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A nonparametric population approach is now accessible to a more comprehensive network of
modelers given its recent implementation into the popular NONMEM application, previously
limited in scope by standard parametric approaches for the analysis of pharmacokinetic and
pharmacodynamic data.

The aim of this thesis was to assess the relative merits and downsides of nonparametric models
in a nonlinear mixed effects framework in comparison with a set of parametric models developed
in NONMEM based on real datasets and when applied to simple experimental settings, and to
develop new diagnostic tools adapted to nonparametric models.

Nonparametric models as implemented in NONMEM VI showed better overall simulation
properties and predictive performance than standard parametric models, with significantly
less bias and imprecision in outcomes of numerical predictive check (NPC) from 25
real data designs. This evaluation was carried on by a simulation study comparing the
relative predictive performance of nonparametric and parametric models across three different
validation procedures assessed by NPC. The usefulness of a nonparametric estimation step
in diagnosing distributional assumption of parameters was then demonstrated through the
development and the application of two bootstrapping techniques aiming to estimate imprecision
of nonparametric parameter distributions. Finally, a novel covariate modeling approach intended
for nonparametric models was developed with good statistical properties for identification of
predictive covariates.

In conclusion, by relaxing the classical normality assumption in the distribution of model
parameters and given the set of diagnostic tools developed, the nonparametric approach in
NONMEM constitutes an attractive alternative to the routinely used parametric approach and
an improvement for efficient data analysis.
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Abbreviations 

AIC Akaike’s information criterion 
CI Confidence interval 
CV Coefficient of variation 
d Degree of freedom 
EBE Empirical Bayes estimate 
EMEA European medicines agency 
FDA Food and drug administration 
FO First-order estimation method 
FOCE(I) First-order conditional  

estimation (with interaction) method 
FO-NONP Nonparametric estimation  

preceded by FO 
FOCE(I)-NONP Nonparametric estimation  

preceded by FOCE or FOCEI 
FPG Fasting plasma glucose 
GAM Generalized additive model 
H0 Null hypothesis 
H1 Alternative hypothesis 
HbA1c Glycosylated hemoglobin 
IIV Inter-individual variability 
IND Investigational new drug  
iOFV Individual objective function value 
IOV Inter-occasion variability 
IPD Individual probability density 
IV / EV / PV Internal / external / population  

validation procedures 
Li Individual likelihood  
LRT Likelihood ratio test 
MAE Mean absolute error 
ME Mean error 
NONP Nonparametric 
NPAG Nonparametric adaptive grid 
NPC Numerical predictive check 
NPD Nonparametric parameter distribution 
NPEM Nonparametric expectation maximization 
NPML Nonparametric maximum likelihood  



 

NPOFV Nonparametric objective function value in 
NONMEM 

OFV Extended least squares objective function 
value in NONMEM 

ΔOFV Difference in OFV 
PD Pharmacodynamic 
PI Prediction interval 
PK Pharmacokinetics 
post hoc Estimation step a posteriori  

of EBEs 
PsN Perl-Speaks-NONMEM 
RMSE Root mean squared error 
SD Standard deviation 
SE Standard error 
SNP Smooth nonparametric estimation method 
SSE Stochastic simulation followed by estima-

tion 
VPC Visual predictive check 
Ζi Individual covariate measure 
α Nominal type-I error rate also called p-

value or p (probability of a false positive 
result) 

β Pearson correlation coefficient estimate 
(slope coefficient) in GAM 

δ Intercept estimate in GAM 
ε Residual noise estimate (second-level 

random effect parameter) 
η First-level random effect parameter (dif-

ference between population and individual
parameter estimate) 

μ Arithmetic mean 
θ Fixed effect parameter (typical value) 
σ SD of ε:s 
ω SD of η:s 
Ω  Variance-covariance matrix of η:s 
Σ Variance-covariance matrix of ε:s 
E(η) Expected value of η 



9 

Introduction 

Overview 
Public health is a global concern that requires accurate decisions and judg-
ments to be made. Modeling techniques, when appropriate, have demon-
strated their efficiency as decisive tools for delivery of safe and effective 
treatments with confidence for the public domain. Indeed, model-based and 
probabilistic approaches are gradually becoming standard practices, both in 
drug development (1) and in the monitoring of drug safety and efficacy (2-4) 
in clinical settings. Over the last three decades, the continuous improving 
pace of in silico processes have been embraced by the forward-thinking of 
Lewis Sheiner (5, 6) and leading-edge works of other pioneering scientists 
(7-12) to constitute today a broad community of clinical pharmacologists 
and pharmacometricians. Together, they aim to optimize treatments and 
strengthen the knowledge of pharmacology with more efficient trial designs 
and computerized systems. Knowledge is however a relative measure; peo-
ple are different and a given therapy might not be advantageous for every-
one. As a result, an underlying aim when modeling the relationships between 
the fate and the effects of active compounds on human physiology is to as-
sess their potential interactions with individual’s polymorphism (13-19) or 
environmental factors (20) (e.g., smoking, alcohol or caffeine intake). In this 
aspect, optimization of the techniques of data analysis is critical to better 
characterize variability and its unidentified influencing components.  

Applications of modeling are numerous. In this work, modeling is used 
for the extraction of quantitative information about a compound’s pharma-
cokinetic (PK) and/or pharmacodynamic (PD) properties through analysis of 
clinical, pre-clinical, and in vitro data. The way this information is extracted 
relies on a set of assumptions, one of which being particularly investigated in 
this thesis. 

Modeling objective  
To be relevant, a modeling exercise needs to be set to answer a clear, pre-
defined, study objective. Given this objective, assumptions and hypotheses 
are formulated for progressing in the development of a PK/PD model. The 
objective is a key aspect of modeling that should always drive the develop-
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ment of a model. It was nicely described by John Tuckey (21) and is re-
capped here to warn the reader of the potential danger of modeling given a 
blur or irrelevant study objective: “Far better an approximate answer to the 
right question, which is often vague, than an exact answer to the wrong ques-
tion, which can always be made precise”. This also introduces the use of 
approximations and the critical role assumptions may play in data analysis to 
progress and fulfill a modeling objective.  

Population PK/PD modeling & model simulations 
The population PK/PD approach is a well-established, state-of-the-art, mod-
eling procedure for efficient analysis of data with randomness components. 
By pooling all individual measurements recorded in a longitudinal trial data, 
the modeling techniques applied enable the description, with a single model, 
of the mean PK/PD response over time in the treated population and also the 
responsiveness of each individual patient to a given therapy, i.e. the devia-
tion from the mean response of the individual profiles. In this way, the entire 
population behavior to a pharmacological compound activity within a trial is 
quantified by means of a single model. The scope of variability in the thera-
peutic responses is further studied (22) with an attempt to bridge these find-
ings with the phenotypes and pathophysiological characteristics of a given 
population of patients. These techniques are now broadly applied, both for 
PK and PD data assessment. They are recommended procedures to guide 
drug development for successful application of investigational new drug 
entities (IND) by the US FDA (23, 24) and European EMEA (25) regulatory 
agencies.  

The strength of the population approach is that it can convey information 
beyond the scope of the population studied. Through the use of Monte-Carlo 
simulation experiments, forecasting of safe and effective treatments can be 
undertaken for a population of future patients, i.e. patients that were never 
studied. It is therefore not very surprising that they became routinely used in 
clinical practice and recommended procedures for sponsors by public health 
authorities. However, to expect satisfactory outcomes, adequate predictions 
are required. This means that appropriate data analysis has to be conducted 
to obtain a suitable representation of what is observed, taking care not to 
overfit the data.  

Components for data analysis 
For adequate data analysis, an appropriate model and an efficient estimation 
method are essential, the quality of the data being another component to be 
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considered by the analyst. A model can be thought of as a general construct 
based on empiric concepts borrowed from mathematical and statistical back-
grounds, generally bridged with some mechanistic understanding, prior in-
formation, and common knowledge about the pharmacology of a drug and 
disease progression in the population. A model can be empirical, mechanis-
tic, or a combination of both aspects (semi-mechanistic). An estimation 
method, on the other hand, can be viewed as a mathematical and statistical 
implementation that processes the measured data given a model structure to 
provide a quantitative measure of model parameters based on some pre-
defined pathways and optimization criteria. Both these concepts are intrinsi-
cally linked and are often considered as a whole. However, in this thesis, 
they occasionally form two separate entities.  

The expected results of data analysis, i.e. the relevance, the accuracy, and the 
scope of the information extracted, will essentially depend on 4 main con-
stituents that are interwoven: (i) the quality of the data to be analysed; (ii) 
the information available a priori and the graphical exploration of the data 
that enable the initiation of the model construct; (iii) the estimation method 
used for quantitative evaluation of model parameters; and finally (iv) the 
appropriateness of the final model. Obviously, for adequate analysis, these 4 
components must be completed with a clear objective, adhered at all time, 
and with an experienced modeler for proper decisions during the building, 
refinement, and evaluation of the model.  

Data for population PK/PD analysis can be either sparsely sampled (phase 3 
clinical data) or more informative (preceding phases of drug development). 
The quality of the raw data to be analysed is key; it will temper the study 
objective, dictate the extent of information derived from the developed 
model, and the ability to make inferences from the final model. Data infor-
mativeness can be optimized prior to the actual data analysis through as-
sessment of competing experimental designs, but these modeling techniques 
do not constitute the main focus of this thesis.  

Assumptions in modeling 
Of more interest to this work are the model construct and the estimation 
method utilized to derive model parameters from the observed data, in par-
ticular the underlying assumptions they imply. To enable the development of 
the model and the characterization of model parameters, a set of assump-
tions, most of which were listed by Karlsson et al. (26) for pharmacometric 
models, are formulated. The extent of assumptions and the impact of their 
violations generally increase with model complexity, inconsistency between 
underlying data structure and model parameters, and with the type of estima-
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tion theory employed. However, even simple models are not assumption-
free. These assumptions can be of various natures and sometimes rely on the 
common knowledge or on the sense of plausibility (26) with more important 
implications for some than others given the data at hand. This necessitates 
that testing the adequacy of these assumptions is undertaken. First, modeling 
assumptions must be identified by the analyst, before being justified, one at 
the time, through a comprehensive evaluation by means of hypothesis-
testing experiments. This meticulous exercise permits one to rule out with 
acceptable risks that the information quantified from the model under devel-
opment is not misleading given the in-built assumptions formulated. This is 
particularly relevant when use is made of population approaches as evident 
by the challenge of accounting for the different levels of randomness in ob-
served data by means of probability density function of model parameters. 

To maneuver data randomness into measurable variability parameters, statis-
tical concepts are applied. These statistics permit the establishment of model 
parameter distributions from which inferences can be drawn. Two main 
classes of statistical approach are available and constitute the hallmark of 
this work: parametric and nonparametric estimation methods, also viewed as 
parametric and nonparametric models. Both approaches seek a reliable and 
accurate quantitative evaluation of the underlying distribution of individual 
model parameters. However, the parametric approach formulates an extra 
assumption, which is relaxed when using the nonparametric approach.  

Importance of statistical approaches in PK/PD modeling 
Recently, a paper from Steven Senn (27) made a plea for better communica-
tion and closer collaboration between two of the scientific disciplines en-
gaged in drug development: pharmacokinetics and statistics. One pertinent 
statement in Senn’s paper was borrowed from Lewis Sheiner (28) that ex-
panded the thinking of Tuckey (21) to the application of  statistical concepts 
in clinical drug evaluation: “What is wrong is that a particular statistical 
practice has become almost mandatory, to be applied, willy-nilly to drug 
trials, regardless of the purposes they are meant to serve.” Although these 
citations and Senn’s appeal are far beyond the sole application of the para-
metric (conventional approach) and nonparametric concepts in data analysis, 
they constitute a powerful tool to insist on the critical role statistic plays in 
the analysis of data. This thesis is in line with Senn’s appeal by exploring the 
statistical constructs used in population PK/PD modeling, the “right ques-
tion” to rephrase John Tukey’s quotation being, in this sense, to adequately 
characterize heterogeneity in the population within the frame of model pa-
rameters.  
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The following section introduces nonlinear mixed effects models in more 
detail, and the parametric and nonparametric concepts.  However, it is worth 
noting that the scope of this thesis is devoted to the application and to the 
development of nonparametric approach in the software package NONMEM 
(29).  
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Nonlinear mixed effects models 

Most of the models used in population PK/PD analysis concern nonlinear 
systems. To describe the time course of these dynamic processes, maximum 
likelihood estimation theory is employed to provide a quantitative evaluation 
of model parameters and parameter distributions in a nonlinear mixed effects 
framework.  

Mixed effects model  
The term mixed effects model is used to attest to the presence of fixed (de-
terministic) parameters as well as stochastic (random variable) parameters to 
describe PK/PD data. The stochastic model sub-structure is the challenging 
part of mixed effects and is handled with different statistical methodologies. 

Base model structure 
A base model (covariate-free) in nonlinear mixed effects analysis is com-
posed of 3 main sub-model structures: (i) the structural model, (ii) the sub-
ject-specific stochastic model, and (iii) the stochastic error model:  

 
(i) The structural model speaks to the mean behavior of 

the observed signal. The model parameters associ-
ated are called fixed effects (since invariant within 
individuals) and noted θ 

 
(ii) The stochastic model that is subject-specific, noted 

ηi and accounting for randomness other than nui-
sance terms in the observed data (yi). ηi represents 
the first-level of random effect parameters of the 
model and defines the individual parameter estimate 
space. It comprises two types of variability terms: 
the inter-individual (IIV) and the inter-occasion 
variability (IOV), the latter term being identifiable 
only when patients are studied at different visits. 
Both are characterized by a mean, and a dispersion 
parameter (i.e. a variance ω2 or a standard deviation 
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SD=ω). In a multivariate framework, ηi are repre-
sented by the variance-covariance matrix of first-
level random effects Ω  

 
(iii) The stochastic error model that represents the sec-

ond-level of random effect parameters, noted εi with 
zero mean, and a variance σ2 (variance-covariance 
matrix Σ). The error model assembles the part of 
randomness in the data that is considered as residual 
noise (error in sampling time, wrong dose history, 
etc). In this sense, it is generally data-specific (if no 
model misspecification) but can also contain a sub-
ject-specific term of the model if some individual 
data observations are more noisy than some others, 
in which case it has a component rejoining the 
group of first-level random effect parameters ηi in 
Ω. The error model can be additive, proportional, or 
combined given yi. It can also have an auto-
correlation process. 

Relationships between the fixed and first-level random effects (θ, ηi) of a 
base model form the structural model relating yi with the individual model 
predictions. In general, for a PK model, the fixed effects and the first-level 
random effects are parameterized according to Eq. (1): 

 CLieCL CLi   (1) 

This permits one to constrain the individual PK parameters, such as CL, to 
be positive, given θCL > 0.  

Covariate model refinement 
Objective of covariate analysis  
The objective in screening covariate distributions is to identify prognostic 
sources of the subject-specific variability parameters ηi, and, once incorpo-
rated in the model, to quantify the impact of their distribution on the parame-
ters within the range of individual observations studied.  

Covariate analysis  
A refinement of the base model can be undertaken through analysis of the 
influence of covariates on model parameters to constitute the final model. 
Covariates are individual data input variables relating to the disease state, 
phenotype/genotype, and behavioral differences amongst individuals. A 
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covariate relationship with a base model parameter is generally defined a 
priori; it is parameterized in terms of fixed effects θ although it can possibly 
vary in intensity from one individual to another, in which case a first-level 
random effect ηi is introduced if supported by the data. The decision of in-
cluding a covariate in a model is usually based on preliminary graphical 
explorations combined to a combination of decision criteria: a statistical 
criterion pre-defined at a given acceptable risk, an implicit criterion account-
ing for the clinical relevance of covariates (30), and prior knowledge about 
the system of interest or about the characteristics of the population studied 
(obtained from previous analysis and/or literature data).  

Examples of covariate influence 
This step of model building is fundamental to understand variability in re-
sponses within a population. For instance, the presence of 2 distinct modes 
in the distribution of individual clearance parameters can be explained by the 
activity of a cytochrome involved in the metabolism of a xenobiotic to clas-
sify poor and extensive metabolizer sub-groups. It can provide useful ration-
ales on the susceptibility of individuals to a given therapy (e.g., the meas-
urement of a surrogate, circulating, biomarker of receptor affinity to translate 
with the EC50 distribution of responders, partial responders, and non-
responders). 

Impact of covariates on model  
A covariate analysis most often results in a decrease in the subject-specific 
variance parameters ω2 (and possibly covariances) composing Ω, suggesting 
that a part of the variability quantified in the base model is explained by the 
individual data (the scope of the reduction indicating a more or less potent 
explanatory factor of the model parameter distribution). Moreover, a covari-
ate refinement of the model is expected to enhance the predictive ability of 
the model in future patient populations in comparison to the base model 
alone (conditioning that the underlying prognostic covariate distributions 
studied were of wide enough range, or even measured at all).  

Final model 
All model parameters are identifiable if the dimensionality of the model 
(number of parameters) is supported by the data, and if the data are informa-
tive enough. After testing its appropriateness, the model is established and 
considered as final. This is part of the model building process summarized 
by Pinheiro et al. (31) and Wade et al. (32). The stability of the final model 
is also to be considered. To obtain model parameters, estimation is per-
formed by means of a likelihood-based approach. Several approaches for 
estimation have been developed and are implemented in several software 
packages (33) for population PK/PD data analysis.  



17 

Estimation process (Maximum likelihood theory) 
All parameters (population and individual estimates) of mixed effects mod-
els are estimated by maximization of a likelihood function. Maximum likeli-
hood estimation is a branch of estimation theory that relates all model pa-
rameters into a single function, the likelihood (L). To obtain individual pa-
rameters, both a mathematical and a statistical aspect of the estimation are 
applied.  

Mathematical approximations of the likelihood 
The estimation process consists of iteratively upgrading the value of model 
parameters by maximization of the likelihood L of the parameters and their 
relationships with independent variables (noted xi, usually time and dose 
regimen) given the observed data. The likelihood functional form (L) can be 
expressed into a general form according to Eq. (2): 
 

)|,,,( ii yxLL    (2) 

Several types of estimation of L are possible, some providing exact likeli-
hood maximization (34-37). The version VI of the population PK/PD soft-
ware NONMEM, as used in this work, applies maximum likelihood regres-
sion procedures. To detect nonlinear signals when processing through the 
data structure (yi), an iterative regression procedure of Eq. (2) is performed 
since, generally, no closed form expression with respect to the first-level 
random effect parameters (ηi, characterized by Ω) is possible (38). This is 
achieved by linearization of Eq. (2) with respect to the first-level random 
effects by means of Taylor series expansion. Two versions are considered in 
this work, and consist of the first-order approximation method (FO, local 
linearization of L around ηi set to zero), and the first-order conditional ap-
proximation method (FOCE, local linearization of L around intermediary 
estimates of ηi). When the error model is heteroscedastic or/and when there 
is a parameter ηi on εi, a refinement of FOCE is possible by evaluation of the 
likelihood with an interaction between ηi and εi. This method is called FO-
CEI. These approximations are often coupled to an ordinary differential 
equation solver with integration based on the Newton-Raphson method (39, 
40). Given the maximization of Eq. (2), the corresponding set of maximum 
estimators of population model parameter is derived, i.e. (θ, Ω, Σ). To pro-
vide individual estimates of random variables (ηi, εi) given (Ω, Σ), statistical 
aspects of the estimation process are involved. 
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Statistical approaches for stochastic model estimation 
Two main classes of statistical approach are employed to estimate the ran-
dom variables of the stochastic model: the parametric and the nonparametric 
estimation methods. The latter estimation concerns only subject-specific 
random variables. 

Statistical distribution of residual error (Σ) 
In NONMEM, εi are assumed normally distributed, with zero mean and vari-
ance-covariance matrix Σ, regardless of the statistical approach employed. In 
case a non-normal distribution of εi is suggested by the data, this could be 
due to a misspecification of the error model structure (41), or could be pos-
sibly handled with addition of a subject-specific component of the error 
model to be evaluated by another statistical approach than parametric esti-
mation.  

Statistical distribution of subject-specific stochastic model (Ω) 
As opposed to Σ, several statistical approaches can be used to define the 
individual parameter space corresponding to Ω and obtain the distribution of 
multivariate ηi estimates. They mainly consist of the parametric and non-
parametric estimation methods, the former approach allowing the use of 
mixture modeling in NONMEM (42-44). Other approaches exist, such as 
semiparametric estimation methods (45) that make use of adaptive transfor-
mations given a parametric approach with additional estimation of shape 
parameters, or a smooth nonparametric approach (SNP (46, 47)). All these 
statistical concepts aim to adequately characterize the distribution of ηi, i.e. 
to evaluate the subject-specific probability density functions associated with 
the multivariate distribution of ηi inferred from the data given Ω. Theoreti-
cally, the distribution of ηi could take any shape possible given the observed 
data, from unimodal to multimodal, with various degrees of skewness and 
kurtosis, or even show irregular patterns or extreme outlier estimates. It is 
important to underline that an incorrectly specified subject-specific stochas-
tic model translates to bias in estimation, and possibly to a “wrong answer” 
to the study objective. Hence, the approach used to characterize the distribu-
tion of individual parameters representative of the data is a key step of the 
model development. 

Parametric approach (FO and FOCE(I)) 
Empirical Bayes estimates (post hoc estimation)  
In NONMEM, parametric estimation is the conventional approach to esti-
mate individual parameters of a mixed effects model. This approach is im-
plemented in the two algorithms FO and FOCE(I) for which the likelihood 
can be defined according to a continuous function given by Eq. (3): 
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The likelihood is taken as the product of all individual likelihoods. In Eq. 
(3), p represents a conditional probability, and the last part of the equation, 
i.e. )|( ip , is referring to the use of statistical inferences given the Bayes 
theorem. The individual likelihood is expressed as an integral over all possi-
ble values of ηi, conferring to the likelihood a continuous functional form 
from –Inf to +Inf. In a parametric framework, p is pre-specified according to 
a parametric probability density distribution. In NONMEM, p is taken as a 
normal density distribution centered on zero, from which empirical Bayes 
estimates (EBEs) of the random effect parameters are inferred given Ω. The 
EBEs corresponds to the subject-specific estimates ηi of the model. When 
using FO, this post hoc step is only performed at the last iteration, whereas 
each iteration of the FOCE(I) estimation produces EBEs to locally maximize 
the linearized functional form of L and obtain the posterior ηi along side 
maximum likelihood estimator of population parameters (θ, Ω, Σ). 

Assumptions  
The normal density function is a convenient way of characterizing the distri-
butions of ηi but rely on an extra modeling assumption about the shape of the 
parameter distribution. It is usually represented according to Eq. (4): 

 

),(~,...,, 2
21

Nn   (4) 

 
Given the normal assumption, ηi estimates are considered independent iden-
tically distributed random variables. Moreover, in NONMEM, random ef-
fects are assumed to be centered on zero, i.e. μ=0. A normal density also 
assumed symmetrical repartition of ηi values. By means of the two first sta-
tistical moments (μ, ω2), the density function can be explicitly expressed and 
other statistics are easily summarized and reported. A normal distribution of 
a random effect parameter is displayed in panels A and C of Figure 1. One 
major drawback of using a parametric approach, however, is the possible 
inconsistency of the assumed normal density of first-level random effects in 
regards to the underlying density suggested by the raw data. If the assump-
tion of normality is violated, this introduces a misspecification in the sto-
chastic model, with possibly significant consequences in the future applica-
tions of the model (e.g., simulations).  

With the parameterization described in Eq. (1), PK parameters such as CL 
are assumed log-normally distributed under the normal density distribution 
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of ηi. Given this parameterization, ω2 can be expressed as a coefficient of 
variation (CV in %). 
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Figure 1. Parametric (left panels) and nonparametric (right panels) estimated distri-
butions of a random effect ηCL for a population of 12 unique individuals (red open 
circles (o) = posterior η estimates). A) Parametric density (continuous, symmetrical, 
assumed normally distributed with mean μ=0 and variance ω2); B) Nonparametric 
joint density (collection of finite number of discrete support points, shape unspeci-
fied a priori but actual shape totally determined by the raw data, expected value 
E(η) and weighted variance ω2); C) Cumulative density of A) explicitly computed 
given the normal cumulative probability formulae given μ and ω2, regardless of ηCL 
estimates (explaining its smoothness); D) Nonparametric cumulative marginal den-
sity of B) corresponding to the 12 ηCL estimates. Note that the individual estimates 
(η=EBEs) are the same when applying parametric estimation A) and sequential 
parametric-nonparametric estimation B) in NONMEM, only the shape of the distri-
bution is at variant. Also, E(η) is not centered on zero which is one of the assump-
tions of parametric distribution.  

Parametric objective function 
When using FO or FOCE(I), NONMEM outputs a parametric objective 
function value (OFV) equals minus two times the natural logarithm of the 
maximum likelihood. This statistical criterion is very useful for model build-
ing, although too permissive in some circumstances (48, 49). It permits to 
easily discriminate between competing, hierarchical, parametric models. 
This is performed by means of the likelihood ratio test (LRT) that states that 
the difference in OFV (ΔOFV) between two nested models is approximately 
χ2–distributed with degrees of freedom equal to the difference in estimated 
parameters. LRT is used for building a base, parametric, model (31, 32), but 
also as a decision criterion for refinement of the model by incorporation of 
covariates (32, 50).  
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Estimation of standard error (SE) and confidence interval (CI) 
In NONMEM, asymptotic imprecision measurements of the population pa-
rameter estimates (θ, Ω, Σ) given the parametric assumption can be derived 
from the sandwich matrix (R-1.S.R-1). This permits derivation of the vari-
ance-covariance matrix of the distribution of model parameters and associ-
ated SEs. R represents the Hessian matrix, whereas S is the sum of the cross-
product matrix of the gradients of individual objective functions. This is 
based on the asymptotic statistical theory of a multivariate normal distribu-
tion (or transformation of normal). Imprecision estimates provide useful 
information about the variability under the assumed model of the parameter 
estimates across replicated datasets with the same design. The variance-
covariance matrix obtained can, for instance, be used to assess the stability 
or the degree of over-parameterization of a parametric model (51).  

Another measure of imprecision is the confidence interval (CI). Given a set 
of parameters (θ, Ω, Σ) assumed parametrically distributed, CIs of (θ, Ω, Σ) 
can be obtained either from a parametric assumption (Wald-type CIs when 
normality is assumed), or based on a percentile approach given a distribution 
of model parameters across replicates, in which case they are called non-
parametric CIs (although parameter estimates (θ, Ω, Σ) are assumed paramet-
rically distributed). To obtain a distribution of parameters across replicated 
datasets given a parametric model, several resampling-based techniques have 
been developed, amongst which is the standard nonparametric bootstrap 
method (52). Another method employs the parametric likelihood and inverts 
the LRT as a criterion to derive profile likelihood CIs of model parameters. 
However, these two techniques are more computer intensive procedures than 
the closed form solution based on asymptotical theory obtained in NON-
MEM by simple addition of $COVARIANCE to a parametric control 
stream. 

Impact of shrinkage on parametric distribution 
In the case of too sparse data, two types of shrinkage phenomenon may im-
pact the model estimation (53, 54), but in regards to the adequacy of the 
EBE distribution, mainly η-shrinkage is concerned. The expression of η-
shrinkage (shη) is given by Eq. (5): 

)(
1

EBESD
sh    (5) 

Consequences of high η-shrinkage can seriously impact the modeling (e.g., 
artificial correlation of random effects, hidden relationship between two 
distributions) and requires an adequate evaluation (55) of the diagnostic 
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tools making use of EBEs distribution (e.g., generalized additive modeling 
(GAM) (56) for covariate analysis (50)). 

Parametric model selection strategy  
The LRT is a major component of parametric model building. However, 
parametric models are usually evaluated based on a combination of evi-
dence, amongst which:  
1. Goodness-of-fit plots  
2. Residual plots  
3. Precise and plausible parameter estimates 
4. Reasonable and valid model assumptions 
5. Simulation model-based diagnostics 

Nonparametric approach 
In contrast to parametric estimation, nonparametric estimation does not rely 
on assumptions with regards to the distributional shape of the first-level ran-
dom effects (ηi). The density probability function associated with each non-
parametric model parameter of Ω is not defined a priori to establish the loca-
tion and the distribution of posterior ηi estimates. Instead, this process is 
fully data-driven. The probability density distribution of subject-specific 
model parameters is taken as the relative frequency of each individual esti-
mate derived from the data. These location estimates (ηi) are called support 
points of the nonparametric parameter distribution (NPD), whereas the asso-
ciated discrete density is called joint density (JD, in Figure 1B). For a uni-
variate parameter, the JD can be transformed into a cumulative marginal 
density function (panels B to D of Figure 1). 

Support points and joint density estimation 
In NONMEM, version VI, a nonparametric step (NONP) was implemented 
consecutive to FO or FOCE(I) linearization of the likelihood estimation step 
(29). In this application, nonparametric estimation is performed in two con-
secutive steps:  

 
1. Estimation of support points given FO or FOCE(I) 
2. Estimation of JD associated with each support point location (NONP) 

These estimation methods are called FO-NONP and FOCE(I)-NONP. This is 
an original implementation as it sequentially uses parametric and nonpara-
metric evaluation of the likelihood, whereas other nonparametric applica-
tions, such as NPML (37) or NPAG (57), do not rely on approximation of 
the likelihood but proceed by iterative refinements of both steps in a simul-
taneous manner (location of support points and probability estimation). The 
probability theory applied when using FO-NONP and FOCE(I)-NONP is 
fundamentally different from the parametric FO and FOCE(I) estimation 
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methods. The nonparametric likelihood of parameters given the data is given 
by Eq. (6): 
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The nonparametric likelihood is taken as a weighted sum (instead of an inte-
gral) of each individual likelihood of the kth support point estimate (Lik) and 
probability weight (pk) associated with this location (58). The nonparametric 
likelihood in NONMEM is considered as a finite combination of up to n 
separate mixture likelihood functions, n being the total number of individu-
als in the data. The functional form obtained is discrete, restricting the 
maximization of the likelihood to a finite dimensional set of at most n sup-
port point estimates (instead of –Inf, +Inf for parametric L). However, de-
termining the location of optimal support points is more computationally 
demanding than for a post hoc parametric step. In NONMEM, a computa-
tional shortcut is achieved when applying NONP in comparison to other 
nonparametric applications by considering the EBEs obtained under FO or 
FOCE(I) as the optimal location of the support point estimates of the NPD 
(29, 58). Following the post hoc estimation step of FO or FOCE(I), the sup-
port points of the NPD are fixed to EBE locations to evaluate the marginal 
densities and JD associated with the data given maximum likelihood estima-
tors. A NPD is obtained and consists of a distribution of vectors of support 
point (ηi) associated with a discrete probability density JD (Figure 1B).  

In comparison to a parametric distribution, an extra dimension of the pa-
rameter space is considered in the model to evaluate the JD. A NPD is sum-
marized in NONMEM by an expected value (E(ηi)) calculated as a weighted 
mean of ηi and JD, and by a weighted variance (ω2). From Eq. (1), a NONP 
population fixed effect parameter of CL (θNONP) is given by Eq. (7): 

)( CLE
CLNONP e   (7) 

 

The full variance-covariance matrix Ω is obtained under a nonparametric 
model, which is not the default setting in a parametric model. This permits 
assessment of potentially strong correlations between individual parameters. 
However, it is important to outline that these summary parameters are not 
sufficient to characterize a NPD (as opposed to a parametric distribution). 
Indeed, support points are considered as additional model parameters instead 
of a post hoc process, and cannot be fully quantified by E(ηi) and ω2. Hence, 
for a given model structure, a nonparametric estimation consumes substan-
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tially more degrees of freedom during the model fit than a parametric esti-
mation. 

Assumptions  
A NONP model presents the advantage over a parametric model of not rely-
ing on assumptions about the distributional shape of individual parameter 
estimates. Relaxing the normality assumption permits one to obtain the dis-
tribution of ηi suggested by the data instead of imposing individual estimates 
to follow a given probability density. Hence, NONP models avoid the prob-
lem of model misspecification with regards to the first-level random effect 
distributions. To be representative of a given population, a NPD usually 
requires a sufficient number of individuals in the analysed data. This permits 
to provide a reliable and rich enough grid of support points since each 
unique individual provides a new support point estimate of a NPD. However, 
the minimum number of individuals required cannot be stated with certainty, 
as it is dependent on the data features, and is expected to increase with the 
level of complexity of the NONP model.  

One consequence of relaxing the normality assumption is that this data-
driven estimation process provides more intricate relationships between in-
dividual support point estimates than under a parametric estimation. 
Whereas in a parametric framework, ηi are assumed independently distrib-
uted, this assumption is not valid in the context of a NPD. Indeed, relaxing 
the normality assumption implies that a support point estimate is not inde-
pendent of the location of neighboring support points. This interdependency 
between ηi can be quantified by means of individual probability density 
functions (IPDs). However, IPDs are not directly available from NONMEM 
but require the use of a nonparametric subroutine of PsN, for Perl-speaks-
NONMEM (59).  

Nonparametric objective function 
In the same manner as OFV under parametric estimation, NONMEM outputs 
a NPOFV estimate to summarize the NONP maximum likelihood. However, 
the discrete nature of the NONP likelihood function estimated does not per-
mit discrimination of competing, nested, NONP models. To my knowledge, 
this is also the case in other nonparametric applications (34, 37, 57). To date, 
no likelihood-based statistical criterion for decision-making is available to 
guide the development of a NONP mixed effects model given NPOFV.  

In NONMEM, covariate analysis has not been addressed for NONP mod-
els and constitutes one objective of this work. In other nonparametric appli-
cations, a method for handling covariates has been reported (60-62) but at 
the cost of normality assumptions on their error distributions. Moreover, this 
assumption does not hold for categorical covariates (e.g., gender). 
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Estimation of standard error (SE) and confidence interval (CI) 
Before this thesis, no technique was available to derive imprecision esti-
mates of a NPD under a particular data design. The discrete nature of a NPD 
does not support the use of standard nonparametric bootstrap techniques as 
described by Efron (52) since resampling the data with replacement would 
result in imprecision estimates derived from fewer grid points than the 
unique number of support points inferred from the original data. 

Impact of shrinkage on NPD 
The dependence of the NONP method in NONMEM on adequate distribu-
tions of EBEs is as pronounced as for parametric estimations in the case of 
too sparse individual data or too noisy data (54, 58, 63, 64). Hence, NONP 
will not perform well for too sparse data, the EBEs distribution providing a 
shrunk distribution of support points for the NONP step evaluation. How-
ever, a novel approach, called the extended grid method (65), was developed 
to lessen the impact of η–shrinkage on the default NPD obtained in NON-
MEM and showed good estimation properties even in the case of sparse data. 
This method uses simulations to enrich the grid of support points estimated 
by the default NONP approach in NONMEM. The JD of additional support 
points and of original support points is then estimated. 

Nonparametric model selection strategy  
In a nonparametric modeling framework, most of the standard diagnostic 
tools used for assessment of parametric models are ineffective or inappropri-
ate. Goodness-of-fit and residual plots are not available except for the distri-
bution of ηi as shown in Figure 1B and 1D. However, simulation model-
based diagnostic tools can be used extensively to evaluate NONP models. 
Moreover, three new diagnostic tools for evaluation of NONP models were 
developed in this thesis. 

Simulation process 
Several simulation model-based diagnostics have been developed to assess 
the adequacy of model parameters and parameters distribution. The VPC and 
NPC (66) techniques (respectively visual and numerical predictive checks) 
permit assessment of the simulation properties of a model, and if use is made 
of an external data subset, evaluation of its predictive performance.  

Parametric simulations 
Given the multivariate normal distribution defined under Ω and Σ, paramet-
ric simulations consist of repeatedly sampling from the N(μ, ω2) that charac-
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terize the parametric distribution of each parameter given the final model 
and the data structure. The long tails of a parametric distribution given the 
normality assumption provides a wide range of possible values in simula-
tions. However, the extreme values do not have a high probability of appear-
ance (exponentially decreasing density at the tails). The bell-shape of the 
parametric distribution density tends to favor values around the mean, as-
sumed to be centered towards zero.  
Simulating from the normal density function enables to generate new simu-
lated values of ηi that do not correspond to the estimated distribution of 
EBEs inferred from the raw data during the parametric estimation process 
(Figure 2A).   
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Figure 2. Illustration of the parametric (A) and nonparametric (B) simulation proc-
esses in NONMEM. Presented are the estimated distribution of 12 ηCL (o) previously 
depicted in Figure 1A and 1B. Six new values of simulated ηCL are represented by a 
cross (x). It indicates the major difference in simulations between A) and B): For a 
parametric distribution, simulated values can be different from estimated EBEs (o) 
as they are sampled from the continuous normal density function. For a nonparamet-
ric distribution, however, the simulated values are all sampled from the grid of dis-
crete support points previously estimated. The density at other locations than EBEs 
is not defined due to the discreteness of the estimated NPD. 

Nonparametric simulations 
In contrast to a parametric simulation, the discrete nature of NPDs does not 
permit the simulation of new values of ηi than the grid of support points pre-
viously estimated and corresponding to EBEs distribution in NONMEM. 
Hence, simulated values of ηi are all issued from the estimated distribution of 
support points of the NPD. The associated JD of ηi estimates governs the 
relative appearance frequency of simulated ηi (Figure 2B). This means that 
extreme values cannot be sampled unless already estimated from the raw 
data. Hence, the simulated distribution of individual parameters given a 
NONP model will always be truncated within the interval region defined by 
the grid of multivariate EBEs distribution. This explains the rationale of 
having a rich enough grid of support points in estimation (i.e. enough indi-
vidual data) to permit good simulation properties of a NONP model. How-
ever, after addition of residual noise of a NONP model, simulated observa-
tions from a NONP model will differ from the observations of the raw data.  
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Nonparametric concept history  

Since the introductory work by Laird (67) in 1978 followed by Lindsay in 
1983 (68), nonparametric estimation in nonlinear mixed effects models has 
been sparingly used for data analysis in comparison to the conventional pa-
rametric approach. However, by suggesting no assumption on distribution of 
random effects is feasible in a maximum likelihood context, this opened a 
new area of research that Mallet (37) and later Schumitzky (34) encom-
passed with implementation of two iterative, exact, nonparametric maximum 
likelihood algorithms, respectively NPML (1986) and NPEM (1991). The 
development of NPML was carried on in the nineties, with several applica-
tions to population PK analysis (69, 70) as well as an adaptation of the algo-
rithm for handling covariate distributions (60-62). In parallel, the efficiency 
of NPEM was improved by Leary et al. (57) to refine the parameter space 
search and resulted in a separate software package, the nonparametric adap-
tive grid (NPAG, 1999). Further developments of NPAG are still under way 
(71-74) with promising outcomes and innovative ideas. However, although 
robust and statistically consistent, these new tools did not reach the popular-
ity they deserve in comparison with the parametric Taylor expansions im-
plemented in the NONMEM program that has since been adopted by the 
majority of modelers. The apparent reasons of their limited use despite their 
usefulness are the problematic computer intensive demanding nature of the 
iterative nonparametric applications implemented, but also relatively limited 
guidance.  
Steward Beal believed EBEs obtained in NONMEM from the post hoc step 
of Taylor linearizations of nonlinear mixed effects models often resulted in 
good location estimates, but lacked robustness when the associated paramet-
ric probability density distribution was used for simulations of skewed or 
non-normal data. Inspired by the work of Mallet and Schumitsky, Beal et al. 
decided to use EBE estimates as surrogates for the location of optimal sup-
port points, the step that required most of the computational power in NPML 
and in NPEM implementations. The NONP approach as incorporated in the 
NONMEM program was then a simple sequential nonparametric step that 
followed the standard Taylor expansion series of the likelihood. This NONP 
approach permits estimation of the residual variability, whereas in other 
nonparametric applications (34, 37, 57), it cannot be estimated and is fixed 
to a quadratic form obtained prior to the modeling by inspection of replicate 
measurements of the data. NONP was commercialized in the version VI of 
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the NONMEM program in 2006 (29), but was previously applied (given an 
in-house beta version) and communicated in a paper by Karlsson et al. (26) 
in 1998. The nonparametric application was designed as a simple code addi-
tion of a standard NONMEM control stream with extended output files and 
tabulated outcomes. This user-friendly implementation (in terms of model 
and data formats) encouraged NONMEM analysts to try this application, and 
Savic et al. (58) showed superior estimation properties of FO-NONP and 
FOCE-NONP algorithms in comparison to FO and FOCE for simulated 
datasets. One other advantage of this sequential NONP approach is that sup-
port point estimates do not necessarily need to be issued from FO or FOCE 
but can be supplied from external sources (e.g., other estimation processes 
not implemented in NONMEM). The work in this thesis built on this legacy 
with further evaluations of NONP estimation methods in NONMEM and the 
development of appropriate diagnostic tools for evaluation of NONP models 
and NPDs.  
 
It should be noted that the NONP concept was also employed in fully-
Bayesian approaches for population PK/PD data analysis, as evidenced by 
the convincing work of D’Argenio et al. (75), and Rosner et al. (76). 
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Aims 

The aim of this thesis was to evaluate the performance of nonparametric 
mixed effects models when applied to real and simulated PK/PD datasets, 
and to develop diagnostic tools compatible with the nonparametric distribu-
tion of parameters consequently estimated. 

In particular, the aims were: 
 
 To evaluate the simulation and prediction properties of the FO-NONP 

and FOCE(I)-NONP estimation methods in comparison with the stan-
dard parametric FO and FOCE(I) methods when applied to real data in 
NONMEM VI 

 
 To evaluate the relative predictive performance of FOCE-NONP pa-

rameter distributions in comparison with FOCE through the investiga-
tion of two established validation procedures commonly used for model 
evaluation and a population validation procedure 

 
 To develop two resampling-based techniques for estimation of impreci-

sion of nonparametric model parameters and parameter distributions, 
and demonstrate their utility as diagnostic tools for testing the adequacy 
of parameter distributions 

 
 To develop a novel covariate modeling approach intended for nonpara-

metric PK/PD models and investigate statistical power and type-I error 
rates for covariate inclusion on nonparametric parameter distributions. 
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Methods  

Real and simulated datasets  
In this thesis, both real (Paper I) and simulated (Papers II) datasets were 
investigated to assess the relative merit of NONP models in comparison with 
parametric models in NONMEM and the adequacy of NPDs obtained. Simu-
lated datasets can also serve to evaluate the properties of novel or established 
modeling techniques (paper III and IV). The main difference between real 
and simulated datasets is that in simulated experiments the underlying true 
model is known. Hence, the distribution of model parameters can be pre-
specified in the underlying true model to represent a Gaussian population 
(normally distributed, papers II, III, and IV), different subgroups within a 
population (bimodal density of true model parameters, paper III), or a heavy-
tail distributed population (paper III).  

Table 1 displays some features of the 25 real dataset designs used in paper I 
to evaluate the simulation properties and the predictive performance of 
NONP models in NONMEM VI. The range of study sizes used represent 
typical study sizes in drug development and academic studies. The character-
istics of data designs were intentionally chosen to be heterogeneous, ranging 
from very informative datasets to more sparsely sampled designs. The aver-
age number of observations per subject ranged between 3 and 45, with num-
ber of individuals from 8 to 637. Some datasets contained informative co-
variates as part of the final model structure (e.g., prazosin (50, 77)). Several 
routes of administration of a total of 20 different drug therapies were evalu-
ated, with some datasets containing both pediatrics and adults data (e.g., 
desmopressin joint analysis (78)).  

In paper II, 7 experimental settings were simulated given a simple model 
structure. The number of individuals was gradually increased by a factor 2 to 
generate series of 55 datasets containing from n=6 to n=384 individuals. 
Each individual contributed to 3 observations sampled at 0.2 hour, 6 hours, 
and 10 hours post-dose. The sampling design was previously optimized in 
the software PopED (79) given a D-optimal criterion.  
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Table 1. Brief description of the 25 dataset designs and models used in paper I. The 
number of observations (DVs), individuals (IDs), and random effects (ETAs) are 
displayed. 

Models 
Administration 

routes 
Absorption Disposition DVs IDs 

ETAs 
FO 

ETAs 
FOCE 

PK1 – Cladribine PO/IV/SC 1st order 3-comp 1102 161 6 7 

PK2 – Pefloxacin IV  1-comp 337 74 2 2 

PK3 – Glibenclamide PO/IV 
1st order,Lag 

Time 
2-comp 287 8 6 5 

PK4 - Glibenclamide (II) PO/IV 1st order,Transit 2-comp 287 8 6 7 

PK5 - Desmopressin joint PO 1st order,Transit 1-comp 512 100 5 5 

PK6 – Levosimendan IV  2-comp 359 24 3 3 

PK7 – Antibody atm-027 IV  2-comp 413 14 4 4 

PK8 – Moxonidine PO 
1st order,Lag 

Time 
1-comp 1022 74 6 5 

PK9 - Moxonidine (II) PO 1st order,Transit 1-comp 1022 74 5 8 

PK10 – Gefitinib PO 1/0 order 1-comp 705 34 3 4 

PK11 – Melagatran PO 1st order 1-comp 3595 596 2 3 

PK12 – Pyrazinamide PO 1/0 order 1-comp 3092 227 5 5 

PK13 – Prazosin PO 1st order 1-comp 887 64 6 6 

PK14 - Antibody X IV  2-comp 559 70 4 4 

PK15 – Voriconazole PO 1st order 2-comp 1274 83 4 5 

PK16 – Tobramycin IV  2-comp 322 97 1 1 

PD1 – Cladribine in vitro Direct Imax model 341 59 3 3 

PD2 – Docetaxel IV Semi-mechanistic model 3553 637 3 4 

PD3 – Levodopa PO Effect-compartment Imax model 851 19 6 6 

PD4 - Moxonidine SBP PO Effect-compartment Imax model 1942 97 4 3 

PD5 - Moxonidine HR PO Effect-compartment Imax model 1944 97 2 2 

PD6 - Moxonidine NA PO Effect-compartment Imax model 2386 97 4 4 

PD7 - Tezaglitazar FPG PO Indirect Imax model 4035 412 3 4 

PD8 - Tezaglitazar HbA1c PO Mechanism-based model 4663 412 3 5 

PD9 – Digoxin IV Effect-compartment linear model 787 225 2 2 

Table 2 displays the simulation settings to generate the data used to evaluate 
the adequacy and the diagnostic values of two bootstrapping methods (paper 
III) aiming to provide imprecision estimates of NPDs. 

Table 2. Simulation settings for the 6 scenarios used to obtain 95% CIs around 
NPDs in paper III.  

Simulated Number of subjects Number of observations CL distribution V distribution Residual error
data per subject 

Log-normal 200 / 50 3 ¹ Log-normal ² Log-normal ³ 0.1

Quadro-modal 200 / 50 3 ¹ Bimodal  Bimodal 0.1

Heavy-tailed 200 / 50 3 ¹ Heavy-tailed Log-normal ³ 0.1

¹ Sample taken at 1, 5 and 10 h post-dose

² CL estimates defined with θ = 30 L/h and Ω = 0.09

³ V estimates defined with  θ = 100 L and Ω = 0.09
   Modes of CL defined at 10 L/h (50%) and 30 L/h (50%), and Ω = 0.09
   Modes of V defined at 100 L (50%) and 300 L (50%), and Ω = 0.09
   Association of two distributions of CL defined as  (θ = 10 L/h, Ω = 0.09) (80%) and (θ = 10 L/h, Ω = 1) (20%)

 5 4

   6

4

5

6  
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In paper IV, an informative data design of 3 PK observations per individual 
(sampled at 1, 5, and 10 hours post-dose) and 100 subjects was considered to 
evaluate the statistical and estimation properties of a novel covariate model-
ing technique intended for NONP models. To this aim, 8 scenarios of 1000 
simulated datasets were investigated. Both a continuous (e.g., age) and a 
categorical (e.g., gender) covariate distributions of various correlation 
strengths on CL were simulated from standard uniform distributions in each 
dataset. Table 3 summarizes the different scenarios used for evaluation. 

Table 3. Simulation settings used in paper IV to investigate statistical and estimation 
properties of a novel covariate modeling approach intended for NONP models.  

Covariate 

Distribution 

Nb. 

IDs 

Nb.    

DVs/ID 

True   

Coefficient 
CL V RV Statistics 

0 Type-I error (CL) 

-0.006 

-0.008 

 Continuous 

(Scenarios  

1 to 4) 

100 3 

-0.010 

30 

 (30% CV) 

100  

(30% CV) 
10%  CV Statistical power (CL) + 

Type-I error (V) 

0 Type-I error (CL) 

-0.15 

-0.175 

 Categorical 

(Scenarios 

5 to 8) 

100 3 

-0.200 

30  

(30% CV) 

100 

 (30%  CV) 
10%  CV Statistical power (CL) + 

Type-I error (V) 

PK/PD Models  
In paper I, final parametric models described in Table 1 were rerun in 
NONMEM VI with parametric estimation methods (FO, FOCE(I)) and sub-
sequently analysed under FO-NONP and FOCE(I)-NONP. Sixteen PK mod-
els and 9 PD models were evaluated by means of 4 different estimation 
methods. The model features were chosen with a large variety of structural 
models (lag time, transit absorption model, indirect response model, effect 
compartment, etc) and a broad range of residual variability magnitudes and 
structures (additive, proportional, combined). The number of first-level ran-
dom effects estimated ranged between 1 and 8. Some models estimated only 
IIV (e.g., pefloxacin (80)) whereas some had both IIV and IOV terms to 
estimate (e.g., pyrazinamide (81) or moxonidine (82)).  

In paper III and IV, a simple 1-compartment linear elimination PK model 
was used to simulate datasets, whereas in paper II a 1-compartment linear 
elimination PK model with first-order absorption was applied. It is important 
to underline that simulation models are selected to be simple. In simpler 
models the results in relation to the design are easier to intuitively under-
stand and they therefore serve as better illustrations. 
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Established methodologies  
Numerical predictive check (NPC) 
The NPC technique is a simulation model-based diagnostic tool imple-
mented in PsN (59) that aims to numerically assess the appropriateness of 
models, estimation methods, or validation procedures. It is equivalent to a 
visual predictive check (VPC) except that a numerical summary is produced. 
It performs a large number of simulations from final model parameter and 
parameter distribution estimates, and evaluates the statistical features of the 
original data by means of prediction intervals (PIs) derived from the simu-
lated observations. Given a PI of interest, it then computes the percentage of 
observations in the original dataset placed outside the region defined by the 
PI estimates obtained. Three PIs were investigated in this work. It consists of 
the 90% PI (tails of the distribution of observations, representative of one 
aspect of the variability in the data (paper I and II)), the 0% PI (i.e. the simu-
lated median corresponding to a measure of the predictive behavior of the 
model at the central tendency of the data (paper II)), and the 50% PI (i.e., the 
inter-quartile range of observations (paper I)). 

In Paper I, this technique was used to serve as a reference method to 
evaluate the simulation properties of 4 estimation methods applied to 25 real 
datasets. Indeed, by quantitative evaluation of the percentage of observations 
in the original dataset at a given PI of interest, the NPC outcomes obtained 
can be compared to the expected performance of the model (e.g., 5% of out-
liers on both sides of the 90% PI region). When there is no misspecification 
in the model (paper II), this technique permits investigation of errors (bias 
and imprecision) which directly relate to the validation procedure used 
or/and to the algorithm employed.  

Model validation procedures 
Internal validation (IV) 
An internal validation was undertaken utilizing the NPC technique for both 
parametric and NONP models (paper I and II). It consists of using the full 
dataset format for both the learning step and the validation step of the model 
(Figure 3). Hence, the model is evaluated on the same dataset as the one 
used to develop its structural and stochastic components. A potential weak-
ness of using this approach in some circumstances is the tendency of obtain-
ing a model that overfits the data (83-86) because of the lack of independ-
ency between the learning and validating steps.  
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Figure 3. Schematic representation of the two consecutive steps of three different 
validation procedures. 

External data-splitting validation (EV) 
In contrast to IV, an EV of a model is performed on a different dataset than 
the learning dataset utilized for estimation of model parameters. Hence, with 
EV, model parameters are estimated and evaluated on two separate, inde-
pendent, sets of data, reducing the potential for overfit. However, external 
datasets are seldom available in clinical practice or in drug development. A 
data-splitting EV can be performed instead by generating two data subsets: a 
learning subset for estimation, and a validation subset for prediction pur-
poses (Figure 3). The size of the original study can be either split into two 
equally-sized subsets, or by another ratio (e.g., 2/3, 1/3). In paper II, equally-
sized subsets were used to evaluate the predictive performance of data-
splitting EV by means of NPC given FOCE and FOCE(I)-NONP parameter 
estimates. No stratification was performed since simulated datasets did not 
contain any informative covariate. This procedure was also used for 3 mod-
els in paper I to evaluate the prediction properties of FOCE-NONP and 
FOCE(I). A disadvantage of splitting the original dataset is that parameter 
estimates are less informed than for IV since only parts of the individual data 
is used to estimate model parameters and parameter distributions.  

Population validation (PV) 
This validation technique is usually not feasible in practice since the popula-
tion is not known. It was designed to assess the expected predictive perform-
ance of the model given that the entire population was available for evalua-
tion of the model. In paper II, the PV procedure was used as the reference 
methodology to evaluate the predictive performance of IV and EV given 
FOCE or FOCE-NONP estimation. Series of simulated datasets of 1000 
individuals served as external population pools of observations regardless of 
the original study sizes employed for estimation of model parameters (Figure 
3).  
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It should be noted that other validation procedures exist but were not consid-
ered in this work (e.g., cross-validation). 

Errors assessments 
Three types of errors of an estimator were evaluated in this work. In paper I 
and II, mean errors (MEs) and mean absolute errors (MAEs) from NPC out-
comes were used respectively as indicators of bias and imprecision induced 
by the models. They were computed to assess simulation/prediction proper-
ties of NONP versus parametric estimation methods (paper I and II), but also 
to assess IV and EV predictive performance (paper II). In paper III, MEs 
were calculated and used to attest to the adequacy of the 95% CI estimates of 
NPDs obtained with the two proposed resampling-based methodologies 
given a gold standard reference method. In paper IV, MEs and another indi-
cator of imprecision, root mean squared errors (RMSEs) were computed to 
assess bias and imprecision of regression coefficient estimates obtained with 
the developed covariate methodology. The formula of ME, MAE, and 
RMSE are given by Eq. (7), Eq. (8), and Eq. (9) respectively, ф symbolizing 
an estimator: 

n

i
refest iin

ME
1

)(
1

  (7) 

n

i
refest iin

MAE
1

||
1   (8) 

n

i
refest iin

RMSE
1

2)(
1   (9) 

 
In paper IV, two other types of errors relative to the statistical properties of 
tests were computed empirically from a distribution of a large number of 
hypothesis-testing experiments. To evaluate the adequacy of the new covari-
ate method developed for NPDs, type-I error rate (probability of a false posi-
tive), and type-II error rate (probability of a false negative) were computed. 
Statistical power was then computed as (1 – type-II error rate).  

Formal statistical tests were used in paper I, and in paper II, to evaluate 
whether the differences in bias and imprecision between estimation methods 
or between validation procedures were statistically significant. The level of 
significance was set to p<0.05 and Student’s t-tests for paired samples were 
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applied. In paper IV, LRT statistics were applied with a nominal p-value set 
to 0.05. 

Stochastic simulation followed by estimation (SSE) 
SSE is a subroutine of PsN used in this thesis to evaluate the properties of 
new investigational tools (paper III and IV) and to demonstrate their ade-
quacy. It sequentially performs series of simulations from a given model. As 
a result, each dataset generated are subsequently used for estimation given 
the same model, but also for estimation of alternative models. In paper III, 
100 SSE samples were employed to obtain a distribution across replicates of 
population parameter estimates under FOCE and FOCE-NONP given a sim-
ple PK model. From these empirical distributions of FOCE and FOCE-
NONP parameters, SE estimates were computed. An asymptotic SE esti-
mates of FOCE parameters was also obtained from SSE ($COVARIANCE). 
One of the two bootstrap procedures developed was then applied to each 
data replicate of SSE to quantify imprecision of FOCE-NONP population 
parameter estimates. SE estimates obtained with the 4 different approaches 
were finally compared to evaluate the properties of the developed bootstrap-
ping procedures. SSE was also used for hypothesis-testing in paper IV to 
obtain estimates of statistical power and type-I error rates associated with 
LRT statistics across 1000 SSE replicates. These estimates were then com-
pared to the statistical properties obtained on the same set of data with the 
new covariate modeling approach developed given FOCE-NONP mode pa-
rameter distributions.  

Generalized additive modeling (GAM) 
The GAM procedure (56) was employed in paper I and IV to evaluate rela-
tionships between a dependent variable and potential predictors. In paper I, a 
stepwise GAM procedure as implemented in the R program (87) was under-
taken in an attempt to explain the difference in prediction errors of NPC 
outcomes between NONP and parametric algorithms based on the character-
istics of each of the 25 data/models employed. The explanatory variables 
tested were: number of individuals, number of observations per individual, 
and number of observations per random effect. In paper IV, weighted GAM 
regression was an essential part of the proposed covariate analysis given a 
NPD. 

Nonparametric subroutines in PsN 
Several subroutines intended for NONP model evaluation are available in 
PsN. Simulation model-based diagnostics, such as VPC, NPC, and SSE, are 
compatible with NONP implementation in NONMEM. Another NONP sub-
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routine consists of obtaining the individual probability density functions 
(IPDs) of a given NPD. This subroutine can be called by a “pind” command 
line. The principle of the methodology is to derive from the individual data 
and the NONP model structure a set of unique IPDs characterizing individ-
ual contributions to the population JD across the range of support points of a 
NPD. IPDs can be seen as measurements of the interdependency between 
support point estimates. A graphical representation of “pind” outcomes is 
given in Figure 4. For completeness, the extended-grid method (65) is also 
implemented in PsN. This technique permits one to counteract the impact of 
η-shrinkage on the default NONP estimation in NONMEM when analyzing 
sparse data. The principle is to enrich the grid of estimated support points by 
simulating new support points from the final model parameter estimates 
obtained. Finally, two other subroutines for NONP evaluation have been 
developed as part of this work: the full and the simplified NONP bootstrap 
methods. These are described in the next section. 
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Figure 4. Graphical illustration of the partition of a population NPD into a set of 
unique IPDs. The computations involved are fully automated in the PsN nonpara-
metric subroutine “pind”. (A): NPD of CL in a population of 5 individuals; (B): 
individual contributions to the population JD, each color representing a unique indi-
vidual; (C): IPDs characterizing each unique individual distribution across the range 
of support points of the population NPD. 

Developed methodologies 
Three methodologies were developed in this work, two of which are imple-
mented in PsN:  

 A full bootstrap method to obtain imprecision of NPD (PsN) 
 A simplified bootstrap method to obtain imprecision of NPD as 

well as SE and variance-covariance matrix of the distribution of 
NONP population parameters (PsN) 

 A covariate search method for NONP models (Perl (88) script) 
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Imprecision estimates for NONP models  
Given the discrete nature of a NPD, applying standard bootstrap techniques 
(52) will provide unreliable imprecision metrics since the bootstrapped dis-
tribution of NPDs obtained will be defined at fewer support point estimates 
than the number of unique support points of the original NPD. Since each 
individual carries important information about the estimated distribution and 
since support points are not independent from each other, adaptation of the 
methodology is required. Paper III presents two novel bootstrapping routines 
to obtain imprecision estimates of a NPD, with applications in the software 
NONMEM. Both techniques contain a computational step that makes use of 
the “pind” nonparametric subroutine of PsN. This permits the partition of 
population NPD into a set of unique IPD estimates that are subsequently 
bootstrapped. 

Full NONP bootstrap method  
The full NONP bootstrapping method developed relies on bootstrap sam-
pling from the raw data and a re-estimation of both the preceding parametric 
(e.g., FOCE) and NONP steps in NONMEM. Several sets of new EBEs are 
obtained since a parametric estimation step is involved. These estimates are 
then fixed in the parameter space to perform a NONP step. However, in or-
der to assure that the number of support points is adequate for each NPD 
across replicates, the NONP estimation step that follows is based on the raw 
data rather than on bootstrapped datasets. In this way, the set of new distri-
butions of support points for each NPD is defined at the same number of 
unique support points as the original NPD. For each distribution obtained, a 
partition of JD into IPDs is performed (Figure 4). IPDs are consequently 
bootstrapped (based on the same sample key as the respective bootstrapped 
datasets) and later reassembled to yield new JD estimates. 

The resulting distribution of NPDs across a large number of bootstrap 
replicates is used to build nonparametric CIs of interest based on a percentile 
approach. In this work, the 95% CI was evaluated. It should be noted that the 
95% CI obtained refers to the parameter estimates at each support point of 
the NPD. For a convenient graphical representation of the imprecision given 
the discrete distribution of support points, the cumulative marginal density of 
a parameter (e.g., CL) is considered with the associated 95% CI estimate. 
Standard imprecision metrics, such as SEs and the variance-covariance ma-
trix of the distribution of NONP population parameters can be derived from 
the bootstrap outcomes. However, for the ease of implementation, these met-
rics were only evaluated with the simplified bootstrap method in paper III.  

Simplified NONP bootstrap method  
The simplified NONP bootstrapping method intended for estimating impre-
cision in NPD does not rely on bootstrapping of the raw data. Rather than 
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obtaining new support points, the NPD estimated from the original data is 
used. A partition of the original JD into unique sets of IPD is first under-
taken. IPDs are then bootstrapped and later reassembled for each bootstrap 
replicate. This generates a new JD by summing up the contribution to a par-
ticular support point of individuals included in the bootstrap sample. Since 
the raw data is not altered, the NPDs across replicates obtained all share the 
same grid of unique support points as the original NPD. As for the full 
NONP bootstrap method, the distribution across replicates of NPD is used to 
construct NONP 95% CI of the original NPD. Any other relevant statistics of 
the imprecision of NONP model parameters can be derived from the simpli-
fied version (e.g., SEs and variance-covariance matrix of the distribution of 
NONP population parameter estimates).  

Applications of full and simplified NONP bootstrap methods (paper III) 
The full and simplified bootstrap methods proposed were applied to a set of 
6 simulated datasets (log-normal, bimodal, and heavy-tailed parameter dis-
tributions given the underlying true model). Imprecision metrics (95% CI) of 
the cumulative marginal density of NPDs were estimated for the full and 
simplified bootstrap method under FOCE-NONP estimation. To evaluate the 
appropriateness of the two 95% CIs obtained, a reference 95% CI was de-
rived by means of standard bootstrapping of the true distribution of individ-
ual parameters. Both methods were further investigated as potential diagnos-
tic tools to facilitate the detection of misspecification in parameter distribu-
tions given a parametric (FOCE) model. Two different data study sizes were 
investigated (50 and 200 individuals) and the number of bootstrap samples 
was increased from n=100 to n=500 in order to evaluate the adequacy of 
95% CIs obtained when varying the settings of the full, and simplified boot-
strap methods.  

A novel covariate modeling approach for NONP models  
Weighted GAM analysis given NPDs 
The proposed methodology for covariate analysis given a NONP model is 
articulated around the partition of the estimated NPD into a set of IPDs. An 
informative weighting function making use of each unique IPD distribution 
is then applied to weight the support points in a GAM regression model in-
volving covariates as potential predictors. An illustration of these 2 steps is 
given in Figure 5. Due to the transformation of the post hoc data (the degrees 
of freedom are artificially inflated to account for IPDs), the AIC criterion 
(Akaike’s information criterion) obtained is severely biased towards a sig-
nificant effect of covariates on NPDs. Hence, a calibration of the two-stage 
covariate methodology proposed is required by means of extensive randomi-
zation tests (89) coupled to GAM analysis. From the distribution of 1000 
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AIC criteria obtained under the perturbations of the data, a likelihood-based 
criterion is calibrated at a user-defined p-value for selection of informative 
covariates. A statistical criterion is established for decision-making and used 
to determine the significance level of a relationship between a covariate dis-
tribution and a NPD. The explanatory value of the covariate relationship is 
first assessed by the correlation coefficient estimate obtained by GAM in R 
and can be further refined after incorporation of the covariate relationship in 
the NONP model of the NONMEM program. 
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Figure 5. Illustrations of two of the steps involved in the covariate model approach 
intended for NONP models. Panels (A, B, C) represent the partition of a NPD of CL 
for a population of 5 individuals into a set of 5 unique IPDs (panel C). Panel D gives 
a 3-dimensional illustration of the weighting GAM process involved. A regression 
plan symbolizes the linear relationship found by GAM between CL and AGE. Each 
color represents a unique individual in B,C,D. The calibration step consists of re-
peating the GAM model in panel D when permuting AGE covariate measures. 

Two different weighting functions involving IPDs were evaluated. A more 
sophisticated version was designed to account for IPDs and for the ratio of 
individual variance of IPD (Figure 5C) and the population variance of NPD 
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(Figure 5A). This adaptation is expected to enhance the performance of the 
weighted fit in the case of pronounced data sparseness.  

A Perl script was developed to automate the procedure that involves PsN 
(“pind”), R (GAM), and NONMEM.  

Statistical and estimation properties of weighted GAM analysis given 
NPDs 
Investigation of the statistical properties of the proposed covariate search 
method was undertaken by means of 8 different experimental settings of 
1000 SSE datasets (Table 3) estimated with FOCE-NONP. Each experiment 
was set to represent different correlation strengths of the underlying true 
covariate distributions on CL. Statistical power and type-I error rate esti-
mates for covariate inclusion on CL were computed for each scenario by 
means of two variants of the weighted GAM method. A comparison of sta-
tistical outcomes was then undertaken with LRT statistics obtained from 
SSE given nested parametric (FOCE) models. Since datasets were generated 
to represent a Gaussian population, LRT was used as the gold standard refer-
ence method. The calibration of the weighted GAM method and the nominal 
p-value of LRT were both set to α=0.05. Finally, bias (ME) and imprecision 
(RMSE) of regression coefficient estimates obtained with the weighted 
GAM methods given FOCE-NONP parameter distributions were evaluated 
and compared to NONMEM estimates under FOCE estimation.  
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Results 

Evaluation of FO-NONP & FOCE-NONP  
Evaluation using real data (paper I) 
When applied to real datasets, NPC outcomes obtained with nonparametric 
estimation methods (FO-NONP, FOCE(I)-NONP) were overall less bias and 
less imprecise than with parametric estimation methods (FO, FOCE(I)). 
Across the 25 PK/PD models, results were not always in favor of NONP as 
displayed in Table 4 when comparing the values of above, below, and total 
outlier percentages of the 90% PI obtained after running FO and FO-NONP 
methods. However, anomalies in simulations derived from a particular 
model were not investigated, as the objective was to evaluate the estimation 
methods in their overall characteristics. Moreover, the GAM analysis per-
formed did not find consistent predictor of the relative merit in simulation 
outcomes of NONP models in comparison with parametric models. 

Table 4. Percentages of above (90% U), below (90% L) and total (90% T) outliers of 
the 90% PI obtained from NPC evaluation of 25 final PK and PD models given FO 
and FO-NONP estimations in NONMEM VI. 

NPC: 90% Prediction Interval

Percentages of outliers 90% U 90% L 90% T 90% U 90% L 90% T

PK1 - Cladribine 7.08% 2.99% 10.07% 6.44% 5.17% 11.62%

PK2 - Pefloxacin 5.93% 6.82% 12.76% 5.64% 5.34% 10.98%

PK3 - Glibenclamide lag time 0.35% 7.32% 7.67% 3.14% 9.41% 12.54%

PK4 - Glibenclamide transit 0.35% 6.97% 7.32% 2.44% 9.06% 11.50%

PK5 - Desmopressin joint transit 0.20% 0.78% 0.98% 2.34% 2.54% 4.88%

PK6 - Levosimendan 3.62% 4.46% 8.08% 4.46% 5.01% 9.47%

PK7 - Antibody atm-027 0.24% 0.48% 0.73% 3.39% 1.21% 4.60%

PK8 - Moxonidine lag time 8.41% 2.35% 10.76% 6.36% 3.03% 9.39%

PK9 - Moxonidine transit 6.56% 4.40% 10.96% 5.97% 5.09% 11.06%

PK10 - Gefitinib 1.84% 3.40% 5.25% 4.40% 3.55% 7.94%

PK11 - Melagatran 4.01% 7.45% 11.46% 3.78% 7.01% 10.79%

PK12 - Pirazinamide 4.56% 2.88% 7.44% 4.17% 3.49% 7.66%

PK13 - Prazosin 2.25% 6.31% 8.57% 3.83% 7.33% 11.16%

PK14 - Antibody X 7.51% 2.68% 10.20% 7.87% 3.04% 10.91%

PK15 - Voriconazole 1.18% 11.46% 12.64% 5.34% 4.47% 9.81%

PK16 - Tobramycin 4.04% 5.28% 9.32% 5.28% 6.52% 11.80%

PD1 - Cladribine 7.62% 0.88% 8.50% 5.28% 7.92% 13.20%

PD2 - Docetaxel 3.80% 1.80% 5.60% 6.05% 1.32% 7.37%

PD3 - Levodopa 5.05% 7.29% 12.34% 4.35% 7.05% 11.40%

PD4 - Moxonidine SBP 6.13% 4.33% 10.45% 5.92% 4.74% 10.66%

PD5 - Moxonidine HR 2.37% 7.46% 9.83% 4.84% 5.25% 10.08%

PD6 - Moxonidine NA 7.21% 3.69% 10.90% 6.16% 5.74% 11.90%

PD7 - Tezaglitazar FPG 3.07% 4.21% 7.29% 4.93% 3.54% 8.48%

PD8 - Tezaglitazar HbA1c 5.55% 3.95% 9.50% 4.70% 5.10% 9.80%

PD9 - Digoxin 3.05% 2.41% 5.46% 2.92% 6.10% 9.02%

FO FO-NONP
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Four comparisons of the simulation properties of estimation methods were 
undertaken at the 50% and 90% PIs of NPC outcomes: 

 FO versus FO-NONP 
 FOCE(I) versus FOCE(I)-NONP 
 FOCE(I) versus FO-NONP 
 FO-NONP versus FOCE(I)-NONP 

The distribution of prediction errors (bias and imprecision) obtained with the 
4 estimation methods is displayed in Figure 6 for each NPC outcome of the 
90% PI, and in Figure 7 for the 50% PI. Regardless of the PI of interest, FO 
and FOCE(I) were, on average, more biased and less precise than FO-NONP 
and FOCE(I)-NONP respectively. These distributions were summarized in 
Table 5 (MAEs) and Table 6 (MEs). Statistical tests revealed that impreci-
sion and bias were significantly lower (p<0.05) with FOCE(I)-NONP than 
with FOCE(I) for half of the NPC outcomes investigated. When comparing 
FO versus FO-NONP, improvements were even more pronounced. 
 

 
Figure 6. Distributions of prediction errors (top: imprecision, bottom: bias) of the 25 
models evaluated by NPC with 4 estimation methods (A=FO, B=FO-NONP, 
C=FOCE(I), D=FOCE(I)-NONP) at the 90% PI (U: above, L: below, T: total). 
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Figure 7. Boxplots of prediction errors (top: imprecision, bottom: bias) of the 25 
models evaluated by NPC with 4 estimation methods (A=FO, B=FO-NONP, 
C=FOCE(I), D=FOCE(I)-NONP) at the 50% PI (U: above, L: below, T: total). 

Table 5. MAEs of the NPC outcomes obtained with 4 estimation methods and 25 
PK/PD final models. Presented are the percentages of above (U), below (L), and 
total (T) outliers of the 90% PI and of the 50% PI. The stars indicate p<0.05.  

 

MAEs 

 

FO 

 

FO-NONP 

 

FOCE(I) 

 

FOCE(I)-NONP 

 

p-value 

FO vs.  

FO-NONP 

 

p-value 

FOCE(I)  vs. 

FOCE(I)-NONP 

 

p-value 

FO-NONP  vs. 

FOCE(I) 

 

p-value 

FO-NONP vs. 

FOCE(I)-NONP 

90% U 0.023 0.011 0.021 0.012 0.000 * 0.002 * 0.001 * 0.708 

90% L 0.022 0.016 0.013 0.011 0.078 0.298 0.236 0.053 

90% T 0.024 0.016 0.021 0.016 0.020 * 0.114 0.176 0.918 

50% U 0.056 0.017 0.033 0.020 0.000 * 0.014 * 0.000 * 0.513 

50% L 0.052 0.026 0.035 0.025 0.014 * 0.120 0.230 0.842 

50% T 0.046 0.025 0.051 0.025 0.007 * 0.000 * 0.001 * 0.925 
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Table 6. MEs of the NPC outcomes obtained with 4 estimation methods and 25 
PK/PD final models. Presented are the percentages of above (U), below (L), and 
total (T) outliers of the 90% PI and of the 50% PI. The stars indicate p<0.05.  

 

MEs 

 

FO 

 

FO-NONP 

 

FOCE(I) 

 

FOCE(I)-NONP 

 

p-value 

FO vs.  

FO-NONP 

 

p-value 

FOCE (I) vs.  

FOCE(I)-NONP 

 

p-value 

FO-NONP vs. 

FOCE(I) 

 

p-value 

FO-NONP vs. 

FOCE(I)-NONP 

90% U -0.009 -0.002 -0.006 -0.002   0.046 * 0.228 0.280 0.894 

90% L -0.005 0.001 -0.004 0.002 0.193   0.010 * 0.240 0.781 

90% T -0.014 -0.001 -0.010 0.001   0.003 *   0.006 * 0.093 0.670 

50% U -0.024 -0.003 -0.010 -0.009 0.117 0.941 0.347 0.264 

50% L -0.002 -0.012 -0.021 -0.006 0.520   0.030 * 0.337 0.308 

50% T -0.026 -0.015 -0.030 -0.015 0.280 0.072 0.099 0.992 

When comparing FO-NONP versus FOCE(I), significantly greater precision 
(MAEs in Table 5) were obtained with the NONP method for half of the 
simulation outcomes. Moreover, there was a trend that the FO-NONP 
method was less biased than FOCE(I) although differences in MEs were not 
found significant (Table 6). The comparison of NPC outcomes obtained 
from the two different NONP estimation methods implemented in NON-
MEM VI did not permit to differentiate the simulation properties of FO-
NONP and FOCE(I)-NONP.  

The EV data-splitting procedure performed for 3 datasets (PD model 2: do-
cetaxel, PK model 11: melagatran, and PK model 14: antibody X) yielded 
successful minimization under FOCE(I) and FOCE(I)-NONP when fitting 
half of the data. For docetaxel and melagatran (large number of individuals), 
EV revealed similar patterns as for IV, with less deviation from expected 
values when applying FOCE(I)-NONP than FOCE(I) (data not shown). 
However, for a smaller data study size (n=70, antibody X), FOCEI produced 
unbalanced simulations at the 50% PI (39.5% and 11.8% respectively for 
percentage of outliers above and below the 50% PI) and understated the vari-
ability at the 90% PI (17.2% for percentage of total outliers). This tendency 
was far less pronounced when applying FOCEI-NONP (e.g., 12.1% for per-
centage of total outliers of the 90% PI). 

Evaluation using simulated data (paper II) 
Predictive performance of IV versus EV  
The predictive performance of IV and EV assessed by NPC given FOCE and 
FOCE-NONP final parameters and parameter distributions are displayed in 
Figure 8 in terms of prediction errors (MEs) when predicting at the median 
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(0% PI) and at the tails (90% PI) of the population distribution of observa-
tions.  

Original study size (No individuals)
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Figure 8. Prediction errors of predictive performance for (i) IV-PV and (ii) EV-PV 
obtained at the population median observation (0% PI) for each study size when 
NPC outcomes were based on FOCE (panel A) and FOCE-NONP (panel B). Panel 
C (FOCE) and D (FOCE-NONP) correspond to the 90% PI percentage of total out-
liers. The stars at the bottom of panels indicate p<0.05. 

Overall, bias was small and increasing study size reduced the extent of pre-
diction errors for both IV and EV, regardless of the PIs chosen and of the 
estimation methods used. However, for small study sizes (n≤24), IV dis-
played more bias in predictions than EV, and significantly so for FOCE-
NONP. For FOCE, this was significant for n≤12. This suggests that for small 
study sizes, overfitting is present when evaluating a model with IV, whereas 
EV provided, on average, unbiased predictions, regardless of the statistics of 
interest and of the size of the original data. Moreover, NONP models pro-
vided as good predictive performance as parametric models when predicting 
the features of a Gaussian population, apart an inflation of prediction errors 
at the tails of the distribution (90% PI, Figure 8D) when internally validated 
based on original study size n≤12. 

In terms of MAEs (Figure 9), IV provided significantly better precision in 
predictions than EV in most of the cases investigated (p<0.05). The median 
of population observations was always more precise with IV than EV regard-
less of the estimation methods used, and significantly so apart for two sce-
narios of small datasets estimated with FOCE. The tails of the population 
distribution (90% PI) were significantly more precisely predicted with IV 
than EV (p<0.05) after reaching a threshold of at least 48 individuals regard-
less of the estimation methods used. For smaller datasets, similar magnitude 
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of MAEs were obtained at the 90% PI between IV and EV, apart from one 
case with FOCE-NONP (n=6). 
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Figure 9. Monotonically decreasing relationship between MAEs of the NPC out-
comes (0% and 90% PIs) and original study size for IV and EV evaluation of a PK 
model estimated with FOCE and FOCE-NONP. Statistical test outcomes are dis-
played when comparing IV and EV at the bottom of each panel (stars indicate 
p<0.05). 

Relative population predictive performance of FOCE-NONP vs. FOCE 
The distribution of relative prediction errors (REs) obtained for FOCE-
NONP versus FOCE parameter estimates at the median and at the tails of the 
population distribution of observations are depicted in Figure 10. Overall, no 
difference in predictions under the PV scheme was noticeable when predict-
ing at the central tendency of a population (0% PI). When predicting at the 
tails of the population distribution (90% PI) and when parameters were de-
rived from small datasets (n=6), positive REs were obtained. This indicates 
that prediction errors obtained with FOCE-NONP were higher than the ones 
with FOCE. However, for data size n≥12, NONP models were equivalent to 
parametric models for predicting the statistical aspects of a true Gaussian 
population distribution. 
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Figure 10. Boxplots of relative population prediction errors (REs) under the PV 
scheme for NONP and parametric (FOCE) models given each study size investi-
gated. 

Development of new diagnostic tools for NONP models 
Two bootstrapping techniques for obtaining imprecision of 
NONP models (paper III) 
The two bootstrapping routines intended for NONP models were success-
fully implemented in PsN to provide imprecision estimates for NPDs. When 
using the simplified version, imprecision metrics (SEs and variance-
covariance matrix) of NONP population parameters were also made avail-
able in PsN outputs. 

Assessment of SE and variance-covariance matrix estimates 
Estimates of SE obtained from the simplified NONP bootstrap method and 
from 3 other estimation processes involving the use of Monte-Carlo simula-
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tions by means of 100 SSE data replicates are displayed in Table 7 given a 
simple PK model and a study size of 200 individuals originating from a true 
Gaussian population. SEs obtained from the simplified method were good 
indicators of the true imprecision of parameter estimates since no major dif-
ference were noticeable by comparison of the outcomes of the 4 different 
approaches investigated. Similar findings were obtained when investigating 
the variance-covariance matrix of the distribution of NONP parameter esti-
mates (data not shown).  

Table 7. Standard error (SE) estimates of PK population parameters obtained by 4 
different approaches. CL and V parameters were parameterized by CL=e(θ+η) to eas-
ily compare imprecision estimates between parametric and NONP parameters. 

Simplified method

True FOCE 1 Asymptotic FOCE 2 True FOCE-NONP 3 FOCE-NONP 4

 e θCL 0.022 0.022 0.021 0.021

e θV 0.024 0.022 0.024 0.020

   ΩCL 0.010 0.009 0.010 0.008
     ΩCL,V 0.007 0.006

ΩV 0.011 0.010 0.011 0.008

1 True FOCE represents the SE  of FOCE final estimates obtained from 100 SSEs
2 Asymptotic FOCE denotes the averaged analytical SE  obtained from 100 covariance steps in NONMEM ($COV)
3
 True FOCE-NONP denotes the SE  of FOCE-NONP final estimates obtained from 100 SSEs

4
 Simplified method FOCE-NONP corresponds to the averaged SE  of FOCE-NONP estimates obtained from the 

   simplified method (n =100) across the 100 simulated data generated by SSE

SE
SSE

 

Assessment of the adequacy of 95% CI estimates 
The 6 different datasets simulated with (i) normal, (ii) bimodal, and (iii) 
heavy-tailed distribution of CL random effects were estimated successfully 
with FOCE-NONP in NONMEM and both the full, and simplified boot-
strapping methods were applied to generate 95% CIs around the FOCE-
NONP marginal density of CL for each distributional case. Figure 11 dis-
plays the imprecision estimates obtained with n=100 bootstrap samples for 
the full and simplified methods. A close match was achieved when compar-
ing the trend and magnitude of the full, simplified, and reference NONP 
95% CIs along the range of support points. This suggests that imprecision 
estimates obtained adequately reflect the reference imprecision in all distri-
butional cases investigated. Some minor discrepancies between methods in 
regards to the width of the 95% CI were present at some support point loca-
tions for (i) normal and (ii) bimodal CL random effect distributions.  
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Figure 11. Three NONP 95% CI cumulative profiles obtained from three different 
resampling-based techniques: the reference method, and the full and simplified boot-
strap method given FOCE-NONP marginal density function in case of (i) normal, 
(ii) bimodal, and (iii) heavy-tailed underlying distribution of 200 CL random effect 
estimates. The number of bootstrap samples used was n=100. For better readability 
of the figure, FOCE-NONP marginal density was not displayed. 

A quantitative evaluation of the bias (MEs) in the magnitude of imprecision 
(95% CI width) was then undertaken for the full and simplified methods 
with both n=100 and n=500 bootstrap samples when applied to the 6 scenar-
ios investigated. MEs of the 95% CI width, taken as the vertical distance 
between the upper and lower 95% CI boundary estimates, obtained for CL 
and V marginal density distributions when original data contained 200 or 50 
individuals are displayed in Table 8.  

Table 8. Mean errors (MEs) of the full and simplified NONP 95% CIs width relative 
the reference method derived around NPD of CL and V individual estimates in vari-
ous settings.  

Number of bootstraps

Permutation methods Simplified Full Simplified Full Simplified Full Simplified Full

(i) Normal -12% -22% -5% -25% 7% -28% -5% -28%

(ii) Bimodal -9% -22% -5% -22% -13% -17% -6% -21%

(iii) Heavy-tailed -5% -13% -7% -11% -6% -3% -9% -1%

(i) Normal -8% -22% -5% -23% -5% -23% -6% -20%

(ii) Bimodal -5% -6% 0% -9% -9% -20% -2% -24%

J =200 J =50

n =100 n =500 n =100 n =500
MEs

Number  of  individuals

V

CL

 

Regardless of the numbers of individuals in the original data and of the 
number of bootstrap samples used, ME values obtained (representing the 
relative difference in the area of the 95% CI region between the proposed 
method and the reference method) were of acceptable range. However, dif-
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ferences between methods were noted. The full method appeared to provide 
narrower CIs than the simplified, and both methods had a tendency to pro-
vide somewhat smaller CIs than the reference method (negative MEs).  

Diagnostic tools for detection of misspecified parameter distributions 
Both resampling-based methods developed were then used to evaluate the 
performance of the parametric models in all distributional cases investigated. 
As an example, Figure 12 presents the parametric cumulative marginal den-
sities generated from the FOCE population final parameter estimates of CL 
obtained from a data of 200 individuals. The simplified NONP 95% CIs 
around NPDs are displayed (as well as the reference (true) underlying cumu-
lative marginal density) to diagnose the adequacy of the parametric distribu-
tion. In panel (i), a perfect match is obtained between FOCE and the under-
lying true cumulative marginal, and the region defined by the simplified 
NONP 95% CI includes all individual CL estimates. In panels (ii) and (iii), 
the parametric cumulative marginal density is departing from the reference, 
and is partially lying outside the boundaries defined by the simplified NONP 
95% CI. Hence, the 95% CI estimates obtained with the simplified bootstrap 
method suggest potential mismatches in the probability distribution govern-
ing some estimates of CL support points, demonstrating the diagnostic value 
of this method for the detection of misspeficied distributions of parameter. 
Similar findings were obtained with the full bootstrap method, both for V 
and CL, and for datasets of 50 individuals (not shown). 

 
Figure 12. Cumulative marginal density profiles obtained from the true parameter 
estimates and from the parametric model (FOCE population final parameter esti-
mates) in the case of (i) normal, (ii) bimodal, and (iii) heavy-tailed underlying distri-
butions of 200 CL random effect estimates. The simplified NONP 95% CI estimates 
are displayed to enable the diagnostic of the appropriateness of the parametric den-
sity function in each distributional case. 
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Covariate modeling approach for NONP models (paper IV) 
The proposed two-stage covariate search method compatible with NONP 
estimation was successfully implemented by means of a Perl script.  

Evaluation of the statistical properties of the weighted GAM method 
The performance of the novel covariate modeling method adapted for NPDs 
in selecting informative covariate distributions is presented in Table 9 (esti-
mates of type-I error rate of covariate inclusion on CL and V) and in Table 
10 (estimates of statistical power of covariate inclusion on CL with associ-
ated estimates of type-I error rate of covariate inclusion on V) for both a 
continuous and a categorical covariate distribution given 8 scenarios of 1000 
hypothesis-testing experiments. For each scenario investigated, three esti-
mates were obtained: LRT statistics given FOCE parameter distributions and 
the two versions of the weighted GAM given FOCE-NONP parameter dis-
tributions.  

Table 9. Estimates of type-I error rate for covariate inclusion on CL and V obtained 
from three different test statistics in various settings. ME and RMSE estimates of the 
regression coefficients βt for both CL and V are also reported. 

Scenario Covariate  Nominal

Number Type α  p(CLi ~ β t  • z i )  p(Vi ~ β t  • z i ) ME RMSE ME RMSE

LRT (FOCE) ΔOFV 6.8% 6.1%  -4 x 10-5  3 x 10-3  8 x 10-6  3 x 10-3

ΔAIC a 6.2% 5.3%  -4 x 10-5  3 x 10-3  8 x 10-6  2 x 10-3

(zi) ΔAIC b 5.7% 5.7%  -4 x 10-5  3 x 10-3  1 x 10-5  3 x 10-3

LRT (FOCE) ΔOFV 5.8% 4.6%  5 x 10-3  7 x 10-2  -2 x 10-3  7 x 10-2

ΔAIC a 5.0% 4.6%  2 x 10-3  6 x 10-2  -3 x 10-3  6 x 10-2

(zi) ΔAIC b 5.0% 4.7%  2 x 10-3  6 x 10-2  -3 x 10-3  6 x 10-2

a ΔAIC obtained with a weighting function accounting for IPD s only
b ΔAIC obtained  with a weighting function accounting for IPD s and for the ratio estimates of individual and population variances of the NPD 
c For estimates of type-I error rate: true estimate of β t  is set to 0 (H0 true)

5
Categorical 

5.0%
GAM (FOCE-NONP) 

β t  (V)

1
Continuous 

5.0%
GAM (FOCE-NONP) 

Tests Criterion
Type-I error (α) c β t  (CL)

 

Overall, type-I error rate estimates obtained with LRT and weighted GAMs 
were in close agreement with the nominal p-value (5%). This suggests that 
the calibration of the developed methodology intended for NPDs was appro-
priate given 1000 randomization tests. The rationale of not getting exactly 
5% was probably linked to the fact that 1000 SSE replicates were not suffi-
cient to reach the asymptotic unbiased type-I error estimate. Although in 
ideal conditions of hypothesis (Gaussian-type data), LRT displayed a ten-
dency to generate more spurious positive cases (6.8% and 6.1% in scenario 
1) than both variants of weighted GAM but also than the nominal p-value its 
statistics relied on. This confirmed the fact that LRT is lacking conservatism 
in some circumstances as previously reported (48, 49, 90). On the other 
hand, the covariate method proposed for NPDs presents the advantage of 
providing calibrated type-I error rate in line with the data observed by means 
of randomization tests. 
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Table 10. Estimates of statistical power for covariate inclusion on CL and associated 
type-I error rate on V obtained from three different test statistics in various settings. 
Estimates of regression coefficients βt for CL and associated MEs and RMSEs are 
displayed. 

Scenario Covariate  Power Type-I error (α) c

Number Type p(CLi ~ β t  • z i ) p(Vi ~ β'  • z i )

LRT (FOCE) ΔOFV 63.7% 5.1% -0.006  -3 x 10-5  3 x 10-3

ΔAIC a 62.4% 4.4% -0.006  2 x 10-4  3 x 10-3

ΔAIC b 61.6% 4.7% -0.006  2 x 10-4  3 x 10-3

LRT (FOCE) ΔOFV 85.5% 5.5% -0.008  -3 x 10-6  3 x 10-3

ΔAIC a 84.3% 5.7% -0.008  3 x 10-4  3 x 10-3

ΔAIC b 84.6% 5.6% -0.008  3 x 10-4  3 x 10-3

LRT (FOCE) ΔOFV 96.5% 5.1% -0.010  9 x 10-5  3 x 10-3

ΔAIC a 96.1% 5.6% -0.010  4 x 10-4  3 x 10-3

ΔAIC b 95.9% 4.8% -0.010  4 x 10-4  3 x 10-3

LRT (FOCE) ΔOFV 64.1% 6.3% -0.145  5 x 10-3  6 x 10-2

ΔAIC a 61.6% 5.4% -0.144  6 x 10-3  6 x 10-2

ΔAIC b 62.3% 5.4% -0.146  4 x 10-3  6 x 10-2

LRT (FOCE) ΔOFV 81.5% 4.7% -0.175  3 x 10-4  6 x 10-2

ΔAIC a 79.7% 4.6% -0.176  -1 x 10-3  6 x 10-2

ΔAIC b 79.5% 4.6% -0.179  -4 x 10-3  6 x 10-2

LRT (FOCE) ΔOFV 90.6% 5.4% -0.198  2 x 10-3  5 x 10-2

ΔAIC a 89.5% 5.2% -0.203  -3 x 10-3  6 x 10-2

ΔAIC b 89.3% 5.3% -0.205  -5 x 10-3  6 x 10-2

a ΔAIC obtained with a weighting function accounting for IPD s only 
b ΔAIC obtained  with a weighting function accounting for IPD s and for ratio estimates of individual and population variances of the NPD
c For estimates of type-I error rate: α is a conditional probability = p(V ~ β'  • zi   | CL ~ βt  • zi ), true β'  is set to 0 

-0.200
GAM (FOCE-NONP)

-0.010
GAM (FOCE-NONP)

6

Categorical (z i )

-0.150
GAM (FOCE-NONP)

7 -0.175
GAM (FOCE-NONP)

8

ME RMSE

2

Continuous (z i )

-0.006
GAM (FOCE-NONP)

3 -0.008
GAM (FOCE-NONP)

4

True β t Tests Criteria β t

 

The same order of magnitude was obtained when comparing the estimates of 
statistical power obtained with the two variants of weighted GAM and with 
LRT statistics, regardless of the scenarios investigated. However, a tendency 
to underestimate statistical power in comparison with LRT hypothesis-
testing was consistent across the 6 scenarios. This can be explained by the 
fact that LRT statistics were not calibrated in this study. Indeed, the calibra-
tion of the inflated actual type-I error rates (6.8% and 5.8% for inclusion of 
continuous and categorical covariate on CL respectively) observed in Table 
9 under LRT statistics would have inevitably induce an increase of type-II 
error rate, and therefore a reduction of the statistical power estimate associ-
ated with LRT. Additionally, little difference was noticeable between the 
two weighted GAM variants, suggesting no or minor improvement when 
accounting for the variance ratios in the case of informative data. Moreover, 
estimates of type-I error rate of covariate inclusion on V were not seriously 
departing from the expected p-value of 5% in all cases apart for LRT statis-
tics (e.g., 6.3% for Scenario 6) and did not differ from the type-I error rate 
estimates relative to covariate inclusion on CL obtained in Table 9.  

Based on the findings of this investigation, it can then be deduced that under 
the conditions investigated in this study, the covariate search method devel-
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oped for NPDs presented as good statistical properties as the LRT statistics 
when applied to Gaussian-type data, regardless of the strengths of the under-
lying relationship and of the attributes of the covariate distribution of inter-
est.  

Evaluation of the estimation properties of the weighted GAM method 
As evidenced by the low estimates of ME and RMSE of the regression coef-
ficients obtained in the 8 scenarios investigated (Table 9 and Table 10), the 
estimation properties of both versions of weighted GAM were deemed ap-
propriate. Indeed, negligible bias and little imprecision were induced during 
the weighted GAM analysis, suggesting that the magnitude of the relation-
ship between covariates and NPDs was adequately quantified. Figure 13 
displays an example of the regression estimates obtained with the two differ-
ent versions of weighted GAM and from a parametric model in NONMEM 
for a particular dataset amongst the 1000 SSE replicates of scenario 4.  

True relationship 
NONP weighted GAM (IPDs & ratios of variances)

NONP weighted GAM (IPDs only)
Parametric linear regression (FOCE estimate)

Coordinates with high weight
Coordinates with low weight.

True relationship 
NONP weighted GAM (IPDs & ratios of variances)

NONP weighted GAM (IPDs only)
Parametric linear regression (FOCE estimate)

Coordinates with high weight
Coordinates with low weight.

-0.2

0.2

0
ηCL

Age
40 60 70 8050

Figure 13. Regression fit between Age and ηCL obtained from 3 different slope esti-
mates: parametric estimation in NONMEM (FOCE), and two variants of the pro-
posed covariate methodology by weighted GAM in R given FOCE-NONP distribu-
tion for a particular dataset corresponding to Scenario 4. The relationship from the 
true underlying model is displayed (βt=-0.010). IPD distributions used in weighted 
GAMs are symbolized by open circles with the size proportional to the magnitude of 
the individual probability estimates across the range of 100 support points. It should 
be noted that for other data, parametric fits were less biased than weighted GAMs. 
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Discussion 

To provide valid and robust outcomes in future applications of a phar-
macometric model, the set of assumptions implied by the modeling approach 
used to quantify model parameters and parameter distributions needs to be 
supported by the observed data. In the analysis of PK/PD data, modelers 
have become accustomed to using a parametric approach, as evident by 
FOCE(I) being the most widely used estimation method (91) in population 
analyses performed in the popular PK/PD software NONMEM.  Parametric 
approaches are convenient to use and have been studied extensively. Not 
only the distribution of model parameters can be summarized into conven-
ient statistics easily reportable, but a full range of standard diagnostic tools 
and general recommendations have been made available for the development 
and the evaluation of parametric models under a particular sampling design. 
One major downside of applying parametric approach concerns the assump-
tions of normality made to quantify distributions of parameter random ef-
fects. Indeed, although Gaussian data are relatively frequent in biology, this 
assumption does not always hold. In this respect, nonparametric models pre-
sent the advantage over parametric models to relax assumptions about the 
shape of the parameter distributions (74) that is instead fully data-driven. 
However, application of NONP models in the analysis of PK/PD data has 
been limited for various reasons. In the implementation of classical non-
parametric expectation algorithms available in several applications (34, 37, 
57), separation of subject-specific variability (IIV and IOV) from residual 
variability is not possible unless fixing the magnitude of the error model. 
Moreover, imprecision of NONP parameter estimates and of NPDs could not 
be estimated under a particular data design while they provide valuable in-
formation for decision-making or for prediction purposes. Handling covari-
ates in a NONP mixed effects framework has been previously reported (62), 
but the methodology presents some limitations (e.g., statistical significance 
of the covariate relationship identified cannot be assessed). Similarly, there 
is a lack of suitable diagnostics to help discriminating two rival NONP mod-
els. The fact that support points are considered as additional parameters of a 
NONP model is challenging since it implies that competing NONP models 
are seldom nested. Besides, the discreteness of NONP maximum likelihood 
function does not allow to rank NONP models based on the ratio of NONP 
OFV estimates which is not known to follow (even approximately in an as-
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ymptotic sense) any established distributional set of values. All these diffi-
culties coupled to a relatively complicated statistical concept explain to a 
certain extent the reluctance of modelers in applying NONP models. 

The implementation of the novel NONP estimation method in the NON-
MEM program has increased the accessibility and handiness of NONP mod-
els. Indeed, similar model and data formats as for parametric approach can 
be used with simple code additions in order to perform a NONP mixed ef-
fects regression of PK/PD data. Moreover, by performing a sequential para-
metric-nonparametric evaluation of the likelihood (29), both levels of the 
variability can be estimated, without jeopardizing the major asset of NONP 
models, i.e. that the distribution of subject-specific random effect parameters 
is not specified a priori. Finally, the time-consuming nature of NONP algo-
rithms is substantially reduced in NONMEM in comparison with other 
NONP applications by not refining the location of discrete support points 
during the probability estimation. In order to promote the wider use of 
NONP models in PK/PD analysis and overcome some of the hindrances 
stated above, the aim of this work was to demonstrate the relative benefits 
and potential downsides of applying NONP models versus parametric mod-
els in NONMEM and to develop new tools adapted to the particularities of 
the estimated NPDs. 

In a previous study (58), the evaluation of NONP estimation properties was 
performed on various simulated settings. NONP estimation method available 
in NONMEM VI showed promising properties (58) with both FO and FOCE 
methods. Indeed, the NPDs matched closely the underlying true parameter 
distribution, even when the preceding parametric step represented a model 
misspecification. The evaluation of NONP estimation in NONMEM was 
pursued in this work when applied to real datasets and based on 25 PK/PD 
models. The models used were already considered acceptable using paramet-
ric methods, leading to limited room for improvement. Hence, amelioration 
in the overall performance of the 25 models given NONP estimates would 
suggest that a better characterization of the underlying distribution of model 
parameters is achieved by relaxing the normality assumption of random ef-
fects. During the analysis, no convergence issue was encountered by apply-
ing NONP estimation, with both FO and FOCE(I) methods. Hence, NONP 
estimation step in NONMEM did not impair the stability of the PK/PD mod-
els. In addition, most of the NONP models achieved convergence in a rea-
sonable time frame in comparison with parametric models. This study 
showed that FO-NONP exhibits better overall simulation properties than FO, 
with significantly less bias and less imprecision in the majority of the NPC 
outcomes investigated by IV. Similar findings were obtained when compar-
ing FOCE(I)-NONP versus FOCE(I) estimation method, both in terms of 
bias and imprecision. Moreover, when applying data-splitting EV for 3 data-
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sets, FOCE(I)-NONP models provided better predictive performance than 
FOCE(I) models. Finally, FO-NONP was found to induce significantly less 
imprecision in simulations than FOCE(I), whereas no significant difference 
was noticeable when comparing FO-NONP and FOCE(I)-NONP simulation 
properties. It is therefore reasonable to conclude that NONP models provide 
more robust simulation properties than parametric models when applied to 
real data under the conditions studied in this work. It should be noted that 
these findings were obtained without accounting for the phenomenon of 
shrinkage in EBEs (53) which is known to impede the adequacy of NPDs 
(58, 63) when dealing with uninformative datasets. It could be expected that 
an adaptation of the default NONP settings with the extended-grid method 
(65) would have resulted in further improvement in simulations. An evalua-
tion of the relative merit of NONP models in comparison with parametric 
models was undertaken in this study but no consistent predictor of the im-
provement in simulation behavior of models was identified, most likely be-
cause of the limited scope of the investigation performed.  

Another investigation was carried out to evaluate the relative predictive per-
formance of NONP models versus FOCE models when predicting into a true 
Gaussian population distribution of PK observations given various level of 
data informativeness. It was found that for large datasets, the predictive per-
formance of NONP models was as good as for parametric models. For small 
datasets (n<12), NONP models should be used with caution, both because 
the predictions are less precise and because the estimates of predictive per-
formance were found less reliable under FOCE-NONP than with FOCE. 
Indeed, a sufficient number of individuals is required when applying NONP 
to provide a rich enough grid of support points of NPDs upon which reliable 
predictions could be inferred from the model. For the simple PK model used 
and based on the balanced, informative, study design employed, 12 individu-
als were sufficiently informative to relax the normality assumption. How-
ever, for a more complex model or in the case of a real world dataset design, 
the minimum number of individuals necessary for good predictive perform-
ance of a NONP model is likely to shift upwards. Additionally, this study 
demonstrated that, regardless of the estimation method employed, the predic-
tive performance of IV was superior to data-splitting EV. IV permits to re-
tain sufficient precision during the learning step, and provided significantly 
more precise estimates of predictive performance than EV for most study 
sizes investigated. However, in the case of small datasets (n≤12 individuals 
for FOCE, n≤24 for FOCE-NONP), optimism could be detected in IV pre-
dictions, suggesting a potential overfit of the data. 

In ongoing work, the NONP estimation method has been successfully ap-
plied in the modeling of a phase 3 candidate for treatment of osteoarthritis 
pain. The approach enhanced the simulation performance of an indirect re-
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sponse PK/PD model based on phase 2b data but results are not included 
here. Since no simple statistical criterion is available for discrimination of 
NONP models, the development of a NONP model is challenging. However, 
one advantage of using sequential parametric-nonparametric estimation as 
implemented in NONMEM is that the strengths of one approach can serve 
the needs of the other. In a NONP NONMEM output, both OFV and 
NPOFV outcomes are available. Hence, one can imagine the development of 
the structural model to be performed considering OFV under LRT statistics 
(amongst other diagnostics) before switching, once the structural model is 
deemed acceptable, to the NONP approach and evaluate the benefits of re-
laxing the normality assumption of random effects in estimation and in simu-
lation. However, this approach for building NONP models in NONMEM has 
not been comprehensively evaluated. 

Three new methodologies have been developed in this thesis for evaluation 
and development of NONP models. Two new resampling-based methods 
were developed to provide imprecision of NPDs and NONP parameters, and 
a novel covariate search method intended for NONP models was proposed. 
Imprecision estimates of NONP models were found to adequately character-
ize the reference, true, imprecision and have been made available for routine 
use in two subroutines of PsN. A minor tendency to provide narrower CI 
than the reference method was found with both methods. This is however 
expected since the reference imprecision estimates obtained should be 
viewed as the upper limit of what would be reasonable estimates for the 
width of the CIs for the proposed methods. The full and the simplified ver-
sions of the NONP bootstrap methodology developed were also found useful 
in understanding the structure of random variables estimated with NONP 
models in NONMEM, and therefore constitute new diagnostic tools for 
model evaluation. This was illustrated by the evaluation of the parametric 
density function which was excluded from the confidence region defined by 
the simplified bootstrap method at some support point locations in the case a 
misspecification was introduced in the FOCE structural parameters.  
 
The proposed covariate search method for NONP models provided adequate 
identification of informative covariates on model parameters and good esti-
mation properties of the magnitude of the covariate effects on parameters. 
Indeed, the two versions of weighted GAM presented as good type-I error 
rates and statistical power estimates as LRT statistics set in ideal hypothesis-
testing conditions. Similar findings were obtained when considering both a 
continuous and a categorical covariate distribution. Moreover, the calibration 
of the developed method provides an exact statistical criterion for decision-
making that takes into account the particularity of the data analysed rather 
than relying on a nominal p-value. Although the investigation performed was 
based on Gaussian-type data, it can be expected that the proposed methodol-
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ogy will benefit from the robust properties of NONP estimation in the case 
of skewed or non-normal data. Some limitations of the proposed method 
were noted. In its current settings, the proposed covariate analysis technique 
does not permit the screening of more than one covariate distribution at a 
time, and the relationship between a covariate and a NPD has to be defined a 
priori in the regression model. Also, since use is made of randomization 
tests, the covariate search method developed is computer intensive. 

Based on the findings obtained in this work and from previous studies (34, 
37, 57, 58, 63, 73), the usage of NONP models is to be encouraged amongst 
the modeling community to adequately characterize parameter distributions. 
This is particularly recommended in the case data suggests non-normality or 
skewed features where standard parametric approaches are expected to pro-
vide bias and imprecision in simulations (58) that can lead to hazardous de-
cisions or erroneous findings. This thesis showed the improved simulation 
and prediction properties of NONP versus parametric models in NONMEM 
and made available tools adapted to NONP models. Most analyses were 
done on relatively rich datasets. In the case of more sparsely sampled de-
signs, adaptation of the default NONP method with the extended_grid 
method (65) is recommended to offset the impact of shrinkage and improve 
the estimation properties of the model.  
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Conclusions 

In this thesis, NONP estimation methods were evaluated for nonlinear mixed 
effects models and add-in tools specifically designed for NPDs were devel-
oped and made available. This was done in the software package NON-
MEM, version VI, but some concepts developed are transposable to other 
NONP maximum likelihood applications (e.g., NPML, NPAG). 

In paper I, the simulation properties of sequential parametric-nonparametric 
estimation (FO-NONP, FOCE(I)-NONP) were evaluated on 25 real world 
datasets. A comparison with a single parametric estimation (FO, FOCE(I)) 
gave conclusive evidence that nonparametric approaches were overall more 
appropriate to describe the statistical features of clinical data by simulation. 
This suggested a better characterization of the variability in NPDs than with 
parametric distributional assumptions. However, no consistent predictor of 
the relative merit of NPDs was identified in the analysis. 

Paper II constituted a follow-up analysis of Paper I although the primary aim 
was shifted to the investigation of internal (IV) and external data-splitting 
(EV) validation procedures given FOCE and FOCE-NONP distributions of 
parameters. For a simple PK model and 7 simulated experimental designs, 
the predictive performance of the IV procedure assessed by NPC outweighed 
the utility of data-splitting for model evaluation purposes. Besides, relaxing 
the normality assumption to predict Gaussian data did not impair the model 
performance, except at the tails of the population and only for small study 
sizes. 

Paper III and IV were dedicated to the development of diagnostic tools for 
nonparametric mixed effects models. A comparison with standard diagnostic 
tools used for parametric models was undertaken to judge of the adequacy of 
the new diagnostics in the case of Gaussian simulated data. 

In Paper III, two new nonparametric bootstrapping routines were developed 
to obtain imprecision estimates for each discrete individual estimate of 
NPDs. SEs and other imprecision metrics were evaluated and deemed ap-
propriate. This was implemented in the PsN program to make available the 
first presented methodology enabling estimation of the imprecision of NPDs 
under a particular data design. Finally, applications of these techniques were 
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undertaken under non-normal simulated datasets to show the usefulness of 
the nonparametric approach in diagnosing misspecified parameter distribu-
tions given FOCE population final estimates. 

In paper IV, a new covariate modeling selection technique was developed to 
suit the discrete nature of NPDs. Investigation of the estimates of statistical 
power and type-I error rate for covariate inclusion on model parameter 
showed good statistical performance in detecting the underlying true covari-
ate relationship.  

In conclusion, nonparametric models provide more efficient PK/PD data 
analysis than parametric models when the underlying data structure is other 
than normal and similar performance for normal data. Finally, new diagnos-
tics and methods have been developed to equip modelers with similar tools 
as for parametric approaches. 
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