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Abstract

In this overview I describe the simplest models for the quantum Hall
and quantum spin Hall effects, and give some general indications as to the
description of topological insulators.

As a background to the theoretical models I will first trace the de-
velopment leading up to the description of topological insulators . Then
I will present Laughlin’s original model [16] for the quantum Hall effect
and briefly discuss its limitations. After that I will describe the Kane and
Mele model [11] for the quantum spin Hall effect in graphene and discuss
its relation to a general quantum spin Hall system. I will conclude by giv-
ing a conceptual description of topological insulators and mention some
potential applications of such states.
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1 The development of a new field

The investigations leading up to the description of the topological insulator
phase began when, in 1980, an unknown phenomenon was discovered by Klitzig
et al [14] within the well understood Hall effect. The classical Hall effect entails
the transverse accumulation of charges across a conductor in a magnetic field
in response to a current along the conductor. It can be adequately explained
and described within the framework of elementary electromagnetism, which is
done in appendix A. The new phenomenon was termed the quantum Hall effect
(QHE). As is suggested by the name, the QHE is a special case of the classical
Hall effect characterized by a quantized quantity: the relation between the Hall
voltage and the current. That is, a system in the quantum Hall phase exhibits
a quantized Hall resistance.

The discovery of the QHE came as a surprise, but a theoretical model was
published by Laughlin already in 1981 [16], and was further explained and de-
veloped by Halperin in 1982 [7]. It is their model that is presented below, but
it was by no means to be the final word on the QHE. An influential paper by
Thouless et al that was published in 1982 [22] is often taken as the starting
point for the classification of phases of matter by topological invariants. Such
investigations continued during the following decades and eventually inspired
the description of topological insulators. A model for a QHE without an exter-
nal magnetic field from 1988 by Haldane [6] also served to clarify the symmetries
of a QH system and came to offer a basis for the first model of the quantum
spin Hall effect (QSHE).

The second impetus to the research behind the discovery of topological insula-
tors came from the prospects of developing new technology. For, as the interest
in spintronics increased towards the end of the 90s, it inspired research in spin
transport. In 1999 the proposal of a spin Hall effect was made by Hirsch [9] (a
spin Hall effect was first predicted in 1971 by Dyakonov and Perel [2]). The spin
Hall effect is an analogue of the classical charge Hall effect where the particles’
spin plays the role of electric charge. In other words, a system exhibiting a spin
Hall effect responds to a current with a transverse accumulation of spin, instead
of charge.

The possibility of finding a spin Hall effect spurred a considerable amount of
research in the early 00s. In 2005, Kane and Mele [11] predicted the existence
of a quantum spin Hall effect in graphene (the model was based on Haldane’s
model for a QHE [6] and hence earned the additional designation as quantum
effect). Later in 2005, Kane and Mele [12] showed that the phase which they
had described was different from the ordinary insulating phase by a non-zero
value on a topological invariant which they defined. It is the model for the
QSHE in graphene by Kane and Mele which is presented below.

It proved to be difficult to verify experimentally the presence of the QSHE
in graphene as the essential property of the material, the spin-orbit coupling,
is very weak. Instead Bernevig et al [1] predicted the QSHE would appear in
mercury telluride quantum wells as that compound, being composed of much
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heavier elements, have an unusually strong spin-orbit coupling. The prediction
was successful and already the following year the observation of the QSHE was
reported by König et al [15].

As experiments verified the existence of a QSHE, the theoretical work con-
tinued with a generalization of the QSHE to three dimensions by three groups
of researchers independently. The new term topological insulator was coined as
the name for these new phases of matter.

Topological insulators in three dimensions are quite far from the classical
Hall effect. They are characterized by the topological property of having con-
ducting interfaces paired with an insulating bulk. A QSH system is actually
a two dimensional topological insulator. The first three dimensional topologi-
cal insulator to be found was a bismuth antimony alloy. It was predicted by
Fu and Kane in 2007 [3] and observed in 2008 by Hsieh et al [10]. In 2009, a
new class of materials that are topological insulators at temperatures as high
as room temperature were identified both experimentally and theoretically [8].
This, of course, is a promising development for the prospect of finding every day
applications for topological insulators.

The next section is devoted to the QHE. It begins with a more extensive
introduction to the QHE. Following that, the solutions of the Schrödinger equa-
tion for a charged particle in a magnetic field, called Landau levels, are found.
Next, the Laughlin model for the QHE is described and the quantized Hall re-
sistance is derived within the model. Finally, the limitations of the model are
commented on.

The third section is devoted to the QSHE. First a short introduction to
the Kane and Mele graphene model is given. Then follows the tight binding
description of graphene. After that the model is presented and the appearance
of the QSHE is explained. Last follows a note on general QSH systems.

The thesis ends with a conceptual description of the topological insulator
phase and some notes on suggested applications for these phases of matter.

2 The quantum Hall effect

In the classical Hall effect, the Hall resistance depends linearly on the magnetic
field, as in equations (37) and (38) in the appendix. However, as was mentioned
in the introduction, in the QH phase, the Hall resistance is instead quantized.
Plotted against magnetic field the Hall resistance then takes constant values on
extended plateaus with narrow transitions in between. The values of the Hall
resistance on the plateaus are

RH =
h

ne2
(1)

where h is Planck’s constant, e is the elementary charge and n is an integer
multiplied by a degeneracy factor (typically 2 for spin degeneracy). The first
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experiments by Klitzig et al were actually conducted with a varying voltage
driving the current through the Hall system. Soon experiments with varying
magnetic field were also conducted. In both cases, plateaus where the Hall
resistance is independent of the variable quantity appear.

The experimental QH system is effectively two dimensional. The original
experiment by Klitzig et al was conducted in a metal-oxide-semiconductor field-
effect transistor (MOSFET) but has been repeated in gallium arsenide quantum
wells. Such structures produce effectively two dimensional electron gases by
restricting the motion of the electrons in one dimension. This happens because
they contain a deep potential well in one direction in space. Combined with
temperatures close to absolute zero all the particles are restricted to the ground
state kinetic energy in the eliminated dimension. These conditions together
with a magnetic field of several Tesla are required for the observation of a stable
QHE. [21, 17]

The first theoretical treatment of the QHE was the paper by Laughlin from
1981 [16]. It contains a gedankenexperiment with a special model system with-
out needlessly complicated interactions. It has great value as a heuristic model
offering insights into the mechanisms behind the QHE. This supplies a founda-
tion which is important for the following sections. In this section the necessary
background for Laughlin’s model is developed by solving the Schrödinger equa-
tion for particles in a magnetic field. Then the model is described and the
quantized Hall conductivity is derived within its framework. The section ends
with some comments on the limitations of the model.

2.1 Landau levels

Consider a charged particle moving perpendicular to a magnetic field. The
particle will be acted on by a magnetic Lorentz force F = qv ×B perpendicular
to both the velocity of the particle and to the magnetic field. Classically this
will result in motion in closed circular cyclotron orbits with angular frequency
ωc = qB/m and radius rc = mv/qB. The quantum mechanical analog is given
by solving the Schrödinger equation for a particle in a magnetic field

Eψ =
1

2m
(p− qA)2ψ (2)

with q being the charge of the particle and A the magnetic vector potential
B = ∇×A. The motion will be taken to be restricted to the xy-plane while the
magnetic field B = B0ẑ is oriented along the z-axis. Choosing Landau gauge

A = B0xŷ (3)

for the vector potential then yields

Eψ =
1

2m
(pxx̂+ py ŷ − qB0xŷ)2ψ =

1

2m
(p2

x + (py − qB0x)2)ψ. (4)

Since the Hamiltonian is independent of y it separates in cartesian coordi-
nates. The solution in the y direction is that of a free electron and the momen-
tum operator can be replaced by its eigenvalue h̄ky. The resulting equation for
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the x-dependence is

Eφ(x)eikyy =

[
p2
x

2m
− 1

2
mω2

c (x− h̄ky
mωc

)2

]
φ(x)eikyy (5)

with the angular frequency ωc = qB0/m equal to the classical cyclotron fre-
quency. Equation (5) is the equation for a quantum harmonic oscillator centered
at

h̄ky
mωc

= xky
. (6)

so the solutions in x are ordinary harmonic oscillator functions ϕn(x) shifted in
x by xky

. The complete solution is then

ψn,ky
(x, y) = φn,ky

(x)eikyy = ϕn,ky
(x− xky

)eikyy. (7)

The energies are the usual energies of a harmonic oscillator

En =

(
n+

1

2

)
h̄ωc (8)

and are independent of the quantum number ky. These energy levels and their
accompanying quantum states are what are called Landau levels.

2.2 Laughlin’s model

B

x

y

Figure 1: The geometry of
Laughlin’s gedankenexperi-
ment.

Following Laughlin, the geometry that will be
considered is that of a circular strip. The
width of the strip is W and its circumference
is L. Let the y-coordinate run around the
strip, y + L = y, the x-coordinate run across
it, and let the z-coordinate be the radial coor-
dinate. N non-interacting identical fermions
(no spin degeneracy) with charge q are con-
fined to move in the two dimensions on the
strip. The edges of the strip are given as in-
finite potential walls.

Before a geometry was defined there was
no a priori difference between the x-direction
and the y-direction. The gauge could just
as well have been chosen as A = −B0yx̂
and x and y would be exchanged in the so-
lution. However, with the cylinder geometry,
the boundary conditions show the appropri-
ateness of the previous choice of gauge (3).
In the y-direction, a periodic boundary con-
dition applies. For quantized values of ky

ky =
l2π

L
, l integer (9)
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the free particle solutions (5) from before are compatible with the boundary
conditions and the solution is still the same. In the x-direction the boundary
conditions demand that the wave function is identically zero for x < 0 and
W < x. Since the harmonic oscillator wave functions go exponentially to zero
away from the center of the potential, this is fulfilled to a good approximation
for solutions ϕn,ky (x− xky ) when xky is far away from the edges. Thus, in the
interior of the strip, the solution (7) also still applies.

To decide the behavior of the states close to the edges, consider the state
with the harmonic oscillator part of the potential centered at the edge with
x = 0. This state fulfills the same harmonic oscillator equation as in (5) above,
but with the additional boundary condition that the wave function vanishes for
x < 0. All the usual odd harmonic oscillator wave functions with ϕn(x) ≡ 0 for
x < 0 satisfy this problem. As a result, the energy of the states at the edges is

En,ky=0 =

(
2n+

3

2

)
h̄ωc. (10)

Going from the edge into the interior of the strip the energy will approach
the original value (8) for the Landau level. For states with the center xky of
the harmonic oscillator potential outside the boundary of the strip, the energy
will increase, ultimately quadratically in the distance to the edge. This hap-
pens since these states are trapped in a harmonic oscillator potential cropped
by an infinite potential wall. Hence, the potential energy term will completely
dominate the Hamiltonian for states with the center of the potential at large dis-
tances from the edge. Note also that now, the energies depend on the quantum
number ky, since it decides the position of the center of the harmonic oscillator
potential.

Another effect of the finite geometry is that the states at the edges of the
strip will carry a current. To determine the current carried by a quantum state,
calculate the expectation value of the velocity times the charge.

Iyn,ky
= q〈vy〉 =

q

m

∫ L

0

dxψ∗n,ky
(py − qAy)ψn,ky

=
q2B0

m

∫ L

0

dx|ψn,ky
|2(xky

− x) (11)

Here, calculating the expectation value of the velocity in the y-direction, given
by the y-component of the velocity operator vy = py − qAy, yields the current
in the y-direction. Since the modulus squared of the harmonic oscillator wave
function is an even function, the integrand becomes odd around xky

when mul-
tiplied by xky − x. The states in the interior of the strip are almost ordinary
harmonic oscillator wave functions. There, the integrated value is very close
to zero. However, for the edge states, the the wave function is not symmetric
around xky

, and the integral is nonzero. Moreover, xky
− x changes sign from
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one edge to the other, so the currents will run in opposite directions on the
opposite edges. The remarkable conclusion is that there are currents running
at the edges without any external field propelling them. The system may be
visualized as the cyclotron orbits of classical particles bouncing off the potential
walls at the edges, as in Figure 2.

Figure 2: A semiclassical visualization of the QHE. In the interior of the system
the orbits are closed. Close to the edges the particles bounce off the walls and
are forced to propagate along the potential.

The current carrying edge states are remarkably robust. When the Fermi
energy lies well in between two Landau levels they are immune to elastic scat-
tering since there are no locally avaliable states to scatter into [21]. Hence, at
zero temperature, scattering is completely forbidden and the edge states must
simply take a detour around impurities. This gives the peculiar effect of zero
resistance with finite conductance: The conduction through a sufficiently short
sample (shorter than the mean free path) is directly proportional to the voltage,
but suffers no losses. This can be understood by regarding the edge states as
channels with infinite two dimensional conductivity, but with extension only in
one dimension. The resulting conductance of this “delta function” conductivity
is then finite, even though the resistance vanishes.

Before moving on to the derivation of the Hall resistance, it is appropriate
to make some comments about the Fermi energy. For the observation of the
quantum Hall effect, temperatures close to absolute zero are required. This is
because the separation of the Landau levels must exceed the random thermal
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energy h̄ωc � kBT , otherwise the Landau levels can not form discrete energy
bands. So, supressing the temperature dependence, the Fermi energy in this
model is a function of the total number of particles and of the magnetic field.

With the total number of particles fixed, the only remaining dependence
of the Fermi energy is on the magnetic field. Shifting the magnetic field will
result in a change in the magnitude of xky = h̄ky/mωc. As an effect, a different
number of states will fit within the boundaries of the strip and the degeneracy
of the Landau levels will change. However, the energy (8) of each Landau level
also changes when ωc = qB/m is shifted. Hence, no simple behavior can be
expected of the Fermi energy even in this elementary model. This difficulty is
circumvented in Laughlin’s famous argument, which follows below.

Consider a system where the Fermi energy lies squarely between Landau levels
n and n+1. At the edges of the strip, where the energies of the Landau levels go
to infinity, the Fermi energy will intersect all Landau levels which in the interior
of the strip have energies below the Fermi energy. Now, assume also that the
system is in an excited state, meaning that there are some states occupied just
above the Fermi energy at one edge of the strip, while at the other edge, there
are some vacant states just below the Fermi energy. There is a finite voltage,
VH , between the edges of the strip, since particles are accumulated at one edge.
Furthermore, there is a net current running along the loop, since more current
carrying states are occupied at the edge where particles are accumulated.

To derive an expression for the Hall resistance, a flux will be put through the
circular strip. A relation between the current and the Hall voltage is given by
considering the change in magnetic energy of the system, when the flux through
the loop is shifted by some small amount. The energy then changes by

∆Um = I∆Φ. (12)

The shift in the flux will be taken to be one flux quantum ∆Φ = h/q = Φ0

(h is Planck’s constant and q is the charge of the particles). By Stokes’ theorem,
the flux through a loop is equal to the integral of the vector potential around
the loop.

Φ =

∫
S

B · ds =

∫
S

∇×A · ds =

∮
C

A · dl (13)

The small constant term ∆Ay in the vector potential corresponding to the shift
of the flux by ∆Φ is thus

∆Ay =
∆Φ

L
=

Φ0

L
= AΦ. (14)

Adding this term to the original vector potential (3), the resulting vector po-
tential becomes

A = (B0x+AΦ)ŷ. (15)
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As the vector potential is shifted, the Hamiltonian must be modified. The
Schrödinger equation becomes

Eψ =
1

2m
(pxx̂+ py ŷ − q(B0x+AΦ)ŷ)2ψ

=

[
1

2m
p2
x +

1

2
mω2

c

(
x−

[
h̄ky
mωc

− AΦ

B0

])2
]
ψ. (16)

The effect of the constant term is only to shift the centers of the harmonic
oscillator solutions by the constant term AΦ/B0. The energy and degeneracy of
the Landau levels are still the same, so the Fermi energy does not change from
the original state of the system. The shift in the vector potential corresponds
to a shift of xky

by

xky
=

h̄ky
mωc

=
h̄l2π

qLB0
=

lΦ0

LB0
→ xky

− AΦ

B0
=

lΦ0

LB0
− Φ0

LB0
=

(l − 1)Φ0

LB0
. (17)

Since l runs over all integers, not only is the energy and degeneracy of the
Landau levels conserved, even the individual solutions are unchanged!

The only difference in the transition to the new system is in the occupation.
In each of the n Landau levels below the Fermi energy, the net effect is that
one particle is transferred from one edge to the other, since the centers of the
harmonic oscillator potentials are all shifted by an equal distance. The potential
difference between the two edges is VH and the corresponding difference in
energy for each particle is qVH . The total change in energy associated with this
transfer of particles is

∆Ue = nqVH . (18)

Since no other change appears in the system it is possible to equate ∆Ue

with the change in magnetic energy ∆Um. Solving (12) for the current and
substituting into (18) then yields

I =
∆Φ

∆Um
=

h

nq2VH
. (19)

Finally, the sought after relation between current and the Hall voltage is found.
The Hall resistance is now given by

RH =
VH
I

=
h

nq2
, (20)

which is excactly in accordance with (1) for the magnitude of charge equal to
the elementary charge |q| = e.

2.3 Limitations of the model

The simple model given above explains the experimental observations remark-
ably well. It is even possible to derive a quantized Hall resistance. However, the
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experimental system is an open system and, during experiment, the magnetic
field piercing the sample is varied. From the given model, it is easy to motivate
why this gives rise to (almost) constant plateaus in the graph over the Hall
resistance. The electronic structure in the presence of quantized Landau levels
consists of widely spaced bands which intersect the Fermi energy only at the
edges of the sample. Thus, one can regard each Landau level crossing the Fermi
energy at the edges as a ”channel” for the current, each channel contributing a
constant quantum of conductivity. For a constant Fermi energy, as the magnetic
field increases, the Landau levels gain higher and higher energies, one by one
passing through the Fermi energy. When the Fermi energy in the interior of the
sample lies well between two Landau levels, the system is similar to the model
system and the Hall resistance is quantized to an integer fraction of the value
on the highest plateau. While, as the Fermi energy passes through a Landau
level the Hall resistance will change drastically.

While it is possible to explain why the Hall resistance has plateaus but
it is more difficult to motivate why, in experiment, the resistance is necessarily
fundamentally quantized. But, even if one manages to do this, it does not supply
the whole picture. It has also been observed [17], that additional plateus appear
at values when the supposedly integral n in equation (20) takes fractional values.
This effect is due to the electron-electron interaction and is called the fractional
quantum Hall effect. It is for the explanation of this effect that Laughlin recieved
the Nobel prize in 1998 [19], but it will not be further commented on here.

3 The quantum spin Hall effect

In the preceding section it was shown how the QH system contains edge states
which propagate in opposite directions on the opposite edges of the system. A
voltage over the sample causes the occupation of states to shift from equilibrium
to an increased occupation at the edge with current directed along the voltage
and a decreased occupation at the other edge.

Figure 3: The QSH system.

In the case of the QHE it is a strong external magnetic field which affects
the motion of the particles. In the QSHE it is instead the intrinsic spin-orbit
coupling which causes the effect. Hence particles with opposite spin exhibit
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opposite effects. In the simplest model for a QSHE, the component of the spin
pointing out of the plane, in which the particles are restricted to move, is con-
served. In such a model it is possible to consider a QSH system as consisting
of two superposed non interacting QH systems with opposite Hall conductivi-
ties [11], one for the spin up particles and one for spin down, as in Figure 3.
The composite system will then not respond to a voltage with a resulting accu-
mulation of charge, since in the different QH systems charges will accumulate
on opposite edges independently. But a voltage does cause a spin accumula-
tion on the edges since, on the different edges, charges with opposite spin are
accumulated. Hence, in this way, a spin Hall effect has been modeled.

The above paragraph explains the essence of the first article by Kane and
Mele on the QSHE [11]. In the same article they also show how the QSHE
persists even in the presence of spin non conserving effects, but that complication
will not be adressed here. The basis model for their independent QH systems,
which together constitute the composite QSH system, was Haldane’s model for
a QHE without external magnetic fields [6]. The reason for reexamining this
model was that improvements in technology suggested that the effect would now
be experimentally accessible. More specifically, Kane and Mele predicted that
the QSHE is present in graphene.

Graphene is a sheet of carbon made up of only one layer of atoms. It is the
closest to a realization of a two dimensional object that technology has reached.
The characteristic diamond structure of carbon in a three dimensional lattice
is translated to two interpenetrating hexagonal lattices in the two dimensional
graphene sheet, what is also called a honeycomb lattice. That is just the struc-
ture which Haldane’s model system has, although it was referred to as ”2D
graphite”. His article [6] is a major source for section 3.1 on graphene.

Unfortunately, the spin-orbit coupling of graphene is too weak for the QSHE
in graphene to be accessible even to modern day technology. It has not been
confirmed. Instead the QSHE was predicted by Bernevig et al [1] to appear
in HgTe quantum wells. Confirmation of this was reported in 2007 by König
et al [15]. The relation of the HgTe system with the model presented below is
adressed at the end of this section.

In this section the tight binding description of graphene is presented first,
as preparation. Then the spin-orbit coupling is introduced and the QSHE is
described. The section ends with a discussion of the general qualities of QSH
systems.

3.1 Graphene

Graphene is modeled as a two dimensional lattice consisting of regularly tiled
hexagons, the honeycomb lattice. One carbon atom sits at the lattice point at
each corner of the unit cell hexagon. In this way there are two atoms per unit
cell. The 2s and one of the 2p atomic orbitals are bound in the three covalent
bonds between neigboring atoms. Hence, one can consider an effective band
structure built by the one 2p electron left over per atom.
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Following Haldane, Kane and Mele adopt the tight binding model to describe
the graphene sheet. In the tight binding model the states of the free 2p electrons
are described as linear combinations of localized atomic states.

ψ(k) =
∑
rn

eik·rnφ(rn) (21)

The φ(rn) are the atomic orbitals and the sum runs over all lattice points rn
(normalization will not be considered and is therefore supressed). The phase
factor eik·rn appears since the wave function must respect the symmetry of the
lattice.

Since the atomic orbitals overlap, motion between the atoms must be taken
into account. In the simplest model one only considers interaction between
nearest neighbor lattice points, that is, electrons are allowed to jump between
nearby atoms. The hopping Hamiltonian becomes

H0 = t
∑
〈ij〉

a†iaj (22)

where a† and a are the creation and annihilation operators respectively and 〈ij〉
make up all combinations of pairs of nearest neighbor sites. The Hamiltonian
represents the kinetic energy associated with a ”jump” between nearest neigh-
bors: aj annihilates the state at site j and a†i creates a state at site i, and the
parameter t is a measure of the amount of energy associated with each such
jump.

It is practical to consider the honeycomb lattice as a combination of two
interpenetrating hexagonal lattices as in Figure 4. Denoting one sublattice A
and the other B it is convenient to construct a basis from the eigenfunctions of
independent sublattices. The basis is then made up of spinors

ψ(k) =

(
ψA(k)
ψB(k)

)
=

(∑
rAn
eik·r

A
nφ(rAn )∑

rBn
eik·r

B
n φ(rBn )

)
(23)

with components ψA and ψB defined on the different sublattices. Considering
the action of the Hamiltonian on this basis yields

H0(k) = t

3∑
j=1

[cos(k · aj)σ1 + sin(k · aj)σ2] (24)

where σ1 =

(
0 1
1 0

)
and σ2 =

(
0 −i
i 0

)
are Pauli matrices acting on the differ-

ent sublattices and aj are the three basis vectors pointing from a B site to the
nearest A sites. The eigenvalues of the Hamiltonian (24) are

E±(k) = ±t

√√√√3 + 2

3∑
j=1

cos(k · bj) (25)
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Figure 4: The honeycomb lattice of graphene with hexagonal sublattices A and
B and basis vectors a1, a2 and a3.

where εijkbi = aj − ak are basis vectors between nearest neighbor sites in the
same sublattice. The energy spectrum has a positive and a negative part which
mirror each other. Since each atom contributes one electron and since there are
two solutions per lattice site, all negative energy states are occupied and the
system is half-filling. The Fermi level then ends up between the negative and
positive parts of the spectrum and it is natural to ask whether there is a gap at
this level, around zero energy. It turns out there is no such gap.

Γ

K'

K'K'

K K

K

Figure 5: The Brillouin zone of
graphene with the distinct cor-
ners labelled K and K ′.

The Brillouin zone of the honeycomb lat-
tice is a hexagon, just like the crystal lattice,
but it is rotated a quarter of a turn with re-
spect to it. The corners are split in two equiv-
alence classes of three points each, which are
connected by reciprocal lattice vectors. Hence
there are only two distinct corners in the Bril-
louin zone. At these points, the energy (25)
is zero and the energy gap closes. Close to
the points the dispersion is linear, that is, the
energy depends linearly on k. Such points are
called Dirac points.

Kane and Mele choose the geometry of a
strip of graphene with zigzag edges, that is, a
configuration of the lattice in Figure 4 that is
finite in the direction across the page. Such a
configuration, in excess of the given spectrum,
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carries a band of edge states for which the energy gap closes. As is shown in
the following discussion, this band of edge states is found by considering a semi-
infinite sheet of graphene with a zigzag edge [5].

Let the x coordinate be directed along the edge and let the y coordinate
run from zero at the edge and increase into the lattice. At y = 0 there is a
row of A lattice sites and in increasing direction of y there are successive rows
of alternately B and A lattice sites. This configuration can be visualized as
Figure 4 without any bonds running to the left, out of the picture. In such a
geometry, the distinct corners of the Brillouin zone are found at

K =

(
− 4π

3|b|
, 0

)
and K′ =

(
4π

3|b|
, 0

)
(26)

where |b| is the distance between nearest neighbor sites on the same sublattice.

As a result of the symmetry in the x-direction, the probability to find the
particle at a certain lattice point cannot differ between points with the same x
coordinate, that is, points in the same column. Hence, the wave function can
only differ by a phase between neighboring sites in a given column. That is

ψ(x+ |b|, y) = eikxψ(x, y) (27)

with kx = k · b1, where b1 is defined as before.
To find the zero energy edge states consider the action of the hopping Hamil-

tonian (22). Let the amplitude for the particle to be at a particular site be
cne

ikxm, where n denotes the nth column and m is integer of half integer de-
pending on the displacement of the column in x. To yield zero energy the
hopping Hamiltonian must annihilate all states. Make the ansatz that the am-
plitude to be at B lattice sites is zero (c2n+1 = 0). For this to be realized, the
neighboring sites must add to zero in the action of the hopping Hamiltonian.

t(cne
ikxm + cne

ikx(m−1) + cn+2e
ikx(m−1/2)) =

t(cne
ikx/2 + cne

−ikx/2 + cn+2) = 0 (28)

that is

cn+2 = −2 cos

(
kx
2

)
cn. (29)

For values when | cos(kx/2)| < 1/2 there is an exponetial fall off in the
amplitude and the states are localized to the edge. For these states 2π/3 < kx <
4π/3, and the real part of k in the y-direction is zero. For | cos(kx/2)| > 1/2
the solutions blow up and are discarded. For cos(kx/2) = ±1/2, the amplitudes
cn+2 = ∓cn and the solutions are plane wave normalizable. Note that these two
cases correspond to the two distinct corners of the Brillouin zone respectively.
The resulting spectrum for the graphene strip is visualized in Figure 6.

For a strip which is macroscopic, the edges can be treated independently
as the semi-infinite case above and edge states will appear at both edges. For
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Figure 6: A schematic picture of the energy spectrum of a strip of graphene
with zigzag edges around kx = π.

the following discussion it is also important to note that with zigzag edges, the
different edges of the strip are necessarily made up of lattice points of different
sublattices.

3.2 Spin-orbit coupling and the quantum spin Hall effect

The quantum spin Hall effect appears when a spin-orbit coupling term is intro-
duced in the Hamiltonian. Following Kane and Mele the effect of the next to
nearest neighbor term

HSO = ±itSO

∑
〈〈ij〉〉

a†iajs3 (30)

will be considered. Here 〈〈ij〉〉 denotes all combinations of pairs of next to
nearest neighbor sites; the sign depends on the relative orientation of the nearest
neighbor displacements traversed, that is, traversing one of the three bj yields a

plus sign, while the opposite directions yield minuses; s3 =

(
1 0
0 −1

)
is a Pauli

matrix acting on the spin.
The new Hamiltonian becomes

H = H0 +HSO = t
∑
〈ij〉

a†iaj ± itSO

∑
〈〈ij〉〉

a†iajs3. (31)

Using the same basis (21) as before to rewrite the Hamiltonian as a function of
the wave vector k yields

H(k) = t

3∑
j=1

[cos(k · aj)σ1 + sin(k · aj)σ2]− tSO

3∑
j=1

sin(k · bj)σ3s3. (32)
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This new Hamiltonian has the energy spectrum

E±(k) = ±

√√√√t2(3 + 2

3∑
j=1

cos(k · bj)) + 4t2SO(

3∑
j=1

sin(k · bj))2 (33)

where the second term under the square root is due to the spin-orbit term and
is always non-zero. This means there is now a gap in the band structure of the
interior of the graphene strip, just as in the QHE. Furthermore, as with the
QHE, there will also be edge states which close the energy gap and which are
responsible for the electronic properties of the system.

To find the conducting edge states, again consider the action of the Hamilto-
nian (31) on the lattice site amplitudes. This produces a system of difference
equations in analogue with equation (28).

t[(eikx/2 + e−ikx/2)cn−1 + cn+1]+

itSO[(eikx/2 − e−ikx/2)(cn+2 + cn−2) + (−eikx + e−ikx)cn] = εcn

t[cn−1 + (eikx/2 + e−ikx/2)cn+1]+

itSO[(−eikx/2 + e−ikx/2)(cn+2 + cn−2) + (eikx − e−ikx)cn] = εcn

(34)

The first equation is for odd n and the second is for even. At kx = π and for
energy ε = 0, the system in (34) can be solved, yielding solutions which decay
exponentially away from the edge. Using perturbation theory to consider the
states around kx = π shows the energy increases, respectively decreases, with
k for the different spin at one edge, while at the other edge the situation is
reversed. Hence, there are still edge states that close the energy gap and which
cross at kx = π.

A more rigorous derivation will be left out and a heuristic explanation is
offered instead. Starting from the edge states (29) which were found above
from (22), consider the effect of the spin-orbit coupling term in (32). Reversing
the sign of k reverses the sign of the term. It also has opposite sign on opposite
sublattices and for opposite spin. Assuming that the original Hamiltonian (22)
still gives no contribution to the energies of the edge states, their energy will be
completely determined by the spin-orbit coupling. Hence a particle occupying
a given edge state with wave vector close to one of the Brillouin zone corners K
or K′, projected onto kx = 2π/3 or kx = 4π/3 respectively, would have opposite
energy if it (a) occupied a state with opposite wave vector, (b) were located to
the other edge, or (c) if it had opposite spin. Because of (a) the same band
has energies of opposite sign and hence must cross the Fermi energy. From
(c) it is evident that there will be a band with opposite spin wich mirrors this
band and which therefore crosses it at the Fermi energy. Furthermore, because
of symmetry the bands must cross at kx = π. Finally, since the spin-orbit
coupling has different sign for the different edges there will be similar bands on
the other edge but with opposite spin for corresponding bands. Figure 7 shows
a schematic picture of the band structure around kx = π. Although all states
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in the figure have positive kx, they do not propagate in the same direction.
The direction of propagation is decided by the group velocity. This means that
states on opposite edges sharing the same spin propagate in opposite directions.

E

EF

π kx

R↑, L↓ L↑, R↓

Figure 7: The spectrum of the Kane and Mele model system around kx = π
with the spin polarized edge states emphasized. R and L denote right and left
edges respectively. The spectrum is mirrored for negative kx.

It is now clear that the model describes a QSH system. On one of the edges,
at a given energy, are spin up states which move in one direction and spin down
states moving in the opposite direction, while on the other edge the configuration
is the opposite. Adding an external voltage will excite particles of opposite spin
on the opposite edges and the edges will become ”spin charged”.

Following Kane and Mele [12], the magnitude of this spin Hall conductivity
can be calculated using an argument along the lines of Laughlin’s [16] and
Halperin’s [7]. Considering a cirular strip through which is put a quantum of
magnetic flux Φ0 = h/e will yield a shift by one unit in the azimuthal wave
number of all states, k → k+2π/L. This corresponds to a change in occupation
in each band by one state at the Fermi level. If the change in occupation is
positive for the spin up band at one edge it will be negative for the spin up
band at the other edge, and in the opposite way for the spin down bands.
Hence, each spin acts in itself as a quantum Hall system with Hall conductivity
σH = ±e2/h. Taking the different spin as different charges with units ±h̄/2,
it is then possible to determine the quantized spin Hall conductivity from the
quantized Hall conductivity.

σs
H =

h̄

2e
σH +

−h̄
2e

(−σH) =
h̄

2e

2e2

h
=

e

2π
. (35)

In practice, other terms will be present in the Hamiltonian under which the
z-component of the spin is not conserved. Such terms break this exact quanti-
zation in a real system.
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3.3 General quantum spin Hall systems

As mentioned, it is difficult to observe the QSHE in graphene due to the weak
spin orbit coupling of the material [13]. The effect has instead been observed in
compounds with heavier atoms and hence stronger spin-orbit coupling, such as
the HgTe quantum wells mentioned in the introduction.

HgTe has such a large spin-orbit coupling that the usual order of two of
the bands in the electronic band structure is reversed. In the HgTe experi-
ment, HgTe was sandwiched between CdTe [15] as proposed by Bernevig et al
[1]. Above a certain critical thickness of the HgTe quantum well, the differ-
ence in strength of the spin-orbit coupling between HgTe and CdTe leads to the
inversion of the valence and conduction bands in the HgTe quantum well, in
comparison with the electronic structure of the surrounding CdTe. The valence
and conduction bands can then be described by an effective ”relativistic Hamil-
tonian” with a gap dominated by the spin-orbit coupling term [1], in analogy
with the graphene model presented above. This bulk band structure gives rise
to the same kind of states closing the gap at the edges of the quantum well, as
appear on the edges in the graphene model.

The common denominators for the different QSH systems are thus a band
gap dominated by the spin-orbit splitting, and spin polarized edge states which
disperse from the valence band to the conduction band. The edge states are
conducting, just like in the QHE, and carry currents of opposite direction for
the opposite spin. They also share the property with the QH states of being
insensitive to elastic scattering. This is because, in contrast to the QH system,
the QSH system is invariant under time reversal (a quantum mechanical opera-
tor which simply entails running the system backwards in time). For, while the
QH states are protected from scattering by the absence of avaliable states, the
QSH states are forbidden to scatter into the avaliable states because scattering
would break the time reversal symmetry of the QSH system. Such a breaking of
time reversal symmetry is forbidden in the absence of magnetic impurities [20].
Hence, at zero temperature and in a pure sample, the edge states form perfect
conductors.

4 Topological insulators

In 2006 three groups independently generalized the QSHE to three dimensions
[8]. The first real material exhibiting this three dimensional QSHE, a BiSb
alloy, was predicted in 2007 by Fu and Kane [3] and was observed in 2008
by Hsieh et al [10]. A three dimensional QSH system has edge states just
like its two dimensional relative, but the band structure of the edge states is
made up of an odd number of two dimensional conical surfaces, much like the
electronic structure of graphene, instead of the one dimensional crossing bands
which appear in the two dimensional system. The term topological insulator
was coined to denote this new phase of matter, of which the QSHE is a two
dimensional example. A topological insulator can be described as an insulator
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which is conducting at the boundary with another insulating material or with
vacuum [18]. One could imagine that this property was the lone inspiration for
the name topological insulator, but the original reason for the name is found in
the electronic structure of a material in such a phase.

Topology is concerned with continuous deformations. A topological invariant
is a quantity which is constant under such deformations. In the context of
quantum Hall effects and topological insulators it is the Hamiltonian that can
be continuously deformed, and it is possible to define invariants from the energy
spectrum. The first such topological invariant to be identified was the TKNN
integer for the QHE, defined in the seminal paper by Thouless et al from 1982
[22]. Kane and Mele in 2005 [12] showed how a topological invariant can be
constructed for a QSH system and, in 2007, Fu and Kane [3] generalized this
approach to three dimensional systems. In three dimensions one can define four
different such topological invariants.

Figure 8: Regardless of how the torus is deformed, for instance into a coffe cup,
as long as the hole does not close, the genus will be constantly equal to one.

In 1982 the topological nature of the TKNN invariant was not clear, but
since then it has been identified as the Chern number of a vector bundle over
the Brillouin zone. It can also be interpreted as a Berry’s phase, or geometric
phase, acquired by a state under a transportation around the Brillouin zone
[8]. The Chern number and other similar topological invariants are analogous
to the genus of a surface, which counts the number of holes in the surface. Just
as the genus of a surface changes only if a hole closes (or opens), the topological
invariants of the different Hall effects and topological insulators cannot change
unless the energy gap closes. This property is actually enough to explain the
appearence of conducting boundary states from knowledge of the topological
invariants in the bulk of a material. Since the topological invariant can not
change while there is a gap in the band structure, the gap must close at the
boundary with a material in which a certain topological invariant has a different
value, in order for the topological invariant to change its value over the interface
between the two materials. Hence there must be bands of edge states crossing
the Fermi energy and connecting the conduction and valence bands of the bulk
electronic structure. This simple argument thus explains the main characteristic
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of the topological insulator phase.

4.1 Spintronics and quantum computing

The discovery of topological insulators has increased our understanding and
might lead to the discovery of other topological phases of matter. But it is also
natural to ask what practical uses can be found for these topological insulators.
A few concievable applications have been mentioned.

First of all, the appearence of spin separated dissipationless currents suggests
uses for topological insulators in spintronics. Spintronics is the manupulation
of spin for computation, so it is natural to suppose that uses can be found
for topological insulators in spintronics components. It is also possible that
topological insulators may come to be used as switches for magnetic memory
storage devices [18].

A more exotic potential use for topological insulators is in quantum com-
puting. It has been proposed that when a topological insulator is placed in
contact with a superconductor, quasiparticle states called Majorana fermions
form [4]. These Majorana fermion states could potentially function as building
blocks for qubits, the information bits of quantum computing. Although they
may not support the construction of a universal quantum computer, they have
the advantage of being topologically protected, just like the edge states of the
topological insulator. Because of this, they are unusually robust for being quan-
tum states, and may be used to circumvent engineering difficulties that arise as
a result of decoherence.
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Appendices

A The classical Hall effect

Consider a conducting slab which, at the same time as a current is running
through it, is pierced by a magnetic field. The charge carriers are deflected to
the edges of the slab by the magnetic part of the Lorentz force. This causes a
voltage to build up on the edges of the slab, perpendicular to the direction of
the current. The voltage very quickly reaches an equilibrium state in which the
force from the electric Hall field across the slab equals the magnetic force on
the charge carriers. The condition for equilibrium of the electric and magnetic
forces is then

qEH = qv ×B (36)

and charges are accumulated on the opposite edges of the slab in a steady state.
The classical Hall effect is frequently exploited in experiments to determine

the electronic transport properties of different materials. One important quan-
tity is the Hall resistance, which is defined as the Hall voltage divided by the
current through the sample. To find an expression for the Hall resistance as a
function of the magnetic field, consider a rectangular slab aligned in the xy-plane
and of length L, width W and thickness T. A current running in the x-direction
along the length of the slab is found to be I = jWT = nqvWT , where j is the
current density along the slab and n is the number density of particles. If the
magnetic field is aligned along the z-axis the expression for the Hall resistance
becomes

RH =
VH
I

=
EHW

jWT
=

B

nqT
(37)

or, for a two-dimensional system,

RH =
VH
I

=
EHW

jW
= ρH =

B

nq
. (38)

where the condition (36) for quilibrium was used. In the two dimensional case,
the Hall resistance equals the Hall resistivity since the quotient of the Hall
voltage with the current is identical to the quotient of the Hall field with the
two dimensional current density.
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