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1. Introduction

"Physics is like sex:
sure, it may give some practical results,

but that’s not why we do it."
R.P. Feynman

The thesis presents an introduction to the research papers. Although connected
by the idea of changing the field space variables, it is clearly divided into two
parts.

Let me start by citing one of the Clay Institute Millennium Problem formu-
lations:

Yang-Mills and Mass Gap
The laws of quantum physics stand to the world of elementary particles in

the way that Newton’s laws of classical mechanics stand to the macroscopic

world. Almost half a century ago, Yang and Mills introduced a remarkable new

framework to describe elementary particles using structures that also occur in

geometry. Quantum Yang-Mills theory is now the foundation of most of elemen-

tary particle theory, and its predictions have been tested at many experimental

laboratories, but its mathematical foundation is still unclear. The successful use

of Yang-Mills theory to describe the strong interactions of elementary particles

depends on a subtle quantum mechanical property called the "mass gap:" the

quantum particles have positive masses, even though the classical waves travel

at the speed of light. This property has been discovered by physicists from

experiment and confirmed by computer simulations, but it still has not been un-

derstood from a theoretical point of view. Progress in establishing the existence
of the Yang-Mills theory and a mass gap and will require the introduction of

fundamental new ideas both in physics and in mathematics.

In order to address the problem, one can start either from the point of view
of effective field theory that is intended to directly describe phenomenology,
or from the first principles. 1 Then these approaches should be somehow con-
nected.

A nice effective field theory that describes glueballs is the Skyrme-Faddeev
model. It allows to see knots as low-energy gluon excitations, which looks
quite appealing. The spin-charge separation attempts to connect this effective

1A popular approach to non-perturbative Yang-Mills is based on semi-classical instanton calcu-

lations. The works in collaboration with Dmitri Diakonov, Victor Petrov and Nikolay Gromov

on the subject are not included in this thesis [DGPS04, GS05, GS06, Sli07].
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model with fundamental “first-principles” Yang-Mills lagrangian. Although

this connection is not made completely rigorous so far, it is a significant step

in exploration of low-energy phenomena in Yang-Mills theory. Moreover, the

spin-charge separation hints an interesting connection with gravity.

The first part of the thesis describes the papers in collaboration with Antti
Niemi. We deal with spin-charge separation applied to Yang-Mills and Yang-
Mills-Higgs models. The papers themselves include the needed background
material, so the aim of the thesis is to put the papers into a broader context,
give more motivation and express my personal attitude.

The papers, Part I
In Paper I we observe an intriguing connection of spin-charge separated Yang-
Mills-Higgs system with compactified higher-dimensional gravity theory with
3-brane. This connection makes connection of Yang-Mills-Higgs system with
gravity more complete. We conjecture the connection of Higgs effect in the
Standard Model to the gravitational Higgs effect. The modulus of the Higgs
field is identified with conformal scale factor of the metric, that is similar to
the dilaton. Thus, we conjecture the connection of Higgs field with the dilaton.

In Paper II the connection with gravity is made more rigorous by consider-
ing a consistent Kaluza-Klein reduction.

In Paper III we study in detail the geometry of spin and charge variables
and find how the SO(4) (a.k.a. Lorentz) transformations of them are inter-
twined, which is expressed in the form of 1-cocycle. This puts constraints
on the ground state of the effective O(3) model, corresponding to charge vari-
ables, and explains the absence of massless Goldstone bosons in the spectrum.

In Paper IV we are interested in studying the connection of Yang-Mills
with gravity, conjectured by spin-charge separation, in the reverse direction.

We try to use quantum Yang-Mills theory as a toy quantum theory of grav-
ity. The perturbative vacuum of Yang-Mills theory then maps to a complete
absence of space-time (the metric is zero). To see how the flat metric arises,
we consider the typical non-perturbative effects of the Yang-Mills theory and

translate them into language of gravity, trying to see the examples of non-

perturbative fluctuations of the metric. The idea is that these awful geometries

must average to a flat space-time in the low-energy limit. As a by-product, we

discuss how instantons looks like in the spin-charge variables.

Outline, Part II
The second part of this thesis describes the work in collaboration with Andrei

Losev that is much in progress and directed towards mathematically rigorous

formulation and studies of a class of field theories, that we call “geometric”

or “instantonic” and of everything one can build on them. These theories obey

the property of exact localization on solutions of classical equations of motion
(instantons). This property allows for a rigorous mathematical formulation

of such field theories independently of the space-time dimension. Thus, in a
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sense, it is a step towards the questions of “existence of Yang-Mills theory”,

because we are studying mathematically rigorous formulation of full (non-

perturbative) quantum field theory, although a rather simple one so far.
The instantonic field theory is geometric because it is by construction in-

dependent of the target space coordinates, so, any change of field variables

is absolutely rigorous there. Geometric field theories contain rather little in-

formation in them, they are finite, do not require normal ordering and linear

structure. Extra structure may be needed to write meaningful observables in

this theory, because we cannot put coordinate and momentum observables at

the same point.
More complicated theories may be built by considering the deformations

of instantonic field theories. By deforming the theory we pass a certain extra

geometric structure in a controllable manner.

In conventional field theories, the coordinates on the target manifold
(“fields”) play a fundamental role – they correspond to operators that in

general do not commute (with each other or with momentum-type fields if we

are in first-order formalism). Thus, these are no coordinates in conventional

geometric sense, but generators of a certain linear structure. In this sense the

conventional field theories are not geometric, or in other words, they can be

considered as geometric only on the manifolds admitting a linear structure.

There is a recent mathematical approach to construct a more complicated
geometric theories based on gluing theories defined on linear charts, covering
the target manifold. This approach is known as Sheaves of Vertex Algebras,
Chiral Algebra, or Chiral de Rham Complex (CDR). It has been used, for ex-
ample, for constructing the bosonic βγ systems, motivated by pure spinor ap-

proach to superstring (see [Nek05] for physicist-friendly exposition). It works

on the perturbative level and perturbative gluing is constructed. If the consis-

tent gluing of local theories on patches is not possible, then the theory is called
“anomalous” and claimed to be non-existing. In the absence of anomalies the

theory is claimed to be existing. This reasoning is widely accepted in physics

community, but we have to admit that there are still many open questions here.

First of all, the question of rigorous non-perturbative formulation of the the-

ory is out of mathematical understanding so far. In case when the theory is

claimed to not exist even at the perturbative level on some target manifold, a

second question arises: Is there any theory, possibly with some extra data, that

does exist on such a manifold?

In the thesis we make steps towards answering these questions using the
approach, based on instantonic field theories. These theories, in conventional
classification, correspond to N = 2 supersymmetric QFTs with topological
sector. We study some interesting properties of these theories both in topo-
logical sector and beyond in one and two dimensions. The advantage is that

these theories exist for any target manifolds and are rigorously mathemati-
cally formulated (not only on the perturbative level). The typical example of
instantonic field theory corresponds to supersymmetric βγ − bc system with
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action:

S = −i

∫
d2zp∂̄X − π∂̄ψ + p̄∂X̄ − π̄∂ψ̄ (1.1)

The bosonic theory – the βγ system – is formally obtained from this model

by crossing out the fermions and restricting to one of the chiral sectors. But,

as mentioned above, in many cases the latter theory occurs to be undefined,

“anomalous”, as physicists use to say. This argument tells us that the path in-
tegral in it’s naive appearance is not defined, so “crossing-out fermions” does
not make sense. On the other hand, observables that may be interpreted as
mass terms for fermions make sense in the instantonic supersymmetric field
theory. Thus, we can pose a natural question: what happens when we insert
exponential of a large mass term for fermions and take a limit of infinite
mass? By construction we get a well-defined theory, which we pretend to call

“bosonic”. Does it correspond to what one could have expected by naively
crossing out the fermions? What is the origin of “anomaly” then?

These are the questions that motivated the study. Apart from them, on
the way we have met other interesting problems that ended up into separate
branches of work. Indeed, even the supersymmetric (or topological) sector
of geometric theories deserves studies with new geometric methods. This is
relevant, for example, for the Mirror symmetry.

The papers, Part II
In paper V we begin studies towards answering the questions posed above:
how to get a chiral bosonic theory (or even a class of different possible bosonic
theories) if we introduce a large “mass term” for fermions. Due to a short for-
mat of this paper, some extra calculations (with still some unclear conclusions)
are presented in the main text.

In paper VI we study novel observables that one can construct in quantum-
mechanical theory with action analogous to (1.1). Since we look at the model
geometrically, these observables occur quite naturally and have a clear geo-
metrical meaning, while from the standard point of view they are very “non-
perturbative”.

In paper VII we develop instanton calculus in geometric formalism and con-
nect it with the free-field based technique for instanton calculus in geometric
field theories. We show how to compute correlation functions with instantons
in non-topological sector of the theory with action (1.1). This study is needed
for deforming the theory with a term qudratic in momentum: gijpipj–type
bivector, which would move us from the purely first-order “infinite radius”
limit to a more physical second-order theory. Also, our results may lead to
extending the Mirror symmetry beyond the topological sector.
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Part I:

Yang-Mills, Electroweak Theory, Kaluza-Klein
theory and Spin-Charge separation

The correct formulas should be beautiful.
Antti

In this part we briefly overview the Electroweak theory with focus on Higgs

physics and it’s problems.
Then we describe the gauge-invariant variables – the supercurrents for the

Electroweak theory and show how they can be naturally derived from gravity

with Kaluza-Klein extra dimensions with 3-brane. This suggests an interpreta-
tion that the effective Higgs particle may be composed of branons and dilaton.

We review the spin-charge separation change of variables for pure Yang-
Mills action and discuss a development.

Then we review an appealing idea of connection of spin-charge separated
Lagrangian with gravity Lagrangian and use this similarity to speculate about
gravity.



Figure 1.1: Spin – charge separation

Illustration by Viktoria Mironenko
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2. Gauge theories

It is well-established that the gauge theories play an important role in describ-

ing the reality. The philosophical role of gauge symmetry might be that the

Nature does not separate charged particles and vector bosons that carry inter-

actions. They are the parts of the unified and complicated game, that does not

allow a direct linear description in terms of free fields. On the other hand, it is

often possible to embed the non-linear system into the linear space of higher

dimension. Then the linear description in terms of almost free fields becomes

possible. To get back the physical system from the almost free field descrip-

tion, one needs to mod-out the extra degrees of freedom. These degrees of

freedom often correspond to gauge symmetries. That is why the gauge theo-

ries are so important in Nature.
To summarize, my philosophy is that the gauge symmetries are probably

not the ultimate truth of Nature, but they are of fundamental importance for

the scientific method that is used to assess the Nature. They are important to

relate the most relevant formalism that we have up to now – the quantum field

theory – to Nature.

2.1 General ideas about renormalization

There is a well-established “Bogoliubov school” point of view that puts the
renormalizability property of field theory as the most fundamental and valu-
able property. Here we review the idea of renormalization, discuss pro- and
contra- of renormalizability and discuss the related philosophy.

Consider the theory of quantum fields, which means that we put a harmonic
oscillator centered around solution of equation of motion at each spacetime
point and assume some interactions between them. The general assumption is
that these interactions reproduce at low energy the expected classical behavior
of the system. But this demand does not, in general, uniquely fix the quantum
theory. The corresponding quantum theory is in general not unique, unless
fixed by demanding some extra symmetries, so it is better not to say “quan-
tize”. Also, it is not completely clear, what should be called by the “quantum
theory”. Nature has given us some hints of adequate mathematical construc-
tions that could be used up to some scale. To go to higher scales might require
new paradigm.
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How many parameters does one need as an input for the quantum theory?

The good useful theory with predictive power should have a reasonable finite
amount of input parameters. The general expectation is that each input param-
eter corresponds to some “physics” – the mass of some particle or the coupling
constant. The notion of particle in such a philosophy is assumed to be local. So,
the interactions are local. When computing the loop quantum corrections one
encounters divergencies that are eliminated by a regularization prescription to-
gether with renormalization of fields and interactions. In some cases, it is also
needed to add extra interaction terms or even extra fields to produce a sensi-
ble quantum theory. If there is a finite amount of local interactions needed for
theoretically consistent calculations in the quantum theory up to arbitrary for-
mal precision (arbitrary loop level), then the theory is called renormalizable.
Renormalizability is a sign of formal internal theoretical consistency, that is a
necessary condition for the theory to pretend to be fundamental. That means,
that the theory can formally extend up to very fundamental scales and this ar-
gument supports the claim that fundamental theories must be renormalizable.
In particular, the Standard Model theory is of this type and is experimentally
proven to be very successful.

On the other hand, nowadays it is generally believed that at the fundamental
scales the theory might be of a very different type. This is, in particular, mo-
tivated by questions of gravity. Why do we live in almost Minkowski space-
time? Why is the signature like it is? What is the quantum theory of gravity,
and should it be quantum at all? The “theory of everything” could even be not
a field theory, or, as I would prefer to say, a field theory of a more general type.
In particular, we assume that the string theory is a field theory of a more gen-
eral type, and this motivates the studies of more general field theories. Note
that various attempts to develop mathematical axioms of field theory (Atiyah,
Segal) were to some extent motivated by string theory. Looking at the vari-
ety of examples, inspired by string theory, we see that the fundamental theory
might not be restricted to Minkowski space and the space of fields might be
non-linear or, even, might have have no transparent geometrical interpretation.

From this point of view, renormalizability is not a sufficient criterion for

the theory to be fundamental. So, the realistic model might be a low-energy

effective field theory. It may have non-renormalizable interactions with nega-

tive mass dimension Δi < 0, their contribution at momenta of order k would
behave as (k/M)−Δi . At low energy scales k � M it is suppressed and

such interactions are called irrelevant. At energies comparable to k the non-
renormalizable theory looses it’s predictive power and needs to be replaced by
a more fundamental theory.

In general, the low energy effective field theories are useful when the ex-
pected underlying theory is either unknown or too complicated. This happens,

for example, when the underlying theory is in the strong-coupling regime. In
any case, the effective field theory is expected to be non-renormalizable.
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2.2 Standard Model Electroweak Theory

Here we recollect some basic facts about the Standard Model with emphasis
on Electroweak sector. More details can be found in a very good recent review
[Wel09]. The bosonic electroweak Lagrangian is an SU(2)L × U(1)Y gauge
theory

Lbos = |DμΦ|2 − μ2|Φ|2 − λ|Φ|4 − 1
4
BμνB

μν − 1
4
W a

μνW
a,μν (2.1)

where Φ is an electroweak doublet in (2, 1/2) representations of SU(2)L ×
U(1)Y (Y = +1/2). The doublet field Φ can be written as two complex scalar
component fields φ+ and φ0:

Φ =

(
φ+

φ0

)
. (2.2)

The covariant derivative and field strength tensors are

DμΦ =
(

∂μ + ig
τa

2
W a

μ + ig′
Y

2
Bμ

)
Φ (2.3)

Bμν = ∂μBν − ∂νBμ (2.4)

W a
μν = ∂μW a

ν − ∂νW
a
μ − gfabcW b

μW c
ν (2.5)

The minimum of the potential occurs at a non-zero value of Φ which via a

gauge transformation to unitary gauge can be written as

〈Φ〉 =
1√
2

(
0
v

)
where v ≡

√
−μ2

λ
. (2.6)

The symmetry breaking pattern is SU(2)L ×U(1)Y → U(1)Q. In the unitary
gauge one can define three massive vector gauge bosons Z, W± by

W±
μ =

1√
2

(
W (1)

μ ∓ iW (2)
μ

)
(2.7)

Bμ =
−g′Zμ + gAμ√

g2 + g′2
(2.8)

W (3)
μ =

gZμ + g′Aμ√
g2 + g′2

. (2.9)

It is convenient to define tan θW = g′/g.
Fermion masses are also generated in the Standard Model through the Higgs

boson vev. For example, the relevant Lagrangian for Yukawa couplings of the
b quark with the Higgs boson is

ΔL = ybQ
†
LΦbR + c.c. where Q†

L = (t†L b†L) (2.10)
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where yb is the Yukawa coupling. This Lagrangian can be expanded to

ΔL = ybQ
†
LΦbR + c.c. =

yb√
2
(t†L b†L)

(
0

v + h

)
bR + h.c. (2.11)

= mb(b
†
RbL + b†LbR)

(
1 +

h

v

)
= mb b̄b

(
1 +

h

v

)
(2.12)

where mb = ybv/
√

2 is the mass of the b quark.

By measuring interactions of the gauge bosons with fermions it has been
found that g = 0.65 and g′ = 0.35, and therefore sin2 θW = 0.23. From the

knowledge of the gauge couplings, the value of the Higgs field vev v can be
determined from the masses of the gauge bosons: v 
 246 GeV.

The current expectation [A+06], [Ken, Wel], coming from precision elec-
troweak program is that the Higgs boson must have mass somewhere in one
of two regions

114.4 GeV < mh < 160 GeV or 170 GeV < mh
<∼ 200 GeV. (2.13)

Otherwise, the Standard Model is incompatible with the data. Discovery of

Higgs boson (or of it’s absence) is expected soon at LHC.

2.2.1 Hierarchy Problem

This section follows the ideas, presented in [Wel09]. A naive way to look at
the Standard Model is that it is the “Theory of Particles", valid up to some
far-away scale where gravity might go strong, that we do not care about. It
is a renormalizable theory. Everything can be computed at multiple quantum
loop order, infinities can be canceled by counterterms and do not show up
in observables. Then one makes predictions for observables that experiment
agrees with.

Nevertheless the viewpoint that the Standard Model is complete can be chal-
lenged: it is an effective theory. As an effective theory, all operators should
have their coefficients set by the cutoff of the theory [Pol92]. If operator O(d)

has dimension d then its coefficient is cΛ4−d, with Λ – the cutoff of the the-
ory and c is expected to be of order of unity. Irrelevant operators with d > 4
are not problematic. Same goes for d = 4 marginal operators. But the Stan-
dard Model has two d < 4 relevant operators: right-handed neutrino Majorana

mass interaction terms νT
Riσ2νR, which is d = 3, and the Higgs boson mass

operator |H|2, which is d = 2. The large mass of right-handed neutrino agrees
with experiment. In contrast to the neutrino operator, the d = 2 Higgs mass

operator should naturally be very large by the above effective field theory rea-

soning:
ΔL = cΛ2|H|2 (2.14)
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The effective theory needs the coefficient c in eq.(2.14) to be fine-tuned to an

extraordinarily small and unnatural [Giu08] value

c ∼ v2/Λ2

The concern about how this can be so is the Hierarchy Problem.

Due to the Hierarchy Problem it is often assumed that new physics must
show up at some scale below Λ ∼ 4πv ∼ few TeV.

There are several different approaches to solving the Hierarchy Problem.
They can be divided into three categories. The first suggests that there is new

physics at the TeV scale and the cutoff Λ in eq.(2.14) is near the weak scale.
Supersymmetry [Mar97], little Higgs [STS05], conformal theories [FV99],
and extra dimensions [Sun05], [Rat03] can be employed in this approach.
For example, in supersymmetric models Λ is the supersymmetry breaking
mass scale. Extra dimensions protect all mass scales above the TeV
scale from Higgs boson. The second category suggests that there is no
fundamental scalars in the theory that could form invariant |ϕ|2 operators.

This is the approach of Technicolor [LM09] and top-quark condensate
theories [Hil91],[Mar92], [Hil95], [CDGH99] that try to reproduce the
Higgs boson with the condensate of a fermion bilinear operator. Higgsless
theories are also in this category [CGPT04],[CGM+04], [CGW09]. The third
category suggests that large statistics of fine-tuned solutions dominate over
non-tuned solutions in the landscape, leading to a higher probability of our
Universe to land in a highly tuned solution (c � 1).

2.2.2 Higgs field as a dilaton

The dilaton field is present in many theories of gravity, in particular, in string
theory. In fact many known extensions of the Einstein theory of gravitation are
the scalar-tensor theories of Brans-Dicke type. For example, in string theory
the graviton is inevitably accompanied by the dilaton, whilst in models of elec-
troweak symmetry breaking with an approximate or exact scale invariance the
dilaton may play a role in low energy phenomenology (see e.g., [FKMV08],
[GGS08]). If the dilaton field is indeed present in the particle spectrum, one
may ask whether it can be identified with the Higgs boson?

At first glance it appears that the dilaton can not play the role of the Higgs

boson since it does not couple to the Standard Model fields in a gauge invari-

ant way. Actually, because the Standard Model Lagrangian without the Higgs

sector is classically scale-invariant, the dilaton can be completely removed at

the classical level by an appropriate conformal transformation. Therefore the

scale-invariance of the Standard Model must be broken in order to couple the

dilaton to matter fields.
We will propose a new scenario where the dilaton (hidden as the conformal

factor of the metric) plays a role of the Higgs field and also connect it with
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supercurrent Lagrangian. There are several other works in this direction: the

work [GGS08] discusses the possible LHC signatures of this scenario. In a
very interesting work [RS09] the advocated “gravity” approach is studied for
certain electroweak processes.

In the work [FKM08] a different theoretical scenario for coupling the dila-
ton to the Standard Model is proposed. It is based on explicit breaking of
scale-invariance by mass terms for the fermion fields. Unfortunately, there are
issues with gauge invariance in this case. In our approach, the explicit break-
ing of scale invariance is not needed and such problems do not arise.
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3. Effective Field Theories,
Supercurrents and Effective Gravity

3.1 Motivation

We hope that the above review have convinced the reader of the following

puzzle: while the three degrees of freedom in the Higgs field play a clear

natural role in giving mass to gauge bosons, and hence are natural elements

of low-energy effective field that are independent of high-energy completion,

the fourth degree of freedom – the modulus of the Higgs field ρ2 = |Φ|2 is

expected to be directly connected with some new physics. It is the modulus of

the Higgs field that is responsible for all puzzles. And it is this modulus that

is still not found experimentally.

Starting to write about the modulus of the Higgs field, we have already
done a very dangerous thing: we made a non-linear change of variables in
field space. While this is innocent at the classical level and can be corrected
by inserting a very simple functional Jacobian at the 1-loop level, the standard
renormalizability proof might be broken [DJ74]. Although in some simple
cases the problem of non-linear changes of fields can be solved, in general
it presents an extremely important unsolved problem. The standard path inte-
gral is defined at perturbative level only for near-quadratic Lagrangians! An
attempt to deal with this problem in a much simpler setting would be the topic
of the second part of this thesis.

An interesting observation is that if we use the polar-like coordinates for

Higgs field, the kinetic terms in the action become quartic in fields by getting
ρ2 prefactor. This is similar to the way the conventional theories are coupled
to gravity. This observation is developed below in various directions.

Of course, connecting to gravity does not solve all the problems since the
theory of quantum gravity is still missing, but this connection occurs fruitful
for both parts.

3.2 Electroweak supercurrents

This chapter is based on works of Ludwig Faddeev, Antti Niemi and Maxim
Chernodub: [CN08], [CN09], [CFN08], [Fad08].
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3.2.1 Local symmetries cannot be broken

A theorem by Elitzur [Eli75] states that it should be impossible to
spontaneously break a local symmetry such as the electroweak gauge group
SUL(2) × UY (1). Only global symmetries can be spontaneously broken,

according to this theorem. A gauge fixed theory avoids this problem since
the local gauge symmetry becomes explicitly broken by the gauge fixing

condition. Furthermore, both lattice simulations [KLRS96a], [KLRS96b],

[Tet97], [GIS97] and formal arguments [FS79] imply that the transition

between the symmetric and the Higgs phase can proceed along a continuous

path in the phase diagram. So, since the gauge symmetry is unbroken in the

symmetric phase, it must remain unbroken also in the Higgs phase, thus the

Higgs mechanism of the Weinberg-Salam does not contradict to Elitzur’s

theorem.

Alternatively one can write the entire electroweak Lagrangian in terms of
manifestly SUL(2) × UY (1) invariant variables that are the analogs of the

Meißner supercurrent in the Ginzburg-Landau approach to BCS supercon-

ductor. These variables can be interpreted in terms of spin-charge separation,

similar to the spin-charge separation that has been previously employed for

strongly correlated electron systems in condensed matter physics [FT81a],

[Col84], [BA88], [And87], [NW05], [FN07a]. Hence these variables may be

interpreted in terms of the strongly coupled dynamics of electroweak theory.

Furthermore, since the non-Abelian supercurrents implement the effects of

gauge symmetry breaking by a mere change of variables and without any

gauge fixing, there are no problems with Elitzur’s theorem.

3.2.2 Change of field variables in the Abelian case

Let us illustrate the change of variables in the Abelian case. The non-Abelian

case is to some extent similar and is reviewed in Paper I.

Consider Landau-Ginzburg approach to superconductivity: take a complex
scalar field φ and a vector field Ai in three space dimensions. There are a total

of five independent fields. We introduce an invertible change of variables to a

set of five independent fields (Ji, ρ, θ),

φ → ρ eiθ

Ai → Ji = i
4e|φ|2 [φ∗(∂i − 2ieAi)φ − c.c.]

(3.1)

This is independent of any physical model where these variables appear as

field degrees of freedom. We consider the Landau-Ginzburg Hamiltonian
which is relevant to BCS superconductivity, with φ the scalar field that

describes Cooper pairing of electrons and Ai the U(1) magnetic vector
potential,

H =
1
2
B2

i + |(∂i − 2ieAi)φ|2 + λ
(|φ|2 − v2

)2
. (3.2)
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Here Bi denotes the magnetic field. This Hamiltonian is invariant under the

familiar Maxwellian U(1) gauge transformations

φ → e2ieηφ

Ai → Ai + ∂iη

In terms of the new fields (3.1) the Hamiltonian (3.2) is

H =
1
4

(
Jij +

π

e
σ̃ij

)2
+ (∂iρ)2 + ρ2J2

i + λ
(
ρ2 − v2

)2
, (3.3)

with

Jij = ∂iJj − ∂jJi

and

σ̃ij = εijkσk =
1
2π

[∂i, ∂j ]η (3.4)

Here σi is the string current, its support in R3 coincides with the worldsheet
of the core of the Abrikosov vortex. Here we used the conventional “lattice”
notation that means that the complex phase of φ (denoted θ) may be unde-
fined on some 2D submanifold (vortex worldsheet), so, aj = ∂jη is not a pure

gauge in R4, and the δ-form curvature, localized on the submanifold is for-
mally ∂[iaj] = [∂i, ∂j ]η. When (3.3) describes such a vortex, (3.4) subtracts
a singular contribution that emerges from Jij . This singularity also appears

in the third term in the r.h.s. of (3.3). To remove it, the the density ρ should
vanish on the worldsheet of the vortex core.

The Hamiltonian (3.3) involves only variables that are manifestly U(1)
gauge invariant, there is no local gauge invariance present in (3.3). But no

gauge has been fixed in deriving (3.3) from (3.2). Instead, all gauge dependent

quantities have been explicitly eliminated by the change of variables. Notice

that Eq. (3.4) is invariant under a U(1) gauge transformation that is the shift

in θ by a twice differentiable scalar function. Since (3.4) displays no gauge
invariances, there are no issues with Elitzur’s theorem. Moreover, since ρ ≥ 0
there are no gauge invariant global symmetries to be spontaneously broken by
the potential term even though the Meißner effect does reflect the properties
of the potential term.

3.2.3 Formal similarity to gravity

We observe that eq.(3.3) contains a term ρ2J2
i , which is quartic in fields and

is not expected to be small. This is a dynamical mass term for the supercur-
rent. Formally, the functional integral with Lagrangians, containing such terms

does not make sense.
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There are two different “standard” ways to deal with such problems. The

most obvious first way is to undo the change of variables and compute every-

thing in the conventional setting up to arbitrary loop order. The advantage is

that this path is formally rigorous. The disadvantage is that it is very hard to

account for non-perturbative effects and hard to compare the results to lattice

simulations.

The second approach is to restrict the considerations by the tree-level (or,
maximum, 1-loop) and work in the effective non-renormalisable field theory
approach. It is important to remark, that this is also the widely-used way of
dealing with gravity theories.

We employ the results in [CN08], [CN09], [CFN08], [Fad08] to interpret

(3.3) as follows: We identify ρ as the conformal scale factor of a (locally con-
formally flat) metric tensor

gμν =
(ρ

κ

)2
ημν (3.5)

Here ημν is the flat metric of R4 with Minkowskian or Euclidean signature.

Since the variable ρ has the dimension of mass, we have introduced an arbi-
trary mass parameter κ to ensure the correct dimension. With the identification
(3.5) we may present the classical action (3.3) in the following generally co-

variant form:

S =
∫

d4x
√−g

{
1

16πG
(R − 2Λ) − 1

4
gμνgληJμλJνη + e2κ2gμνJμJν

}
(3.6)

We have here introduced G = 3/(8πκ2) and Λ = 3κ2λ and for simplicity we

include the string tensor (3.4) in the definition of Jμν .
The action (3.6) has the functional form of Einstein gravity in combination

with a massive vector field Jμ. Remarkably the vector field has acquired a

mass
√

2eκ even though no explicit symmetry breaking and in particular no

Higgs effect has taken place. But the theory now resides in an emergent space-

time that is different from the R4 where the original Lagrangian (3.2) endures.
This emergent space-time dissolves away when ρ vanishes. In particular, on

the world-sheet of an Abrikosov type vortex where (3.4) is nontrivial we must

have ρ = 0, otherwise the energy diverges. The metric (3.5) then vanishes and

the curvature scalar

R = −6
(

κ2

ρ

)2

· �ρ

ρ

has an integrable singularity. As a consequence the Abrikosov vortices of the
Abelian Higgs model can be viewed as space-time singularities in the emer-

gent, locally conformally flat space-time.
The London limit where ρ is a non-vanishing constant corresponds to a

situation where the Higgs field is in a ground state, with a non-vanishing vac-
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uum expectation value. In this manner we recover the conventional descrip-

tion based on a symmetry breaking potential and the Higgs effect. However,

the present interpretation is different. Now the modulus of the Higgs field is

more or less invisible. Its presence is only felt indirectly, as the local scale for

distance and time in the emergent space-time.
The non-Abelian case is more technically involved but can be treated with

the same methods. Details due to Chernodub, Faddeed and Niemi are repro-

duced in Paper I.

3.2.4 Jacobian for change of variables

Let us compute the Jacobian for the Electroweak supercurrent change of vari-

ables. For notations see Paper I.

First change the variables for the Higgs field. It is natural to parameterize
the orthonormal triplet e1, e2, e3 in terms of 3 Euler angles. This is equivalent

to parametrization of SU(2) Higgs doublet with Euler angles:

Φ = ρ ei(π−α)τ3/2ei(π+β)τ2/2eiγτ3/2

(
0
1

)
(3.7)

here the limits are α ∈ [0, 2π) and β ∈ [0, π) and γ ∈ [0, 4π). From here we
get a double cover of SO(3) - the orthonormal oriented triplet e1, e2, e3. The
mapping Φ → −Φ (corresponding to γ → γ ± 2π) moves us between the two

covers.
Let us restrict to one cover: γ ∈ [0, 2π), then the Jacobian is

J =
1
8
ρ3 sin β (3.8)

Now it’s time to discuss the separation of Φ into φ χ. It can only be obtained at

the price of introducing the compact internal gauge group. This internal gauge

symmetry corresponds to the freedom of using the U(1) subgroup of Higgs

field for for Higgsing of either J3 or Y gauge fields as it gives an electro-
magnetic gauge transformation. So, we can just fix this this gauge symmetry,
for example, by choosing φ to be real (φ = ρ) and hence we get Y = Y

Let us compute the contribution to the Jacobian from changing W to J .
First change from �A to �A · �e. This gives unit Jacobian. Then we add e∂e to
�A and this also gives the unit Jacobian. So, the total Jacobian at each point is
still J = 1

8ρ3 sin β.

This Jacobian makes the 1-loop calculation similar to the standard one, see
[DJ74], but I am not aware of the correct procedure to go to higher loops. I
can only conjecture that the proposed change of variables could be rigorously
understood in the context of computing BPS correlation functions in certain
supersymmetric theories.
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The advantage of supercurrent approach is it’s intuitive clarity and the pos-

sibility to include non-perturbative effects, such as vortices. From this point

of view, what we get is the effective low-energy action.

3.3 Papers I and II: Kaluza-Klein theory with brane and
it’s equivalence to Yang-Mills-Higgs

We reviewed above the conjectured gravitational interpretation of the Abelian
and Non-Abelian Higgs models. Unfortunately, it is far from being complete,
because we imposed a conformally-flat condition on the metric, and one can
say, that the appearance of gravity is so far only formal (although some moti-
vation would be presented in eq.(4.6)).

A natural attempt to make the correspondence deeper is to combine the
above ideas with Kaluza-Klein scenario [Kal21], [Kle26]. The Kaluza-Klein
ansatz for connecting gravity with gauge fields is well-known and reviewed
in the Paper I. A good review is [DNP86], see also [SS82], [Wit81], [Wit82a].

The local reparametrizations of compact dimensions along the isometries (gen-
erated by Killing vector fields) play the role of gauge transformations. What
can then play the role of the Higgs field in the Kaluza-Klein picture?

Our natural idea is that it is a 3-brane, stretched in the non-compact di-
rections. Such ideas are rather popular these days, moreover, we may even
assume that we are living on this brane. Obviously, the brane is an object that
transforms in a clear way under reparametrizations of compact dimensions
and so it’s presence in the vacuum leads to the spontaneous symmetry break-
ing. The theory is of course still gauge invariant, but to maintain the gauge
invariance, we should obviously transform the brane coordinates when mak-
ing reparametrizations, exactly in the same way as the Higgs field transforms
under gauge transformations. This can be expressed by saying that vacuum is

“gauge-covarint”. The brane action is chosen to correspond to the induced vol-
ume of the brane. This is, of course, a reparametrization-invariant quantity and
so it is expressed in terms of gauge-invarint combinations – the supercurrents.

Similar ideas were addressed by many scientists in old days. For example,
Gell-Mann and Zwiebach [GMZ85], [GMZ84a], [GMZ84b] couple the grav-
ity to a non-linear sigma-model. Their action is reminiscent to the action with
supercurrents.

3.3.1 Resolution of the hierarchy problem

As was rewieved, the hierarchy problem is a concern about fine-tuned small-
ness of the qudratic term in the Higgs potential. This qudratic term was needed
to get a non-zero expectation value for the Higgs condensate ρ2.

In the gravity approach, there is no quadratic term at all, since it violates

the general covariance (which corresponds to the conformal invarince). The
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Higgs condensate appears as a condensate of background metric of emergent

spacetime. There are (Anti de Sitter) classical solutions of gravity which, of

course, have non-vanishing metric. This gives the Higgs condensate.
Alternatively, the metric condensate can be considered as being generated

by perturbative and non-perturbative corrections. This idea is elaborated in

Paper IV where instantons are discussed from this point of view.

3.3.2 Similarity to Stückelberg ideas

Here we note that the brane coordinates play the role of Stückelberg fields,

for a recent review see [RRA04]. Indeed, in the Abelian case the Stückelberg

Lagrangian

− 1
4
(∂μAν − ∂νAμ)(∂μAν − ∂νAμ) +

1
2
(∂μφ + mAμ)(∂μφ + mAμ) (3.9)

coincides with the action of Kaluza-Klein theory with brane if the dilaton is
fixed.

There were many attempts to generalize the Stückelberg idea to the non-
Abelian case (see [RRA04] and references therein), but they suffered from

non-renormalizability. The connection to gravity that we make explains these

problems and shows the possibility of UV completion.

3.3.3 Phenomenology in Paper I

It is interesting and was quite surprising for me that the simple model of com-

pact space taken to be a squashed S3 leaded to the gauge-invarint effective

action which was, nevertheless, not the Weinberg-Salam action:

S =
∫

d4x
√−g

{
1

16πG

[
R − Λ +

2(4 − λ2)
r2

]
− 1

4
�Gμν · �Gμν − 1

4
F 2

μν

+
r2T

8
{
q2WμWμ� + λ2(q2 + (q′)2)ZμZμ

}}
(3.10)

The difference with the Standard Model is in the factor λ2. Also the ana-

log of Weinberg angle is fixed by the geometry of compact dimensions. We

see that the Weinberg-Salam action does not provide the most general form

for the low-energy effective action (that includes only relevant and marginal

gauge-invarint operators). It is reasonable to conjecture that even in the Stan-

dard Model the non-perturbative effects could indeed generate the effective

action of such a more general form. This extra gauge-invarint term has many

phenomenological consequences. Some of them were studied in the work by

Chernodub and Niemi [CN09]. One of their results is the influence of such
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term on the barion current non-conservation anomaly and thus on bariogene-

sis.
We need to confess that experimental success of Weinberg-Salam model

[Wei] binds λ to be very close to 1: since λ is changing the prediction for

Z0 mass, experiment binds |λ − 1| < 10−2. Also, the experimental values of
θWeinberg are not close to predictions coming from squashed S3 (although the

renormalization group flow might make it closer). But that could have been

anticipated since the squashed S3 is not a solution of gravity. So, to some

extent, the model predicts some general features effective Lagrangian, but the

details should not be taken too seriously. In paper II we compare our naive

model with the one that looks more theoretically consistent.

3.3.4 Paper II: Rugby balls

The phenomenological scenario for a Higgs field appearing from the brane

is more rigorously illustrated in Paper II, where we rely on exact solution

of 6-dimensional supergravity in the presence of branes. The exact solutions
were built in the work [GGP04] and perturbations around them were analyzed

in [PRDS09]. These solutions look approximately as R3,1 × S2 with two 3-
branes (stretched along the non-compact factor) put at the opposite points of

S2. There is a gravitational singularity near the branes, so, actually, instead of
S2 the compact dimensions have a form of a rugby ball, having conical singu-

larities at brane positions. When the tensions of these branes are taken small,

compared to the Kaluza-Klein scale, the gauge field action is the SO(3) (equal
to SU(2) since the adjoint representation does not feel the center) Yang-Mills

action coupled to dilaton. The branes produce the Higgs field. The dilaton

field is related to the radius of S2 and to the modulus of the effective Higgs

field:

ρ2 ∼ Tκ2

r2
(3.11)

This relation looks somewhat counterintuitive and tells that compact extra di-
mensions blow-up at points where the modulus of Higgs field vanishes.

As a result, the scenario is connected with 6D N = 1 supergravity and
hence might arise from string theory. The problem of Higgs potential is

mapped to the problem of dilaton potential, that is expected to be solved by
methods inspired by string theory.
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4. Spin-charge separation in pure
Yang-Mills theory and effective gravity
description

4.1 Spin-charge separation in pure Yang-Mills theory

In strongly-correlated systems the effective low-energy degrees of freedom
might be very far away from the microscopic ones that we are used to. So, it
is important to relate the effective and fundamental degrees of freedom.

During the last years the possibility that the low energy spectrum of pure
Yang-Mills theory could comprise of closed and knotted strings as stable soli-

tons was investigated [FN97a], [FN97c], [FN99] [FN00], [FNW04].
This proposal is very natural from the point of view of QCD phenomenol-

ogy. If quarks are indeed confined by stringlike collective excitations of the

gauge field, in the absence of quarks (quenched approximation) these strings

should close on themselves forming knotted and linked configurations – “knot-

ted solitons”.
It was suggested that in the case of an SU(2) gauge theory the effective low

energy Lagrangian should relate to the following O(3) nonlinear σ-model,
originally proposed by Faddeev [Fad]

Leff =
m2

2
(∂a�s)2 +

1
4
(�s · ∂a�s × ∂b�s)2 + V (�s) (4.1)

Here �s is a three-component unit vector, and m is a parameter with the di-

mensions of mass. The last term is a potential term. It breaks the global
O(3) symmetry which is present in the first two terms, removing the two

massless Goldstone bosons from the spectrum. Both numerical simulations

[BS99, BS98, HS99] and formal mathematical arguments [LY07] have con-

firmed the proposal [FN97b] that (4.1) does indeed support closed knotted

strings as stable solitons.
This motivated the idea of Faddeev and Niemi [FN02], [FN07b] to construct

these effective variables starting from the Yang-Mills theory. These should, of

course, be gauge invariant. At low energies the spin and the charge of the

gauge field of four-dimensional SU(2) Yang-Mills theory can approximately
separate from each other. The resulting field variables describe dynamics of
the O(3) nonlinear σ-model interacting with a nonlinear Grassmannian σ-

model. Both of these models may support closed knotted strings as stable
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solitons. Of course, these models interact with each other and their “separa-

tion” is a rather brave conjecture.
Lorentz transformations do act (projectively) on the O(3) model (corre-

sponding to “charge”). This breaks the global internal rotation symmetry and
results in the absence of massless Goldstone bosons in the particle spectrum.
This is discussed in detail in Paper III.

The proposed spin-charge separation is related to the slave-boson decompo-
sition [FT81a], [Col84] that has been introduced independently in the context
of strongly correlated electron systems as an alternative to Cooper pairing and
Higgs effect (see [LNW04] for a review). So, it is probable that the separation
between the spin and the charge could be a general phenomenon that can be
exhibited by a large variety of quantum systems.

A common feature of these spin-charge decompositions is that they all seem

to involve a real-valued scalar field (ρ in our case). A nonvanishing ground
state expectation value for this scalar field describes a condensate. This cor-
responds to the density of the material environment, and the presence of a
nontrivial condensate is a necessary condition for the spin-charge decomposi-
tion to occur. The condensate can also yield an alternative to the conventional
Higgs effect.

In case of Yang-Mills-Higgs theory, described above, there was and obvi-

ous candidate for this condensate: the modulus of the Higgs field. In case

of pure Yang-Mills theory the choice of the condensate is not so obvious

and there are various possibilities. The natural possibility is to choose ρ2

to be some dimension-two condensate. Dimension-two condensates have re-

cently received much attention in the scientific community [GZ01, GSZ01,

VKVAV01, Kon01], see [D+07] for a review. Faddeev and Niemi have pro-
posed to choose

ρ2 = (A1
μ)2 + (A2

μ)2 = Xμ+Xμ− (4.2)

It corresponds to the gauge invariant minimum of the functional

A :
∫ (

ΩA1
μ

)2
+
(

ΩA2
μ

)2
d4x is minimal at Ω = 1 (4.3)

prior to any gauge fixing.
Let us discuss the subtle interplay between the claimed gauge-invariance

and the used gauge-fixing. If we formally make the spin-charge separation

change of variables without any gauge-fixing, then all variables are gauge-

invarint, except for the scalar ρ. This scalar is fixed by it’s averaged value
in the smoothened gauge-fixing procedure in the Maximal Abelian Gauge
ξ
2 |D+

A aX
+
a |2 + Lghost. This is not enough rigorous, so, it is better to say that

spin-charge separation is applied to effective action in the Maximal Abelian
Gauge.
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4.2 Paper III: 1-cocycle in SO(4) transformations in
spin-charge separation

As explained above, the spin-charge separation separates the Yang-Mills La-

grangian into the Grassmanian model, related to charge and the O(3) model,
related to spin. In Paper III we study we study in detail the transformation
properties of new effective field variables.

The spin-charge separation in the form developed in [FN07c] is reviewed

in Papers III and IV (see chapter II of Paper IV).
Due to the presence of the one-cocycle, which is studied in detail in Pa-

per III, the vector fields Ĉa and êa are not SO(4) vectors. Nor are the ±-

components of �n scalars under SO(4). Instead, these all transform under a
projective representation of the spatial SO(4) (a.k.a. Lorentz) group.

The breaking of the Lorentz invariance by the one-cocycle has important
physical consequences. For this we note that the two components A1

a and A2
a

of the SU(2) gauge field appear symmetrically in the Yang-Mills Lagrangian,
they can be exchanged by a global gauge transformation. Consequently we
can expect that in terms of the spin-charge separated variables the Lagrangian
should display a similar global symmetry between the two complex scalar
fields ψ1 and ψ2. This symmetry should translate into a global O(3) rotation

invariance when represented in terms of the unit vector �n. See the first two
terms in (4.1). But the presence of such a global O(3) symmetry poses a prob-

lem. When we select a ground state direction of �n we break the global O(3)
invariance explicitly, in a manner which in general leads to two a priori mass-
less Goldstone bosons.

The violation of Lorentz invariance by the one-cocycle appears to remove
the Goldstone bosons: Since we have no reason to expect that the ground state
of the theory violates Lorentz invariance and since n3 is the only Lorentz
invariant component of �n, the only possible Lorentz invariant ground state

direction for �n is

�n → ±

⎛⎜⎝0
0
1

⎞⎟⎠ ≡ �̂z

Any nonvanishing ground state value for the components n± breaks Lorentz
invariance due to the presence of the one-cocycle.

In particular, we conclude that at large spatial distances the unit vector �n
should become asymptotically parallel with the z-axis,

�n
|x|→∞−→ ±�̂z (4.4)

Alternatively, in terms of the vector �t the only UI(1) gauge invariant asymp-

totic ground state direction is
�t → ±�̂z
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Figure 4.1: Spin – charge separation: Spin degrees of freedom are G(4, 2) real Grass-

mannian (illustrated by two real orthonormal vectors �e1,2) and charge can be written

as O(3) model for unit vector �t.

Illustration by Viktoria Mironenko
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since any other asymptotic direction violates the internal UI(1) gauge invari-

ance.

4.3 Effective gravity description

Analogously to the electroweak theory, the Yang-Mills Lagrangian can be
rewritten in a generally covariant form with a conformally flat metric tensor.

The real-valued scalar field may be interpreted as the conformal scale of
a metric tensor that describes a conformally flat space-time. In terms of the
spin-charge separated variables, the Yang-Mills Lagrangian then contains the
Einstein-Hilbert Lagrangian with a term representing a cosmological constant.
Since conformal flatness is equivalent to the vanishing of the traceless Weyl

(conformal) tensor Wμνρσ, the gravitational contribution to the Yang-Mills
Lagrangian can be interpreted as the γ → ∞ limit of the higher derivative

gravitational Lagrangian

LEH =
1
κ

√
g R − Λ · √g + γ · W 2

μνρσ (4.5)

It has been shown [Ste77], [FT85], [FT81b] that the Lagrangian (4.5) is part
of a renormalizable higher derivative quantum theory of gravity. In particular,

the one-loop β-function for γ does indeed send this coupling to infinity in the
short distance limit. This enforces asymptotically the condition

Wμνρσ ∼ 0 (4.6)

Hence at short distances the space-time becomes asymptotically (locally) con-
formally flat. The presence of the higher derivative Weyl tensor contribution
in (4.5) gives rise to a linearly increasing component in the large distance inter-
actions. Furthermore, the reformulation of the Yang-Mills theory in a manner
that contains the Einstein-Hilbert and cosmological constant terms has the ad-
ditional peculiar consequence that a novel dimensionfull parameter enters the

Yang-Mills Lagrangian.
The reformulation itself is reviewed in Paper IV.

4.4 Paper IV: Yang-Mills instanton as a relevant
quantum fluctuation in gravity

In the work [FN07c] Faddeev and Niemi have mapped the four dimensional
SU(2) Yang-Mills theory into Einstein’s gravitational theory with matter, and

with conformal geometry. Their result shows that in the Maximal Abelian
Gauge (MAG) the Yang-Mills theory admits a generally covariant form that
includes the Einstein-Hilbert action and a cosmological constant term, in the
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limit where the metric tensor is locally conformally flat. The matter content is

a combination of a massive vector field, an O(3) σ-model and a G(4, 2) Grass-
mannian nonlinear σ-model that describes the embedding of two dimensional
planes (2-branes) in R4.

The algebraic change of variables by Faddeev and Niemi can be performed
either in the full effective action of the quantum Yang-Mills theory, or in its
low energy limit. In the former case we obtain – by construction – a renormal-
izable quantum theory of gravity with matter (renormalizability is attained by
computing in the standard formulation of Yang-Mills). This theory could be
interpreted as a subsector of some more realistic quantum gravity theory. In
the latter case where we only include the leading terms in the effective action
corresponding to the classical Yang-Mills action and a potential term for a
dimension-two condensate that appears in the Maximal Abelian Gauge, the
conformal scale of the metric tensor turns out to coincide with the dimension-
two condensate introduced in [GZ01], [GSZ01], [VKVAV01], [Kon01]. As
a consequence it becomes meaningful to address the question, what kind of
quantum fluctuations give rise to a non-zero metric tensor condensate?

A partial answer to this question can be inferred from [D+07], [D+04]: The

dimension-two condensate is known to receive a nontrivial contribution from

perturbative quantum fluctuations around a homogeneous background.

In the paper IV we are interested in those non-perturbative contributions to
the metric tensor condensate that emerge from the BPST[BPST75] instanton
solutions. Indeed, it has been recently argued that the dimension-two conden-
sate of [GZ01], [GSZ01], [VKVAV01], [Kon01] should receive a significant
contribution from instantons [B+03], [B+02].

This suggests that when the BPST instanton is described in the geometric
formalism by Faddeev and Niemi, it serves as a source of non-perturbative
fluctuations that, when averaged, give rise to a non-trivial locally conformally
flat spacetime.

Elaborating on this idea, we find interesting cigar-like geometries that are
very far from the conventional perturbative background for studying gravity.
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Part II:

Geometric Quantum Field Theory





5. Introduction

This introductory section is based on works of E.Frenkel, N.Nekrasov and

A.S.Losev [FLN06, FLN07, FLN08].

5.1 Playing with couplings

There are two kinds of couplings in most two- and four-dimensional quantum
field theories: the actual coupling g, which counts the loops in the perturbative

calculations, and the topological coupling, ϑ, the theta-angle, which serves as
the chemical potential for the topological sectors in the path integral. These
couplings can be combined into the complex coupling τ and its complex con-
jugate τ∗. The idea of [FLN06] is to study the dependence of the theory on τ ,

τ∗ as if they were two separate couplings, not necessarily complex conjugate
to each other.

For example, in the four-dimensional gauge theory the Yang-Mills coupling
g and the theta-angle ϑ are combined follows:

τ =
ϑ

2π
+

4πi

g2
. (5.1)

For the two dimensional sigma model with the complex target space X with
metric gij̄ and a (1, 1) type two-form Bij̄ one defines

τij̄ = Bij̄ + igij̄ . (5.2)

When dB = 0, the two-form B plays the role of the theta-angle.
A similar coupling constant may also be introduced in the quantum me-

chanical model on a manifold X endowed with a Morse function f , with the
Lagrangian

L =
λ

2
(gμν ẋ

μẋν + gμν∂μf∂νf) − iϑ∂μfẋμ + . . . . (5.3)

where . . . denote the possible fermionic terms. The corresponding coupling τ
may then be taken to be

τ = ϑ + iλ. (5.4)
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For finite λ the supersymmetric quantum mechanics with the bosonic La-

grangian (5.3) is the model studied by E. Witten in his famous proof of Morse
inequalities [Wit82b].

In all these examples we expect the correlators to be functions of τ , τ∗. The

theory should greatly simplify in the limit:

τ∗ → −i∞ , τ fixed. (5.5)

This is the weak coupling limit, in which the theta-angle has a large imaginary
part. The supersymmetric versions of such theories would be the main object
of consideration in this part of the thesis.

In this limit the theory is described by a first-order Lagrangian. The corre-

sponding path integral represents the “delta-form” supported on the instanton

moduli space, which is finite-dimensional. More precisely, the instanton mod-
uli space has components labeled by the appropriate “instanton numbers” (or

winding numbers), and each component is finite-dimensional. Therefore the
correlation functions are expressed as linear combinations of integrals over
these finite-dimensional components of the instanton moduli space.

If we move away from the special point τ∗ = −i∞ (with fixed τ ), then both

instantons and anti-instantons start contributing to the correlation functions.
In supersymmetric models there is an important class of observables, called

topological (or BPS) observables, whose correlation functions are independent

of τ∗. They commute with the supersymmetry charge Q of the theory and
comprise the topological sector of the theory.

Since the perturbation away from the point τ∗ = −i∞ is given by a Q-exact
operator, the topological sector remains intact. This is the secret of success of
the computation of the correlation functions of the BPS (topological) observ-
ables in the framework of topological field theory: the computation is actually
done in the theory at τ∗ = −i∞, but because of the special properties of the

BPS observables the answer remains the same for other values of the coupling

constant. But for general observables the correlation functions do change in a

complicated way when we move away from the special point. Nevertheless we

make steps towards accounting for such corrections perturbatively (see Paper

VII).
We would like to go beyond the topological sector and consider more gen-

eral correlation functions of non-BPS observables. Here are some of the rea-
sons for doing this.
• Understanding non-supersymmetric quantum field theories with

instantons: It is generally believed that realistic quantum field theories
should be viewed as softly-broken supersymmetric ones. This means that
the observables of the original theory may be realized as observables of
a supersymmetric theory. But they are not BPS observables. Therefore
we need to develop methods for computing correlation functions of such

observables. This is studied in Paper V.
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• Studying the pure spinor approach to superstring theory: Non-supersym-

metric versions of our models (such as the “curved βγ-systems”) play an
important role in this approach [Ber00].

• Getting more information about the spectrum of the theory: BPS observ-
ables observe only the vacuum states. For example, as shown by FLN, only
non-BPS observables could detect the logarithmic nature of the theory.

Since our goal now is to understand the full quantum field theory, and not
just its topological sector, it is reasonable to try to describe the theory first for
special values of the coupling constants, where the correlation functions are
especially simple. It is natural to start with the limit τ∗ = −i∞ (with finite τ )
and then use perturbation theory around this point. This might give a viable al-
ternative to the conventional approach using the expansion around a Gaussian
point. The advantage of this alternative approach is that, unlike in the Gaussian
perturbation theory, we do not need to impose a linear structure on the space
of fields. On the contrary, the non-linearity is preserved and is reflected in the
moduli space of instantons, over which we integrate in the limit τ∗ → −i∞.
That is why the FLN approach may be beneficial for understanding some of
the hard dynamical questions, such as confinement.

This approach was launched by FLN in [FLN06, FLN07, FLN08], note also
that similar limit was studied in case of quantum mechanics in [GR90, GRT89,
Goz88].

5.2 Lagrangian implementation of the limit τ∗ → −i∞
5.2.1 Quantum mechanics

Let us discuss the Lagrangian version of the theory, following [FLN06]. The
space of states of our theory is the space of differential forms on X . Introduce

the corresponding coordinates xμ, ψμ and the momenta pμ, πμ. The configu-
ration space is the space of maps I → X , where I = Iti,tf is the “worldline”,

which could be a finite interval [ti, tf ], or half-line (−∞, tf ), [ti, +∞) or the
entire line (−∞, +∞). The standard action is given by the formula [Wit82b]

S =
∫

I

(
1
2
λgμν

dxμ

dt

dxν

dt
+

1
2
λgμν ∂f

∂xμ

∂f

∂xν
+

iπμDtψ
μ − igμν D2f

DxνDxα
πμψα +

1
2
λ−1Rμν

αβπμπνψ
αψβ

)
dt. (5.6)

Here D/Dxμ is the covariant derivative on X corresponding to any connec-
tion on X , and Dt is its pull-back to I under the map φ : I → X .

To pass to the limit λ → ∞ in such a way that we keep the instanton contri-

butions, but get rid of the anti-instantons, we start with the simple, but crucial

observation (sometimes called the “Bogomol’ny trick”) that the bosonic part
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of the action may be rewritten as follows:∫
I

(
1
2
λ |ẋ ∓∇f |2 ± λ

df

dt

)
dt, (5.7)

where

(∇f)μ = gμν ∂f

∂xν
.

This is clear from this formula that the absolute minima of the action, with
fixed boundary conditions x(ti) = xi, x(tf ) = xf , will be achieved on the

gradient trajectories of f (appearing below with the + sign) or the gradient
trajectories of −f (with the − sign): ẋ = ±∇f :

dxμ

dt
= ±gμν ∂f

∂xν

These are the instantons and anti-instantons of the model, respectively. The
former realize maps for which f(x(tf )) > f(x(ti)) and the latter realize maps
for which f(x(tf )) < f(x(ti)). Both contribute to the path integral with the

same weight factor e−λ|f((x(tf ))−f(x(ti))|. As λ → ∞ this factor goes to zero

exponentially fast, and that is why instanton and anti-instanton contributions

are negligible compared to the contributions of small fluctuations around the

constant maps.

Now let us modify the Lagrangian in such a way that the instantons are re-
tained while all anti-instantons disappear in the λ → ∞ limit. This is achieved

by adding the term

−
∫

I
λdf = −

∫
I
λ

df

dt
dt = λ(f(xi) − f(xf )) (5.8)

to the action (5.6). The resulting action reads∫
I

(
λ |ẋ −∇f |2 + fermions

)
dt. (5.9)

A a result, the instantons become the absolute minima of the action. The action
on them is equal to 0, so all of them make contributions to the path integral of

the finite order (independent of λ). In contrast, the action on anti-instantons
is now 2λ|f(xf ) − f(xi)| and they get suppressed with the weight factor

e−2λ|f(xf )−f(xi)|. Therefore in the limit λ → ∞ instantons will make finite
contributions to the path integral, but anti-instantons will not contribute to the
path integral at all.

The action is given in this limit by

S∞ = −i

∫
I

(
pμ

(
dxμ

dt
+ gμν ∂f

∂xν

)
− πμ

(
Dtψ

μ − gμν D2f

DxνDxα
ψα

))
dt.

(5.10)

38



Now the equations
dxμ

dt
= gμν ∂f

∂xν
(5.11)

are the equations of motion. Thus, the instantons (gradient trajectories of f ),
which in the original theory corresponded to absolute minima of the action, but
were not the equations of motion, have now become ones. The anti-instantons
(gradient trajectories of −f ) have disappeared.

The coordinate invariance is realized in the above action as follows
[FLN06]. The bosonic variables xμ and pμ transform as functions and
one-forms on X , respectively. The fermionic variables πμ, ψμ transform as

sections of the cotangent and tangent bundles to X , respectively. Note that
we have

Dtψ
λ =

dψλ

dt
+ Γλ

μν

dxμ

dt
ψν ,

where Γ is the connection on the tangent bundle TX . Therefore if we redefine
pμ as follows:

p′μ = pμ + Γλ
μνψ

νπλ, (5.12)

we absorb the connection operators into p′μ and obtain the following formula
for the action:

S∞ = −i

∫
I

(
p′μ

(
dxμ

dt
− gμν ∂f

∂xν

)
− πμ

(
dψμ

dt
− ∂

∂xα

(
gμν ∂f

∂xν

)
ψα

))
dt.

(5.13)

Note that below the variable p′ would be renamed to p.
Under the coordinate transformation xμ �→ x̃ν :

ψμ �→ ψ̃μ = ψν ∂x̃ν

∂xμ , πμ �→ π̃μ = πν
∂xν

∂x̃μ .

the new momentum p′μ transforms inhomogeneously:

p′μ �→ p̃′μ = p′ν
∂xν

∂x̃μ
+

∂2xα

∂x̃μ∂x̃ν

∂x̃ν

∂xβ
παψβ . (5.14)

This formula may be derived by the alternative “geometric” method – see
eq.(30) of Paper VII.

The action (5.13) is invariant under the N = 2 supersymmetry generated
by the supercharges Q and Q∗ defined as:

Qxμ = ψμ, Qψμ = 0
Qπμ = p′μ, Qp′μ = 0,

Q∗xμ = 0, Q∗ψμ = gμν ∂f

∂xν
,

Q∗πμ = 0, Q∗p′μ = 0.
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They correspond to the de Rham differential and the contraction operator ı∇f ,

respectively.
In particular, the Lagrangian is Q-exact:

L = −iQ · πμ

(
dxμ

dt
− gμν ∂f

∂xν

)
.

Recall that the deformation from λ = ∞ back to finite λ is achieved by

adding the Q-exact terms

Q · 1
2
λ−1gμνπμp′ν =

1
2
λ−1gμνpμpν +

1
2
λ−1Rμν

αβπμπνψ
αψβ

to Lagrangian (5.10), so, the topological correlation functions do not feel such

deformation.

5.2.2 Two dimensions: supersymmetric sigma model

Let X be a compact Kähler manifold. Let Xa, a = 1, . . . , N = dim X be the

local holomorphic coordinates on X , and Xa = Xa – their complex conju-

gates. We write the metric as gabdXadXb and the Kähler form as

ωK =
i

2
gabdXa ∧ dXb. (5.15)

We consider the type A twisted N = (2, 2) supersymmetric sigma model
on a Riemann surface Σ with the target manifold X . Given a map Φ : Σ →
X , we consider the pull-backs of Xa and Xa as functions on Σ, denoted by
the same symbols. The fermionic fields ψa ψa, a = 1, . . . , N are sections of
Φ∗(T 1,0X) and Φ∗(T 0,1X), respectively, and and πa and πa, are sections of
Φ∗(Ω1,0X) ⊗ Ω1,0Σ and Φ∗(Ω0,1X) ⊗ Ω0,1Σ, respectively. The Levi-Civita
connection on TX corresponding to the metric gab induces a connection on

Φ∗(TX). The corresponding covariant derivatives have the form

Dzψ
a = ∂zψ

a + ∂zX
b · Γa

bcψ
c,

Dzψ
a = ∂zψ

a + ∂zX
b · Γa

bc
ψc,

where Γa
bc = gab∂bgcb.

The standard action of the supersymmetric sigma model is∫
Σ

(
1
2
λ(gab(∂zX

a∂zX
b + ∂zX

a∂zX
b)

+iπaDzψ
a + iπaDzψ

a +
1
2
λ−1Rab

cdπaπbψ
cψd

)
d2z, (5.16)

40



We are now in the same position in which we were in quantum mechanics, and

again we can use “Bogomol’ny trick” and add to the action the topological

term ∫
Σ

Φ∗(B) =
∫

Σ
BabdXa ∧ dXb,

where
B = BabdXa ∧ dXb

is a closed two-form on X , called the B-field. To enhance the effect of the
instantons and further suppress the anti-instantons the B-field may be chosen

of the form
B = −λωK + τ,

where

τ = τabdXa ∧ dXb

is another closed two-form.1 Note that it is analogous to the term (−λ −
iτ)
∫
I df that we added to the Lagrangian of the quantum mechanical model.

The resulting action reads∫
Σ

d2z

(
λ|∂zX|2 + iπaDzψ

a + iπaDzψ
a +

1
2
λ−1Rab

cdπaπbψ
cψd

)
+
∫

Σ
τabdXa ∧ dXb. (5.17)

The holomorphic maps (i.e., the instantons of this model) are the absolute
minima of this action, and they are no longer suppressed in the path inte-
gral, whereas the anti-holomorphic maps (anti-instantons) are now doubly

suppressed by the exponential factor e−2λ|RΣ Φ∗(ωK)|.

5.2.3 Infinite radius limit

We now wish to take the limit λ → ∞, in which the metric on X becomes
very large (hence the name “infinite radius limit”). In this limit the instantons

survive, but the anti-instantons disappear. In terms of the coupling constants

τab = Bab +
i

2
λgab, τab = Bab −

i

2
λgab

it is the limit in which τab → −i∞, but the τab’s are kept finite.

1The action is CPT invariant if B = −B, i.e., if B is purely imaginary. However, like in

quantum mechanics, we break CPT invariance by considering a complex B-field with the real

part equal to −λωK .
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As in quantum mechanics, we first pass to the first order Langrangian (see

[Wit88, BS89]):∫
Σ

(
−ipa∂zX

a − ipa∂zXa + λ−1gabpapb

+ iπaDzψ
a + iπaDzψ

a +
1
2
λ−1Rab

cdπaπbψ
cψd

)
d2z+

∫
Σ

τabdXa∧dXb

(5.18)

For finite values of λ, by eliminating the momenta variables pa, pa using the
equations of motion, one obtains precisely the action (5.17). Therefore the
two actions are equivalent for finite values of λ. But now we can take the limit
λ → ∞ in the new action. The resulting action is

− i

∫
Σ

(
pa∂zX

a + pa∂zX
a − πaDzψ

a − πaDzψ
a
)
d2z +

∫
Σ

τabdXa ∧ dXb

(5.19)

compare with formula (5.11).
As in the quantum mechanical model, we may redefine the momentum vari-

ables as follows:

pa �→ p′a = pa + Γb
acπbψ

c, pa �→ p′a = pa + Γb
acπbψ

c. (5.20)

Then the action (5.19) becomes

− i

∫
Σ

(
p′a∂zX

a + p′a∂zX
a − πa∂zψ

a − πa∂zψ
a
)
d2z +

∫
Σ

τabdXa ∧ dXb

(5.21)

Below we denote p′ with p.
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6. Geometric formulation

In the above section we reviewed how the first-order theory is obtained as a

special limit of “physical” theories. This limit simplifies the study of instan-

ton effects and also reproduces the topological sector of “physical” theories.

Here we develop the procedure of making computations in this first-order the-

ory. The exposition is based on [FLN06, FLN08, FLN07] and Paper VI. We

start with zero-dimensional worldsheet case and then generalize it to higher

dimensions.

6.1 Idea of geometrical formalism (zero-dimensional
case)

Let X be a finite-dimensional manifold, VX a vector bundle over X , and v a
section of V . We will call it the defining vector field. Then

〈F (x, ψ)〉 =
∫

dpadπadxidψi exp
(
ipav

a(x) − iπa∂jv
aψj
)
F (x, ψ)

=
∫

zeroes of v
ωF (6.1)

where ωF denotes the differential form on X corresponding to the function F
on the ΠTX (with even coordinates xi and odd coordinates ψi). The variables
pa and πa correspond to the even and odd coordinates on V .

Let us now deform v. In other words, let

vε = v0 + εαvα, (6.2)

where v0 and vα are sections of V , and ε ∈ Cn are (formal) deformation
parameters.

Consider X × Cn, and call a projection to the first factor by prX and call

by prε a projection to Cn. The space of zeroes of vε for all values of ε we call
the extended instanton space Mext. It’s immersion into X ×Cn we denote by

ι: Mext ↪→ι X × Cn. The space Mext is fibered over Cn with projection given
by prε ◦ ι; the fibers Mε of this fibration are zeroes of vε for given ε.

Given a form ωF on X we may consider it as form on X × Cn (it is
just pr∗XωF ). Now we restrict it to Mext (so, we get ι∗pr∗XωF ), and inte-
grate the resulting form against the fibers Mε of projection prε ◦ ι (the ope-
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ration of direct image (prε ◦ ι)∗). This way we get a form on the base Cn.

Mext X × Cn

Cn

X
prX

prε

ι

pr
ε ◦

ι

The whole operation corresponds to multiplying ωF (considered as a form
on X × Cn) by the δ form on X × Cn that localizes to zeroes of vε and
integrating the result over the fiber. The integral representation of δ-form on

X × Cn is built exactly as in eq.(6.1) (we simply replace X with X × Cn

there):∫
dpadπadxidψi exp

(
ipav

a
ε (x) − iπa∂jv

a
ε ψj − iπadεαva

α

)
F (x, ψ)

=
∫
Mε

ωF ≡ ω̂F (6.3)

In a more rigorous language

ω̂F ≡
∫
Mε

ωF = (prε ◦ ι)∗ι∗pr∗XωF (6.4)

Acting with Lie derivative L ∂
∂εα

we get Ovα observable, defined as

Ovα = ipav
a
α(x) − iπa∂jv

a
αψj (6.5)

or acting with substitution ι ∂
∂εα

we get πvα observable:

πvα = i πav
a
α (6.6)

So ω̂F is a generating function for πvα and Ovα observables:

〈πvα1
...πvαl

Ovαl+1
...Ovαn−lF (x, ψ)〉 = ι ∂

∂εα1

...ι ∂
∂εα
l

L ∂

∂ε
αl+1

...L ∂

∂ε
αn−l

ω̂F

∣∣∣∣
ε=0

(6.7)
1

The main idea of the geometrical definition of correlators in infinite dimen-
sional case is to consider infinite dimensional version of the above statements
as the definition of the generating function for the correlators.

1For definition of these observables it is sufficient to consider the formal neighborhood of zero

in Cn rather than the full Cn.
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6.2 Three points of view on instantonic quantum
mechanics

6.2.1 Geometrical formulation of instantonic QM

For geometrical definition of correlation function we need the following data:

the space X , the differential form ω and the defining vector field together with
it’s ε deformations. Quantum mechanics is the one-dimensional quantum field

theory, so we consider vector field on the space of parametrized paths γ in the
target space,

γ ∈ Maps([0, T ], X) (6.8)

with appropriate boundary conditions; say, γ(T ) = γ(0) for periodic maps or

γ(0) ∈ Cin and γ(T ) ∈ Cout (where Cin/out are cycles in X).
The defining vector field V0 gives a set of equations describing the evolution

along the vector field V0 on X:

dX i = dt V i
0 (X(t)) (6.9)

Local observables come from the evaluation map, namely,

evt : γ �→ γ(t) (6.10)

So for any differential form ω on the target space we may consider its pullback
to the space of parametrized paths, that we denote as ω(t):

ω(t) = ev∗
t ω (6.11)

and a general evaluation observable, corresponding to ωF above, is a product
of local evaluation observables at various times ωF = ev∗

t1ω1...ev∗
tmωm.

To define a deformation (6.9) we pick up vector fields vα and put them at
times tα as

dX i = dt V i
0 (X(t)) +

∑
α

εα δ(t − tα) vi
α(X(t)) (6.12)

then we may introduce local observables Ov and πv. Note, that geometrically

the deformation (6.12) corresponds to jump of the trajectory at t = tα by
diffeomorphism that is the flow along the vector field v during the time εα, i.e.
to eεαLvα , where L is the Lie derivative on X .

We would like to stress that this aready defines basic set of correlators

〈πv1(t1)...πvm(tm)Ovm+1(tm+1)...Ovk(tk)ωF 〉

in the theory in finite-dimensional terms.
We may define more local observables by fusing the generating ones,

namely, given two local observables O1 and O2 we may define correlator of
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O1∗2(t1) as follows:

〈O1∗2(t1) . . . 〉 = lim
t2→t1+0

〈O1(t1)O1(t2) . . . 〉 (6.13)

6.2.2 Functional integral representation

The language of functional integrals is a fashionable way to represent QFT, de-

spite it is rarely rigoriously defined. Therefore it is instructive to represent in-

stantonic QM in this language. This representation is just the l.h.s. of eq.(6.3),

symbolically∫
DXi(t)Dψi(t)Dpi(t)Dπi(t)e

R
ipj

„
dXj

dt
−V j

0

«
−iπj

„
dXj

dt
−∂kV j

0 ψk
«

dt
...

(6.14)
The measure is considered to be Beresin canonical supermeasure, one may

hope that due to balance between bosons and fermions it is independent of the

coordinate system taken.

In the naive functional integral paradigm one should consider as local ob-
servables functions F of X , ψ, π and p. However, such functions do not

give well-defined observables due to noncommutativity between X and p and
nonanticommutativity between ψ and π.

Fixing their order means that we have to construct these observables by
fusing the generating ones. And generating ones do have interpretation in ge-
ometric terms:

Xi(t) = ev∗
t X

i (6.15)

ψi(t) = ev∗
t dX i (6.16)

i pi(t) = O∂/∂Xi(t) (6.17)

i πi(t) = π∂/∂Xi(t) (6.18)

The supersymmetry generator Q = dX = ipiψ
i is a de Rham differential,

it acts as: QXi = ψi and Qπi = pi.

6.2.3 Operator approach

The operator approach to quantum mechanics was historically the first one

[Dir]. In this approach we have a space of states H, Hamiltonian H and a set
of local operators Φi. The correlators are given by

〈Ψout|Φn(tn)...Φ1(t1)|Ψin〉 = 〈Ψout|e−(T−tn)HΦn...e−(t2−t1)HΦ1e
−t1H |Ψin〉

(6.19)

where |Ψin〉 ∈ H, 〈Ψout| ∈ H∗, Φi, H ∈ End(H). In the physics of real
world the space H is Hermitian and H = iHphys, where Hphys is Hermitian.

However in the context of general one-dimensional QFT this condition may be
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omitted, as, for example, in statistical mechanics and in theories with complex

Lagrangians.
Instantonic quantum mechanics in the operator approach is described as

follows. The space of states is the space of differential forms on the target and
Hamiltonian is just the Lie derivative along V0, which is Q-exact.

In this correspondence the evaluation operators correspond to multiplica-

tion by differential forms while vector field operators Ov and ιv correspond to
the Lie derivative and to operation of contraction with the vector field respec-
tively (hence {dX , ιv} = Ov is a Cartan formula). All operators we consider
below have geometric meaning and correlation functions are a solutions of
particular geometric problems.

To relate the two approaches it is convenient to introduce a geometric basis
on the space of wave-forms. Consider a chain C on the target X . Then we may

write the corresponding δ-form localized on this chain: δC , roughly speaking
this is a δ-form in the directions orthogonal to the cycle [BT82] 2. The degree

of this form is deg δC = dim X − dim C. There is a property: dXδC = δ∂C .
Cycles (i.e. chains without boundaries) correspond to closed forms and non-
contractible cycles correspond to de Rham cohomologies of X . Taking |δC〉
as ket- vectors we can define bra- vectors in two different ways: the first is to
say that bra-vector is a chain itself, then the pairing is an intersection number:

〈C1|δC2〉 =
∫

C1

δC2 = intersection(C1, C2) (6.20)

this construction does not require metric on X . An alternative construction,
more common to quantum mechanics, is to introduce a metric on X and de-

fine a Hilbert space by scalar product of wave-forms defined with a help of

Hodge star: (Ψ1, Ψ2) =
∫
X ∗Ψ1Ψ2. The corresponding bra- vectors will be

denoted by 〈 ∗ δC |. Note that with this pairing the basis of δ-forms requires

regularization, such as smoothing of δ-function.
The correlation function with H = O−V

〈C1|e−TH |δC2〉 (6.21)

computes the number of trajectories of vector field V in time T that start on

the chain C2 and end on C1. Or, in other words, it computes the intersection
number of C1 with C2 dragged T units by the flow of V .

The notion of super-trace requires formally the Hilbert space pairing and

one needs to compute STrO =
∑

C
〈∗δC |O (−1)

nf |δC〉
〈∗δC |δC〉 , but hopefully it cor-

responds to making worldsheet a circle and so it is actually independent of
metric.

2For example, on 2D plane (x, y) a form δ(x)(θ(y) − θ(y − 1))dx corresponds to a unit

positively directed interval along y.
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6.3 Quantum-Mechanical example

Above we have settled the stage in case of 1-dimensional worldsheet. The
generalization to 2D is almost straightforward. Almost, because there are im-
portant subtleties with compactification of moduli space of solutions. It would
be discussed below in section 6.4, and here we are going to illustrate the above
discussion with example.

The most famous example of supersymmetric quantum mechanics is a
Morse theory. Commonly one considers the worldsheet (w.s.) to be (−∞,∞)
for Morse theory and considers instanton transitions between degenerate
vacua with different fermion numbers.

But there are subtleties when considering the limit λ → ∞ in the theory
with infinite time interval, namely, these two infinities do not commute. The

problem is that the limit λ → ∞ leads to theory that is exactly localized on
instantons, but there are no exact instantons between Morse critical points in
finite time.

Due to above complications, we would consider an example with w.s. being
a unit circle, which corresponds in Hamiltonian formalism to computing the
super-trace (or Witten index).

There are, of course, no closed gradient trajectories, but we can extend the

Morse theory by considering non-gradient vector fields.
Consider a sphere or a torus parameterized with polar coordinates r and φ.

Take a vector field

v = f(r)
d

dφ
(6.22)

where f(r) is some function vanishing at the poles r = 0 and r = ∞ for the

case of sphere, and a periodic one for the case of the torus. The formal action

is

S = −i

∫
dt

(
pφ

d

dt
φ + pr

d

dt
r + pφf(r) − πr

d

dt
ψr − πφ

d

dt
ψφ − πφf ′(r)ψr

)
(6.23)

This expression is formal since we do not state, what are the momenta here,
they just serve as formal symbols to enumerate the instanton equations and
create the correct δ-functions with instanton equations. For example, the mo-
mentum pφ can be considered integer since the associated coordinate is cyclic.

Below we would consider three methods to compute correlation functions

in this model.
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6.3.1 Geometric picture

6.3.1.1 Instantons
We are solving the set of instanton equations:

d

dt
r(t) = 0 (6.24)

d

dt
φ(t) + f(r) = 0 (6.25)

The instantons appear when the winding number is integer: f(r) ∈ 2πZ.
There is one translational degree of freedom φ(0) ∈ [0, 2π].

Also the system is over-defined because there is one linear combination of
equations that is satisfied automatically due to periodic boundary conditions:∫ 1
0 dt d

dtr = r(1)− r(0) = 0. This is because the vector field we chosen is not

completely general – there is no ∂
∂r component. But since this resembles the

situation with holomorphic maps in 2D, let us work with situation.

It means that we have one equation that is really not working. The conve-
nient way to remove this redundancy is to kill one of the equations. For that

we insert the “operator of equation killing” or “arbitrary jump observable”
K(t) = iδ(pr)πr (see Paper VI). It correspond to allowing for arbitrary jump
along r at instant t. The observable K is Q-closed.

6.3.1.2 Determinantion of relative signs
There is one subtlety with geometric formalism: it does not fix the sign of the
contribution in the real case (while the sign is always positive for the complex
case). Thus we cannot directly apply the geometric formalism to the problem
with non-connected moduli space, since we do not know the relative signs of
contributions from disconnected pieces. The way out is to extend temporary
the moduli space to the connected one by introducing the additional degree of
freedom β and then go back by inserting the observable δ(β)dβ.

In our case we extend the model by changing the vector field f(r) d
dφ to

f(r) d
dφ + β d

dφ with periodic β ∈ [0, 2π) and treating β as additional compo-
nent of the moduli space (i.e. we integrate over β). As a result, the moduli

space becomes connected and instantons occur when

f(r) = −β + 2πn , n ∈ Z (6.26)

It is convenient to use r instead of β to parameterize the moduli space, because
then we need only one chart (possible addition of 2πn leads to several possible
solutions for fixed β hence we need several charts if we use β as coordinate).
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Using that on instantons dβ = −f ′(r)dr changing from β to r leads to:

〈δ(β) dβ...〉 =
∫

dβ δ(β)... =
∫

dr(−f ′(r))δ(β(r))...

=
∫

dr(−f ′(r))
δ(r − 2πZ)

|f ′(r)| ... = −
∑

r: f(r)∈2πZ

sign(f ′(r))... (6.27)

This is the sum over instantons in the original model, but now we know the
relative signs for contributions of disconnected pieces.

It could be interesting to address the question of uniqueness of relative signs
obtained via different continuations.

6.3.1.3 Example calculations of correlations functions
The simplest non-zero correlation function is

〈ev∗
0Kev∗

t dφ〉 =
∑

r: f(r)∈2πZ

∫ 2π

0
dφ sign(f ′(r)) = 2π

∑
f(r)∈2πZ

sign(f ′(r))

During this calculation the arbitrary jump has disappeared because boundary
conditions give solutions only when there is no jump along r.

Consider now the simplest correlator that indicates the Jordan block struc-

ture (to be described in section 6.3.3): Take the times ordered as t1 < t2 < t3;
take some small ε > 0 and consider

i〈K(t1)πr(t2)ev∗
t2+εdr ev∗

t3dφ〉

For geometric evaluation we introduce a deformation of the vector field at

instant t2 by αδ(t − t2) ∂
∂r , hence the relevant instanton solutions become

r(t) =

{
r0 + α(1 − (t2 − t1)) + O(α2), t ∈ [t1, t2]

r0 − α(t2 − t1) + O(α2), t ∈ [t2, t1]
(6.28)

and φ(t) = − ∫ f(r(t))dt. Hence when computing ev∗
t2+εdr we get −dα(t2−

t1), and iπr(t2) just “eats” −dα by it’s definition (6.6).

i〈K(t1)πr(t2)ev∗
t2+εdr ev∗

t3dφ〉 = 2π
∑

f(r)∈2πZ

sign(f ′(r))(t3 − t1) (6.29)

Observe the linear time dependance which is characteristic for Jordan blocks.

6.3.2 Lagrangian picture (Functional Integral)

There is one constant zero mode of φ and ψφ and one zero mode of π and p.
All the correlators must at least saturate these zero modes.
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Since the functional integral is a functional representation of the δ-function,

localizing to the instanton moduli space, the computation is essentially the

same as in geometric formalism up to a sign.

6.3.2.1 Determinantion of relative signs
To determine the signs we may use here the standard reasoning in terms of

modes: The sign factor comes from the sign of fermionic determinant (that
is equal to bosonic one up to a sign). The bosonic weight is always positive.

To determine the sign of fermionic determinant we use the standard method:
expand the fermionic fields in Fourier modes: ψ =

∑∞
n=−∞ eintψn with

ψ−n = ψ∗
n and analogously for π. Then from the modes with non-zero n

we get
∏

n
=0 det

(
in f ′(r)
0 in

)
> 0 and from zero modes together with

observables saturating the zero modes observables: πφ0f
′(r)ψr

0πr0ψ
φ
0 which

shows that the sign depends on f ′(r).

6.3.3 Hamiltonian picture

Consider the Euclidean-time quantum mechanics in Schrödinger picture. The
Euclidean-time evolution of the wave-function is given by e−Ht operator.

6.3.3.1 Spectrum
Taking the limiting form of the Hamiltonian H = Lv we want to find its
spectrum: Since on fermions the Hamiltonian acts as

Lvdr = 0 ; Lvdφ = f ′(r)dr ; Lv(dr ∧ dφ) = 0. (6.30)

we see that there is a Jordan block in 1-fermion sector, so, the Hamiltonian is a
2×2 matrix in a 1-fermion sector with 2πinf(r0) eigenvalues on the diagonal

coming from bosons and f ′(r) in the upper-right corner from dφ → dr matrix
element.

The normalized wave-forms, numbered by fermion number, L3, radial local-
ization number r0 and radial fluctuation number k together with correspond-
ing eigenvalues of H are

Ψ0,n,r0 = g−1/4einφδ(r − r0) ; l0,n,r0,k = inf(r0) (6.31)

Ψ(1)
1,n,r0

=
√

grr/gφφeinφδ(r − r0)dr ; l1,n,r0,k = inf(r0)

Ψ(2)
1,n,r0

=
√

gφφ/grre
inφδ(r − r0)dφ

Ψ2,n,r0 = g1/4einφδ(r − r0)dr ∧ dφ ; l2,n,r0,k = inf(r0)
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where we assumed the diagonal metric and the scalar product is given by

(Ψ1, Ψ2) =
∫

∗Ψ∗
1Ψ2

As explained above, we have a Jordan block in 1-fermion sector:

HΨ(2)
1,n,r0,k = inf(r0)Ψ

(2)
1,n,r0,k + f ′(r0)

gφφ

grr
Ψ(1)

1,n,r0,k (6.32)

6.3.3.2 Correlation functions
To get sensible correlators we need to insert the operator K = δ(pr)iπr as
well as saturate the fermionic zero mode of φ - i.e. insert ψφ.

In Hamiltonian formulation the operator K(t) corresponds to integration
(averaging) of the wave-function over the jump direction (more on this in pa-

per VI). This integration also “eats” the ψr fermion (or gives zero for compo-
nent without ψr), so, K can also be written as

K =
∫

dr ı d
dr

. (6.33)

For example, when K is applied to Ψdr wave-form, we get: (KΨdr)(r, φ) =∫
dr′Ψ(r′, φ).
Let us reproduce the result in eq.(6.28). For that we compute

str(K(t1)ψφ(t2)).
To get a non-vanishing super-trace we should use the Jordan block in the

Hamiltonian:

eHtΨ(2)
1,n,r0,k = einf(r0)t

(
Ψ(2)

1,n,r0,k + t f ′(r0)
gφφ

grr
Ψ(1)

1,n,r0,k

)
(6.34)

Let up pause here to observe an interesting manifestation of non-unitarity of

the theory: the norm of the state grows linearly in time which might lead to

divergence in infinite time.
There are two contributing to super-trace cyclic processes:

dr −→ψφ dr ∧ dφ −→πr dφ −→Jordan dr (6.35)

1 −→ψφ dφ −→Jordan dr −→πr 1 (6.36)

Here we indicated only the fermionic parts of wave-forms.
If we are computing str(K(t1)ψφ(t2)) then we have the following durations

of Jordan block at work: for the first cyclic process: tJordan = t2 − t1 ; for the
second cyclic process: tJordan = 1− (t2 − t1). So, totally we get tJordan = 1
(these two cyclic processes contribute with equal signs).

Depending on the formal choice of the origin of time, these cyclic processes
would be contributions of different states to the super-trace, but the result is

of course independent of this choice. In the calculation we insert the complete
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set of eigenstates between the observables:

〈K(t1)ψφ(t2)〉 = 〈(∫ dr i πr)(t1)ψφ(t2)〉 (6.37)

=
∑

n∈Z

∫
dr0

∫
drdφ[e−inφδ(r − r0)][einf(r)f ′(r)]

∫
dr[einφδ(r − r0)]

=
∫

dr0
∑

n 2πeif(r0)nf ′(r0)
= 2π

∫
dr0δ(f(r0) + 2πZ)f ′(r0)

= 2π
∑

f(r)∈2πZ
sign(f ′(r)) (6.38)

It is instructive to find the correlator which would explicitly exhibit the

linear in t behavior which is characteristic for the Jordan block structure. We
have seen above that linear dependence of t has cancelled between the two pro-

cesses (6.35) and (6.36). Since the two processes differ by fermionic charge,
we can insert the fermion charge operator: Cf,r(t) = i πr(t)ψr(t + 0). So, let
us assume time ordering as t1 < t2 < t3 and compute, for example,

〈K(t1)Cf,r(t2)ψφ(t3)〉 = 2π
∑

f(r)∈2πZ

sign(f ′(r))(t3 − t1) (6.39)

the calculation is analogous, but only the process (6.35) contributes. We ob-
serve here the linear time dependence.

Now when we have tested our instruments in supersymmetric setting, let us
introduce masses for fermions, which means considering more complicated
non-supersymmetric observables.

6.3.4 Mass effects

Let us add a mass term −mψrπr−mψφπφ to the Hamiltonian. The ordering is

chosen such that this mass term is −m times the fermion number. If the mass
is real, it would add a real contribution to energies of the states with fermions.

The eigenfunctions are the same and there would still be a Jordan block,
but any Jordan block evolution ψφ → ψr would be suppressed by e−mt factor

from the Hamiltonian. On the other hand, if we are computing the correlators

of the same observables, as we done in SUSY setting, we need the Jordan

block to work, because the mass term does not contribute to transitions ψφ →
ψr. Hence the SUSY observables, such as 〈K(t1)ψφ(t2)〉 would get the main
contribution from the process (6.36) and will be suppressed by e−m(t2−t1)(t2−
t1)f ′(r) factor. It looks puzzling that taking t2 = t1 we would not get a naively
expected bosonic theory.

On the other hand, when we introduce mass for both ψr and ψφ we get con-
tributions from other (non Jordan block) sectors. This is easily seen even on
the level of partition function in Hamiltonian formalism: Consider the contri-
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butions of states (6.31) to supertrace when the mass is introduced:

Zm = 〈δ(pr(0))〉m =
∑

f(r)∈2πZ

2π
1 − 2e−m + e−2m

|f ′(r)| (6.40)

This calculation shows clearly that only fermion-less sector survives the m →
∞ limit. But also it shows, that this effect is seen perturbatively only start-
ing from the m2 term! The m0 and m1 terms are zero! The m2 term is∑

f(r)∈2πZ
2π m2

|f ′(r)| . This also explains the above puzzle of why we do not

get an expected bosonic result taking the limit of vanishing time. To get a
bosonic theory, we should introduce a large mass (which is a relevant opera-
tor) and go to low-energy theory, where δt � 1/m, then we get exactly the

expected bosonic result.
To see the same in the geometric picture, consider the second order in m:

1
2
〈δ(pr(0))

∫
dt M(t)

∫
dt′ M(t′)〉

with M(t) = m(πr(t)ψr(t + 0) + πφ(t)ψφ(t + 0)). To compute it geometri-

cally, we as usual form K(0) from δ(pr(0))πr and saturate the zero mode of φ
with ψφ the remaining part corresponds to correlator of πφ(t′)ψr(t) which is
1/f ′(r) in the constant-mode sector, as seen from the Lagrangian, or, geomet-

rically, we perturb the vector field with V (τ) → V (τ) + αδ(t − τ)dφ. This
inserts a jump along φ by α and so changes the instanton equation as:

f(r) + α = 2πn , n ∈ Z (6.41)

hence dr = −dα/f ′(r). There are two such equal terms, integrals over t and

t′ are trivial since these correlators are time-independent and we get for the
above correlation function:

=
m2

2

∑
f(r)∈2πZ

2π sign(f ′(r))
2

f ′(r)
=
∑

f(r)∈2πZ

2π
1

|f ′(r)|

which is the correct m2 term.

From the full result in the Hamiltonian picture, we see that the series in
m converge exponentially fast, so, defining the bosonic theory in geometric
terms works for this example.
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6.4 Evaluation observables in Morse and
Gromov-Witten theories

6.4.1 Definition of Gromov-Witten invariants

Let X be a compact Kähler manifold and Σ a compact Riemann surface. The

moduli spaces MΣ(X, β) are the spaces of holomorphic maps Φ : Σ → X
of a fixed degree β ∈ H2(X). For a point p ∈ Σ we have evaluation maps

evp : MΣ(X, β) → X . Now, given an n-tuple of points p1, . . . , pn and a
collection of differential forms ω1, . . . , ωn on X , we may consider the integral∫

MΣ(X,β)
ev∗

p1
(ω1) ∧ . . . ∧ ev∗

pn(ωn). (6.42)

We assume for simplicity that (Σ, (pi)) does not admit any continuous auto-
morphisms. This integral3 is analogous to the integrals (??). They are equal to

correlation functions of evaluation observables of the two-dimensional super-

symmetric sigma model with the target X in the infinite radius limit. When

the forms ωi are taken to be δ-forms on some cycles on X , this integral counts
the number of such curves with marked points, that marked points are mapped
to the cycles.

Let Mg,n(X, β) be the moduli space of data (Σ, (pi), Φ), where Σ is a
genus g Riemann surface. Then we have a projection πg,n : Mg,n(X, β) →
Mg,n, and MΣ(X, β) is the fiber of πg,n at (Σ, (pi)) ∈ Mg,n. We have nat-
ural evaluation maps evi : Mg,n(X, β) → X . The general Gromov-Witten

invariants are the integrals∫
Mg,n(X,β)

ev∗
1(ω1) ∧ . . . ∧ ev∗

n(ωn). (6.43)

These are the correlation functions of what is often called the “sigma model
coupled to gravity”, and the observables are the “cohomological descendants”
of the evaluation observables. When the forms ωi are taken to be δ-forms on
some cycles on X , this integral counts the number of curves that intersect the

cycles.
Instead of integrating over Mg,n(X, β), we may take the push-forward

πg,n∗(ev∗
1(ω1) ∧ . . . ∧ ev∗

n(ωn)), (6.44)

which is a differential form on Mg,n. In particular, (6.42) occurs as a special
case when the degree of this differential form is equal to zero. Then its value
at (Σ, (pi)) ∈ Mg,n is given by (6.42). More general observables give rise to
differential forms of positive degree on Mg,n.

3the moduli space MΣ(X, β) is not compact, but for compact X this integral is well-defined

for smooth differential forms ωi on X under the above assumption on (Σ, (pi))
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More precisely, we need to replace Mg,n(X, β) by the Kontsevich’s space

of stable maps Mg,n(X, β) and Mg,n by its Deligne-Mumford compactifica-
tion Mg,n [KM94], see section 6.4.2.

In the quantum mechanical model the analogues of the moduli spaces of

holomorphic maps are the moduli spaces Mx−,x+ of gradient trajectories, and
the analogues of the moduli spaces of stable maps are compactifications of

Mx−,x+ , meaning that only rigid trajectories – those that do not disappear
from infinitesimal deformation – are to be considered. Note that the group of
time translations plays in the quantum mechanics the same role as the group
PGL2 of Möbius transformation of Σ = CP1 plays in the Gromov-Witten
theory. We have a natural map πn : Mx−,x+,n → Confn, where

Confn = (Rn\Δ)/Rdiag 
 Rn−1
>0 ,

is the configuration space of n points on the real line (here Δ is the union of
all diagonals). It plays the role of Mg,n. There is also a natural relative com-

pactification Mx−,x+,n of Mx−,x+,n defined similarly to the moduli spaces
of stable maps (see [CN05]).

We have the evaluation maps evi : Mx−,x+,n → X corresponding to eval-

uating the map x : R → X at the point pi. Now it is clear that the analogues
of the general Gromov-Witten invariants (6.44) in Morse theory are obtained
as the push-forwards

πn∗(ev∗
1(ω1) ∧ . . . ∧ ev∗

n(ωn)). (6.45)

These "Morse theory invariants" are the differential forms on the configuration
space Confn. The simplest examples are the zero-form components of these
differential forms whose values at fixed points p1, . . . , pn the simplest evalua-

tion observables at fixed time instants. The more general correlation functions

include the "cohomological descendents", which are constructed following

[Wit91].
Note that the observable ω̂i is a 0-form on the "worldline" R, i.e., a function.

Its cohomological descendant is the 1-form ω̂
(1)
i on R defined by the formula

ω̂
(1)
i = ı̂vωidt,

where v is the gradient vector field ∇f . In particular, suppose that ωi is a
closed differential form on X . Since ω̂i is obtained from ωi by pulling back

with respect to a gradient trajectory, we have dω̂i/dt = L̂vωi. Remember that

the action of Q corresponds to the action of the de Rham differential dX along
X , so, using the Cartan formula L∇f = {dX , ı∇f}, we see that

Q · ω̂(1)
i dt = dtω̂i,
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where dt is the de Rham differential along the worldline. This is the simplest

analog to the formula for the cohomological descent in the Gromov-Witten

theory [Wit91].
The general "Morse theory invariants" (6.45) may be interpreted as corre-

lation functions of “descent observables” together with the ω̂i’s considered
before.

When we take the pull-back of a differential p-form ωi on X via evi :
Mx−,x+,n → X , we obtain a p-form on Mx−,x+,n, which can be dcom-

posed locally into the sum of two differential forms. One is a p-form along
the fiber of the projection πn and 0-form along the base (ω̂i), and the other is

a (p − 1)-form along the fiber and a 1-form along the base (ω̂
(1)
i ). Thus, the

correlation function of m “zero-observables” ω̂i and k "one-observables" ω̂
(1)
j

will pick up the k-form component of the general “Morse theory invariant” on

Confm+k defined by formula (6.45).
Physically, these more general correlation functions are the correlation func-

tions of quantum mechanical model coupled to gravity. In the path integral

formalism we write the action in the form

S =
∫

(−ip′ q̇ + iπψ̇ + Hdt),

where H is the classical hamiltonian corresponding to Lv, and Q∗ is its su-

perpartner, corresponding to ıv. In order to have the invariance under the time
reparameterizations and at simultaneously preserve the Q-symmetry we add

the einbein field e and its superpartner χ = Q · e and consider the action

Stop grav =
∫

(−ip′ q̇ + iπψ̇ + (eH − χQ∗)dt). (6.46)

The path integrals with this action may be expressed in terms of the "Morse
theory invariants" (6.45).

For more on the topological supersymmetric quantum mechanics, see
[Lys02, LP05] and paper VI.

6.4.2 Compactification: Deligne-Mumford and Kontsevich

Here we give rather non-rigorous understanding of of the problem of com-
pactification of pseudo-holomorphic maps of Riemann surfaces Σ to Kähler

manifolds X . Consider a genus g Riemann surface with n marked points.
Such curve is said to be stable if the subgroup of curve holomorphic automor-
phisms which fix the marked points is finite. This definition is due to Deligne
and Mumford. In simple words, in genus 0 there should be at least 3 distinct
marked points that are not allowed to collide.

This moduli space of maps Σ → X is not compact, because a curve can de-
generate to a singular curve, which is not in the moduli space. This happens,
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Figure 6.1: Stable singular (worldsheet) curves obtained by attaching “bubbles” to the

original curve. From [FLN08].

for example, when the “energy” meaning the L2-norm of the derivative of the

map concentrates at some point on the domain, this is also called “the small

instanton” and correspond, for example, to zero and pole of rational function

coming close together (for the case of P1 → P1 maps). One can zoom in by
rescaling the map around the concentration point. This is equivalent to attach-
ing a sphere, called a “bubble”, to the original domain at the concentration
point and to extending the map across the sphere. The rescaled map may still
have energy concentrating at one or more singular points, so one rescales iter-
atively, eventually attaching an entire “bubble tree” onto the original domain,
in such a way that the map becomes well-behaved on each smooth component
of the new domain, see Figure 6.1.

At least one domain in this tree should be stable in Deligne-Mumford

sense, the others may be unstable and are contracted to a point under

Deligne-Mumford compactification.
So, the boundary strata of Kontsevish compactification are not maps from Σ

to X , but maps to X from stable singular curves which are obtained by attach-
ing to Σ additional components of genus 0 (“bubbles”) with fewer than three

marked points, so that they are collapsed under the map to the moduli space

of stable pointed curves (see Figure 6.1). One can easily extend the evaluation

maps evpi to this compactification by postulating the value of evaluation ob-
servable put to the unstable bubble to be the value of the map at the attachment
point of the bubble and so, compute the finite Gromov-Witten invariants.

The set of all stable maps from Riemann surfaces of genus g with n marked
points constitutes a moduli space Mg,n(X, β) (where β is a degree of the

map).
An interesting subtlety, discussed in [FLN08] is that observables that mea-

sure not only the values of the map as some points but also a derivative of the
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map do not extend to Kontsevich space of stable maps and the corresponding

correlation functions diverge. This is discussed in many details in [FLN08],

but the phenomenon can be easily explained in few words.
The standard closed evaluation observables of Gromov-Witten theory are

topological, so they are saturated by the vacuum states and are independent

of the complex structure, so, they extend to the unstable domains (bubbles)

in Kontsevich compactification. The jet-evaluation observables, the ones con-

taining ∂z – derivatives along the worldsheet in them – depend on the complex

structure on the worldsheet and do not extend to Kontsevich compactification,
which is expressed in divergence of their correlation functions on small in-
stantons, i.e. exactly when the derivative of the map Σ → X becomes very

large at the point of insertion of such observable. This phenomenon would be

discussed further in the next section.
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7. Results and development

7.1 Logarithmic mixing induced by instantons

After a long introduction to the framework, we give here a brief account of the

results of [FLN06, FLN07, FLN08].
Remark: From now on we denote by p what was p′ in the introduction.

Consider a supersymmetric double-well potential (which is essentially a

version of Morse theory). It has instantons, corresponding to tunneling in both
directions: to the left and to the right. The perturbative eigenfunctions are the
SUSY oscillators in both wells with zero-energy ground states. The tunneling
process gives matrix elements between these states, corresponding to tunnel-
ing to the left and to tunneling to the right, so the full Hamiltonian looks in
the matrix form as

H =

(
Hleft Tunneling←

Tunneling→ Hright

)

and thus leads to new eigenstates and correction to energy.
Now, the geometric limit λ → ∞, multiplies the states and conjugates the

operators by eλf where f is different for left and right wells and subtracts the
topological term from the Hamiltonian (this is discussed in detail in [FLN06]).

This leads to strong suppression of “anti-instantons” – the transitions in one
of the directions: Tunneling← → 0. Thus the Hamiltonian, which now is of

course non-Hermitian, becomes of a Jordan block form. Hence, there is now

one true eigenstate in the right well, and the Jordan state in the left well, that is

linearly evolving in time, see eq.(6.34). Note also that vacuum eigenstates of

the two wells differ by fermionic number for the SUSY theories that are con-

sidered, and this fermion saturates the zero mode of the instanton connecting

these vacua. With infinite time the correlation functions which feel the instan-

ton transition would diverge and hence require regularization. Changing the

regularization cut-off induces RG mixing of operators with different fermion

numbers – this is the logarithmic mixing typical for Jordan blocks.

In two dimensions the typical operators that feel the divergence caused by
Jordan blocks are the so-called jet-evaluation observables, that contain world-
sheet derivatives. They are not topological, indeed, the topological observ-

ables (if we take only them) cannot feel these problems since the theory was
made non-unitary by a Q-exact term.
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For example, it was proved in [FLN08] that for the theory of holomorphic

maps P1 → P1 the state ω(X, X̄)ψψ∂X∂X̄ has as a logarithmic partner the
state, corresponding to observable ππ̄

∫
P1 |Y − X|4 ω(Y, Y )d2Y . To under-

stand this formula we note that the dimension of space of holomorphic maps

P1 → P1 is 2d + 1, where d is a degree. Explicitly in algebraic coordinates

X(z) = c
d∏

i=1

z − z−i

z − z+i
, (7.1)

where z+ and z− parameterize those points which are mapped to ∞ and 0
on the target P1. Integration over the space of maps corresponds to integra-

tion over c, z+i, z−i. When some z+ and z− come simultaneously close to
the position of ω(X, X̄)ψψ∂X∂X̄ observable, the integral diverges, because

the derivative ∂X diverges. This is exactly the situation when this observable
occurs on the bubble of Kontsevich compactification. To regularize, we can de-
mand that zero and pole of the map cannot come closer than ε and retain only

O(ε0) terms in the final answer. But if we change ε, then the jet-observables
mix with their logarithmic partners, exactly as it happens in the usual renor-
malization of composite operators. The same consideration can reformulated
in terms of instanton correction to OPE.

7.2 A-I-B Mirror Symmetry and holomortices

Here we briefly review a beautiful calculation showing how to get a mirror
symmetry from summing the instanton contributions [FL07].

The aim is to establish the equivalence of topological sector of the A-model,

with action

i

2π

∫
Σ

d2z
(
p∂zX + p∂zX + π∂zψ + π∂zψ

)
+
∫

Σ
τabdXa ∧ dXb. (7.2)

with the B - model, which is the Landau-Ginzburg model with the target C

and the Landau-Ginzburg superpotential

W = q1/2(eiY + e−iY ),

where Y is a chiral superfield. The action is

1
2π

∫
Σ

d2z
(
∂zϕ∂zϕ + ∂zϕ∂zϕ + iχ+∂zχ+ + iχ−∂zχ−

)
+ q1/2

∫
Σ
(eiϕ + e−iϕ)χ+χ−d2z. (7.3)

The last term in (7.2) is topological and counts the winding of worldsheet
over the target, it is, hence, an instanton-counting parameter and it’s value for
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single winding is denoted by

q = e
R

CP1 τabdXa∧dXb

Note that the action (7.2) has already appeared in (5.21). It is one of geometric
field theories that we study. Here we review a method to deal with instantons
in this theory in terms of free field theory.

For simplicity we consider the case of theory localized to holomorphic
maps CP1 → CP1. The idea is to represent a non-linear model (5.21) in terms

of the linear (free field) theory. In order to treat the theory on CP1 as a free
theory we need to fix a linear structure. Let us consider

CP1 = C∗ ∪ 0 ∪∞, (7.4)

In logarithmic coordinates the target manifold looks as an infinite cylinder,
with extra points ±∞ glued at it’s ends. In algebraic coordinates it looks as a

complex plane C with infinity identified. The map from CP1 to C∗ is holomor-
phic everywhere, except for the preimages of zero and infinity on the target.
So the holomorphic maps CP1 → CP1 are equivalent to the holomorphic
maps CP1\{set of points} → C∗, with prescribed singularities in the marked

points. In algebraic coordinates any holomorphic map CP1 → CP1 of degree
d has the form

X(z) = c
d∏

k=1

z − w+
k

z − w−
k

(7.5)

In logarithmic coordinates the poles and the zeros become logarithmic singu-

larities:

x(z) = log X(z) = log(c) +
d∑

k=1

log(z − w+
k ) −

d∑
n=1

log(z − w−
n ) (7.6)

In order to get such kind of singularities in a free theory we can insert in the
preimages of zero and infinity some operators who’s OPE with x = log X
contains logarithmic singularity

x(z) · Ψ±(w) = ± log(z − w) Ψ±(w) + reg (7.7)

these Ψ± are called “holomortices” (from holomorphic vortices) and are given
by

Ψ±(w) = exp

⎛⎝±
w∫

w0

p

⎞⎠ (7.8)

63



Given such operators, we can write a given function

x(z) = c +
n∑

i=1

log(z − w+
i ) −

n∑
i=1

log(z − w−
i )

as the correlator

x(z) = 〈x(z)
n∏

i=1

Ψ+(w+
i )

n∏
i=1

Ψ−(w−
i )δ2(x(z0) − c)ψ(z0)ψ(z0)〉

where we take z0 = ∞. Since the number of poles is equal to the number

of zeros, the total expression does not depend on w0. Another way to see
independence of w0 is to rewrite

d∏
k=1

Ψ+(w+
k )

d∏
n=1

Ψ−(w−
n ) = exp

⎛⎜⎝ d∑
k=1

w+
k∫

w−
k

p

⎞⎟⎠ (7.9)

In order to construct a differential form on the space of maps we replace

Ψ(0)
± by Ψ(2)

± (z) = GḠΨ(0)
± dz ∧ dz̄, where G =

∮
dzπ∂x is a superpartner of

the stress-energy tensor (see Paper VI for explanation of “descent” procedure
in case of Quantum Mechanics).

Ψ(2)
± (z) = ππ̄exp

⎛⎝±
z∫
(pz + p̄z̄)

⎞⎠ dz ∧ dz̄ (7.10)

This Ψ(2)
± is a nonlocal operator. To make it local we can performs a version

of T-duality transformation. For that we consider coordinates r and φ on the

target cylinder x = r + iφ. The action for a CFT on a cylinder in logarithmic
coordinates is:

S =
∫

(iPdφ + ∗Pdr) (7.11)

P = pzdz + p̄z̄dz̄ (7.12)

integrating over φ we get the condition dP = 0 that implies that P = dY +
2πmdφ (where m is integer, in general, dφ is a basis in cohomologies and
coefficients m are restricted to be integer due to periodicity) . In terms of Y
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the action and holomortices have the following form

S =
∫
Σ

(dY ∗ dr + π∂̄ψ + π̄∂ψ̄) (7.13)

Ψ(0)
± = e±Y (7.14)

Ψ(2)
± = ππ̄e±Y (7.15)

The moduli space of instantons may be parameterized by positions of zeroes
and poles of the map, i.e. the positions of holomortices. We have also some
kind of electroneutrality condition - the numbers of instantons (zeros) and anti
- instantons (poles) is the same.

Now the contributions of all possible instantons can be packed as:

〈...〉
CP1 model = 〈

d∏
k=1

⎛⎜⎝∫
CP

1

Ψ(2)
+

∫
CP

1

Ψ(2)
−

⎞⎟⎠ ...〉

= 〈
∞∑

d,d′=1

1
d!d′!

⎛⎜⎝q1/2

∫
CP

1

Ψ(2)
+

⎞⎟⎠
d⎛⎜⎝q1/2

∫
CP

1

Ψ(2)
−

⎞⎟⎠
d′

...〉

= 〈exp

⎧⎪⎨⎪⎩
∫

CP
1

(
q1/2Ψ(2)

− + q1/2Ψ(2)
+

)⎫⎪⎬⎪⎭ ...〉 (7.16)

where instantons were taken with weight factors q. The last equality is valid if

we postulate that correlators with unequal number of Ψ+ and Ψ− is zero. This
postulate is realized dynamically if we remember also to sum over integer m
in the “functional integral”, which imposes the above constraint (in general,
the statement is that the divisor

∑
i(w

+
i ) −∑(w−

i ) has to be in the kernel
of Abel-Jacobi map). In terms of the T-dual fields, in which Ψ are local, this

extra term can be represented as a part of the action

SI =
∫

CP
1

(dY ∗ dr + π∂̄ψ + π̄∂ψ̄) +
∫

CP
1

q1/2ππ̄(eY + e−Y ) (7.17)

The additional term in the action is called mirror superpotential. This theory
is very close to Landau-Ginzburg model with superpotential W = eY + e−Y .

Indeed, if we “analytically continue” the theory with the action (7.17), allow-

ing the fields U and R to become complex-valued fields ϕ and ϕ, which are

complex conjugate to each other, and rename the fermions as follows:

π �→ χ−, π �→ χ+, ψ �→ χ−, ψ �→ χ+,

65



then the action (7.17) becomes the action (7.3). Such a relation between A-

and B-type models is an example of mirror symmetry.

7.3 Paper V: Towards bosonic model

We have reviewed above all the nice properties of geometric supersymmetric
models: they are finite and coordinate-independent, hence considering non-
supersymmetric theories as softly-broken supersymmetric ones gives an im-
proved UV behavior and geometric formulation. In general, using SUSY the-
ories as UV completion of bosonic theories can be viewed as using non-
perturbative version of Pauli-Villars regulators. Equivalently, such consider-
ation means that the observables of the bosonic theories should be realized as
observables of a supersymmetric theory.

In paper V we study the problem: How to see the bosonic theory inside the

geometric supersymmetric theory? We study this in 0, 1 and 2 dimensions. In

particular, in 1 dimension we want to define bosonic correlators in geometric
supersymmetric quantum mechanics with action

S = −i

∫
dt pi

∂

∂t
Xi − πi

∂

∂t
ψi (7.18)

and in 2 dimensions we want to see the non-linear theory of chiral boson inside
the geometric N = (2, 2) supersymmetric βγ−bc field theory with the action

S = −i

∫
d2z pi∂̄Xi − πi∂̄ψi + p̄ī∂X̄ ī − π̄ī∂ψ̄ī (7.19)

This study is partially motivated by applications to elucidating the pure spinor
approach to superstring theory: Non-supersymmetric “curved βγ-systems” 1

play an important role in this approach [Ber00].
In case of target manifold with linear structure, one may get the bosonic

theory simply by crossing out the fermions π and ψ in the above supersym-
metric theory, but otherwise the fermions do not have any global coordinate-
independent meaning (target space coordinate transformations mix p with πψ,
see e.g. eq.(5.14), note that now we denote by p what was p′ in the introduc-
tion), so it is unclear how to single out the bosonic observables. Note that
even when there is a global linear structure, the definition of observables,
corresponding to vector fields requires some regularization in the bosonic
theory. Only the basis vector fields ∂

∂Xi would correspond to fundamental
bosonic field pi, while all others must be defined with some regularization,

e.g. pi(z)vi(X(z + ε)). Observables, defined with different regularization pre-
scription can be related to each other by adding some “correction”, thus the
corresponding theories are said to be equivalent.

1“βγ” is “pX” in our notations
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Assuming that on the tangent bundle to target manifold there exists a flat

connection (that may have torsion, in which case it does not correspond to

any canonical coordinates), we propose a universal geometric construction for

bosonic theories. This construction depends on the choice of the volume form

and the flat connection and results in the definition of bosonic theory, where
vector fields that are covariantly constant w.r.t. chosen connection Dvi = 0
become the primary momentum observables pi. Our final recipe is very simple:
to compute a bosonic correlator of some functions and vector fields we put the
corresponding SUSY observables into SUSY correlator, with some volume
form, saturating the zero modes, make a covariant point-splitting of vector
fields (making them slightly non-local), then cross out all π, ψ fermions that

are not at the same point in point-splitted vector field observables. Then we

may compute the resulting correlator in SUSY theory.

Similarly to the case of different regularization methods, the bosonic theo-
ries corresponding to different connections and volume forms can be mapped
into each other. This is easy in case of Quantum Mechanics and quite non-
trivial in 2D case, where to change the primary currents from pi to pa ∼
piu

i
a(X) we need to cancel quadratic poles in OPE of two currents, which can

be done by adding Bij(X)∂zX
j correction and solving complicated equations

for Bij(X) [Nek05].

In paper V we prove that the outlined procedure of crossing-out fermions in
SUSY theory is consistent, i.e. it is geometrically well-defined and does not
spoil the coordinate-independence (which we call geometricity), which is the
main appealing feature of geometric SUSY theories.

A natural way to arrive at our procedure is via introducing a large mass term

for fermions that actually corresponds to a gauge transformation and carefully

going to low-energy theory by smoothing the vector field observables.

At this place we refer the reader to section 3 of paper V for the proof of
fermion removing procedure in the case when the target manifold admits a
flat connection.

Here in the thesis we provide one extra Quantum Mechanical example to
paper V and also try to extend the analysis of paper V to the case where X
does not admit any flat connection. As a result we get a rather unusual non-
chiral bosonic theory.

7.3.1 Another example of geometric bosonic quantum
mechanics

Consider as a toy model the SUSY QM on the circle t ∈ [−π, π] with real
target Rn.

The simplest action is S = (−i)
∫

p d/dtX − π d/dt ψ, but it has normal-
izable zero modes of both coordinates (X, ψ) and momenta (p, π). The mo-

mentum zero modes mean that the system is not in generic point and a small
deformation would significantly change its properties. Hence we introduce a
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local deformation with vector field u at point t0 and as a simplest example we

consider

S = (−i)
∫

p

(
d

dt
X + u(X(t0))δ(t − t0)

)
−π

(
d

dt
+ u′(X(t0))δ(t − t0)

)
ψ

(7.20)
In geometric formulation it means that we consider the model defined by lo-
calization to zeroes of vector field V (t, X(·)) = d

dtX + u(X(t0))δ(t− t0) on
the space of maps [−π, π] → Rn ( V (t, X(·)) is understood as a vector field,
specified on the image of the worldsheet for any map X(·)). The δ(t − t0) is

understood with a little smoothing and so the solution to V (t, X(·)) = 0 at
t = t0 experience a jump along integral curve of vector field u.

Now there are no zero modes and the classical solutions are X(t) = c where
u(c) = 0. Near the classical solution we can expand the action:

iS =
∫

p

(
d

dt
X + (u′X +

1
2
u′′X2 + ...)δ(t − t0)

)
−

−π

(
d

dt
+ (u′ + u′′X + ...)δ(t − t0)

)
ψ (7.21)

We see that this action contains a quadratic part and interaction terms, but

since the results are invariant w.r.t. target space diffeomorphisms, one can

choose a coordinate system in which u is linear (i.e. u′′(X) = 0). It corre-

sponds to a sort of Nikolai map.

7.3.2 Real mass

The operator d/dt on the circle has unbounded spectrum, so we cannot sup-

press all the fermionic modes by any finite mass term, but we can naturally

consider bosonic correlation functions with distances much larger then the in-

verse mass. The fact that fermions survive at very high energies is commonly
considered as a welcome feature: SUSY theory serves as UV completion of
the bosonic theory.

Let us add a large mass term imπiψ
i for fermions, where m is a constant

1-form on the w-s. The periodic Green’s functions are easily constructed: for

−π < t0 < t2 < π we get

〈pi(t2)Xj(t1)〉 = iGj
i (t1, t2) = i

{
(e∂u − 1)−1 + 1, t1 ∈ [t2, t0]

(e∂u − 1)−1, t1 ∈ [t0, t2]
(7.22)

〈πi(t2)ψj(t1)〉 = iGj
i,(m)(t1, t2) = (7.23)

= i e−m(t1−t2)

⎧⎪⎨⎪⎩
(e∂ue2πm − 1)−1 + 1, t1 ∈ (t2, π)

e−2πm((e∂ue2πm − 1)−1 + 1), t1 ∈ (−π, t0)
(e∂ue2πm − 1)−1, t1 ∈ (t0, t2)
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We can compute the partition function (near any chosen zero of u) from the

exact propagators and use it as normalization

log Z = log DetDferm−log DetDbos =
1
2π

log
(

e2πm+∂u − 1
e∂u − 1

)
−m

e∂u

e∂u − 1
(7.24)

When the mass has a large real part, the correlator decays exponentially.
So, we can represent local observables of the low-energy “bosonic” theory
as local observables in high-energy SUSY theory, fermionic terms (even the
same-point fermions!) are screened at scales larger than the inverse mass.

Consider the local Ov observable in SUSY theory corresponding

to vector field v on X . Choosing some linear structure (i.e. coordi-
nates) on X this observable can be represented in terms of fields as

Ov(t) = (−i) (p(t)v(X(t)) − π(X(t))∂Xv(X(t))ψ(X(t))). In the effective
bosonic theory in the limit of infinite mass it’s self-contarction is

〈Ov〉±∞ = (G(t, t) − G±∞(t, t))i
i′Di′v

i (7.25)

where Γj′
ji′ = −∂i∂ju

j′((∂u)−1)i
i′ in covariant derivative corresponds to the

connection which gives the gauge transformation (i.e. change of coordinates)
−g−1dg with g = ∂u to coordinates in which ui = Xi and hence ∂u =
1, so that the theory becomes free and the multi-dimensional propagators in
eq.(7.23) are diagonal. The geometric formulation guarantees that the results
are really coordinate-independent. The construction with mass automatically
selects the coordinate system in which pi = O∂/∂Xi is a “primary” bosonic

field with vanishing self-contraction. In this simple example, the fundamental

bosonic currents, that commute and do not require subtractions are pi in the
coordinate system where u is linear.

The important feature that we can observe here is diffeomorphism-
invariance of the correlation functions. Namely, if we compute the
correlation functions of several currents, the result would be independent
(by construction) of the coordinate system. The bosonic action is linear only

in one coordinate system and non-linear in all others (plus with non-trivial

self-contractions i.e. “ground state expectation values” of fields p̃ĩ in these
systems), this consideration gives a version of Nikolai map for bosonic
system.

7.3.3 Imaginary mass

Let us consider the imaginary mass m. Such imaginary mass should more
adequately be called the gauge field, it shifts the momentum of fermionic
modes but not suppresses it. Any integer imaginary mass can be eliminated
completely by a gauge transformation

ψ → ψ emt & π → π e−mt (7.26)
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The new fermionic propagator of the massive theory is easily related to the

massless one:
〈π(t)ψ(t′)〉m = 〈π(t)ψ(t′)〉e−m(t−t′) (7.27)

This gauge transformation can serve as a geometric definition of the integer
mass term. The fermion charge cf is a coordinate-invariant notion and so ro-

tating by emcf t is a globally defined operation on correlators.
The partition function near each critical point of u is the same sign det ∂u

as in SUSY case, to make it positive one may insert the factor sign det ∂u by
hands (a remnant of volume form in this simple example).

Is there still a way to see a bosonic theory? Yes, but for that the bosonic
observables should be mapped to the “smoothened” ones, in the SUSY theory.
Smoothing is very natural, when constructing observables of low-energy the-
ory. We could have made a smoothing already in case of real mass, with the
result essentially equivalent to what we get below for the imaginary mass.

7.3.4 Smoothened observables

As a first attempt we try taking geometric observables like ψi or Ov at some
point t and then smoothen the evaluation point. Since the mass is equivalent

to a strongly fluctuating gauge transformation for ψ and π, contracting this
gauge transformation with a smooth function leads to a vanishing result.

For example, with a Gaussian smoothing wε(t′ − t) = 1√
πε

e−|t′−t|2/ε2

the smoothened fermionic correlator tends rapidly to zero when |m| � ε:

〈π(t)ψε(t′)〉 ≈ e−
1
2
|m|2ε2G(t, t′).

The problem arises with local Ov current, containing π and ψ at the same
point! Smoothing it’s evaluation point does not lead to the desired suppression
of fermionic correlations, because π(t)ψ(t)π(t1)ψ(t1) is not affected by the
gauge transformation.

It means that the notion of “smoothened low-energy theory” should be de-
fined more carefully. We need to smoothen the relative positions of π and ψ,

so that the microscopic observables become non-local.
In geometric formalism we map a local vector field on the space of maps

to the non-local one. For that we need to introduce additional data: the con-
nection on the target X , and insert a parallel transport operator T , which is a
transport from X(t) to X(t′) along the image of the worldsheet:

T i
j (X(t), X(t′)) = Pexp

∫ X(t′)

X(t)
Γ∂tXdt (7.28)

with left-to-right ordering. We assume for simplicity that X admits a flat con-

nection (but it may have torsion!). Then we map a local vector field, induced
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by vector filed v on X to

V i(t, X(t), t′, X(t′)) = wε(t − t′)α(t)T i
j (X(t), X(t′)) vj(X(t′)) (7.29)

The corresponding OV observable is given in some coordinates by

− iOV (t) =
∫

dt′pi(t)T i
j (X(t), X(t′)) vj(X(t′)) w(t − t′)

−
∫

dt′πi(t)T i
j (X(t), X(t′))(∂kv

j(X(t′))ψk(t′)w(t − t′)

−
∫

dt′πi(t)Γi
ki′(t)ψ

k(t)T i′
j (X(t), X(t′))vj(X(t′))w(t − t′)

+
∫

dt′πi(t)T i
j′(X(t), X(t′))Γj′

kj(t
′)ψk(t′)vj(X(t′))w(t − t′)

The self-contraction of the above observable is given by

〈OV 〉∞ = i

∫
dt′ w(t − t′)

(
Gj

i (t, t
′)(Djv)i

)
(7.30)

The limiting procedure limε→0 limm→∞ defines local observables in the
bosonic theory in different ways that depend on the connection.

Of course, the connection and the smoothing profile we got in the bosonic
theory are not so important. These are just the different possible ways of regu-
larizing the bosonic theory – it can be considered as the same bosonic theory.

A more interesting feature is the explicit realization of diffeomorphism-
invariance in bosonic theory (the mapping even includes the regularization
prescription). As we described above, in one coordinates the model has free
action, while in another it has interaction terms.

7.4 Bosonic theories for non-flat target manifolds

Now we consider a 2D model with some non-linear target. The formal first-
order action is the same usual βγ − bc system.

Consider, as we done in paper V, the mass term generated by a gauge trans-

formation of fermions of the form

ψi → ψi U(z, z̄) (7.31)

πi → πi U
−1(z, z̄) (7.32)

We define the “mass term” as acting on the correlators by rotating ψ(z) and
ψ̄(z) with U(z) and on π(z) and π̄(z) with U−1. 2

2This definition can be connected with the definition of mass term as an observable e
R
mπψ

as follows: First of all, the mass observable requires a regularization to be used in self-
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7.4.1 Killing fermions

Let us now address the question of suppression of smooth fermion correlators.
We consider a simplest smooth fermionic correlation function:

〈π(z1)ψε(z0)〉 (7.33)

and demand that in the “massive” theory it is suppressed homogeneously in
positions z1 and z0 when |z1 − z0| > ε. This would be called the “fermion

killing condition”. Let us choose a strongly oscillating gauge transformation

U(z, z̄)δj
i and make a scale ε smoothing of position of ψ. The suppression

of fermions is expected to occur when gauge-transformation fluctuates fast

in units of smoothing scale ε. So, it is natural to measure distance on the

worldsheet in units of ε. Then the “fermion killing condition” is rigorously
formulated as:

∀ε > 0 ∀δ > 0 ∃Uδ : ∀{z0, z1 : dist(z0 − z1) > ε}∣∣∣∣∣
∫

d2z
U−1

δ (z1)Uδ(z)
z − z1

wε(dist(z, z0))

∣∣∣∣∣ < δ (7.34)

It means that we should be able to find such a strongly oscillating gauge trans-
formation Uδ(z) that the smoothened with wε fermion has a correlation less

then δ with any other fermion located outside the ε-neighborhood of the center
of smoothing. We choose a normalized smoothing 2-form as

wε(z)dzdz̄ =
gzz̄dzdz̄

πε2
e−(zgzz̄ z̄)/ε2 (7.35)

In the limit δ → 0 we desire smooth fermions be killed everywhere (homo-

geneously in position). It is easy to satisfy the fermion killing condition if the
w.s. Σ is a complex plane with a constant metric. Then we may take

Uδ(z) = exp(2i�(mδ z̄)) (7.36)

with mδ growing as ∼ 1/δ. Then∫
d2z

e2i�(m(z0)z̄)

z − z1
w(z − z0) =

e−g−1
zz̄ mm∗ε2

(z0 − z1) + ig−1
zz̄ mε2

(7.37)

is exponentially suppressed for m � ε so the fermion killing condition is
satisfied if we take, say, m = 1/(εδ).

contractions and 1-loop diagrams. This is a well-known Quillen (or holomorphic) anomaly.

Briefly speaking, we would have to divide the correlator by the Quillen anomaly, given by

e−
1
2π

R
U−2∂U∂̄U− ε̄

2πε

R
U−2∂̄U∂̄U , where ε is a point-splitting used to regularize πψ observ-

able.
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Since in checking the fermion killing conditions only the local behavior of

Uδ is important (namely, it is important how Uδ convolves with smoothing
kernel wε), the mδ transforms as an anti-holomorphic 1-form on the w.s., thus
making Uδ(z) in eq.(7.36) approximately w.s. coordinate-independent. The

meaning of mδ is a local value of a wave-vector for U .
The tangent and cotangent bundles of Σ are characterized by the first Chern

class. If the first Chern class is non-trivial, then there are no global non-
vanishing sections (i.e. one cannot comb the sphere). So we can see the ob-

stacles in extending the above proof of fermion-vanishing conditions. And we

must assume that some nodes may exist (where mδ vanishes). Near the node
we have generic behavior m = mz(z − z0) + mz̄(z̄ − z̄0), so there is some

quadratic form in the exponent in U . It is easier to write it in real notations:

�z =

(
z1

z2

)

U = exp(i�z · K · �z) = exp(i�z · u−1 ·
(

m1 0
0 m2

)
· u · �z) (7.38)

where we have diagonalized the quadratic form with orthogonal rotation u.
Let us take the eigenvalues m1, m2 to be large. The orthogonal rotation u can

be written in complex form as z̃ = z cos φ− iz sin φ, so u is just a rotation by
angle −φ. Then the fermion propagator is 1

z−z′ = 1
cos φ(z̃−z̃′)+i sin φ(z̃−z̃′) . So

for the fermion killing condition we get∫
(z)

ei(z̃2
1m1+z̃2

2m2)

eiφ(z̃ − z̃′)
w(dist(z, z0))

=
∫

(z)

ei(z̃2
1m1+z̃2

2m2)

eiφ(z̃ − z̃′)
gzz̄dz̃d˜̄z

πε2
e−((z̃−z̃0)gzz̄(z̃−z̃0))/ε2 (7.39)

this integral can be calculated with help of Fourier transformation. It’s Fourier
transform in z̃′ is

1
p̄

exp
(
−4z01(m1z01+p1)+ip2

1ε2

4m1ε2+4i

)
√

2πε
√

1
ε2

− im1

exp
(
−4z02(m2z02+p2)+ip2

1ε2

4m2ε2+4i

)
√

2πε
√

1
ε2

− im2

(7.40)

Here z0 are coordinates of center of smoothened observable w.r.t. position of

the node. Let us analyze the large m1, m2 limit of this expression. We see that
the propagator is suppressed as ∼ 1/m. This suppression is not exponential

but sufficient to satisfy the “fermion killing condition” if z1−z0 is much larger
than 1/m. The conclusion is

〈π(z1)ψε(z0)〉 ∼ gzz̄

ε2
√

det m
(7.41)
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The same conclusion can be reached considering the integral in coordinate

space by observing that the integral is approximately saturated near the first

cylindrical oscillation peak of radius ∼ 1/
√

mz .

7.4.2 Large scale behavior of the OV observable

If we want to describe the observable, corresponding to a vector field on X in
the bosonic theory, our prescription is to map it to smoothened OV observable

in the SUSY theory. Then we effectively kill fermions by making a strongly

oscillating gauge transformation of fermions.
The essential problem in case of non-flat connections is that we have a

freedom of choosing a translator along the image of arbitrary contour on the
w-s. And the resulting observable depends on this choice. We may fix it to be a

shortest geodesic line in some coordinates on the worldsheet. This is a unique,

global and well-defined choice. For example, it works well on the worldsheet

being a sphere.
Consider locally a geodesic coordinate system on the worldsheet, where the

translator goes by straight line. The point-splitted Ov observable is:

OV (z, z′) = pi(z)T i
j (X(z), X(z′)) V j(X(z′))

−πi(z)T i
j (X(z), X(z′))(∂kV (X(z′))jψk

−
∫ 1

0
dt πi(z)T i

j′(X(z), X(z(t)))Rj′
j′′klψ

k(z(t))∂tX
l ×

×T j′′
j (X(z(t)), X(z′))V j(X(z′)) (7.42)

+πi(z)Γi
ki′ψ

k(z)T i′
j (X(z), X(z′))V (X(z′)j

−πi(z)T i
j′(X(z), X(z′))Γj′

kjψ
k(z′)V (X(z′)j

where t is a parameter on the line by which translator goes, z(t) = (z′ −
z)t + z = z′t + z(1− t). This formula is obtained by computing the variation
(under variation of the map Σ → X) of the parallel transport operator and R
is a curvature tensor.

The OV observable smoothened with profile w is given by

OV (z) =
∫

d2z′OV (z, z′)w(z − z′) (7.43)

The fermionic terms that in the SUSY theory cancelled the self-contractions

and quadratic poles in OPE of two currents are now modified by fermionic

mass. In the terms without curvature, the fermions at distant points are com-

pletely killed by convolving with U , as in paper V.

As in paper V, we assume the Green’s function to be of a general form:

〈pj(z)Xi(z′)〉 =
i

z′ − z
+ Gi

j(z, z′) (7.44)
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Now we also consider an extra contribution due to curvature. Fermions are

not completely killed in these terms, because when t is small, π(z) and ψ(z(t))
come close to each other. Considering bosonic self-contractions of p with in-
ternal points of the translator T and subtracting the contribution of twisted

(with U ) fermions we get:

− i

∫ 1

0
dt

∫
d2y

T (0, t)R∂tXT (t, 1)v(z + y)w(y)
yt

(U(yt) − 1)

= −i

∫ 1

0
dt

∫
d2y

T (0, t)R(∂Xy + ∂̄Xȳ)T (t, 1)v(z + y)w(y)
yt

(U(yt) − 1)

= i

[
1
2

(
log

mm̄ε2

gzz̄
+ γE

)
viRiμ∂Xμ +

m̄

2m
viRiμ∂̄Xμ

]
+ o(m) (7.45)

where we denoted y = z′ − z and t parameterizes the interval between z and
z′: z(t) = z′t + z(1 − t). R denotes the Ricci tensor and the indices of Ricci-

tensor can be either holomorphic or anti-holomorphic. vi are holomorphic
components of the vector field (the analogous term one gets from the anti-
holomorphic components). We also used that U−1(z)U(z+yt) ≈ U(yt) valid
near the generic point where linear term dominates in the exponent in U .

Near the node point U is given by eq.(7.38). We have checked that if the
observable is not exactly centered at the node point but displaced by z0 then
it is sufficient to take the linear term in the exponent in U and plug in the

formula (7.45).
For complex manifolds the Ricci tensor has only mixed components:

Ri j̄ = −∂j̄∂i log
√

g = −∂j̄∂i log det |gkl̄| (7.46)

If ∂̄Xi = 0 at the point where the observable is inserted (which is true if no
other momentum observable sits at this point), then only the second term in
eq.(7.45) contributes. Together with terms, computed for the flat case in paper
V we get

〈iOV (z)〉 =
m̄

2m
vi(z)Rij̄(z)∂̄X̄ j̄(z)−∂Xk(∂kδ

i
j+Γi

kj)(Div)j+iGk
i (z, z)(Dkv)i

This expression shows a mixing with anti-holomorphic sector, so the result-
ing bosonic system could hardly be called chiral, moreover, the term m̄

2m is

discontinuous when m has a node.
The current algebra of these currents looks complicated. We may, for ex-

ample, try to redefine the currents by subtracting the anti-holomorphic piece.
Analogously to paper V the primary currents would then correspond to lo-

cally covariantly-constant vectors (which cannot be integrated to global vector

fields due to presence of curvature). This is similar to locally geodesic frame

in general relativity.

This is the “bosonic” theory we get. It’s further studies are in progress.
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7.5 Paper VI: Arbitrary jump observables

The paper VI is rather self-contained and deals with such a simple model, that
it does not require long introductions. Let us here instead discuss a motivation
that originally led us to consider the “arbitrary jump observables”. Let us try
to define a geometric quantum-mechanical system on the circle. Naively the
action is

S = i

∫
dt p

d

dt
X − π

d

dt
ψ (7.47)

This is the action for a system with zero Hamiltonian, hence it has a nice

conformal (or topological) properties: the correlation function are independent

of the time distance between observables.

On the other hand, this system is ill-defined. In Lagrangian language it is
due to zero-modes of p and π, in Hamiltonian language, the supertrace str(1)
is ill-defined, in geometric language, we cannot compute some correlators,
because the deformed equation

dtX(t) = αδ(t − t0) (7.48)

has no solutions on the circle.
There are two ways out: either we insert a vector field observable at some

point, that would lift the pathological degeneracy:

∂tX + v(X(tv))δ(t − tv) = αδ(t − t0) (7.49)

(this equation already has solutions)3 or we remove one equation from
eq.(7.48). We mean here that eq.(7.48) contains a continuum of equations –
one for each point t, and we see that there are too many of them. We may
remove one equation at point t0. It would be equivalent to tearing the circle
at point t0 to get a theory on the interval. In other words, we allow for an

arbitrary jump at t0.
What is the operator that kills one equation? (i.e. removes zero modes of

p and π). The formal answer is K(t0) = δ(p(t0))π(t0). This is the operator
who’s generalizations are studied in the paper VI, it seems important because

it gives a way to insert a geometrically controllable non-linearity in the linear

problem. It is in some sense similar to holomortex operators in 2D case. More

on this similarity is in section 4.1 of paper VII.

7.6 Paper VII: Polyvector fields

In paper VII we study vector and polyvector field observables in geometric

field theories in 1 and 2 dimensions. These field theories correspond to SUSY

3This is the case studied in QM example in section 7.3.1
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Quantum Mechanics and curved βγ − bc system on non-trivial target spaces

that allow for generalized instantons.
Vector- and polyvector- field observables were not intensively studied be-

fore, since these observables are Q-exact and hence are of interest only if one

goes beyond the topological sector.
We discuss possible approaches to define the quantum observables that

correspond to classical symmetric polyvector fields. We find the ambiguity

in “quantizing” the classical polyvector field and elaborate on the geometric

structure responsible for it.
In [FLN08] the authors uncover that not all of the observables, that were

studied perturbatively before, can be extended to compactification of instan-
ton moduli space. This means that it might be a non-trivial procedure to lift the
observable, that is well-defined in 0-instanton sector to the full geometric the-
ory. For example, the observable ∂zX diverges on the small instanton which
has large derivative of X . One of the possible ways to perform this lifting to

non-zero instanton numbers is to modify the OPE, so that the observable ∂zX
that was primary becomes non-primary and mixes with logarithmic partners

under renormalization. This effect is caused by instantons. So, as was already

mentioned in section 7.1 i instantons are responsible for logarithmic nature of

curved βγ − bc system.

In paper VII we show that polyvector fields can be extended to compactifi-
cation of moduli space.

We develop geometric techniques for computing the correlation functions
with vector and polyvector fields in instanton backgrounds and compare these
methods with the methods of free field theory with holomortices [FL07] and
find agreement, while illustrating the subtle issues of free field approach. In
particular, this comparison allows to justify the method of dealing with condi-
tionally convergent integrals that arise in free-field approach.

7.7 Outlook

The work in the directions described in this thesis is still in progress. Here we
sketch the possible directions of further studies.

First of all, further studies are required to understand the bosonic geometric
theories with instantons on more general (curved) backgrounds. Such models
are presently unknown – they can be built in axiomatic path-integral approach
only for target manifolds being Calabi-Yau (i.e. with vanishing first Chern
class). There are indications coming from Mirror symmetry and Langlands
duality that such theories should exist. We are trying to build such theories by
methods explained in paper V.

This way we should, as a minimal requirement, reproduce the conventional
models on Calabi-Yau target manifolds. We expect to get new models for more
general target manifolds and, as a minimal requirement, develop a geometric
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understanding of anomalies that prevent such models from being consistent in

the axiomatic path-integral approach [Nek05].
The first application of these method would be the construction of the chiral

nonlinear bosonic system like the pure spinor system that is used in the pure
spinor approach to superstrings. But still it is quite unclear why should it be
chiral?

Recently a very powerful formalism for covariant quantization of super-
strings was developed. Surprisingly the most natural background for pure-
spinor superstring occurs to be not the flat one, but AdS5 × S5, [Ber09].
The worldsheet action is not quadratic for this background, which compli-
cates the conventional treatment. Furthermore, a topological version of the
AdS5 × S5 action with the same worldsheet variables and BRST operator
can be constructed by gauge-fixing a G/G principal chiral model where G =
PSU(2, 2|4). This topological model was argued to describe the zero radius
limit that is dual to free N=4 super-Yang-Mills and can also be interpreted as
an "unbroken phase" of superstring theory [Ber09]. This topological model
belongs to the class of models which allows for geometric formulation, start-
ing from moduli space of instanton solutions. Thus it is a natural goal to apply
the developed formalism to studies of this model.

The advantage of the proposed formalism is that by calculating the non-

topological observables in topological theory we perturb the theory away from

the topological point towards the more “physical” theory. The developed meth-

ods are intended to solve the long-standing puzzle of adding degrees of free-

dom to the topological field theory.

This leads to many applications to the theories, on which many physicists
are working nowadays, in particular, superstring theories in various
backgrounds and M-theory branes.

Another possible direction includes studies of N=2 Super-Yang-Mills the-
ory in the developed framework. In that case the condition of holomorphicity
that was in 2D model is replaced by self-duality for Yang-Mills connections.
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Summary in Swedish

Yang-Mills, Elektrosvagteori, Kaluza-Klein-teori och
spinn-laddningseparation

Den första delen av denna avhandling beskriver artiklarna som författats i

samarbete med Antti Niemi. Vi behandlar spinn-laddningseparation, tillämpat

på Yang-Mills och Yang-Mills-Higgs modeller.

De kvantfysiska lagarna beskriver de elementära partiklarnas värld, i
samma mening som Newtons lagar för klassisk mekanik beskriver den
makroskopiska världen. För nästan ett halvt sekel sedan introducerade

Yang och Mills ett enastående ramverk för att beskriva de elementära
partiklarna genom att använda strukturer som även finns inom geometrin.
Kvant-Yang-Mills-teori är nu fundamentet i de flesta av dagens teorier för
de elementära partiklarna, och dess förutsägelser har blivit testade vid flera
laboratorier, samtidigt som dess matematiska grund ännu är oklar. Det
framgångsrika användandet av Yang-Mills-teori för att beskriva den starka
interaktionen, elementära partiklar emellan, beror på en underliggande
kvantmekanisk egenskap kallad "mass-gap:" partiklar av kvantnatur har
positiv massa, även om dess klassiska våg färdas med ljusets hastighet.
Denna egenskap upptäcktes av fysiker genom experiment och verifierad
genom datorsimuleringar, men än inte förstådd från en teoretisk synvinkel.

Spinn-laddningseparation är en metod som behandlar den effektiva lågen-
ergidynamiken i Yang-Mills-teori. Genom denna skrivs verkan om i termer
av gauge-invarianta variabler. Dynamiken i dessa variabler liknar Skyrme-
Faddeev-modellen. Således är Spinn-laddningseparation ett viktigt steg emel-
lan den fundamentala Yang-Mills-teorin och den effektiva lågenergimodellen,
som används för att modellera lågenergidynamiken hos gluoner.

Liknande metoder kan komma att vara användbara när det kommer till att

beskriva den elektrosvaga sektorn av Standardmodellen, i termer av gauge-

invarianta fältvariabler.
I Artikel I anmärker vi på ett fascinerande samband emellan

spinn-laddningseparerade Yang-Mills-Higgs system och högredimensionell

gravitationsteori med 3-bran. Därigenom förmodar vi en relation mellan

Higgs-effekten i Standardmodellen och den gravitationella Higgs-effekten.

Higgs-fälts modulin identifieras med den konforma skalfaktorn av metriken,

som liknar dilatonfältet som uppkommer genom Strängteori. Varpå vi

förmodar en koppling mellan Higgs-fältet och dilatonen.
I Artikel II tydliggörs kopplingen till gravitation genom att ta

hänsyn till en konsekvent Kaluza-Klein-reducering. Detta innebär
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att Yang-Mills-dynamiken är kopplade till dynamiken hos korrekta

supergravitationslösningar.
I Artikel III studeras detaljerna gällande geometrin av spinn- och

laddningsvariabler och ser hur dess SO(4) transformationer (Euklidisk analog
av Lorentz transformationer) är sammanflätade, vilket är uttryckt i formen av
en 1-cocykel. Detta ger begränsningar på grundtillståndet hos den effektiva
O(3)-modellen, svarandes mot laddningsvariabler, och förklarar saknaden av
masslösa Goldstone-bosoner i spektrumet.

I Artikel IV intresserar vi oss för en studie av sambandet med Yang-Mills-
teori och gravitation, förmodad genom spinn-laddningseparationen, i omvänd
ordning. Vi försöker använda kvant-Yang-Mills-teori som en leksaksmodell av
en kvantteori för gravitation. Det perturbativa vakuumet av Yang-Mills-teori
avbildas således till ett komplett frånvaro av rumtid (metriken är noll). För att
inse hur plana metriker uppkommer, studerar vi de typiska icke-perturbativa
effekterna av Yang-Mills-teorin och översätter dessa till formalismen för grav-
itation, och försöker finna dessa exempel av de icke-perturbativa fluktuation-
erna hos metriken. Idén är att dessa ohyggliga geometrier jämnas ut till en plan
rumtid i lågenergigränsen. Som en biprodukt så diskuterar vi hur instantoner
ser ut i spinn-laddningsvariabler.

Kvantfältteori från ett icke-linjärt perspektiv

Vi brukar tänka på kvantfältteorier i termer av funktionalintegraler. Det in-
nebär att vi integrerar över rum av funktioner, såsom till exempel rummet av
alla avbildningar mellan två rum eller rummet av alla konnektioner. Det är väl
känt att i allmänhet så är funktionalintegralen inte väl definerad, och den måste
i praktiken ersättas av en given algoritm för att göra en verklig beräkning.

En fysikalisk modell definieras av dess så kallade verkan. Traditionellt sett

så arbetar vi med teorier vars verkan är en nästan kvadratisk funktional av fäl-

ten, och tänker på teorin som en liten deformation från en teori med kvadratisk
verkan. Man brukar säga att en kvadratisk verkan beskriver fria fält (som till

exempel det elektromagnetiska fälten i frånvaro av laddade partiklar), och vi

behandlar icke-linjära termer som små störningar. Det är känt hur man ska

konstruera väldefinierade kvantfältteorier för fria fält, så detta är en rimlig

startpunkt. Dessvärre uppkommer det vanligtvis diverse oändligheter i sam-

band med att man lägger till störningar till sin fria teori, detta har att göra med

att rummet man integrerar över är oändligtdimensionellt. Dessa oändligheter

kräver speciell behandling. En sådan speciell behandling förstör ofta den ge-

ometriska strukturen hos den ursprungliga teorin. Till exempel, i så kallade

sigma-modeller är rummet man integrerar över rummet av alla avbildningar

mellan en världsyta och ett icke-linjärt rum (exempelvis en sfär), och detta

rum saknar linjär struktur överhuvudtaget. För att skapa en linjär struktur så

måste vi täcka rummet med ett lapptäcke av linjära rum, en så kallad atlas.
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Vi får sedan studera teorin i varje linjärt rum och sedan på något sätt lappa

ihop de olika bitarna till en fullständig teori. När vi gör gauge-teori så ersät-

ter vi den icke-abelska gauge-symmetrin med en abelsk, och behandlar den

icke-abelska teorin som en deformation.

Vi kan även försöka komma runt problemet genom att diskretisera världsy-
tan, och där igenom åstadkomma en ändligt-dimensionell approximation till
funktionalintegralen. Denna approximation är besvärlig att studera, och di-
verse överraskningar uppkommer då man försöker att gå tillbaka till en kon-

tinuerlig världsyta.
Vi föreslår att man ska använda Frenkel-Losev-Nekrasov(FLN)-metoden,

som tar sin utgångspunkt, inte i en kvadratisk verkan utan i en viss

(instantonisk) icke-linjär teori. Det är en kvantfältteori där resultaten

(korrelationsfunktionerna) uttrycks i termer av en ändligt-dimensionell

integral över instanton-moduli-rummet. Detta moduli-rum är rummet av

lösningar till vissa icke-linjära, partiella differential ekvationer, och man vet

att de existerar i en rigorös matematisk mening. Denna formulering kräver

inte en linjär struktur, och den förstör inte den geometriska strukturen hos

problemet. Dessa teorier kräver supersymmetri för att låta sig formuleras. För

att komma i kontakt med konventionella kvantfältteorier så måste vi lägga

till både en mass-term (för att mjukt bryta supersymmetrin) och en Gaussisk

term (som fyller funktionen av en delta-funktion, med stöd över instantoner,
vilket ger en Gaussisk distribution centrerad över instantoner).

Den första tillämpningen av dessa metoder skulle vara att konstruera ett
kiralt, icke-linjärt bosoniskt system, liknande det så kallade "rena spinorer"
– systemet som används i "rena-spinorer"-metoden i supersträngteori. Detta

utförs i Artikel V, där vi visar hur man konstruerar en geometrisk teori för

kirala bosoner genom bädda in det i den geometriska fältteorin av FLN-typ.

I Artikel VI utvecklar vi den enklaste geometriska fältteorin – den
supersymmetriska kvantmekaniken och konstruerar nya icke-pertubativa
topologiska observabler som har en tydlig betydelse både i geometrisk samt
Hamiltoniansk formalism.

I Artikel VII är motivationen att studera effekterna av en Gaussisk term

i FLM formalismen, som suddar ut instanton-bidragen. För detta behövs

en nogrann definition av de observabler som är kvadratiska i rörelsemängd

och vi utvecklar sättet att beräkna detta i det geometriska ramverket.

Detta motsvarar, geometriskt, bivektorfält (eller i allmänhet flervektorfält).

Vi utforskar den lokala gränsen av flervektorfälten: för ett holomorft
flervektorfält finner vi en tilltalande symmetrisk regulariseringsbeskrivning,
medan för de icke-holomorfa vektorfälten uppstår det ett intressant samband
till vinkeln för punktseparation.

I jämförelsen med de geometriska beräkningarna och frifältsmetoderna till

första ordningens icke-linjära sigma-modeller baserade på holomortisitet,
visar vi att ursprunget av de villkorligt konvergerande integralerna i den

senare metoden och visar ett sätt att behandla dessa.
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