .P+Q): Candidate relation: R =
∀Ψ,P,Q.{(Ψ,α.P+α.(τ.P+Q),α.(τ.P+Q)),(Ψ,α.(τ.P+Q),α.P+
α.(τ.P+Q)),(Ψ,P,P)}. We show that R is a weak congruence. We
only look at transitions from α.P here.

α.P does an initial τ-transition: Ψ � α.P+α.(τ.P+Q)
τ−→ P (in

this case α = τ . This can be simulated by Ψ � α.(τ.P+Q) ==⇒ P.
Clearly (Ψ,P,P) ∈R.

Weak static implication: This can be simulated by α.(τ.P + Q) by
standing still. Clearly α.P + α.(τ.P + Q) ≤Ψ α.(τ.P + Q) and
(Ψ,α.P+α.(τ.P+Q),α.(τ.P+Q)) ∈R.

Symmetry: Trivial.

Extension of arbitrary assertion: Trivial.

Weak simulation, α = τ: Exactly as the first item.

Weak simulation, α �= τ: In this case Ψ � α.P+α.(τ.P+Q)
α−→ P.

We have that Ψ � α.(τ.P + Q) ==⇒ α.(τ.P + Q), that α.P +

α.(τ.P+Q)≤Ψ α.(τ.P+Q), that Ψ � α.(τ.P+Q)
α−→ τ.P+Q,

and that ∀Ψ′.Ψ⊗Ψ′ � τ.P+Q ==⇒ P. Clearly (Ψ⊗Ψ′,P,P)∈R.

As noted in the beginning of Section 6.2, Theorem 6.49(1) is not valid in
general for psi-calculi that do not satisfy weakening. The same holds for The-
orem 6.49(3), for a similar reason. In contrast, the remaining τ laws (2 and 4)
are valid also in calculi without weakening.
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6.3 Barbed equivalence

The definition of of weak labelled bisimilarity given in Section 6.2 is intricate,
and although the section contains numerous examples motivating the defini-
tion, an independent confirmation is called for. The canonical weak equiva-
lence is often considered to be barbed bisimulation congruence [59, 67] which
is defined using the possible interactions, often called barbs, and reductions,
closing under all contexts to form a congruence. It is natural and easy to un-
derstand, though this universal quantification of contexts makes it hard to use
in proofs.
We here introduce a straightforward notion of barbed equivalence and

demonstrate that it coincides with weak labelled bisimilarity. The result that
the equivalences coincide means that we bestow the intuitively correct notion
with the practical proof method of labelled bisimulations, which require no
context quantification.
Barbed equivalence is derived from a few basic principles based on an in-

formal notion of an observer. First we identify what it means for an agent to

reduce, or evolve, to another agent. We choose the transitions
τ−→ to represent

this:

Definition 6.50 (Reductions). P reduces to P′, written P −→ P′, if P τ−→ P′,
and P ==⇒ P′ means 1 � P ==⇒ P′ (so ==⇒ is the reflexive transitive closure
of −→ ).

In other words, for the purpose of barbed equivalence we use the same
semantics as in Table 3.8. We then identify what are the barbs, or immediate
observations, of an agent. The barbs will simply be the output actions: an
agent has the barb K (ν ã)N precisely if a has a transition with that label:

Definition 6.51 (Observations (Barbs)). P has the barb K (ν ã)N, written

P ↓K (ν ã)N , if ∃P′. 1 � P K (ν ã)N−−−−→ P′. Here names in ã bind occurrences in
N, and alpha equivalent barbs are identified. P has the weak observation

K (ν ã)N, written P ⇓K (ν ã)N , if ∃P′. P ==⇒ P′ and P′ ↓K (ν ã)N .

Finally we identify what kind of contexts an observer may use. We here
follow the work on barbed equivalence in the applied pi-calculus [2] and con-
sider the static contexts, also known as evaluation contexts, built from parallel
composition and restriction.

Definition 6.52 (Weak barbed equivalence). Weak barbed equivalence, writ-
ten

.≈
barb

, is the largest equivalence relation on agents satisfying:

1. Barb similarity: P ↓K (ν ã)N ⇒ Q ⇓K (ν ã)N

2. Reduction simulation: P −→ P′ ⇒ ∃Q′.Q ==⇒ Q′ and P′
.≈

barb
Q′.
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3. Closed under static contexts: ∀R, ã. (ν ã)(P | R)
.≈

barb
(ν ã)(Q | R).

The main theorem of this section is that weak barbed equivalence and weak
bisimulation coincide. The difficult direction is to show that

.≈
barb

implies
.≈.

The idea is to show
.≈

barb
to be a weak bisimulation by constructing contexts

which expose transitions. The proof requires a minimum of expressiveness
for the psi-calculus in the following two ways. Firstly, it uses a set of channels
written Ma, where a is a name, that do not occur in any process under consid-
eration. In other words, Ψ �Ma

.↔Ma, and for all other terms N we have that
Ψ � Ma

.↔ N. Secondly, it uses conditions ϕP for agents P with the property
F � ϕP if and only if F (P) ≤ F , for any frame F . In other words, ϕP is a
condition that can be used to test if the environment is exactly the frame of P.
If the terms Ma and conditions ϕP are not available in a psi-calculus, then they
must be added for the proof of the theorem to hold. The proof relies on a few
lemmas:

Lemma 6.53. F (P) � ϕ ⇒F (P | if ϕ then R) � ϕ .

Proof. Trivial since F (if ϕ then R) = 1 and F (P)⊗1 = F (P).

Lemma 6.54. If (νb)P ==⇒ (νb)P′ then P ==⇒ P′.

Proof. The only way to infer a reduction from (νb)P is via rule SCOPE. This

means that every reduction from (νb)P to (νb)P′ is of form (νb)P′′ −→
(νb)P′′′. Rule SCOPE gives us that P′′ −→ P′′′ for each such reduction. This

gives us that P ==⇒ P′.

Lemma 6.55. If (ν ã)(P |Mcã) ==⇒ (ν ã)(P′ |Mcã) and c#P then P ==⇒ P′.

Proof. By repeatedly applying Lemma 6.54 we get that P |Mcã ==⇒ P′ |Mcã.
Since c#P no communication between P and the agent Mcã is possible, so each

reduction P′′ | Mcã −→ P′′′ | Mcã in the reduction sequence must have been

derived with PAR. SinceF (Mcã) = 1 this gives us that P′′ −→ P′′′. This gives
us that P ==⇒ P′.
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Lemma 6.56. If P |K(λ ã)N .McN ==⇒ Mc (ν ã)N−−−−−→ P′ and c#P,K,N then P ==⇒
K (ν ã)N−−−−→ P′.

Proof. The only way for P | K(λ ã)N.McN to do the output Mc (ν ã)N is to
reduce over K because of the properties of Mc. In other words there ex-

ists P′ such that P ==⇒ P′ and P′ L (ν ã)N−−−−→ P′′. It must be the same N as

in the input pattern since otherwise the transition
Mc (ν ã)N−−−−−→ P′ would have

some other object. The COM-rule gives us that 1⊗ΨP′⊗1 � L .↔ K and that

F (P′) = (ν b̃P′)ΨP′ , where b̃P′#P,L,K(λ ã)N.McN. By Lemma 6.11 we get

that P′ K (ν ã)N−−−−→ P′′.

Lemma 6.57. If P ⇓K (ν ã)N and P
.≈

barb
Q then Q ⇓K (ν ã)N.

Proof. P ⇓K (ν ã)N if P ==⇒ P′ ↓K (ν ã)N . The proof is by induction on the length

of the reduction sequence P ==⇒ P′. The base case follows from barbed bisim-
ilarity, and the inductive steps from reduction simulation.

Lemma 6.58. If (νb)P ⇓K (ν ã)N then there exists P′ such that P ==⇒ P′ and
(νb)P′ ↓K (ν ã)N.

Proof. The only way to infer a reduction from (νb)P is via rule SCOPE. This
means that every reduction from (νb)P to the strong observation is of form

(νb)P′′ −→ (νb)P′′′. So we get that there exists P′ such that (νb)P′ ↓K (ν ã)N .

Rule SCOPE gives us that P′′ −→ P′′′. This gives us that P ==⇒ P′.

Lemma 6.59. If (νb)P ⇓K (ν ã)N then P ⇓K (ν ã\{b})N.

Proof. By Lemma 6.58 we get that there exists P′ such that P ==⇒ P′ and
(νb)P′ ↓K (ν ã)N . If b ∈ ã the transition from (νb)P′ is derived by OPEN,

and this rule gives us that P′ ↓K (ν ã\{b})N . If b /∈ ã the transition is derived

by SCOPE and it holds trivially that P′ ↓K (ν ã\{b})N . Since P ==⇒ P′ and
P′ ↓K (ν ã\b)N we have that P ⇓K (ν ã\{b})N .
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Some of the following lemmas use a special static context which we now
define:

Eã,x[·] = (ν ã)([·] |Mxã).

Lemma 6.60.
P ⇓K (ν ã)N if and only if Eb̃,x[P] | Mx(λ b̃)b̃.K(λ ã)N.MyN ⇓My (ν ã∪c̃)N where

c̃ = (b̃∩ n(N)) \ ã and x,y#P,K, b̃. Here ã∪ c̃ means the sequence ã with the
names in c̃ inserted anywhere.

Proof. For the (⇒)-direction, expand the definitions and fol-
low the transitions. For the (⇐)-direction, we know that since
Eb̃,x[P] | Mx(λ b̃)b̃.K(λ ã)N.MyN ⇓My (ν ã∪c̃)N this agent must reduce over both

Mx and K. Following the reduction over Mx we get to (ν b̃)(P |K(λ ã)N.MyN).
Lemma 6.59 gives us that P | K(λ ã)N.MyN ⇓My (ν ã)N . By Lemma 6.56 we

then get that P ⇓K (ν ã)N .

Lemma 6.61. P
.≈

barb
Q if and only if Eb̃,x[P]

.≈
barb

Eb̃,x[Q] where x#P,Q, b̃.

Proof. The (⇒)-direction follows directly by definition since the relation is
closed under static contexts. For the (⇐)-direction we show that P

.≈
barb

Q as

follows:

1. Same barbs: Assume that P ↓K (ν ã)N . This implies that P ⇓K (ν ã)N . By

Lemma 6.60 we get that Eb̃,x[P] | Mx(λ b̃)b̃.K(λ ã)N.MyN ⇓My (ν ã∪c̃)N ,

where c̃ = (b̃ ∩ n(N)) \ ã. Since Eb̃,x[P]
.≈

barb
Eb̃,x[Q] we get that also

Eb̃,x[P] | Mx(λ b̃)b̃.K(λ ã)N.MyN
.≈

barb
Eb̃,x[Q] | Mx(λ b̃)b̃.K(λ ã)N.MyN

(the relation is closed under all static contexts). By Lemma 6.57

we then get that Eb̃,x[Q] | Mx(λ b̃)b̃.K(λ ã)N.MyN ⇓My (ν ã∪c̃)N and by

Lemma 6.60 we get that Q ⇓K (ν ã)N .

2. Reduction simulation: This follows directly since the reductions of P
and Eb̃,x[P] coincide.

3. Closed under static contexts: We must show that C[P]
.≈

barb
C[Q] for

all contexts of form (ν c̃)([·] | R). If we can show that Eb̃,y[C[P]]
.≈

barb

Eb̃,y[C[Q]] we are done. We show this by finding a context C′[·] such
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that C′[Eb̃,x[P]]
.≈

barb
Eb̃,y[C[P]]. By transitivity we then get the desired

result. The context to use is

C′[·] = (ν c̃)([·] |Mx(λ b̃)b̃.(Myb̃ | R))

Putting Eb̃,x[P] in the hole this becomes

C′[Eb̃,x[P]] =

(ν c̃)((ν b̃)(Mxb̃ | P) |Mx(λ b̃)b̃.(Myb̃ | R))

After one reduction this becomes

(ν c̃)(ν b̃)(P |Myb̃ | R)

which is equivalent to

Eb̃,y[C[P]] = (ν b̃)(Myb̃ | (ν c̃)(P | R))

according to Theorem 6.46.

The main theorem of this section is :

Theorem 6.62. P
.≈

barb
Q if and only if P

.≈ Q.

Proof. The (⇐)-direction is immediate. Barb similarity and reduction simu-
lation follow directly from Clause 4 in the definition of weak bisimulation,
and closure under static contexts is proved using Theorem 6.47(1) and (2).
The (⇒)-direction is more involved. The idea is to show

.≈
barb

to be a weak

bisimulation by constructing contexts which expose transitions.
We use the candidate relation Rl = {(P,Q) : P

.≈
barb

Q} and show it to be a

weak context bisimulation. By Theorem 6.43 we have then also shown it to be
a weak bisimulation. We must show that all clauses in Definition 6.40 follow
from Definition 6.52. These clauses are Weak static implication, Symmetry,
Extension of arbitrary assertion, and Weak simulation.

Weak static implication
We have that F (P) � ϕP by definition. Let Ψ′ be an arbitrary assertion, and

let R = Mb | if ϕP then τ .(Ψ′ |Mb). Since P
.≈

barb
Q we also have that P | R

.≈
barb
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Q | R. Here P | R can reduce twice:

P | R−→−→ P |Ψ′

Since P | Ψ′ �↓Mb
and P | R

.≈
barb

Q | R we know that there exists T such that

Q | R ==⇒ T , T �↓Mb
, and P | Ψ′ .≈

barb
T , or in other words, there exists Q′′ and

Q′ such that

Q | R ==⇒ Q′′ |Mb | if ϕP then τ .(Ψ′ |Mb)

−→ Q′′ |Mb |Ψ′ |Mb

−→ Q′′ |Ψ′

==⇒ Q′ |Ψ′

and P | Ψ′ .≈
barb

Q′ | Ψ′. In other words, ∀Ψ′∃Q′′,Q′.Q ==⇒ Q′′, P ≤ Q′′,

Q′′ |Ψ′ ==⇒ Q′ |Ψ′, and P |Ψ′ .≈
ctx

Q′ |Ψ′.

Symmetry
Follows immediately since Definition 6.52 is symmetric.

Extension of arbitrary assertion
Follows immediately since Definition 6.52 is closed under all evaluation con-
texts after each step.

Weak simulation
Case P τ−→ P′: Follows immediately from Definition 6.52.

Case P K (ν ã)N−−−−→ P′: We have that F (P) � ϕP by definition. From Def-
inition 6.52 clause 3 we get that for all static contexts C[·],
C[P]

.≈
barb

C[Q]. Let Ψ′ be an arbitrary assertion and let R =

case ϕP : K(λ ã)N.((|Ψ′|) |Mcã), where c#P,Q,K,N, ã,Ψ′. In particular
we then have that

P | R
.≈

barb
Q | R.

Trivially we have that F (P) � ϕP and by Lemma 6.53 we also have that

F (P | R) � ϕP.
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This agent has the reduction

P | R−→ (ν ã)(P′ | (|Ψ′|) |Mcã).

By Clause 2 in Definition 6.52 we know that Q | R can weakly simulate
this reduction. Since (ν ã)(P′ | (|Ψ′|) | Mcã) ↓Mc (ν ã)ã this simulating re-

duction must reduce to something that also has the barb Mc (ν ã)ã. Since
Mc does not occur in Q and is not channel equivalent to anything else,
all reductions that lead to an agent with the barb Mc must reduce over

K: ∃Q′′′,Q′′ such that Q | R ==⇒ Q′′′ | R −→ (ν ã)(Q′′ | (|Ψ′|) | Mcã)

(since the term Mc cannot occur in Q this also gives us that Q ==⇒ Q′′′).
The derivation of the last reduction is:

COM

1⊗ΨQ′′′⊗1 � L .↔ K

1 � 1⊗1 Q′′′−−→ L (ν ã)NQ′′ ΨQ′′′⊗1 � RK N(|Ψ′|) |Mcã

1 � Q′′′ | R τ−→ (ν ã)(Q′′ | (|Ψ′|) |Mcã)
ã#Q

We here assume that F (Q′′′) = (ν b̃Q′′′)ΨQ′′′ such that b̃Q′′′#K,L,Q′′′,R.
By Lemma 6.11 we learn that 1⊗1 � Q′′′ K (ν ã)N−−−−→ Q′′. The
object must be (ν ã)N since otherwise we would not have
that (ν ã)(Q′′ | (|Ψ′|) | Mcã) ↓Mc (ν ã)ã. We get that ΨQ′′′ � ϕP
since otherwise R’s transition would not be possible, and

since b̃Q′′′#R also that F (Q′′′) � ϕP. We know that ∃Q′ such

that (ν ã)(Q′′ | (|Ψ′|) | Mcã) ==⇒ (ν ã)(Q′ | (|Ψ′|) | Mcã) and

(ν ã)(P′ | (|Ψ′|) |Mcã)
.≈

barb
(ν ã)(Q′ | (|Ψ′|) |Mcã).

We now turn to see how the requirements of Clause 4b in Defini-

tion 6.40 follow from this. We have that P K (ν ã)N−−−−→ P′. Since Ψ′ was
arbitrarily chosen we have that ∀Ψ′∃Q′′′,Q′′ such that Q ==⇒ Q′′′. We
also have that F (P) � ϕP and F (Q′′′) � ϕP, or in other words that

P ≤ Q′′′. From above we also have that Q′′′ K (ν ã)N−−−−→ Q′′, and that

Q′′ | (|Ψ′|) ==⇒ Q′ | (|Ψ′|) (with Lemma 6.55 to get rid of Mcã and

the restriction), and that P′ | (|Ψ′|) .≈
barb

Q′ | (|Ψ′|) (with Lemma 6.61).

Finally, because of the construction of the candidate relation we have
that Rl(P′ | (|Ψ′|),Q′ | (|Ψ′|)).

Case P K N−−→ P′: This proof is very similar to the one for bound output, but
we use the context

C[·] = [·] | case ϕP : KN.((|Ψ′|) |Mc)
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instead. This means that there are no restrictions on the derivative of
the reduction of C[P], which gives us a slightly simpler problem. Apart
from this the proof is the same.

6.3.1 Variants of weak barbed equivalence

As far as the author knows, previous barbed equivalences do not include the
object of an action in the barb. In contrast, here the whole label is the barb.
The necessity for this is illustrated by a psi-calculus where there are no asser-
tions except 1 and no conditions, and where both k and f(k) are terms but not
channels, and M is a channel. Consider:

R = (νk)Mf(k)+(νk)Mk
S = (νk)Mf(k)

Intuitively, R and S should not be equivalent since R may send k and S cannot.

They are not bisimilar since S cannot simulate R M (νk)k−−−−→ 0. But if objects
are not included in the barbs they are barbed bisimilar: there is no context
C[·] such that C[R] and C[S] have different barbs. The only thing a context
could do is interact with R or S by performing an input of kind M(λ x̃)N .P.
But the only input pattern that matches (νk)k is (λx)x and this also matches
(νk)f(k). Observe that the pattern (λε)k does not match (νk)k because of the
side condition ã#Q in the COM rule.
An alternative to including objects in the barbs could be to require a con-

dition name(x) that is entailed only if x is a name. In that case a parallel
composition with M(x) . if name(x) then . . . distinguishes between P and Q.
Observe that this condition is sufficient also for the agents

R′ = (νk)Mf(f(k))+(νk)Mf(k)
S′ = (νk)Mf(f(k)).

The context M(λx)f(x) . if name(x) then . . . will distinguish between R′ and
S′.
Note that input actions do not result in barbs. Including such barbs would

not change the proof of the theorem. We conjecture that the output subjects
can be excluded in barbs if some other observable is added, but removing them
complicates the proof.
A consequence of Definition 6.52 is that the closure under static contexts

recurs: after a reduction the agents are required to be barbed bisimilar and
again satisfy Clause 3. In this we have followed [2]. An alternative is to close
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under contexts at top level, i.e., Clause 3 is omitted from the recursive defini-
tion, and barbed congruence is defined as barbed equivalence in all contexts.
This is the approach in the original work on barbs [59, 67]. The proofs be-
come quite involved and use contexts with infinite sums. This technique is not
available in psi-calculi since all terms are required to have finite support.
Finally, an alternative is to close under all contexts (and not merely static

contexts). Since input contexts can be used to effect a substitution on any
free name, this is akin to a recurring closure under arbitrary substitutions,
and would correspond to a smaller equivalence, probably similar to the hy-
perequivalence of [63]. Consider an example from the polyadic pi-calculus,
which as explained in Section 4.1 is a psi-calculus with 1 as the only asser-
tion. We elide unimportant objects.

R = (νxy)a〈x,y〉 .(x | y)
S = (νxy)a〈x,y〉 .(x .y+ y .x)

R and S are weakly bisimilar. If arbitrary substitutions recur in a barbed equiv-

alence R and S will not be barbed equivalent. To see this consider R | a(xy) −→
x | y simulated by S | a(xy) −→ x .y+ y .x . Closure under all contexts means
that ay | a(x) .(x | y) should be barbed bisimilar to ay | a(x) .(x .y+ y .x), but
the former can reduce twice to reach an inert state without barbs, whereas the
latter after a reduction has a barb y .
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7. Symbolic psi

In this chapter we develop a symbolic semantics for psi-calculi, admitting
large parts of psi-calculi to be verified more efficiently. We define a symbolic
version of labelled bisimulation equivalence, and show that it is fully abstract
with respect to bisimulation congruence in the original semantics. This means
that the symbolic semantics does not change which processes are considered
equivalent.
For the results in this section to hold, in addition to the requirements in

Definition 3.9, we also require that an instance satisfies weakening, Defini-
tion 6.33:

Weakening: Ψ � ϕ =⇒ Ψ⊗Ψ′ � ϕ

The weakening property is used in Lemma 7.11 which in turn is used in the
proof of Theorem 7.8.
Another restriction is that the input prefix is limited to input a single vari-

able, as in the pi-calculus. This is discussed in Section 7.6.

7.1 Symbolic semantics

A symbolic semantics abstracts the values received in an input action. Instead
of a possibly infinite branching of concrete values, a single name is used to
represent them all. When the received values are used in conditional construc-
tions (e.g. if-then-else) or as communication channels, we do not know their
precise value, but need to record the constraints which must be satisfied for a
resulting transition to be valid.

A (non-symbolic) psi-calculus transition has the form Ψ � P α−→ P′, with
the intuition that P can perform α leading to P′ in an environment that asserts
Ψ. For example, if P can do an α to P′ then if prime(x) then P can make an
α-transition to P′ if we can deduce prime(x) from the environment, e.g.

{x = 3} � if prime(x) then P α−→ P′.

if {x = 3} � prime(x). In the symbolic semantics where we may not have the
precise value of x, we instead decorate the transition with its requirement, so

Ψ � if prime(x) then P α−−−−−−−−−−→
C∧{|Ψ�prime(x)|}

P′(for any Ψ)
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where C is the requirement for P to do an α to P′ in the environment
Ψ. Constraints also arise from communication between parallel agents,
where, in the symbolic case, the precise channels may not be known;
instead we allow communication over symbolic representations of channels
and record the requirement in a transition constraint. As an example
consider a(x) .a(y) .(xx .P | y(z) .Q) which after its initial inputs only has
symbolic values of x and y. The resulting agent has the symbolic transition

xx .P | y(z) .Q τ−−−−−−→
{|Ψ�x .↔y|}

P | Q[z := x] but in the non-symbolic semantics it

only has a τ-transition if two channel equivalent terms were received.
As illustrated in Sections 5.1.1 and 5.1.2, communication channels in psi-

calculi may be structured data terms, not only names. This leads to a new
source of possibly infinite branching: a subject in a prefix may be rewrit-
ten to another equivalent term before it is used in a transition. E.g., when

first(x,y) and x represent the same channel, P= first(a,b)c .P′ ac−→ P′, but also
P first(a,c)c−−−−−→ P′, etc. Our symbolic semantics abstracts the equivalent forms of
channel subject by using a fresh name as subject, and adds a suitable constraint
to the transition label.
In general, a symbolic transition is of form

Ψ � P α−→
C

P′

The intuition is that this represents a set of concrete transitions, namely those
that satisfy the constraint C. Before the formal definitions we here briefly ex-
plain the rationale. Consider a psi-calculus with integers and integer equa-
tions; for example a condition can be “x = 3". An example agent is P =

if x = 3 then P′. If P′ α−−→
true

P′′, where true is a constraint that is always

true, then there should clearly be a transition P α−→
C

P′′ for some constraint

C that captures that x must be 3. One context that can make this constraint
true is an input, as in a(x).P. The input will give rise to a substitution for
x, and if the substitution sends x to 3 the constraint is satisfied. In this way
the constraints are similar to those for the pi-calculus [15, 47]. In psi-calculi
there is an additional way that a context can enable the transition: it can
contain an assertion as in (|x = 3|) |P. Concretely this agent has a transition

(|x = 3|) |P α−→ (|x = 3|) |P′′ since x = 3 � x = 3. Therefore a solution of a
constraint will contain both a substitution of terms for names (representing
the effect of an input) and an assertion (representing the effect of a parallel
component).

Definition 7.1. The atomic constraints are of the form (ν ã){|Ψ � ϕ|} where ã
are binding occurrences into Ψ and ϕ . A solution of an atomic constraint is
a pair (σ ,Ψ′) where σ is a substitution of terms for names such that ã#σ ,Ψ′
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and Ψσ⊗Ψ′ � ϕσ . We adopt the notation (σ ,Ψ) |=C to say that (σ ,Ψ) is a
solution of C, and write sol(C) for {(σ ,Ψ) : (σ ,Ψ) |=C}.

The transition constraints are the atomic constraints C and conjunctions
of atomic constraints C∧C′, where the solutions are the intersection of the
solutions for C and C′ and we let (ν ã)(C∧C′) mean (ν ã)C∧ (ν ã)C′.

A transition constraint C defines a set of solutions sol(C), namely those
where the entailment becomes true by applying the substitution and adding
the assertion. For example, the transition constraint {|1 � x = 3|} has solutions
([x := 3],1) and (Id, x = 3), where Id is the identity substitution.
The syntax of agents is the same as in Section 3.1, with input prefixes lim-

ited to input a single variable, i.e. only input prefixes of form M(λx)x are
considered. We use the shorter notation M(x) throughout this section.
The structured operational symbolic semantics is defined in Table 7.1. First

consider the OUT rule: Ψ � MN.P
yN−−−−−−→

{|Ψ�M .↔y|}
P. The symbolic subject y must

be chosen fresh and has a constraint associated with it: the transition can be
taken in any solution that implies that the subject M of the syntactic prefix is
channel equivalent to y. The rule COM is of particular interest. The intuition is
that the symbolic action subjects are place holders for the values MP and MQ.
In the conclusion the constraint is that these are channel equivalent, while y
and z will not occur again. Similarly to the non symbolic semantics, we will

often write P α−→
C

P′ for 1 � P α−→
C

P′.

7.2 Symbolic bisimulation

In order to define a symbolic bisimulation we need additional kinds of con-
straints. If a process P does a bound output y(ν ã)N that is matched by a bound
output y (ν ã)N′ from Q we need constraints that keep track of the fact that N
and N′ should be syntactically the same, and that ã is sufficiently fresh.

Definition 7.2. The constraints include the transition constraints, constraints
of type {|M = N|}, and of type {|a#X |}, where X is any nominal data type. The
solutions of the last two are all pairs (Ψ,σ) such that Mσ = Nσ and a#(Xσ)
respectively. We also include conjunction of constraints C∧C′, where the set
of solutions is the intersection of the solutions for C and C′.

Note that the assertion part of the solution is irrelevant for constraints of
kind {|M = N|} and {|a#X |}, and that the substitution does not affect a in
{|a#X |}. The constraint {|M = N|} is used in the bisimulation for matching
output objects, and {|a#X |} is used in the bisimulation for recording what an
opened namemust be fresh for. This corresponds to distinctions in open bisim-
ulation for the pi-calculus [68]. We define true to be {|M = M|}, we write
{|a#X ,Y |} for {|a#X |} ∧ {|a#Y |}, and we extend the notation to sets of names,
e.g. {|ã#X |}.
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IN

Ψ � M(x).P
y(x)−−−−−−→

{|Ψ�M .↔y|}
P

y#Ψ,M,P,x

OUT

Ψ � MN.P
yN−−−−−−→

{|Ψ�M .↔y|}
P

y#Ψ,M,N,P

CASE

Ψ � Pi
α−→
C

P′

Ψ � case ϕ̃ : P̃ α−−−−−−→
C∧{|Ψ�ϕi|}

P′

COM

Ψ⊗ΨQ � P
y(ν ã)N−−−−−−−−−−−−−→

(ν b̃P){|Ψ′�MP
.↔y|}∧CP

P′

Ψ⊗ΨP � Q
z(x)−−−−−−−−−−−−−→

(ν b̃Q){|Ψ′�MQ
.↔z|}∧CQ

Q′

Ψ � P | Q τ−−−−−−−−−−−−−−−−−−−→
(ν b̃P,b̃Q){|Ψ′�MP

.↔MQ|}∧CP∧CQ

(ν ã)(P′ | Q′[x :=N])

ã#Q,
y#z

PAR

Ψ⊗ΨQ � P α−→
C

P′

Ψ � P | Q α−−−−→
(ν b̃Q)C

P′ | Q
bn(α)#Q

α = τ ∨ subj(α)#Q

SCOPE

Ψ � P α−→
C

P′

Ψ � (νa)P α−−−→
(νa)C

(νa)P′
a#α,Ψ

OPEN

Ψ � P
y(ν ã)N−−−−→

C
P′

Ψ � (νa)P
y(ν ã∪a)N−−−−−→
(νa)C

P′
a ∈ n(()N)
a#ã,Ψ,y REP

Ψ � P | !P α−→
C

P′

Ψ� !P α−→
C

P′

Table 7.1: Transition rules for the symbolic semantics. Symmetric versions of COM

and PAR are elided. In the rule COM we assume that F (P) = (ν b̃P)ΨP and F (Q) =

(ν b̃Q)ΨQ where b̃P is fresh for all of Ψ, b̃Q,Q and P, and that b̃Q is correspondingly
fresh. We also assume that y,z#Ψ, b̃P,P, b̃Q,Q,N, b̃P, b̃Q, ã and that Ψ′ = Ψ⊗ΨP⊗ΨQ.
In the rule PAR we assume that F (Q) = (ν b̃Q)ΨQ where b̃Q is fresh for Ψ,P and α .
In OPEN the expression ã∪{a} means the sequence ã with a inserted anywhere.
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Definition 7.3 (Constraint implication). A constraint C implies another con-
straint D, written C ⇒ D, iff sol(C) ⊆ sol(D). We write C ⇒ ∨

C̃ iff for each
(σ ,Ψ) ∈ sol(C) there exists a C′ ∈ C̃ such that (σ ,Ψ) ∈ sol(C′).

Before we can give the definition of symbolic bisimulation we need to de-
fine a symbolic variant of static equivalence.

Definition 7.4 (Symbolic static equivalence). Two processes P and Q are stat-
ically equivalent for C, written P 	C Q, if for each (σ ,Ψ) ∈ sol(C) we have
that Ψ⊗F (P)σ 	Ψ⊗F (Q)σ .

We now have everything we need to define symbolic bisimulation. This
definition follows the definition in [37] closely.

Definition 7.5 (Symbolic bisimulation). A symbolic bisimulation S is a
ternary relation between constraints and pairs of agents such that S (C,P,Q)
implies all of

1. P	C Q, and

2. S (C,Q,P), and

3. If P α−→
CP

P′, bn(α)#(P,Q,C,CP,subj(α)) and subj(α)#(P,Q,C) then

there exists a set of constraints Ĉ such that C∧CP ⇒∨
Ĉ

and for all C′ ∈ Ĉ there exists Q′, α ′, and CQ such that

(a) Q α ′−→
CQ

Q′, and

(b) C′ ⇒CQ, and

(c) if α = y (ν ã)N then α ′ = y (ν ã)N′, C′ ⇒ {|N = N′|},
and (C′ ∧ {|ã#P,Q|},P′,Q′) ∈ S otherwise α = α ′ and
(C′,P′,Q′) ∈S

We write P .∼
sym

Q if (true,P,Q) ∈S for some symbolic bisimulation S , and

say that P is symbolically bisimilar to Q.

The set Ĉ allows a case analysis on the constraint solutions, as exempli-
fied in the next section. The output objects need to be equal in a solution to
C′. Since the solutions of {|N = N′|} only depend on the substitutions, this
constraint corresponds to the fact that the objects must be identical in the

concrete bisimulation. Note that bn(α) may occur in Ĉ. Based on [15, 47],

we conjecture that adding the requirement bn(α)#Ĉ would give late symbolic
bisimulation.
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7.3 Examples

We now look at a few examples to illustrate the concrete and symbolic tran-
sitions and bisimulations. First consider a simple example using the instance
Pi. In the following examples we drop a trailing .0. Consider the two agents
P1 and Q1:

P1 = a(x) .P′1 where P′1 = ab .ab
Q1 = a(x) .Q′

1 where Q′
1 = (case x = b : ab .ab [] x �= b : ab .ab)

These are bisimilar. A concrete bisimulation between these agents is

{(1,P1,Q1)}∪
⋃

n∈N

{(1,P′1,Q′
1[x :=n]} ∪{(1,ab,ab)}

The bisimulation needs to be infinite because of the infinite branching in the
input. In contrast, a symbolic bisimulation only contains four triples:{
(true,P1,Q1), (true,P′1,Q

′
1), ({|1 � x = b|},ab,ab), ({|1 � x �= b|},ab,ab)

}

When checking the second triple (true,P′1,Q
′
1), the transition of P′1 is

matched by a case analysis: Ĉ in the definition of symbolic bisimulation
(Definition 7.5) is {{|1 � x = b|},{|1 � x �= b|}}, and a matching transition
for Q′

1 can be found for each of these cases, so the agents are bisimilar. In
contrast, they are not equivalent in the incomplete symbolic bisimulations in
[19] and [28].
Next we look at an example where we have tuples of channels and projec-

tion, e.g. the entailment relation gives us that 1 � first(M,N)
.↔ M. Consider

the agent
R = MN .R′

Concretely this agent has infinitely many transitions even in an empty

frame: R MN−−→ R′, and equivalent actions first(M,K)N for all K, and

first(first(M,L),K)N for all L and K, etc. Symbolically, however, it has only

one transition: R
yN−−−−−−→

{|1�M .↔y|}
R′.

For another example, consider the two agents

P2 = FN .P′ Q2 = 0

where F is a term such that for no Ψ,M does it hold that Ψ � F .↔ M, i.e., F
is not a channel. Then we have that P2 and Q2 are concretely bisimilar since
neither one of them has a transition. But symbolically P2 has the transition

P2
yN−−−−−−→

{|1�F .↔y|}
P′, while Q2 has no symbolic transition. Perhaps surprisingly

they are still symbolically bisimilar: Definition 7.5 requires that we find a
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disjunction Ĉ such that C∧CP ⇒ ∨
Ĉ, or in this case such that true∧{|1 �

F .↔ y|} ⇒ ∨
Ĉ. Since F is not channel equivalent to anything, the left hand

side has no solutions, which means that any set Ĉ will do, and in particular the

empty one. The condition “for all C′ ∈ Ĉ " in the definition becomes trivially
true, so Q2 does not have to mimic the transition.
A final example shows the use of cryptographic primitives. Here the terms

contains enc(M,k) and dec(M,k), assertions are variable assignments, e.g.
x := M, the conditions are equality tests between terms, and the entailment
relation is parametrised by an equation system which contains the equation
dec(enc(M,k),k) = M. Consider

P3 = (νa,k)((|x := enc(a,k)|) | b(z) .bk .(case z = a : cd))
Q3 = (νa,k)((|x := enc(a,k)|) | b(z) .bk)

Here the environment can use x, the result of encrypting a with k, but not
the bound a or k. Intuitively these agents are bisimilar since the key k is not
revealed until after the agents receive z, which therefore cannot be equal to a.
The first symbolic transitions of the agents are

P3
y(z)−−−−−−−−−→

(νa,k){|1�b .↔y|}
(νa,k)((|x := enc(a,k)|) | bk .(case z = a : cd)) = P′3

Q3
y(z)−−−−−−−−−→

(νa,k){|1�b .↔y|}
(νa,k)((|x := enc(a,k)|) | bk) = Q′

3

and the second transitions are

P′3
y′(νk)k−−−−−−−−−→

(νa,k){|1�b .↔y′|}
(νa)((|x := enc(a,k)|) | (case z = a : cd)) = P′′3

Q′
3

y′(νk)k−−−−−−−−−→
(νa,k){|1�b .↔y′|}

(νa)((|x := enc(a,k)|)) = Q′′
3

A symbolic bisimulation, where we for simplicity ignore the constraints that
arise for subjects, is

{(true,P3,Q3), (true,P′3,Q
′
3), ({|k#P′3,Q

′
3|},P′′3 ,Q′′

3)}

Here the constraint {|k#P′3,Q
′
3|} will among other things imply that k#z. The

final transition of P′′3 has the constraint (νa){|1 � z = a|}, so we must find a

disjunction Ĉ such that k#P′3,Q
′
3 ∧ (νa){|1 � z = a|} ⇒ Ĉ. Since a is bound,

the only way to find a solution to the left hand side is to find a value for z that
evaluates to a. One candidate for a solution is ([z :=dec(x,k)],1), but because
of the constraint k#z this does not work. In fact, there is no solution to the left
hand side because of the freshness constraint on k and the fact that a is bound.
This means that, as in the previous example, any disjunction Ĉ will do, and in
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particular the empty disjunction, and trivially Q′′
3 does not have to mimic the

transition.
In contrast, if we swap the order of the inputs and the outputs in P3 and

Q3 and try to construct the bisimulation relation we will discover that we do
not get the constraint k#z. This means that ([z :=dec(x,k)],1) is a solution to
C∧CP in the definition of bisimulation, and that Q′′

3 must mimic the transition
from P′′3 . In this case the agents are not bisimilar.

7.4 Concrete and symbolic equivalence coincide

We now turn to showing that the concrete and symbolic equivalences coincide.
We first give the main lemmas and the proof idea, and then in Section 7.5 the
full proof is given.
We define substitution on symbolic actions by τσ = τ , (y(x))σ = yσ(xσ),

and (y (ν ã)N)σ = yσ (ν ã)Nσ , where x, ã#σ . We define the substitution σ ·
[y :=M] for y#σ by (σ · [y :=M])(x) = M if x = y, and σ(x) otherwise.
The following two lemmas show the operational correspondence between

the symbolic semantics and the concrete semantics: given a symbolic tran-
sition where the transition constraint has a solution, there is always a corre-
sponding concrete transition (Lemma 7.6) and vice versa (Lemma 7.7).

Lemma 7.6 (Correspondence symbolic-concrete).

1. If P
y(x)−−→
C

P′ then for all (σ ,Ψ) ∈ sol(C) s.t. x#σ we have that

Ψ � Pσ (y(x))σ−−−−→ P′σ .

2. If P
y (ν ã)N−−−−→

C
P′ then for all (σ ,Ψ) ∈ sol(C) s.t. ã#σ we have that

Ψ � Pσ (y (ν ã)N)σ−−−−−−→ P′σ .

3. If P τ−→
C

P′ then for all (σ ,Ψ) ∈ sol(C) we have that

Ψ � Pσ τ−→ P′σ .

Lemma 7.7 (Correspondence concrete-symbolic).

1. If Ψ � Pσ M(x)−−−→ P′σ , y#P,σ ,M,N,x, and x#σ ,P then there exists

b̃,MP, and CP such that P
y(x)−−−−−−−−−−−−−→

(ν b̃){|ΨP�MP
.↔y|}∧CP

P′ and

(σ · [y :=M],Ψ) ∈ sol((ν b̃){|ΨP �MP
.↔ y|}∧CP).

2. If Ψ � Pσ M (ν ã)Nσ−−−−−−→ P′σ , y#P,σ ,M, ã, and ã#σ ,P then there exists

b̃,MP, CP such that P
y (ν ã)N−−−−−−−−−−−−−→

(ν b̃){|ΨP�MP
.↔y|}∧CP

P′ and

(σ · [y :=M],Ψ) ∈ sol((ν b̃){|ΨP �MP
.↔ y|}∧CP).
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3. If Ψ � Pσ τ−→ P′σ then there exists C such that P τ−→
C

P′ and

(σ ,Ψ) ∈ sol(C).

We assume in 1 and 2 that F (P) = (ν b̃P)ΨP and b̃P, b̃#y,Ψ,σ ,P.

The proofs are by induction over the transition derivation (one case for each
rule). In the following we refer to Definition 6.31 as concrete bisimulation.

Theorem 7.8 (Soundness). Assume S is a symbolic bisimulation and let
R = {(Ψ,Pσ ,Qσ) : ∃C.(σ ,Ψ) |= C and (C,P,Q) ∈ S }. Then R is a con-
crete bisimulation.

The proof idea to show that R is a concrete bisimulation is to assume
(Ψ,Pσ ,Qσ) ∈ R and that Pσ has a transition in environment Ψ. We use
Lemma 7.7 to find a symbolic transition from P, then the fact that S is a
symbolic bisimulation to find a simulating symbolic transition from Q, and
finally Lemma 7.6 to find the required concrete transitions from Qσ .
Similarly to [37] we need an extra assumption about the expressiveness

of constraints: for all R,P,Q such that R is a concrete bisimulation there
exists a constraint C such that (Ψ,σ) |= C ⇐⇒ (Ψ,Pσ ,Qσ) ∈ R. In order
to determine symbolic bisimilarity in an efficient way we need to compute
this constraint, which is easy for the pi-calculus [15, 47, 48] and harder (but in
many practical cases possible) for cryptographic signatures [18]. These results
suggest that our constraints are sufficiently expressive, but for other instances
of psi-calculiwe may have to extend the constraint language. We leave this as
an area of further research.

Theorem 7.9 (Completeness). Assume that R is a concrete bisimulation and
let S = {(C,P,Q) : (σ ,Ψ) |=C implies (Ψ,Pσ ,Qσ)∈R}. Then S is a sym-
bolic bisimulation.

The proof idea is the converse of the proof for Theorem 7.8. The expres-
siveness assumption of constraints mentioned above is needed in order to con-
struct the disjunction of constraints in the symbolic bisimulation. From these
two theorems we get:

Corollary 7.10 (Full abstraction). P∼ Q if and only if P .∼
sym

Q.

7.5 Proofs

In this section we give the proofs of Theorems 7.8 and 7.9. In the following we
prefix the symbolic transition rules with an S, and the concrete transition rules
with a C, e.g. S-IN and C-IN for the input rules. All concrete rules refer to the
late semantics from Section 3.2.6. The proofs rely on a number of lemmas:

Lemma 7.11 (Weakening). (σ ,Ψ) |=C =⇒∀Ψ′ : (σ ,Ψ⊗Ψ′) |=C
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Proof. This follows directly from the definitions, since the requirements on
an instance include weakening.

Lemma 7.12. (σ ,Ψ) |= (νa)C∧a#σ ,Ψ =⇒ (σ ,Ψ) |=C

Proof. By application of the definitions involved in the expression (σ ,Ψ) |=
(νa)C.

Lemma 7.13 (Change subject). Let B be any finite set of names and let
F (P) = (ν b̃P)ΨP.

Ψ � P
y (ν ã)N−−−−−−−−−−−−−−→

(ν b̃){|Ψ⊗ΨP�MP
.↔y|}∧C

P′

=⇒ ∃z such that z#Ψ, b̃,P,B,C

∧ Ψ � P
z (ν ã)N−−−−−−−−−−−−−−→

(ν b̃){|Ψ⊗ΨP�MP
.↔z|}∧C

P′

Ψ � P
y(x)−−−−−−−−−−−−−−→

(ν b̃){|Ψ⊗ΨP�MP
.↔y|}∧C

P′

=⇒ ∃z such that z#Ψ, b̃,P,B,C

∧ Ψ � P
z(x)−−−−−−−−−−−−−−→

(ν b̃){|Ψ⊗ΨP�MP
.↔z|}∧C

P′

Proof. By induction on the length of the derivation of the transition.

Lemma 7.14.

(σ ,Ψ) |= (ν ãb̃){|Ψ′ �M .↔ N|}∧C
∧ y#σ ,Ψ, b̃,Ψ′,M,N,C
∧ ã#b̃
∧ b̃#σ ,Ψ

=⇒ (σ [y :=Mσ ],Ψ) |= (ν b̃){|Ψ′ � N .↔ y|}∧C

150



Proof. This follows from expanding the definitions involved and using the
freshness assumptions.

Lemma 7.15.

F ((νa)P) = (ν b̃(νa)P)Ψ(νa)P =⇒ ∃b̃P,ΨP such that
F (P) = (ν b̃P)ΨP

∧ b̃(νa)P = ab̃P

∧ Ψ(νa)P = ΨP

Proof. Directly from the definitions involved.

Lemma 7.16.

F (P | Q) = (ν b̃P | Q)ΨP | Q =⇒ ∃b̃P, b̃Q,ΨP,ΨQ such that
F (P) = (ν b̃P)ΨP

∧ F (Q) = (ν b̃Q)ΨQ

∧ b̃P | Q = b̃Pb̃Q

∧ ΨP | Q = ΨP⊗ΨQ

Proof. Directly from the definitions involved.

Lemma 7.17.
F (Pσ) = (ν b̃Pσ )ΨPσ

=⇒ ∃ΨP s.t.
F (P) = (ν b̃Pσ )ΨP

∧ ΨPσ = ΨPσ

Proof. By induction on the structure of Pσ .

7.5.1 Proof of Lemma 7.6

Lemma 7.6 follows directly from the next lemma.
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Lemma 7.18. 1. If Ψ � P
y(x)−−→
C

P′ then ∀(σ ,Ψ′) such that (σ ,Ψ′) ∈
sol(C) and x#σ we have that Ψ′⊗Ψσ � Pσ (y(x))σ−−−−→ P′σ

2. If Ψ � P
y (ν ã)N−−−−→

C
P′ then ∀(σ ,Ψ′) such that (σ ,Ψ′) ∈ sol(C) and ã#σ

we have that Ψ′⊗Ψσ � Pσ (y (ν ã)N)σ−−−−−−→ P′σ

3. If Ψ � P τ−→
C

P′ then ∀(σ ,Ψ′) such that (σ ,Ψ′) ∈ sol(C) we have that

Ψ′⊗Ψσ � Pσ τ−→ P′σ

Proof. By induction on the depth of the inference of Ψ � P α−→
C

P′.

IN In this case the inference looks like

S-IN

Ψ � M(x).P
y(x)−−−−−−→

{|Ψ�M .↔y|}
P

y#Ψ,M,P,x

For all (σ ,Ψ′) such that (σ ,Ψ′) |= {|Ψ �M .↔ y|} and x#σ we must find

a transition Ψ′⊗Ψσ � (M(x).P)σ (y(x))σ−−−−→ Pσ .

Let (σ ,Ψ′) be any solution to {|Ψ � M .↔ y|} such that x#σ . Since x#σ
we have that (M(x).P)σ = Mσ(x).Pσ and that (y(x))σ = yσ(x). We
can then do the following derivation:

C-IN
Ψ′⊗Ψσ �Mσ .↔ yσ

Ψ′⊗Ψσ � Mσ(x).Pσ yσ(x)−−−→ Pσ

OUT In this case the inference looks like

S-OUT

Ψ � MN.P
yN−−−−−−→

{|Ψ�M .↔y|}
P

y#Ψ,M,N,P

For all (σ ,Ψ′) such that (σ ,Ψ′) |= {|Ψ � M .↔ y|} we must find a tran-

sition Ψ′⊗Ψσ � (MN.P)σ (yN)σ−−−→ Pσ . This transition can be derived
with

C-OUT
Ψ′⊗Ψσ �Mσ .↔ yσ

Ψ′⊗Ψσ � (MN.P)σ (yN)σ−−−→ Pσ
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CASE In this case the inference looks like

S-CASE

Ψ � Pi
α−→
C

P′

Ψ � case ϕ̃ : P̃ α−−−−−−→
C∧{|Ψ�ϕi|}

P′

For all (σ ,Ψ′) such that (σ ,Ψ′) |=C∧{|Ψ � ϕi|} we must find a transi-

tion Ψ′⊗Ψσ � (case ϕ̃ : P̃)σ α−→ P′σ .

α = y(x) In this case we have that x#σ . Let (σ ,Ψ′) be any solution to
C∧{|Ψ � ϕi|}. We then have that Ψ′⊗Ψσ � ϕiσ and that (σ ,Ψ′) is
also a solution to C. By induction we get that Ψ′⊗Ψσ � Piσ

ασ−−→
P′σ .

α = y (ν ã)N Exactly as the case for input, but replace x with ã.
α = τ Exactly as the case for input, but without the freshness condition

on x.

We can now do the following derivation:

C-CASE
Ψ′⊗Ψσ � Piσ

ασ−−→ P′σ Ψ′⊗Ψσ � ϕiσ

Ψ′⊗Ψσ � (case ϕ̃ : P̃)σ ασ−−→ P′σ

COM In this case the inference looks like

S-COM

Ψ⊗ΨQ � P
y(ν ã)N−−−−−−−−−−−−−→

(ν b̃P){|Ψ′′�MP
.↔y|}∧CP

P′

Ψ⊗ΨP � Q
z(x)−−−−−−−−−−−−−→

(ν b̃Q){|Ψ′′�MQ
.↔z|}∧CQ

Q′

Ψ � P | Q τ−−−−−−−−−−−−−−−−−−−→
(ν b̃Pb̃Q){|Ψ′′�MP

.↔MQ|}∧CP∧CQ

(ν ã)(P′ | Q′[x :=N])

The side conditions ã#Q, y#z, y,z#Ψ, b̃P,P, b̃Q,Q,N,K, ã, and Ψ′′ =
Ψ⊗ΨP⊗ΨQ have been omitted from the derivation. Here F (P) =
(ν b̃P)ΨP and F (Q) = (ν b̃Q)ΨQ. We are only interested in show-

ing correspondance for all (σ ,Ψ′) such that (σ ,Ψ′) |= (ν b̃Pb̃Q){|Ψ′′ �
MP

.↔ MQ|}∧CP∧CQ. We can assume that y,z#σ ,Ψ′,CP,CQ. If that is
not the case we can use Lemma 7.13 to find subjects for which it is true.
We further assume that ã,x#σ (bound names are fresh).

By Lemma 7.14 we get that (σ [y :=MQσ ],Ψ′) |= (ν b̃P){|Ψ′′ � MP
.↔

y|}∧CP and that (σ [z :=MPσ ],Ψ′) |= (ν b̃Q){|Ψ′′ �MQ
.↔ z|}∧CQ.
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By induction we know that Ψ⊗ΨQ � P
y(ν ã)N−−−−−−−−−−−−−→

(ν b̃P){|Ψ′′�MP
.↔y|}∧CP

P′ can

for all (σ ′,Ψ′′′) such that (σ ′,Ψ′′′) |= (ν b̃P){|Ψ′′ � MP
.↔ y|} ∧CP be

matched by Ψ′′′⊗Ψσ ′⊗ΨQσ ′ � Pσ ′ (y(ν ã)N)σ ′−−−−−−→ P′σ ′. This is in partic-
ular true for (σ [y :=MQσ ],Ψ′).

Similarly by induction we know that Ψ⊗ΨP �
Q

z(x)−−−−−−−−−−−−−→
(ν b̃Q){|Ψ′′�MQ

.↔z|}∧CQ

Q′ can for all (σ ′,Ψ′′′) such that

(σ ′,Ψ′′′) |= (ν b̃Q){|Ψ′′ � MQ
.↔ z|} ∧ CQ be matched by

Ψ′′′⊗Ψσ ′⊗ΨPσ ′ � Qσ ′ (z(x))σ ′−−−−→ Q′σ ′. This is in particular true
for (σ [z :=MPσ ],Ψ′).

We know that (σ ,Ψ′) |=(ν b̃Pb̃Q){|Ψ′′ �MP
.↔MQ|}∧CP∧CQ, and from

this follows that Ψ′⊗Ψσ⊗ΨPσ⊗ΨQσ �MPσ .↔MQσ .

We can now do the following derivation:

C-COM

Ψ′⊗Ψσ⊗ΨQσ � Pσ MQσ (ν ã)Nσ−−−−−−−→ Pσ
Ψ′⊗Ψσ⊗ΨPσ � Qσ MPσ(x)−−−−→ Q′σ

Ψ′⊗Ψσ⊗ΨPσ⊗ΨQσ �MPσ .↔MQσ

Ψ′⊗Ψσ � Pσ | Qσ τ−→ (ν ã)(P′σ | Q′σ [x :=Nσ ])
ã#Qσ

Since ã,x#σ we have that (ν ã)(P′σ |Q′σ [x :=Nσ ]) = (ν ã)(P′ |Q′[x :=
N])σ .

PAR In this case the inference looks like

S-PAR

Ψ⊗ΨQ � P α−→
C

P′

Ψ � P | Q α−−−−→
(ν b̃Q)C

P′ | Q
bn(α)#Q
subj(α)#Q

and we have that F (Q) = (ν b̃Q)ΨQ.

α = y(x) We can assume that y#Ψ,P, b̃Q,ΨQ (if not, use Lemma 7.13

to find another subject). Let (σ ,Ψ′) be any solution to (ν b̃P)C,
and assume that x#σ ,P | Q. By induction we get that Ψ⊗ΨQ �
P α−→

C
P′ has a matching transition Ψ′⊗Ψσ⊗ΨQσ � Pσ ασ−−→

P′σ .

α = y (ν ã)N Exactly as the case for input, but replace x with ã.
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α = τ By induction we get that Ψ⊗ΨQ � P α−→
C

P′ has a matching

transition Ψ′⊗Ψσ⊗ΨQσ � Pσ ασ−−→ P′σ .

We can then do the following concrete inference:

C-PAR
Ψ′⊗Ψσ⊗ΨQσ � Pσ ασ−−→ P′σ

Ψ′⊗Ψσ � Pσ | Qσ ασ−−→ P′σ | Qσ
bn(ασ )#Qσ

SCOPE In this case the inference looks like

S-SCOPE

Ψ � P α−→
C

P′

Ψ � (νa)P α−−−→
(νa)C

(νa)P′
a#α,Ψ

α = y(x) We can assume that y#Ψ,(νa)P,x (if not, use lemma
Lemma 7.13 to find a new subject). We further assume that a#x
(bound names are distinct). We are only interested in showing cor-
respondence for (σ ,Ψ′) such that (σ ,Ψ′) |= (νa)C where x#σ .
Here we assume a#σ ,Ψ′ (bound names are fresh). By Lemma 7.12
we then also have that (σ ,Ψ′) |= C. By induction we get that

Ψ � P α−→
C

P′ has a corresponding transition Ψ′⊗Ψσ � Pσ ασ−−→
P′σ .

α = y (ν ã)N Exactly as the case for input, but replace x with ã.

α = τ We are only interested in showing correspondence for (σ ,Ψ′)
such that (σ ,Ψ′) |= (νa)C. Here we assume a#σ ,Ψ′ (bound
names are fresh). By Lemma 7.12 we then also have that (σ ,Ψ′) |=
C. By induction we get that Ψ � P α−→

C
P′ has a corresponding

transition Ψ′⊗Ψσ � Pσ ασ−−→ P′σ .

We can then do the following concrete inference:

C-SCOPE
Ψ′⊗Ψσ � Pσ ασ−−→ P′σ

Ψ′⊗Ψσ � (νa)(Pσ)
ασ−−→ (νa)(P′σ)

a#ασ ,Ψ′⊗Ψσ

Since a#σ we have that (νa)(Pσ) = ((νa)P)σ and (νa)(P′σ) =
((νa)P)σ .
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OPEN In this case the inference looks like

S-OPEN

Ψ � P
y(ν ã)N−−−−→

C
P′

Ψ � (νa)P
y(ν ã,a)N−−−−−→
(νa)C

P′
a ∈ n(()N)
a#ã,Ψ,y

We can assume that y#Ψ,P, ã,a (if not, use Lemma 7.13 to find another
subject). We are only interested in showing correspondence for (σ ,Ψ′)
such that (σ ,Ψ′) |= (νa)C. Since (σ ,Ψ′) |= (νa)C we also have that

(σ ,Ψ′) |= C. By induction we get that Ψ � P
y(ν ã)N−−−−→

C
P′ has a corre-

sponding transition Ψ′⊗Ψσ � Pσ (y (ν ã)N)σ−−−−−−→ P′σ . We can then do the
following concrete inference, assuming a#σ (bound names are fresh):

C-OPEN
Ψ′⊗Ψσ � Pσ (y (ν ã)N)σ−−−−−−→ P′σ

Ψ′⊗Ψσ � (νa)Pσ (y (ν ã,a)N)σ−−−−−−−→ P′σ
a ∈ n(()Nσ)
a#yσ ,Ψσ ,yσ

S-REP In this case the inference looks like

REP

Ψ � P | !P α−→
C

P′

Ψ� !P α−→
C

P′

α = y(x) Let (σ ,Ψ′) ∈ sol(C) such that x#σ . We can use the induction

hypothesis to get Ψ′⊗Ψσ � (P | !P)σ ασ−−→ P′σ .

α = y (ν ã)N Exactly as for input but replace x with ã.

α = τ As for input, but without the discussion about x.

We can do the following derivation

REP
Ψ′⊗Ψσ � Pσ | !Pσ ασ−−→ P′σ

Ψ′⊗Ψσ � !Pσ ασ−−→ P′σ

Corollary 7.19. Lemma 7.6 holds. Just set Ψ = 1 in Lemma 7.18.

7.5.2 Proof of Lemma 7.7

We need two additional lemmas:
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Lemma 7.20 (Change frame). If Ψ � P α−→ P′, Ψ	Ψ′, and n(Ψ) = n(Ψ′),
then Ψ′ � P α−→ P′.

Proof. By induction on the length of the derivation of the transition.

The next lemma is the converse of Lemma 7.18. It states that concrete tran-
sitions can be simulated by symbolic transitions. Lemma 7.7 follows from this
lemma.

Lemma 7.21. 1. If Ψ′⊗Ψσ � Pσ M(x)−−−→ P′σ where F (P) = (b̃P,ΨP),
y#Ψ, b̃P,P,x,σ ,M,N, x#σ ,P, and b̃P#Ψ′,Ψ,σ ,P then

∃b̃,MP,CP . Ψ � P
y(x)−−−−−−−−−−−−−−−→

(ν b̃){|Ψ⊗ΨP�MP
.↔y|}∧CP

P′ where

(σ · [y :=M],Ψ′) ∈ sol((ν b̃){|Ψ⊗ΨP �MP
.↔ y|}∧CP) and b̃#M,y.

2. If Ψ′⊗Ψσ � Pσ M (ν ã)Nσ−−−−−−→ P′σ where F (P) = (b̃P,ΨP),
y#Ψ, b̃P,P, ã,σ ,M, ã#σ ,P, and b̃P#Ψ′,Ψ,σ ,P then

∃b̃,MP,CP . Ψ � P
y (ν ã)N−−−−−−−−−−−−−−−→

(ν b̃){|Ψ⊗ΨP�MP
.↔y|}∧CP

P′ where

(σ · [y :=M],Ψ′) ∈ sol((ν b̃){|Ψ⊗ΨP �MP
.↔ y|}∧CP) and b̃#M,y.

3. If Ψ′⊗Ψσ � Pσ τ−→ P′σ and then ∃C . Ψ � P τ−→
C

P′ where

(σ ,Ψ′) ∈ sol(C).

Proof. By induction on the depth of the inference of Ψ′⊗Ψσ � Pσ α−→ P′σ .

In In this case the inference looks like

C-IN
Ψ′⊗Ψσ �M′σ .↔M

Ψ′⊗Ψσ � (M′(x).P)σ M(x)−−−→ Pσ

We know that y#Ψ,M′(x).P,x and that x#σ . In this case F (M′(x).P) =

(νε)1. We must find a transition Ψ � M′(λ x̃)N.P
y(x)−−−−−−−−−→

{|Ψ�MP
.↔y|}∧CP

P

such that (σ [y :=M],Ψ′) |= {|Ψ �MP
.↔ y|}∧CP.

Let b̃ = ε,MP = M′ andCP = true. We can then derive such a transition
with

S-IN

Ψ � M′(x).P
y(x)−−−−−−−→

{|Ψ�M′ .↔y|}
P

y#Ψ,M′,P,x
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Since Ψ′⊗Ψσ �M′σ .↔M we have that (σ · [y :=M],Ψ′) |= {|Ψ�M′ .↔
y|}∧ true.

OUT In this case the inference looks like

C-OUT
Ψ′⊗Ψσ �M′σ .↔M

Ψ′⊗Ψσ � (M′N.P)σ MNσ−−−→ Pσ

We know that y#Ψ,M′,N,P. In this case F (M′N.P) = (νε)1. We must

find a transition Ψ � M′N.P
yN−−−−−−−−−→

{|Ψ�MP
.↔y|}∧CP

P such that (σ ,Ψ′) |= {|Ψ�
MP

.↔ y|}∧CP. Let b̃ = ε,MP = M′ and CP = true. We can then derive
such a transition with

S-OUT

Ψ � M′N.P
yN−−−−−−−→

{|Ψ�M′ .↔y|}
P

y#Ψ,M′,N,P

Since Ψ′⊗Ψσ �M′σ .↔M we have that (σ · [y :=M],Ψ′) |= {|Ψ�M′ .↔
y|}∧ true.

CASE In this case the inference looks like

C-CASE
Ψ′⊗Ψσ � Piσ

α−→ P′σ Ψ′⊗Ψσ � ϕiσ

Ψ′⊗Ψσ � (case ϕ̃ : P̃)σ α−→ P′σ

α = M(x) Since y#case ϕ̃ :P̃ we have in particular that y#ϕi,Pi. By in-

duction we know that Ψ′⊗Ψσ � Piσ
α−→ P′σ has a matching

transition Ψ � Pi
y(x)−−→
C

P′ such that (σ · [y :=M],Ψ′) |= C where

C = (ν b̃){|Ψ�MPi
.↔ y|}∧CP (for CASE all ΨPi is 1) and b̃#M. We

also have that (σ · [y :=M],Ψ′) |= {|Ψ � ϕi|}. Together this gives
us that (σ · [y :=M],Ψ′) |=C∧{|Ψ � ϕi|}.

α = M (ν ã)N Exactly as the case for input, but replace x with ã.

α = τ By induction we know that Ψ′⊗Ψσ � Piσ
τ−→ P′σ has a

matching transition Ψ � Pi
τ−→
C

P′ such that (σ ,Ψ′) |= C. We

also have that (σ ,Ψ′) |= {|Ψ � ϕi|}. Together this gives us that
(σ ,Ψ′) |=C∧{|Ψ � ϕi|}.
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We can then do the following derivation:

S-CASE

Ψ � Pi
αs−→
C

P′

Ψ � case ϕ̃ : P̃ αs−−−−−−→
C∧{|Ψ�ϕi|}

Pi

COM In this case the inference looks like

C-COM

Ψ′⊗Ψσ⊗ΨQσ � Pσ M (ν ã)Nσ−−−−−−→ P′σ
Ψ′⊗Ψσ⊗ΨPσ � Qσ K(x)−−→ Q′σ Ψ′⊗Ψσ⊗ΨPσ⊗ΨQσ �M .↔ K

Ψ′⊗Ψσ � (P | Q)σ τ−→ (ν ã)(P′ | Q′[x :=N])σ

The side condition ã#Qσ has been omitted from the deriva-
tion. Let F (Pσ) = (ν b̃Pσ )ΨPσ and F (Qσ) = (ν b̃Qσ )ΨQσ where

b̃Pσ#Ψ′,Ψ,σ ,P, b̃Qσ ,Q and b̃Qσ#Ψ′,Ψ,σ ,Q,x, b̃Pσ ,P. By Lemma 7.17

we then have that F (P) = (ν b̃Pσ )ΨP and ΨPσ = ΨPσ and similarly
for F (Q). Pick

y,z#Ψ′,Ψ,σ , b̃Pσ ,P, b̃Qσ ,Q, ã,N,x,P′,Q′,M,K,CP,CQ. Assume x, ã#σ ′
(bound names are fresh).

By induction we get that there exists b̃P,MP, and CP such that b̃P#M,y
and

Ψ⊗ΨQ � P
y (ν ã)N−−−−−−−−−−−−−−−−−−→

(ν b̃P){|Ψ⊗ΨQ⊗ΨP�MP
.↔y|}∧CP

P′ and

(σ · [y :=M],Ψ′) |= (ν b̃P){|Ψ⊗ΨQ⊗ΨP �MP
.↔ y|}∧CP (1)

Also by induction we get that there exists b̃Q,MQ, and CQ such that

b̃Q#K,z and

Ψ⊗ΨP � Q
z(x)−−−−−−−−−−−−−−−−−−−→

(ν b̃Q){|Ψ⊗ΨP⊗ΨQ�MQ
.↔z|}∧CQ

Q′ and

(σ · [z :=K],Ψ′) |= (ν b̃Q){|Ψ⊗ΨP⊗ΨQ �MQ
.↔ z|}∧CQ (2)

From (1) and (2) and the freshness conditions on y and z we get that

(σ ,Ψ′) |= (ν b̃P){|Ψ⊗ΨP⊗ΨQ �MP
.↔M|}∧CP and that

(σ ,Ψ′) |= (ν b̃Q){|Ψ⊗ΨP⊗ΨQ �MQ
.↔ K|}∧CQ.

From the definition of solution we then get that

Ψ′⊗Ψσ⊗ΨPσ⊗ΨQσ �MPσ .↔M and that
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Ψ′⊗Ψσ⊗ΨPσ⊗ΨQσ �MQσ .↔ K.

We also have that Ψ′⊗Ψσ⊗ΨPσ⊗ΨQσ �M .↔ K which together with
the above gives us that Ψ′⊗Ψσ⊗ΨPσ⊗ΨQσ � MPσ .↔ MQσ , or in

other words that (σ ,Ψ′) |= (ν b̃Pb̃Q){|Ψ⊗ΨP⊗ΨQ �MP
.↔MQ|}∧CP∧

CQ.

We can then do the following inference:

S-COM

Ψ⊗ΨQ � P
y(ν ã)N−−−−−−−−−−−−−−−−−−→

(ν b̃P){|Ψ⊗ΨP⊗ΨQ�MP
.↔y|}∧CP

P′

Ψ⊗ΨP � Q
z(x)−−−−−−−−−−−−−−−−−−−→

(ν b̃Q){|Ψ⊗ΨP⊗ΨQ�MQ
.↔z|}∧CQ

Q′

Ψ � P | Q τ−−−−−−−−−−−−−−−−−−−−−−−−→
(ν b̃Pb̃Q){|Ψ⊗ΨP⊗ΨQ�MP

.↔MQ|}∧CP∧CQ

(ν ã)(P′ | Q′)
ã#Q

PAR In this case the inference looks like

C-PAR
Ψ′⊗Ψσ⊗ΨQσ � Pσ α−→ P′σ

Ψ′⊗Ψσ � (P | Q)σ α−→ (P′ | Q)σ
bn(α)#Qσ

where F (Qσ) = (ν b̃Qσ )ΨQσ .

α = M(x) We can safely assume that b̃Qσ#σ ,Ψ′ and that y#b̃Qσ . By
Lemma 7.17 we get that there exists ΨQ such that F (Q) =

(ν b̃Qσ )ΨQ and ΨQσ = ΨQσ . We can then write the transition in
the premise as

Ψ′⊗Ψσ⊗ΨQσ � Pσ α−→ P′σ .

Since y#b̃Qσ ,Q we get that y#ΨQ, and let F (P) = (ν b̃P)ΨP such

that b̃P#y,Ψ′,Ψ,ΨQ,σ ,P.
We now have everything we need to use the induction hypothesis.

By induction we know that Ψ′⊗Ψσ⊗ΨQσ � Pσ α−→ P′σ has

a matching transition Ψ⊗ΨQ � P
y(x)−−−−−−−−−−−−−−−−−−→

(ν b̃){|Ψ⊗ΨQ⊗ΨP�MP
.↔y|}∧CP

P′

such that (σ [y :=M],Ψ′) |= (ν b̃){|Ψ⊗ΨQ⊗ΨP � MP
.↔ y|} ∧CP

and b̃#M. LetC = (ν b̃){|Ψ⊗ΨQ⊗ΨP �MP
.↔ y|}∧CP and let αs =

y(x).

α = M (ν ã)N Exactly as the case for input, but replace x with ã.
α = τ Like the case for input, but without the discussion about x and y.

We can then do the following symbolic inference:
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S-PAR

Ψ⊗ΨQ � P αs−→
C

P′

Ψ � P | Q αs−−−−−→
(ν b̃Qσ )C

P′ | Q

bn(αs)#Q
subj(αs)#Q

Since we have that b̃Qσ#σ ,Ψ′,M,y and (σ [y :=M],Ψ′) |= C we also

have that (σ [y :=M],Ψ′) |= (ν b̃Qσ )C.

SCOPE In this case the inference looks like

C-SCOPE
Ψ′⊗Ψσ � Pσ α−→ P′σ

Ψ′⊗Ψσ � ((νa)P)σ α−→ ((νa)P′)σ
a#α,Ψ′⊗Ψσ

α = M(x) Here F ((νa)P) = (ν b̃(νa)P)Ψ(νa)P. We know that

y#Ψ, b̃(νa)P,(νa)P,x, x#σ ,(νa)P, and b̃(νa)P#Ψ′,Ψ,σ ,(νa)P. We
further assume that a#σ ,Ψ′,x,y (bound names are fresh).

Since a#y,x we also have that y,x#P. By Lemma 7.15 we learn that

there exists b̃P,ΨP such that F (P) = (ν b̃P)ΨP, b̃(νa)P = ab̃P, and
Ψ(νa)P = ΨP.

By induction we have that Ψ′⊗Ψσ � Pσ α−→ P′σ has a matching

transition Ψ � P
y(x)−−→
C

P′ such that (σ [y :=M],Ψ′) |= C, where

C = (ν b̃){|Ψ⊗ΨP � MP
.↔ y|} ∧CP for some MP and b̃#M. Let

αs = y(x).

α = M (ν ã)N Same as for input, but replace x with ã.
α = τ Same as for input, but without the discussion about x and y.

We can then do the following symbolic inference:

S-SCOPE

Ψ � P αs−→
C

P′

Ψ � (νa)P αs−−−→
(νa)C

(νa)P′
a#αs,Ψ

Since (σ [y :=M],Ψ′) |=C and a#σ ,Ψ′,y,M we also have that (σ [y :=
M],Ψ′) |= (νa)C.

OPEN In this case the inference looks like

C-OPEN
Ψ′⊗Ψσ � Pσ M (ν ã)Nσ−−−−−−→ P′σ

Ψ′⊗Ψσ � (νa)Pσ M (ν ã,a)Nσ−−−−−−−→ P′σ
a ∈ n(()Nσ)
a#ã,Ψσ ,M
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Here F ((νa)P) = (ν b̃(νa)P)Ψ(νa)P. We know that

y#Ψ, b̃(νa)P,a, ã,(νa)P, a, ã#σ ,(νa)P, and b̃(νa)P#Ψ′,Ψ,σ ,(νa)P.
We further assume that a#Ψ′ (bound names are fresh).

By Lemma 7.15 we learn that there exists b̃P,ΨP such that F (P) =
(ν b̃P)ΨP, b̃(νa)P = ab̃P, and Ψ(νa)P = ΨP. By induction we get

that Ψ′⊗Ψσ � Pσ M (ν ã)Nσ−−−−−−→ P′σ has a matching transition Ψ �
P

y(ν ã)N−−−−−−−−−−−−−−−→
(ν b̃){|Ψ⊗ΨP�MP

.↔y|}∧CP

P′ for some MP such that (σ [y :=M],Ψ′) |=

(ν b̃){|Ψ⊗ΨP �MP
.↔ y|}∧CP and b̃#M. Since a#σ and a#Ψσ we also

have that a#Ψ. Also, since a ∈ n(Nσ) and a#σ we have that a ∈ n(N).
We can then do the following inference:

S-OPEN

Ψ � P
y(ν ã)N−−−−−−−−−−−−−−−→

(ν b̃){|Ψ⊗ΨP�MP
.↔y|}∧CP

P′

Ψ � (νa)P
y(ν ã,a)N−−−−−−−−−−−−−−−−−→

(νa)(ν b̃){|Ψ⊗ΨP�MP
.↔y|}∧CP

P′
a ∈ n(()N)
a#ã,Ψ,y

Since a#σ ,Ψ′,M,y and we have that (σ [y :=M],Ψ′) |= (ν b̃){|Ψ⊗ΨP �
MP

.↔ y|}∧CP we also have that (σ [y :=M],Ψ′) |= (νa)(ν b̃){|Ψ⊗ΨP �
MP

.↔ y|}∧CP

REP In this case the inference looks like

C-REP
Ψ′⊗Ψσ � Pσ | !Pσ α−→ P′σ

Ψ′⊗Ψσ � !Pσ α−→ P′σ

α = M(x) We have that y#Ψ, !P,x, which gives us that y#Ψ,P, !P,x. By
induction we get that Ψ � P | !P α−→

C
P′ and that (σ [y :=M],Ψ′) |=

C where C = (ν b̃){|Ψ⊗ΨP � MP
.↔ y|} ∧CP and b̃#M. Let αs =

y(x).

α = M (ν ã)N Like the case for input, but replace x with ã.
α = τ Like the case for input, but without the discussion about x and y.

We can do the following derivation

S-REP

Ψ � P | !P αs−→
C

P′

Ψ� !P αs−→
C

P′
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Corollary 7.22. Lemma 7.7 holds. It is proved by using Lemma 7.20 to get
that Ψ⊗1σ � Pσ M(x)−−−→ P′σ and Lemma 7.7 then follows directly from
Lemma 7.21.

7.5.3 Proof of Theorem 7.8

Theorem (Soundness). Assume S is a symbolic bisimulation and let R =
{(Ψ,Pσ ,Qσ) : ∃C.(σ ,Ψ) |= C and (C,P,Q) ∈ S }. Then R is a concrete
bisimulation.

Proof. Let (Ψ,Pσ ,Qσ) ∈ R for some C such that (σ ,Ψ) |= C. From
(C,P,Q) ∈S and definition 7.4 we have that Ψ⊗F (P)σ 	Ψ⊗F (Q)σ .
By Lemma 7.11 we get that ∀Ψ′.(Ψ⊗Ψ′,Pσ ,Qσ) ∈R.

1. Suppose that Ψ � Pσ M(x)−−−→ P′σ with x#σ ,C,M and let

y#Ψ,P,P′,Q,Q′,x,σ ,M,C, and let F (P) = (ν b̃P)ΨP. By Lemma 7.7

we get that 1 � P
y(x)−−−−−−−−−−−−−→

(ν b̃){|ΨP�MP
.↔y|}∧C′′

P′, for some b̃,MP and

C′′, such that (σ [y := M],Ψ) |= (ν b̃){|ΨP � MP
.↔ y|} ∧ C′′. Let

CP = (ν b̃){|ΨP � MP
.↔ y|} ∧C′′. Since (C,P,Q) ∈ S we know that

there exists a set of constraints Ĉ such that C∧CP ⇒ Ĉ and for each

C′ ∈ Ĉ there is a transition 1 � Q
y(x)−−→
CQ

Q′ such that C′ ⇒ CQ, and

(C′,P′,Q′) ∈ S . This gives us that x#CQ (assuming bound names
are fresh). Since (σ [y := M],Ψ) |= C ∧CP and x#σ ,M we have that

(σ [y := M][x := L],Ψ) |= C ∧CP for some L. Since C ∧CP ⇒ Ĉ we
know that there exists a C′ such that (σ [y := M][x := L]) |= C′ and
from C′ ⇒ CQ we get that (σ [y :=M][x :=L]) |= CQ. Since x#CQ we
have that (σ [y :=M],Ψ) |=CQ. By Lemma 7.6 we know that there is a

transition Ψ � Qσ [y :=M]
(y(x))σ [y:=M]−−−−−−−−→ Q′σ [y :=M], but because of

the freshness conditions on y this is the same as Ψ � Qσ M(x)−−−→ Q′σ
Finally, since (P′,Q′) ∈ SC′ and (σ [y := M][x := L],Ψ) |= C′ it fol-
lows that (Ψ,P′σ [y :=M][x := L],Q′σ [y :=M][x := L]) ∈ R, and be-
cause of the freshness conditions on y this is the same as (Ψ,P′σ [x :=
L],Q′σ [x :=L]) ∈R

2. Suppose that Ψ � Pσ M (ν ã)Nσ−−−−−−→ P′σ with ã#σ ,P,Q, and let

y#Ψ,P,P′,Q,Q′, ã,σ ,M,C, and let F (P) = (ν b̃P)ΨP. By Lemma 7.7

we get that 1 � P
y (ν ã)N−−−−−−−−−−−−−→

(ν b̃){|ΨP�MP
.↔y|}∧C′′

P′, for some b̃,MP, and C′′, such
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that (σ [y :=M],Ψ) |= (ν b̃){|ΨP �MP
.↔ y|}∧C′. Let CP = (ν b̃){|ΨP �

MP
.↔ y|}∧C′′. Since (C,P,Q) ∈S we know that there exists a set of

constraints Ĉ such that C∧CP ⇒ Ĉ and for each C′ ∈ Ĉ there is a tran-

sition 1 � Q
y (ν ã)N′−−−−→

CQ
Q′ such that C′ ⇒CQ∧{|N = N′|} and (P′,Q′) ∈

SC′∧{|ã#P,Q|}. We then have that (σ [y :=M],Ψ) |= CQ. By Lemma 7.6

we know that there is a transition Ψ � Qσ [y := M]
(y (ν ã)N′)σ [y:=M]−−−−−−−−−−→

Q′σ [y :=M], and because of the freshness conditions on y this is the

same as Ψ � Qσ (M (ν ã)N′)σ−−−−−−−→ Q′σ
Finally, since (C′ ∧ {|ã#P,Q|},P′,Q′) ∈ S , (σ [y := M],Ψ) |= C′ and
ã#P,Q,σ ,y we also have that (σ [y :=M],Ψ) |= C′ ∧ {|ã#P,Q|}. From
the construction it then follows that (Ψ,P′σ [y :=M],Q′σ [y :=M]) ∈
R, but because of the freshness conditions on y this is the same as
(Ψ,P′σ ,Q′σ) ∈R

3. Suppose that Ψ � Pσ τ−→ P′σ and let F (P) = (ν b̃P)ΨP. By

Lemma 7.7 we get that 1 � P τ−→
CP

P′, for some CP such that (σ ,Ψ) |=
CP. Since (C,P,Q) ∈ S we know that there exists a set of constraints

Ĉ such that C ∧CP ⇒ Ĉ and for each C′ ∈ Ĉ there is a transition

1 � Q τ−→
CQ

Q′ such that C′ ⇒CQ and (C′,P′,Q′) ∈S . We then have

that (σ ,Ψ) |= CQ. By Lemma 7.6 we know that there is a transition

Ψ � Qσ τ−→ Q′σ .

Finally, since (C′,P′,Q′) ∈ S and (σ ,Ψ) |= C′ it follows that
(Ψ,P′σ ,Q′σ) ∈R.

7.5.4 Proof of Theorem 7.9

Theorem (Completeness). Assume that R is a concrete bisimulation and let
S = {(C,P,Q) : (σ ,Ψ) |= C implies (Ψ,Pσ ,Qσ) ∈ R}. Then S is a sym-
bolic bisimulation.

Proof. Assume (C,P,Q) ∈S for some C. We first show that P 	C Q. From
the construction of S we know that for all σ ,Ψ such that (σ ,Ψ) |= C we
have that Ψ⊗F (Pσ)	Ψ⊗F (Qσ) (since (Ψ,Pσ ,Qσ)∈R), which directly
gives us that P	C Q.

164



1. Suppose 1 � P
y(x)−−→
CP

P′, x#P,Q,C and y#C,Ψ,P,Q,x. We must find a

set Ĉ such that C∧CP ⇒ ∨
Ĉ and for each C′ ∈ Ĉ there must exist a

transition 1 � Q
y(x)−−→
CQ

Q′ such that C′ ⇒CQ, and (C′,P′,Q′) ∈S .

Let F (Q) = (ν b̃Q)ΨQ and let Q̂′ = {Q′ : Q
y(x)−−−−−−−−−−−−−→

(ν b̃){|ΨQ�MQ′
.↔y|}∧C′′

Q′}

and for each Q′ ∈ Q̂′ let CQ′ be a constraint that satisfies (σ ,Ψ) |= CQ′

if and only if (Ψ,P′σ ,Q′σ)∈R. Let DQ′ = (ν b̃){|ΨQ �MQ′
.↔ y|}∧C′′

and let Ĉ = {CQ′ ∧DQ′ : Q′ ∈ Q̂′}.
We first check thatC∧CP ⇒∨

Ĉ, i.e. that (σ ,Ψ) |=C∧CP ⇒ (σ ,Ψ) |=
C′ for some C′ ∈ Ĉ. Let (σ ′,Ψ′) be any substitution pair such that
(σ ′,Ψ′) |= C∧CP and x#σ ′. In particular we have that (σ ′,Ψ′) |= C.
From the construction of S it then follows that (Ψ′,Pσ ′,Qσ ′) ∈ R.

We also have that (σ ′,Ψ′) |=CP so we get that Ψ′ � Pσ ′ (y(x))σ ′−−−−→ P′σ ′

(by Lemma 7.6). This transition can be matched by Ψ′ � Qσ ′ (y(x))σ ′−−−−→
Q′σ ′ such that (Ψ′,P′σ ′[x := L],Q′σ ′[x := L]) ∈ R. This means that

(σ ′[x := L],Ψ′) |= CQ′ . By Lemma 7.7 we get that 1 � Q
y(x)−−→
DQ′

Q′

with (σ ′,Ψ′) |= DQ′ . Since x#σ ′,DQ′ (assuming bound names are fresh)
we also have that (σ ′[x :=L],Ψ′) |= DQ′ In other words we have that

(σ ′[x :=L],Ψ′) |=C∧CP ⇒ (σ ′[x :=L],Ψ′) |=C′ for some C′ ∈ Ĉ.

That C′ ⇒ DQ′ is trivial since C′ =CQ′ ∧DQ′ .

From the construction of C′ we have that (C′,P′,Q′) ∈ S . (Since
(σ ′[x :=L],Ψ′) |=C′ ⇒ (Ψ′,P′σ ′[x :=L],Q′σ ′[x :=L]) ∈R.)

2. Suppose 1 � P
y (ν ã)N−−−−→

CP
P′, y#Ψ,P,Q, ã and ã#P,Q. We must find a

set Ĉ such that C∧CP ⇒ ∨
Ĉ and for each C′ ∈ Ĉ there must exist a

transition 1 � Q
y (ν ã)N′−−−−→

CQ
Q′ such that C′ ⇒CQ∧{|N = N′|}, and (C′ ∧

{|ã#P,Q|},P′,Q′) ∈S .

Let F (Q) = (ν b̃Q)ΨQ, and let Q̂′ = {Q′ : Q
y (ν ã)N′−−−−−−−−−−−−−→

(ν b̃){|ΨQ�MQ′
.↔y|}∧C′′

Q′}

and for each Q′ ∈ Q̂′ let CQ′ be a constraint that satisfies (σ ,Ψ) |= CQ′

if and only if (Ψ,P′σ ,Q′σ)∈R. Let DQ′ = (ν b̃){|ΨQ �MQ′
.↔ y|}∧C′′

and let Ĉ = {CQ′ ∧DQ′ ∧ {|N = N′|} : Q′ ∈ Q̂′}.
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We first check thatC∧CP ⇒∨
Ĉ, i.e. that (σ ,Ψ) |=C∧CP ⇒ (σ ,Ψ) |=

C′ for some C′ ∈ Ĉ.

Let (σ ′,Ψ′) be any substitution pair such that (σ ′,Ψ′) |= C ∧CP and
ã#σ ′. In particular we have that (σ ′,Ψ′) |=C. From the construction of
S it then follows that (Ψ′,Pσ ′,Qσ ′)∈R. We also have that (σ ′,Ψ′) |=
CP so we get that Ψ′ � Pσ ′ (y (ν ã)N)σ ′−−−−−−→ P′σ ′ (by Lemma 7.6). This

transition can be matched by Ψ′ � Qσ ′ (y (ν ã)N′)σ ′−−−−−−−→ Q′σ ′ such that
Nσ ′ = N′σ ′. This means that (σ ′,Ψ′) |= CQ′ . By Lemma 7.7 we get

that 1 � Q
y (ν ã)N′−−−−→

DQ′
Q′ with (σ ′,Ψ′) |= DQ′ . In other words we have

that (σ ′,Ψ′) |=C∧CP ⇒ (σ ′,Ψ′) |=C′ for some C′ ∈ Ĉ.

That C′ ⇒ DQ′ ∧ {|N = N′|} is trivial since C′ =CQ′ ∧DQ′ ∧ {|N = N′|}.
Since we only considered σ ′ such that ã#σ ′ we have not looked
at all solutions to C′, but we have included all solutions to C′ ∧
{|ã#P,Q|} since ã#P,Q. From the construction of C′ we have that
(C′ ∧{|ã#P,Q|},P′,Q′) ∈S .

3. Suppose 1 � P τ−→
CP

P′. We must find a set Ĉ such that C∧CP ⇒ ∨
Ĉ

and for each C′ ∈ Ĉ there must exist a transition 1 � Q τ−→
CQ

Q′ such

that C′ ⇒CQ, and (C′,P′,Q′) ∈S .

Let Q̂′ = {Q′ : Q τ−−→
DQ′

Q′} and for each Q′ ∈ Q̂′ let CQ′ be a constraint

that satisfies (σ ,Ψ) |= CQ′ if and only if (Ψ,P′σ ,Q′σ) ∈ R. Let Ĉ =

{CQ′ ∧DQ′ : Q′ ∈ Q̂′}.
We first check thatC∧CP ⇒∨

Ĉ, i.e. that (σ ,Ψ) |=C∧CP ⇒ (σ ,Ψ) |=
C′ for some C′ ∈ Ĉ. Let (σ ′,Ψ′) be any substitution pair such that
(σ ′,Ψ′) |= C∧CP. In particular we have that (σ ′,Ψ′) |= C. From the
construction ofS it then follows that (Ψ′,Pσ ′,Qσ ′)∈R. We also have

that (σ ′,Ψ′) |=CP so we get that Ψ′ � Pσ ′ τ−→ P′σ ′ (by Lemma 7.6).

This transition can be matched by Ψ′ � Qσ ′ τ−→ Q′σ ′ such that
(Ψ′,P′σ ′,Q′σ ′) ∈ R. This means that (σ ′,Ψ′) |= CQ′ . By Lemma 7.7

we get that 1 � Q τ−−→
DQ′

Q′ with (σ ′,Ψ′) |= DQ′ . In other words we have

that (σ ′,Ψ′) |=C∧CP ⇒ (σ ′,Ψ′) |=C′ for someC′ ∈ Ĉ. ThatC′ ⇒DQ′
is trivial since C′ =CQ′ ∧DQ′ . From the construction of C′ we have that
(C′,P′,Q′) ∈S .
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7.6 Pattern matching

In this section we explain why pattern matching is not included in the sym-
bolic semantics. Consider the rule COM:

COM

Ψ⊗ΨQ � P
y(ν ã)N−−−−−−−−−−−−−→

(ν b̃P){|Ψ′�MP
.↔y|}∧CP

P′

Ψ⊗ΨP � Q
z(x)−−−−−−−−−−−−−→

(ν b̃Q){|Ψ′�MQ
.↔z|}∧CQ

Q′

Ψ � P | Q τ−−−−−−−−−−−−−−−−−−−→
(ν b̃P,b̃Q){|Ψ′�MP

.↔MQ|}∧CP∧CQ

(ν ã)(P′ | Q′[x :=N])

ã#Q,
y#z

The substitution [x :=N] is easy to define in the absence of pattern matching,
but more difficult when pattern matching is present. The problem is that in the
symbolic semantics there is not necessarily enough information in the output
object to be able to find the proper substitution. In such a case a constraint
should be added to the transition instead. A small example will clarify this:

Ψ⊗ΨQ � P
yt2(x,N)−−−−−−−−−−−−−→

(ν b̃P){|Ψ′�MP
.↔y|}∧CP

P′

Ψ⊗ΨP � Q
z(λy)t2(M,y)−−−−−−−−−−−−−→

(ν b̃Q){|Ψ′�MQ
.↔z|}∧CQ

Q′

P sends the tuple t2(x,N) to Q which has the pattern (λy)t2(M,y). Here it is
clear that the substitution [y :=N] should be applied to Q′ when deriving a
communication. The first item in the pair, however, does not yield a substi-
tution (there is no name in the pattern to substitute for). The natural thing to
do is instead to add a constraint {|x = M|} to the transition, that states that any
solution must make x and M syntactically equal:

Ψ � P | Q τ−−−−−−−−−−−−−−−−−−−−−−−−→
(ν b̃P,b̃Q){|Ψ′�MP

.↔MQ|}∧{|x=M|}∧CP∧CQ

(ν ã)(P′ | Q′[y :=N])

Constraints of form {|M = N|} are formally defined in Definition 7.2. For gen-
eral input patterns it is more difficult to find the right COM rule, but not im-
possible.

7.7 Related work

Symbolic bisimulations for process calculi have a long history. The work in
this section is to a large extent based on the pioneering work by Hennessy
and Lin [37] for value-passing CCS, later specialised for the pi-calculus by
Boreale and De Nicola [15] and independently by Lin [47, 48]. While [37] is
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parametrised by general boolean expressions on an underlying data signature
it does not handle names and mobility; on the other hand [15, 47, 48] handle
only names and no other data structures. The number of (direct or indirect)
follow-up works to these is huge, with applications ranging from pi-calculus to
constraint programming; here we focus on the relation to the ones for applied
pi-calculus and spi-calculus.
The existing tools for calculi based on the applied pi-calculus (e.g. [1, 12,

13]), are not fully abstract wrt bisimulation. A symbolic semantics and bisimu-
lation for applied pi-calculus has been defined by Delaune, Kremer, and Ryan
in [28], but it is not complete. Independently of the results in this thesis, Liu
and Lin have developed the results of Delaune et all [49]. Building on the
idea of an intermediary semantics and using quite complicated technical con-
structs they achieve full abstraction for weak bisimilarity. The situation for the
spi-calculus is better: fully abstract symbolic bisimulation for hedged bisim-
ulation has been defined in [18], and for open hedged bisimulation (a finer
equivalence) in [21]. According to these papers, neither is directly mecha-
nizable. The only symbolic bisimulation which to our knowledge has been
implemented in a tool is not fully abstract [19].
It can be argued [19] that incompleteness is not a problem when verifying

authentication and secrecy properties of security protocols, which appears to
have been the main application of the applied pi-calculus so far. When going
beyond security analysis completeness is important: when analysing agents
with huge state spaces, a positive result (the agents are equivalent) may be
more difficult to achieve than a negative result (the agents differ). However,
such a negative result can only be trusted if the analysis is fully abstract.
Our symbolic semantics is relatively simple, compared to the ones pre-

sented for applied pi-calculus or spi-calculus. In relation to the former, we
are helped significantly by the absence of structural equivalence rules, which
in applied pi-calculus are rather complex. In [28] and [49] an intermediate se-
mantics is used to overcome the complexity. In contrast we can directly relate
the original and symbolic semantics. In relation to the symbolic semantics for
spi-calculus, our semantics has a straight-forward treatment of scope opening
due to the simpler psi-calculi semantics. In addition, the complexities of spi-
calculus bisimulations are necessarily inherited by the symbolic semantics,
introducing e.g. explicit environment knowledge representations with time-
stamps on messages and variables. In psi-calculi, bisimulation is much sim-
pler and the symbolic counterpart is not significantly more complex than the
one for value-passing CCS.
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8. Conclusion

8.1 Summary

In this thesis a framework for mobile calculi is presented. It has seven pa-
rameters, and instantiating them yields a process calculus with an equivalence
relation which is preserved by the operators of the calculus, and satisfies nat-
ural structural laws. The preservation properties and the structural laws are in
general not always easy to prove, but in psi-calculi it is enough to show that
the parameters satisfy six requisites, all of which are quite natural.
The simplicity of the syntax and semantics of psi-calculi is on par with

the pi-calculus without sacrificing the expressivity of other extensions to it,
such as the applied pi-calculus, the explicit fusion calculus, and the concurrent
constraint pi-calculus. The structural rules are derived and need not be part of
the definitions. This makes the semantics much easier to use in proofs: most
proofs are simple inductions over the lengths of the derivations of transitions.
Two variants of the semantics are given: early semantics, where an object
received in an input is visible on the transition label, and late semantics, where
the received object does not occur on the label. They complement each other
by being suitable for different proofs.
Furthermore a number of behavioural equivalences are defined and inves-

tigated. Strong bisimulation is defined in three variants, two with the early
semantics, and one with the late semantics, and we show that they all coin-
cide. The theory of weak bisimulation is also established. Two variants are
defined: simple weak bisimulation, which is only valid if an extra requirement
is imposed on instances, and a more complex weak bisimulation which does
not impose extra requirements. Barbed equivalence is defined and we show
that it coincides with weak bisimulation. All equivalences are illustrated and
motivated with examples.
The equivalences suffer from the usual problem of state space explosion

which makes them difficult to implement in a tool. For this reason a symbolic
semantics is defined which treats values in an abstract manner, thus reducing
the problem. A symbolic equivalence is defined, and shown to coincide with
strong bisimulation.
We give ample examples illustrating the semantics and equivalences, and

we demonstrate an implementation of frequency hopping in a psi-calculus.
From other process calculi we adapt an implementation of local services,
and of Diffie-Hellman key agreement. Furthermore we demonstrate how
to express a number of cryptographic primitives in psi-calculi. On a
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more general level we contrast psi-calculi to the pi-calculus, the polyadic
pi-calculus, and the pi-calculus with polyadic synchronisation, and also the
applied pi-calculus, the explicit fusion calculus, and the concurrent constraint
pi-calculus.

8.2 Impact and future work

Psi-calculi is the most advanced framework for mobile process calculi today,
and is very simple and general. We have demonstrated that psi-calculi can be
used to solve the same problems as other extensions of the pi-calculus, and
because of the parametric nature of psi-calculi it can be used for even more
problems. During the development of psi-calculi we discovered flaws in other
formalisms that most likely can be traced back to their rather complex defini-
tions. In contrast the psi-calculi framework is simple enough to be formalised
in a theorem prover, and most results in Chapter 6 have been checked in Is-
abelle. Furthermore, when instantiating the framework, a minimal effort is
required to guarantee that the result is a correct process calculus.
This holds the promise of a flora of new correct process calculi that can

be used in new problem domains with far reaching consequences. With ad-
ditional primitives for broadcast it will be easy to model and verify wireless
ad-hoc routing protocols, systems for wireless mobile communication, and
sensor networks.
It is possible to combine different instances so that e.g. primitives for cryp-

tography is included in instances for wireless communication. This allows for
security protocols to be verified in such settings.
The work in this thesis is a step towards reducing the duplication of effort

when defining a new process calculus. It is also shrinks the gap between the
theoretical formalisms and real world applications.
It is my hope that whenever a researcher feels the need for defining a new

process calculus, he or she will start by investigating if it can be done by an
instance of psi-calculi.
The work on psi-calculi does not end with this thesis. We have already be-

gun work on adding primitives for broadcast where a single output can be
received by several inputs. Broadcast is difficult to model in process calculi
which only have primitives for point-to-point (or unicast) communication, and
it seems complicated to instantiate the current framework to achieve broadcast
functionality. In order to represent broadcast it seems that an addition to the se-
mantics is necessary. In contrast, topology information and dynamic changes
seem possible to model in an instance where the assertions, through the chan-
nel equivalence parameter

.↔, control which agents can communicate with
which. There is one obstacle: channel equivalence is required to be transitive.
This makes it difficult to model situations where two agents can communicate
via a third agent, and not directly with each other. For this reason we have
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started to investigate the possibility to avoid the transitivity requirement. Pre-
liminary results indicate that transitivity is not needed for channels with empty
support, but this remains to be formally verified.
The framework presented in this thesis is untyped. Types can be used e.g.

to detect programming errors statically and to restrict the number of possible
values for a variable, thus limiting the state explosion problem. Adding types
in a parametric fashion would be interesting. Ideally we would be able to in-
stantiate type parameters so that if they fulfill certain requirements, properties
such as subject reduction automatically hold. It might even be possible to ex-
press the typing information as assertions, thus not adding much to the current
framework.
There are classes of calculi that seems difficult to capture with psi-calculi,

such as timed and probabilistic calculi. It would be interesting to identify the
common traits and extend psi-calculi so that also these classes can be captured.
Another area of investigation is to see how psi-calculi with additional re-

strictions will affect the requirements and definitions. For example, calculi
which satisfy idempotence of ⊗ on frames can probably do without the re-
quirement that there must be no unguarded assertions in !P, and for calculi
that do not have assertions under prefixes, a simpler definition of bisimulation
might be viable.
The symbolic bisimulation is a strong equivalence which does not abstract

the internal τ transitions. This is less useful for verification than a weak ob-
servational equivalence, but still a significant step towards mechanized ver-
ification. Preliminary results indicate that lifting the symbolic bisimulation
presented here to weak bisimulation will be unproblematic.
The psi-calculi presented in Chapter 3 admit pattern matching in inputs.

In a symbolic semantics this would lead to complications in the COM-rule,
which should introduce a substitution for the names bound in the pattern, as
mentioned in Section 7.1. This means introducing more fresh names and con-
straints, and it is not clear that the convenience of pattern matching outweighs
such an awkward semantic rule. This area is left for further study.
An algorithm for deciding symbolic bisimulation needs to be developed

and implemented in a tool. A natural basis for this would be the algorithm
given in [37]. Furthermore, the termination of the algorithm will depend on
the properties of the parameters of the particular psi-calculus: it is possible to
construct a psi-calculus where the entailment relation or static equivalence is
not decidable, but in many practical cases it will be [18, 6].
When typing schemes have been developed for psi-calculi, a natural pro-

gression would be to take advantage of those also in the symbolic semantics,
to further constrain the possible values and thus the size of state spaces.
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9. Svensk sammanfattning

Samtidighet och samspel är lätt. Saker sker samtidigt och samspelar hela
tiden: människor rör sig oberoende av varandra, träffas och utbyter informa-
tion och fortsätter sina egna vägar. Medan jag skriver på min dator kör bilar
runt utanför, helt ovetande om mina våndor. Jorden roterar runt solen, och i en
annan del av universum roterar en annan planet runt sin sol. Samtidighet är ett
väldigt naturligt fenomen som vi inte reflekterar nämnvärt över.
Samtidighet och samspel är svårt. Datorsystem består av en eller flera da-

torer som vardera kör flera processer på en eller flera processorkärnor. Varje
process kan kommunicera med andra processer, antingen lokalt på samma
dator, eller över avstånd via ett nätverk. Processer kan ömsesidigt vänta på
varandra så att ingen kan sluta, de kan dela resurser, till exempel ha gemen-
samt minne, och oavsiktligt sabotera för varandra eller hindra andra från att
använda dem. Två processer på olika datorer kan använda ett kryptoprotokoll
för att förhandla fram en gemensam kryptonyckel, men en tredje process kan
lägga sig i förhandlingen och få tillgång till den hemliga nyckeln. En process
som uppför sig enligt sin specifikation i ett sammanhang kan uppvisa fel när
den hamnar i ett nytt sammanhang.
Ett antal formalismer har uppfunnits för att analysera och formalisera sys-

tem som består av flera komponenter som kör samtidigt. Arbetet i den här
avhandlingen ligger inom området processkalkyl. En processkalkyl kan ses
som ett minimalt programmeringsspråk som är tillrättalagt för att man ska
kunna resonera matematiskt kring program. En typisk processkalkyl har till
exempel operatorer för att låta delar köra parallellt och att kommunicera via
kommunikationskanaler.
En processkalkyl där det kan ändras under körning vilka processer som kan

kommunicera med vilka kallas mobil. Pi-kalkyl är en processkalkyl där kom-
munikationskanalerna även är värden som kan skickas mellan processer, och
är därför mobil. Pi-kalkyl har haft ett stort genomslag med hundratals artiklar
som undersöker eller utvecklar den. Den är en bra teoretisk grund för system
med delar som körs samtidigt och har mobilitet, men från en praktisk syn-
vinkel så lider den av frånvaron av datatyper såsom heltal och textsträngar.
Den enda datatypen i pi-kalkyl är namn. Namn fungerar som både kommu-
nikationskanaler och värden som kommuniceras och tillsammans med ett litet
antal operatorer så är detta tillräckligt för att man ska kunna uttrycka vilken
algoritm som helst. Fördelen med detta är en liten och förhållandevis enkel
teori, men priset är svårigheten att skriva stora program. Det är som att pro-
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grammera i ett lågnivåspråk: det går att göra, men det är lätt att gå vilse i
detaljerna. På grund av denna svårighet har det utvecklats många utökningar
av pi-kalkyl, till exempel för kryptologi och objektorientering, för att nämna
några.
En typisk processkalkyl definierar när två processer beter sig likadant, så

kallad ekvivalens. Ekvivalens kan till exempel användas för att jämföra en im-
plementation med en specifikation, eller för att bestämma när man kan byta ut
en process mot en annan i ett system. En del processer är “uppenbarligen” lika
för varje rimlig definition av ekvivalens, och en processkalkyls definition av
likhet bör förstås inkludera dessa. Dessa uppenbara likheter kallas vanligtvis
för strukturella regler.
En önskvärd egenskap hos en ekvivalens är att den ska vara kompositionell,

det vill säga att ett nytt sammanhang inte ändrar vilka processer som betraktas
som lika. De strukturella reglerna och kompositionalitet måste visas separat
för varje utökning av pi-kalkyl, vilket innebär ett upprepat och tidsödande
arbete för varje ny kalkyl.
Om man tittar rent abstrakt på utökningar av pi-kalkyl kan man se vissa

gemensamma nämnare: till exempel har de alla definitioner av vad som
är kommunikationskanaler och tester. Den här avhandlingen definierar
ett ramverk, psi-kalkyl som fångar dessa gemensamma nämnare och
definierar vad som krävs av dem för att de strukturella reglerna ska gälla och
ekvivalensen ska vara kompositionell. Ramverket kan instansieras till att
täcka in flera befintliga utökningar, men också för att definiera nya på ett
enhetligt sätt. För varje instans så garanteras att de strukturella reglerna håller
och att ekvivalensen är kompositionell, vilket gör det överflödigt att göra
bevisen på nytt. Uttrycksfullheten och lättheten med vilken man kan bygga
modeller i psi-kalkyl överstiger markant andra kalkyler.
Genom sin enkelhet och uttrycksfullhet har psi-kalkyl har minskat avståndet

mellan den teoretiska forskningen och verkliga tillämpningar, vilket kommer
att leda till att fler tillämpningar kommer kunna bevisas vara korrekta, till
exempel trådlösa sensornätverk och kryptografiska protokoll.
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