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The implementation of PML for the wave equation is considered in multiblock domain
settings. The interface reflections due to the coupling (SBP-SAT) dominate in domain
decomposition settings and they are of the same order as the SBP operator used in
the interior domain. The reflections caused by constant PML damping profile are
eliminated when the domain is decomposed. With arbitrary small layer width and
domain decomposition, it is possible to efficiently damp the wave as it propagates to
the layer by carefully choosing the auxiliary variables. The use of constant damping
profile in multiblock settings, allows for smaller layer width and larger time step than
the one domain settings, thus PML efficiency is enhanced.
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Chapter 1

Introduction

In this thesis we consider the solution of initial boundary value problems (IBVP).
We are mainly interested in time dependent wave propagation problems. The
wave propagation simulations provide results complementary to experimental
data within several �elds of physics and engineering science (e.g. acoustics,
electromagnetic, seismology etc.). The simulation of continuous problems must
be replaced by a discrete problem so that the computer can handle the problem
in �nite time and space. The main classes of numerical discretization methods
are; �nite di�erence methods, �nite element methods and �nite volume methods.

The numerical methods usually di�er in terms of:

1. Carrying out an e�cient computations

2. Memory requirements

3. Ability to solve for complex geometries

4. Convergence to the exact solution of the problem as the grid is re�ned

Finite di�erence methods are known to be e�cient, and they tend to give a more
accurate solution as the grid becomes �ner. Using a high order �nite di�erence
scheme enables for more accurate solution with a smaller grid size. The major
drawback of using a �nite di�erence method is that it is hard to construct grids
for complex geometries. The �nite volume and �nite element methods succeeds
where the �nite di�erence fail, that is, they resolve complex geometries.

In solving wave propagating problems, high order accurate time marching
and also high order spatial accurate schemes are required (at least 3rd order),
and that is due to the fact that the computational domain for such problems is
large compared with the wavelength, and high order accurate methods enables
for a smaller phase error, see[7].

Low order accuracy methods (�rst and second) were used in modern com-
putational sciences since the forties. Today, due to implementation simplicity,
�rst and second order accurate methods are still in use [5]. High order �nite
di�erence methods (HOFDM) are used to produce a more e�cient solution for
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linear wave propagation problems in smooth geometries. Compared to low or-
der methods, with a given error tolerance, HOFDM will need less grid points,
which means less memory requirements. On the other hand, HOFDM requires
more computational time since the computer has to carry out more arithmetic
operations for each point. Moreover, HOFDM may su�er numerical instability
for nonlinear problems, or when the geometry is not smooth enough, see [8].

Since the computational resources are limited, one will want to truncate the
domain to �nite domain when solving wave propagation problems. The oscillat-
ing nature of the wave equation solutions and the small decay rate they have,
makes it hard to use periodic boundary conditions, or non-re�ecting bound-
aries in truncating the domain, without having spurious re�ections. Therefore,
the wave equation needs a di�erent technique to truncate the domain without
causing any re�ections; an absorbing boundary that will absorb the waves [6].

In 1994 Berenger [1] formulated a new method for absorbing boundary condi-
tions (ABCs), namely the Perfectly Matched layer, PML. The major advantages
of PML technique is that it absorbs all waves regardless of frequencies or an-
gles of incidence, and no re�ections appear at the layer interface. When using
PML for �rst order systems, there is no requirement of the damping function
to start at zero. PML is now used as a standard method in computational
electromagnetic, and it is widely used for hyperbolic problems.

For most hyperbolic systems, applying the PML transformation in the fre-
quency domain requires an introduction of auxiliary variable(s) to transform
back to the time domain. The number of auxiliary variables can be reduced by
carefully deriving the PML transformation in the Fourier domain. In [3], Duru
was able to reduce the number of auxiliary variables in the layer from two to
one in the case of 2D Maxwell's equation, and instead of requiring 18 auxiliary
variables in the 3D case, he used six auxiliary variables.

Moreover, when discretizing the problem of PML, the use of �nite di�erence
schemes at the layer interface requires a use of a smooth damping function that
has a value of zero at the beginning of the layer. The smoother the damping
function the less re�ections we have in the domain of interest.

When the PML is truncated to a �nite width, the exponentially small re-
mainder of the waves is re�ected across the outer boundary. The damping
power of the PML is determined by the integral of the damping coe�cient σ,
this means that we can reduce the error by increasing the damping coe�cient
σ , making the layer wider, or both. This means that more computations are
needed.

In this thesis, we are considering the solutions of hyperbolic PDEs, in multi-
block domain decomposition settings and constant PML damping function. The
domain will be decomposed at the beginning of the PML. Domain decomposition
allows for using di�erent spatial discretization methods in the domain and the
layer. Using a low order of accuracy in the layer will enable for a small layer
width. Spurious re�ections are expected at the layer interface, such re�ections
occur in domain decomposition settings without PMLs, see [2]. Our main idea is
to use a small layer width with low order of accuracy, and obtain high damping
power. To be able to do so, we will decompose the computational domain
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using multiblock fashion, introduce PML in the second domain, and see how
the re�ections behave using constant damping function.

We will proceed this report as follows. In section 2 we present theoretical
background about our work. In section 3 we discuss the methodology we used.
In section 4 we present numerical results, and in section 5 we summarize up our
results and conclusions.

1.1 Model Problem

We consider the following model problem with suitable initial and boundary

ut +Aux +Buy = 0. (1.1)

x, y ∈ Ω = Ω1 ∪ Ω2.

where u is a vector of length m, A and B are an m − by − m diagonalizable
matrices with real eigenvalues. The domain Ω is decomposed into two domains
Ω1 and Ω2. The problem (1.1) will be solved in the domain Ω1, and the corre-
sponding PML to (1.1) will be solved in the second domain Ω2 .

Figure 1.1: The computational domain.
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Chapter 2

Theoretical background

In this section, we present some de�nitions and theories that we will use through-
out this report. No proofs will be shown here, instead we will present references.

2.1 Scalar product and Norms

Let the inner product of two real valued functions u, v ∈ L2[a, b] be de�ned by:

(u, v) =

ˆ b

a

uvdx (2.1)

and the corresponding L2 − norm is de�ned by :

||u||2 = (u, u) (2.2)

When we discretize the domain x ∈ [a, b], using N equidistant grid points,
using the notation;

xj = a+ h(j − 1), h = b−a
N−1 , j = 1, 2, ..., N.

The discrete numerical approximation at the grid point xj is denoted by vj and
the discrete solution vector is v = [v1,, v2, ..., vN ]T . The analogous inner product
and norm for the discrete real valued vector functions u, v ∈ Rn can be de�ned
by:

(u, v)H = vTHu (2.3)

||v||2H = (v, v)H (2.4)

where H = HT > 0.
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2.2 Hyperbolic PDEs

Consider the system of partial di�erential equations

ut +Aux +Buy = 0. (2.5)

De�nition 1. The system (2.5) is said to be hyperbolic if ∀α, β ∈ < such

that the matrix C = αA + βB has real eigenvalues and is diagonalizable. If C
has real eigenvalues and there is a complete set of eigenvectors; the system is

called strongly hyperbolic. If C has distinct real eigenvalues, it follows that it is

diagonalizable, in this case the system (2.5) is called strictly hyperbolic.

Using the assumption that (2.5) is strictly hyperbolic, we can de�ne the
characteristic variables with respect to the x − axis by setting B to zeros, we
have:

ut +Aux = 0 (2.6)

Since the system (2.5) is strictly hyperbolic, it follows that A is diagonaliz-
able with real eigenvalues, that is:

A = PΛP−1,

ut + PΛP−1ux = 0,

⇒ P−1ut + ΛP−1ux = 0.

(2.7)

we introduce the characteristic variable q = P−1u, we have

qt + Λqx = 0 (2.8)

Equation (2.8) gives the decoupled scalar system of (2.5) in the x direction.
The sign of eigenvalue λi gives the direction of the characteristic variable or the
direction of information �ow. To obtain the characteristics of the y − axis we
can set A to zero and follow the same procedure.

2.3 Stability and Well-Posedness

Consider the initial-boundary value problem (IBVP):

ut +Aux +Buy = 0, 0 ≤ t0 ≤ t, (x, y) ∈ [0, 1]2,

L0u(0, y, t) = g0(y, t), L1u(1, y, t) = g1(y, t),

R0u(x, 0, t) = s0(x, t), L0u(x, 1, t) = s1(x, t),

u(x, y, 0) = f(x, y).

(2.9)

where L0, L1, R0, and R1 are boundary operators, g0, g1, s0 and s1 are the
boundary data, f(x, y) is the initial data.
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De�nition 2. The problem (2.9) is said to be well posed if for every t > 0 and

every f ∈ C∞(x, y, t) that vanishes in the neighborhood of (x, y) ∈ [0, 1]2, and
we have g0(y, t) = g1(y, t) = s0(x, t) = s1(x, t) = 0, it has a unique smooth

solution that satis�es the estimate;

‖ u(., ., t) ‖2≤ Keαt ‖ f ‖2 (2.10)

where K and α are independent of f and t0.

The IBVP (2.9) is well posed if it is strongly hyperbolic, and the boundary
conditions can be written such that the characteristic variables connected with
the in-going characteristics can be represented in terms of the other variables.
See [5].

The problem (2.9) with general inhomogeneous data, the problem is strongly
well posed if it is well posed and instead of equation (2.10) the estimate is

‖ u(., ., t) ‖2≤ Keα(t−t0)(‖ f ‖2 +

ˆ t

0

ˆ
Γy0

(g0(y, τ))2dydτ

+

ˆ t

0

ˆ
Γy1

(g1(y, τ))2dydτ +

ˆ t

0

ˆ
Γx0

(s0(x, τ))2dxdτ (2.11)

+

ˆ t

0

ˆ
Γx1

(s1(x, τ))2dxdτ).

where Γx0
= (x, 0),Γx1

= (x, 1),Γy0
= (0, y),Γy1

= (1, y), and K(t0, t) is a
function that is independent of data and bounded in every �nite time interval.

The discrete approximation of the IBVP (2.9) can be written as a system of
ordinary di�erential equations (ODE);

vt +Mv = G(t), t ≥ 0,
v(0) = f.

(2.12)

whereM is the matrix representing the spatial discretization including boundary
conditions, and G is a known vector function. If (2.9) is well posed and the
boundary data is zero at the boundaries, there exists an energy estimate of the
form (2.10).

We will consider the semi-discrete approximation (2.12), such that there is
a corresponding discrete energy estimate of the form:

‖ u ‖2H≤ Kde
αdt ‖ f ‖2H (2.13)

where αd ≤ αc + O(h), which means that a strictly stable approximation has
the same asymptotic growth as the continuous problem.

2.4 SBP-SAT

The summation-by-parts (SBP) operator is an explicit centered di�erence scheme.
SBPs are the discrete analogous to the integration by parts in the continuous
case. Consider the one way wave equation:
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ut + ux = 0, 0 ≤ t0 ≤ T, 0 ≤ x ≤ 1,

u(0, t) = g(t),

u(x, 0) = f(x).

(2.14)

We derive an energy estimate by multiplying (2.14) by u and integrating:

ˆ 1

0

uutdx+

ˆ 1

0

uuxdx = 0.

Using integration by parts, then time integration we have:

d‖u‖2
dt + u(1, t)2 − u(0, t)2 = 0,

‖ u ‖2 +
´ T

0
u(1, t)2dt =

´ T
0
g(t)2dt.

(2.15)

Discretizing the problem in (2.14) using SBP-SAT scheme, denoting the
discrete solution v we have:

vt = −Dv − τH−1e1(v0 − g(t)),
v(0) = f(x).

(2.16)

where second part of the right hand side of (2.16) is called the penalty term
de�ning the SAT, τ is the penalty parameter, e1 = [1, 0, ..., 0]T a vector of length
N , D is the matrix approximating the spatial derivative and has the following
properties:

D = H−1Q, H = HT ,
xTHx > 0, ∀x 6= 0,
QT +Q = B, B = diag(−1, 0, ..., 0, 1).

where H is a diagonal matrix used to de�ne the norm ‖ v ‖2= vTHv. The
discrete energy estimate analogous to (2.15) is:

d‖v‖2H
dt = (v, vt)H + (vt, v)H

d‖v‖2H
dt = v2

0 − v2
N + τ(g2 − v2

0 − (v0 − g)2).

Stability requires that v is bounded in some norm, to achieve that we need
to have τ ≥ 1,choosing τ = 1 and integrating in time we have:

‖ v ‖2 +

ˆ T

0

v2
Ndt =‖ f ‖2 +

ˆ T

0

g2dt−
ˆ T

0

(v0 − g)2dt. (2.17)

Notice that (2.17) is similar to the continuous estimate in (2.15) but with a
small extra damping term (v0 − g)2.

The SBP operators we are considering in this project are high order accu-
rate centered �nite di�erence approximations with global accuracy order q, and
accuracy at the boundaries of order (q − 1), see [5].
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Theorem 1. Lax-Richtmayer Equivalence Theorem

A consistent �nite di�erence scheme for a partial di�erential equation for

which the initial value problem is well-posed is convergent if and only if it is

stable.

Theorem (1) is of great importance in our thesis, since our primary goal is to
be able to predict that an approximated solution is the outcome of computations.

2.5 Kronecker Product

Let the matrices A and B be of size m − by − n and l − by − p respectively,
then the Kronecker product of A and B denotes by A ⊗ B is a matrix of size
m · l − by − n · p:  a11B a12B ... a1mB

... ... ... ...
an1B an2B ... anmB


Kronecker product properties:

1. (A⊗B) · (C ⊗D) = (A · C)⊗ (B ·D)

2. If A and B are invertible, then: (A⊗B)−1 = A−1 ⊗B−1

3. (A⊗B)T = AT ⊗BT

2.6 PML

To derive the PML equation we consider the one way wave equation :

ut + ux = 0, x ∈ [a, b] (2.18)

The PML transformation is done in the Fourier domain by applying the
complex axis transformation:

∂

∂x
→ 1

1 + σx(x)
iω

∂

∂x
(2.19)

where the damping pro�le σx is a monomial of the form:

σx =

{
0, if x ≤ x0,

σmax
(
x−x0

d

)p
, if x ≥ x0

(2.20)

Here d is the layer width, x0 where the layer starts, σmax is the maximum value
of the function (2.20), and p is the polynomial order

By applying the complex axis transformation (2.19) on (2.18) in Fourier
domain, and transforming back to time domain we have:
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ut + ux = −σu (2.21)

see [6].
In the next section, we will use the theory presented in this section to as-

semble the methods we used in our computations.
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Chapter 3

Methodology

In this chapter we present the numerical analysis of the methods we used to
implement the two di�erent cases; scalar one way wave equation and �rst order
hyperbolic system in two space dimensions. We �rst derive the PML equations
for the problems we have and decompose the domain in the x-direction and
couple the two domains with the SAT technique.

3.1 One space dimension

We start with a simpli�ed problem of our model; scalar one space dimension
with constant coe�cient:

ut + aux = 0

and for simplicity we set the constant a = 1, the equation reads:

ut + ux = 0, x ∈ Ω
Ω = [a, b], a, b ∈ <. (3.1)

This is a hyperbolic PDE in one space dimension with constant coe�cient.

In Fourier analysis the general solution is considered to consist of the super-
position of the plane waves solution of the form:

u(x, t) = u0e
i(kx−ωt) (3.2)

where u0 is the amplitude, k and ω are two real parameters called the wave
number and angular frequency. Since equation 3.2 is an analytic function of
x, we can analytically continue it to evaluate the solution at complex values
of x. The wave problem corresponds to x along the real axis, which gives the
oscillating solution eikx shown in top-right corner of �gure (3.1) . However,
evaluating the solution for the transformed x contour shown in bottom-left of
�gure (3.1) where we added a linearly growing imaginary part for Rex > 0. The
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solution in this case is exponentially decaying for real x > 4 as the imaginary
part increases. The solution in this part of the domain can be expressed as :

eik(Rex+iImx) = e−kImxeikRex (3.3)

assuming that k is positive, the damping power is equal to e−kImx in the region
Rex > 0, and the solution is not changed in the region where Rex < 0.

Figure 3.1: Top: the oscillating solution eikx (right) corresponds to x along the
real axis in the complex x plane (left). Bottom: transformed x contour in the
complex x plane(left) and the corresponding decaying solution(right).

By changing the notations, equation (3.3) can be written as :

e−
k
ω

´ x σx(ξ)dξeikx (3.4)

where σx is the �rst derivative of the function that transforms the x contour
along the imaginary axis.

Transforming equation (3.4) to real coordinates we can write our model
equation (3.1) as

ut + ux + σu = 0, x ∈ Ω
Ω = [a, b], a, b ∈ <. (3.5)

where σ = 0 outside the PML region and σ > 0 inside the layer.
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3.1.1 Multiblock settings and PML

Consider the IBVP in one space dimension

ut + ux = 0, x ∈ Ω2 = [−1, 1], 0 ≤ t,
u(−1, t) = g(t),

u(x, 0) = f(x),

vt + vx − σ(x)v = 0, x ∈ Ω2 = [1, L],

v(1, t) = u(1, t),

v(x, 0) = f2(x).

(3.6)

In our problem above, we set the domain Ω1 = {x : −1 ≤ x ≤ 1}, and we
add the layer in the second domain Ω2 = {x : 1 ≤ x ≤ L} where L here is
where our layer ends, we discretize and couple the domains using the SBP-SAT
technique. The �rst domain Ω1 is discretized into m-equidistant grid points,
and the layer Ω2 is discretized into l-equidistant grid points, denoting the semi-
discrete solution in the domain Ω1 as U and the solution in the layer as V . The
corresponding SBP operators used in the domains Ω1 and Ω2 are D1 and D2,
the corresponding diagonal norms are H1 and H2, the corresponding discrete
energy estimate can be written as:

d

dt

[
U(t)
V (t)

]
= −

[
D1 0
0 D2

] [
U(t)
V (t)

]
−
[
τH−1

1 (U0(t)− g(t))e0

δH−1
2 (V0(t)− Un(t))e2

]
(3.7)

where the parameters τ and δ are the penalty terms at the physical boundary
x = −1, and the interface x = 1, respectively.
e0 = [1, 0, ..., 0]T is a vector of length m, e1 = [1, 0, ..., 0]T is a vector of length
l.

The semi-discrete approximation of the decomposed solution U in Ω1 and
V in Ω2 can be bounded by some norm, this can be achieved by choosing the
penalty parameters of the physical boundary at x = −1, and at the interface
x = 1, to be τ, δ ≥ 1. Thus, the solution is stable. By choosing τ = δ = 1, we
have the norm:

∥∥∥∥[ U(t)
V (t)

]∥∥∥∥2

H

=

∥∥∥∥[ U(0)
V (0)

]∥∥∥∥2

H

+

ˆ T

0

g2dt−
ˆ T

0

(U0 − g)2dt−
ˆ T

0

(V0 −Um)2dt.

(3.8)

where the block norm H =

[
H−1

1 0
0 H−1

2

]
.

The PML parameter σ=0 outside the region where there is no PML so our
semi-discrete solution becomes (3.7):

d

dt

[
U(t)
V (t)

]
= −

[
D1 0
0 D2

] [
U(t)
V (t)

]
−
[
τH−1

1 (U0(t)− g(t))e0

δH−1
2 (V0(t)− Un(t))e2

]
−
[

ΣV (t)

]
(3.9)
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where Σ is a diagonal matrix of size l − by − l, and Σ contains the damping
coe�cients. Since the matrix Σ is a positive de�nite, the semi-discrete solution
in (3.9) is bounded, and will experience no growth.

3.2 Hyperbolic System in 2D

In this subsection, we consider adding PML to systems of �rst order hyperbolic
PDEs in domain decomposition settings. In previous section we added the PML
in the x direction for the �rst order scalar wave equation. In this part, we will
present the construction of PML in the x direction for a system of hyperbolic
PDEs.

Consider the strictly hyperbolic system

ut +Aux +Buy = 0, t ≥ 0, (x, y) ∈ Ω,

Ω = {(x, y) : −1 ≤ x ≤ 1, −1 ≤ y ≤ 1}.
u(−1, y, t) = L−1u, u(1, y, t) = L1u,

u(x,−1, t) = P−1u, u(x, 1, t) = P1u.

(3.10)

where L−1, L2, are characteristic boundary operators at the left and right of the
domain, P−1, P1 are periodic boundary operators at the bottom and top of the
domain.

In Fourier transform, the general solution of (3.10) admits the plane wave
solution of the form :

u(x, y, t) = u0e
−i(kxx+kyy−ωt) (3.11)

where kx, ky are the spatial wave numbers, ω is the angular frequency and u0 is
the amplitude. We are interested in adding the PML in the x direction where
x ≥ 1, to have exponentially decaying solution in the PML region, we make the
ansatz:

u(x, y, t) = u0e
− kx

ω Σ(x)e−i(kxx+kyy−ωt) (3.12)

where Σ(x) is a non-negative real valued function in the PML region, and is
zero where x ≤ 1. Re-arranging (3.12) we can write the solution as

u(x, y, t) = u0e
−i(kx(x+

Σ(x)
iw )+kyy−ωt) (3.13)

Writing x̃ = x+ Σ(x)
iw , the solution in (3.13) can be seen as a plane wave solution

to the wave equation in the transformed variables (x̃, y). To transform back to
the real coordinates we apply the following coordinate transformation

1

s
=

∂

∂x̃
=

1

1 + σ(x)
iω

, where : σ(x) =
dΣ(x)

dx
. (3.14)
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Applying this complex axis transformation to the system (3.10) Fourier space
we have:

iωû+

(
1

s

)
Aûx +Bûy = 0.

Using the fact that 1
s = 1− 1

s
σ
iω , we have:

iωû+Aûx −
1

s

σ

iω
Aûx +Bûy = 0.

To localize the PML in time we introduce the auxiliary variable;

φ̂ =
1

s

1

iω
ûx =

1

1 + σ
iω

1

iω
ûx (3.15)

Fourier transforming back to time coordinates we have :

ut +Aux +Buy − σAφ = 0,

φt = ux − σφ.
(3.16)

Note that the auxiliary variables are zeros everywhere except in the layer where
σ 6= 0.

In our thesis here, we are considering one case of the hyperbolic system in
3.10, with the matrices;

A =

 0 1 0
1 0 0
0 0 0

 , B =

 0 0 1
0 0 0
1 0 0

 , and u(x, t) =

 u1(x, y, t)
u2(x, y, t)
u3(x, y, t)

 . (3.17)

Substituting (3.17) in (3.16), we can write the system as :

u1t + u2x + u3y − σφ2 = 0,

u2t + u1x − σφ1 = 0,

u3t + u1y = 0,

φ1t = u1x − σφ1,

φ2t = u2x − σφ2.

(3.18)

Another way to derive the PML for (3.10) , is done by applying the axis
transformation to each equation individually in the x direction, that is :

û1 +
1

s
û2x + û3y = 0,

û2 +
1

s
û1x = 0,

û3 + û1y = 0.

(3.19)
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Introducing an auxiliary variable to localize in time for the �rst equation in
(3.19), and transforming back to real coordinates we have:

u1t + u2x + u3y + σu1 + φ = 0,

u2t + u1x + σu2 = 0,

u3t + u1y = 0,

φt = σu3y.

(3.20)

The di�erences between the PML equations (3.18) and (3.20) is that we need
only one auxiliary variable in (3.20) instead of two auxiliary variables in (3.18),
and also the auxiliary variable in (3.20) is written in terms of the derivative in
the y-direction (tangent to the layer interface), while the auxiliary variables in
(3.18) are written in terms of the derivative in the x-direction (normal to the
layer interface).

3.2.1 Multiblock settings

We will now decompose the domain (Ω = Ω1 ∪Ω2) for the system of hyperbolic
PDE in a multiblock fashion, discretize the domains and couple the solution
using SBP-SAT method. The PML is introduced in the second domain since
it is zero in the �rst domain, we start with the case where we have 2 auxiliary
variables normal to the layer interface (3.18), we can write:

vt +Avx +Bvy = 0, 0 ≤ t, (x, y) ∈ Ω1,

Ω1 = {(x, y) : −1 ≤ x ≤ 1, −1 ≤ y ≤ 1}.
(3.21)

wt +Awx +Bwy − σAφ = 0, 0 ≤ t, (x, y) ∈ Ω2,

φt = wx − σφ,
Ω2 = {(x, y) : 1 ≤ x ≤ L, −1 ≤ y ≤ 1}.

(3.22)

where L > 1 is the end of the second domain Ω2 in the x-direction.
We now discretize the domains Ω1,Ω2 with n and l points in the x-directions

and k points in the y-direction. Denoting the semi-discrete solution in the
domain as V (mnk − by − 1 vector), and in the layer (Ω2) as W (mlk − by − 1
vector ), the semi-discrete approximations using the SBP-SAT method can be
expressed as :

dV

dt
= −(Dx1

⊗ Ik ⊗A)V − (In ⊗Dy1 ⊗B)V

− (Hx1
⊗ Ik ⊗ Im)−1Γ̃left(e

left
n ⊗ (L−1V ))

− (Hx1 ⊗ Ik ⊗ Im)−1Γ̃right(e
right
n ⊗ (ΠRV ))

− (In ⊗Hy ⊗ Im)−1Γ̃top((P1V )⊗ etopk )

− (In ⊗Hy ⊗ Im)−1Γ̃bottom((P−1V )⊗ ebottomk )

(3.23)
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dW

dt
= −(Dx2

⊗ Ik ⊗A)W − (Il ⊗Dy2 ⊗B)W

− (Hx2
⊗ Ik ⊗ Im)−1Σ̃left(e

left
l ⊗ (ΠLW ))

− (Hx2 ⊗ Ik ⊗ Im)−1Σ̃right(e
right
l ⊗ (L1W ))

− (Il ⊗Hy ⊗ Im)−1Σ̃top((P1W )⊗ etopk )

− (Il ⊗Hy ⊗ Im)−1Σ̃bottom((P−1W )⊗ ebottomk )

(3.24)

where:
Dx1

, Dx2
are the SBP operators approximating the derivatives with respect to

x in the domains Ω1 and Ω2 respectively
Dy is the SBP operator approximating the derivative with respect to y
Hx1 , Hx2and Hy are the corresponding diagonal norms.
eleftn =[1, 0, ..., 0]T a vector of length n
erightn =[0, ..., 0, 1]T a vector of length n
etopk =[0, ..., 0, 1]T a vector of length k
ebottomk =[1, 0, ..., 0]T a vector of length k
Ik, In, Im, Il are square identity matrices of sizes k−by−k, n−by−n, m−by−m,
l − by − l respectively.
L−1, L1 are characteristic boundary operators at the left of Ω1(x = −1), and
the right of Ω2 (x = L)
P−1, P1 are periodic boundary operators at the top and bottom of the domain
Ω1 and Ω2

ΠR,ΠL are characteristic boundary operators at the interface between Ω1and
Ω2 (x = 1)
Γ̃left = Γleft ⊗ In ⊗ Ik
Γ̃right = Γright ⊗ In ⊗ Ik
Σ̃left = Σleft ⊗ Il ⊗ Ik
Σ̃right = Σright ⊗ Il ⊗ Ik
The matrices Γleft,Γright...Σleft...Σbottom are diagonal matrices of size m−by−
m , and to be determined by stability.

The stability of the semi-discrete approximations (3.23) and (3.24) can be
achieved by rightly choosing the penalty terms Γleft,Γright,Γtop,Γbottom and
Σleft,Σright,ΣtopΣbottom, see [7].

Since we are interested in adding the PML in the second domain Ω2, the
semi-discrete approximation of the solution in the second domain can be re-
written with the PML derivation in (3.22) as:
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dW

dt
= −(Dx2

⊗ Ik ⊗A)W − (Il ⊗Dy2 ⊗B)W

− (Hx2
⊗ Ik ⊗ Im)−1Σ̃left(e

left
l ⊗ (ΠLW ))

− (Hx2 ⊗ Ik ⊗ Im)−1Σ̃right(e
right
l ⊗ (L1W ))

− (Il ⊗Hy ⊗ Im)−1Σ̃top((P1W )⊗ etopk )

− (Il ⊗Hy ⊗ Im)−1Σ̃bottom((P−1W )⊗ ebottomk )

+ (σ̃1 ⊗A)φ̃

(3.25)

and the auxiliary variable φ̃:

dφ̃

dt
= (Dx2

⊗ Ik ⊗ Im)W − σ̃1φ̃. (3.26)

where σ̃1 is a matrix of size kl − by − kl, and σ̃ = σ ⊗K ⊗ Im, where
K=[1, 1, ...1, 1]T , a vector of size k
σ1 =diag(σ(x1), σ(x2), ...., σ(xl)) , where σ(x) is the PML function, and σ1 is of
size l − by − l
φ̃ is of same length as W.

The PML semi-discrete approximation for the case of using one auxiliary
variable in (3.20) in the second domain Ω2 can be written as :

dW

dt
= −(Dx2

⊗ Ik ⊗A)W − (Il ⊗Dy2 ⊗B)W

− (Hx2 ⊗ Ik ⊗ Im)−1Σ̃left(e
left
l ⊗ (ΠLW ))

− (Hx2
⊗ Ik ⊗ Im)−1Σ̃right(e

right
l ⊗ (L1W ))

− (Il ⊗Hy ⊗ Im)−1Σ̃top((P1W )⊗ etopk )

− (Il ⊗Hy ⊗ Im)−1Σ̃bottom((P−1W )⊗ ebottomk )

− (σ̃2 ⊗ E1)W − E2 ⊗ φ̃

(3.27)

where;
σ̃2 = σ̃1

E1 = diag(1, 1, 0), E2 = diag(1, 0, 0), and the vector φ̃ =

 φ
0
0

.
The auxiliary variable φ is of the same size as w1 with the semi-discrete approx-
imation:

dφ

dt
= σw3y. (3.28)
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3.3 Damping Power

The equation (3.3) shows that the damping power of the wave corresponds to
the value:

e
−
´ d
x0
σxdx (3.29)

Inserting the function (2.20) in (3.29) and integrating we have :

e
−
´ d
x0
σxdx = e−σmax

1
p+1

1
dp (x−x0)p+1|dx0 (3.30)

Substituting the end values of x in (3.30) and multiplying by 2 since the wave
is damped as it re�ects from the outer boundary of the PML, see[4], and since
the re�ections from the outer boundary Ref needed to be proportional to the
damping power, we can write:

Ref ∝ e−σmax
2d

p+1 (3.31)

Re-arranging the variables in (3.31) we can obtain the value of the damping
coe�cient in terms of the layer width and the re�ections:

σmax =
p+ 1

2d
log(

1

Ref
). (3.32)

Note: the re�ections are proportional to the spatial step size h and the SBP
operator order of accuracy n, thus we use; Ref = hn.

In the next part, we present and discuss some of the results obtained from
the computations performed on the one dimensional problem and the hyperbolic
system in two dimensions, to integrate in time we used the classical Runge-Kutta
fourth order approximation.

24



Chapter 4

Numerical results

4.1 Introduction

Discrete approximation of PML in one domain settings requires a use of a
smooth damping function, and that's because of the re�ections obtained in
discretization at the beginning of the layer. Using a constant PML is not really
used in one domain settings. Moreover, coupling two domains using SBP-SAT
technique also produces spurious re�ections as the wave passes the interface.

It has been shown by Duru [2] that the solution is more accurate when using
a higher order SBP operator in Ω1, and a lower order SBP operator in Ω2, than
in using lower order SBP operator in Ω1, and higher order SBP operator in Ω2.

Duru also showed that re�ections are of the same order as the SBP operator
used in Ω1, and independent of the SBP operator used in the second domain
Ω2. Based on these observations, and the fact that we are interested in a thin
layer (Ω2), we present the computations of using lower order SBP operator in
the second domain (SBP of order 2 in the layer).

In this chapter, we use the methods developed in the previous chapter to
present the some numerical results of using PML in domain decomposition set-
tings. We are interested in using as thin layer as possible in the PML region
with constant PML function. To use as small layer as possible, we will be using
a small stencil in the layer (SBP2), which requires at least 3 points to use the
stencil. We present the results of using di�erent SBP operators in the domain
of interest (Ω1)coupled with SBP2 in the layer (Ω2), that is:

• SBP2-SBP2
SBP2 in the domain Ω1, as well as in the layer Ω2.

• SBP3-SBP2
SBP3 in the domain Ω1, and SBP2 in the layer Ω2.

• SBP4-SBP2
SBP4 in the domain Ω1, and SBP2 in the layer Ω2.
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The PML function is introduced in the layer Ω2, and the resulting semi-discrete
approximations were integrated in time with the classical fourth order Runge-
Kutta explicit method. We measure the re�ections in the domain Ω1as the wave
passes the interface. The re�ections were measured in L2 − norm de�ned by
equation (2.4). We measure the re�ections obtained from domain decomposi-
tion settings, and re�ections when we introduce constant damping function in
domain decomposition settings.

4.2 Model Problem

We start with the scalar �rst order one dimensional model problem in domain
decomposition settings, equation (3.6), with the following boundary and initial
data;

u(−1, t) =

{
sin4(πt), if 0 ≤ t ≤ 1,

0, otherwise,

u(x, 0) = 0.

(4.1)

where we decompose the domain Ω, into two domains Ω1 = {x : −1 ≤ x ≤ 1},
and Ω2 = {x : 1 ≤ x ≤ L}, the PML is added in the domain Ω2.

4.2.1 Numerical Errors and Interface re�ections

We start by representing the numerical errors of discretization in the domain
x ∈ Ω1 without decomposition. In table (4.1) the discrete solution was compared
to the exact solution at time t = 2. The global convergence rate of di�erent SBP
operators used in one domain settings can be seen in table (4.1).

Grid
size

Numerical Errors

SBP2 rate SBP3 rate SBP4 rate

0.04 1.2576e-01 6.0634e-03 6.9847e-04
0.02 3.2840e-02 1.9372 4.0657e-04 3.8985 2.8462e-05 4.6171
0.01 8.2060e-03 2.0007 2.7219e-05 3.9008 1.7651e-06 4.0112
0.005 2.0503e-03 2.0008 1.8659e-06 3.8667 1.2078e-07 3.8693

Table 4.1: Numerical errors in one domain using di�erent SBP operators (no
decomposition).

Next, we decompose the domains in multiblock fashion as described in sub-
section (3.1.1), and set the damping coe�cient to zero (σmax = 0). In table
(4.2) we present the interface re�ections and numerical errors in the domain Ω1.

26



Di�erent SBP operators in Ω1 were coupled with SBP2 in the domain Ω2. The
re�ections and errors are recorded at time t = 3, when the wave completely
passes the interface to the layer Ω2. We set the domain size of the layer Ω2 to
the same size of Ω1 , such that no e�ect of the right boundary appears in the
interface re�ections. The numerical error is obtained as the di�erence between
the exact solution and the discrete solution in Ω1, and the re�ections are ob-
tained as the di�erence between the decomposed solution in Ω1, and a reference
solution in a domain of size Ω = Ω1∪Ω2.

Grid
Size

SBP2-SBP2

Re�ections rate Error rate

0.04 8.3958e-03 2.9830e-02
0.02 2.0113e-03 2.0616 2.8021e-03 3.4122
0.01 4.9588e-04 2.02 5.2889e-04 2.4055
0.005 1.2352e-04 2.0052 1.2512e-04 2.0796

(a) Numerical errors and re�ections in the domain using SBP2-2.

Grid
Size

SBP3-SBP2

Re�ections rate Error rate

0.04 3.6443e-03 3.8624e-03
0.02 4.4901e-04 3.0208 4.5927e-04 3.0721
0.01 5.5923e-05 3.0052 5.6469e-05 3.0238
0.005 6.9841e-06 3.0013 7.0133e-06 3.0093

(b) Numerical errors and re�ections in the domain using SBP3-2.

Grid
Size

SBP4-SBP2

Re�ections rate Error rate

0.04 3.1580e-03 3.1882e-03
0.02 1.5143e-04 4.3823 1.5338e-04 4.3775
0.01 6.1027e-06 4.633 6.2819e-06 4.6098
0.005 2.3796e-07 4.6806 2.5605e-07 4.6167

(c) Numerical errors and re�ections in the domain using SBP4-2.

Table 4.2: Numerical re�ections and errors in the domain using domain decom-
position settings without PML.

Tables (4.2a) through (4.2c)shows that the numerical errors and re�ections
in the domain Ω1 are dependent of the SBP operator used in the domain Ω1.
On the other hand, they are independent of the accuracy used in the domain
Ω2. One can also notice that interface re�ections decreases as we increase the
grid size, and they have the same convergence rate of the SBP operator used in
the domain Ω1.
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4.2.2 Constant PML in One Domain Settings

We present the computations of using constant PML in one domain settings
with layer of width d = 1. The values of the constant damping coe�cients were
calculated using (3.32), with p = 0. The error and re�ections are obtained at
time t = 3, when the wave totally has passed the domain Ω1.

Grid
Size

SBP2

Re�ections rate Error rate

0.04 3.4881e-02 4.5161e-02
0.02 2.0615e-02 0.75878 2.0705e-02 1.1251
0.01 1.2061e-02 0.77326 1.2063e-02 0.77943
0.005 6.9291e-03 0.79967 6.9291e-03 0.79982

(a) Constant PML in domain decomposition with SBP2

Grid
Size

SBP3

Re�ections rate Error rate

0.04 3.9274e-02 3.9293e-02
0.02 2.3692e-02 0.72919 2.3692e-02 0.72987
0.01 1.3948e-02 0.76436 1.3948e-02 0.76438
0.005 8.0320e-03 0.7962 8.0320e-03 0.7962

(b) Constant PML in domain decomposition using SBP3

Grid
Size

SBP4

Re�ections rate Error rate

0.04 4.5267e-02 4.5268e-02
0.02 2.7437e-02 0.72231 2.7437e-02 0.72234
0.01 1.6174e-02 0.76243 1.6174e-02 0.76243
0.005 9.3185e-03 0.79555 9.3185e-03 0.79555

(c) Constant PML in domain decomposition with SBP4

Table 4.3: Constant PML in one domain settings and �xed layer width d = 1.

It is clear that re�ections in table (4.3), in one domain settings using con-
stant damping function, are independent of the grid size or the SBP operator's
accuracy. The reason of those high re�ections is that we are solving a problem
with a discontinuous coe�cient, without taking into account the discontinuity.

In one domain settings, the re�ections of PML are reduced by using smooth
PML functions. Using smooth PML functions with the same damping power as
of constant PML function will cause the value of the damping coe�cient σmax
to be of a very high value at the end of the layer. Moreover, the value of the
coe�cient doubles as we half the layer width. The higher the value of σmax
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imposes more restriction on the time step since the system becomes sti�er.

4.2.3 Constant PML in domain decomposition settings

In this subsection, we consider the same problem; constant PML coe�cients,
in a decomposed domain settings. We use the same parameters as in the one
domain settings above, and we records the results at the same time t = 3.
In table (4.4) we show the re�ections in the domain Ω1 for a �xed grid size
(h = 0.02), when using a layer of width d = 1. The values of the damping
coe�cient were chosen arbitrary for studying purposes.

In table (4.5), we change the layer width d, and compute re�ections for
di�erent SBP operators in Ω1coupled with SBP2 in the layer Ω2. The constant
damping coe�cient is computed using the relation (3.32) with p = 0, and n is
the order of accuracy of the SBP operator used in Ω1.

Grid
Size

σmax
Re�ections

SBP2-SBP2 SBP3-SBP2 SBP4-SBP2

0.02 10 2.0113e-03 4.4901e-04 1.5144e-04
0.02 20 2.0113e-03 4.4901e-04 1.5144e-04
0.02 40 2.0113e-03 4.4901e-04 1.5144e-04
0.02 80 2.0113e-03 4.4901e-04 1.5144e-04

Table 4.4: Re�ections in domain decomposition with di�erent σmaxvalues

Grid
Size

σmax
Re�ections

SBP2-SBP2 SBP3-SBP2 SBP4-SBP2

0.02 1 2.0113e-03 4.4901e-04 1.5144e-04
0.02 0.5 2.0113e-03 4.4901e-04 1.5144e-04
0.02 0.25 2.0113e-03 4.4901e-04 1.5144e-04
0.02 0.12 2.0113e-03 4.4901e-04 1.5144e-04

Table 4.5: Re�ections with using di�erent layer sizes and constant PML.

It is obvious from tables (4.4) and (4.5) that re�ections are independent of
the damping coe�cient σmax, and of the layer width d.
Note: the observation above applies also to linear and smooth PML functions.

Since the re�ections are independent of the damping coe�cient calculated
using constant damping pro�le , and also independent of the layer width d. We
will now look at the damping of the wave as it passes the interface, with a small
layer width, table (4.6). The number of grid points in the layer (Ω2) will be
�xed. The layer width is variable as we �x the number of points in the second
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domain Ω2. By using di�erent SBP operators and constant values of damping
coe�cient calculated using (3.32).

Grid
Size

Layer
width

SBP2-SBP2

Re�ections rate Error rate

0.04 0.12 8.3958e-03 2.9830e-02
0.02 0.6 2.0113e-03 2.0616 2.8021e-03 3.4122
0.01 0.3 4.9588e-04 2.02 5.2889e-04 2.4055
0.005 0.015 1.2352e-04 2.0052 1.2512e-04 2.0796

(a) Numerical errors and re�ections in the domain using SBP2-2.

Grid
Size

Layer
width

SBP3-SBP2

Re�ections rate Error rate

0.04 0.12 3.6443e-03 3.8624e-03
0.02 0.6 4.4901e-04 3.0208 4.5927e-04 3.0721
0.01 0.3 5.5923e-05 3.0052 5.6469e-05 3.0238
0.005 0.015 6.9841e-06 3.0013 7.0133e-06 3.0093

(b) Numerical errors and re�ections in the domain using SBP3-2.

Grid
Size

Layer
width

SBP4-SBP2

Re�ections rate Error rate

0.04 0.12 3.1580e-03 3.1882e-03
0.02 0.6 1.5143e-04 4.3823 1.5338e-04 4.3775
0.01 0.3 6.1027e-06 4.633 6.2819e-06 4.6098
0.005 0.015 2.3796e-07 4.6806 2.5605e-07 4.6167

(c) Numerical errors and re�ections in the domain using SBP4-2.

Table 4.6: Numerical re�ections and errors in the domain using domain decom-
position settings with 3 points in the layer.

By using a layer of �xed number of grid points N = 3, tables (4.6a) through
(4.6c) shows that the numerical re�ections and numerical errors, are precisely
the same as in tables (4.2a) through (4.2c). This means that regardless of
the layer size, one can construct a layer of a very small width, and having
damping power that could damp the total wave in this small layer using constant
damping coe�cients. Tables in (4.6) also show that order of accuracy for both
the numerical errors and numerical re�ections are of the same order as the SBP
operator used in the �rst domain Ω1.
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4.3 System of Hyperbolic PDEs in Two Space Di-

mensions

In this section we will consider the numerical solution of a linear system of
hyperbolic problem with PML in the x-direction in one domain and in domain
decomposition settings.

Consider the acoustic wave equation:

c2
∂2

∂t2
p = ρ∇(

1

ρ
∇p), 0 ≤ t, (x, y) ∈ Ω,

Ω = {(x, y) : −1 ≤ x ≤ 1, −1 ≤ y ≤ 1}.
(4.2)

where p is the acoustic pressure, c is the speed of sound, and ρ is the medium
density. Setting the parameters to constants: ρ, c = 1, and by changing vari-
ables, equation (4.2)can be written as a �rst order hyperbolic system of PDEs
(3.10) and the matrices and the vector u as (3.17), where :

u1(x, y, t) = p(x, y, t),

u2(x, y, t) =

ˆ t

0

∂p(x, y, τ)

∂x
∂τ,

u3(x, y, t) =

ˆ t

0

∂p(x, y, τ)

∂y
∂τ.

The computations were done with the following initial data:

u1(x, y, 0) = e−( x2+y2

0.12 ),

u2(x, y, 0) = e
−( x2+y2

(0.1)2
)
, (4.3)

u3(x, y, 0) = 0.

and periodic boundary conditions in the y−direction, and characteristic bound-
ary conditions in the x−direction. The initial data for all auxiliary variables
used is zero.

To begin with, we investigate the re�ections due to the interface in domain
decomposition settings. The interface re�ections are presented in table (4.7).
We solve using the technique described in subsection (3.2.1), and we solve with
no damping power (σmax = 0) .The domains Ω1 and the layer Ω2 are of the
same size, and the re�ections are obtained at time t = 2, such that the wave
has passed the interface and is not re�ected form the outer boundary. The
re�ections are obtained as the di�erence between the decomposed solution in
Ω1, and a reference solution in a domain of size Ω = Ω1∪Ω2.
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Grid
size

Re�ections

SBP2-SBP2 rate SBP3-SBP2 rate SBP4-SBP2 rate

0.04 4.1158e-3 4.3107e-3 7.3908e-3
0.02 1.1297e-3 1.8652 5.6958e-4 2.9199 8.9016e-4 3.0536
0.01 2.7351e-4 2.0463 6.9777e-5 3.0291 6.3330e-5 3.8131
0.005 6.7748e-5 2.0133 8.6587e-6 3.0105 3.9626e-6 3.9984

Table 4.7: Interface re�ections in domain decomposition no PML.

It is clear from table (4.7) that the interface re�ections are of the same
order as the SBP operator used in the domain Ω1, and independent of the SBP
operator used in the second domain Ω2.

4.3.1 PML With Two Auxiliary Variables

In this part, we consider the re�ections obtained using the semi-discrete approx-
imation in (3.25). Table (4.8) presents the re�ections obtained using constant
damping in domain decomposition with �xed layer width (10 percent of the do-
main width Ω1). Tables (4.9a) through (4.9c) displays the re�ections using the
same semi-discrete approximation with �xed number of grid points in the layer.
Note that the layer width is halved in every re�nement. All the measurements
were obtained at time t = 2, and the value of the damping coe�cient were de-
termined using (3.32) with p = 0, and n equals to the SBP operator's accuracy
used in Ω1.

Grid
size

Layer
width

Re�ections

SBP2-2 rate SBP3-2 rate SBP4-2 rate

0.04 0.2 4.1394e-3 4.3843e-3 7.4695e-3
0.02 0.2 1.1393e-3 1.8613 6.3600e-4 2.7853 9.9773e-4 2.9043
0.01 0.2 2.7753e-4 2.0374 1.1808e-4 2.4293 1.7224e-4 2.5342
0.005 0.2 6.9388e-5 1.9999 3.2420e-5 1.8648 5.3751e-5 1.6801

Table 4.8: PML re�ections using constant PML with �xed layer width.
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Grid
size

Layer
width

Re�ections

SBP2-2 rate SBP3-2 rate SBP4-2 rate

0.04 0.2 4.1394e-3 4.3843e-3 7.4695e-3
0.02 0.1 1.2153e-3 1.7681 1.0542e-3 2.0562 1.6153e-3 2.2092
0.01 0.05 6.2025e-4 0.9703 1.1037e-3 -0.0661 1.6534e-3 -0.0336
0.005 0.025 7.0981e-4 -0.1945 1.3450e-3 -0.2853 1.9567e-3 -0.2429

(a) PML re�ections using constant PML and number of points N=5 (2 aux.).

Grid
size

Layer
width

Re�ections

SBP2-2 rate SBP3-2 rate SBP4-2 rate

0.04 0.4 4.1193e-3 4.3214e-3 7.4018e-3
0.02 0.2 1.1393e-3 1.8543 6.3600e-4 2.7644 9.9773e-4 2.8912
0.01 0.1 3.1580e-4 1.851 3.4350e-4 0.8887 5.6730e-4 0.8145
0.005 0.05 2.0877e-4 0.5970 4.2439e-4 -0.3051 7.0822e-4 -0.320

(b) PML re�ections using constant PML and number of points N=10 (2 aux.).

Grid
size

Layer
width

Re�ections

SBP2-2 rate SBP3-2 rate SBP4-2 rate

0.04 0.8 4.1160e-3 4.3109e-3 7.3916e-3
0.02 0.4 1.1310e-3 1.8636 5.7763e-4 2.8998 9.0151e-4 3.0355
0.01 0.2 2.7753e-4 2.0269 1.1808e-4 2.2904 1.7224e-4 2.3879
0.005 0.1 8.6005e-5 1.6901 1.1594e-4 0.0264 1.9930e-4 -0.2104

(c) PML re�ections using constant PML and number of points N=20 (2 aux).

Table 4.9: Re�ections of constant PML in domain decomposition settings using
�xed number of points in the layer.

Table (4.8)shows that re�ections obtained using SBP2 in the domain Ω1coupled
with SBP2 in the layer Ω2, are of the same value of re�ections obtained without
damping in (4.7), and the convergence rate is maintained. But, when higher
order SBP operators used in the domain Ω1, we notice that re�ections are of
higher coe�cient, and the order of accuracy is lost faster as we increase the grid
size.

In tables (4.9a) through (4.9c), one can see that for the �rst iteration, the
re�ections are very close to those obtained without damping in table (4.7). It is
clear that the order of accuracy is lost for the di�erent SBP operators used in
Ω1. Thus, to be able to maintain the order of accuracy, more points are needed
in the layer Ω2.
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4.3.2 PML With One Auxiliary Variable

In this subsection, we present the numerical results obtained for the semi-
discrete approximation (3.27) in the layer. The same initial data in (4.3) were
used, and the results obtained at time t = 2. The damping coe�cient σmax were
computed using the relation (3.32).

The results in table (4.10) corresponds to re�ections obtained using constant
PML in domain decomposition settings with �xed layer width d = 0.2. Tables
(4.11a) - (4.11c) presents the re�ections obtained for di�erent �xed number of
points in the layer.

Grid
size

Layer
width

Re�ections

SBP2-2 rate SBP3-2 rate SBP4-2 rate

0.04 0.2 4.1183e-3 4.3101e-3 7.3918e-3
0.02 0.2 1.1298e-3 1.866 5.7042e-4 2.9176 8.9172e-4 3.0513
0.01 0.2 2.7352e-4 2.0463 7.0007e-5 3.0265 6.4879e-5 3.7808
0.005 0.2 6.7750e-5 2.0133 8.6925e-6 3.0096 4.5182e-6 3.8439

Table 4.10: PML re�ections using constant PML and Fixed layer width .
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Grid
size

Layer
width

Re�ections

SBP2-2 rate SBP3-2 rate SBP4-2 rate

0.04 0.2 4.1183e-3 4.3101e-3 7.3918e-3
0.02 0.1 1.1315e-3 1.8638 5.8407e-4 2.8835 9.2450e-4 2.999
0.01 0.05 2.8576e-4 1.9854 1.8752e-4 1.6391 3.6839e-4 1.3274
0.005 0.025 1.2240e-4 1.2232 2.4455e-4 -0.3830 5.1225e-4 -0.476

(a) PML re�ections using constant PML and number of points N=5.

Grid
size

Layer
width

Re�ections

SBP2-2 rate SBP3-2 rate SBP4-2 rate

0.04 0.4 4.1157e-3 4.3075e-3 7.3887e-3
0.02 0.2 1.1298e-3 1.8651 5.7042e-4 2.9168 8.9172e-4 3.0507
0.01 0.1 2.7396e-4 2.044 8.1427e-5 2.8084 9.9878e-5 3.1584
0.005 0.05 7.1081e-5 1.9464 5.7692e-5 0.4971 9.9873e-5 0.000

(b) PML re�ections using constant PML and number of points N=10.

Grid
size

Layer
width

Re�ections

SBP2-2 rate SBP3-2 rate SBP4-2 rate

0.04 0.8 4.1154e-3 4.3073e-3 7.3886e-3
0.02 0.4 1.1297e-3 1.8651 5.6960e-4 2.9188 8.9004e-4 3.0534
0.01 0.2 2.7352e-4 2.0463 7.0007e-5 3.0244 6.4879e-5 3.778
0.005 0.1 6.7816e-5 2.0119 1.2118e-5 2.5303 2.0833e-5 1.6389

(c) PML re�ections using constant PML and number of points N=20.

Table 4.11: PML re�ections using �xed number of points in the layer

In table (4.10), it is clear that the re�ections obtained using a �xed layer
width (d = 0.2) and constant damping are of the same order as re�ection ob-
tained without PML in table (4.7). The order of accuracy is also maintained
and it is the same as the order of the SBP operator used in Ω1.

By comparing tables in (4.9) with tables in (4.11), we can see that the order
of accuracy is lost faster in table (4.9) than in (4.11)for all SBP operators used in
Ω1, and the same number of grid points in the layer. Notice that the re�ections
in (4.11c) are identical to re�ections in (4.7) for SBP2 in the domain Ω1.

Using the formula (3.32) to compute the damping coe�cient σmax in table
(4.11), doubles the value of the coe�cients. This is due to the fact that d is not
constant in this case (d = hN). Thus, the damping coe�cient here increase as
a result of 1

hN , and log( 1
hn ). In table (4.13) we examine the re�ections obtained

when the order n in the damping coe�cient equation (3.32) is �xed for all the
SBP operators used in Ω1.

It is also obvious from tables (4.8) through (4.11) that the choice of auxiliary
variables is crucial to the re�ection obtained. We now examine the e�ect of

35



resolving the auxiliary variable with di�erent SBP operators on the re�ections
in Ω1. In table (4.12) the re�ections obtained using di�erent SBP operators to
solve the auxiliary variable in the layer. We �x the SBP operators used in the
domain Ω1 to SBP3, and in the layer we used SBP2. The number of points in
the layer is �xed to 20 points, and the damping coe�cient is computed using
the relation (3.32) with p = 0 and n = 2.

Grid
size

Layer
width

Re�ections
Auxiliary variable SBP operator.

SBP2 rate SBP3 rate SBP4 rate

0.04 0.8 4.3094e-3 4.3077e-3 4.3077e-3
0.02 0.4 5.7281e-4 2.9113 5.6958e-4 2.919 5.6958e-4 2.919
0.01 0.2 7.4068e-5 2.9511 6.9812e-5 3.0284 6.9813e-5 3.0283
0.005 0.1 1.2982e-5 2.5124 9.1601e-6 2.93 9.1595e-6 2.9302

(a) Re�ections for SBP3-SBP2 with di�erent SBP operators solving the auxiliary variable.

Grid
size

Layer
width

Re�ections
Auxiliary variable SBP operator.

SBP2 rate SBP3 rate SBP4 rate

0.04 0.8 7.3903e-3 7.3890e-3 7.3890e-3
0.02 0.4 8.9265e-4 3.0495 8.9014e-4 3.0533 8.9013e-4 3.0533
0.01 0.2 6.8143e-5 3.7115 6.3363e-5 3.8123 6.3364e-5 3.8123
0.005 0.1 1.0475e-5 2.7016 4.9795e-6 3.6696 4.9782e-6 3.67

(b) Re�ections for SBP4-SBP2 with di�erent SBP operators solving the auxiliary variable.

Table 4.12: PML re�ections using di�erent SBP operators to solve the auxiliary
variable.
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Grid
size

Layer
width

Re�ections

SBP3-2 rate SBP4-2 rate

0.04 0.8 4.3077e-003 7.3909e-003
0.02 0.4 5.6958e-004 2.919 8.9012e-004 3.0537
0.01 0.2 6.9812e-005 3.0284 6.3364e-005 3.8123
0.005 0.1 9.1601e-006 2.93 4.9782e-006 3.67

(a) PML re�ections with n = 2.

Grid
size

Layer
width

Re�ections

SBP2-2 rate SBP4-2 rate

0.04 0.8 4.1155e-003 7.3888e-003
0.02 0.4 1.1297e-003 1.8651 8.9008e-004 3.0533
0.01 0.2 2.7357e-004 2.046 6.3584e-005 3.8072
0.005 0.1 6.8278e-005 2.0024 9.3765e-006 2.7615

(b) PML re�ections with n = 3.

Grid
size

Layer
width

Re�ections

SBP2-2 rate SBP3-2 rate

0.04 0.8 4.1158e-003 4.3073e-003
0.02 0.4 1.1298e-003 1.8651 5.6968e-004 2.9186
0.01 0.2 2.7388e-004 2.0445 7.1169e-005 3.0008
0.005 0.1 7.0766e-005 1.9524 2.2191e-005 1.6813

(c) PML re�ections with n = 4.

Table 4.13: Re�ections of constant PML for �xed order n in the damping coef-
�cient.

From the tables in (4.13) it is clear that re�ections becomes higher as we
increase the value of σmax using the equation (3.32), where n in the equation
corresponds to the SBP operator's order used in Ω1. One can see that using the
order n = 2 is the optimum for all SBP operators used in the domain Ω1.

To retain the order of accuracy of the re�ections, solving the PML auxil-
iary variable requires a discretization method of at least 3rd order of accuracy,
specially with SBP3 and SBP4 in Ω1, tables (4.12a) and (4.12b).

Figure (4.1) displays the magnitude of the numerical re�ections obtained
using constant PML. The domain is decomposed and coupled using the SBP3-
SBP2.
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(a) Re�ections at time = 0.58 sec.

(b) Re�ections at time =1 sec.

(c) Re�ections at time = 1.3 sec.

Figure 4.1: PML re�ections magnitude in Ω1 using SBP3-2 at di�erent times.
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Chapter 5

Summary

In this thesis, we have been able to examine the results of the coupling technique
(multiblock structured method) presented in [2], and the e�ect of adding PML
with constant damping coe�cients in the second decomposed domain Ω2. We
started by introducing our model problem in chapter (1). In chapter (2)we
presented the necessary mathematical tools needed to carry out our project. In
chapter (3)we derived the problems we are solving, presented the continuous
and discrete models for the scalar one dimensional equation, and for the system
of hyperbolic PDE.

In chapter (4) we implemented the discrete models derived in chapter (3)
using MATLAB. The fully discrete model was obtained by discretizing in time
using classical 4th order Runge-Kutta method. Based on the results obtained
in chapter (4) we can draw the following conclusions:

We have been able to damp the whole wave in the layer with constant damp-
ing function and in a layer of only the size of the stencil needed for the discretiza-
tion method in Ω2.This introduced no more re�ections in the domain of interest
Ω1 than re�ections of decomposed interface.

In the scalar 1D problem, one can add a PML with constant damping pro�le
in domain decomposition settings, with a small layer of the same width of the
FD method's stencil used in the layer. Thus, regardless of layer size, we can use
a constant damping function in domain decomposition settings that damps the
whole wave without any re�ections added to the interface re�ections.

For the system of hyperbolic PDEs, we found out that the way we choose the
PML auxiliary variables is crucial to the re�ections in the domain Ω1. Resolving
auxiliary variables that are tangent to the interface gives less re�ections than
auxiliary variables normal to the interface. Besides, the spatial discretization
method used to resolve the solution in the layer, is required to be of at least
order 3 for optimal results.

The values of the constant damping coe�cient in the system of hyperbolic
PDEs are needed to be chosen carefully, specially the variable layer width. When
the value of the damping coe�cient is chosen to be very high, more re�ections
in the domain Ω1 are produced.
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Finally, for a �xed number of points, and rightly choosing the auxiliary
variables and the value of the constant coe�cient, one can design a PML in
domain decomposition that would introduce no more re�ections in the domain
Ω1than those obtained in the domain decomposition without PML.

40



Bibliography

[1] Jean-Pierre Berenger. A perfectly matched layer for the absorption of elec-
tromagnetic waves. J. Comput. Phys., 114:185�200, July 1994.

[2] Kenneth Duru. Numerical solutions of wave propagation problems in a
domain decomposition setting. June 2007.

[3] Kenneth Duru. E�cient and stable PML absorbing layer for CEM. Oct
2010.

[4] P. Joly E. Becache, S. Fauqueux. Stability of perfectly matched layers,
group velocities and anisotropic waves. Journal Of Computational Physics,
188(2):399�433, Jul 2003.

[5] Bertil Gustafsson. High Order Di�erence Methods for Time Dependent PDE.
Springer, Berlin, Heidelberg, 2008.

[6] Steven G. Johnson. Notes on perfectly matched layers (PMLs). August
2007.

[7] Ken Mattsson. Summation-by-Parts Operators for High Order Finite Dif-

ference Methods. PhD thesis, Uppsala University, Uppsala, Sweden, 2003.

[8] Jan Nordstrom and Jing Gong. A stable hybrid method for hyperbolic
problems. Journal of Computational Physics, 212:436�453, 2006.

41


