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Abstract

Implementing Higher Order Dynamics into the Ice
Sheet Model SICOPOLIS

Josefin Ahlkrona

Ice sheet modeling is an important tool both for reconstructing past ice sheets 
and predicting their future evolution, but is complex and computationally 
costly. It involves modeling a system including the ice sheet, ice shelves and 
ice streams, which all have different dynamical behavior. The governing 
equations are non-linear, and to capture a full glacial cycle more than 
100,000 years need to be simulated. To reduce the problem size, 
approximations of the equations are introduced. The most common 
approximation, the Shallow Ice Approximation (SIA), works well in the ice bulk 
but fails in e.g. the modeling of ice streams and the ice sheet/ice shelf 
coupling. In recent years more accurate models, so-called higher order 
models, have been constructed to address these problems. However, these 
models are generally constructed in an ad hoc fashion, lacking rigor. In this 
thesis, so-called Second Order Shallow Ice Approximation (SOSIA) equations 
for pressure, vertical shear stress and velocity are implemented into the ice 
sheet model SICOPOLIS. The SOSIA is a rigorous model derived by Baral in 
1999 [3]. The numerical solution for a simple model problem is compared to 
an analytical solution, and benchmark experiments, comparing the model to 
other higher order models, are carried out. The numerical and analytical 
solution agree well, but the results regarding vertical shear stress and velocity 
differ from other models. It is concluded that there are problems with the 
model implemented, most likely in the treatment of the relation between 
stress and strain rate.
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1 Introduction

1.1 Ice Sheets

The cryosphere (glaciers, ice caps, ice sheets, ice shelves, sea ice, frozen ground
etc.) plays an important role in the global climate system. Concern about the
evolution of large ice masses in response to global warming has risen, especially
since the latest IPCC report was published in 2007 [31]. Ice masses have a strong
impact on the surface energy balance of the Earth through feedback mechanisms
such as e.g. the ice-albedo feedback, according to which white areas reflect more
light/energy back into space while dark ones absorb energy. Once glaciated, ice
covered areas are thus likely to locally generate an even colder climate through
the feedback mechanism, and vice versa [31]. The mass balance of ice masses is
also intimately connected to sea-level rise. The two largest ice masses on earth
are the Antarctic Ice Sheet and the Greenland Ice Sheet. If the entire Antarctic
Ice Sheet were to melt, the melt water would cause the sea level to rise by about
57 m. If the Greenland Ice Sheet would melt, the contribution to sea level rise
would be about 7 m [30, 2, 29, 32].

An ice sheet is an ice mass that covers an area of 50, 000 km2 or more [13],
if less it is referred to as an ice cap, e.g. Vatnajökull in Iceland. The only
ice sheets present today are the Greenland Ice Sheet (1, 710, 000 km2) and the
Antarctic Ice Sheet (14, 000, 000 km2) [31]. When ice from an ice sheet or ice
cap flows into the ocean and becomes afloat it is called an ice shelf. The world’s
largest ice shelf is the Ross Ice Shelf in Antarctica. It has an area of almost
500, 000 km2, i.e. about the size of France [23]. The boundary between the ice
shelf and the grounded ice is called the grounding line. Because of the size, ice
sheets are of great interest in the context of climate change, but ice shelves are
also important to understand since they a!ect the dynamics of the connected
ice sheet. We shall in the following focus on ice sheets only. In an ice sheet
there can be narrow bands of fast flowing ice, referred to as ice streams. These
are responsible for massive discharge of ice from the interior ice sheet to its
coastal margin, and interlink terrestrial and marine ice masses. Figure 1 shows
a sketch of an ice sheet, including an ice stream, flowing out into an ice shelf.
The velocity in an ice stream can be well over 10, 000 m a year while the slow
moving bulk of the ice generally moves some tens of meters a year [20]. Figure
2 shows how the structure of the ice surface in an ice stream di!ers from the
surface of the slow moving ice because of the high velocity. There is a sharp
transition between the two di!erent flow regimes that apparently takes place in
a thin boundary layer.

An ice mass can be polythermal, i.e. comprised by both cold and temperate
ice. Cold ice is ice with temperatures below the pressure melting point and
temperate ice has a temperature at the pressure melting point and is a mixture
of ice and water.

1.2 Ice Sheet Modeling

The response of ice sheets to climate change is complex and numerical model-
ing is an important tool in understanding the dynamics of ice sheets, both in
reconstructions of former ice sheets and in predicting their future behavior in
response to climate warming. There are several existing large-scale models that
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Figure 1: An ice sheet flowing outwards to the ocean and forming an ice shelf. In the
ice sheet there is an ice stream, where the ice flows faster. Picture by Grobe [40].

Figure 2: Satellite image of a part of Ice Stream B, Antarctica. Flow direction in the
picture is from the upper right to the lower left corner. The surface of the ice stream
is highly irregular, and a sharp boundary separates the bulk inland ice (slowly moving)
from the fast moving ice stream. From British Antarctic Survey [38].
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are generally successful in simulating ice sheets, but as all models they have
shortcomings. In particular, there are weaknesses in the modeling of basal flow
processes, the coupling of ice marginal dynamics and inland ice dynamics, ice
sheet-ocean interaction, and ice streams. These processes are important to un-
derstand since they are related to the ice sheet sensitivity and response time. Ice
sheets are thus more vulnerable to climate change than current models suggest
and predictions of future sea-level rise may very well be underestimated [31].
This work is part of a project focusing on improving the modeling of ice stream
dynamics, embedded in the overall ice sheet dynamics. Figure 3 illustrates the
poor modeling of ice streams by comparing real surface velocities with those
computed by the ice sheet model SICOPOLIS (SImulation COde for POLy-
thermal Ice Sheets). Other ice sheet codes su!er from similar shortcomings
when trying to simulate ice stream behavior in a forward manner (e.g. Elmer
[34] [37]). Inverse modeling strategies have thus recently become very popular,
with inversion for the ice sti!ness parameters of ice shelves and ice stream basal
parameters being most common [24, 21, 10].

(a) Satellite image (b) Model output.

Figure 3: Surface velocities at the Greenland Ice Sheet. (a) is a satellite image
showing ice velocities (surface) at the Greenland Ice Sheet during winter 2010 (Image
by Joughin et al. [20]). Blue/purple colors show high velocities. (b) shows model
output from a simulation run with SICOPOLIS, using a horizontal grid resolution of
20 km. Hot colors are high velocities. The satellite image shows ice streams that are
not showing in the output from the ice sheet model SICOPOLIS. In particular, the
North Eastern Greenland Ice Stream (marked by a red arrow) is clearly visible in the
satellite image, but does not show in the model output. For esthetic reasons figure (b)
only shows velocities up to 3000 m/a, but the maximum velocity is almost 7000 m/a.

Indeed, ice sheet modeling is complicated, because the individual compo-
nents (grounded inland ice sheet, fast flowing ice streams, attached floating ice
shelves) all exhibit di!erent dynamical behavior under external forcing. While
the individual subsystem can be modeled in isolation, modeling of the coupled
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system is challenging since it requires careful matching of the di!erent dynam-
ical regimes in the transition zones, which themselves are dynamically evolving
in space and time. This is an issue particularly since large scale ice sheet mod-
els typically are based on the so-called Shallow Ice Approximation (SIA) [17]
to simplify the governing equations. The SIA balances basal drag at the ice
base with vertical shear stress, disregarding other stress terms such as horizon-
tal plane (HP) shear stress and normal stresses, since these are small in the
main part of an ice sheet. However, in ice shelves and in many ice streams, the
basal drag and hence the vertical shear stress is reduced, increasing the relative
importance of normal and HP shear stress. In an ice shelf the low basal drag
is due to the fact that the ice floats in the ocean, and that there is almost no
friction at the ice/ocean interface. For ice streams, the reduction in basal drag
is poorly understood and can be explained by several di!erent processes, such
as basal melt water or deforming till [1, 33]. Figure 4 shows how the influence
of basal drag and vertical shear stress is di!erent in ice sheets, ice shelves and
ice streams. Since HP shear stress and normal stresses are not considered in the
SIA, the modeling of ice streams and the ice sheet/ice shelf coupling fails.

The SIA is used because it is relatively simple and reduces computation time,
but in order to treat ice streams and the grounding line area correctly, so-called
higher order dynamics is required [8]. The use of higher order dynamics would
also allow for a finer grid resolution than what is possible when using the SIA-
equations. An often used horizontal grid resolution is 20 km [4]. The smallest
objects that can be resolved by this grid is then 40 km, corresponding to the
Nyquist wavelength !N . However, in order for the SIA to be accurate, the data
needs to be smoothed even more, so that the variations are much coarser than
the Nyquist wavelength.

1.3 Aim of this Work

This work aims to implement higher order dynamics, or to be specific: the
so-called second order shallow ice approximation (SOSIA) equations for pres-
sure, vertical shear stress and velocities, into the ice sheet model SICOPO-
LIS. SICOPOLIS is a large-scale, three-dimensional, thermodynamically cou-
pled model based on the SIA [12] and is the only code applicable to polythermal
ice. SICOPOLIS is described further in section 4.1. Until recently, no rigorous
’second order ice sheet models’ existed, but there is now one under development
by Egholm [9]. His implementation is however quite di!erent from the one in
this work.

The second order equations that are to be implemented in this project have
been derived by Baral in his doctoral thesis in 1999 [3]. These equations are
not in a form suited for direct implementation and further derivations are thus
required in this work. The present work will be continued as a doctoral thesis
and groundwork that will make future work easier is carried out here. The new
model will be validated by comparing to an analytical solution and by carrying
out the benchmarks experiments from the ’Ice Sheet Model Intercomparison
Project for Higher-Order ice sheet Models’ (ISMIP-HOM), convened by Pattyn
and Payne [42, 26]. The updated model will then be applied to the Greenland
Ice Sheet and compared to results obtained by the SIA-model.

To limit this project, temperate ice is not considered and the temperature is
held constant, thus the equations governing the temperature are not upgraded
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(a) An ice sheet becoming afloat to form an ice shelf at
the marine margin.

(b) An ice stream within an ice sheet, flowing out into an
ice shelf.

Figure 4: (a) shows an ice sheet becoming afloat to form an ice shelf at the marine
margin. The slow moving ice in an ice sheet often adheres to the bedrock, causing the
velocities at the base to be lower than at the ice surface. This causes large vertical shear
stress, since velocities and stresses are related through Glen’s flow law, see section 2.
In the ice shelf, the ice rests on the ocean and the vertical shear is not dominant. (b)
shows an ice stream within an ice sheet. In ice streams, basal conditions often lower
the basal drag such that horizontal plane shear and normal deviatoric stresses become
comparable to the vertical shear stress.
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from the SIA to the SOSIA. Since the temperature influences the material prop-
erties of the ice (especially the viscosity), this simplification will limit the accu-
racy of the modeled ice dynamics. Furthermore, a no slip boundary condition
is applied at the ice base and the lithosphere is assumed to be in isostatic equi-
librium. Only ice sheets (not ice shelves) are considered.

2 Ice Sheet Modeling in a Continuum Mechan-
ical Framework

2.1 Introduction

In the following subsections, the theory presented in the book Advances in Geo-
physical and Environmental Mechanics and Mathematics by Greve and Blatter,
2009 [13], is described.

The ice sheet is bounded by the atmosphere at the free surface, h, and by the
bedrock at the ice base b. It can also be coupled to an ice shelf, but as already
mentioned, ice shelves are not considered in this work. To some extent, the
lithosphere resting on the asthenosphere is modeled as well in order to properly
account for heat conductivity and the deformation of the ice base/rock interface
under the load of ice [13]. The consideration of layers of temperate ice adds an
internal boundary, the so-called cold-temperate transition surface (CTS), zm to
the ’usual’ external boundaries, namely the free surface, h and the ice base, b.
All of these boundary surfaces evolve in time and space. Figure 5 shows the
di!erent domains and boundaries in the model.

Figure 5: Domains and boundaries in the model. h is the ice surface, zm the position
of the CTS, b the ice base and br the underside of the lithosphere.

The equations in the temperate ice region are more complicated than in the
cold ice since there are two phases present: ice and water. These equations
and the extra boundary condition at the CTS will not be presented here since
temperate ice is not considered in this work. For completeness of the theory
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regarding cold ice, the equation governing the energy is however also described
even though only isothermal conditions are considered during implementation.

2.2 Ice Dynamics: Governing Equations and Boundary
Conditions

The set of equations governing the behavior of large natural ice masses consists
of the balance equations and the constitutive equations. Together, they are
called the ’field equations’ [17, 13]. Balance equations describe general laws of
conservation that must be fulfilled for any material body (e.g. conservation of
mass, linear and angular momentum and internal energy), while constitutive
equations introduce material specific behavior to the balance equations. These
equations together with the boundary conditions determine the problem.

2.2.1 Balance Equations

Under the assumption that we have a homogeneous, single-constituent material
for which angular momentum is assumed to be obtained from taking the cross-
product of linear momentum and some distance vector (i.e., we assume a so-
called non-polar continuum) the general balance equations comprise the balance
of mass, linear momentum and internal energy and read

0 = "̇+ "div v, (1)

"v̇ = divT + "g, (2)

"#̇ = !div q + T ·D + "r. (3)

The quantities arising in the above equations are the mass density, ", the velocity
field, v, the Cauchy stress tensor, T , the acceleration due to gravity, g, the
internal energy density, #, the heat flux vector, q, the energy supply density, r,
and the strain rate tensor, D. D is by definition symmetric, D := sym"v.
The superposed dot in the equations denotes the material time derivative given
by

•̇ =
$

$t
(•) + (" •) ·v (4)

where t denotes time. Note that there is no balance of angular momentum – for
non-polar continua, the balance of angular momentum reduces to a symmetry
condition on the stress tensor T in the balance of linear momentum. The
symmetry of the Cauchy stress tensor is tacitly a priori assumed in almost
all glaciological applications [25].

2.2.2 Constitutive Equations

Material specific behavior is introduced by prescribing so-called constitutive
functions for the following quantities: the Cauchy stress T , the internal energy
# and the heat flux q. Assuming that we deal with cold ice only, one typically
regards ice as being incompressible (density preserving), implying " = const.
[17, 25, 13] or

"̇ = 0 (5)
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With this, the Cauchy stress tensor T is rewritten as

T = !pI + TE (6)

where p is the scalar pressure field and TE is the so-called extra-stress tensor
which satisfies trTE = 0, that is, the sum of the diagonal elements of TE

vanishes due to the incompressibility assumption. Moreover, it is commonly
assumed ab initio that acceleration terms in the balance of linear momentum
can be neglected, "v̇ # 0 (e.g. Paterson [25]). Here, this term is however
kept until section 2.3.1. Another common assumption is that energy supply is
neglected, leading to r # 0. According to Paterson [25], only one percent of
the incoming radiation reaches a depth of 1 m in the snow pack. With these
assumptions, we only have to specify constitutive relations for the extra stress
TE , the heat flux q and the internal energy #. This is commonly done as follows:
the extra stress is linked to strain rate via Glen’s flow law, heat flux is modeled
according to Fourier’s law, and changes in internal energy are related to changes
in temperature T . Note that T ! = T ! TM is the pressure melting point (TM )
corrected temperature.

D = EA(T !)f(%)TE , (7)

q = !&(T )"T, (8)

#̇ = cp(T )Ṫ . (9)

In equation (7) the factor EA(T !)f(%) is related to viscosity as

1

'
= 2EA(T !)f(%), (10)

where ' is the viscosity. E $ 0 is the enhancement factor which can be set
to values greater than 1 to account, for instance, for the increased softness of
glacial dust-containing ice compared with ordinary interglacial ice. A(T !) is
the so-called rate factor, which through its dependence on the pressure melting
point corrected temperature T ! accounts for how the viscosity depends on tem-
perature. The rate factor A can vary by several orders of magnitude. f(%) is
the so-called creep response function and its argument %, the e!ective stress, is
the square root of the second invariant of the extra stress tensor, defined by

%2 =
1

2
tr (TE)2 = (11)

= (tExz)
2 + (tEyz)

2 + (tExy)
2 +

1

2

!
(tExx)

2 + (tEyy)
2 + (tEzz)

2
"
,

where tij denotes components of the stress tensor T . See figure 5 for the di-
rections of x, (y) and z. Choosing f(%) = (%)n"1 with n = 3 is referred to as
Glen’s flow law. A problem in using Glen’s flow law is that the creep function
f is zero for zero e!ective stress %, leading to an infinitely large viscosity. To
avoid this, a modified flow law with an additional finite-viscosity parameter is
required, which is further discussed in sections 2.3.3 and 5.3. In equation 8 and
9, & is the coe"cient of heat conductivity and cp is the specific heat.
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Inserting the constitutive equations and Glen’s flow law into the balance
equations yields the following field equations:

0 = div v, (12)

"v̇ = !" p+ divTE + "g, (13)

"cp(T )Ṫ = "cp(T )

#
$T

$t
+ ("T )v

$
= div (&"T ) + tr (TE ·D) = (14)

= div (&"T ) + 2EA(T !)f(%)%2.

2.2.3 Boundary Conditions at the Free Surface

Following Greve and Blatter [13], the following boundary conditions are pre-
scribed for the stress and the temperature at the free surface:

T ice ·n = T atm ·n = !patmn+ !wind # 0, (15)

Tice = Tatmosphere, (16)

where patm is the atmospheric pressure and !wind denotes stresses related to
the wind. Both these terms are neglected in SICOPOLIS. The evolution of the
free surface is given by

$h

$t
+ vx

$h

$x
+ vy

$h

$y
! vz = Nsa

#
s , (17)

where vi denotes velocity components, Ns the norm of the gradient of the free
surface and a#s the accumulation-ablation function, i.e. the ice volume flux
through the free surface. Accumulation and ablation are related to precipitation
and temperature.

2.2.4 Boundary Conditions at the Base

At the ice base the stress is

T ice ·n = T lith ·n! "a#b (vlith ! vice) # T lith ·n. (18)

Here the advective term is negligible. Since the stress in the lithosphere is not
known, this condition is not useful. Instead the velocity at the base is prescribed.
If the ice is frozen to the base, a no slip condition is used. If the ice is temperate
at the base, a sliding law is needed. In this work, a no slip condition is used for
simplicity. There is not enough data available regarding the basal temperature,
and so the temperature can not be described directly in cold ice. If the kinetic
energy is neglected, the boundary conditions is given by Fourier’s law of heat
conductivity instead:

&("T ·n) = q#geo. (19)
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Here q#geo is the component of geothermal heat flux perpendicular to the base
and & is the heat conductivity. For temperate ice, it is given that the ice is at
the pressure melting point Tm:

Tice = Tm, (20)

The condition for the evolution of the base follows as

$b

$t
+ vx

$b

$x
+ vy

$b

$y
! vz = Nba

#
b , (21)

where Nb is the norm of the gradient of the base and a#b is the basal melting rate,
or the ice volume flux through the base (meltwater penetrates the underlying
ground).

2.3 What is the Shallow Ice Approximation and Higher
Order Dynamics?

The above described equations are the so-called full Stokes equations. It is
too computationally costly to solve these equations for an entire ice sheet and
possibly hundreds of thousands of years; thus the SIA is widely used instead
[19, 36, 35]. The SIA is based on the assumption that an ice sheet is shallow
(i.e. the areal extent is much greater than the thickness). As mentioned in
the introduction, the SIA does not properly model ice sheet dynamics such as
ice streams and the ice sheet/ice shelf coupling. This motivates the implemen-
tation of higher order dynamics, as the SOSIA-equations. The SIA, as well
as the SOSIA, is derived from scaling of the full Stokes equations followed by
perturbation expansion. This procedure is described in the sections below.

2.3.1 Scaling

The procedure below follows the one described in Greve and Blatter [13]. In
scaling the full Stokes equations, the variables are non-dimensionalized and as
a scaling parameter the aspect ratio, (, is used. The aspect ratio is the typical
vertical extent of the ice sheet [H] divided by the typical horizontal extent [L]
and is for an ice sheet usually of the order of 10"3. Brackets denotes typical
values. For brevity of presentation, only results for the momentum balance
will now be considered. In component form, the balance of linear momentum
(equation (13)) is

"v̇x = !$p

$x
+

$tExx

$x
+

$tExy

$y
+

$tExz

$z
,

"v̇y = !$p

$y
+

$tExy

$x
+

$tEyy

$y
+

$tEyz

$z
, (22)

"v̇z = !$p

$z
+

$tExz

$x
+

$tEyz

$y
+

$tEzz

$z
! "g.
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To scale these equations the following transformations are used:

(x, y) = [L](x̃, ỹ),

z = [H]z̃,

(vx, vy) = [VL](ṽx, ṽy),

vz = [VH ]ṽz,

t = ([L]/[VL])t̃, (23)

p = "g[H]p̃,

(tExz, t
E
yz,%) = ("g[H](t̃Exz, t̃

E
yz, %̃),

(tExx, t
E
yy) = (2"g[H](t̃Exx, t̃

E
yy),

(tExy, t
E
zz) = (2"g[H](t̃Exy, t̃

E
zz),

( = [H]/[L] = [VH ]/[VL],

F = [VL]
2/g[L].

Tilde denotes dimensionless quantities. The complete presentation of how all
variables are non-dimensionalized is given in for instance Baral et al., 2001 [4].
For the typical vertical and horizontal velocities it holds that

[VH ]

[VL]
= (. (24)

Inserting the expressions in (23) into (22) yields

F

(
" ˙̃vx = !$p̃

$x̃
+ (2

$ t̃Exx
$x̃

+ (2
$ t̃Exy
$ỹ

+
$ t̃Exz
$z̃

,

F

(
" ˙̃vy = !$p̃

$ỹ
+ (2

$ t̃Eyy
$ỹ

+ (2
$ t̃Exy
$x̃

+
$ t̃Eyz
$z̃

, (25)

F (" ˙̃vz = !$p̃

$z̃
+ (2

$ t̃Exz
$x̃

+ (2
$ t̃Eyz
$ỹ

+ (2
$ t̃Ezz
$z̃

! 1,

where terms multiplied by powers of ( are considered to be small. The scaled
equations illustrate the assumption that the normal deviatoric stress in the x-
direction and the HP shear stress are of less importance than the vertical shear
stress. This is generally true for an ice sheet, except for where there are ice
streams. The Froude number, F , is of the order 10"15 and hence smaller than
(4. Because of this, the acceleration term is neglected (the Stokes-assumption),
as mentioned in section 2.2.2.

2.3.2 Perturbation Expansion

The full Stokes equations are computationally expensive to solve due to non-
linearities, as in the stress-strain rate relation. In order to limit the compu-
tational costs, perturbation expansion is used to approximate the equations.
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First, each quantity in the scaled equations is expanded in a power series of (,
i.e., an arbitrary variable B is expanded as

B =
$%

i=0

(iB(i).

This is then inserted into the equations. Accounting for the premultiplied aspect
ratios ( arising from the scaling procedure, terms of equal order in ( are then
collected. As terms of the same order in ( must satisfy each equation separately,
each equation will result in as many new equations as there are orders of (.
A complete model would account for all integer powers of (, implying that
no shallowness at all is assumed for the ice mass in question. Expanding the
scaled momentum balance equation (25) to second order gives the zeroth order
equations, or SIA-equations:

0 = !
$p̃(0)
$x̃

+
$ t̃Exz(0)
$z̃

,

0 = !
$p̃(0)
$ỹ

+
$ t̃Eyz(0)
$z̃

, (26)

1 = !
$p̃(0)
$z̃

,

the first order equations, or FOSIA-equations (First Order Shallow Ice Approx-
imation):

0 = !
$p̃(1)
$x̃

+
$ t̃Exz(1)
$z̃

,

0 = !
$p̃(1)
$ỹ

+
$ t̃Eyz(1)
$z̃

, (27)

0 = !
$p̃(1)
$z̃

,

and the second order equations, or SOSIA-equations:

0 = !
$p̃(2)
$x̃

+
$ t̃Exz(2)
$z̃

+
$ t̃Exx(0)
$x̃

+
$ t̃Exy(0)
$ỹ

,

0 = !
$p̃(2)
$ỹ

+
$ t̃Eyz(2)
$z̃

+
$ t̃Exy(0)
$x̃

+
$ t̃Eyy(0)
$ỹ

, (28)

0 = !
$p̃(2)
$z̃

+
$ t̃Exz(0)
$x̃

+
$ t̃Eyz(0)
$ỹ

+
$ t̃Ezz(0)
$z̃

.

Looking at these equations, it becomes obvious why we need to extend the
model to the second order. The normal deviatoric stresses and the HP shear
stress do not occur in the zeroth or first order equations and since they are
important for ice streams and the coupling between ice sheets and ice shelves,
the second order equations are crucially needed. FOSIA models are seldom
implemented since they add nothing new to the ice-stream/ice-shelf/ice-sheet
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coupling but would, in contrast to zeroth order models, be able to account for
first order boundary e!ects and forcings. The SOSIA equations includes terms
of first, and zeroth order and the FOSIA equations includes terms for zeroth
order. One therefore has to solve the SIA equations first, then solve the FOSIA
equations and at last the SOSIA equations, improving the accuracy in each step.
The procedure can in this way be regarded as an iterative method of solving the
full Stokes equations. If the temperature is held constant, it can be shown that
the first order solution will be trivial and so only the SOSIA-equations will be
implemented in this work [4].

2.3.3 Validity of the Perturbation Expansion

Baral clearly states in his doctoral thesis that there are limitations to the validity
of the perturbation expansion. The perturbation expansion breaks down in
three cases: at the ice sheet margins, at the ice divide (the boundary separating
opposing flow directions of ice) and at the free surface [3]. At the ice sheet
margins, the expansion fails because the slope of the ice surface is very large.
However, this area is generally of subgrid size and since the ice flows outwards
to the margins, the solution in the inner domain is not largely a!ected by the
solution at the margins. Near the free surface and the ice divide the use of
perturbation expansion in combination with a so-called infinite viscosity law
leads to unphysical solutions. By viscosity law one means the function relating
stress and strain rate. In section 2.2 the relation between the stress and strain
rate was described by

D = EA(T !)f(%)TE , (29)

where the creep response function, f(%) is (if Glen’s flow law is used)

f(%) = %2. (30)

This means that when the e!ective stress, %, is zero, the creep response function
is also zero, which in reality corresponds to a situation where the ice is infinitely
sti! where there is no stress (hereby an infinite viscosity law). The e!ective
stress was given in equation (11) as

% =

&
(tExz)

2 + (tEyz)
2 ++(tExy)

2 +
1

2

!
(tExx)

2 + (tEyy)
2 + (tEzz)

2
"
. (31)

In zeroth order, only the zeroth order vertical shear is kept in the above equation
such that

%(0) =
'

(tExz(0))
2 + (tEyz(0))

2. (32)

Since the zeroth order vertical shear stress is zero at the ice surface (see equation
(39)) and at the ice divide, the zeroth order e!ective stress is also zero here.
Using the zeroth order e!ective stress in the creep function thus models the ice
as infinitely sti! in these regions even though in reality, other stress components
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than vertical shear stress develop, preventing the e!ective stress from being zero.
An infintely sti! ice yields a problems e.g. when computing the zeroth order
normal deviatoric stress and HP shear stress which are crucial for constructing
the SOSIA-solution. Those stresses are computed from the zeroth order stress-
strain rate relation and are dependent on the inverse of the creep response
function, in which the zeroth order e!ective stress is used. For example, the
zeroth order normal deviatoric stress in the x-direction is

tExx(0) =
1

Af(%(0))
. (33)

The above expression is singular at %(0) = 0. The simplest solution to this is to
simply add a constant, k, to the creep response function such that:

f(%(0)) = %2
(0) + k (34)

as suggested in Baral et al., 2001 and Hutter, 1983 [4, 17]. This forms a so-
called finite viscosity law. The subject of a finite viscosity law will be further
discussed in sections 5.3 and 7.1.

3 Existing Higher Order Ice Sheet Models

The terminology ’higher order models’ is used when referring to ice sheet models
which employ approximations of the full Stokes equations that go beyond the
zeroth order SIA, or to so-called full Stokes models, which solve the full Stokes
equations [26]. Full Stokes models run at high computational costs and are thus
in their application limited to typically both small spatial domains and short
time-intervals [19, 36, 35]. There are however full Stokes models existing, such
as the freely available FEM-model Elmer [37]. Others, such as NASA/JPL’s
Ice Sheet System Model (ISSM) [39] are planned to be released under a public
license in the future.

In the SIA-approximation the balance of mass is in the same form as in the
full Stokes equations, but in the momentum balance, all terms involving the
(horizontal gradients of) deviatoric normal stresses or the horizontal gradient
of the HP shear stress are dropped. In the stress-strain rate relationship the
horizontal gradient of the vertical velocity is dropped. The energy equation
will not be discussed here. Models approximating the full Stokes equations are
generally constructed by including some of the contributions dropped in the
SIA. Which terms to include are however selected in an ad-hoc fashion, thus
lacking rigor. These models are often simply called ’higher order models’ (in
contrast to ’second order models’). There are two types of higher order models:
multi-layer models and one-layer models. The latter refers to models which
compute some of the field variables (generally normal deviatoric stresses and/or
HP shear stress) at one elevation only in order to simplify the problem [15].
Despite the lack of rigor, the above described higher order models work well for
the applications they were designed for, e.g. being [22]

• Glacier flow instead of ice sheet flow [5, 6, 7, 16].
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• Simplified continental-scale ice sheet/shelf dynamics considered over mil-
lions of years [28]. Models combining sheet and shelf flow in a heuristic
manner rather than either using a full Stokes approach or a proper so-
called matched asymptotic expansion approach have become known as
’hybrid models’.

• Improved modeling of basal sliding [14].

In this work, the equations are expanded in power series of the aspect ratio
and all terms up to second order are included, in contrast to the above described
models where some terms of second order are included and some are dropped.
As mentioned in section 1.3, only two such rigorous implementations of the
SOSIA-equations exist, one being the one developed in this work and one being
the model developed by Egholm [9]. The model developed by Egholm is also
based on the equations derived by Baral [3], but it does not have a zeroth
order model as a starting point (as in this work) and the implementation is
therefore quite di!erent. The approach in the model by Egholm is to first add
up the zeroth order, first order, and second order equations, forming a system
which is then solved iteratively. In this work the zeroth order solution already
implemented in SICOPOLIS by Greve is used to solve the second order equations
(remembering that the first order solution is trivial) and the solutions are added
together afterwards. Using this approach, one does not explicitly solve a coupled
system, but the perturbation expansion procedure can in itself be regarded as
an iterative method of solving the full Stokes equations. Another di!erence
between the model implemented in SICOPOLIS and the model by Egholm is
that Egholm approximates horizontal velocities and the stresses txx, tyy, tzz and
txy by a depth-independent mean value,

¯(•) = 1

H

( h

b
(•)dz, (35)

where H is the ice thickness. This model is thus a type of one-layer model,
which reduces the complexity of the problem, but also the accuracy. The model
by Egholm has been benchmarked with the experiment described in section 5.2.

4 Implementation of Second Order Equations in
SICOPOLIS

4.1 The Ice Sheet Code SICOPOLIS

SICOPOLIS is written in Fortran 90. The equations implemented are the SIA-
equations, discretized with a finite di!erence scheme. SICOPOLIS distinguishes
itself from other models in its treatment of polythermal ice. The modeling of
temperate ice is implemented in a modular fashion and can be switched on and
o!. When temperate ice is considered, the water content in the temperate layer
is computed and its influence on the ice viscosity is taken into account. This is
a two-phase problem with two balances of mass for the ice and the water. Even
small amounts of water a!ect the viscosity of the ice tremendously. If temper-
ate ice is not considered, temperatures above the pressure melting point are
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simply reset to the melting point as done in other ice sheet models. SICOPO-
LIS has been benchmarked in a number of international ice sheet modeling
inter-comparison projects such as EISMINT (European Ice Sheet Modeling INi-
Tiative) and ISMIP-HEINO (Ice Sheet Model Intercomparison Project - Hein-
rich Event INtercOmparison) [18, 27, 26, 42]. It provides the time-dependent
extent, thickness, velocity, temperature, water content and age for grounded
ice sheets in response to external forcing, such as air-temperature, snowfall,
geothermal heat flux, sea level etc., see figure 6. Furthermore, isostatic e!ects
due to ice load are modeled by the Elastic-Lithosphere-Relaxing-Asthenosphere
(ELRA) or Local-Lithosphere-Relaxing-Asthenosphere (LLRA) approach [13].
Apart from the isostatic adjustment, heat conduction in the lithosphere is the
only other lithospheric process accounted for. Heat conduction results in a
thermal e!ect at the base of ice masses and enters the simulations through the
geothermal heat flux with its globally averaged value of 55 · 10"3 Wm"2. More
detailed information concerning SICOPOLIS can be found in the doctoral thesis
by Greve [11] and at the SICOPOLIS-website [41].

Figure 6: Flowchart showing the general structure of SICOPOLIS. Ovals contain
model input and squares contain prognostic model components. Figure by Greve, with
kind permission.

For every time-step SICOPOLIS computes (in order) temperature, stresses,
velocity and ice surface evolution. The general structure of SICOPOLIS will
be kept when adding the second order equations. In each time step, the zeroth
order solution will be computed and after this the second order solution is
computed. This order is necessary since the second order solution is dependent
on the zeroth order solution. The algorithm is illustrated (somewhat simplified)
in the flowchart in figure 7. The updated, second order version of SICOPOLIS
will from now on be called SOSIA-SICOPOLIS.
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Figure 7: The over-all structure of SICOPOLIS, including higher order contributions.
Red rectangles show files with zeroth order contributions, green rectangles show first
order contributions and blue rectangles show second order contributions. Solid lines
show files that are implemented in the code, and dashed lines are for files that should be
included in the future. In some rectangles, the quantities computed in the file and the
equations determining this quantity is given. The FOSIA and SOSIA are essentially
given by the same equations as the in the SIA, only in first and second order instead
of zeroth order.
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4.2 Vertical Integration

To simplify computations, some SIA-equations are integrated in the vertical
direction before implementation in SICOPOLIS. This is favorable when com-
puting a variable that is di!erentiated in the vertical direction in the equation
that determines it. If the equation would be implemented in the code without
preceding integration, a linear system would have to be solved, which is com-
putationally costly. In the SIA vertical integration is applied when computing
shear stresses and horizontal velocities. This will be the case also in the SOSIA-
equations (see section 4.6). To illustrate, let us use the zeroth order momentum
balance in the x-direction as an example. In zeroth order it is used to compute
the shear stress t̃Exz(0):

!
$p̃(0)
$x̃

+
$ t̃Exz(0)
$z̃

= 0. (36)

To solve this for t̃Exz(0), the equation is integrated in the vertical direction. For

stresses there is a boundary condition at the ice surface (the ice surface is as-
sumed stress-free), but not at the ice base. Equation (36) is therefore integrated
from an arbitrary z-value to the ice surface. In the case of computing velocities,
where there is a boundary condition at the base and not at the ice surface, the
equation is integrated from the base to an arbitrary z-value instead. Integration
gives:

t̃Exz(0) =

( h̃

z̃

$p̃(0)
$x̃

dz̃. (37)

It can be shown, using the momentum balance in z-direction, that

p̃(0)(x, y, z, t) = h̃(0)(x, y, t)! z̃. (38)

Inserting this in equation (37) gives

t̃Exz(0)(., z) = (z̃ ! h̃(0))
$h̃(0)

$x̃
= !(h̃(0) ! z̃)

$h̃(0)

$x̃
. (39)

This equation gives a simple formula for the zeroth order shear stress which is
easy to implement, in contrast to equation (36).

4.3 Coordinate Transformation

To ensure that the grid points coincide with the boundaries (i.e. the surface of
the ice, the upper- and underside of the lithosphere and the CTS) the vertical z-
coordinate in each domain (lithosphere, temperate ice and cold ice) are mapped
to the interval [0, 1]. The transformation is from (x, y, z) to (), ', *), where
the mapping from (x, y) to (), ') introduces nothing new. In SICOPOLIS, the
grid is thus equidistant in the horizontal but not in the vertical direction. The
transformation is referred to as the %-transformation and is illustrated in figure
8.
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Figure 8: The cold ice, the temperate ice and the lithosphere are transformed such
that each domain is of thickness one. Hc is the thickness of the cold ice layer, Ht is
the thickness of the temperate ice layer and Hr is the thickness of the lithosphere.

At the CTS, the ice/water goes through a phase change (a Stefan-type prob-
lem) and a high resolution is thus needed in this area. For this purpose, an ex-
ponential stretching z to * is introduced. When polythermal mode is switched
o! the position of the CTS (denoted by zm, see figure 5) will be equal to the
position of the base. The transformations are given (for completeness) for the
cold ice layer, the temperate ice layer and the bedrock (subscripts c, t and e)
and follow as [13]:

x = )c, y = 'c,
z ! zm
Hc

=
ea!c ! 1

ea ! 1
=: #(*c), (40)

x = )t, y = 't,
z ! b

Ht
= *t, (41)

x = )r, y = 'r,
z ! br
Hr

= *r, (42)

where the stretching parameter a is often set to 2. Above, zm is the position of
the CTS, b is the position of the ice base and br is the position of the boundary
between the lithosphere and the asthenosphere, see figure 5. Hc is the thickness
of the cold ice layer (Hc = h!zm), Ht is the thickness of the temperate ice layer
(Ht = zm ! b) and Hr is the thickness of the lithosphere (Hr = b ! br). Since
only cold ice is considered in this work, the transformations in temperate ice and
in the lithosphere are omitted in the following. The %-transformation must be
considered when integrating in the vertical direction and when di!erentiating.
With the abbreviation

(m,µ) % {(x, )), (y, '), (t, +)} , (43)
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the following rules apply for cold ice:

$

$m
(44)

=
$

$µ
! 1

Hcaea!c

#
(ea ! 1)

$zm
$m

+ (ea!c ! 1)
$Hc

$m

$
$

$*c
=: Dm,

$

$z
=

ea ! 1

Hcaea!c
$

$*c
=: Dz, (45)

(
(•)dz! =

(
(•)Hcaea!c

ea ! 1
d* !c =: IntZ(•). (46)

Dm, Dz and IntZ have been introduced to represent the transformed di!eren-
tial/integral operators. Remember that if polythermal mode in SICOPOLIS is
switched o!, zm equals b.

When only the SIA is considered, the order in which the perturbation expan-
sion and the %-transformation are performed does not matter, and in practice,
the %-transformation is applied first. However, in higher order approximations,
the two operations are not commutative any longer as the %- transformation
includes the thicknesses Hc, Ht and Hr, the position of the ice base, b, the posi-
tion of the CTS, zb, and the position of the ice surface, h. These variables also
need to be extended in power series of ( in the same manner as in section 2.3.2,
and when going to higher orders, actually have to be applied before carrying
out the perturbation expansion and splitting the equations into the zeroth, first
and second order equations. The higher order equations derived by Baral [3]
thus need adjustment to be valid for the grid used in SICOPOLIS. This is done
below. Note that the %-transformation introduces nothing new in the scaling
of the equations. The perturbation expansion of the %-transformation up to
second order (for cold ice) follows as:

#(*c) = (47)

=
z ! zm(0) ! (zm(1) ! (2zm(2) ! . . .

Hc(0) + (Hc(1) + (2Hc(2) + . . .

=
z ! zm(0)

Hc(0)
! (

1

Hc(0)

#
Hc(1)

Hc(0)
(z ! zm(0)) + zm(1)

$
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+ (2
1

Hc(0)

#
zm(1)

Hc(1)

Hc(0)
! (z ! zm(0))

Hc(2)

Hc(0)
! zm(2)

$
+ · · · =

= #(*c))(0) + ((#(*c))(1) + (2(#(*c))(2) + . . . ,

where the denominator was expanded using Maclaurin series. These equations
generalize the equations given in Greve and Blatter, 2009 [13]. The zeroth order
transformation is structurally in the same form as the exact transformation.
Applying the %-transformation before the perturbation expansion will hence
not a!ect the zeroth order equations but will add terms to the higher order
equations. The perturbation expansion of the transformation rules for cold ice,
needed when di!erentiating and integrating, follow as:

$

$m
= (48)

=
$

$µ
! 1

Hc(0)aea!c

#
(ea ! 1)

$zm(0)

$m
+ (ea!c ! 1)

$Hc(0)

$m

$
$

$*c

+ (
1

Hc(0)aea!c

#
(ea ! 1)

#
!
$zm(1)

$m
+

Hc(1)

Hc(0)

$zm(1)

$m

$

+ (ea!c ! 1)

#
!
$Hc(1)

$m
+

Hc(1)

Hc(0)

$Hc(0)

$m

$$
$

$*c

+ (2
1

Hc(0)aea!c

#
(ea ! 1)

#
!
$zm(2)

$m
+

Hc(1)

Hc(0)

$zm(1)

$m

+

)
Hc(2)

Hc(0)
+

#
Hc(1)

Hc(0)

$2
*

$zm(0)

$m

*

+ (ea!c ! 1)

#
!
$Hc(2)

$m
+

Hc(1)

Hc(0)

$Hc(1)

$m

+

)
Hc(2)

Hc(0)
+

#
Hc(1)

Hc(0)

$2
*

$Hc(0)

$m

**
$

$*c
+ · · · =

= Dm(0) + (Dm(1) + (2Dm(2) + . . . ,
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$

$z
= (49)

=
ea ! 1

Hc(0)aea!c
$

$*c
+ (

#
! ea ! 1

Hc(0)aea!c
Hc(1)

$
$

$*c

+ (2
ea ! 1

Hc(0)aea!c

)#
Hc(1)

Hc(0)

$2

!
Hc(2)

Hc(0)

*
$

$*c
+ · · · =

= Dz(0) + (Dz(1) + (2Dz(2) + . . . ,

(
(•)dz = (50)

=

(
(•)

Hc(0)ae
a!c

ea ! 1
d*c + (

(
(•)

Hc(1)ae
a!c

ea ! 1
d*c + (2

(
(•)

Hc(2)ae
a!c

ea ! 1
d*c + · · · =

= IntZ(0)(•) + (IntZ(1)(•) + (2IntZ(2)(•) + . . . .

In second order, it is the second order boundaries that coincide with grid
points, while the zeroth, and first order boundaries do no longer so. This is
illustrated in figure 9 for the cold ice region. This is important to remember

Figure 9: In second order, the second order boundaries coincide with the grid but
the zeroth and first order boundaries do not. Note that in this figure, for simplicity,
it looks like the first and second order contributions are always positive, which is not
necessarily the case.

when implementing the equations in the code. In section 4.2 the vertical in-
tegration of equations was described. When integrating in second order, one
needs to expand the limits of integration by perturbation expansion as well, as:

( h

z
f(x, y, z)dz =

( h(0)+"h(1)+"2h(2)

z
f(x, y, z)dz, (51)
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where f is an arbitrary variable. If f is of zeroth order, there will be additional
higher order terms arising from the integration, but these contain no new infor-
mation. If f is of second order, the limits of integration should to stay at zeroth
order in order to keep the integral of f at second order. Since the zeroth order
boundaries do not coincide with the grid points, this is however not possible to
implement. It is the second order boundaries that coincides with grid points,
and thus the limit of integration has to be of second order. The integral will
then actually include some terms of third and fourth order. This is not an issue
since it actually slightly increases the accuracy of the solution; it could at most
be seen as a slight inconsistency.

Since all of the higher order transformation terms include contributions from
the higher order topography and ice-surface they can luckily be disregarded in
this work since the equation regarding the evolution of the ice-surface is not
solved for higher order here. The higher order transformation terms will however
matter as this work is continued as a doctoral thesis.

4.4 Dimensional Form

In order to obtain the SIA-, FOSIA- and SOSIA-equations, all variables are
scaled to dimensionless form, but in SICOPOLIS, the SIA-equations are im-
plemented in dimensional form. The SOSIA-equations will therefore also be
implemented in dimensional form. To obtain them, the relations given in sec-
tion 2.3.1 are inverted. Returning to the momentum balance in the x-direction
as an example, we need the following relations:

x̃ =
x

[L]
,

z̃ =
z

[H]
, (52)

p̃ =
p

"g[H]
,

t̃Exz =
tExz

("g[H]
,

which can be used to deduce equation (39) in dimensional form:

tExz(0) = !"g(h(0) ! z)
$h(0)

$x
. (53)

The di!erence between equation (53) in dimensional form and equation (36) in
dimensionless form is a factor of "g. This factor appears when deducing the
remaining SIA-equations as well. In rescaling the SOSIA-equations to dimen-
sional form, not only will a factor of "g appear, but also one of 1

"2 . When adding
together the SIA, (FOSIA) and SOSIA contributions this factor of 1

"2 and the
factor of (2 arising from the power series expansion will cancel each other out,
and the final solution will not explicitly depend on (.

4.5 Discretization

The model is discretized using finite di!erences with an equidistant, staggered
grid in the %- coordinates. The domain is a rectangle containing the whole ice
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sheet and the surrounding ocean. In space and time, the discretization is

x(i) = )c(i) = )t(i) = )r(i) = x0 + i#x, (i = 0 . . . imax),

y(j) = 'c(j) = 't(j) = 'r(j) = y0 + j#y, (j = 0 . . . jmax),

*c(kc) = kc/kc,max, (kc = 0 . . . kc,max),

*c(kt) = kt/kt,max, (kt = 0 . . . kt,max), (54)

*c(kr) = kr/kr,max, (kr = 0 . . . kr,max),

t(n) = +c(n) = +t(n) = +r(n) = t0 + n#t, (n = 0 . . . nmax),

t(ñ) = +c(ñ) = +t(ñ) = +r(ñ) = t0 + ñ#t̃, (ñ = 0 . . . ñmax).

The parameters kc,max, kt,max and kr,max are held fixed during a simulation,
and since the thickness of the lithosphere, the temperate layer and the cold ice
layer always are one in the transformed coordinates, #*c,t,r = 1

kc,t,r,max
will

also be a fixed value even though the boundary surfaces are evolving in time.
Since di!erent processes are happening under di!erent time scales, two di!erent
time steps appear, #t̃ for computation of temperature, water content, ice age
and CTS position, and #t for all other computations. #t̃ is a multiple of #t
[11]. For stability reasons the velocities, the horizontal volume fluxes, vertical
shear stresses and the horizontal derivatives of bedrock topography, ice-surface
topography, CTS, cold and temperate ice layer thickness etc. are defined in
between the grid points. All other quantities are defined at grid points. When
a quantity is needed in a point where it is not defined, linear interpolation is
used.

Derivatives are discretized using central di!erences, which are second order
accurate. At the horizontal boundaries there are no boundary conditions. Here,
one-sided di!erences are used, which are first order accurate. If the derivative of
a variable defined in between grid points is needed at grid points, the boundary
points are not defined. To solve this problem the boundary points are defined
by copying values from inner points to boundary points (for the benchmark
experiments described in section 5.2, periodic boundary conditions are applied
instead). Since the ice flows outwards to the horizontal edges, the reduction
in accuracy at the boundaries is assumed not to a!ect the solution. When
computing integrals numerically, the trapezoidal rule is used if the integrand
and the integral is defined at the same points. If the integrand and the integral
are defined at di!erent points (one in between grid points and one at grid points),
the mid point rule is used instead. These to cases are equivalent.

4.6 Implemented Equations

In the doctoral thesis by Baral [3], expressions for the second order pressure and
shear stresses are given in dimensional form in Cartesian coordinates. Expres-
sions for the velocity are however not given. In this section the derivation of the
pressure and vertical shear stress is briefly described and the %-transformation
is applied to these formulas. Expressions for the velocity are derived and trans-
formed to %-coordinates. The zeroth order normal deviatoric stresses and HP
shear stress are also given, since they need to be implemented into SICOPOLIS
in order to compute the second order pressure and vertical shear stress. For
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brevity of presentation the fact that the coordinate transformation can be ap-
plied after the perturbation expansion when higher order topography terms are
zero is exploited.

4.6.1 Zeroth Order Stresses

The zeroth order normal deviatoric stresses txx(0), tyy(0) and tzz(0) and the HP
shear stress txy(0) that are needed in SOSIA-SICOPOLIS stresses are obtained
from the zeroth order stress-strain rate relation:

t̃Exx(0) =
1

KEÃf̃(%̃(0))

$ṽx(0)
$x̃

, (55)

t̃Eyy(0) =
1

KEÃf̃(%̃(0))

$ṽy(0)
$ỹ

, (56)

t̃Ezz(0) =
1

KEÃf̃(%̃(0))

$ṽz(0)
$z̃

, (57)

t̃Exy(0) =
1

2KEÃf̃(%̃(0))

#
$ṽx(0)
$ỹ

+
$ṽy(0)
$x̃

$
. (58)

In dimensional form these equations are the same, except for the constant K
which only occurs in the scaled equations. For the creep response function
f(%(0)) a finite viscosity law is used in the form mentioned in section 2.3.3.
Coordinate transformation and scaling back to dimensional form gives:

txx(0) =
1

EA(T !
(0))f(%(0))

#
$vx(0)
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#
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+
!
ea!c ! 1

" $Hc
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$
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$
,

tyy(0) =
1
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#
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$'

(60)

! 1
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#
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+
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$'

$
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$*c

$
,

26



tzz(0) =
1

EA(T !
(0))f(%(0))

ea ! 1

Hcaea!c
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$*c

, (61)

txy(0) =
1

2EA(T !
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#
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+
$vy(0)
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.

These stresses are included in the equations that determine the second order
pressure and the second order shear stress. For this purpose it is convenient to
define the stresses at grid points.

4.6.2 Pressure

The second order pressure is given by the z-component of the momentum bal-
ance together with the second order boundary condition for the stress at the ice
surface. The second order equation for this was given in section 2.3.1 as

0 = !
$p̃(2)
$z̃

+
$ t̃Exz(0)
$x̃

+
$ t̃Eyz(0)
$ỹ

+
$ t̃Ezz(0)
$z̃

, (63)

and the second order boundary condition is

$p̃(0)(., h(0))

$z̃
h̃(2) +

1

2

$2p̃(0)(., h̃(0))

$z̃2
h̃2
(1) (64)

+
$p̃(1)(., h̃(0))

$z̃
h̃(1) + p̃(2)(., h̃(0))! t̃zz(0)(., h̃(0)) =

= !h̃(2) + p̃(2)(., h̃(0))! t̃zz(0)(., h̃(0)) = 0.

Integrating equation (63) from an arbitrary elevation to the ice surface and
inserting the boundary condition (64) and the expressions for the zeroth order
stresses (see e.g. Baral et al. 2001 [4]), gives the formula for the second order
pressure,
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p̃(2) =
1

2

+
h̃(0) ! z̃

,2
"2

H h̃(0) (65)

+
+
h̃(0) ! z̃

,---"H h̃(0)

---
2
+ h̃(2) + t̃zz(0),

which can be compared to the zeroth order pressure given in equation (38). Co-
ordinate transformation and scaling back to dimensional form gives for equation
(65):

p(2) =
1

2

"g

(2
!
Hc(0)(#(*c)! 1)

"2 "2
Hh(0) (66)

! "g

(2
!
Hc(0)(#(*c)! 1)

" --"Hh(0)

--2 + "gh(2) +
1

(2
tzz(0).

In this work, the topography computation is not extended to second order, so
the term "gh(2) is not implemented. The pressure is defined at grid points.

4.6.3 Vertical Shear Stresses

The second order vertical shear stress terms txz(2) and tyz(2) are needed for the
computation of second order velocities. The equation for tyz(2) is in the same
form as for txz(2), and in this section only the derivation of the second order
vertical shear stress in x-direction, txz(2), is presented. This stress is given by
the balance of linear momentum in x-direction,

0 = !
$p̃(2)
$x̃

+
$ t̃Exz(2)
$z̃

+
$ t̃Exx(0)
$x̃

+
$ t̃Exy(0)
$ỹ

, (67)

and the boundary condition for the stress tensor at the ice surface,

t̃Exz(2)(., h̃(0)) = !
$h̃(0)

$x̃
h̃(2) !

$h̃(1)

$x̃
h̃(1) = (68)

= !
+
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, $h̃(0)

$x̃
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$h̃(0)

$x̃
.
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Integrating equation (67) from an arbitrary elevation to the ice surface using
the Leibniz rule, inserting the boundary condition and the expression for the
second order pressure gives:

t̃xz(2) = (69)

= ! $
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!,

which can be compared to the expression for the zeroth order vertical shear
stress in the x-direction, given in (39). The higher order topography terms
#h̃(0)

#x̃ h̃(2),
#h̃(1)

#x̃ h̃(1) and
#h̃(2)

#x̃ (h̃(0) ! z̃) are zero since the equation regarding the
evolution of the ice surface is not solved, and will in the following be omitted for
brevity of presentation. In %-coordinates and dimensional form, equation (69)
is:
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The vertical shear stresses are defined in between grid points, i.e. txz(2) is
defined at (i+ 1/2, j, kc) and tyz(2) at (i, j + 1/2, kc). The integrals are defined
at grid points, and the derivatives of the integrals are defined in between grid
points. The integrals are computed using the trapezoidal rule.

4.6.4 Horizontal Velocities

The horizontal velocities are computed from the stress-strain rate relationship
together with the sliding condition at the ice base. The expression for the second
order velocity in x-direction, vx(2) is in the same for as the expression for the
second order velocity in y-direction and only the derivation of vx is presented
here. The second order stress- strain rate relation that gives vx is
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+
$ṽz(0)
$x̃

= (71)
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where
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Note that this holds even if a constant is added to the f̃(%̃(0)) in order to avoid

singularities. The term
dÃ($̃!

(0))

d$̃! f̃(%̃(0)),̃
!
(2) in equation (71) will not be considered

because the temperature is held constant in this work. The necessary boundary
condition is the second order sliding condition, which follows as

$(ṽsl)x(0)(., b̃(0))

$z̃
b̃(2) +

1

2

$2(ṽsl)x(0)(., b̃(0))

$z̃2
b̃2(1) (73)

+
$(ṽsl)x(1)(., b̃(0))

$z̃
b̃(1) + (ṽsl)x(2)(., b̃(0)) = !FC(. . . ),

where ṽsl)x(0) denotes the di!erence between the velocity in the ice and the
velocity in the lithosphere. Since the sliding coe"cient C is set to zero in this
work, the terms within the parenthesis are omitted. Omitting all higher order
terms of the topography b and considering the velocity in the lithosphere to be
zero, we have that:

(ṽsl)x(2)(., b̃(0)) = 0, (74)

and since the horizontal velocities in the lithosphere are zero, the basal velocity
is given by

ṽx(2)(., b̃(0)) = 0. (75)

The horizontal velocity in the ice is given by integrating equation (71) from
the base to an arbitrary elevation using the Leibniz rule. Considering equation
(72) and the sliding condition, and omitting all higher order topography terms
gives the horizontal velocity gives
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!.

In %-coordinates and dimensional form this is
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where %(0)%(2) is given by (omitting higher order topography terms)
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The horizontal velocities are defined in between grid points, i.e. vx(2) is defined
at (i+1/2, j, kc) and vy(2) at (i, j+1/2, kc). The first integral (and its integrand)
in equation (76) is defined at grid points and the last two integrals (and their
integrands) are defined in between grid points. The integrals are computed
using the trapezoidal rule.

4.6.5 Vertical Velocities

The vertical velocity is computed from the mass-balance. The second order
mass-balance is structurally identical to the equation for the zeroth order mass-
balance

$vx(2)
$x

+
$vy(2)
$y

+
$vz(2)
$z

= 0. (79)

The only di!erence lies in the boundary condition at the ice base. Integrating
the second order balance of mass from the base to an arbitrary value of z yields

ṽz(2) = !
( z̃

b̃

#
$ṽx(2)
$x̃

+
$ṽy(2)
$ỹ

$
dz̃! + ṽz,b. (80)

This equation is on the same form in dimensional variables. Applying the %-
transformation and omitting higher order terms gives
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vz(2) = (81)
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where vz(2)(b(0)) is obtained from the second order kinematic condition at a cold
ice base. If disregarding higher order topography terms and assuming that the
melting rate is zero at the base this reduces to

ṽx(2)(., b̃(0))
$b̃(0)
$x̃

+ ṽy(2)(., b̃(0))
$b̃(0)
$ỹ

! ṽz(2)(., b̃(0)) = 0. (82)

Since the horizontal velocities are considered to be zero at the base, the vertical
velocity is also zero here. The second order vertical velocity is implemented by
re-using the code for the zeroth order vertical velocity. The vertical velocity is
defined in between grid points, i.e. at (i, j, kc + 1/2). The integrals are defined
in between grid points and are computed using the mid point rule instead of
the trapezoidal rule. As mentioned earlier, using the mid point rule when the
integrand is defined at grid points while the integral is needed in between grid
points is equivalent to using the trapezoidal rule when the integrand and the
integral are defined at the same points.

5 Validation

5.1 Validation by Comparison to an Analytical Solution

To validate the numerical implementation of the equations, an analytical solu-
tion is computed for a simple model problem and SOSIA-SICOPOLIS is tested
for the same set-up. The chosen problem is identical to the ISMIP-HOM bench-
mark experiment B in section 5.2 below. The domain is a square of side L, filled
with ice, and the problem is diagnostic, i.e. not evolving in time. Periodic
boundary conditions are applied so that the domain is surrounded by an infi-
nite number of equivalent domains in the horizontal. This requires some small
modifications in the code, since periodic boundary conditions are not used when
simulating a real ice sheet. In both x- and y-direction an extra grid point is
used so that the size of the domain modeled is L+#x. Then the quantities at
the boundaries are over-written in the following manner (f being an arbitrary
function):

(0, j) = f(imax ! 1, j),

f(imax, j) = f(1, j), (83)

f(i, 0) = f(i, jmax ! 1),

f(i, jmax) = f(i, 1).
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This results in that central di!erences are used at the boundaries as well, instead
of the one-sided di!erences (or extrapolation) used in a regular simulation. The
ice surface has a slope in the x-direction of - = 0.5%, i.e. it is given by

h = !x · tan(-). (84)

The mean ice thickness is 1000 m and so the aspect ratio of the problem is
( = 1000

L . The bedrock is varying sinusodially with an amplitude of 500 m and
wavelength L, i.e. the basal topography is given by

b = h! 1000 + 500 sin(.x) (85)

where x and y spans from 0 to L and the basal bumps have an angular fre-
quency of . = 2//L. The set-up is illustrated in figure 11(b). The problem
is independent of y. Analytical expressions for pressure and shear stress are
derived and implemented in MATLAB (in a Cartesian grid) for visualization.
An analytical solution for the velocity has not been computed. The analyti-
cally computed higher order pressure, p = p(0) + (2p(2) and the higher order
shear stress in the x-direction, txz = txz(0) + (2txz(2) are presented in figure
10, together with the second order pressure and total shear stress computed by
SOSIA-SICOPOLIS. In these figures the side length L is 5 km (corresponding
to an aspect ratio ( = 0.2, which is a high value) but similar results are obtained
for L = 10, 20, 40, 80 and 160 km. The analytically and numerically computed
results agree well.

5.2 Validation by Benchmark Experiments

To validate that the implemented equations described in section 4.6 properly
model ice dynamics, benchmark experiments are carried out. These experiments
are two out of six experiments included in the ice sheet model inter-comparison
project for higher order and full Stokes ice sheet models (ISMIP-HOM), orga-
nized by Pattyn and Payne [26, 42]. In this project 28 higher order flow models
of varying complexity participate. Results from these models are obtained from
the ISMIP-HOM website [42].

5.2.1 Experiment A

The set-up for this experiment is similar to the one for experiment B, de-
scribed in section 5.1, only that the basal topography is not independent of
y. For the benchmark experiment, the square side L is varied to investigate
how the solution depends on the aspect ratio (. The experiment is carried out
for L = 5, 10, 20, 40, 80 and 160 km, resulting in an aspect ratio ( varying
from 0.00625 to 0.2. The larger the value of (, the more important the second
order contributions are. The basal topography has sinusoidal bumps with an
amplitude of 500 m. The mean slope of the bed, and the slope of the ice surface,
is - = 0.5%. Periodic boundary conditions are applied in the horizontal. The
ice surface is defined as

h = !x · tan(-), (86)

and the basal topography is given by

b = h! 1000 + 500 sin(.x) sin(.y). (87)
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(a) Higher order pressure, analytically com-
puted.

(b) Higher order pressure, computed by
SOSIA-SICOPOLIS.

(c) Higher order vertical shear stress, analyti-
cally computed.

(d) Higher order vertical shear stress, com-
puted by SOSIA-SICOPOLIS.

Figure 10: Higher order vertical shear stress and pressure computed analytically and
numerically in a cross-section along the x-axis.

35



(a) Experiment A.

(b) Experiment B.

Figure 11: Model set-up showing the basal topography and the ice surface in experi-
ment A and B for L = 80 km. The ice flows from left to right.
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For an illustration of the set-up, see figure figure 11(a). Published results for
experiment A in ISMIP-HOM contain contour plots of the vertical shear stresses
txz and tyz at the base, the di!erence between isotropic and hydrostatic pressure
(p!p(0)) at the base and the velocities vx, vy, and vz at the surface for L = 80 km
[42]. For all domain sizes the surface velocity, the vertical shear stress txz at the
base, and the di!erence between isotropic and hydrostatic pressure at the base is
presented along the x-axis at y/L = 0.25. The di!erence between isotropic and
hydrostatic pressure is equal to (2p(2) in SOSIA-SICOPOLIS. Figure 12 shows
the di!erence between the isotropic and hydrostatic pressure at the ice base,
computed by SOSIA-SICOPOLIS (in pink) and the other participating mod-
els. Models marked with solid lines are full Stokes models (except for SOSIA-
SICOPOLIS) and dashed lines represent models implementing higher order ap-
proximations of the full Stokes equations. SOSIA-SICOPOLIS agrees fairly well
with other models, but shows a slightly higher pressure di!erence for small L
than any other participating models do. The reasons for this are not clear.
Figure 13 shows the higher order vertical shear stress (txz = txz(0)+ (2txz(2)) at
the ice base. Here, SOSIA-SICOPOLIS and other models clearly disagree for
all L smaller than 80 km. The second order vertical shear stress is very large,
which shows when ( is small. Since the numerical solution is consistent with the
analytical solution in section 5.1, this problem cannot be due to some coding
mistake. Keeping section 2.3.3 in mind, the use of a finite viscosity law could
be in need of a more careful analysis. It is remarked that we followed the set-up
of the benchmark strictly in all details that were given in the publications by
Pattyn and Payne [42] (e.g. the rate factor, the enhancement factor), but that
the issue of a finite versus an infinite viscosity law is not addressed in any of
these publications. It is thus unclear which type of creep function that was
used by the participating models, whether all participating models employed
the same creep function, or whether a certain amount of ’freedom’ in the choice
of the creep function was allowed. The SOSIA velocity of course disagrees with
other models since it depends on the SOSIA vertical shear stress. The SOSIA
velocity is therefore not presented here.

5.2.2 Experiment B

This is the set-up described in section 5.1. Since there is no dependency on the
y-coordinate, this experiment invites 2D-models to participate as well. It also
means that some terms in the implemented equations, i.e. sources of error, can
be disregarded. For instance, the HP shear stress txy(0) is zero for this set-up.
However, in comparing the results from experiment A and B, it appears as the
contribution from txy(0) is not as important as the contributions from the normal
deviatoric stresses, and does not make a big di!erence. Published results for
experiment B regards the surface velocity, the vertical shear stress txz at the
base, and the di!erence between isotropic and hydrostatic pressure at the base
presented along the x-axis. L is varying from 5 km to 160 km as in experiment
A. The results are very similar to the results obtained in experiment A. Figure
14 shows the di!erence between the isotropic and hydrostatic pressure at the
ice base, computed by SOSIA-SICOPOLIS (in pink) and the other participating
models. Figure 13 shows the higher order vertical shear stress (txz = txz(0) +
(2txz(2)) at the ice base. As in experiment A, SOSIA-SICOPOLIS and other
models clearly disagree for all L smaller than 80 km.
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(a) L = 160 km. (b) L = 80 km.

(c) L = 40 km. (d) L = 20 km.

(e) L = 10 km. (f) L = 5 km.

Figure 12: Second order pressure contribution !2p(2) for L = 5, 10, 20, 40, 80 and
160 km for experiment A. Models marked with black solid lines are full Stokes models
and black dashed lines represent models implementing higher order approximations of
the full Stokes equations. SOSIA-SICOPOLIS is marked by a pink line.
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(a) L = 160 km. (b) L = 80 km.

(c) L = 40 km. (d) L = 20 km.

(e) L = 10 km. (f) L = 5 km.

Figure 13: Second order vertical shear stress txz = txz(0) + !2txz(2) for L =
5, 10, 20, 40, 80 and 160 km for experiment A. Models marked with black solid lines
are full Stokes models and black dashed lines represent models implementing higher
order approximations of the full Stokes equations. SOSIA-SICOPOLIS is marked by
a pink line.
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(a) L = 160 km (b) L = 80 km

(c) L = 40 km (d) L = 20 km

(e) L = 10 km (f) L = 5 km

Figure 14: Second order pressure contribution !2p(2) for L = 5, 10, 20, 40, 80 and
160 km for experiment B. Models marked with black solid lines are full Stokes models
and black dashed lines represent models implementing higher order approximations of
the full Stokes equations. SOSIA-SICOPOLIS is marked by a pink line.
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(a) L = 160 km (b) L = 80 km

(c) L = 40 km (d) L = 20 km

(e) L = 10 km (f) L = 5 km

Figure 15: Second order vertical shear stress txz = txz(0) + !2txz(2) for L =
5, 10, 20, 40, 80 and 160 km for experiment B. Models marked with black solid lines
are full Stokes models and black dashed lines represent models implementing higher
order approximations of the full Stokes equations. SOSIA-SICOPOLIS is marked by
a pink line.
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5.3 Sensitivity of the Solution to the Finite Viscosity Law

In section 2.3.3 a finite viscosity law was introduced where a constant, k, was
added to the creep response function to avoid singularities:

f(%) = %2 + k. (88)

It is not very clear how to choose this constant. In Baral et al., 2001 [4] it was
set to 109 Pa2. Figure 16 shows how the zeroth order velocity increases with
increasing values of k, while the second order vertical shear stress decreases with
increasing values of k. The second order pressure at the base is independent of
k.

The constant k has the most influence at the ice-surface, where the e!ective
stress is small or zero. It is therefore no surprise that the zeroth order velocity
at the surface is dependent of k. The shear stress at the base is dependent of k
since the normal deviatoric stresses and the HP shear stress (which are highly
dependent on k, see e.g. equation (33)) is integrated from the ice-surface and
down. For small k, e.g. for k = 109 Pa2 used in Baral et al. 2001 [3], the SIA
surface velocity matches the analytical SIA surface velocity (in which an infinite
viscosity law was used) presented in Pattyn et al. 2008 [26].

6 Application of the Model to the Greenland Ice
Sheet

The starting point of this work was to implement higher order dynamics in
SICOPOLIS in order to model real ice sheets more accurately. To investigate
what di!erence the higher order dynamics make for a real ice sheet, SOSIA-
SICOPOLIS is applied to the Greenland ice sheet. However, since the results
regarding vertical shear stress and velocity did not agree with other higher
order models and most likely are invalid, only the second order pressure in
the Greenland Ice Sheet is presented here, together with the SIA-pressure for
comparison. Figure 18 shows the SOSIA and SIA pressure in a cross-section
along a west-east transect near the dome of the Greenland Ice Sheet, marked
by a line in figure 17. The second order pressure is multiplied by (2. When
running the model, the temperature was held constant but the ice surface was
evolving in time (although only in zeroth order).

The figures show how the SIA-pressure only depends on the ice surface,
while the SOSIA-pressure incorporates e!ects from the bedrock topography as
well. The SOSIA-contribution (p(2) multiplied by (2) is about two orders of
magnitude smaller than the SIA-pressure.

7 Discussion and Outlook

7.1 Getting to Terms with the Second Order Vertical Shear
Stress

The higher order vertical shear stress computed by SOSIA-SICOPOLIS does
not agree at all with the results from the other participating models. The
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(a) Zeroth order surface-velocity in the x-direction computed along the x-axis.

(b) Second order vertical shear stress txz(0) +

!2txz(2) at the ice base computed along the x-axis.

(c) Second order pressure contribution !2p(2) at
the ice base computed along the x-axis.

Figure 16: Zeroth order surface-velocity in the x-direction, second order vertical
shear stress txz(2) at the ice base and second order pressure contribution !p(2) at the
ice base computed along the x-axis for di!erent k. The zeroth order velocity increases
with increasing values of k, while the second order vertical shear stress decreases. The
second order pressure at the base is independent of k.



Figure 17: The pressure is presented along the west-east transect across the Greenland
Ice Sheet, marked by a line in this picture.

(a) Zeroth order pressure p(0)

(b) Second order pressure contribution (!2p(2))

Figure 18: The pressure in kPa in a cross-section along a west-east transect near the
dome of the Greenland Ice Sheet. West is to the left, east to the right. Grey areas are
the bedrock. The second order pressure contribution adds a dependency on the bedrock
topography.
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second order contribution dominates the zeroth order shear stress, which is not
expected. In section 5.1 it was proven that the implementation of the second
order pressure and shear stress is correct, since the numerical results agree
with the analytical solution. Coding mistakes or problems with the grid are
therefore very unlikely error sources. There must thus be some complication in
the equations. These equations were carefully derived by Baral [3] and have been
re-derived during this work to check that no mistakes were made. This leaves the
assumptions under what these equations were derived, together with the use of a
finite viscosity law, discussed in sections 2.3.3 and 5.3, as possible explanations.
In section 5.3 it was shown that the second order shear stress at the base was
sensitive to the choice of finite viscosity parameter k, while the second order
pressure at the base was not. Since the second order pressure agrees well with
the other models, while the second order shear does not (see section 5.2), it is a
good guess to say that the use of a finite viscosity law (or rather how it is used) is
the problem. The use of an infinite viscosity law is incorrect due to singularities
while the use of a finite viscosity law is in principle and in theory correct, though
its specific treatment in the higher order implementation apparently requires
careful analysis and investigation. As mentioned in section 2.3.3 the problems
with an infinite viscosity law arise from the fact that the zeroth order vertical
shear stresses are zero at the surface. In scaling the equations one assumes that
the normal deviatoric stresses and the HP shear stress is less important than
the vertical shear stress. Obviously, when the vertical shear stress is zero, as it
is at the surface, this is not true. The proposed ’fix’ for this is to simply add
a constant to the infinite viscosity law, to avoid arising singularities [4, 17], as
was done in this work. In Hutter 1983 [17] it is however stated that a constant
is introduced of ’purely mathematical reasons’. In section 5.3 di!erent values
of this constant were tried out, but choosing a small value of the constant k
yielded large second order shear stresses, and choosing a large value of k yielded
large zeroth order velocities. No matter how k was chosen, the second order
shear stress did not match the results from the other models.

More correct than adding a constant would be to add the terms dropped
when going to zeroth order, that is (tExx)

2, (tEyy)
2, (tEzz)

2 and 2(tExy)
2, see equa-

tion (31). One could motivate this by saying that these terms are not really
of only second order at the ice surface, but evidently play a more important
part in this area. Since the normal deviatoric stresses and HP shear stress are
needed to compute the e!ective stress, which in turn is needed to compute the
(zeroth order) normal deviatoric stresses and HP shear stress, this would form a
system that could be solved iteratively with for example Newton’s method. The
computed (zeroth order) stresses would then no longer really be of only zeroth
order, but could be used as the zeroth order stresses when forming the second
order pressures and vertical shear stress (actually increasing the accuracy be-
yond second order). This approach will be examined as this work is continued
in the form of a doctoral thesis.

7.2 Further Improvements and Outlook

During this work several issues were encountered, which would need further
consideration in the continuation of this project. One of the most pressing of
these issues regards the %-transformation. As was shown in section 4.3 the %-
transformation is considerably more complicated in higher order than it is in
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zeroth order. This was not a problem in this work, but when letting the ice
surface and the ice base evolve in time, these extra terms will matter. Con-
sidering that some second (and first) order equations are very long, covering
several pages [3] even in cartesian coordinates, it is not very appealing to intro-
duce a cumbersome coordinate transformation upon this. There might be clever
ways to address this problem, such as for example implementing a numerical
%-transformation instead of the analytical one used in SICOPOLIS today.

Other issues that need consideration when continuing this work is for in-
stance how to discretize the equations governing the evolution of the topogra-
phy (as it is now an ’over-implicit’-discretization scheme is used, which could
be troublesome), the precision of the measured topography data (is smoothing
needed in higher order because of higher order derivatives?), and making sure
that discretization is accurate enough to make sure that the errors are not of
the same order as the second order contributions.

In general, the mere length of some higher order equations suggests that
one would benefit from carefully considering if there are any clever ways to find
simplifications without loss of accuracy. It would probably also be worthwhile
to investigate if there are any more complications arising from the assumptions
made when scaling the equations, as in the case with the finite viscosity law
discussed above. Given that the di"culties mentioned in this section can be
overcome, the SOSIA is an appealing option because of its rigor and since it
is a natural extension of the SIA. This would possibly allow the use of the
SIA in regions where it is accurate enough, and the SOSIA in regions where
improved accuracy is needed. As this work is continued as a doctoral thesis,
this possibility, and other possible benefits in using the SOSIA, will be explored.

8 Acknowledgements

I am very grateful to my advisor Nina Kirchner and my reviewer Per Lötstedt
for their commitment, support and many valuable comments. I would also like
to thank Patrick Applegate, Philipp Hancke, Ralf Greve and Jesse Johnson for
useful advice.

References

[1] R. B. Alley, S. Anandakrishnan, and T. K. Dupont. Ice streams- fast, and
faster? C. R. Physique, 5:723–734, 2004.

[2] R. B. Alley, P. U. Clark, P. Huybrechts, and I. Joughin. Ice-Sheet and
Sea-Level Change. Science, 310:456–460, 2005.

[3] D. R. Baral. Asymptotic theories of large scale motion, temperature and
moisture distributions in land based polythermal ice shields and in floating
ice shelves. A critical reveiw and new developments. PhD thesis, Depart-
ment of Mechanics (III), Technical Univeristy Darmstadt, Germany, 1999.

[4] D. R. Baral, K. Hutter, and R. Greve. Asymptotic theories of large-scale
motion, temperature and moisture distribution in land-based polythermal
ice sheets: A critical review and new developments. Applied Mechanics
Reviews, 54(3):215–256, 2001.

46



[5] H. Blatter. Velocity and stress fields in grounded glaciers: a simple al-
gorithm for including deviatoric stress gradients. Journal of Glaciology,
41(138):333–344, 1995.

[6] H. Blatter, G. Clarke, and J. Colinge. Stress and velocity fields in glaciers:
Part II. Sliding and basal stress distribution. Journal of Glaciology,
44(148):457–466, 1998.

[7] J. Colinge and H. Blatter. Stress and velocity fields in glaciers: Part I. Fi-
nite di!erence schemes for higher-order glacier models. Journal of Glaciol-
ogy, 44(148):448–456, 1998.

[8] D. Dahl-Jensen, J. Bamber, C. E. Boggild, E. Buch, J. H. Christensen,
K. Dethlo!, M. Fahnestock, S. Marshall, M. Rosing, K. Ste!en, R. Thomas,
M. Tru!er, M. van den Broeke, and C. J. van der Veen. The Greenland Ice
Sheet in a Changing Climate. Arctic Monitoring and Assesment Programme
(AMAP), Oslo, 2009.

[9] D. L. Egholm, M. F. Knudsen, C. D. Clark, and J. E. Lesemann. Modeling
the flow of glaciers in steep terrains: The integrated Second-Order Shal-
low Ice Approximation (iSOSIA). Journal of Geophysical Research, Under
review.

[10] D. Goldberg and O. Sergienko. Data Assimilation using a hybrid ice flow
model. The Cryosphere Discussion, 4:2201–2231, 2010.

[11] R. Greve. Thermomechanisches Verhalten polythermer Eisschilde - Theo-
rie, Analytik, Numerik. PhD thesis, Department of Mechanics (III), Tech-
nical Univeristy Darmstadt, Germany, 1995.

[12] R. Greve. A continuum-mechanical formulation for shallow polythermal
ice sheets. Philosophical Transactions of the Royal Society, A, 355:921–
974, 1997.

[13] R. Greve and H. Blatter. Dynamics of Ice Sheets and Glaciers. Advances
in Geophysical and Environmental Mechanics and Mathematics (AGEM2),
Springer, Berlin, 2009.

[14] C. Hindmarsh and R. Hindmarsh. Thin-Film Flows with Wall Slip: An
Asymptotic Analysis of Higher Order Glacier Flow Models. The Quarterly
Journal of Mechanics and Applied Mathematics, 63(1):73–114, 2010.

[15] R. Hindmarsh. A Numerical Comparison of Approximations to the Stokes
Equations used in Ice Sheet and Glacier Modeling. Journal of Geophysical
Research, 109, 2004.

[16] A. Hubbard. The verification and significance of three approaches to lon-
gitudinal stresses in high-resolution models of glacier flow. Geografiska
Annaler: Series A, Physical Geography, 82:471–487, 2000.

[17] K. Hutter. Theoretical Glaciology. D. Reidel Publishing Company, Terra
Scientific Publishing Company, Dordrecht, 1983.

47



[18] P. Huybrechts, A. J. Payne, and the EISMINT intercomparison group. The
EISMINT benchmarks for testing ice sheet models. Annals of Glaciology,
23:1–12, 1996.

[19] J. V. Johnson and J. W. Staiger. Modeling long-term stability of the Ferrar
Glacier, East Antarctica: Implications for interpreting cosmogenic nuclide
inheritance. Journal of Geophysical Research, 112:F03S30, 2007.

[20] I. Joughin, B. E. Smith, I. M. Howat, T. Scambos, and T. Moon. Greenland
flow variability from ice-sheet-wide velocity mapping. Journal of Glaciol-
ogy, 56(197):415–430, 2010.

[21] A. Khazendar, E. Rignot, and E. Larour. Larsen B Ice Shelf rheology pre-
ceding its disintegration inferred by a control method. Geophysical Research
Letters, 34:L19503, 2007.

[22] N. Kirchner. Personal contact, January 2011. Department of Physical
Geography and Quaternary Geology, Stockholm University, Sweden.

[23] D. G. Vaughan M. B. Lythe and the BEDMAP Consortium. BEDMAP -
Bed topography of the Antarctic. Dataset published by the British Antarc-
tic Survey, http://www.antarctica.ac.uk/index.php, 2000.

[24] D. R. MackAyeal. The basal stress distribution of Ice Stream E, Antarctica,
inferred by control methods. Journal of Geophysical Research, 97:595–603,
1992.

[25] W.S.B. Paterson. The physics of glaciers (Third edition). Pergamon Press,
Oxford, 1994.

[26] F. Pattyn, L. Perichon, A. Aschwanden, B. Breuer, B. de Smedt,
O. Gagliardini, G. H. Gudmundsson, R. Hindmarsh, A. Hubbard, J. V.
Johnson, T. Kleiner, Y. Konovalov, C. Martin, A. J. Payne, D. Pollard,
S. Price, M. Rückamp, F. Saito, O. Souc̆ek, S. Sugiyama, and T. Zwinger.
Benchmark experiments for higher-order and full-Stokes ice sheet models
(ISMIP-HOM). The Cryosphere, 2:95–108, 2008.

[27] A.J. Payne, P. Huybrechts, A. Abe-Ouchi, R. Calov, J.L. Fastook, R. Greve,
S.J. Marshall, I. Marsiat, C. Ritz, L. Tarasov, and M.P.A. Thomassen. Re-
sults from the EISMINT model intercomparison: the e!ects of thermome-
chanical coupling. Journal of Glaciology, 46(153):227–238, 2000.

[28] D. Pollard and R. M. DeConto. Modelling West Antarctic ice sheet growth
and collapse through the past five million years. Nature, 458:329–332, 2009.

[29] E. Rignot and R. H. Thomas. Mass Balance of Polar Ice Sheets. Science,
297:1502–1506, 2002.

[30] A. Shepherd and D. Wingham. Recent contributions of the Antarctic and
Greenland Ice Sheets. Science, 315:1529–1532, 2007.

[31] S. Solomon, D. Qin, M. Manning, Z. Chen, M. Marquis, K.B. Averyt,
M. Tignor, and H.L. Miller (eds.). 4th Assessment Report Climate Change
2007: The Physical Science Basis. Contribution of Working Group I to

48



the Fourth Assessment Report of the Intergovernmental Panel on Climate
Change. Cambridge University Press, Cambridge, United Kingdom and
New York, NY, USA., 2007.

[32] D. G. Vaughan and R. Arthern. Why is it Hard to Predict the Future of
Ice Sheets? Science, 315:1503–1504, 2007.

[33] M. C. M. Winsborrow, C. D. Clard, and C. R. Stokes. What controls the
location of ice streams? Earth-Science Reviews, 103:45–59, 2010.

[34] T. Zwinger. Personal contact, January 2011. Finnish IT Center for Science
Ltd., CSC, Espoo, Finland.

[35] T. Zwinger and O. Gagliardini. The ISMIP-HOM benchmark experiments
performed using the Finite-Element code Elmer. The Cryosphere Discuss.,
2:75–109, 2008.

[36] T. Zwinger, R. Greve, O. Gagliardini, T. Shiraiwa, and M. Lyly. A full
Stokes-flow thermomechanical model for firn and ice applied to the Gor-
shkov crater glacier, Kamchatka. Annals of Glaciology, 45:29–37, 2007.

[37] Elmer website. http://www.csc.fi/english/pages/elmer, January
2011.

[38] The image collection of the British Antarctic Survey.
www.photo.antarctica.ac.uk, January 2011.

[39] NASA/JPL’s Ice Sheet System Model, ISSM.
http://issm.jpl.nasa.gov/, January 2011.

[40] Picture by H. Grobe. Available at: http://commons.wikimedia.org/
wiki/File:Antarctic shelf ice hg.png, January 2011.

[41] SICOPOLIS website. sicopolis.greveweb.net, January 2011.

[42] Website for the Ice Sheet Model Intercomparison Project for Higher-
Order ice sheet Models (ISMIP-HOM). http://homepages.ulb.ac.be/
~fpattyn/ismip/, January 2011.

49


