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Abstract—This abstract discusses our investigations relating Iterative
Learning Control (ILC) for periodic systems on the one hand, and the
class of Recursive Identification (RI), Gradient Descent (GD), Stochastic
Approximation (SA) and adaptive filtering algorithms on the other. The
benefit of such is the straightforward transfer of results in the latter
context which is useful to study different design decisions made for the
former. We discuss briefly the possible relevance of this observation
for (i) design and analysis of suitable gain factors, (ii) working with
constrained control signals, (iii) designing a model-free control strategy.
For a survey of design, analysis and applications of ILC, see e.g. (1; 2).
For an overview of practical and theoretical studies of RI and SA see
(3), GD (4; 5), and adaptive filtering (6; 7). In this note we articulate the
basic idea, and discuss further work which may be expected from this.

1 GRADIENT DESCENT AND ILC

Given two timeseries (u(t))t and (y(t))t, respectively
giving the (control) input to the system, and the desired
output signal to which the system is steered to. The
control problem we are interested in has the overall
property that the desired output is repetitive, with a
fixed period- say n ∈ N. Now we let ut ∈ Rn denote
the input signal during n consecutive instants, starting
from u(t+ 1), or

ut = (u(tn+ 1), . . . , u(tn+ n))
T ∈ Rn, ∀t = 1, . . . , T.

(1)
and let utk = u(tn+ k) be the kth element of this vector.
Equivalently, we define the output signal in period t as
yt ∈ Rn as

yt = (y(tn+ δ + 1), . . . , y(tn+ δ + n))
T ∈ Rn, ∀t = 1, . . . , T.

(2)
where δ ∈ N0, is a given delay of the system. and let
ytk = y(tn + k + δ + 1) denote the kth element of this
vector. Finally, let y∗ ∈ Rn represent the reference output
signal, which is assumed to be constant over the different
periods in this paper. Let y∗k denote the kth element of
this vector.

At first, we consider the noiseless case where the sys-
tem to be controlled can be written as follows. Assume

the system be represented as a matrix

S =


s11 0 . . . 0
s21 s22 0
s31 s32 s33

...
. . .

sn1 . . . snn

 , (3)

with {sij}i≤j denoting fixed scalars. then the input-
output behavior of the system can be written as

yt ,

y
t
1
...
ytn

 = S

u
t
1
...
utn

+

b1

...
bn

 = Sut + b. (4)

where b = (b1, . . . ,bn)
T ∈ Rn is a vector of fixed

scalars, representing the intercept terms at the different
steps in any interval. Note that in case sij = hi−j for
scalars {hτ}nτ=0, this would represent a Linear Time
Invariant (LTI) system, and the following engineering
representation is used:‘

ytk =

k−1∑
τ=0

hτu
t
k−τ + bk, (5)

or using the backshift operator q−1, one has

ytk = H(q−1)utk + bk, (6)

where utk = 0 for all k ≤ 0. Let `n : Rn → R be an
appropriate loss function. Think e.g. of the squared loss
defined as `(e) = e2 for all e ∈ R. We define the vector
valued loss function as

`n(e) =

n∑
i=1

`(ei), (7)

where e ∈ Rn. The problem now can be stated as follows:
find a vector u ∈ Rn such that the outcome of the system
Su+ b is close to the desired trajectory y∗, or

u∗ = argmin
u

`n(Su+ b− y∗) (8)

This will give you the optimal control strategy for
given input, for a specific loss function `n : Rn → R.
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We now turn to the question how to obtain this op-
timal control signal u∗ based on a sequence of trials
(u1,y1), (u2,y2), . . . , (ut,yt), . . . that we might design by
ourselves, and a reference signal.y∗ ∈ Rn. Basically, we let
ut+1 = u(t+1) based on the sequence {u(t)}t generated
recursively by an algorithm. The basic Iterative Learning
Control (ILC) algorithm (see e.g. (1; 2) and citations) is
given as

û(t+1) = û(t) +K(Sû(t) + b− y∗), (9)

where K ∈ Rn×n is an appropriate learning gain matrix.
The gradient descent method applied to this problem
would be

ũ(t+1) = ũ(t) − γt+1
∂`n(Sũ+ b− y∗)

∂ũt
(ũ(t)), (10)

for a given update step γt+1 > 0. Here the gradient in
the right hand side becomes

∂`n(Su+ b− y∗)

∂u

=

(
∂`n(Su+ b− y∗)

∂u1
, . . . ,

∂`n(Su+ b− y∗)

∂uk

)T
, (11)

and for all k = 1, . . . , n and i = 1, . . . , n, one has by
application of the chain rule that

∂`(Siu+ bi − y∗i )

∂uk
=
∂`(ei)

∂ei

∂(Siu+ bi − y∗i )

∂uk
= sik`

′(ei).

(12)
In matrix notation, this becomes

∂`n(Su+ b− y∗)

∂u
= ST `′n(et), (13)

where the vector et ∈ Rn is defined as et = (y − Sut −
b) ∈ Rn. If the squared loss is taken, the gradient descent
method becomes

ũ(t+1) = ũ(t)+2γt+1S
Tet = ũ(t)+2γt+1S

T (Su(t)+b−y∗).
(14)

Observe that when K ∝ ST , ILC implements gradient
descent approach using a squared loss as in the Least
Mean Squares algorithm. At this stage, there was no
mentioning of yt ∈ Rn, the output observed when the
system is passed a corresponding input signal ut ∈ Rn.
This might appear magical only when disregarding that
we assume that the output yt = Sut + b, and that we
assume the true system S,b to be known.

2 AVENUES FROM HERE

2.1 Design and Analysis of the Gain Matrix
A principal question for a successful application of
ILC is the appropriate choice of a gain matrix K. The
standard Arimoto algorithm equates K = γIn with
γ > 0 fixed and In ∈ Rn×n denoting the identity matrix.
The resulting algorithm can be improved with respect
to efficiency and robustness (avoiding instabilities) by
choosing K ∝ S−1, see e.g. (1). The connection to recur-
sive identification and gradient descent provides a broad

spectrum of more refined choices, as e.g. implemented
in recursive least squares, normalized LMS or others.
Specifically, it dictates for example that γ → 0 if t→∞,
when assuming that the system to be controlled is time-
invariant. When γ is kept constant, one implements
a tracking approach for time-varying systems, see e.g.
(3; 7) and citations.

2.2 Constrained Periodic Control
Arguably the most significant implication of the relation
ILC-RI/GD/SA is that the latter class provides a wealth
of results for dealing with (in)equality constraints on
the variables involved. Especially the projected gradient
descent and projected subgradient descent (as studied
intensively in the optimization literature, see e.g. (4; 5)
for an introduction). In the context of (periodic) control
this would mean that optimal control inputs can be com-
puted subject to (in)equality constraints on the control
inputs. For example, when imposing that 0n ≤ ut ≤ 1n,
a control input will be found which is restricted to a
zero-one interval. It is well known that such optimal
constrained inputs will often lie on the boundary of the
feasible set; in this specific case it would imply that most
values of u∗ are exactly equal to 0 or 1. This effect is
advantageous for both stability and interpretability of
the result.

2.3 Model-free Periodic Control
A third important opportunity is that the described
relation suggests how to learn a (periodic) control law in
a context where the system is nonlinear or unknown. As
the Gradient Descent (GD) algorithm is also used in the
context of optimizing with respect to nonlinear systems
(think e.g. of artificial neural networks and alike, see e.g.
(7)). When the underlying system is unknown, or is time-
varying, the GD interpretation suggests that at any time-
instant, only an evaluation of the gradient information
is needed. This is conceptually the path followed in
the literature on model-free adaptive control theory as
described in (6), but now in a periodic setting.

2.4 Waste-water Treatment
The application which motivates our study of (exten-
sions to) ILC is the problem of finding an optimal control
law for the wastewater treatment problem. Here, the dis-
turbances, i.e. the evolution of the amount of wastewater
to be cleaned, is typical periodic over different days. The
control signal steer typically the valves regulating the
amount of oxygen pumped in the waste-water basins,
and constraints on this signal come typically in due to
finite capacity of such a valve, and non-negativity of
oxygen concentration.
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