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Isac Hedén

Abstract

It was shown by Makar-Limanov himself that the Makar-Limanov
invariant of Rusell’s hypersurface X is nontrivial and thus X is only
diffeomorphic, but not isomorphic to affine 3-space. Russell’s hyper-
surface is the affine variety in C4 defined by x+x2y+ z3+ t2 = 0, and
the Makar-Limanov invariant is by definition equal to the intersection
of all kernels of locally nilpotent derivations on its coordinate ring.
While Makar-Limanov’s methods were mainly algebraic, the aim of
this thesis is to give a geometric argument from which we also obtain
the result that ML(X) is nontrivial. We consider X as an open part
of a blowup M −→ C3, and show that every C+-action on X descends
to C3. This in turn follows from the fact that any nontrivial C+-action
on X induces a nontrivial C+-action on W := Sp(B), where B is the
graded algebra associated to the filtration of O(X) given by the pole
order along the divisor M \ X at infinity. The induced correspond-
ing locally nilpotent derivation is homogenous, and we prove that the
degree of any such derivation is negative – the result concerning the
ML-invariant follows from this. We will also see that ML(X × C) is
trivial.
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0 Introduction

In the category of complex affine varieties, an algebraic C∗-action on Cn given
by the homomorphism C∗ −→ Aut(Cn), is called linear if it factors through
GLn(C)

C∗ //

##G
GGGGGGGG Aut(Cn)

GLn(C)
+ �

88rrrrrrrrrr

,

and it is called linearizable if it is conjugate to a linear action, i.e. if it
becomes linear after a polynomial change of variables

C∗ × Cn

∼=
��

// Cn

∼=
��

C∗ × Cn
linear

// Cn .

In other words, an algebraic action % : C∗ −→ Aut(Cn), λ 7→ %λ is lineariz-
able if there exists an automorphism ϕ ∈ Aut(Cn) such that ϕ%λϕ

−1 : Cn −→
Cn is linear for every λ ∈ C∗.

The famous linearization conjecture by Kambayashi, first formulated in
[10], states that every C∗-action on Cn is linearizable; at the time when it
was formulated it had already been proved for n = 2 by Gutwirth in [6].
Since the automorphism groups Aut(Cn) are known only for n ≤ 2 (Jung
classified Aut(C2) in [15]), the linearization conjecture obviously becomes
more challenging for n ≥ 3. Koras and Russell were able to give a proof for
n = 3 in [12], but it remains unknown if it holds in higher dimensions.

The original motivation for studying the algebraic hypersurface X in C4

given by {x+ x2y + z3 + t2 = 0}, known as Russell’s hypersurface, is that it
carries a C∗-action given by

C∗ ×X −→ X

(λ, (x, y, z, t) 7→ (λ6x, λ−6y, λ2z, λ3t),

which would lead to a non-linearizable action on C3 in case X ∼= C3. The hy-
persurface first appeared in Koras and Russell’s article [11], and the question
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then was precisely to decide whether or not it is isomorphic to C3. The rea-
son that the C∗-action on X would give, by conjugation with an isomorphism
X ∼= C3, a non-linearizable action can be presented in a few lines:

The action restricts to an action C6 ×X −→ X of the group C6 ⊂ C∗

of sixth roots of unity, whose fixed point set

XC6 = V (C2; x(1 + xy))× 0× 0

is the disjoint union of a copy of C and a copy of C∗. But a linear action on
C3 always has a connected fixed point set (it is a linear subspace of C3).

Makar-Limanov proved in [17] that Russell’s hypersurface is not isomor-
phic to C3, but this was not easy. Actually, Russell’s hypersurface is similar
to C3 in many ways: it is diffeomorphic to C3, so all topological invariants
fail to distinguish them. In contrast, we mention Ramanujam’s result in [18],
that an algebraic surface which is diffeomorphic to C2 necessarily is isomor-
phic to C2 even as an algebraic variety. All ”usual” algebraic invariants fail
to distinguish Russell’s hypersurface from C3 as well; for instance it admits
dominant morphisms from C3 and its ring of regular functions is factorial.
Makar-Limanov’s key idea was to introduce the Makar-Limanov invariant
ML(X), that can be assigned to any affine variety X. It is the subring of
O(X) consisting of functions which lie in the kernel of every locally nilpotent
derivation ∂ : O(X) −→ O(X). A locally nilpotent derivation is a C-linear
derivation ∂ : O(X) −→ O(X) such that any element f ∈ O(X) is anni-
hilated by ∂n for some n (which may depend on f). If we denote Russell’s
hypersurface by X, he showed that ML(X) = C[x], while ML(C3) = C.

A few years later, Kaliman proved a result, in [8], which can be applied
directly to Russell’s hypersurface to show that it is not isomorphic to C3.
His result states that if a morphism ϕ : C3 −→ C has C2 as generic fiber,
then all fibers are isomorphic to C2; however, the projection prx : X −→ C
has one and only one fiber which is not isomorphic to C2 (namely pr−1

x (0)).
Hence X is not isomorphic to affine 3-space.

In [17], where Russell’s hypersurface first was distinguished from C3,
Makar-Limanov calculated ML(X) using algebraic properties of a certain
kind of locally nilpotent derivations, called of Jacobi type – our goal in this
paper is to give a geometric understanding of Makar-Limanov’s result. By
this we mean that we want to conclude that ML(X) � ML(C3) by means
of purely geometrical arguments. Rather than focusing on locally nilpotent
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derivations with certain algebraic properties, we argue in terms of quotient
spaces of algebraic actions, and in terms of different properties that such
actions enjoy. Our argument is as follows

We realizeX as an open subsetM0 ⊂M of a blowupM of C3 (chapter 1)
and have to show that any C+-action on M0 descends to C3. In order to do
so we pass to a homogeneization W of M0

∼= X, and there we have only to
consider C+-actions which are normalized by the natural C∗-action on W .
In chapter 2 and 3 we recall basic facts and examples of C+- and C∗-actions
and their quotient varieties, while the homogeneization process is discussed
in chapters 5 and 6. The final chapter is a sort of outlook; there we sketch a
result by Adrien Dubouloz, which in the spirit of counterexamples to Zariski’s
cancellation problem (Z ×C ∼= Y ×C ; Y ∼= Z) states that X ×C is closer
to C3 × C than what X is to C3. Namely, the Makar-Limanov invariant
cannot distinguish between X × C and C4 = C3 × C.

1 Russell’s hypersurface embedded in a blowup

of C3

1.1 Generalities about blowing up affine varieties

Given a graded ring S =
⊕

n≥0 Sn we let Proj S denote the set of maximal
homogeneous ideals of S which do not contain the ideal S+ :=

⊕
n>0 Sn. We

give it the topology which is induced by the inclusion1 Proj S ⊂ Spec(S), so
that the closed sets are

V (I) := {p ∈ Proj S | p ⊇ I},

where I is a homogeneous ideal in S.

Let A be a reduced affine C-algebra, and I ⊂ A an ideal; then the
blowup of Sp(A) at I is Proj (

⊕∞
n=0 I

nsn). Here s is an additional variable,
which is used only to avoid notational confusion: if f ∈ I, then the symbol
f could a priori be used to denote either of the two elements f ∈ I0 := A in
degree zero, and f ∈ I in degree one. With the extra variable s we write f

1Throughout this thesis, Spec(S) and Sp(S) denote the set of prime ideals and the set
of maximal ideals in S respectively.
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for the first of these, and fs for the latter. Thus
⊕∞

n=0 I
nsn is realized as a

subalgebra of A[s], graded in the variable s.

The blowup of Sp(A) at I can be described more explicitly as follows.
Let f0, . . . , fr be a set of generators for I and define a map

A[T0, . . . , Tr] −→
∞⊕
n=0

Insn

Tj 7→ fjs.

This is a morphism of graded rings if, on the left hand side, we take A in
degree zero and each of the variables in degree one. It is surjective, and
induces an embedding

ι : Proj (
∞⊕
n=0

Insn) ↪→ Sp(A)× Pr = Proj (A[T0, . . . , Tr])

of the blowup at I into Sp(A)× Pr. If we compose this embedding with the
projection onto the first component, we obtain the blowup morphism

π = pr1 ◦ ι : Proj (
∞⊕
n=0

Insn) −→ Sp(A);

it takes the blowup of Sp(A) at I back to the original affine variety. It is an
isomorphism over the complement Sp(A) \ V (I).

A way of studying a blowup is to look at it locally; the blowup Proj (
⊕∞

n=0 I
nsn)

has an affine open cover consisting of Sp(Ai), 0 ≤ i ≤ r, where Ai is the sub-
A-algebra of Afi generated by fjf

−1
i ∈ Afi for 0 ≤ j ≤ r. It is a general fact

that π∗(I) is an invertible ideal and thus the exceptional fiber π−1(V (I)) is
the support of a Cartier divisor.

1.2 A particular case

We want to blow up C3 = Sp(C[x, z, t]) at the ideal I := (x2,−(x+ z3+ t2));
this blowup will be denoted by M and it is embedded into C3 × P1. It has
an open cover M =M0 ∪M1, where

M0 := Sp

(
C[x, z, t]

[
−(x+ z3 + t2)

x2

])
∼= Sp(C[x, z, t, y]/(x2y + x+ z3 + t2))
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is isomorphic to Russel’s hypersurface, and where

M1 := Sp

(
C[x, z, t]

[
x2

−(x+ z3 + t2)

])
∼= Sp(C[x, z, t, w]/((x+ z3 + t2)w + x2))

is a hypersurface as well. Let U0 := C3 × (P1 \ {[0 : 1]}) and U1 := C3 ×
(P1 \ {[1 : 0]}) be the canonical cover of C3 × P1. Then M0 and M1 can be
embedded in a canonical way into U0 and U1 respectively, and both of these
latter are isomorphic to C3 × C.
The blowup morphism π has restrictions

π|M0 :M0 −→ C3, (x, z, t, y) 7→ (x, z, t)

and
π|M1 :M1 −→ C3, (x, z, t, w) 7→ (x, z, t)

respectively.

The center N := V (C3;x2, x + z3 + t2) ⊂ {0} × C2 of the blowup is a
rational curve with a cusp singularity, a Neil parabola. We have

π(M0) = (C∗ × C2) ∪N

and
π(M1) = (C3 \ V (x+ z3 + t2)) ∪N.

As always, π is an isomorphism outside N and in our situation it’s easily
verified that

π−1(Dx) ⊂M0

and that
π−1(Dx+z3+t2) ⊂M1.

Concerning the exceptional fiber, consider a point p ∈ N . It is obvious
from the equations of M0 and M1 that π−1(p) ∩ M0

∼= {p} × C and that
π−1(p) ∩M1

∼= {p} × C, so π−1(p) = {p} × P1. It follows that

π−1(N) = N × P1,

which fits well together with the fact that the exceptional fiber should be a
Cartier divisor.
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Using the jacobian criterion, we see that M0 is smooth and that the
singular locus of M1 is S(M1) = V (M1;w, z

3 + t2), hence S(M) ∼= N ×{∞},
with ∞ := [1 : 0] ∈ P1. Note that M1 is a hypersurface in C4 = C3 ×C with
singular locus of codimension at least two, so it is a normal surface. Hence
M is normal as well, since it is locally normal.

In order to tie the above description of our particular example of a
blowup to its description as

Proj (
∞⊕
n=0

Insn),

with I := (x2, x+ z3 + t2), it is interesting to notice that it can be described
as

V (C3 × P1;ux
2 + v(x+ z3 + t2)),

where [u : v] are homogeneous coordinates for P1; this is the content of
remark 1.1.

Remark 1.1. Let A := O(C3) = C[x, z, t], then

∞⊕
n=0

Insn ∼= A[X0, X1]/(X0x
2 +X1(x+ z3 + t2)),

and hence

Proj (
∞⊕
n=0

Insn) ∼= Proj A[X0, X1]/(X0x
2 +X1(x+ z3 + t2)).

Proof. The morphism

ϕ : A[X0, X1] −→
∞⊕
n=0

Insn

X0 7→ −(x+ z3 + t2)s

X1 7→ x2s.

is obviously surjective. Let g = X0x
2+X1(x+z

3+ t2) ∈ A[X0, X1], and let I
be the ideal in A[X0, X1] generated by g. Then we have I ⊂ kerϕ. We show
by contradiction that this inclusion cannot be strict. Suppose f ∈ kerϕ \ I;
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we may assume that f is homogeneous in X0 and X1, irreducible, and of
minimal (positive) degree among elements in kerϕ \ I. Then f has the form

f =
n∑
i=0

aiX
i
0X

n−i
1

with ai ∈ A and a0an 6= 0. Now, g being a prime element, we have x2f ∈
kerϕ\I as well. Let f ′ := x2f−angXn−1

0 ; this is again an element in kerϕ\I,
and it is divisible by X1. But then f

′/X1 is an element of kerϕ \ I of strictly
smaller degree than f – a contradiction.

Remark 1.2. There is yet another description of the blowup of an affine
variety Sp(A) at the ideal I := (f0, . . . , fr), where fi ∈ A is a system of
generators for I. Namely, let

U := Sp(A) \ V (Sp(A); f0, . . . , fr),

and define a map

ψ : U −→ Pr
x 7→ (f0(x) : . . . : fr(x));

then the blowup is the Zariski-closure of its graph in Sp(A)× Pr.

2 One-dimensional group actions on affine va-

rieties

In order to see that Russell’s hypersurface M0 is not isomorphic to affine
three space we show that it does not admit as many algebraic group actions

C+ ×M0 −→M0

as C3 does. More precisely, we show that all C+-actions on M0 have orbits
contained in the fibers of the projection prx|M0

:M0 −→ C. In the argument
for this, we associate to each C+-action on M0 another action:

C+ ×W −→ W,
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where the affine variety W is a ”homogeneization” of M0 and thus carries
even an action

C∗ ×W −→W

of the multiplicative group C∗ as well. This C∗-action will be compatible with
the C+-action induced on W from M0 (in the sense of section 2.4), and a
closer study of these will yield the result concerning the fibers of the original
C+-action on M0.

Definition 2.1. The Makar-Limanov invariant of an affine variety X is the
C-algebra consisting of all functions f ∈ O(X) which are invariant with
respect to every algebraic C+-action on X.

ML(X) :=
∩

C+-actionson X
(τ,x) 7→τ∗x

{f ∈ O(X) | f(τ ∗ x) = f(x) for all τ ∈ C+}.

Theorem 4.1 states that for X = V (C4;x + x2y + z3 + t2) one has
ML(X) = C[x], where x ∈ O(X) denotes the first coordinate function. Since
only constant functions on C3 are invariant with respect to every C+-action
on C3 (e.g. translations), we conclude that ML(X) is not isomorphic to
ML(C3), and hence that X and C3 are not isomorphic. The proof of theo-
rem 4.1 will be achieved in section 6.

As for now, we will recall some basic facts about actions of the two
one-dimensional connected affine algebraic groups

C∗ = Sp(C[S, S−1])

and
C+ = Sp(C[S]).

We will also introduce the notion of pinched actions, and define the com-
patibility notion that was just mentioned. In all of chapter 2, A denotes an
arbitrary reduced affine C-algebra.

2.1 C∗-actions versus Z-gradings

Theorem 2.2. Algebraic actions of the multiplicative group C∗ on X =
Sp(A) correspond to decompositions

A =
⊕
n∈Z

An
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of A as a Z-graded algebra.

Before going into the proof, we note that

O(C∗ ×X) = O(C∗)⊗O(X) = C[S, S−1]⊗ A = A[S, S−1].

Proof. Given a decomposition A =
⊕

n∈ZAn we define a C∗-action by saying
that its comorphism should be

A −→ A[S, S−1]

f = (fn)n∈Z 7→
∑
n∈Z

fnS
n.

It follows from the construction that we get a morphism of algebraic varieties,
and we denote its image of (λ, x) by juxtaposition as follows

Sp(A[S, S−1]) = C∗ ×X −→ X = Sp(A)

(λ, x) 7→ λx.

It remains to show that this defines a group action; this follows from the
following two calculations, where f = (fn)n∈Z ∈ A denotes an arbitrary
function (e.g. a coordinate function).

f(1x) =
∑
n∈Z

1nfn(x) =
∑
n∈Z

fn(x) = f(x),

f(λ(µx)) =
∑
n∈Z

λnfn(µ ∗ x) =
∑
n∈Z

(λµ)nfn(x)

= f((λµ)x).

Hence 1x = x, and λ(µx) = (λµ)x for all x ∈ X and λ, µ ∈ C∗.

On the other hand, the comorphism of any given action C∗ ×X −→ X
has the form

A → A[S, S−1]

f 7→
∑
n∈Z

Dn(f)S
n
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for some linear maps Dn : A −→ A, with, for a given f ∈ A, Dn(f) = 0 for all
but finitely many n. From the way one defines the comorphism, it is clear that
for f ∈ A, λ ∈ C∗, the functions Dn(f) satisfy f(λx) =

∑
n∈Z λ

nDn(f)(x).
In particular

(1) f(x) = f(1x) =
∑
n∈Z

1nDn(f)(x) =
∑
n∈Z

Dn(f)(x).

Using associativity, we get the following equality in O(C∗) = C[S, S−1] for
any given f ∈ A, x ∈ Sp(A)2 and λ ∈ C∗:∑

n∈Z

SnDn(f)(λx) = f(Sλx) =
∑
n∈Z

(Sλ)nDn(f)(x) =
∑
n∈Z

SnλnDn(f)(x).

Hence, by identifying coefficients, we may conclude thatDn(f)(λx) = λnDn(f)(x).
Therefore it is natural to define a Z-grading on A by

An := {f ∈ A; f(λx) = λnf(x), ∀λ ∈ C∗}.

It follows from equation (1) that
∑

n∈ZAn = A, and it is clear from the
definition of the An both that the sum is direct and that AkAl ⊂ Ak+l for
k, l ∈ Z – so we have indeed obtained a grading corresponding to an arbitrary
C∗-action.

Example 2.3. 1. There is a natural C∗-action on Russell’s hypersurface,
given by

C∗ ×X −→ X

(λ, (x, y, z, t)) 7→ (λ6x, λ−6y, λ2z, λ3t).

Note that the functions u := xy and v := yt2 in O(X) are invariant
under this action; we will show in section 3.3 that u and v generate
the algebra O(X)C

∗
of all functions on X that are invariant under this

action.

2. We will construct a “homogeneized version“ of Russell’s hypersurface
in chapter 5. It is isomorphic to W := V (C4;x2y + z3 + t2) and has a
C∗-action given by

C∗ ×W −→ W

(λ, (x, y, z, t)) 7→ (λ−1x, λ2y, z, t).

2note that x here denotes a point in Sp(A), and not a coordinate function as it some-
times might when we are dealing with the particular case of Russell’s hypersurface and its
corresponding algebra A := C[x, z, t, y]/(x+ x2y + z3 + t2).
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2.2 C+-actions versus locally nilpotent derivations

The Makar-Limanov invariant was introduced in definition 2.1, and in this
section we are going to see a different characterisation of it. Namely, ML(X)
is the intersection of the kernels of all locally nilpotent derivations on O(X).

Definition 2.4. A C-derivation ∂ on a C-algebra A is a C-linear map

∂ : A −→ A

satisfying
∂(fg) = ∂(f)g + f∂(g)

for all f, g ∈ A. If for each f ∈ A there exists a number n ∈ N such that
∂n(f) = 0, then ∂ is called locally nilpotent. We will occasionally abbrevi-
ate ”locally nilpotent derivations” by LND, and the set of locally nilpotent
derivations on a C-algebra A by LND(A).

In this section, we will show that there is a one-to-one correspondence
between locally nilpotent derivations on an affine C-algebra A and the set
of algebraic C+-actions on Sp(A). If ∂ is the derivation corresponding to a
C+-action

C+ ×X −→ X

(τ, x) 7→ τ ∗ x

then, for f ∈ A and τ ∈ C, we have

f(τ ∗ x) =
∑
n≥0

τn∂n(f)

n!
(x).

It follows from this equality that f is C+-invariant if and only if f ∈ ker ∂,
and hence the Makar-Limanov invariant can also be described as follows:

ML(X) =
∩

∂∈LND(O(X))

ker ∂.

Theorem 2.5. Algebraic actions of the additive group C+ on X = Sp(A)
correspond to locally nilpotent derivations

∂ : A −→ A.
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Before going into the proof we note that

O(C×X) = O(C)⊗O(X) = C[S]⊗ A = A[S].

Proof. Given a locally nilpotent derivation ∂ : A −→ A, we define the corre-
sponding C+-action by saying that the comorphism should be3

A −→ A[S]

f 7→ eS∂f :=
∞∑
n=0

∂n(f)

n!
Sn.

This definition makes sense since ∂ is locally nilpotent – only finitely many
terms in the sum are nonzero.

It is clear from the construction that we get a morphism of algebraic
varieties, and we denote the image of (τ, x) by τ ∗ x as follows

Sp(A[S]) = C+ ×X −→ X = Sp(A)

(τ, x) 7→ τ ∗ x.

It remains to show that this defines a group action; this follows from the
following two calculations, where f ∈ A denotes an arbitrary function (e.g.
a coordinate function).

f(0 ∗ x) = f(x) +
∞∑
n=1

∂n(f)

n!
· 0n = f(x),

f(τ ∗ (υ ∗ x)) = (eτ∂f)(υ ∗ x)
= (eυ∂ ◦ eτ∂f)(x)
= (e(υ+τ)∂f)(x)

= f((τ + υ) ∗ x).

Hence 0 ∗ x = x, and τ ∗ (υ ∗ x) = (τ + υ) ∗ x for all x ∈ X and τ, υ ∈ C+.

3Note that eS∂ is defined in this way; a priori, it is not clear what (S∂)n should mean.
Instead of defining eS∂ as we did, we could have extended ∂ to a derivation A[S] −→ A[S]
by ∂(S) = 0 and then just calculated eS∂(f) as the usual exponential of a locally nilpotent
linear map. This way of thinking of eS∂ leads to exactly the same notion as the one defined
above.
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On the other hand, given a C+-action on X, we get a comorphism which
has the form

A → A[S]

f 7→
∞∑
n=0

hn(f)S
n

for some linear maps hn : A −→ A. We claim that the map ∂ : A −→ A, f 7→
h1(f) is a locally nilpotent derivation, and that this assignment establishes
a correspondence between C+-actions and locally nilpotent derivations, as
stated in the theorem. It is clear that ∂ is C-linear, and Leibniz’ rule follows
immediately from the fact that h0(f) = f . To show that ∂ is locally nilpotent
it obviously suffices to show that

(2) ∂n(f) = n!hn(f),

since hn(f) 6= 0 only for finitely many n. We finish the proof by showing this
equality.

Given f ∈ A and x ∈ Sp(A)4, we calculate f(S∗(T ∗x)) and f((S+T )∗x)
respectively in A⊗O(C2) = A⊗ C[S, T ] = A[S, T ].

f(S ∗ (T ∗ x)) =
∞∑
i=0

Si(hif)(T ∗ x) =
∞∑
i=0

Si

(
∞∑
j=0

T j(hjhif)(x)

)
=

∑
i,j≥0

SiT j(hjhif)(x).

f((S + T ) ∗ x) =
∞∑
i=0

(S + T )ihi(f)(x)

These two expressions are equal because of the associativity of the C+-action,
and if we equate their SiT -coefficients, we get the following result (using the
binomial theorem)

(i+ 1)hi+1(f) = h1(hi(f)).

The equality (2) now follows immediately by induction, since h1(f) = ∂(f).

4Just like in the proof of theorem 2.2, x here denotes a point in Sp(A), nothing else.
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2.3 Pinched C+-actions

In this section we introduce a way of modifying C+-actions, called “f -pinching“,
f being an invariant regular function on the variety on which C+ acts. The
result is a new C+-action whose domain of definition may be larger than that
of the original one. The main use for us of this procedure, will be to produce
C+-actions on Russell’s hypersurface by x-pinching C+-actions on C∗ × C2

under which the coordinate function x is invariant.

Definition 2.6. Let

C+ × U −→ U

(τ, u) 7→ τ ∗ u

be an algebraic C+-action on the affine variety U . For an invariant function
f ∈ O(U)C+

we call

C+ × U −→ U

(τ, u) 7→ (f(u)τ) ∗ u

the induced f -pinched action.

Remark 2.7. 1. Note that V (f) ⊂ U is contained in the fixed point set
of the f -pinched action. Furthermore, that given the locally nilpotent
derivation ∂ : O(U) −→ O(U) of the original action, f∂ : O(U) −→
O(U) is the locally nilpotent derivation of the pinched action. This
follows from

g((fτ) ∗ x) =
(
efτ∂g

)
(x) =

(
eτ(f∂)g

)
(x),

where g ∈ O(U) is an arbitrary function.

2. Let X be an affine variety, f ∈ O(X), and let U = Xf the cor-
responding principal open set endowed with a C+-action such that
f |U ∈ O(U)C

+
. Then for a suitable n ∈ N the fn|U -pinched action

extends to an action C+ × X −→ X, since fn∂ : O(U) −→ O(U) re-
stricts to a derivation onO(X). More precisely, if g1, . . . , gm are algebra
generators of O(X)f ∼= O(U), then

fni∂(gi) ∈ O(X)

for some ni ∈ N, and we may choose n := max(n1, . . . , nm).
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Example 2.8. Let X be Russell’s hypersurface, f := x ∈ O(X), and con-
sider the action

C+ × (C∗ × C2) −→ (C∗ × C2)

(τ, (x, z, t)) 7→ (x, z + τa, t+ τb)

on C∗ × C2, for some a, b ∈ C. Note that C∗ × C2 ∼= Xf via

(x, z, t) 7→
(
x, z, t,−x+ z3 + t2

x2

)
.

Since f is invariant, we may fn-pinch the action and obtain an algebraic C+-
action on X as follows. Let ∂ : O(Xf ) −→ O(Xf ) be the locally nilpotent
derivation which corresponds to the action; then ∂(x) = 0, ∂(z) = a, and
∂(t) = b. Concerning y we have

∂(y) = ∂

(
−x+ z3 + t2

x2

)
= − 1

x2
∂(z3 + t2)

= −3az2 + 2bt

x2
.

Hence we need to take n = 2, and the f 2-pinched version of this action,
defined on all of X is given by

C+ ×X −→ X

(τ, (x, z, t, y)) 7→
(
x, z + x2τa, t+ x2τb,−x+ (z + x2τa)3 + (t+ x2τb)2

x2

)
.

Note that the expression for the y-component can be simplified to

y − (3z2τa+ 3zx2τ 2a2 + x4τ 3a3 + 2tτb+ x2τ 2b2),

so it is defined even for x = 0.

2.4 Normalized actions

In this section, X = Sp(A) denotes an arbitrary affine variety.
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Definition 2.9. Let

G×X −→ X, (g, x) 7→ gx

and
H ×X −→ X, (h, x) 7→ h ∗ x

be algebraic group actions on X. We say that the action of G normalizes
the action of H, if there is a homomorphism

σ : G −→ Aut(H), g 7→ σg

such that

(3) G×H −→ H, (g, h) 7→ σg(h)

is a morphism of algebraic varieties and

g(h ∗ x) = σg(h) ∗ (gx)

for all g ∈ G, h ∈ H, x ∈ X. In this definition Aut(H) denotes the set of
algebraic automorphisms of H which are group automorphisms at the same
time.

Example 2.10. 1. For every integer k, we have a group homomorphism

σ : C∗ −→ Aut(C)
λ 7→ (σλ : τ 7→ λkτ).

satisfying condition (3). These are the only such group homomor-
phisms. Namely, we need the image of λ ∈ C∗ to be of the form
(C −→ C, τ 7→ f(λ)τ) with an invertible function f ∈ O(C∗) which
satisfies f(1) = 1. There are no other choices for f than f(λ) = λk, k ∈
Z.

2. There is no nontrivial group homomorphism σ : C+ −→ Aut(C∗) which
satisfies the condition condition (3) in definition 2.9.

Proof. Every element of Aut(C∗) has the form z 7→ zs with s ∈ {±1},
so Aut(C∗) has two connected components each of which is a point.
Since C is connected, and since the group homomorphism C+ −→
Aut(C∗) should be continuous, the image of C must be the identity
automorphism of C∗.
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Thus there are not so many possibilities for C∗-actions to normalize C+-
actions, but the following result shows an occurrence where it happens and
it will play an important role for us in chapter 6.

Proposition 2.11. Let X = Sp(A), let

C∗ ×X −→ X, (λ, x) 7→ λx

be a C∗-action with corresponding decomposition

A =
⊕
n∈Z

An

and let

C+ ×X −→ X, (τ, x) 7→ τ ∗ x

be a C+-action with corresponding locally nilpotent derivation ∂ : A −→ A be
algebraic group actions on X. Then the action of C∗ normalizes the action
of C+ with respect to

C∗ × C+ −→ C+, (λ, τ) 7→ σλ(τ) = λ−kτ

if and only if ∂ : A −→ A is homogeneous of degree k.

Proof. First suppose that ∂ is homogeneous of degree k; then we need to
show the following equality in X = Sp(A)

(4) λ(τ ∗ x) = (λ−kτ) ∗ (λx),

where A is an affine algebra

A = C[T1, . . . , Tn]/(P1, . . . , Pm).

We show it simply by showing that an arbitrary function f ∈ A takes the
same value on both sides. We can even assume that f ∈ Ar, since if the equal-
ity fi(λ(τ ∗ x)) = fi(σλ(τ) ∗ (λx)) holds for every homogeneous component
fi of f , then it obviously holds also for f : f(λ(τ ∗ x)) = f(σλ(τ) ∗ (λx)).
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Assuming f ∈ Ar, the calculation goes as follows (in equality (∗) we use
the fact that ∂nf is homogeneous of degree r + nk):

f(λ(τ ∗ x)) = λrf(τ ∗ x)
= λr(eτ∂f)(x)

=
∑
n≥0

λrτn∂nf

n!
(x)

=
∑
n≥0

λ−nk+r+nkτn∂nf

n!
(x)

(∗)
=

∑
n≥0

λ−nkτn∂nf

n!
(λx)

= (eλ
−kτ∂f)(λx)

= f(λ−kτ ∗ (λx))
= f(σλ(τ) ∗ (λx)).

Thus

σλ(τ) ∗ (λx) = λ(τ ∗ x).

On the other hand, suppose that

σλ(τ) ∗ (λx) = λ(τ ∗ x)

for all λ ∈ C∗, τ ∈ C+, x ∈ X, and let f ∈ O(X) be homogeneous of degree
r. Then

λr

(∑
n≥0

τn∂n(f)

n!
(x)

)
= λrf(τ ∗ x)

= f(λ(τ ∗ x))
= f(λ−kτ ∗ (λx))

=
∑
n≥0

(λ−kτ)n∂n(f)

n!
(λx).

On both sides we have polynomials in τ , and a comparison of the linear
coefficients gives

λr(∂f)(x) = λ−k(∂f)(λx).
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Hence
(∂f)(λx) = λr+k(∂f)(x),

so ∂f is homogeneous of degree r + k.

As a consequence of the first part of this proposition, we see that if O is
a C+-orbit, then λO is as well, and the map O → λO transforms the action
of τ on O into the action of λ−kτ on λO.

3 Algebraic quotients of normal varieties

In this section we discuss algebraic group actions on affine algebraic varieties,
i.e. morphisms of algebraic varieties

G×X → X

which at the same time are group actions. A variety on which a group G
acts nontrivially will be called a G-variety, and we will assume all of these to
be normal. Given a G-variety, our aim is to define a quotient variety X//G
together with a quotient projection morphism π : X → X//G. The first idea
that comes to mind, is to define X//G as the orbit space of the action, but
this is not an algebraic variety in general. The reason is simple. The quotient
projection should be a morphism of algebraic varieties, and as such it should
have closed fibers – but we have no guarantee that all the orbits be closed
in the Zariski topology on X. In some situations however, it is possible to
construct an approximation of the orbit space in the category of algebraic
varieties, and that is the object which will be denoted by X//G.

When it exists, X//G has many of the nice properties that one would
expect from a quotient variety, but not everything works in the best possible
of ways; for instance the quotient morphism π : X −→ X//G need not to be
surjective. In section 3.1 we first give the definition of X//G; then we will
see sufficient conditions both for its existence and for surjectiveness of the
quotient morphism. We will also discuss some situations where more things
can be said – for instance if G is reductive, or in the situation where C+ acts
on a low-dimensional normal affine variety. In the sections 3.2 and 3.3 we
will have a look at a few examples, in order to get more familiar with the
notion in preparation for chapter 6.
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3.1 Definitions and basic properties

Let A be a reduced affine C-algebra, X = Sp(A), and let

G×X → X

(g, x) 7→ gx

be an algebraic action on X. Let

AG := {f ∈ A | f(gx) = f(x) ∀g ∈ G}

be the set of G-invariant functions. The natural candidate for a quotient
variety X//G is Sp(AG), but this is not necessarily an affine variety. Namely,
it may very well happen that the C-algebra AG is not finitely generated – the
first example of this phenomenon was constructed by Nagata in 1958 (c.f. [3,
pp. 52-61]). His famous example has then been modified and considerably
smiplified, and in 1994 Annette A’Campo-Neuen was able to construct the
first example of a linear action (the additive group (C+)12 acts on affine
19-space, A19

C ) whose ring of invariant functions is not finitely generated (c.f.
[1]). In 1999, G. Freudenberg and D. Daigle found an example of an algebraic
C+-action on A5

C whose ring of invariant functions is not finitely generated
(c.f. [2]). To date it is unknown if this can happen in dimension four, but it
definitely cannot in dimension ≤ 3, as a consequence of proposition 3.4 – so
only in dimension four it is unknown if AG can fail to be finitely generated.

However, in case AG is finitely generated we define X//G := Sp(AG),
and then the inclusion homomorphism

AG −→ A

induces a dominant morphism of algebraic varieties

π : X −→ X//G.

The map π is called the quotient projection. We would of course like it to
be surjective, but even when AG is a finitely generated algebra this is not
necessarily the case, as we will see in section 3.2.

However, in case the algebra of invariants AG is finitely generated, it
inherits some algebraic properties of A – for instance we have the following
simple but important result.
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Proposition 3.1. Let G be an algebraic group which acts on a normal affine
variety X = Sp(A). Then even AG is normal.

Proof. We need to show that AG is integrally closed in its field of fractions
Q(AG). It is clear that Q(AG) is contained in Q(A)G of G-invariant elements
of Q(A). Suppose x ∈ Q(AG) satisfies a monic equation

xn + an−1x
n−1 + . . .+ a0 = 0

with coefficients ai ∈ AG. Since A is normal, x ∈ A ∩Q(A)G = AG and the
assertion is verified.

We also have the following result, which can be applied as soon as we
have an algebraic quotient morphism π : X −→ X//G, i.e. as soon as AG is
finitely generated.

Proposition 3.2. (Universal property of algebraic quotient) Let G be an
algebraic group which acts on an affine variety X, and let ϕ : X → Y be a
morphism of affine varieties which is constant on the G-orbits in X. Then
there is a uniquely defined morphism ψ : X//G→ Y such that ϕ = ψ ◦ π.

Proof. The existence of ψ : X//G −→ Y follows immediately from the fact
that ϕ∗(O(Y )) ⊂ AG. It is unique since it has to satisfy ϕ = ψ ◦ π, where π
is dominant.

In many situations where one has a G-variety X, one is able to find a
few invariant functions in O(X), and to guess a candidate p : X −→ Y for
the algebraic quotient π : X −→ X//G. If p is constant on the orbits, then
the universal property gives a morphism ψ : X//G −→ Y with p = ψ ◦ π.
The following proposition gives a very neat criterion for testing whether or
not Y ∼= X//G; we refer to [13, II.3] for the proof (it depends on an affine
version of Zariski’s main theorem).

Proposition 3.3. Suppose that

1. p : X −→ Y is surjective.

2. Y is normal.
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3. There is a dense open subset U ⊂ Y such that each fiber p−1(y), y ∈ U
contains exactly one closed G-orbit.

Then ψ : X//G −→ Y is an isomorphism.

We now turn back to the question about finite generatedness of AG

when an algebraic group acts on a low-dimensional affine variety Sp(A), and
state the promised result from which it follows that AG is finitely generated
if dimSp(A) ≤ 3. We refer to [21] for the proof .

Proposition 3.4. Let A be a normal, complex, affine algebra and let C ⊂
F ⊂ Q(A) be a subfield of its field of fractions of transcendence degree at
most two. Then A ∩ F is an affine algebra.

Remark 3.5. 1. Suppose X = Sp(A) is a G-variety of dimension at most
3. Then the invariant algebra AG is finitely generated, and thus the
quotient morphism

π : X −→ X//G := Sp(AG)

exists. Namely, in case there is an orbit of positive dimension we have
trdegC(Q(A

G)) ≤ 2 according to [14], and then this follows immediately
from proposition 3.4 with F := Q(AG). In case G is finite we have
trdegC(Q(A

G)) = 3, but then G is reductive so AG is finitely generated
also in this case.

2. Even if AG is a finitely generated algebra, the quotient morphism

π : X −→ X//G := Sp(AG)

is not necessarily surjective, but at least we can state, as a consequence
of the universal mapping property, that any open affine subset of X//G
containing its image π(X) coincides with X//G. In particular, any
open subset of an affine curve being affine, π is surjective if dimX//G ≤
1. In that case X//G is even smooth (c.f. [5, p. 7]).

The notion of reductive algebraic groups is central when studying prop-
erties of algebraic quotients, and for this topic we will follow the treatment
in [14, pp. 4-16]. The proofs of this section’s propositions are found in there.
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3.1.1 Reductive groups

Given a complex finite dimensional vector space V , the group of linear invert-
ible operators GL(V ) has the structure of an algebraic group in a canonical
way. Given an algebraic group G, a group homomorphism % : G → GL(V ),
which at the same time is a morphism of algebraic varieties is called a ra-
tional representation of G on the vector space V . In this situation, a linear
subspace W ⊂ V is called G-invariant if %(g)W =W holds for all g ∈ G.

Definition 3.6. An algebraic group G is called reductive if the following
holds: For every finite dimensional rational representation

% : G→ GL(V ),

and for every G-invariant subspace W ⊂ V , there is a complementary G-
invariant subspace W ′ ⊂ V such that W ⊕W ′ = V .

There is an equivalent definition of a reductive group, which says that
a group G is reductive if and only if it is the complexification of a compact
Lie group ([14, p. 10]).

Example 3.7. The multiplicative group C∗ is reductive, being the complex-
ification of S1, and more generally GL(n,C), n ≥ 1, is the complexification
of the unitary group U(n), so these groups are reductive as well.

The following two propositions show why the notion of reductive groups
is so interesting. Note that the conclusion in theorem 3.8.2 says more than
just that the quotient projection is surjective – it even tells that there is
exactly one closed orbit in each fiber.

Theorem 3.8. 1. If G is a reductive algebraic group which acts on an
affine variety X = Sp(A), then the set AG of G-invariant functions in
A is an affine algebra.

2. If G is a reductive algebraic group which acts on an affine variety X,
then every fiber π−1(ξ) (ξ ∈ X//G) of the quotient projection π : X →
X//G contains exactly one closed orbit.
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3.1.2 Quotients of C+

The additive group of complex numbers is not reductive, for reasons that
are presented in example 3.9, and therefore we cannot use any of the results
from section 3.1.1. However, in some cases we are lucky and get a finitely
generated ring AC+

of invariant functions anyway, when C+ acts on an affine
variety X = Sp(A). If X is two-dimensional and normal, we can even give
quite precise information about the quotient projection.

Example 3.9. Consider the action of

C+ ↪→ GL2(C)

t 7→
[
1 t
0 1

]
on C2 given as the restruction of the standard action of GL2(C) on C2. Note
that this is the y-pinching of the action

C+ × C2 −→ C2(
t,

[
x
y

])
7→

[
x+ t
y

]
The x-axis consists of fixed points, and the other orbits are lines parallel to
it. Hence the invariant ring is C[y] and the quotient projection is

π : C2 −→ Sp(C[y]) ∼= C
(x, y) 7→ y.

The fiber π−1(0) is a whole line of fixed points, and therefore contains more
than one closed orbit, so theorem 3.8.2 would have been violated in case C+

was reductive. The fact that C+ is not reductive can also be seen directly
from the definition, considering the rational representation C+ −→ GL(C2)
of C+ on C2 which is given by the above action. Namely, the C+-invariant
subspace C× 0 has no invariant complementary subspace.

Lemma 3.10 shows that for a given C+-action

C+ ×X −→ X =: Sp(A),
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one can always find a non-empty open invariant subset V ↪→ X which is
isomorphic to U × C for some affine U , such that the restricted action

C+ × V −→ V

is translation on the second factor, and thus has a finitely generated ring of
invariants O(V )C

+ ∼= O(U).

Lemma 3.10. Given a nontrivial C+-action on X = Sp(A), there is a non-
empty principal open invariant subset Xg, with g ∈ AC+

, which is equiv-
ariantly isomorphic to U × C for some affine variety U with C+ acting by
translation on the second factor.

Proof. Let ∂ be the locally nilpotent derivation which corresponds to the
given action. Let f ∈ ker ∂2 \ ker ∂; such a function f exists since ∂ is
nontrivial and locally nilpotent. Since ∂f is a unit in A∂f , ∂ : A −→ A
extends uniquely to a derivation δ : A∂f −→ A∂f , and since ∂f ∈ AC+

, δ is
locally nilpotent as well. Note that ker δ = (A∂f )

C+
; we will need this when

we want to apply δ to an element of (AC+
)∂f [f/∂f ]. Also note that we may

use the information f ∈ ker ∂2 to conclude that

δ

(
f

∂f

)
= 1.

The lemma follows if we show that the following map is an isomorphism.

ϕ : (AC+

)∂f [S] −→ A∂f

S 7→ (∂f)−1f

Namely, in that case (AC+
)∂f is of finite type, and X∂f

∼= U × C with U :=
Sp((AC+

)∂f ). We start by showing injectivity.

In case ϕ is not injective, there is a nonzero polynomial

P =
n∑
i=0

aiS
i ∈ (AC+

)∂f [S]

with an 6= 0 (and necessarily with n ≥ 1), such that ϕ(P ) = 0. But then
we may apply δn to the equality ϕ(P ) = 0 and obtain the contradiction
n!an = δnϕ(P ) = 0.
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As for surjectiveness, it is enough to show that for all g ∈ A, there is an
element G ∈ (AC+

)∂f [S] with ϕ(G) = g. Namely, in that case

ϕ

(
G

(∂f)n

)
=

g

(∂f)n
,

so all elements in A∂f would be in the image of ϕ. Given g ∈ A, we have
∂ng = 0 for some n ≥ 0 since ∂ is locally nilpotent, and we show by induction
on n that there exists an element G of S-degree at most n−1 with ϕ(G) = g.
If g ∈ ker ∂, we may choose G = g (which has S-degree zero).

If g ∈ ker ∂n+1 \ ker ∂n we have ∂g ∈ ker ∂n, so by induction

∂g =
n−1∑
i=0

ci

(
f

∂f

)i
for some ci ∈ (AC+

)∂f . It follows that

g −
n−1∑
i=0

ci
i+ 1

(
f

∂f

)i+1

∈ (AC+

)∂f

(because this element is mapped to zero by δ), and therefore we get what we
want:

g = ϕ

(
n∑
i=0

aiS
i

)
, ai ∈ (AC+

)∂f .

Namely let

a0 = g −
n−1∑
i=0

ci
i+ 1

(
f

∂f

)i+1

and ai = ci−1/i for i = 1, . . . , n.

Corollary 3.11. If X//C+ exists, for a nontrivial action of C+ on X, then
dimX//C+ = dimX − 1.

Proof. We use the notation from the proof of lemma 3.10. Since X//C+

exists, U := Sp((AC+
)∂f ) is a principal open subset of X//C+ = Sp(AC+

),
and we get Xg

∼= U × C ∼= π−1(U). Thus the dimension of X is one more
that the dimension of X//C+.
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If dimX = 2, it follows from remark 3.5.2 that the quotient morphism
π : X −→ X//C+ is surjective. The Danielewski surfaces provide a good
source of examples where one can find quotients of C+-actions on a two-
dimensional affine variety. We will have a closer look at one of them in the
next section, and see an example where there are disconnected fibres.

If dimX = 3, the quotient morphism π : X −→ X//C+ need not be
surjective; in the next section we will see an example where π(X) 6= X//C+.

3.2 A few toy examples

We start with two algebraic actions of C∗ on C2. Since C∗ is reductive, we
know that the quotient C2//C∗ exists, no matter what the algebraic C∗-action
looks like, and that the quotient morphism is surjective.

Example 3.12. We have the following action of C∗ on C2 = Sp(C[x, y]).

C∗ × C2 −→ C2

(λ, (x, y)) 7→ (λx, λy).

We only have one closed orbit, namely the origin; all other orbits are punc-
tured lines through the origin. Since all orbits have the origin in their
closure, the only invariant functions are constants. Hence the quotient is
C2//C∗ ∼= Sp(C), i.e. a point, with quotient morphism p : C2 −→ {0}.

Example 3.13. We modify the previous example a little, and consider the
following C∗-action on C2.

C∗ × C2 −→ C2

(λ, (x, y)) 7→ (λx, λ−1y).

Here it is clear that C[xy] ⊂ O(C2)C
∗
, and we claim that there are no other

invariant functions. To see this, we note that the map

π : C2 −→ Sp(C[xy]) ∼= C
(x, y) 7→ xy

parametrizes the closed orbits, in the sense that there is exactly one closed
orbit in each fiber. Hence, since π is surjective and C normal, we may use
proposition 3.3 to conclude that

C2//C∗ ∼= C,
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with quotient projection π : C2 −→ C, (x, y) 7→ xy.

A complex Danielewski surface is an affine variety in C3 given by xny =
p(z), for some positive integer n, and a polynomial p(z) ∈ C[z] with only
simple zeros5. In the following two examples we discuss C+-actions; in ex-
ample 3.15 we will see a C+-action on the Danielewski surface given by
xny = z2 − 1 for some n, whose quotient map has a fiber consisting of two
connected components each of which is a closed orbit, and in example 3.16
we will discuss a C+-action on SL2(C) for which the quotient projection is
not surjective.

Remark 3.14. Given an algebraic C+-action

C+ ×X −→ X, (τ, x) 7→ τ ∗ x

on an affine varietyX, all orbits are closed. Indeed, the orbit of a point w ∈ X
is isomorphic to C+/Stab(w), where Stab(w) is a Zariski-closed subgroup of
C+, so it is either isomorphic to C or to a point, and C is a maximal affine
curve.

Example 3.15. Consider the Danielewski surface X := V (C3; xny− z2+1);
in order to create a C+-action, we first note that it has a natural C∗-action
given by

C∗ ×X −→ X

(λ, (x, y, z)) 7→ (λx, λ−ny, z).

Obviously z is an invariant function, and we claim that

X//C∗ ∼= Sp(C[z]) ∼= C,

with projection morphism p : X −→ C, (x, y, z) 7→ z. Since C is normal,
we may use proposition 3.3 to conclude this if we’re able to show that each
p-fiber contains exactly one closed orbit. This is not difficult: p−1(η) ∼= C∗

is a closed orbit for every η ∈ C \ {±1}, and the fibers p−1(1) and p−1(−1)

5Some authors omit the condition that p(z) should have only simple zeros, i.e. they
include also singular surfaces.
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contain no more closed orbits than the fixed points (0, 0, 1) and (0, 0,−1)
respectively. Over U := C \ {±1} we have the following trivialization:

U × C∗ −→ p−1(U)

(c, λ) 7→
(
λ,
c2 − 1

λn
, c

)
,

with inverse

p−1(U) −→ U × C∗

(a, b, c) 7→ (c, a).

It extends to an isomorphism

C× C∗ −→ Dx ⊂ X

(z, x) 7→
(
x,
z2 − 1

xn
, z

)
,

where Dx denotes the complement of V (X; x).

We are now ready to define a C+-action onX, and we do it in three steps.
First we define it on the image of the section σ : C −→ Dx, z 7→ (z, 1) ∈
C × C∗ ∼= Dx, i.e. on the line C × {1} ⊂ C × C∗ ∼= Dx, then we extend it
to all of Dx requiring the normalization property from proposition 2.11 with
respect to C∗ −→ Aut(C+), λ 7→ (τ 7→ λnτ); finally we note that the action
on Dx, a dense open subset, extends to all of X.

On the line C×{1} ⊂ Dx we define the action as (τ, (ξ, 1)) 7→ (ξ+ τ, 1),
and by means of normalization we obtain the action

C+ × (C× C∗) −→ (C× C∗)

(τ, (ξ, λ)) 7→ τ ∗ (ξ, λ) := (ξ + λnτ, λ).

This action extends from Dx to a free action on all of X, given by

C+ ×X −→ X

(τ, (x, y, z)) 7→
(
x,

(z + xnτ)2 − 1

xn
, z + xnτ

)
=
(
x, y + 2τz + xnτ 2, z + xnτ

)
.
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Clearly O(X)C
+
= C[x], and the quotient morphism

π : X −→ X//C+ ∼= Sp(C[x]) ∼= C
(x, y, z) 7→ x

has fibers

π−1(x) ∼=
{

C if x 6= 0,
C× {±1} if x = 0.

Hence the zero fiber is disconnected, and consists of the disjoint union of two
closed C+-orbits; π can be thought of as a fiber bundle over the complex line
with a double origin.

In the next example, we identify the additive group C+ with the matrix
subgroup {[

1 λ
0 1

]
, λ ∈ C

}
⊂ SL2(C),

and consider its action by right multiplication on SL2(C).

Example 3.16. Let C+ act on SL2(C) via

C+ × SL2(C) −→ SL2(C)([
1 λ
0 1

]
,

[
x y
z t

])
7→

[
x y
z t

] [
1 λ
0 1

]
=

[
x λx+ y
z λz + t

]
.

Two matrices A,B ∈ SL2(C) are in the same orbit if and only if

A

[
1
0

]
= B

[
1
0

]
;

this is an immediate consequence of the fact that

Stab

[
1
0

]
=

{[
1 λ
0 1

]
, λ ∈ C

}
∼= C,

with respect to the standard action of SL2(C) on C2. It is clear that C[x, z] ⊂
SL2(C)C

+
. To get the other inclusion, suppose f ∈ SL2(C)C

+
, so that f is

constant on every orbit. If f /∈ C[x, z], then there are y0, t0, y1, t1 ∈ C such
that

f

([
x y0
z t0

])
6= f

([
x y1
z t1

])
,
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but this is impossible since f should be constant on orbits. Hence

SL2(C)C
+

= C[x, z],

and the quotient morphism is

π : SL2(C) −→ Sp(C[x, z]) ∼= C2[
x y
z t

]
7→

[
x
z

]
.

Note that π(SL2(C)) = C2 \ {0} ( C2, so the quotient morphism is not
surjective.

3.3 The standard C∗-action on Russel’s hypersurface

There is a natural C∗-action on Russell’s hypersurface, namely

C∗ ×X −→ X

(λ, (x, z, t, y)) 7→ (λ6x, λ2z, λ3t, λ−6y).

We see that u := xy and v := yt2 in O(X) are invariant, so a candidate for
the quotient morphism looks as follows.

p : X −→ Sp(C[u, v]) ∼= C2

(x, z, t, y) 7→ (xy, yt2).

Let (a, b) ∈ C2 = Sp(C[u, v]); to calculate p−1(a, b) ⊂ X we need to solve the
following system of equations:

x+ x2y + z3 + t2 = 0
xy = a
yt2 = b

We multiply the first equation by y and obtain one more equation:

a+ a2 + yz3 + b = 0.

There are four different cases to consider.
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1. Suppose b(a+ a2 + b) 6= 0; then yz3 = −(a+ a2 + b) and yt2 = b, so

z3 +

(
a+ a2 + b

b

)
t2 = 0,

and we get the following parameterization of p−1(a, b):

(z, t) =

(
−a+ a2 + b

b
τ 2,

(
a+ a2 + b

b

)2

τ 3

)
, τ ∈ C∗,

and consequently

(x, y) =

(
a(a+ a2 + b)4

b5
τ 6,

b5

(a+ a2 + b)4
τ−6

)
, τ ∈ C∗.

Thus, over U := C2 \ V (C2; v(u+ u2 + v)) we have a trivialization

U × C∗ −→ p−1(U)

(a, b, τ) 7→ (x, z, t, y),

with (x, z, t, y) as above and with inverse map

p−1(U) −→ U × C∗

(x, z, t, y) 7→
(
xy, yt2,− t

3

z4

)
.

The isotropy group of a point in one of the fibers over U is of course
trivial.

2. Suppose b 6= 0 but a+a2+b = 0, i.e. we consider points on the parabola
V (C2;u + u2 + v), punctured at the origin and at (−1, 0). Then the
fiber is parameterized by t ∈ C∗:

p−1(a, b) =

{
(x, z, t, y) =

(
at2

b
, 0, t,

b

t2

)
, t ∈ C∗

}
,

and the isotropy group of points in the fiber is C3 ⊂ C∗, the group of
third roots of unity.
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3. Suppose b = 0 but a + a2 + b 6= 0, i.e. we consider points on the line
V (C2; v), punctured at the origin and at (−1, 0). Then the fiber is
parameterized by z ∈ C∗ as follows

p−1(a, b) =

{
(x, z, t, y) =

(
− az3

a+ a2
, z, 0,−a+ a2

z3

)
, z ∈ C∗

}
.

The isotropy group of a point in this fiber is C2 ⊂ C∗, the group of
second roots of unity.

4. Suppose a = a+a2+b = 0, in which case we have either (a, b) = (−1, 0)
or (a, b) = (0, 0). Clearly

p−1(−1, 0) =
{
(x, z, t, y) =

(
−1

y
, y, 0, 0

)
, y ∈ C∗

}
,

and the isotropy group for points in this fiber is C6. The fiber over the
origin is

p−1(0, 0) =
{
(x, z, t, y) =

(
−(z3 + t2), z, t, 0

)
, (z, t) ∈ C2

}
∪ {(x, z, t, y) = (0, 0, 0, y) , y ∈ C∗} ,

i.e. the union of a plane and a line. The nontrivial isotropy groups in
this fiber are: C∗ for the origin and C6 ⊂ C∗ for (0, 0, 0, y) if y 6= 0.
Points (−(z3 + t2), z, t, 0) have isotropy group C2 ⊂ C∗ if t = 0, z 6= 0
and C3 ⊂ C∗ if z = 0, t 6= 0.

In summary, we see that there is exactly one closed orbit in each fiber so
that the set of closed orbits is parameterized by Sp(C[u, v]) ∼= C2. Since C2

is normal, we conclude that X//C∗ = C2, with quotient projection

X −→ Sp(C[u, v]) ∼= C2

(x, z, t, y) 7→ (xy, yt2)

4 The main theorem

In this chapter, we are back in the particular case of Russell’s hypersurface
again. We denote it byM0, as in chapter 1, and its ring C[x, z, t, y]/(x+x2y+
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z3 + t2) of regular functions will be denoted by A. Like in chapter 2 we will
sometimes let x denote a point in order to avoid cumbersome notation, but it
will always be clear from the context whether x denotes the first coordinate
function or a point in M0.

We recall that we are interested in calculating the Makar-Limanov in-
variant for M0, which is defined as the algebra of regular functions on M0

which are invariant with respect to every algebraic C+-action. The following
theorem shows that the Makar-Limanov invariant for Russell’s hypersurface
is equal to C[x], and hence of positive transcendence degree. This permits us
to distinguish between M0 and C3 in the category of affine varieties. We will
be able to prove the inclusion ML(X) ⊂ C[x] here, by pinching C+-actions
on C∗ × C2 ∼= Dx ⊂ M0, but the other inclusion is more challenging and its
proof will be achieved only in chapter 6.

Theorem 4.1 (Makar-Limanov). A regular function f ∈ O(M0) is invariant
with respect to every algebraic action C+ ×M0 → M0 of the additive group
C+ on Russell’s hypersurface M0 if and only if f ∈ C[x]. In other words,

ML(M0) = C[x].

Proof. The inclusion ML(M0) ⊂ C[x] follows if we can assign to each element
g(x, z, t) ∈ O(M0) ↪→ C(x, z, t) which depends on either z or t, an algebraic
C+-action on M0 with respect to which g is not invariant. Thus we want to
show that if gz or gt is nonzero6, then also ∂g is nonzero, where ∂ denotes
the locally nilpotent derivation corresponding to an algebraic C+-action that
we are able to assign to g.

The actions that we will assign to different g ∈ O(M0) are found in the
two-parameter family of C+-actions on M0 that was constructed in exam-
ple 2.8. Note that the locally nilpotent derivation corresponding to such an
action is given by ∂(x) = 0, ∂(z) = ax2, ∂(t) = bx2.

In case g(x, z, t) ∈ O(M0) depends on z so that gz 6= 0, we choose
b = 0, a 6= 0, and get

∂g = gx∂(x) + gz∂(z) + gt∂(t) = gz∂(z) = ax2gz 6= 0 ∈ O(M0).

In case g(x, z, t) ∈ O(M0) depends on t, we choose instead a = 0, b 6= 0, and
get in an analogous way

∂g = gx∂(x) + gz∂(z) + gt∂(t) = gt∂(t) = bx2gt 6= 0 ∈ O(M0).

6Here gz and gt denote the partial derivatives of g with respect to z and t respectively.

37



As for the inclusion C[x] ⊂ ML(X), let

σ : C+ ×M0 → M0

(τ, x) 7→ τ ∗ x =: στ (x)

be an algebraic action of C+ on M0, and let ∂ : A→ A be the corresponding
locally nilpotent derivation. Suppose we can show that

(5) ∂(C[x, z, t]) ⊂ C[x, z, t].

Then the comorphism σ∗ : A −→ A[S] restricts to a morphism C[x, z, t] →
C[x, z, t][S], with corresponding action C+×C3 → C3. The restricted blowup
morphism π|M0 :M0 −→ C3 then obviously becomes equivariant with respect
to these actions. I.e. the below right diagram commutes, where the bottom
map C3 −→ C3 is the automorphism coming from this latter action when
evaluated at τ ∈ C+.

A
σ∗

// A[S]

C[x, z, t]
σ∗|C[x,z,t]//

� ?

OO

C[x, z, t][S]
� ?

OO
M0

στ //

π|M0

��

M0

π|M0

��
C3 // C3

Hence π(M0) = (C∗ ×C2) ∪ V (C3; x, z3 + t2) is a C+-invariant subset of C3.
But since the actions on C3 induced by the στ ∈ Aut(M0) are homeomor-
phisms, even Int(π(M0)) = C∗ × C2 is C+-invariant.

But all C+-actions on C∗×C2 have x as an invariant function – because
if an orbit O intersects more than one fiber of the projection morphism
prx : C∗ × C2 −→ C∗ we would get a nonconstant morphism

prx|O : O ∼= C −→ C∗.

This is not possible, and hence in order to prove the theorem, we only have
to show the inclusion (5).

5 The homogeneization of Russell’s hyper-

surface

Let M0 denote Russell’s hypersurface; we have seen in chapter 1 that it is
isomorphic to an open affine subvariety of M ⊂ C3 × P1, the blowup of C3
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at the ideal (x2, x+ z3 + t2). Namely,

M0 ↪→M =M0 ∪H,

where

H := C3 × {∞} ⊂ C3 × P1

is the hyperplane at infinity. With this identification of Russell’s hypersurface
at hand, we obtain a degree function on A := O(M0) in a natural way
by measuring the pole orders along H of regular functions on A, regarded
as rational functions on M . This degree function is then used to define
a filtration on A, which in turn is used to define the homogeneization of
Russell’s hypersurface, Sp(Gr(A)).

It turns out that locally nilpotent derivations on A induce homogeneous
locally nilpotent derivations on Gr(A), and the study of such induced deriva-
tions will prove to be very useful for us as we proceed towards the proof of
inclusion (5) from chapter 4, which is the only missing ingredient in the proof
of theorem 4.1.

5.1 A degree function on O(M0)

We first discuss the degree function on A which is obtained by measuring
pole-orders along the hyperplane at infinity, and define the corresponding
filtration.

Definition 5.1. A degree function on a ring A is a map ω : A −→ Z∪{−∞}
which satisfies the following properties for all f, g ∈ A:

1. ω(f) = −∞⇐⇒ f = 0,

2. ω(f) < ω(g) =⇒ ω(f + g) = ω(g),

3. ω(f) = ω(g) =⇒ ω(f + g) ≤ ω(g),

4. ω(fg) = ω(f) + ω(g).
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Remark 5.2. Another way of defining a degree function ω would be to say
that v := −ω should be a valuation7.

Example 5.3. LetX be an irreducible algebraic variety whose set of singular
points has codimension ≥ 2, and let Y ⊂ X be an irreducible subvariety of
codimension 1. Then OX,Y is a discrete valuation ring with maximal ideal
(π) for some π ∈ OX,Y . Given a nonzero rational function g ∈ O(X) there
is an integer r ≥ 0 such that g = eπr ∈ OX,Y with e ∈ O∗

X,Y ; we denote
this integer by v(g). One way of obtaining a degree function ω on R(X), the
fields of rational functions on X, is now to measure the pole order along Y ,
i.e. if f = g/h ∈ R(X) with g, h ∈ OX,Y , we define

ω(f) := v(h)− v(g).

Recall that M is the blowup of C3 at (x2, x + z3 + t2), and therefore
these two have the same fields of rational functions:

R(M) ∼= R(C3).

We define a degree function ω on R(M) by defining ω(f) to be the pole order
of the rational function f ∈ R(M) along H. Note that M = M0 ∪ H, and
that H is the strict transform of 0×C2 ↪→ C3 with respect to π :M −→ C3,
i.e.

H = π−1(U ∩ (0× C2)),

with U := C3 \V (I). As a consequence, the pole order of g ∈ C(x, z, t) along
0 × C2 coincides with the pole order of π∗(g) along H – this gives an easy
way of calculating ω(f), f ∈ R(M). Namely, we have

ω
(g
h
xn
)
= −n

if g, h ∈ C[x, z, t] are not divisible by x.

7A valuation on a ring A is a map v : A −→ Z∪{∞} which satisfies the following three
conditions

1. v(f) =∞⇐⇒ f = 0,

2. v(fg) = v(f) + v(g),

3. v(f + g) ≥ min(v(f), v(g)).

Note that the property: v(f) > v(g) ⇒ v(f + g) = v(g) follows from the above three
axioms.
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Now, since A is identified with a subring of R(C3) ∼= R(M) = Q(A),
we get a degree function

ω : A −→ Z ∪ {−∞},

by ω(0) := −∞ and by defining ω(f) to be equal to the pole order of the
rational function f on M along H, as described above, if f ∈ A \ {0}.

In particular we see that ω(x) = −1, ω(y) = 2, and ω(z) = ω(t) = 0.

The crucial observation now is that, M being normal, we have

C[x, z, t] = O(M) = {f ∈ A | ω(f) ≤ 0}.

Thus, in order to get the inclusion (5) from chapter 4, it is enough to show
that ∂ doesn’t increase the ω-degree of elements in A.

5.2 A as a filtered C-algebra

The degree function ω on A which was introduced in section 5.1 induces a
filtration on A, i.e. we can use it to define additive subgroups A≤n of A with
A≤n ⊆ A≤n+1 for all n ∈ Z, satisfying A≤m · A≤n ⊆ A≤m+n for all m,n ∈ Z,
and such that ∪

n∈Z

A≤n = A.

The filtration is defined by

A≤n := {f ∈ A | ω(f) ≤ n}.

As we shall see later on, this filtration does not come from a graduation

A =
⊕
n∈Z

An

such that
A≤n =

⊕
k≤n

Ak,

but at least, in our situation, there is a natural grading of A as a C[z, t]-
module: Every element f ∈ A can be written on the form f =

∑k
i=0 y

ipi(x, z, t),
where each pi is at most linear in x for i ≥ 1 (and pk 6= 0). The terms in this
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sum have strictly increasing ω-degree, and it is clear that this representation
of f is unique (x, z, and t are independent variables, and whenever a factor
yx2 occurs in a term, it is replaced by −(x+ z3 + t2)). So if we define

(6) An :=


C[z, t]x−n , if n ≤ 0
C[z, t]yk , if n = 2k > 0
C[z, t]xyk , if n = 2k − 1 > 0,

then

A =
∞⊕

n=−∞

An

is a direct sum of free C[z, t]-modules of rank 1.

Note however that

A =
∞⊕

n=−∞

An

is not a graded algebra. For instance x2y /∈ A0 even though x2 ∈ A−2 and
y ∈ A2. As we shall see in the next section we can’t do better than this.

5.3 A graded C-algebra associated to A

The reason that the filtration from section 5.2 doesn’t come from a grading
will be clear as we construct the homogeneization Gr(A) of A. The ho-
mogeneization of A is a graded C-algebra made out of A, which would be
isomorphic to A in case the filtration was induced by a grading. We will
arrive at a very precise description of Gr(A), which allows us to show for
instance that Sp(Gr(A)) is not smooth – so this variety is not isomorphic to
Sp(A) ∼= M0. However, it will turn out that the locally nilpotent derivation
∂ : A −→ A corresponding to a given nontrivial C+-action on Sp(A) induces
a nontrivial locally nilpotent derivation δ : Gr(A) −→ Gr(A) from which we
can obtain all information about ∂ which is needed in order to deduce the
inclusion (5) in chapter 4 – this will be the topic of section 5.4.

Let

B := Gr(A) :=
⊕
i∈Z

Bi,
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where Bi := A≤i/A≤i−1. Then, since

∞∩
n=0

A≤−n = {0},

there is a natural map

gr : A −→ Gr(A)

gr(f) =

{
f + A≤n−1 ∈ Bn if f ∈ A≤n \ A≤n−1

0 if f = 0,

where n = ω(f). We note that gr is multiplicative, although it’s not a
homomorphism of rings. For instance

gr(x) + gr(y) 6= gr(x+ y),

the left hand side not being homogeneous whereas the right hand side is.

In proposition 5.4 we see that B is isomorphic to

C[X,Y, Z, T ]/(X2Y + Z3 + T 2),

where X,Y, Z and T are free variables, so in the sense that there are fewer
terms in the defining polynomial, the homogeneization of Russell’s hyper-
surface can be viewed as a simplification. It also follows from the proof of
proposition 5.4 that

B ∼=
⊕
i∈Z

Bi,

where

(7) Bi :=


C[z, t]x−i , if i ≤ 0
C[z, t]yk , if i = 2k > 0
C[z, t]xyk , if i = 2k − 1 > 0,

if we let x, y, z and t denote gr(x) ∈ A≤−1/A≤−2, gr(y) ∈ A≤2/A≤1, and
gr(z), gr(t) ∈ A≤0/A≤−1 respectively.

Proposition 5.4. The rings B and C[X,Y, Z, T ]/(X2Y +Z3 + T 2) are iso-
morphic, where X,Y, Z and T are variables. In particular, if we write x, y, z, t
for gr(x), gr(y), gr(z) and gr(t) respectively, we have

W := Sp(B) ∼= {(x, y, z, t) ∈ C4 | x2y + z3 + t2 = 0}

as algebraic varieties.
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Proof. Consider the ring homomorphism defined by

g : C[X, Y, Z, T ] −→ Gr(A)

X 7→ gr(x),

Y 7→ gr(y),

Z 7→ gr(z),

T 7→ gr(t).

It is surjective, because every element in Gr(A) has a representative on the
form ⊕

i∈Z

Pi,

with Pi ∈ Ai for all i, with Ai as in (6), and such an element is the image
under g of

∑
i∈Z Pi ∈ C[X,Y, Z, T ]

Now suppose that g(P ) = 0 for some P ∈ C[X,Y, Z, T ]. It is clear that
we may write

P = Q(X, Y, Z, T )(X2Y + Z3 + T 2) +R

with

R ∈
⊕
n≤0

C[Z, T ]X−n ⊕
⊕

n=2k>0

C[Z, T ]Y k ⊕
⊕

n=2k−1>0

C[Z, T ]XY k.

This is achieved by simply writing (X2Y + Z3 + T 2) − Z3 − T 2 instead of
X2Y in all terms of P that have a factor X2Y . But then, since

g(X2Y + Z3 + T 2) = x2y + z3 + t2 + A≤−1 =

= −(x+ z3 + t2) + z3 + t2 + A≤−1 =

= 0 ∈ B0,

we get that g(P ) = g(R). Since no two terms in R are mapped to the same
homogeneous component in Gr(A), they must all be mapped to zero, since
g(P ) = 0. This shows that ker(g) = (X2Y + Z3 + T 2), and the proposition
follows.
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5.4 Induced locally nilpotent derivations

The following proposition shows that under certain conditions, which are
satisfied by the coordinate ring A on Russell’s hypersurface with the filtration
introduced in section 5.2, a nontrivial locally nilpotent derivation on a filtered
algebra ∂ : A −→ A induces a nontrivial homogeneous locally nilpotent
derivation δ : Gr(A) −→ Gr(A) on the corredponding graded algebra.

Proposition 5.5. Let A be a Z-filtered algebra such that A≤0 is a finitely
generated graded algebra, where the graduation induces the filtration, and such
that Gr(A) is finitely generated. Then, for every nonzero locally nilpotent
derivation ∂ : A −→ A, there exists an integer k ∈ Z such that ∂A≤n ⊂
A≤n+k for all n ∈ Z.

Proof. Let {fi}ri=1 and {gr(hj)}sj=1 be homogeneous generators of A≤0 and
Gr(A) respectively, with hj ∈ A≤nj

for some nj. Let ω denote the degree
function corresponding to the filtration, and choose a number k such that
ω(∂(fi)) ≤ ω(fi) + k and ω(∂(hj)) ≤ ω(hj) + k for 1 ≤ i ≤ r and 1 ≤ j ≤ s.

We have to show ∂An ⊂ An+k. For n ≤ 0 this follows from the Leibniz’
rule and the fact that An is spanned by the monomials f ν = f ν11 . . . f νrr with∑r

i=1 νiω(fi) = n.

Now let n > 0 and assume ∂An−1 ⊂ An−1+k. Then An is spanned by
An−1 and the monomials hµ = hµ11 . . . hµ = hµss with

∑s
j=1 µjω(hj) = n and

we may argue as in the first case.

Thus, given a locally nilpotent derivation ∂ : A −→ A on the coordinate
ring of Russell’s hypersurface, we may choose k minimal with ∂A≤n ⊂ A≤n+k
and obtain a nontrivial induced map

δ : B −→ B

Bi 3 fi 7→ ∂fi ∈ Bi+k

on Gr(A). It is obvious that δ is C-linear, and by direct calculations one can
show that both δ(fg) and δ(f)g + fδ(g) are equal to⊕

l∈Z

∑
i+j=l−k

fi∂(gj) + ∂(fi)gj (where f = ⊕i∈Zfi and g = ⊕j∈Zgj)

45



so δ satifsfies Leibniz’ rule. From the definition it follows immediately that
δ is nonzero, ∂ being nonzero, and that δ is locally nilpotent, ∂ being locally
nilpotent, and altogether we have shown that δ is a homogeneous locally
nilpotent derivation on B.

We recall that the goal we have in mind at present is to show that ∂
doesn’t increase the ω-degree of elements in A, and now this property can be
stated simply as k ≤ 0, where k is the degree of homogeneity of δ.

6 C+-actions onW normalized by the C∗-action

We have two algebraic group actions on W : one action by C+ corresponding
to the induced locally nilpotent derivation δ : B −→ B, and one by C∗,
corresponding to the Z-grading on B. The latter is given by

C∗ ×W −→ W

(λ, (x, z, t, y)) 7→ (λ−1x, z, t, λ2y)

Since C∗ is a reductive group the algebraic quotient W//C∗ exists, and to
find it we note that the C∗-invariant functions in B are exactly the functions
which are homogeneous of degree zero, i.e. B0. It follows from the description
in section 5.2 that B0

∼= A0
∼= C[z, t], and hence the quotient projection is

π : W → C2 ∼= Sp(C[z, t])
(x, z, t, y) 7→ (z, t).

It has a trivialization above C2 \N0, with N0 := V (C2; z3 + t2), namely

(C2 \N0)× C∗ −→ π−1(C2 \N0)

(z, t, λ) 7→
(
λ, z, t,−z

3 + t2

λ2

)
with inverse

π−1(C2 \N0) −→ (C2 \N0)× C∗

(x, z, t, y) 7→ (z, t, x).

As for N0, we have
π−1(N0) = F− ∪ F+
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with
F− := C×N0 × 0 = V (W ; y)

the set of points w ∈ W such that limλ→∞ λw exists, and

F+ := 0×N0 × C = V (W ; x)

the set of points w ∈ W such that limλ→0 λw exists.

Note that C2 × C∗ ∼= Dx, via

C2 × C∗ −→ Dx

(z, t, x) 7→
(
x, z, t,−z

3 + t2

x2

)
.

and that, as for the Danielewski surface in example 3.15, the above trivial-
ization extends from π−1(C2 \N0) to Dx. Also note that W = Dx ∪ F+.

Proposition 6.1. For a nontrivial C+-action on W normalized by C∗ either
F+ or F− is C+-invariant, but not both. Furthermore either y or x is a
C+-invariant function.

Proof. Since the locally nilpotent derivation δ : B → B which corresponds
to the C+-action is homogeneous, its kernel is as well:

Bδ =
⊕
n∈Z

Bδ
n,

where

Bδ := {f ∈ B | δ(f) = 0}
= {f ∈ B | f(τ ∗ w) = f(w) ∀τ ∈ C+},

the latter equation being true since f(τ ∗ w) = (eτδf)(w) = f(w) for all
f ∈ ker(δ). Thus Bδ is the set of C+-invariant functions. Also, in the above
formula, Bδ

n := Bδ ∩ Bn. First assume that Bδ = Bδ
0, so that Bδ ⊂ C[z, t];

then we obtain the following commutative diagram

W
p //

π
  @

@@
@@

@@
@ Sp(Bδ)

C2

ψ

;;wwwwwwwww
,
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where p is the quotient map of the C+-action and ψ = Sp(ι), if ι : Bδ −→
C[z, t] denotes the inclusion morphism. The generic fiber of ψ is finite since ψ
is a dominant morphism between irreducible varieties of the same dimension,
and therefore the generic fiber p−1(ξ) of p is a disjoint union of copies of
C∗. However, every nontrivial orbit is isomorphic to C via the map C →
C∗w, τ 7→ τ∗w, if w is any point of the orbit. Thus p−1(ξ) cannot contain any
nontrivial orbit, but this is a contradiction to the C+-action being nontrivial;
hence Bδ

n 6= 0 for some n 6= 0.

Suppose that Bδ
n 6= 0 for some n > 0. Any f ∈ Bn vanishes on F− since

it is divisible by y, c.f. (7). Hence, since F− is an irreducible subvariety of
V (f) of dimension two, it is an irreducible component of the C+-invariant set
V (f). Thus, since the closure C+ ∗ F− ⊂ V (f) of the image of F− under the
action of C+ is irreducible and contains F−, it must be equal to F−. Thus
F− is C+-invariant if Bδ

n 6= 0 for some n > 0.

IfBδ
m 6= 0 for somem < 0, any f ∈ Bm vanishes on F+ since it is divisible

by x, c.f. (7), and an analogous argument shows that F+ is C+-invariant in
this case.

Now assume that both F− and F+ are invariant, so that π−1(N0) is C+-
invariant and W \ π−1(N0) as well. Then we may find a nontrivial C+-orbit
O ⊂ W \ π−1(N0) which, according to remark 3.14, necessarily is isomorphic
to C. But the map (z3 + t2) ◦ π|O has no zeros, and hence must be constant,
say with value a ∈ C∗. However, any morphism π|O : O → V (C2;Z3 +
T 2 − a) from the complex line O ∼= C to the smooth affine elliptic curve
V (C2;Z3 + T 2 − a) is constant, so O is contained in a π-fiber isomorphic to
C∗, a contradiction.

In case F+ is C+-invariant, let O be a nontrivial orbit outside F+. Then
since F+ = V (x), the restricted function x|O is a constant since it has no
zeros. Hence x ∈ Bδ. Similarily, if F− is C+-invariant, y ∈ Bδ.

Finally we study the two cases separately, where δ(x) = 0 and δ(y) = 0.
It turns out that δ(x) = 0 leads to k ≤ 0, and that δ(y) = 0 leads to a
contradiction. This crucial result, which will settle the proof of theorem 4.1,
is the content of proposition 6.2.

Proposition 6.2. Let C+ × W −→ W be a C+-action normalized by C∗.
Then F+ is C+-invariant and the corresponding locally nilpotent derivation
δ : B −→ B is homogeneous of a degree k ≤ 0.
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Proof. We start with the case δ(x) = 0, so that F+ is invariant; this leads to
k ≤ 0. Then we go on with the case δ(y) = 0, so that F− is invariant, and
show that this leads to a contradiction.

Case 1: If F+ is invariant, then V := V (W ; x − 1) ∼= C2 is a C+-invariant
hypersurface. The isomorphism is given by

ψ := π|V : V
∼=−→ C2

(z, t, y) 7→ (z, t).

Every nontrivial orbit O intersects ψ−1(N0), but is not contained in
there. It intersects ψ−1(N0) since the map (z3 + t2) ◦ ψO : O −→ C
would be constant otherwise with image {a} for some a ∈ C∗. This
is not possible, since it implies that O ∼= C be contained in a smooth
affine elliptic curve. It cannot be contained in ψ−1(N0) ∼= N0, since no
nontrivial C+-orbit has a singular point, and the regular locus of N0 is
C∗.

Now, given a nontrivial orbit O ⊂ V , choose a point (1, z, t, 0) in O ∩
π−1(N0). Since O ( π−1(N0), we may act upon this point with some
τ ∈ C+ and we arrive at another point (1, z̃, t̃, ỹ) ∈ O with ỹ 6= 0. Then,
if we act upon this new point by λ ∈ C∗, we arrive at (λ−1, z̃, t̃, λ2ỹ).
However, according to the normalization property in proposition 2.11,
we arrive at the same point if we act first by λ ∈ C∗ and then λ−kτ ∈
C+. Thus the following equality holds for all λ ∈ C∗

(λ−kτ) ∗ (λ−1, z, t, 0) = (λ−1, z̃, t̃, λ2ỹ).

Since ỹ 6= 0, limλ→∞(λ−1, z̃, t̃, λ2ỹ) does not exist, and therefore k < 0.
Otherwise limλ→∞(λ−kτ) ∗ (λ−1, z, t, 0) would exist.

Case 2: If F− is invariant, then V := V (W ; y−1) is a C+-invariant hypersurface,
isomorphic to

V (C3;x2 + z3 + t2).

The restriction of the C∗-quotient projection is a two sheeted branched
covering of C2, namely

ψ := π|V : V → C2, (x, z, t) 7→ (z, t).

49



Its branch locus is ψ−1(N0) ∼= N0, and it has deck transformation

σ : V → V, (x, z, t) 7→ (−x, z, t),

which is nothing but the action of −1 ∈ C∗. Let O be a nontrivial orbit;
then for the same reasons as in Case 1, O has to intersect ψ−1(N0).

If we let λ = −1 in equation 2.4.4, we obtain

σ(τ ∗ w) = ((−1)kτ) ∗ σ(w).

Thus σ(O) is a C+-orbit intersecting O, and hence σ(O) = O. Choose
an equivariant isomorphism C ∼= O such that 0 ∈ C corresponds to
a point in ψ−1(N0). Then the involution σ : O −→ O corresponds
to C −→ C, ζ 7→ −ζ, and as a consequence every nontrivial C+-orbit
O ↪→ V intersects ψ−1(N0) in exactly one point.

The singular locus in V being the cusp of ψ−1(N0) ∼= N0, V is a normal
surface and hence there is a quotient map

χ : V −→ V//C+

the generic fiber of which is a C+-orbit, c.f. lemma 3.10.

Thus the restriction

χ|ψ−1(N0) : ψ
−1(N0) −→ V//C+

is injective on a nonempty open subset of ψ−1(N0). Hence, V//C+

being a smooth curve, it follows from Zariski’s main theorem that it
is an open embedding. However, this is a contradiction since ψ−1(N0)
has a singular point.

So, we have achieved the inclusion 4.5 and hence finished the proof
of theorem 4.1, stating that ML(M0) = C[x]. This is enough to distinguish
Russell’s hypersurfaceM0 from C3 in the category of affine complex varieties,
since ML(C3) = C.
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7 The cylinder over Russell’s hypersurface

The motivation to compute the Makar-Limanov invariant ML(X) of Russell’s
hypersurface was to distinguish it from C3. It is then natural to ask what
could be said about X × C in this respect. Do we have X × C ∼= C4 or
not? In any case, by a result of Adrien Dubouloz in [4] we know that the
Makar-Limanov invariant is of no help in answering this question.

Adrien Dubouloz’ result from [4] reads as follows.

Theorem 7.1. The cylinder X × C over Russell’s hypersurface X does not
admit a nonconstant regular function, which is invariant with respect to any
algebraic C+-action on X × C. With other words

ML(X × C) = C.

In order to prove this theorem one needs algebraic spaces. We shall con-
tent ourselves to sketch the main ideas in the framework of analytic spaces.

It follows from theorem 4.1 that

ML(X × C) ⊂ C[f̂ ],

where f̂ := f ◦prX with the projection prX : X×C −→ X, and f ∈ O(X) the

function f(x, z, t, y) = x. On the other hand, if p(f̂) ∈ C[f̂ ] is C+-invariant

with a non constant polynomial p, then f̂ is C+-invariant as well: The level
sets p(f̂) = c are finite disjoint unions of level sets f̂ = cν , and C+ is a
connected algebraic group.

As a consequence, it suffices to construct an action

C+ × (X × C) −→ X × C,

with respect to which f̂ is not C+-invariant.

Define g ∈ O(X) by g(x, y, z, t) = z. We define an action

C+ × (Xg × C) −→ Xg × C

with ĝ := g ◦prX ∈ O(Xg×C)C+
, but f̂ 6∈ O(Xg×C)C+

. Then a ĝn-pinched
version of that action extends to an action

C+ × (X × C) −→ X × C,
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satisfying f̂ 6∈ O(X × C)C+
as well.

First of all we investigate the geometry of Xg. Consider the map

F := (f, g) : Xg −→ C× C∗.

The isomorphism

(Xg)f = F−1(C∗ × C∗) −→ (C∗ × C∗)× C, (x, y, z, t) 7→ (x, z, t)

induces a C+-action on (Xg)f = F−1(C∗×C∗), the pullback of the translation
in the third component, and its f 2-pinching extends to a free C+-action

C+ ×Xg −→ Xg,

namely
λ ∗ (x, y, z, t) = (x, y − 2tλ− x2λ2, z, t+ x2λ).

The fiber F−1(a, b) is one orbit for a 6= 0 and consists of two orbits for
a = 0, but nevertheless F−1(0 × C∗) is connected. In order to understand
that phenomenon we introduce a new (non-separated complex analytic) base
space B replacing C× C∗. Take

B := C× C∗/ ∼ ,

where
C∗ × C∗ 3 (ξ, τ) ∼ (ξ,−τ) ∈ C∗ × C∗,

but there is no identification of distinct points in 0× C∗. Then the map

Xg −→ B, (x, y, z, t) 7→
{

[x,
√
z] , if x 6= 0

[0,−iz−1t] , if x = 0
,

defines a C+-principal bundle. Here [a, b] denotes the equivalence class of
(a, b) and

√
t any square root of t ∈ C∗. That can be seen by using the fact

that the map
F : Xg −→ C× C∗

admits analytic sections
σ : C× U −→ Xg

for any strongly open subset U ⊂ C∗ admitting a (holomorphic) square root
√

: U −→ C. Indeed

σ(x, z) = (x,
1

4z3
, z,− x

2i
√
z
3 + i

√
z
3
).
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On the other hand the complement

Z := C3 \ {(x, y, t);xy + t2 = 0}

of a rational double cone in C3 may as well be endowed with the structure
of a principal C+-bundle over B: The projection

Z −→ B

is induced by the map

G : Z −→ C× C∗, (x, y, t) 7→ (x, xy + t2).

We proceed as in the case of Xg. Let p : Z −→ C denote the map (x, y, t) 7→
x. The isomorphism

Zp = G−1(C∗ × C∗) −→ (C∗ × C∗)× C, (x, y, t) 7→ (x, xy + t2, t)

induces a C+-action on Zp = G−1(C∗ × C∗), the pullback of the translation
in the third component, and its p-pinching extends to a free C+-action

C+ × Z −→ Z,

namely
λ ∗ (x, y, t) = (x, y − 2λ− xλ2, t+ xλ).

As bundle projection we take the map

Z −→ B, (x, y, t) 7→

{ [
x,
√
xy + t2

]
, if x 6= 0

[0, t] , if x = 0
.

Here [a, b] denotes the equivalence class of (a, b) and
√
xy + t2 any square

root of xy + t2 ∈ C∗. In order to see that it is (analytically) locally trivial,
we note that the map

G : Z −→ C× C∗

admits analytic sections
σ : C× U −→ Z

for any strongly open subset U ⊂ C∗ admitting a (holomorphic) square root
√

: U −→ C. Indeed

σ(x, u) = (x,−x+ 2
√
u, x−

√
u).
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In contrast to Xg the variety Z admits an involution:

ι : Z −→ Z, (x, y, t) 7→ (y, x, t).

Note that q : Z −→ C, (x, y, t) 7→ xy+ t2, is ι-invariant: q ◦ ι = q, but ι is not
a bundle involution, since p : Z −→ C is not ι-invariant. In passing by we
remark that q is an analytically locally trivial bundle with the Danielewski
surface xy − t2 + 1 = 0 as typical fiber.

By conjugating with ι we obtain a new C+-action

C+ × Z −→ Z, (λ, (x, y, t)) 7→ λ • (x, y, t)

with
λ • (x, y, t) = (x− 2λ− yλ2, y, t+ yλ).

On the other hand, there are isomorphisms

Xg × C ∼= Xg ×B Z ∼= Z × C

of complex analytic spaces over B as follows. The projections

Xg ←− Xg ×B Z −→ Z

are C+-principal bundles as pull backs of

B ←− Z resp. Xg −→ B,

and since Xg and Z are affine and thus Stein, these C+-bundles are trivial.
Note that the isomorphism transforms the functions p̂ := p◦prZ , q̂ := q ◦prZ
into the functions f̂ , ĝ : Xg × C −→ C.

The desired C+-action on Xg × C is taken as the pull back action on
Xg × C of the action on Z × C, which is the λ•-action on Z and the trivial
action on C.

It remains to be shown that this action is indeed an algebraic action
(and not only a complex analytic one). To guarantee that one has to work
in the category of algebraic spaces, which contains the algebraic varieties as
a full subcategory, instead of in the category of complex analytic spaces.
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