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Abstract

Background:A classical problem in statistical inference is testing the equal-
ity of two or more distributions from independent random samples. To solve
this problem, kernel density estimation based tests are very promising but
still relatively unexplored. In this work, design, implementation and charac-
terization of permutation-based tests, all built on kernel density estimation
is constructed, aimed to achieve a comparative study with eight different
measures used as test statistics, and introducing the measure of mutual
information as a new plausible method. Three simulated samples from a
combination of six models were used in the evaluation. Appropriate func-
tions have been written in programming language for statistical computing
R, following requirements, as tools to achieve our goals.

Conclusion: The result shows that the procedure followed in this work
reproduces similar pattern comparing with already published works, giving
some rightfulness to the implemented tools. As a main conclusion and among
the compared methods, is the one based on mutual information very useful,
user friendly, and powerful. Its use does not need assumptions about the
distribution of the samples. It presents good results for the case with small
samples, and is easy applicable for very large samples, when also increase
its performance.



Sammandrag

Backgrund: Ett klassiskt problem in statistisk inferens är att testa likheten
mellan tv̊a eller flera fördelningar fr̊an oberoende stickprov. För att lösa
detta problem, tester baserade p̊a kärnskattning är mycket lovande men fort-
farande relativt mindre undersökta. I detta arbete, utformning, genomförande
och karakterisering av permutation -baserade tester, alla byggda p̊a kärn-
skattning är konstruerade, i syfte att uppn̊a en jämförande studie med åtta
olika storlekar som använts som test statistik, och införa ömsesidig informa-
tion som en ny trovärdig metod. Tre simulerade stickprov fr̊an en kombina-
tion av sex modellerna användes i utvärderingen. Lämpliga funktioner har
skrivits i programspr̊ak för statistisk, R, efter krav, för att användas som
verktyg för att n̊a v̊ara m̊al.

Slutsats: Resultatet visar att det tillvägag̊angssätt som följts i detta ar-
bete återger liknande mönster jämför med redan publicerat arbeten, vilket
ger en viss trovärdighet till det använda verktyget. De mest centrala slut-
satsen är att bland de jämförda metoderna, är den som bygger p̊a ömsesidig
information mycket användbar, användarvänlig och kraftfull. Dess tillämp-
ning behöver inte antaganden om fördelningen av stickproven. Det ger goda
resultat för fallet med sm̊a prov, och är användbar för mycket omfattande
prov, d̊a ocks̊a öka i sin styrka.
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1 Introduction

Assume that you have ni observations generated from k probability den-
sity functions, fi, i = 1, 2, . . . , k, and that you would like to test the null
hypothesis

H0 : f1 = f2 = · · · = fk

This can be achieved by a so called k-sample test.
Traditionally, this problem has been solved using parametric methods. The
most common is the t-test, that assess whether the difference between the
means of two groups, for k = 2, is just obtained by chance or not. The
t-test is very useful, but is only optimal in the case of normally distributed
variables. When the normality assumption does not hold, for example when
the data distributions are asymmetric, the t-test leaves room for misleading
results. In those cases nonparametric alternatives can be employed.
Non-parametric methods make fewer asumptions, therefore they are more
robust and allow a wider range of applicability.
Among nonparametric methods, the analogue to the two independent sam-
ple t-test, the Wicoxon-Mann-Whitney test [1], is frequently used. This test
can only be applied to two groups of data. For the case, k > 2 there is
an extension of Wilcoxon-Mann-Whitney, called Kruskal-Wallis test, a rank
based test, introduced by William Kruskal and W. Allen Wallis in 1952 [11].
Other very popular and commonly used nonparametric test are those based
on the empirical distribution function, ECDF. Several k -sample generaliza-
tions of the traditional two-sample omnibus tests, for example the Kolmogorov-
Smirnov [8], the Cramér-von Mises [8] and the Anderson-Darling [14] tests,
have been studied in the literature.

These tests are used for judging the goodness of fit of a probability distri-
bution compared to a given empirical distribution function , or for comparing
two or more empirical distributions .

A less investigated family of nonparametric methods is the one in which
the k -sample test is based on kernel density estimators, KDEs. To test the
null hypothesis 1, generalizations of distance measures between k functions,
for example a generalization of the L1-norm, are used as the test statistic
in a permutation test. These measures are used as the values of interest
during the permutation test. They allows us to make comparisons between
the observed value and the obtained after each permutation.
In 2008, a work by Mart́ınez-Camblor and co-workers [12] provides a com-
parative study of several such k -sample tests [13], including the measure of
Common Area, a new concept proposed by the author.
The objective in the work presented in this thesis is to introduce and eval-
uate members of another sub-family of nonparametric methods based on
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KDE, which are based on Mutual Information and cross-entropy 1.

Specification of our goal is given in section 3. Background and some
theory are found in section 2, including definitions, a perusal of density es-
timation by kernel and the models used to perform computer simulations.
In section 2.3 there is a description of how the pvalue for obtaining a test
statistic at least as extreme as the observed one only by pure chance, is
acquired by permutation and how the power of the associated test is defined
and calculated.
In section 2.4 there is an outline of the concept of Mutual Information.
Section 4 consists on a closer narrative of this study, including the choice of
the bandwidth to estimate the kernel density, details about the implemen-
tation of Mutual Information and Kullback-Leibler based test for k = 3.
Some figures are included as means to easier give an insight of the topics we
are working with. A table with obtained power for seven different methods,
is presented in section 4.2.3.
The R code used to produce the results reported here, is available as ap-
pendix A. Finally, comments, further work, and other plausible questions
are evaluated in section 5.

2 Background

This section contains a review of the method of density approximation by
kernel, different distance measures, some theory behind Mutual Information,
definition of power for a k -sample test, and how the pvalue is calculated by
permutation.

Even here, one can find the models used in this work to simulate the
data samples .

2.1 Kernel Density estimator and bandwidth selection

Given a random sample {xi}ni=1, the underlying probability density function
f used to generate this sample, can be approximated by the kernel density
estimator given by [15]:

f̂h(x) =
1
n

n∑
i=1

Kh(x−Xi) (2)

where K is a kernel function satisfying∫
K(x)dx = 1 (2.1)

1In information theory, the cross entropy between two probability distributions mea-
sures the average number of bits needed to identify an event from a set of possibilities
(discrete case). [6]
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∫
K(x)x2dx <∞. (2.1a)

The kernel function K, is frequently non-negative and usually selected
to be unimodal and symmetric.
Often, K is chosen to be a standard Gaussian function, a smooth unimodal
function with peak at 0. In those cases, Kh(x−Xi) in (2), is defined as [15]:

K(
x− xi

h
) =

1√
2π
e−

(x−xi)
2

2h2 (2.1b)

where h is the bandwidth that controls the degree of smoothness of f.
When h is small, the resulting estimate is usually over fit to the actual
samples available. When h is too large, the computed density will be over-
smoothed, but its variance across different samples is reduced.
There are several methods to select the bandwidth parameter. Some of the
most commonly used and available in R are:

• bw.nrd0 It uses Silverman′s “rule of thumb” h = Cn−
1
5 , with

C = 0.9min(sd,
iqr

1.34
) (2.1.c)

where sd is the standard deviation of the sample of size n, and iqr is
the interquartile range. [3]

• bw.nrd Given by Scott(1992), considered as an improved version of
Silverman′s “rules of thumb”. Here the parameter h is calculated as:

C = 1.06min(sd,
iqr

1.34
) (2.1.d)

where sd and iqr are defined as before.

• bw.ucv or bw.bcv unbiased cross-validation and biased cross vali-
dation based on cross validation, that is, using the remaining observa-
tions to fit the density at each observation in turn. [7]

• bw.SJ implements the popular method by Sheather and Jones. [16]

For more information about the estimation of the bandwidth parameter,
see for example Venables and Ripley [19].

3



2.2 Similarity measures

Suppose we want to test if k different observed samples actually were gener-
ated from the same underlying PDF, and assume that for each sample, it is
possible to obtain a KDE. Intuitively, if all k -samples have been generated
from the same underlying PDF, then the k different KDEs obtained should
be very similar. This suggests that one could design and use different mea-
sures of similarity to quantify the similarities between the k different KDEs,
in the form of a single scalar value, a statistic.

In the following subsections, the different statistics considered in the
study reported here are described.

2.2.1 AC or Common Area

This measure is a relative new concept introduced by Martinez-Camblor
[12] [13]. It is defined as

ACk =
∫
min{fn1(t), · · ·, fnk

(t)}dt

Here, fni is the kernel density estimator pertaining to the i−th sample.
AC is the area in common where the k densities are overlapping. If its
value is close to 1, the PDFs are almost identical, and the null hypothesis
H0 stating that f1 = f2 = ... = fk can not be rejected. Consequently, a
low AC value means that the samples probably are generated from different
distributions.
This can be observed in figure 1, in which the shaded area represents the
common area between two KDEs. This figure has been obtained by gener-
ating two samples X and Y, as follows:

To the left X and Y are simulated from N(0, 1), and each sample have
size n = 50.

To the right X is drawn from N(0, 1), with sample size n = 50, and
Y is drawn from (1− a)N(0, 1) + aN(0, 2), with size n = 50.
a = 6N (−0.5), and N is the total number of elements
(here N = 100).
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Figure 1:
Left side: X ∈ N(0, 1), Y ∈ N(0, 1)
Right side: X ∈ N(0, 1), Y ∈ (1 − a)N(0, 1) + aN(0, 2),
a = 6N (−0.5)

Common Area, shaded area. When the data is simulated from
the same distribution, the area goes to 1 (see left side in the
figure).
The KDFs are calculated with the help of the function density
in R. The chosen bandwidth is bw.nrd0

2.2.2 L1 norm

Let fni denotes the kernel density estimator, KDE, pertaining to the i-th
sample of size ni, i = (1, 2, . . . , k), being k be the number of samples; and
let fn denote the KDE of the jointed sample, with n = n1 + n2 + · · ·+ nk.
Then, the generalization of the L1 distance can be written as follows:

L1,k =
1
n

k∑
i=1

ni

∫
|fni(t)− fn(t)|dt

Recalling now the definition of Common Area: ACk =
∫
min{fn1, . . . , fnk},

one can observe that for the case k = 2 , AC can be regarded as a general-
ization of the L1 distance. [13]

In figure 2 the samples are drawn as in 2.2.1
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Figure 2: Figure shows the integrated difference between each density fi

and the joint density. L1 distance is defined as the mean of
the sum of these measures.

2.2.3 L2 distance or Euclidean

L2 distance or Euclidean is defined as:

L2,k =
1
n

k∑
i=1

ni

∫
(fni(t)− fnt)2dt

for fni , fn, k, ni and n defined as above. Note that if we replace f(·)
with F (·) we esssentially get the k -sample generalization of the Cramér-von
Mises test.

2.2.4 Kolmogorov-Smirnov distance

KS = sup
t

k∑
i=1

ni(Fni(t)− Fn(t))2

for t ∈ R, and where Fn is the empirical distribution function corre-
sponding to the jointed sample, and Fn is the ECDF corresponding to the
i-th sample. The function Fn, and similarly Fni , is defined as:

Fn(t) =
1
n

n∑
j=1

ITj≤t
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The indicator function ITj≤t takes the values of 1 if Tj ≤ t, or 0 other-
wise.
For more details about k -sample Kolmogorov-Smirnov test, see [18]

Figure 3 illustrate the ECDF of two samples, X and Y, with sizes ni =
50, i = (1, 2). On the left side of the picture, the two samples have been
generated from the standard normal distribution, unlike the right side of the
figure, where the samples comes from two different distributions.
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Figure 3: The colored areas in the figure represent the difference between
each ECDF Fi and the ECDF of the joint sample.
Left side: X ∈ N(0, 1), Y ∈ N(0, 1)
Right side: X ∈ N(0, 1), Y ∈ (1 − a)N(0, 1) + aN(0, 2),
a = 6N (−0.5)

The ECDFs are calculate using the function ECDF in R

2.2.5 S distance

Sk =
1
n

k∑
i=1

ni sup
t
|fni(t)− fn(t)|

One can observe the analogy to the Kolmogorov-Smirnov distance (see
2.2.4), here the difference is that, in contrast with the Kolmogorov-Smirnov
distance that uses the ECDFs, the calculation of the S distance is based on
the KDEs.
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Figure 4: Figure shows the maximal difference between each density fi

and the joint density. S distance is defined as the mean of the
sum of these measures.

2.2.6 Kullback-Leibler distance

The Kullback-Leibler Distance for two probability densities f and g is de-
fined as

DKL(p, q) =
∫
fi(t) log(fi(t)/gi(t))dt

It is always nonnegative and becomes zero when the two distributions
are identical. This distance is in general not symmetric. Commonly the
symmetric version of the Kullback-Leibler [9] distance is denoted by

DS(p1, p2) =
[DKL(p1, p2) +DKL(p2, p1)]

2

where DKL(pi, pj) is the KL-distance.

2.3 Power calculations and permutation

Two simple examples are presented here to demonstrate the permutation
function written in R. For each example, two data sets, X and Y, are sim-
ulated from the same or different distributions. The distance measure used
in this example is L1-norm.
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We use example 1 presented in 2.2.1, when the data samples are drawn from
the same distribution, and example 2 from the same section, with X and Y
drawn from different distributions. Data points and respective densities are
illustrated in figure 5 and figure 6
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Figure 5: X and Y drawn from N(0, 1), the size of the samples are
ni = 50, i = (1, 2)
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Figure 6: X from N(0, 1) and Y from (1− a)N(0, 1) + aN(1, 1),
where a = 6n(−0.5)

the size of the samples are ni = 50, i = (1, 2), and n = 100

The assumption that X and Y belongs to the same distribution is pre-
sented as the null hypothesis, H0, in both examples. In turn, the alternative
hypothesis is that the samples come from different distributions.

Now, recall the definition of L1-norm distance between k densities, al-
ready defined in section 2.2. For the case k = 2 and ni = 50, let L2,1obs

be
the observed test statistic, Tobs, calculated from the simulated data samples.
We want to perform the permutation based test and calculate the associated
pvalue, that is, the probability of obtaining a test statistic at least as extreme
as the observed one, under the null hypothesis that the distributions are the
same.
To do this, the elements of X and Y are joined and permuted. After the
permutation, the elements are divided into two groups X and Y, preserv-
ing the original size of these samples. Then, a new statistic, L2,11 = T1 is
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calculated from the permuted data. This procedure is repeated here 199
times resulting in 199 statistics, T1, . . . , T199, and consequently, building the
distribution of the statistic, also called the permutation distribution under
the null hypothesis. See right side in figure 7.

0.00 0.05 0.10 0.15 0.20 0.25 0.30

test statistic
 permuted data

test statistic
 observed data

199 permutations

distribution of the statistics

mean =  0.13

OBS. VALUE=  0.1

Figure 7: Permutation Test. The rectangles represent the 199 test statis-
tic obtained after each permutation. The red vertical line in the
figure marks the observed value of the statistic. The right side
of the figure shows the distribution of the values obtained dur-
ing the permutations, and a black dotted line marks the mean
of these values

The pvalue is then calculated as:

pvalue =
#(|Ti| ≥ |Tobs|)

Np

for 1 ≤ i ≤ 199.

Here # (A) denotes the number of times the event A is satisfied, and Np

denotes the number of permutations made. To include the observed statistic
we add 1 to the total number of calculations, then the calculated pvalue will
be:

pvalue =
#(|Ti| ≥ |Tobs|) + 1

Np + 1
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If pvalue < α, the null hypothesis H0, is rejected. Here, α represents the
significance level, that is, the amount of evidence required to accept that an
event is unlikely to have arisen by chance. In other words, if Tobs is unlikely
to obtain when permuting, ( ≤ α ), then the null hypothesis is rejected. In
this work, the chosen value for α is 0.05.

Figure 8 shows the permutation distribution of the statistics after 199
permutations for two examples.

 permutation distribution

T
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mean(T)=  4

T(obs)=  0.13

p_value=  0.57

X from N(0,1)

Y from N(0,1)

 permutation distribution

T
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si
ty

0.0 0.1 0.2 0.3

0
2

4
6

8
10

mean(T2)=  0.14

T(obs)=  0.11

p_value=  0.045

X from N(0,1)
Y from (1−a)N(50) + aN(50, 1, 1)

a = 6*n^(−0.5)

Figure 8: Permutation Distribution after 199 permutations. The sam-
ples X and Y uses in this figure are the same samples used
to plot figure 5 and 6. On the left side of the figure the sam-
ples X and Y are drawn from N(0, 1), The sample sizes are
ni = 50, i = (1, 2) in both cases. The left side of the figure
shows the case when X is from N(0, 1) and Y is generated from
(1− a)N(0, 1) + aN(1, 1), where a = 6n(−0.5).

In a statistical hypothesis test as this, when we have to make decisions
using data, two kind of incorrect conclusions can be drawn:

• Type I error. Also known as “error of the first kind”, α error,
“false positive”, or “value of risk”. It is the error of rejecting the
null hypothesis when it is actually true.

• Type II error. Also known as “error of the second kind”, β error or
“false negative”. It is the error of failing to reject the null hypothesis
when it is in fact not true.
Additionally 1− β is known as the power of the test.
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There is a trade-off between type I and type II errors, and efforts to
minimize these errors have been an important topic in many studies.

2.4 Mutual Information

Formally, the mutual information of two discrete random variables X and Y
can be defined as:

I(X,Y ) =
∑
y∈Y

∑
x∈X

p(x, y) log
p(x, y)

p1(x)p2(y)
(2.4a)

where p(x,y) is the joint probability distribution function of X and Y,
and the p1(x) and p2(y) are the marginal probability distribution functions
of X and Y respectively. [10]. Note that Equation 2.4a is a scaled ver-
sion of the likelihood ratio test for independence in a contingency table [17].

It can be equivalently expressed in terms of entropy as:

I(X,Y ) = H(X) +H(Y )−H(X,Y ) (2.4b)

The entropy H(X) (respectively H(Y)), is a measure of uncertainty of
random variables, and defined, in the discrete case, as [4]:

H(X) = −
∑
x∈X

p(x) log p(x) (2.4c)

The entropy is the average uncertainty in observing X (similarly for
H(Y)). The possibility of foresee a specific event of this variable decrease for
higher values of H.

In equation 2.4b, H(X,Y) indicates the joint entropy, that is, the average
information in observing the pair of possible outcomes (X,Y). Moreover, the
expression H(X|Y) introduced below, corresponds to the uncertainty when
observing X when Y is already known (and similarly for H(X|Y)).
The joint entropy H(X,Y) and the conditional entropy H(X|Y) can be cal-
culated by:

H(X,Y ) = −
∑
X

∑
Y

P (x, y) logP (x, y) (joint entropy)

H(X|Y ) = −
∑
Y

P (x)
∑
X

P (x|y) logP (x|y) (conditional entropy)

For independent variables the mutual information between X and Y is
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I(X,Y ) = 0 (2.4d)

The relations between mutual information and the entropy can be illus-
trated as we can see in figure 9.

I(X,Y)

H(Y|X)

H(X|Y)

H(X,Y)

H(X)

H(Y)

Figure 9: Relation between Mutual information and entropy. The ellipse
of darker color represents H(Y ) and the light colored ellipse
represents H(X). The joint entropy H(X,Y ) corresponds to
both ellipses, and the common area illustrate the mutual in-
formation I(X,Y ). The respective conditional entropies are
given by the areas of the ellipses that are not in common.

When the random variables are continuous, the summation in equation
2.4a is replaced by a double integral. Thus is pX and pY are the PDFs of two
continuous random variables X and Y respectively, the mutual information
between them can be expressed as:
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I(X,Y ) =
∫

Y

∫
X
p(x, y) log

p(x, y)
p1(x)p2(y)

dxdy (2.4e)

Now, assume that one of the variables, Y , is discrete, y = {1, 2, . . . , k},
while the other is still real valued, x ∈ R. Then, the mutual information
between X and Y may be defined as:

I(X,Y ) =
k∑

y=1

∫
f(x, y) log

f(x, y)
f(x)f(y)

dx (2.4f)

with f(x, y) as the joint distribution of X and Y.
Even here one can observe that, if x and y are independent,

f(x, y) = f(x)f(y) and

log
( f(x, y)
f(x)f(y)

)
= log 1 = 0

That gives a mutual information with value zero for independent vari-
ables, as noted before in 2.4d.

In this work, we implement and employ the definition of mutual infor-
mation given in 2.4f, for k = 3. Thus, for the discrete variable y ∈ {1, 2, 3}
and the continuous variable x ∈ R, we have:

I =
3∑

y=1

∫
f(x, y) log

f(x, y)
f(x)f(y)

dx (2.4g)

We can rewrite this equation by substitute the joint distribution with
the conditional and the marginal distributions as follows:

I(X,Y ) =
∫
f(x|y = 1)P (y = 1) log

[f(x|y = 1)
f(x)

]
dx+

∫
f(x|y = 2)P (y = 2) log

[f(x|y = 2)
f(x)

]
dx+

∫
f(x|y = 3)P (y = 3) log

[f(x|y = 3)
f(x)

]
dx (2.4h)

and a further step:
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I(X,Y ) =P (y = 1)
∫
f(x|y = 1) log

[f(x|y = 1)
f(x)

]
dx+

P (y = 2)
∫
f(x|y = 2) log

[f(x|y = 2)
f(x)

]
dx+ (2.4i)

P (y = 3)
∫
f(x|y = 3) log

[f(x|y = 3)
f(x)

]
dx

In order to estimate I(X,Y), we just need estimates of:

• the conditional density of each sample,
f(x|y = 1), f(x|y = 2), f(x|y = 3).

• the joint density, f(x).

• the class proportions, P (y = 1), P (y = 2), P (y = 3)

Given the null hypothesis:

H0 : f1(x|y = 1) = f2(x|y = 2) = f3(x|y = 3)

the measure of mutual information should be I(X,Y ) = 0 if H0 is true,
but due to the sample sizes and the approximation of their densities, the
estimated I(X,Y) value fluctuates round zero.

Permutation test help us to find a threshold and decide if the null hy-
pothesis should be rejected or not, given a chosen significance level.

The following example illustrate this procedure:

Example: We generate a sample of size N = 75 from the uniform distribution,
U(0, 1). The obtained sample is divided in three groups of data, called classes
y = 1, y = 2 and y = 3, in the following way:

• values between 0 and 0.7 belongs to class 1.

• values between 0.7 and 0.8 belongs to class 2.

• values between 0.8 and 1 belongs to class 3.

Thereafter we chose y = i and draw a xi from f(x|y = i), 1 ≤ i ≤ 3.
Here we use N(0, 1), N(−1, 1) and N(1, 1) to draw the data samples x1, x2

and x3, taking in account the probability of being in class 1, 2 or 3 respectively.
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Now, the null hypothesis f(x|y = 1) = f(x|y = 2) = f(x|y = 3), can be
formulated as:

H0 : I(x, y) = 0 (See 2.4f)

Here can we implement permutation test described in section 2.3, now with
three samples, x1, x2 and x3, and letting the estimated mutual information I,
defined in 2.4g, be our test statistic.
The whole procedure of simulation of data samples and permutation test is
repeated 200 times in this example, resulting in 200 pvaules. Table 1 shows the
results of the first 10 simulations.

p values
1 0.01
2 0.01
3 0.01
4 0.00
5 0.00
6 0.00
7 0.00
8 0.00
9 0.01

10 0.01
. . .

Table 1: Rejection proportion after 199 permutations, Mutual Infor-
mation, I(X,Y)

And the power of the test after 200 simulations is:

Power
0.87

Table 2: Estimated power of the test after 200 simulations

A study combining permutation test and the use of mutual information
based on kernel density estimation has been done by Cesar Augusto Car-
dona and Juan David Velázquez [5]. In their article, Mutual Information
is presented as a new method for relevant attribute selection. This method
is tested on three well known data set (Ionosphere, Iris Plant and Sonar),
showing the success of the proposed methodology compared with others
classification methods.
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2.5 Models

In this work, a simulation study is conduced in order to compare the test
statistics based on different similarly measures presented above. We consider
the case k = 3, with densities f1 = f2 ∈ N(0, 1), and density f3 correspond-
ing to each of the following models:

Model 1: N(0, 1)

Model 2: (1− a)N(0, 1) + aN(0, 2)

Model 3: (1− a)N(0, 1) + aN(1, 1)

Model 4: (1− a)N(0, 1) + aN(1, 2)

Model 5: (1− a)N(0, 1) + aN(3, 3)

Model 6: (a/2)N(−2, 0.5) + (1− a)N(0, 1) + (a/2)N(2, 1)

Model 7: (1− a)N(0, 1) + χ2(2)

where N(µ, σ) stand for the normal density with mean µ and deviation
σ. In model 7, χ2(2) stands for the χ2 density with two degrees of freedom.
The value of a is estimated as

a = 6n−
1
2

for n = n1 + n2 + n3, given the sample sizes n1, n2 and n3.
These models represent densities with different location and shape, includ-
ing both the symmetrical and asymmetrical cases.
Observe that model 1 corresponds to the null hypothesis when f1 = f2 = f3.
Models 2 to 7, correspond to the alternative hypothesis, but due to the choice
of a, they go to the null hypothesis as the samples sizes increase.

Figure 10 shows the density function of Models 2 to 7. The green lines
indicate the densities for sample sizes of 25, when the red lines represent
samples of sizes 150.
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Figure 10: Green lines are densities for samples sizes of 25.
Red lines are densities for samples sizes of 150.
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3 Aims

The main aims of the work presented in this thesis may be summarized as
follows:

1. Illustrate the importance of an adequate bandwidth selection algo-
rithm to estimate densities by kernel.

2. Explain the k -sample test based on measures as Common Area, L1, L2,
S, Kolmogorov-Smirnov, Kullback-Leibler and Mutual Information, for
k = 3.

3. Write and validate code written in R to calculate these measures using
k densities, for k > 2.

4. Write and validate code written in R for implementation of permuta-
tion test with k -samples of simulated data, k > 2.

5. Implementation of the already published k -sample tests based on Com-
mon Area, L1, L2, S, and Kolmogorov-Smirnov, adding two new meth-
ods in the study, symmetric Kullback-Leibler and Mutual Information.

6. Comparison of one novel mutual information based test with six pub-
lished methods designed to test if there is no difference between the
k -samples′ densities.

4 Results

4.1 Selection of bandwidth selector

A first goal in this work is the choice of an adequate bandwidth to esti-
mate the kernel densities. 4 A good way to visualize the importance of this
parameter is by the use of plots. Figure 11 shows the true density (black
line), and four density estimates obtained by the choice of the four different
bandwidths presented in section 2.1.
As we can see in the plot, the blue stretched lines, representing the density
estimator obtained by the method of Sheather and Jones, follows the data
very well, but in some cases its smoothness is reduced. We decide to start
using the most common used bandwidth and default in R, bw.nrd0, repre-
sented by the red line in figure 11, and keep the same chosen bandwidth
during the study.
The data samples in the figure are simulated following the models described
in section 2.5, and the decided size for each sample is 25.
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Figure 11: This figure shows the true density (black thin line), and four
density estimates obtained by the choice of different band-
widths. Include models 1, 2, 3, 4, 5 and 7
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4.2 Comparison of k-sample test

In this section we describe the implementation of the distance measures
defined in 2.2, but here for the special case when k = 3.

4.2.1 Published tests

Among the old test, we consider the tests based on Common Area, L1, L2,
S and Kolmogorov-Smirnov. These test have already been compared by
Mart́ınez Camblor in a work published in 2008.[12]
For k = 3 we have:

• CommonArea:

AC3 =
∫

min{fn1(t), fn2(t), fn3(t)}dt

• L1:

L1,3 =
1
n

3∑
i=1

ni

∫
|fni(t)− fn(t)|dt

• L2:

L2,3 =
1
n

3∑
i=1

ni

∫
(fni(t)− fn(t))2dt

• S:

S3 =
1
n

3∑
i=1

ni sup
t
|fni(t)− fn(t)|

• Kolmogorov − Smirnov:

KS = sup
t

3∑
i=1

ni(Fni(t)− Fn(t))2

there fi and Fi are the KDE respective ECDF, as defined before.

4.2.2 New tests

As new test we include the implementation of Mutual Information and sym-
metric Kullback-Leibler. Mutual information for k = 3 has been defined in
2.4i. A description of the symmetric Kullback-Leibler with three samples is
presented here.
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• Kullback-Leibler based test
The implementation of the symmetric Kullback-Leibler distance used
in this study, for three samples x1, x2 and x3, with densities f1, f2

and f3 is:

DKLf1,f
+DKLf,f1

2
+
DKLf2,f

+DKLf,f2

2
+
DKLf3,f

+DKLf,f3

2

where f represents the joint density and KLfi,f (as well as KLf,fi
),

i = {1, 2, 3} are the Kullback-Leibler distance as defined before in
section 2.2.6.

Observe that the Kullback-Leibler distance is contained in the measure
of mutual information. Putting for example P (y = 1) = 1 in 2.4i one
can identify the definition of the Kullback-Leibler distance given in
section 2.2.6.

4.2.3 Table of results

As described before, the pvalue, obtained by permutation test, is compared
with α (chosen in this work as 0.05). If the resulting pvalue ≤ α, the null
hypothesis, H0 : f1 = f2 = f3, is rejected.
Assume that we simulate three data samples following model 1, that is, we
draw three data samples from the standard normal distribution. In this
case, we expect a pvalue ≥ α, and consequently we can not reject H0. But,
if the permutation test is performed T times, one can observe that in some
cases the resulting pvalue ≤ α and we have to reject the null hypothesis,
even in our example. We can calculate the number of times when the null
hypothesis is rejected (#pvalues ≤ α). The rejection proportion

Power = P (detection) =
#(pvalues ≤ α)

T

is the power of the test.
In our example, when the three samples are drawn from the same distribu-
tion, we expect a rejection proportion with a very small value. The accepted
threshold in this study is 0.05, meaning that, there is a 5% significance of
rejecting the null hypothesis, when it is true. Then, for model 1, we want

#(pvalues ≤ α)
T

≤ 0.05

However, for the other models we want a rejection proportion much closer
to 1.
In this work, a simulation study is conduced 2300 times in order to com-
pare the robustness of k -samples tests based on L1, L2, S, KS and AC
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as old methods or published methods (see Mart́ınez Camblor, 2008 [12])
and including two new tests based on Mutual Information and symmetric
Kullback-Leibler.

Table 3 shows the rejection proportion for T = 2300, where each pvalue

is obtained by re sampling the data 199 times. The test is conducted for
six combinations of different sample sizes, which can be: n = 25, n = 50,
n = 75, n = 100 and n = 150. The first column in the table gives information
about the sizes of the samples. At the first row for example, one can read
25 25 25, telling that the sample sizes are n1 = n2 = n3 = 25.
Samples x1 and x2 are drawn from the standard normal distribution. The
third sample, x3, follows one of the models described in section 2.5. The
model for the third sample is indicated in the second column.
The variables on the first row designate the used distance measure. They
stand for:

• AC: Common Area

• L1: L1 norm

• L2: L2 or Euclidean

• KS: Kolmogorov-Smirnov

• KL: Kullback-Leibler

• S: S distance

• MI: Mutual Information

We expect a rejection proportion less or equal to 0.05 for model 1, when
for the other models we want a value as closer as possible to 1. As we can
see in table 3, in general MI achieves good results for all models compared
with the other methods, showing a low rejection proportion for model 1 and
the highest or almost highest value for the rest of the models.
For small samples and even for samples of different sizes as the case when
n1 = 25 and n2 = n3 = 50, MI seems to keep good performance. As
expected, one can observe the MI and KL results are very similar.
For the sizes n1 = 25, n2 = 50 and n3 = 75, AC is noticeable, giving the
lowest rejection proportion for model 1. Otherwise, for models 2 to 7, the
results given by L1 are remarkable, with values 0.07 and 1.00 respectively,
very closer with the ones obtained by MI. Even in the next block of sizes,
for n1 = n2 = n3 = 50, AC gives better results for model 1, otherwise, are
KS and MI comparable.
The two last blocks of sizes present almost the same pattern of results.
MI dominates and KL, KS and L1 are next best. On the other hand, S
perform very poorly in most of the cases. We can even see that, densities
that are close to each other in location and shape, as in Model 2, are harder
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to detect by AC comparing with MI.Moreover, one can observe a notable
improvement of the test based on MI when the sample sizes increase.

samples sizes AC L1 L2 KS KL S MI
25 25 25 Model 1 0.05 0.04 0.05 0.04 0.06 0.04 0.03

Model 2 0.15 0.16 0.12 0.09 0.25 0.12 0.18
Model 3 0.57 0.57 0.50 0.72 0.66 0.34 0.57
Model 4 0.35 0.40 0.31 0.51 0.51 0.21 0.53
Model 5 0.90 0.91 0.90 0.91 1.00 0.82 0.91
Model 6 0.57 0.60 0.57 0.20 0.83 0.50 0.66
Model 7 0.84 0.86 0.75 0.91 0.99 0.50 1.00

25 50 50 Model 1 0.04 0.05 0.05 0.04 0.04 0.06 0.05
Model 2 0.08 0.10 0.09 0.05 0.14 0.10 0.11
Model 3 0.73 0.86 0.76 0.87 0.84 0.61 0.87
Model 4 0.36 0.52 0.40 0.60 0.44 0.29 0.52
Model 5 1.00 1.00 1.00 1.00 1.00 0.98 1.00
Model 6 0.68 0.84 0.74 0.34 0.91 0.69 0.91
Model 7 0.99 1.00 0.99 1.00 1.00 0.90 0.99

25 50 75 Model 1 0.04 0.05 0.05 0.05 0.05 0.05 0.05
Model 2 0.06 0.07 0.07 0.04 0.09 0.07 0.08
Model 3 0.71 0.91 0.79 0.85 0.88 0.63 0.86
Model 4 0.30 0.53 0.40 0.53 0.43 0.29 0.46
Model 5 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Model 6 0.65 0.90 0.76 0.36 0.91 0.73 0.88
Model 7 1.00 1.00 1.00 1.00 1.00 0.98 1.00

50 50 50 Model 1 0.05 0.05 0.05 0.05 0.05 0.05 0.06
Model 2 0.06 0.07 0.06 0.06 0.09 0.06 0.10
Model 3 0.82 0.83 0.78 0.90 0.88 0.59 0.89
Model 4 0.40 0.43 0.37 0.64 0.40 0.22 0.54
Model 5 1.00 1.00 1.00 1.00 1.00 0.95 1.00
Model 6 0.76 0.80 0.75 0.36 0.91 0.68 0.89
Model 7 1.00 1.00 1.00 1.00 1.00 0.91 1.00

50 100 100 Model 1 0.05 0.05 0.05 0.05 0.04 0.05 0.05
Model 2 0.06 0.06 0.06 0.06 0.06 0.06 0.07
Model 3 0.83 0.93 0.86 0.90 0.87 0.72 0.93
Model 4 0.37 0.51 0.39 0.65 0.41 0.24 0.52
Model 5 1.00 1.00 1.00 1.00 0.94 0.99 1.00
Model 6 0.71 0.86 0.76 0.37 0.85 0.71 0.94
Model 7 1.00 1.00 1.00 1.00 0.94 1.00 1.00

50 100 150 Model 1 0.05 0.05 0.04 0.05 0.04 0.04 0.05
Model 2 0.06 0.07 0.06 0.06 0.05 0.05 0.06
Model 3 0.78 0.91 0.86 0.85 0.93 0.73 0.96
Model 4 0.38 0.60 0.46 0.64 0.50 0.31 0.52
Model 5 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Model 6 0.66 0.86 0.75 0.34 0.93 0.68 0.93
Model 7 1.00 1.00 1.00 1.00 1.00 1.00 1.00

Table 3: Rejection proportion after 2300 simulations
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5 Comments and future work

We have investigated seven methods designed to test if there is any dif-
ference between k -densities estimated from a k -sample. We include the
Kolmogorov-Smirnov method, based on the empirical distribution function,
while the other methods are all build on kernel density estimator.
Among the already published methods, we include those based on L1, L2,
Kolmogorov-Smirnov, S and Common Area, the last one introduced by
Martinez-Camblor in a study published in 2008.
In this work, the implementation of these and two new methods has been
done, and a simulation study has been conducted in order to investigate the
behavior of the test statistic obtained by the use of these methods. The two
new methods added here are: Mutual Information and symmetric Kullback-
Leibler.
Three samples of simulated data has been drawn from a combination of seven
models and five different simple sizes. The pvalues are obtained by permuta-
tion test, re sampling the data 199 times. This procedure, both simulation
of data samples and permutation test, is preformed 2300, in order to eval-
uate the power of these methods. The rejection percentages corresponding
to these 2300 simulations, are obtained after a value of risk fixed to 0.05.
To carry out a test of power is very time demanding process. The use of
parallel processors became unavoidable to reduce the required amount of
time for the calculations.

For the models presented in this study it seems that Mutual Information
presents a very good performance. It loses some power when the samples
are of different sizes, but this reduction is very light. It is a method relative
easy to implement. It seems to be a good method for both small and large
sample sizes, and this performance increase notably when the simple sizes
become little larger. Otherwise, for small samples, AC holds good results,
particularly when the densities have not the same location or shape.
In general, we can say that k -sample test based on kernel density estima-
tion, and specially the method of Mutual Information seems to be a powerful
method and deserve to be further analyzed, and even implemented as sta-
tistical tool.
A comment on this work is a possible improvement of the comparative study
by obtaining better densities estimators. The way can be:

• The use of other bandwidths algorithms as for example, adaptive ker-
nel density estimator. [2]

• Analyze the densities at the end points by for example applying spline
approximation. In this way, the distances measures that include these
points can be better defined. [20]
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• Comparison with larger number of simulations.

To evaluate the robustness of the methods it is necessary to perform a sim-
ulation study comprising a wider class of models.

An other very important item of investigation is the use of the method
of Mutual Information as a tool when designing decision tree classifiers.
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A R code

The most important part of the code used in this work is available here. It is
written in the statistical programing language R. The functions GetModel.R,
permute3.R, test3ks.R, KL.R, testStatisticUnivariateS.R and MInf.R have
to be executed before the function Pvalue.R with which the permutation test
is preformed. The cod with names Run0.R to Run6.R execute the models
separately, showing results from the different methods used in this study.
The available codes are:

GetModel.R
permute3.R
test3ks.R
KL.R
testStatisticUnivariateS.R
MInf.R
Pvalue.R
Run0.R

#################################################################################
### This function generates data from model 1 to 7 and model MG
(the las one is used as example to
describe the \textit k-sample test using Mutual Information.
Input: list N with the sizes of the samples.
Output: list of data samples

GetModel <- function(N, model = model, ...){

x <- lapply(N, rnorm)
names(x) <- list("x1", "x2", "x3")

n <- N[[1]][1] + N[[2]][1] + N[[3]][1]
a <- 6*n^(-0.5)

switch(model,
"M0" = {
# x <- lapply(N, rnorm)
# names(x) <- list("x1", "x2", "x3")
res <- list(x1 = x$x1, x2 = x$x2, x3 = x$x3)
#return(res)
},
"M1" = {
# x <- lapply(N, rnorm)
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# names(x) <- list("x1", "x2", "x3")
# n <- N[[1]][1] + N[[2]][1] + N[[3]][1]
# a <- 6*n^(-0.5)

x4 <- (1-a)*rnorm(N[[3]][1]) + a*rnorm(N[[3]][1], 0, 2)
res <- list(x1 = x$x1, x2 = x$x2, x3 = x4)
#return(res)
},
"M2" = {
# x <- lapply(N, rnorm)
# names(x) <- list("x1", "x2", "x3")
# n <- N[[1]][1] + N[[2]][1] + N[[3]][1]
# a <- 6*n^(-0.5)

x5 <- (1-a)*rnorm(N[[3]][1]) + a*rnorm(N[[3]][1], 1, 1)
res <- list(x1 = x$x1, x2 = x$x2, x3 = x5)
#return(res)
},
"M3" = {
x6 <- (1-a)*rnorm(N[[3]][1]) + a*rnorm(N[[3]][1], 1, 2)
res <- list(x1 = x$x1, x2 = x$x2, x3 = x6)
#return(res)

},
"M4" = {
x7 <- (1-a)*rnorm(N[[3]][1]) + a*rnorm(N[[3]][1], 3, 3)
res <- list(x1 = x$x1, x2 = x$x2, x3 = x7)
},
"M5" = {
x8 <- (a/2)*rnorm(N[[3]][1], -2, 0.5) +

(1-a)*rnorm(N[[3]][1], 0, 1) + (a/2)*rnorm(N[[3]][1], 2, 1)
res <- list(x1 = x$x1, x2 = x$x2, x3 = x8)
},
"M6" = {
x9 <- (1-a)*rnorm(N[[3]][1]) + rchisq(N[[3]][1],2)
res <- list(x1 = x$x1, x2 = x$x2, x3 = x9)
},
"MG" = {
### datagenerering P(y = 70%), P(y = 20%), P(y = 10%)

X <- runif(n, 0, 1)

G <- cut(X, breaks = c(0, 0.7, 0.8, 1), include.lowest =
TRUE, right = TRUE)

x <- seq(1, length(X), 1)
Data <- as.data.frame(cbind(x, X, G))
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dat1 <- X[Data$G == 1]
dat2 <- X[Data$G == 2]
dat3 <- X[Data$G == 3]

x10 <- rnorm(length(dat1), 0, 1)
x11 <- rnorm(length(dat2), -1, 1)
x12 <- rnorm(length(dat3), 1, 1)
res <- list(x1 = x10, x2 = x11, x3 = x12)

},

)
return(res)

}

##########################################################################
### Permute three samples of data.
Input: data samples x1, x2 and x3
Output: list of permuted data samples.

permute3 <- function(x1, x2, x3, ...){

Y <- c(x1, x2, x3)
X <- sample(Y, replace = FALSE)
x1 <- X[1 : length(x1)]
x2 <- X[(length(x1) + 1) : (length(x1) + length(x2))]
x3 <- X[(length(x1) + length(x2) + 1) : length(Y)]
res <- list(x1 = x1, x2 = x2, x3 = x3, X = X)
class(res) <-"permute3"
return(res)

}

###########################################################################
## Calculate the Kolmogorov-Smirnov distance between three ECDF.
##Input: data samples x1, x2 and x3.
##Output: the KS distance

test3ks <- function(x1, x2, x3){

## Joint distribution
X <- c(x1, x2, x3)
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## Find the cumulative function
Fx1 <- ECDF(x1)
Fx2 <- ECDF(x2)
Fx3 <- ECDF(x3)
FX <- ECDF(X)

## Find the observed range
tt <- seq(min(X), max(X), by = 0.01)

## Take the difference
n1 <- length(x1)
n2 <- length(x2)
n3 <- length(x3)
d1 <- n1*((Fx1(tt) - FX(tt))^2)
d2 <- n2*((Fx2(tt) - FX(tt))^2)
d3 <- n3*((Fx3(tt) - FX(tt))^2)
d <- cbind(d1, d2, d3)
row.sums <- apply(d, 2, sum)

## statistics
D <- max(row.sums)

##return results
res <- list(D = D)
class(res) <- "test3ks"
return(res)
}

###############################################################
KL function calculate the symmetric Kullback-Leibler distance
between three \textit{KDE}.
Input: list of three data samples
Output: the KL-distance.

### KL function, symmetric

KL <- function(x){

### densities
d1 <- density(x[[1]])
d2 <- density(x[[2]])
d3 <- density(x[[3]])
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### interpolation with approxfun
f1 <- approxfun(d1$x, d1$y, yleft = 0, yright = 0)
f2 <- approxfun(d2$x, d2$y, yleft = 0, yright = 0)
f3 <- approxfun(d3$x, d3$y, yleft = 0, yright = 0)

### joint density and function
d <- density(c(x1, x2, x3))
f <- approxfun(d$x, d$y, yleft = 0, yright = 0)

### support
xMin <- min(d1$x, d2$x, d3$x, d$x)
xMax <- max(d1$x, d2$x, d3$x, d$x)
support <- seq(xMin, xMax, length.out = 10000)

f <- ifelse(f(support) == 0, .Machine$double.eps^0.5, f(support))
f1 <- ifelse(f1(support) == 0, .Machine$double.eps^0.5, f1(support))
f2 <- ifelse(f2(support) == 0, .Machine$double.eps^0.5, f2(support))
f3 <- ifelse(f3(support) == 0, .Machine$double.eps^0.5, f3(support))

### distances
dist1a <- f1* log(f1 / f)
dist1b <- f * log(f / f1)

dist2a <- f2 * log(f2 / f)
dist2b <- f * log(f / f2)

dist3a <- f3 * log(f3 / f)
dist3b <- f * log(f / f3)

### function of distances
dist1af0 <- approxfun(support, dist1a, yleft = 0, yright = 0)
dist1bf0 <- approxfun(support, dist1b, yleft = 0, yright = 0)

dist2af0 <- approxfun(support, dist2a, yleft = 0, yright = 0)
dist2bf0 <- approxfun(support, dist2b, yleft = 0, yright = 0)

dist3af0 <- approxfun(support, dist3a, yleft = 0, yright = 0)
dist3bf0 <- approxfun(support, dist3b, yleft = 0, yright = 0)

### integrate by sum
delta <- support[2] - support[1]
i1a <- sum(dist1af0(support) * delta)
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i1b <- sum(dist1bf0(support) * delta)
i1 <- (i1a + i1b) / 2

i2a <- sum(dist2af0(support) * delta)
i2b <- sum(dist2bf0(support) * delta)
i2 <- (i2a + i2b) / 2

i3a <- sum(dist3af0(support) * delta)
i3b <- sum(dist3bf0(support) * delta)
i3 <- (i3a + i3b / 2)

n1 <- length(x1)
n2 <- length(x2)
n3 <- length(x3)
N <- n1 + n2 + n3
I <- (n1 * i1 + n2 * i2 + n3 * i3) / N #Teststatistic

### results
res <- list(I = I)
class(res) <- "KL"
return(res)
}

#################################################################################
## This function calculates the L1, L2, KL (no symmetric), S and AC
distances between \textit{KDE}, using
## two or more data samples. It uses integration by sum.
## input: x - list of data samples
## type - chosen method. The possibilities are:
## L1 (L1 or Norm distance)
## L2 (L2 or Euclides)
## KL (Kullback-Leibler)
## S (S distance)
## AC (Common Area)
## Output: the calculated distance.

testStatisticUnivariateS <-
function(x, type = c("L1", "L2", "KL", "S", "AC"),

ip.method = c("linear", "spline"),
spline.type = c("natural", "fmm", "periodic", "monoH.FC"),
grid.size = 10000, subdivisions = 500,
tol = .Machine$double.eps^0.5, ...) {

## Basic sanity checks
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## <FIXME> More needed! E.g. check that ’length(x) >= 2’ </FIXME>
if (!is.list(x))

stop("x must be an object of class ", sQuote("list"))

## Argument matching
type <- match.arg(type)
ip.method <- match.arg(ip.method)
spline.type <- match.arg(spline.type)

## Interpolation function constructor
interpolate <- switch(ip.method,

"linear" = function(x, y) {
f <- approxfun(x, y, yleft = 0, yright = 0)
return(f)

},
"spline" = function(x, y) {

f <- splinefun(x, y, method = spline.type)
return(f)

})

## Estimated probability density function constructor
epdf <- function(x, range.type = c("kde", "x"), ...) {

## Argument matching
range.type <- match.arg(range.type)

## Construct density function
kde <- density(x, ...)
f <- interpolate(kde$x, kde$y)

## Return result conditional on ’range.type’
## <FIXME> Use ’range’ instead? </FIXME>
res <- switch(range.type,

"kde" = list(f = f, n = length(x), min = min(kde$x),
max = max(kde$x)),

"x" = list(f = f, n = length(x), min = min(x), max = max(x)))
return(res)

}

## Distance function constructor
distance <- function(x, ...) {

pdf_i <- lapply(x, epdf, ...)

## <FIXME> Change to ’switch’ here? </FIXME>
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if (type == "AC") {
xMin <- min(sapply(pdf_i, function(x) x$min))
xMax <- max(sapply(pdf_i, function(x) x$max))
support <- seq(xMin, xMax, length.out = grid.size)
## <FIXME> Get rid of ’min’/’max’ and use ’range’ instead
## xRange <- ...
## support <- seq(xRange[1], xRange[2], length.out = grid.size)
## </FIXME>

} else {
pdf_n <- epdf(unlist(x), ...)

n <- sapply(pdf_i, function(x) x$n)
N <- pdf_n$n

xMin <- min(c(sapply(pdf_i, function(x) x$min), pdf_n$min))
xMax <- max(c(sapply(pdf_i, function(x) x$max), pdf_n$max))
support <- seq(xMin, xMax, length.out = grid.size)
## <FIXME> Get rid of ’min’/’max’ and use ’range’ instead
## xRange <- ...
## support <- seq(xRange[1], xRange[2], length.out = grid.size)
## </FIXME>

}

DISTANCE <- switch(type,
"S" =,
"L1" = {

lapply(pdf_i, function(pdf_i) {
d <- abs(pdf_i$f(support) - pdf_n$f(support))

## Find and remove zero distance points
## <FIXME> Put this in a function outside this call </FIXME>
## notZero <- (d > tol)
## if (!all(notZero)) {
## d <- d[notZero]
## support <- support[notZero]
## }

## Contruct distance function
f <- interpolate(support, d)

## Return results
supportRange <- range(support)
res <- list(f = f, min = supportRange[1],

max = supportRange[2])
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return(res)
})

},
"L2" = {

lapply(pdf_i, function(pdf_i) {
d <- (pdf_i$f(support) - pdf_n$f(support))^2

## Find and remove zero distance points
## <FIXME> Put this in a function outside this call </FIXME>
## notZero <- (d > tol)
## if (!all(notZero)) {
## d <- d[notZero]
## support <- support[notZero]
## }

## Contruct distance function
f <- interpolate(support, d)

## Return results
supportRange <- range(support)
res <- list(f = f, min = supportRange[1],

max = supportRange[2])
return(res)

})
},
"KL" = {

#f_nonZero <- ifelse(pdf_i$f(support) == 0,
.Machine$double.eps^0.5, pdf_i$f(support))

lapply(pdf_i, function(pdf_i) {
## pdf_n_Eval <- pdf_n$f(support)
## d <- pdf_n_Eval * log(pdf_n_Eval / pdf_i$f(support))

# Since f can be 0 => log(0) = Inf
# => Cannot integrate!

pdf_i_Eval <- pdf_i$f(support)
#d <- pdf_i_Eval * log(pdf_i_Eval / pdf_n$f(support))

d <- abs(pdf_i_Eval * log(pdf_i_Eval /
pdf_n$f(pdf_i$f(support) > .Machine$double.eps^0.5))
)

## Find and remove zero distance points
## <FIXME> Put this in a function outside this call </FIXME>
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## notZero <- (d > tol)
## if (!all(notZero)) {
## d <- d[notZero]
## support <- support[notZero]
## }

## Contruct distance function
f <- interpolate(support, d)

## Return results
supportRange <- range(support)
res <- list(f = f, min = supportRange[1],

max = supportRange[2])
return(res)

})
},
"AC" = {

d <- apply(sapply(pdf_i, function(pdf_i) pdf_i$f(support)), 1, min)

## Find and remove zero distance points
## <FIXME> Put this in a function outside this call </FIXME>
## notZero <- (d > tol)
## if (!all(notZero)) {
## d <- d[notZero]
## support <- support[notZero]
## }

## Contruct distance function
f <- interpolate(support, d)

## Return results
supportRange <- range(support)
res <- list(f = f, min = supportRange[1], max = supportRange[2])
return(res)

})

## Return result conditional on ’distance.type’
res <- switch(type,

"S" =,
"L1" =,
"L2" =,
"KL" = list(DISTANCE, n = n, N = N),
"AC" = DISTANCE)

return(res)
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}

## integration by sum
intbysum <- function(x, m, M, ...){
#Isum <- numeric(0)
support <- seq(m, M, length.out = grid.size) #0.0001)
delta <- support[2]- support[1]
Isum <- delta * sum(x(support))

## Return results
res <- list(value = max(Isum))
#class(res) <- "intbysum"
return(res)

}

## Compute distance between distributions
computeStatistic <- function(x, ...) {

res <- switch(type,
"S" = {

d <- distance(x, ...)
s <- sapply(seq_along(x), function(i) {

support <- seq(d[[1]][[i]]$min, d[[1]][[i]]$max,
length.out = grid.size)

sup <- max(d[[1]][[i]]$f(support))
})
sum(d$n * s) / d$N

},
"L1" =,
"L2" =,
"KL" = {

d <- distance(x, ...)
i <- lapply(seq_along(x), function(i)

## integrate(d[[1]][[i]]$f, d[[1]][[i]]$min, d[[1]][[i]]$max,
## subdivisions = subdivisions))
##integrate(d[[1]][[i]]$f, -Inf, Inf,
## subdivisions = subdivisions))

intbysum(d[[1]][[i]]$f, d[[1]][[i]]$min, d[[1]][[i]]$max))
sum(d$n * sapply(i, function(i) i$value)) / d$N

},
"AC" = {

d <- distance(x, ...)
## integrate(d$f, d$min, d$max, subdivisions = subdivisions)$value
#integrate(d$f, -Inf, Inf, subdivisions = subdivisions)$value
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intbysum(d$f, d$min, d$max)$value
})

}

res <- computeStatistic(x, ...)
return(res)

}
#################################################################################

#################################################################################
## Calculate the mutual information between three \textit{KDE
## Input: data samples x1, x2 and x3.
## output: the calculated mutual information.

MInf <- function(x1, x2, x3){

totelem <- length(x1) + length(x2) + length(x3)

### p(y = 0)
P0 <- length(x1)/totelem

### p(y = 1)
P1 <- length(x2)/totelem

### p(y = 2)
P2 <- length(x3)/totelem

### p(x|y = 0)
denx1 <- density(x1)
fx1 <- approxfun(denx1$x, denx1$y, yleft = 0, yright = 0)
x1Min <- min(denx1$x)
x1Max <- max(denx1$x)
x1Support <- seq(x1Min, x1Max, length = 1000)
#integrate(fx1, x1Min, x1Max)

### p(x|y = 1)
denx2 <- density(x2)
fx2 <- approxfun(denx2$x, denx2$y, yleft = 0, yright = 0)
x2Min <- min(denx2$x)
x2Max <- max(denx2$x)
x2Support <- seq(x2Min, x2Max, length = 1000)
#integrate(fx2, x2Min, x2Max)
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### p(x|y = 2)
denx3 <- density(x3)
fx3 <- approxfun(denx3$x, denx3$y, yleft = 0, yright = 0)
x3Min <- min(denx3$x)
x3Max <- max(denx3$x)
x3Support <- seq(x3Min, x3Max, length = 1000)
#integrate(fx3, x3Min, x3Max)

### P(X) joint dist
X <- c(x1, x2, x3)
denX <- density(X)
fX <- approxfun(denX$x, denX$y, yleft = 0, yright = 0)
XMin <- min(denX$x)
XMax <- max(denX$x)
XSupport <- seq(XMin, XMax, length = 1000)
delta <- XSupport[2] - XSupport[1]
#integrate(fX, XMin, XMax)

### first term
Div1 <- ifelse(fx1(XSupport)/fX(XSupport) > 0, fx1(XSupport)/fX(XSupport),
.Machine$double.eps^0.5)
LDiv1 <- log(Div1)
integrand1 <- fx1(XSupport) * LDiv1
I1 <- delta * sum(integrand1)
FirstT <- P0 * I1

### second term
Div2 <- ifelse(fx2(XSupport)/fX(XSupport) > 0, fx2(XSupport)/fX(XSupport),
.Machine$double.eps^0.5)
LDiv2 <- log(Div2)
integrand2 <- fx2(XSupport) * LDiv2
I2 <- delta * sum(integrand2)
SecondT <- P1 * I2

### third term
Div3 <- ifelse(fx3(XSupport)/fX(XSupport) > 0, fx3(XSupport)/fX(XSupport),
.Machine$double.eps^0.5)
LDiv3 <- log(Div3)
integrand3 <- fx3(XSupport) * LDiv3
I3 <- delta * sum(integrand3)
ThirdT <- P2 * I3

### MI
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MInf <- FirstT + SecondT + ThirdT

return(MInf)

}

#################################################################################

#################################################################################
## Call testStatisticUnivariteS, test3ks, KL, and permute3.
## Calculate the p-value after "perm" permutations.
## Input: data samples x1, x2, x3 and the number of permutations.
## Output: list of p-values. Used methods: L1, L2, KL, KS, S, AC.

Pvalue <- function(x1, x2, x3, perm){

areaAC <- numeric(perm)
areaL1 <- numeric(perm)
areaL2 <- numeric(perm)
areaKS <- numeric(perm)
areaKL <- numeric(perm)
areaS <- numeric(perm)

antalAC <- numeric(0)
antalL1 <- numeric(0)
antalL2 <- numeric(0)
antalKS <- numeric(0)
antalKL <- numeric(0)
antalS <- numeric(0)

for (i in 1:perm){
areaAC[i] <- testStatisticUnivariateS(list(x1, x2, x3), type = "AC")
areaL1[i] <- testStatisticUnivariateS(list(x1, x2, x3), type = "L1")
areaL2[i] <- testStatisticUnivariateS(list(x1, x2, x3), type = "L2")

areaKS[i] <- test3ks(x1, x2, x3)$D
areaKL[i] <- KL(list(x1, x2, x3))$I

areaS[i] <- testStatisticUnivariateS(list(x1, x2, x3), type = "S")

X <- permute3(x1, x2, x3)
x1 <- X$x1
x2 <- X$x2
x3 <- X$x3
}
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antalAC <- sum(areaAC <= areaAC[1]) # for AC
antalL1 <- sum(areaL1 >= areaL1[1])

antalL2 <- sum(areaL2 >= areaL2[1])
antalKS <- sum(areaKS >= areaKS[1])
antalKL <- sum(areaKL >= areaKL[1])
antalS <- sum(areaS >= areaS[1])

pAC <- (antalAC)/(perm + 1)
pL1 <- (antalL1)/(perm + 1)
pL2 <- (antalL2)/(perm + 1)
pKS <- (antalKS)/(perm + 1)
pKL <- (antalKL)/(perm + 1)
pS <- (antalS)/(perm + 1)

res <- list(pAC = pAC, pL1 = pL1, pL2 = pL2, pKS = pKS, pKL = pKL, pS = pS)
class(res) <- "Pvalue"
return(res)
}

#######################################################################
## Calculate the power of the test. Methods: L1, L2, KL, KS, Common Area.
## The function Run0 run the test for model 1. Similar functions uses for
## model 2 to model 7.
## Input: "perm" is the number of permutations, "T" is the number of
## simulations.
## Output: list of powers.

Run0 <- function(perm, T){
### model M0(0,0,0)
n1 <- 25
n2 <- 25
n3 <- 25

x1 <- rnorm(n1)
x2 <- rnorm(n2)
x3 <- rnorm(n3)
pvalue <- Pvalue(x1,x2, x3, perm)
pvalueAC <- pvalue$pAC
pvalueL1 <- pvalue$pL1
pvalueL2 <- pvalue$pL2
pvalueKS <- pvalue$pKS
pvalueKL <- pvalue$pKL
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pvalueS <- pvalue$pS

res <- list(pvalueAC = pvalueAC, pvalueL1 = pvalueL1, pvalueL2 =
pvalueL2, pvalueKS = pvalueKS, pvalueKL = pvalueKL,

pvalueS = pvalueS)

class(res) <- "Run0"
return(res)
}

B Test using SJ bandwidth

The appendix B presents a minor study done with the purpose of comparing
results changing the selected bandwidth. One of the most popularly band-
width used for calculating densities by kernel is SJ, introduced by Sheather
and Jones. Given its importance, is of interest to observe if its use, in this
type of test produces results significantly different. For the construction of
this table three samples are used, and in order to be compared to the ob-
tained in the subsection 4.2.3, the tools and procedures are used and followed
as they have been described in this thesis.

sample sizes MI AC
New model 1.00 0.99

25 25 25 Model 1 0.13 0.04
Model 2 0.16 0.06
Model 3 0.91 0.79
Model 4 0.52 0.39
Model 5 1.00 1.00
Model 6 0.89 0.76

50 100 150 New model 1.00 1.00
Model 1 0.04 0.04
Model 2 0.08 0.07
Model 3 0.97 0.82
Model 4 0.56 0.37
Model 5 1.00 1.00
Model 6 0.96 0.70

Table 4: Rejection proportion after 2300 simulations using bandwidth SJ
when calculating the densities.

Explanation of the variables:
MI and AC represent the measures of mutual information and area common
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respectively, and the first column shows the size of the samples.
In this table we have a model called ”new model”. The description of how
the samples are generated following this model is found as an example in
section 2.4.
The reason of taking AC and MI for the realization of this computation is
because in general, they have shown the most promising results in table 3.
The results presented in this appendix give also a first place to mutual
information, except in the case of model 1 for small samples.
Comparing with our first table of results, we can see a significant difference
between the results given by AC for the model 2 for the small size case,
but in general we can also see some improvement in the strength of these
methods, both for MI as AC.
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