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Abstract

Regularization of the Material Discontinuities in the
Two Phase Flow  Simulation

J. Nagoor Kani

Proper understanding of flow involving more than one phase is essential 
in understanding many physical phenomena. One such is the crystal growth 
where the convection on the surface produces an increase in the 
uncontrollable number of dislocations leading to defects. Geometry and 
physical condition of the inter-facial layer separating the two phases is 
crucial in controlling such physical evolution.
On the microscopic scale, the inter-facial layer is of microscopic width 
such that there is a continuous transition of fluid properties like 
density from one phase to the other. More over the molecules on the 
inter-facial layer are unevenly pulled by the surrounding molecules 
resulting in the inter-facial tension. On the macroscopic scale, the 
continuous approximation of fluids replaces the inter-facial layer of 
microscopic width by a sharp mathematical interface across which there is 
a jump discontinuous change from density 1 to density 2.
Since the motion of multi phase flow is governed by the Navier-Stokes 
equations by which the fluid properties like density and viscosity and 
the dependent variables like velocity and pressure should be smooth, 
fluid properties are generally smeared out properly. In such formulation, 
inter-facial tension effects in the equations are introduced by framing 
force terms.
One such method of properly capturing interfacial effects on the fluid 
motion is the conservative level set method. But the formulation made by 
the conservative level set method on the fluid properties and on the 
force term becomes bad on modeling the physical system involving motion 
due to the inter-facial tension gradient.
Aim of this thesis is to emphasize the importance of formulation to 
smoothen the jump discontinuity of fluid properties across the interface 
and framing the force term correctly to capture the inter-facial tension 
effects in the fluid motion.
Here the simple physical system involving marangoni convection is taken 
as a model. Then it is solved with jump conditions across the interface. 
The fluid properties and the force term when smoothened by the 
conservative level set function results in the solution deviating from 
the physical model. So the fluid properties and the force term are 
reformulated to get an approximate solution matching the exact solution.
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Abbreviations

ABBREVIATIONS
SYMBOLS TERMS
∆p Pressure jump
σ Surface tension
R1 Radius of Curvature
R2 Radius of Curvature
Φ(x⃗) Implicit function
∇Φ Gradient vector of Φ

N⃗ Unit normal vector
k Interface curvature
u⃗ Velocity field
x⃗ Position vector
T Temperature
ρ density
Re Reynolds number
Fr Frontal number
We Weber number

F⃗ Surface tension force term

f̂d Surface tension gradient force term
α(y) Viscosity

f̂δ(y) Impulse force term
α1 Viscosity(phase1)
α2 Viscosity(phase2)
u(y) Velocity distribution
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ABBREVIATIONS
SYMBOLS TERMS
Φs(y) Symmetric smoothened Heaviside side function
ϵ Smoothing factor
αs(y) Symmetric smoothened viscosity

f̂s(y) Symmetric smoothened force term
c1 |∇σ|
Ĉ Color function

If̂s(y) Normalizing the force term
Vmax Maximum velocity
τ1 Stress1
∆x Differential control volume length
∆y Differential control volume width
∆z Differential control volume height
τ2 Stress2
H(y) Heaviside function
Φsharp

s (y) Sharp symmetric smoothened Heaviside function

If̂as(y) Normalizing the force term
αsharp
s (y) Sharpen symmetric viscosity term

Φas(y) Asymmetric smoothened Heaviside function
αas(y) Asymmetric smoothened viscosity term

f̂as(y) Asymmetric smoothened force term

τ
(l)
i Tangential unit vector
hΓ f(x, y, t) for Γ
ηi, ηk Normal unit vector
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Chapter 1

Introduction

1.1 Importance of multi phase flow

Many natural phenomena involve fluid flow. So knowledge of Fluid Mechanics is
important in understanding these phenomena. In particular, the flow involving
more than one phase has many applications. Some are petroleum extraction,
crystal growth etc. The key factor in the multi phase flow compared to other
single phase flow is the inter-facial phenomena due to the inter-facial layer in
between the two phases. This is illustrated by the following two examples.

In the example 1, the growth of crystals from a melt, which is a process where
the elimination of convection on the surface of the melt is desirable because the
flow produces non uniform growth conditions and thereby, generally an increase
in the uncontrollable number of dislocations and other defects in the crystal [4].

In the example 2 of evaporative purification of a levitated melt, convection
on the surface is important because it increases the rate of purification by re-
plenishing the impurity concentration at the surface and because it tends to
maintain a uniform concentration throughout the melt. The above mentioned
surface convections are primarily based on the surface condition of the fluid like
the geometry of the surface and the variations in the thermodynamic properties
of the fluid. So knowledge about the interface between the two phases is vital
in understanding the multiphase flow which we will see in the following section.

1.2 Inter-facial tension and inter-facial phenom-
ena

The inter-facial layer between the two phases can be viewed in both the micro-
scopic and the macroscopic point of view.

On the microscopic sense, molecules in the interior of the liquid are com-
pletely surrounded by the other molecules. Those at the liquid surface are
subject to attraction only from the side and from the below. The effect of this
uneven pull on the surface molecules tends to draw them into the body of the
liquid and causes a droplet of liquid to assume the shape that has the minimum
surface area, a sphere [7]. To increase a liquid surface area, molecules must
move from the interior of the liquid to the surface. This requires energy, since
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2 Chapter 1. Introduction

some intermolecular forces must be overcome. The resistance of a liquid to an
increase in its surface area is called the surface tension of the liquid. Liquids
with large intermolecular forces tend to have relatively high surface tension.

So on the microscopic scale, when two immiscible fluids of different densities,
ρ1 > ρ2 are in contact and acted upon by gravity, there is an inter-facial zone
of molecular dimensions made up by both types of molecules such that there is
a continuous transition of density from ρ1 to ρ2. This is shown in the figure 1.1
[6].

Figure 1.1: Continuous transition of ρ

On the macroscopic length scale, the standard approximation is to replace
the inter-facial zone of molecular width by a mathematical interface across which
there is a sharp discontinuous density change from ρ1 to ρ2 as in the figure 1.2.

Figure 1.2: ρ jump discontinuity at the mathematical interface
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Due to anisotropic forces on the molecules at the liquid-liquid interface, all
the immiscible liquid-liquid system has interface membrane like tension called
inter-facial tension. This force at a point has both horizontal and vertical com-
ponent as in the figure 1.3 [1].

Figure 1.3: Tangential and normal component of inter-facial tension

In a setting where the properties do not change along the interface, the
horizontal component on both sides cancels but the resultant vertical component
is non zero. For the equilibrium condition, this is balanced by a pressure jump
across the surface according to Young Laplace equation (1.1).

∆p = 2kσ (1.1)

κ =
1

(R1 +R2)
, forsphere

As per (1.1), in small scale multi phase flows where gravitational force is negli-
gible, the force due to inter-facial tension balances the pressure gradient at no
flux equilibrium state.

1.3 Mathematical Formulation

Let us consider a physical model in the domain of two immiscible incompressible
liquids separated by a sharp interface as like in the figure 1.4.
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Figure 1.4: Two phase system

Ω1 is filled completely by fluid 1. Ω2 is filled completely by fluid 2. Ω1 is
separated from Ω2 by the sharp interface Γ. At the interface Γ, fluid material
properties like density ρ and viscosity α has jump discontinuity.

α = { α1, x⃗ ∈ Ω1

α2, x⃗ ∈ Ω2

For the whole domain Ω which includes Γ, where α has jump discontinuity from
Ω1 to Ω2 and where the surface tension effect ̸= 0, the fluid motion is governed
by the Navier-stokes equations (1.2), (1.3).

(ρu⃗)t +∇ρu⃗u⃗ = −∇p+∇(α∇u⃗) + ρg⃗ + F⃗ δ(x⃗− x⃗0) (1.2)

∇u⃗ = 0 (1.3)

where x⃗0 ∈ Γ. (1.2) requires α ∈ C1 and u ∈ C2. F⃗ δ(x⃗ − x⃗0) is a force due to
surface tension effect [3]. For any function v(x), v(x) ∈ Cm means that v(x)
and its m partial derivatives are smooth in the domain where it is defined. But
we saw earlier α has jump discontinuity at the Γ and so (1.2) requirement is
not fulfilled in order to solve it. So one obvious way is to go for jump condition
formulation in which fluid 1 in Ω1 and fluid 2 in Ω2 are taken as separate fluids
to model the governing equations.

The governing equations of the fluid motion for the fluid 1 in Ω1 are the
Navier-stokes equations,

ρ1
⃗
u
(1)
t +∇ρ1

⃗u(1) ⃗u(1) = −∇p1 +∇(α1∇ ⃗u(1)) + ρ1g⃗ (1.4)

∇ ⃗u(1) = 0 (1.5)

Similarly for the Ω2,

ρ2
⃗
u
(2)
t +∇ρ2

⃗u(2) ⃗u(2) = −∇p2 +∇(α2∇ ⃗u(2)) + ρ2g⃗ (1.6)

∇ ⃗u(2) = 0 (1.7)
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(1.4), (1.6) require u(1), u(2) ∈ C2
0 in the Ω1, Ω2 respectively and α1, α2 ∈ C1 in

the Ω1, Ω2 respectively. Since the requirement for (1.4), (1.6) is satisfied we can
define the fluid motion in Ω including the surface tension effect by solving (1.4),
(1.6) and applying the boundary condition at the Γ. The boundary condition at
the Γ describes the balancing of stresses on the Γ. Before giving this expression
let us see one more important fact about the inter-facial tension.

Previously we saw the surface tension effect is due to the vertical compo-
nent of the inter-facial tension and the horizontal component cancels due to
homogeneity in the inter-facial tension along the interface. In case if there is a
variation in the inter-facial tension along the interface, then there is a net non
zero horizontal component of the force due to the inter-facial tension. This non
zero force component results in the convection of the fluid along the interface
Γ. It acts like a shear stress on the adjoining bulk phases and thereby generates
flow [4].

Hence an inter-facial tension gradient along the interface generates shear
stress to include flow or alters an existing one. This inter-facial tension gradient
can be due to many reasons. Common are because of temperature gradient
and concentration gradient. The inter-facial tension gradient convection due
to temperature gradient is called thermo capillary convection. This thermo
capillary convection is known as Marangoni effect.

Now let us give the expression for the boundary condition at the interface
and are,

(p1 − ρ1ghΓ)− (p2 − ρ2ghΓ)− σ(
1

R1
+

1

R2
) = (τ1,ik − τ2,ik)ηiηk (1.8)

(τ1,ik − τ2,ik)τ
(l)
i ηk +

∂σ

∂xi
τ
(l)
i = 0, l = 1, 2 (1.9)

(1.8), (1.9) are the expressions for balancing of normal and shear stresses re-
spectively.

Also at the Γ the velocities of both fluids are equal:

⃗u(1) = ⃗u(2)

We have seen, (1.2) is the one which governs fluid motion in Ω. But when fluid
flows in Ω, so is the interface Γ flows in Ω. So there must be some scheme to
represent and advect the interface. Let us see it in the following section.

1.4 DNS of multi phase flow

Numerical analysis on multi phase flows to capture this inter-facial layer evo-
lution is developed seriously for the past thirty years because of inadequacy in
physical experiments. For example in the crystal growth, physically there is
a surface convection because of marangoni effect and of buoyancy effect. To
know only the impact of marangoni effect on the surface convection which is
the situation in micro gravity condition(space laboratories), one cannot take the
results of physical laboratories where buoyancy effect is also taken into account
and unavoidable. So the obvious choice is to do the experiment numerically.
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1.4.1 Representation of the interface

The interface layer is viewed as the geometry of the inner phase in the Ω. So,
generally the interface has co-dimension one. That is if the Ω is n-dimensional,
then the Γ has dimension n− 1. Γ can be represented explicitly and implicitly.
In an explicit interface representation one explicitly write down the points that
belong to the Γ. Alternatively, an implicit interface representation defines the Γ
as the iso-contour of some implicit function Φ(x⃗). The Φ(x⃗) is defined through-
out the Ω. Some iso-contour Φ(x⃗) = a(some constant) is being designated as
the Γ. So the point x⃗0 is inside the Γ when Φ(x⃗0) < a, outside the Γ when
Φ(x⃗0) > a and on the Γ when Φ(x⃗0) = a.

The important feature of implicit representation is in calculation of the cur-
vature of the Γ, κ. The ∇Φ is perpendicular to the iso-contours of Φ and points
in the increasing direction of Φ. Thus, the unit outward normal is N⃗ = ∇Φ

|∇Φ| for

points on the Γ [5]. The N⃗ is treated as a function and is defined over the entire

Ω. The mean curvature of the Γ is defined as the divergence of the normal N⃗ ,

κ = ∇N⃗ = ∇(
∇Φ

|∇Φ|
)

So that κ > 0 for convex region, κ < 0 for concave region and κ = 0 for plane.
The importance of calculating κ will be seen in the following sub-section.

1.4.2 Advection of the interface

Generally interfaces are defined in the Ω where the velocity field u⃗ is defined.
So all points on the Γ move with this velocity. There are basically two ways to
approach this evolution. One is the Lagrangian formulation in which each point
on the Γ is evolved by the equation,

dx⃗

dt
= V⃗ (x⃗)

The disadvantage of this method increases when we move to higher dimension in
space and when the velocity field causes large distortions of boundary elements.
One has to periodically modify the discretization in order to account for these
deformations by smoothing and regularizing inaccurate surface elements [5]. The
use of Lagrangian formulation of the interface motion along with the numerical
techniques for smoothing, regularization are collectively referred to as the Front
tracking method.

In-order to avoid problems with instabilities and the deformation of the
surface elements in the Lagrangian formulation, one uses implicit function to
represent the interface and to evolve the interface by using simple convection
equation as in (1.10)

Φt + u⃗∇Φ = 0 (1.10)

It is an Eulerian formulation of the interface evolution. There are many methods
under Eulerian formulation to evolve the interface. One is the Level set method
on using Φ(x⃗) as a sign distance function and on using Φ(x⃗) = 0 to represent

the Γ. We know the surface tension force F⃗ is one of the causes for the velocity
field in the Ω. And also we know F⃗ depends on the geometry (κ) of the Γ.
Thus, proper representation and advection of Γ is important in two phase flow
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motion in order to calculate the κ properly. But in spite of accurate calculation
of κ, the great concern on using Level set method is on the mass(or volume)
conservation. Level set methods have a tendency to lose mass in under-resolved
regions of the flow.

Another type of Eulerian formulation to evolve the interface is the volume
of fluid. Here the function used is Color function (Ĉ) which is the integration
of the characteristic function. Its value is 1 for the inner phase cells and 0 for
the outer phase cells and has values 0 < Ĉ < 1 for the cells where the interface
passes through. Though it conserves the volume properly it does not represent
the Γ accurately. This means κ is not calculated accurately and so is the F⃗
thereby results in a comparable relative error in the resultant velocity field.
Moreover the color function is discontinuous across the interface. So one has
problem in evolving the interface numerically.

One more type under Eulerian formulation is the Conservative Level set
Method which is framed on considering the advantage and disadvantage of the
Level set and Volume of fluid method. This method is discussed further on the
chapter under the heading Conservative Level set Method.

1.5 Importance of regularizing fluid properties

We saw earlier, in the two phase incompressible flow, (1.2), (1.3) are used to
model the fluids in the Ω.Moreover (1.2) requires α, p ∈ C1, u ∈ C2. But we
saw at the Γ in Ω, there is a jump discontinuity in the fluid properties like ρ, α
and the surface tension forces causes the pressure to be discontinuous across the
interface as well [5].

So we have to numerically smear out jump discontinuities of ρ, α so that (1.2)
is solvable giving continuous velocity and pressure field across the interface. But
general smearing may give poor convergence and not applicable for the general
case, in the domain of any two fluids. So one has to properly smear out ρ, α to
get appropriate continuous velocity field. Further by getting continuous pressure
field in Ω, one loses the surface tension effect. But this can be remedied by
adding a framed smoothened force term to the right hand side of (1.2). Finally,
one need to solve (1.2), (1.3) to do a multi phase flow simulation, governing the
physical phenomena like petroleum extraction. To solve (1.2), requirement of
(1.2) like α ∈ C1 has to be fulfilled by regularizing α properly across the Γ to
get the appropriate required solutions like u⃗, p.

1.6 Aim of the thesis

The aim of this thesis is to numerically demonstrate the importance of regu-
larizing the discontinuity in the fluid properties and framing the appropriate
force term to retain the inter-facial tension effect, so that the resultant approxi-
mate velocity field of the domain under consideration matches the exact solution
of the momentum equation (ie)the velocity field. The model we are going to
demonstrate is a steady state flow in the incompressible two-phase fluid domain
due to the inter-facial tension gradient force.
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Chapter 2

Physical system with sharp
condition

2.1 Model problem

We shall consider the system of two immiscible incompressible liquids between
the two rigid parallel plates one at y = −l and the other at y = +l. The
system is infinite in the horizontal direction −∞ < x < +∞ and bounded in
the y-direction−l < y < +l.

Figure 2.1: Physical model

In this model, let us assume the interface to be flat at y = 0. In our case
study, let there be a constant temperature gradient at the interface Γ only in
the direction of x-axis. Let us assume that the inter-facial tension decreases
linearly with the temperature.

σ = σ0 − σ1T

9



10 Chapter 2. Physical system with sharp condition

By the above assumption, there is a surface tension force due to a temperature
gradient. The given system in the Ω is modeled by (1.2) in the section 1.3.

The system is considered for the following condition

(1) Steady state flow

(2) Fully developed unidirectional flow in the x-direction

(3) Flat interface at y = 0

(4) ∇σ = constant

Due to (1), the left hand side of (1.2), both the time derivative and convective
flux terms become zero. By (2), the y-directional momentum component is zero.
This comes due to (1.3). The interface can be perfectly flat only if the horizontal
pressure gradient appearing in both the fluids are equal. Hence, the pressure
gradient in the right side of (1.2) is zero due to (3). The gravity force term
is negligible compared to the surface tension force. So the final mathematical
model of the physical system in Ω is as follows.

− d

dy
[α(y)

du

dy
] = ˆf(y) (2.1)

| ˆf(y)| = |∇σ|δ(y) = c1δ(y)

f̂(y) =

{
̸= 0 when y = 0
= 0 when y ̸= 0

Let us take no slip boundary conditions as,

u(−l) = 0
u(+l) = 0

} (2.2)

2.2 Formulation for exact solution

(2.1) require u ∈ C2 and α ∈ C1. But α(y) has jump discontinuity at Γ(y = 0).
So (2.1) in Ω which include surface tension effect is not solvable analytically.But
in Ω1 and Ω2, α = α1 and α = α2 respectively, where α ∈ C1. So let us take
jump condition formulations (1.4) and (1.6). For our model with the prescribed
conditions, (1.4) and (1.6) reduces to

− d

dy
[
α1du

(1)

dy
] = 0 (2.3)

− d

dy
[
α2du

(2)

dy
] = 0 (2.4)

respectively.
Thus on solving (2.3) and (2.4), we get

u(1) = a1 + b1y (2.5)

u(2) = a2 + b2y (2.6)
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We have four unknown parameters a1, a2, b1, b2. So we need four equations to
find these unknowns. Let us frame the four equations based on the conditions
of the system taken to find the four unknowns.

Let l = 1. By (2.2),
u(1)(−1) = 0

u(2)(+1) = 0

So (2.5) and (2.6) becomes
a1 − b1 = 0 (2.7)

a2 + b2 = 0 (2.8)

By (2.1), u ∈ C2 in Ω. By (2.3), u = u(1) in Ω1 and by (2.4), u = u(2) where
u ∈ C2. So the condition u ∈ C2 throughout the Ω requires u(1) = u(2) at the
interface Γ(y = 0).

u(1)(0) = u(2)(0) (2.9)

Using (2.9) in (2.7) and (2.8) gives

a1 = a2 (2.10)

Each point in the Ω before taking the limit (∆x → 0) in the Ω to frame (1.2) is
a differential control volume. By the steady state condition and the boundary
condition at the Γ (1.8), (1.9), the net force in each control volume is zero. In
the control volume at the Γ, the two shear forces and the force due to surface
tension gradient balances.

τ1∆x∆z + τ2∆x∆z + f̂∆x∆y∆z = 0 (2.11)

By Newton’s Law of viscosity,

τ = α
du

dy
(2.12)

By (2.12), (2.11) becomes,

α1(
du

dy
) + α2(−

du

dy
) = c (2.13)

c = c1∆y

(ie)α1b1 − α2b2 = c

b2 = − c

α2
+

α1

α2
b1 (2.14)

By using the four equations (2.14), (2.10), (2.8), (2.7) we do formulations as
follows to find a1, a2, b1, b2.

a1 − b1 = 0

a1 +
α1

α2
b1 =

c

α2[
1 −1
1 +α1

α2

] [
a1
b1

]
=

[
0
c
α2

]
(2.15)



On solving (2.15),

a1 = a2 = c

b1 = c

tanΘ = b1

b2 = −b1

For the general domain −l ≤ y ≤ +l,

a1 = a2 = c

b1 =
c

l

u1(y) = c+
c

l
y (2.16)

u2(y) = c− c

l
y (2.17)

So by (2.16), (2.17) and by the condition (2.9), u(y) is defined throughout the
Ω. The resultant velocity distribution which is obtained by the jump condition
formulation [(2.2), (2.3), (2.4)] is shown in the figure 2.2.

Figure 2.2: Exact velocity distribution

From the expression of u(1), u(2) we see that u(y) is independent of α(y).
That means the distribution of u in Ω is same for any two immiscible fluids
irrespective of the variation in the fluid properties. From the figure 2.2, we note
that u(y) is maximum at Γ(y = 0). (ie)It is maximum where the surface tension
gradient force acts and nonzero.

We framed this jump condition formulation (2.3), (2.4) since α ∈ C1 does
not fulfill (2.1) requirement. But in higher dimensional domain, unsteady state
condition with complex geometry of Γ, using jump condition formulation is not
trivial as like done before in this chapter.

So we have to solve general equation (1.2) which includes surface tension
effects. The obvious way to do this is to regularize the fluid properties across
the Γ.



Chapter 3

Conservative level set
Method

We saw in the earlier section, the necessity for regularizing the fluid properties
and framing the force term to have surface tension effect. So we need a scheme
to regularize ρ, α across Γ. One such is the conservative level set method. It
is primarily an Eulerian scheme to represent Γ by 0.5 iso-contour of Φ(x⃗) and
advect the Γ by (1.10) as like the level set method. But this scheme conserves
the mass(or volume) properly as like in the volume of fluid method. Here Φ(x⃗)
is a smoothened Heaviside function which is ≈ 1 on one side of Γ and ≈ 0 on
the other side. Across the Γ, Φ(x⃗) exponentially increases from 0 to 1 [3].
In one dimension Φ is given by (3.1) and plotted in the figure 3.1.

Φs(y) =
1

1 + exp(−
1
ϵ y)

(3.1)

13
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Figure 3.1: Smoothened Heaviside function for ϵ = 0.3

Figure 3.2: Smoothened Heaviside function for ϵ = 0.03

The region where Φs ≈ 1 represents one phase and where Φs ≈ 0 represents
other phase. It is nearly of characteristic function Ĉ used in the volume of
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fluid method but smooth across the Γ. So Φs can be convected by (1.10) in the
divergence free condition (1.3) [3].

In (3.1), the parameter ϵ can be varied and be allowed to tend towards 0.
When ϵ → 0, Φs(y) very sharply increases exponentially across the Γ. For
example in the figure (3.2), Φs(y) more sharply varies across the Γ on using
ϵ = 0.03. To capture this sharp smooth variation across the Γ in the numerical
scheme, one uses very small space discrete parameter h in the order of ϵ to
divide the Ω considered. In numerical computations we know normally when
h → 0, computationalcost → ∞.

Conservative level set method not only represent and advect the Γ but also
used to solve (1.2) by smoothening fluid properties. This is done by using Φs(y).
So by using Φs(y), α(y) is symmetrically smoothened across the Γ to become
αs(y). The expression for αs(y) is (3.2) and figure 3.3 gives the plot of αs(y).

αs(y) = (1− Φs)α1 +Φsα2 (3.2)

Since Φs(y) ∈ C1, αs(y) ∈ C1.

Figure 3.3: Symmetrically smoothened viscosity for α1 = 100, α2 = 1, ϵ = 0.2
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Figure 3.4: Symmetrically smoothened viscosity for α1 = 100, α2 = 1, ϵ = 0.03

In the figure 3.4, since we use small value of ϵ = 0.03, αs(y) is sharply
smoothened across the Γ compared to the figure 3.3 where we used ϵ = 0.2.

To frame the smoothened force term to retain surface tension effect, we use
the same Φs(y). The corresponding expression and the plot for the force term
are given by (3.3) and the figures 3.5, 3.6 respectively.

f̂s(y) =
dΦs

dy

c1

If̂s(y)
(3.3)

where,

If̂s(y) =

+l∫
−l

dΦs

dy
dy

used in the force term is for normalizing f̂s(y) and c1 is the same as used in
(2.1).
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Figure 3.5: Symmetrically smoothened force term α1 = 100, α2 = 1, ϵ = 0.2

Figure 3.6: Symmetrically smoothened force term for α1 = 100, α2 = 1, ϵ = 0.03

Now on replacing α(y) and f̂(y) in (2.1) by αs(y) and f̂s(y), (2.1) is solvable.
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(2.1) is solved analytically as follows.

αs(y)
du

dy
= ϕs(y)

c1

If̂s(y)
+ constant1

du

dy
=

ϕs(y)

αs(y)

c1

If̂s(y)
+

constant1
αs(y)

Thus

u(y) =

∫
ϕs(y)

αs(y)

c1

If̂s(y)
dy +

∫
constant1
αs(y)

+ constant2

constant1 and constant2 can be known by applying (2.2). Hence u(y) can be
obtained by solving (2.1) using αs(y) and fs(y) and can be plotted for various
fluids.

Example for the case α1 = α2 = 100(say), the resultant u(y) is as follows in
the figure 3.7.

Figure 3.7: Exact velocity and formulated velocity comparison for α1 = α2 =
100, ϵ = 0.03

Here the resultant u(y) very well matches the exact solution. But when
(2.1), (2.2) are solved for the case α1 = 100, α2 = 1, u(y) looks like in the figure
3.8.



19

Figure 3.8: Shifting of Vmax in the formulated velocity for α1 = 100 ,α2 = 1,
ϵ = 0.03

From the figure 3.8, we see that the resultant u(y) deviates away from the
exact solution and similarly for the case α1 = 1000, α2 = 1, u(y) is like in the
diagram 3.9.

Figure 3.9: Shifting of Vmax in the formulated velocity for α1 = 1000 ,α2 = 1,
ϵ = 0.03

In the figures 3.8, 3.9, we see that Vmax has shifted from y = 0 towards
the low α side. This means in the physical model we can view that the Γ
where the maximum velocity occurs is shifted from the original position or the
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f̂(y) where Vmax occurs is shifted from its original point of act. Moreover this
shifting increases when the fluid 2’s properties deviates more away from the
fluid 1’s properties. Hence Conservative level set formulation gives bad results
when fluid 2’s properties are not near to fluid 1’s properties. This badness
(ie)shifting of Vmax increases when fluid 2 deviates more away from fluid 1.
Thus, the conservative level set formulation(symmetric model) is not a general
valid formulation to the case of any two fluids.
We saw earlier, the parameter ϵ in Φs(y) can be varied to alter the degree of
smoothening of Φs(y) and hence αs(y). When ϵ → 0, αs(y) is more sharply
smoothened and approach the jump condition model supported by the figure
3.4 and hence u(y) → exactsolution. We can justify the above statement on
analyzing the following figures 3.10, 3.11, 3.12.

Figure 3.10: velocity distribution for α1 = 100 ,α2 = 1,ϵ = 0.0143

Figure 3.11: velocity distribution for α1 = 100 ,α2 = 1,ϵ = 0.005



Figure 3.12: velocity distribution for α1 = 100 ,α2 = 1,ϵ = 0.0025, u(y) →
exactsolution when α1

α2
→ 1

By these figures, we see that when ϵ → 0 shifting of Vmax away from Γ
decreases. But while in solving (2.1) numerically, we saw earlier in this section
as ϵ → 0, discretization of Ω should be increased to capture the exponential
sharp variation of αs(y) across the Γ and hence the computationalcost → ∞.
Thus, for reasonable computational cost, the model by conservative level set
badly simulates the physical system.
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Chapter 4

Reformulated Model

As seen in the chapter 3, regularization of fluid properties across the Γ by the
conservative level set method using αs(y), f̂s(y) to solve the two phase flow leads
to the shift of Vmax towards the low viscosity side from the Γ as in the figure
3.8, 3.9. This shifting of Vmax is to be corrected. So this problem is viewed from
the first principle (ie)balancing of forces on each differential control volume as
in the (2.11), (2.13).

By (2.13), the resultant shear stress after taking the limit ∆x → 0, ∆y → 0
is viewed as the net outward flux of the velocity component interested. This
diffusive flux flow is due to the velocity component gradient vector field in the
domain considered. The direction of the flux flow is opposite to the velocity
component gradient vector. That is the flux flow is from the higher velocity
component point to the lower velocity component point. The point in the Γ
(y = 0) is a differential control volume while we balance the forces in each control
volume. This control volume shrinks to the point on taking limit ∆y → 0,
∆x → 0.

We saw that the velocity distribution of the physical model has Vmax at
y = 0 supported by the figure 2.2. (ie) in the differential control volume which
shrinks to the point on y = 0 there is no inward flux flow, only outward flux
flow due to the velocity component gradient vector. To have the same type of
flux flow at the differential control volume which shrinks to a point at y = 0
and satisfying (2.13) in our mathematical model, the force term and viscosity
term has to be redistributed.

So the force term and the viscosity term are redistributed asymmetrically
such a way to resemble the physical model steady state velocity distribution.
After redistributing the force term and viscosity term and taking the limit for
the differential control volume, the model is reduced to the mathematical model
(2.1) by replacing α(y) by new distributed viscosity and by replacing f̂(y) by
the new distributed force term.

The resultant force term for high α1

α2
ratio is as in (4.1).

Forceterm = f̂(y) = c1[
Φ′

s(y)(1−H(y))− Φ′
s(y)H(y)

If̂(y)
] (4.1)

23
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If̂(y) =

+l∫
−l

(Φ′
s(y)(1−H(y))− Φ′

s(y)H(y))dy[ForNormalizing]

Here the force on the lower viscosity side looks like a sink. So this is not quite
matching with a physical situation. So to avoid this kind of force distribution
and to have the same effect of having Vmax at the Γ, symmetric force distribu-
tion is added to the modified force term which results in the asymmetric force
distribution. Since Heaviside function has the jump discontinuity at the Γ, f̂(y)
framed by H(y) is not smoothened across the Γ. This is still has to be rectified.
So in the place of H(y), very sharp smoothened Heaviside function Φsharp

s (y)
expressed in (4.2) is used.

Φsharp
s (y) =

1

1 + exp(−500y)
(4.2)

The modified f̂as(y) by Φsharp
s (y) is as in (4.3).

Forceterm = ˆfas(y) =
Φ′

s(y)[1− Φsharp
s (y)]2

I ˆfas(y)
c1 (4.3)

I ˆfas(y) =

+l∫
−l

Φ′
s(y)[1− Φsharp

s (y)]2dy

This force term as in (4.3) is shown in the figure 4.1.

Figure 4.1: Asymmetric force term formulated by sharp smoothened Heaviside
function for α1 = 100, α2 = 1, ϵ = 0.2
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When the fluid 2 approaches fluid 1, ˆfas(y) should approach f̂s(y) to have

the exact formulation. But the f̂as(y) does not tend so. So instead of very
sharp smoothened Heaviside function, very sharp smoothened viscosity term
αsharp
s (y) which is normalized is used. αsharp

s (y) is given by (4.4).

αsharp
s (y) =

[α1(1− Φsharp
s (y)) + α2Φ

sharp
s (y)]

(α1 + α2)
(4.4)

In this new mathematical model, the reformulated viscosity term is more sharply
smoothened on the low viscosity side compared to the large viscosity side. This
new reformulated asymmetrically distributed viscosity term αas(y) is framed by
using asymmetric smoothened Heaviside function Φas(y). Φas(y) is expressed
by (4.5) and is given in the figure 4.2 and figure 4.4 for various cases.

Φas(y) =
1

1 + exp(−
1
ϵ [1+(2+log(α1/α2+α2/α1))(1−αsharp

s (y))]y)
; (4.5)

Figure 4.2: Asymmetric smoothened Heaviside function for α1 = 100, α2 = 1,
ϵ = 0.3

Similarly, αas(y) is given by (4.6) and plotted in the figures 4.3, 4.5.

αas(y) = α1(1− Φas(y)) + α2Φas(y) (4.6)
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Figure 4.3: Asymmetric viscosity term formulated by asymmetric smoothened
Heaviside function for α1 = 100, α2 = 1, ϵ = 0.3

Figure 4.4: Asymmetric smoothened Heaviside function for α1 = 100, α2 = 90,
ϵ = 0.3
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Figure 4.5: Asymmetric viscosity term formulated by asymmetric smoothened
Heaviside function for α1 = 100, α2 = 90, ϵ = 0.3, Asymmetric viscosity term
becoming symmetric when α1

α2
→ 1

On comparing the figures 4.3, 4.5 we note that as fluid 2 approaches fluid 1,
asymmetric αas(y) become symmetric αs(y) .

Previously we saw the final reformulation for f̂as(y) is done by αsharp
s (y).

This resultant force distribution for this new reformulation is shown in the
figures 4.6, 4.7. f̂as(y) is expressed in (4.7).

Φ3ϵ
s (y) =

1

1 + exp(−(3+log(α1/α2+α2/α1))
1
ϵ y)

;

f̂as(y) = [
dΦas(y)

dy
αsharp
s (y) +

dΦ3ϵ
s (y)

dy
αsharp
s (y)]

c1

If̂as(y)
(4.7)

If̂as(y) =

+l∫
−l

[
dΦas(y)

dy
αsharp
s (y) +

dΦ3ϵ
s (y)

dy
αsharp
s (y)]dy
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Figure 4.6: Asymmetric force term formulated by sharpen viscosity term for
α1 = 100, α2 = 1, ϵ = 0.3

Figure 4.7: Asymmetric force term formulated by sharpen viscosity term for
α1 = 100, α2 = 90, ϵ = 0.3,

From the above figures 4.5, 4.6 we see that f̂as(y) approaches f̂s(y) when



29

fluid 2’s material properties tend towards fluid 1’s material properties. This
force distribution can be viewed in other sense. Since one fluid’s viscosity is
larger than the other fluid’s viscosity, its resistance to flow is larger than the
other low viscous fluid. So if the same force is applied to fluid 1 and fluid 2,
low viscous fluid’s velocity is greater than the high viscous fluid’s velocity. So
to avoid this asymmetric condition in velocity distribution, high viscous fluid
has to take larger portion of force from the net force. This is what the figure
4.7 explain us. Suppose if two fluids have almost same resistance to flow then
the force has to be supplied equally to both the fluids from the net force. This
kind of distribution is managed by the αsharp

s (y) in the force term. Example for

α1 = α2 = 100, f̂as(y) is as in the figure 4.8.

Figure 4.8: Asymmetric force term formulated by sharpen viscosity term for
α1 = 100, α2 = 100, ϵ = 0.3, Asymmetric become symmetric when α1

α2
= 1

Now since f̂as(y) and αas(y) are smooth across the Γ, (2.1) is solvable by

replacing α(y) by αas(y) and f̂(y) by f̂as(y)[2]. So the discontinuous two phase
physical model is transformed to continuous mathematical model seeking a
steady state solution. The resultant velocity distribution for both the viscosity
and force term modification compared to the other model is as in the figure 4.9.
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Figure 4.9: Velocity distribution comparison for α1 = 100, α2 = 1, ϵ = 0.2

Figure 4.9 shows that the new reformulated model(asymmetric) result is
nearly matching the exact solution while conservative level set(symmetric) result
is well deviated from the exact solution. But as we saw earlier in the chapter 3,
conservative level set model gives exact solution as ϵ → 0. In the same way, as
ϵ → 0 asymmetric model gives exact solution supported by the following figures
4.10, 4.11, 4.12.

Figure 4.10: Velocity Distribution comparison α1 = 100, α2 = 1, ϵ = 0.05
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Figure 4.11: Velocity distribution comparison for α1 = 100, α2 = 1, ϵ = 0.02

Figure 4.12: Velocity distribution comparison for α1 = 100, α2 = 1, ϵ = 0.002

The above figures clearly explain that the convergence of asymmetric model
solution to the exact solution is much faster than the symmetric model. So we
get a reasonable accuracy for reasonable computational cost. One drawback of
symmetric model is now removed. Let us see that the other one whether the
resultant solution is consistent for general cases of any two fluids.

Let us plot the velocity distribution for fixed ϵ = 0.1 and for various fluid
domains.
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Figure 4.13: Velocity distribution comparison for α1 = 100, α2 = 25, ϵ = 0.1

Figure 4.14: Velocity distribution comparison for α1 = 100, α2 = 50, ϵ = 0.1



33

Figure 4.15: Velocity distribution comparison for α1 = 100, α2 = 90, ϵ = 0.1

Figure 4.16: Velocity distribution comparison for α1 = 100, α2 = 97, ϵ = 0.1,
Velocity distribution comparison for α1

α2
≈ 1

The above figures 4.13, 4.14, 4.15, 4.16 are plotted for various cases of α1

and α2 values. Comparing those figures we very well see that the exact solution
distribution is constant for all cases and the asymmetric model solution is almost
consistent for all the cases taken. But the symmetric model solution varies for
different scenario and converge to asymmetric model solution as α2 approaches
α1. So the second drawback of symmetric model is remedied. Finally we can



make overall picture of the reformulation and their distribution for the domain
of various fluids as like in the following table 4.1.

Table 4.1: Dependence of various distribution on α1

α2

Formulation α(y) f(y) u(y)
Symmetric αs(y)independent fs(y)independent dependent
Asymmetric αas(y)dependent fas(y)dependent Nearly independent

So by asymmetric model we get a good convergence to the resultant solution
and can be applicable to the domain of any two immiscible fluids.



Chapter 5

Conclusion

In this thesis, we stated the physical model of two phase flow (The Navier Stokes
equation including surface surface tension effect) to emphasize the importance of
regularizing the fluid’s material properties. The model we took was Marangoni
convection on two immiscible liquids having jump discontinuity in the fluid’s
material properties at the interface. We considered a simple setting with a flat
interface, where an exact velocity distribution could be determined by consid-
ering the jump condition formulation. To compare, we used the Conservative
level set method to regularize the fluid properties and modeled the surface ten-
sion effect by a force term consisting of a symmetrically smoothed Heaviside
function. The solution matched the exact solution well when the viscosities of
the two fluids were close. When the viscosities differed significantly, the reg-
ularized solution deviated considerably from the exact solution. In particular
the point with maximum velocity was shifted away from its correct position at
the interface. This bad behavior was reduced when the smoothing parameter
ϵ tended towards zero, but at the cost of significantly increased computational
work. Therefore a new model was reformulated to get a good convergence in
the resultant velocity distribution for a reasonable computational cost and ap-
plicable to a general case of any two fluids. The final reformulation satisfied the
requirement.
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