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Flowability – as measured by hopper discharge rate, angle of repose and Carr’s index (CI) – 

of surface modified microcrystalline cellulose granules was investigated experimentally. 

Three-dimensional simulations of the granule flow were performed, using the discrete 

element method (DEM), including either sliding and rolling friction or sliding friction and 

cohesion in the model. Granule surface modification with polymer coating and lubrication 

was found to have a significant effect on the sliding friction coefficient. This effect was also 

reflected in the ensuing flow behaviour, as quantified by the experimental discharge rate and 

angle of repose, whereas the results for the CI were inconclusive. The numerical results 

demonstrated that granular flow was qualitatively different for non-cohesive and cohesive 

granules, occurring in the form of individual particles for the former and in larger blocks for 

the latter. Rolling friction and cohesion nevertheless affected the simulated discharge rate in a 

similar manner, producing results comparable to those observed experimentally and 

calculated with the Beverloo equation. The numerical results for the cohesive granules 

demonstrated that cohesion alone was sufficient to produce stable heaps. However, the 

agreement with experimental data was satisfactory only for the non-cohesive granules, 

demonstrating the importance of rolling friction. 

Keywords: Discharge rate, Angle of repose, Discrete Element Method, Rolling and sliding 

friction, Cohesion.
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1  Introduction 

Interparticle forces have a decisive influence on powder flowability (Tykhoniuk et al., 2007). 

Small forces (relative to gravity) offer less resistance to flow and are most often dominating in 

systems comprising coarse spherical particles. In pharmaceutics, free flowing powders are 

rare and granulation is often required to impart the desired properties. Characterization of 

flowability can easily be performed by determining the hopper discharge rate  (Nedderman et 

al., 1982) and angle of repose (Train, 1958). Such methods are simple but commonly used in 

industry and have compendial status (European Pharmacopoeia 7th Ed., 2010). 

 Numerical simulation has lately gained much attention for describing various powder 

processes. The discrete element method (DEM), originally developed by Cundall and Strack 

(1979), enables simulations at the particulate level, where particle positions and velocities are 

traced. The DEM has been used to study both hopper discharge and angle of repose.  

 From a practical point of view, hopper discharge is typically well-described by the 

Beverloo equation, which relates the discharge rate to the effective orifice diameter 

(excluding dead space) to the power of 5/2 (Beverloo et al., 1961). From a more theoretical 

point of view, a number of studies have demonstrated the ability of the DEM to predict 

hopper discharge rate, both for spherical (Anand et al., 2008; Datta et al., 2008; Anand et al., 

2009) and non-spherical particles (Cleary and Sawley, 2002; Tao et al., 2010). Often 2D 

(Datta et al., 2008) or quasi-3D (Anand et al., 2008; Anand et al., 2009) systems have been 

investigated (the latter employing periodic boundary conditions in one spatial direction), but 

examples of fully-3D simulations exist, especially for non-spherical particles (Cleary and 

Sawley, 2002; Tao et al., 2010). The studies demonstrated the dependence of discharge rate 

on hopper angle (Datta et al., 2008) and particle–particle interactions (Anand et al., 2008), 

including cohesion (Anand et al., 2009). When the DEM is used, friction is typically 

accounted for by using effective sliding (and rolling) friction coefficients, a practice that we 
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will adhere to. It is to be noted, however, that stick–slip phenomena may occur when surfaces 

slide against each other, necessitating a distinction between static and kinetic friction 

(Bowden and Tabor, 2001).     

 Although large-scale simulations encompassing up to four million particles have recently 

been described (Bierwisch et al., 2009), numerical studies of the angle of repose have 

typically focused on small systems, comprising a few thousand particles, to save 

computational time (Zhou et al., 1999; Zhou et al., 2001; Zhou et al., 2002; Li et al., 2005). 

Independent of the size of the simulated system, the importance of frictional forces for 

accurate prediction of the angle of repose has been demonstrated. Both the sliding  (Zhou et 

al., 2002; Li et al., 2005) and rolling friction coefficients (Zhou et al., 1999; Zhou et al., 2001; 

Zhou et al., 2002; Bierwisch et al., 2009) significantly affect heap formation and stability. 

Large friction coefficients decrease the kinetic energy of the particles, thereby prohibiting 

their translational and rotational motion. Rolling friction is mostly related to particle shape, 

but a dependence on surface quality and texture exists, as for the sliding friction coefficient. 

Inclusion of both sliding and rolling friction in the DEM model is essential for accurate 

prediction of the angle of repose (Zhou et al., 2001; Zhou et al., 2002), at least for non-

cohesive particles. Whereas 2D or quasi-3D simulations provide adequate predictions of 

hopper discharge rate, the angle of repose typically exhibits a pronounced dependence on 

container thickness (Zhou et al., 2001; Zhou et al., 2002), indicating that fully-3D simulations 

may be required for realistic results. 

 Successful comparative studies between experiments and simulations of powder 

flowability were previously conducted for various materials (Zhou et al., 2002; Li et al., 2005; 

Datta et al., 2008; Bierwisch et al., 2009). The studies most frequently focused on coarse glass 

beads and metal powders, whereas pharmaceutical materials received little attention. 
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However, related processes have been investigated by researchers in the pharmaceutical field, 

in particular particle packing  and die filling  (Siiriä and Yliruusi, 2007; Wu, 2008).  

 The main objective of this work was to appraise the capability of DEM to predict 

flowability for a pharmaceutically relevant yet relatively simple model material, granulated 

microcrystalline cellulose (MCC). The granule surfaces – and hence the interparticle forces  – 

were modified by tacky polymer films (Chalykh et al., 2002) and by lubrication. A standard 

flow testing instrument was used to determine the discharge rate and angle of repose in a 

combined experiment. These two measures of flowability were extracted from analogous 

simulations, with the geometry and number of particles chosen to match the experimental 

work, resulting in fully-3D simulations of an intermediate sized system. A parametric study 

was performed to further asses the influence of sliding/rolling friction and cohesion on the 

discharge rate and angle of repose and to see whether cohesion alone may have a similar 

stabilizing effect on heaps as rolling friction.  

 

2  Discrete element model 

For simplicity, a linear cohesive model of the type described by Asmar et al. (2002) was used 

in the simulations. Rolling torques were included, as suggested by Zhou et al. (1999). 

 

2.1  Kinematics   

Assuming spherical particles, each particle i  is characterized by its radius ( iR ), mass ( iM ), 

centre-of-mass position ( ix ), linear velocity ( iv ), and angular velocity ( iω ). Focusing on 

contact between two particles 1 and 2  (Fig. 1), the relative position vector 2112 = xxx −  is 

used to determine particle normals ( in̂ ) as  
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tangential overlaps, which are defined as 1221n = x−+ RRδ  and 12t = uδ . Here, 12u  is the 

tangential displacement of particle 1 relative to particle 2 , initialized as zero when the 

particles first touch and during the lifetime of the contact updated via  
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where 1=s  for stick and 0=s  for slip (see below) and the superposed dot denotes the time 

derivative. The second term in Eq. (3) takes into account changes in 12u  that occur when both 

particle rotate around a common axis (Luding, 2008). Based on the tangential relative 

displacement, tangential unit vectors ( it̂ ) are introduced as  

 
12

12
21 =ˆ=ˆ

u
utt − . (4) 

Note that the sign conventions used in Eqs. (1) and (4) are such that repulsive normal and 

frictional tangential forces on particle 1 are directed along the negative 1n̂  and 1t̂  directions. 

 

2.2  Forces 

The force 12F  on particle 1 caused by particle 2  may generally be expressed as  
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where nf  and tf  are scalar elastic normal and tangential forces and nc  and tc  are normal and 

tangential damping coefficients. 

 

2.2.1  Normal elastic forces 

Overlapping particles ( 0>nδ ) are assumed to experience a repulsive normal force of 

magnitude  

 ,= nnn δKf  (6) 

where nK  is a normal stiffness. In addition, cohesive particles in close proximity are assumed 

to attract each other. In this case, Eq. (6) is applied for all )/(=> cnc
min
nn KKRK +∆−δδ , 

where cK  is a cohesive stiffness and R∆  is a cut-off distance (Fig. 2). In addition,  

 )(= ncn RKf ∆+− δ  (7) 

when min
nn << δδR∆− . It may be noted that the maximal attractive force has magnitude 

)/(== cncn
min

nc KKRKKff +∆− , and this value may be used to calculate the granular 

Bond number (Nase et al., 2001) as gcg /=Bo ff , where gf  is the magnitude of the force due 

to gravity. 

 

2.2.2  Tangential elastic forces 

Tangential forces are experienced by overlapping particles only. In accordance with Coulomb 

friction, we set  

 ),(min= nsttt fKf µδ  (8) 

where tK  is a tangential stiffness and sµ  is a sliding friction coefficient. Thus particles stick 

to each other when nstt fK µδ < and slip when nstt > fK µδ . 
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2.2.3  Contact damping 

Normal contact damping is applied whenever two particles interact, with a damping 

coefficient neffnn 2= KMc γ , where nγ  is a predetermined fractional damping coefficient 

and )/(= 2121eff MMMMM +  is the effective mass. Tangential damping is applied only when 

stick occurs, in which case tefftt 2= KMc γ , with tγ  being the fractional tangential damping 

coefficient. 

 

2.3  Torques 

The torque  12T  on particle 1 caused by contact with particle 2  is determined as  

 1nr12112 ˆ= ωFrT fµ−×  (9) 

where the first term corresponds to the standard torque caused by the contact force 12F . The 

second term represents a rolling torque (Zhou et al., 1999), with rµ  being a rolling friction 

coefficient and 111 /=ˆ ωωω  an appropriate unit vector.  

 

2.4  Equations of motion 

For spherical particles, balance of linear and angular momentum may be expressed as  

 iiiM Fv = , (10) 

 iiiI Tω = , (11) 

where 2(2/5)= iii RMI  is the moment of inertia. The total force iF  on particle i  has 

contributions from gravity and contact with other particles and confining surfaces (when 

appropriate). The total torque iT  is similarly assembled from contact contributions. The 
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equations of motion are integrated explicitly as per the standard DEM (Cundall and Strack, 

1979). 

 

3  Materials and methods 

3.1  Materials 

MCC granules, Cellets® 350 (hereafter referred to as uncoated granules), with a size 

distribution of 350–500 µm were purchased from HARKE Pharma GmbH, Germany. 

Polyethylene glycol 6000 (Sigma-Aldrich, Germany) and Kollidon® 17 PF (BASF, 

Germany), hereafter referred to as PEG and PVP. The apparent particle density (n=2) of MCC 

(1.57 g/cm3), PEG (1.23 g/cm3) and PVP (1.19 g/cm3) were measured with helium 

pycnometry (AccuPyc 1330, Micrometrics, USA). Magnesium stearate was used as lubricant.  

 

3.2  Granule surface modification 

The interparticle forces were modulated by modifying the granule surfaces with PEG, PVP 

and magnesium stearate.  

 Granules, in an amount of 200 g, were coated with 24 g of various proportions of PEG and 

PVP (Table 1) using a fluid bed coater (STREA-1, Aeromatic, Muttenz, Switzerland) 

equipped with a 20 cm Wurster column and a 0.5 mm spray nozzle. The polymer amounts 

used would produce a nominal film thickness, h, of 10 µm, as obtained from the equation 

  hVSw V ⋅⋅⋅= mixmix ρ ,    (12)  

where wmix and ρmix are the weight and apparent density of the polymers in the coating liquid, 

SV is the nominal volume specific surface area of the granules (determined from their average 

size 425 µm) and V is the total effective volume of the granules (Tunón et al., 2003). For 

solutions containing both PEG and PVP the apparent particle density was calculated as 

described earlier (Jerwanska et al., 1995). The atomizing pressure was set to 1.0 bar to 
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produce a mist, which was evenly distributed over the granules. The spray rate ~ 1 ml/min 

was chosen to reduce the likelihood that granules formed secondary agglomerates. After 

coating, the granules were first dried in the air flow for 3 minutes and secondly at room 

temperature for a minimum of 5 days before sieving to remove agglomerates larger than 710 

µm.  

 In order to decrease the interparticle forces, 200 g granules were mixed with 0.2 g 

magnesium stearate in a Turbula mixer (Willy A. Bachofen, Basel, Switzerland) for 100 

minutes at 96 rpm.  

 The granules were stored in a desiccator at 40 % RH (over a saturated K2CO3 solution) at 

room temperature (~20 ºC) for at least 5 days before any measurements were performed. 

 

3.3  Granule characterization 

3.3.1 Granule size 

Granules were carefully spread out and separated on a flatbed scanner (Epson Perfection 

1640SU Scanner, Seiko Epson Corp., Japan) and covered by a black background (n>1000). 

Images (1600 dpi) were captured and analyzed using ImageJ (Abramoff et al., 2004). The 

granules were assumed spherical and the granule diameter was calculated from the measured 

projected area.  

 

3.3.2  Particle density 

The apparent particle density was calculated in the same manner as the polymer densities. The 

effective particle density (including both open and closed pores) was measured with mercury 

pycnometry (Autopore III 9420, Micrometrics, USA) as described earlier (n=2) (Wikberg and 

Alderborn, 1990). To facilitate the degassing step the granules were stored in a desiccator at 

low relative humidity (over silica gel) at room temperature for at least 5 days prior to the 
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analysis. The porosity was calculated as one minus the ratio between the effective and 

apparent particle densities.  

 

3.3.3  Bulk density 

Granules (39–45 g) were manually poured through a funnel into a measuring cylinder (21.7 

mm diameter) and weighed (Delta Range B3002, Mettler Toledo, Switzerland) to obtain the 

bulk density, ρbulk (n=3). The granule bed was subjected to 500 taps (PharmaTest, PT-TD, 

Hainburg, Germany) to determine the tap density, ρtap. 500 taps were considered adequate 

because all significant changes in powder volume occurred during the first 100 taps.   

 

3.3.4  External surface area 

Steady-state air permeametry (n=3) was used to determine the volume specific external 

surface area for all granule types. The granules were poured into a cylinder with a height and 

diameter of 150 mm and 11.47 mm, respectively, and both the weight and height were 

recorded. The cylinder was connected to a pump, which controlled the air flow rates through 

the granule bed (Brook flow meter, Brook Instruments B. V., the Netherlands). The pressure 

in the granule bed was measured from high to low air flow with a manometer (P 200 S, 

Digitron Instrumentation Ltd, UK). The area was calculated as described earlier using the 

Kozeny-Carman equation and an aspect factor of 6 (Eriksson et al., 1993).  

 

3.3.5  SEM images 

Scanning electron microscopy, SEM, images of the granules were acquired to enable 

visualization of the shape and surface of the coated particles. The granules were first attached 

onto metal stubs by double-adhesive tape and then sputtered with gold (JEOL JFC-1100, 

Tokyo, Japan). The images were captured at three magnifications, low (71–73 ×), medium 
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(280–370 ×) and high (10 000 ×), using the SEM microscope (LEO 1530 Gemini, Leo, UK) at 

an accelerating voltage of 3.0 kV.  

 

3.3.6  Sliding friction coefficients 

Sliding friction coefficients between different types of granules and both smooth MCC tablets 

and regular paper were determined with a sloping plane, as a simple means of assessing 

friction against cellulose surfaces of different roughness. Tablets (20mm Ø) were compressed 

with a materials tester with a maximal applied force of 50 kN (Zwick Z100, Zwick/Roell 

GmbH & Co. KG, Ulm, Germany). A granular monolayer (n=10) was attached to adhesive 

tape and placed under normal load onto a tablet (n=10) or a piece of paper (n=60) fixed to the 

plane. The plane was connected by a string to a texture analyzer (TA HDi Texture Analyser, 

Stable Micro Systems, UK) at one end and hinged to a table at the other end. The height at 

which the plane obtained a slope where the granules began to slide was measured. The height 

was used for calculations of the plane angle, θ, which was the basis for determination of the 

sliding friction coefficient, µs=tan θ. 

 

3.4  Flowability measurements 

3.4.1  Carr’s index 

The bulk and the tapped densities were used for calculation of Carr’s compressibility index, 

CI (Carr, 1965):      

  100×
−

=
tap

bulktapCI
ρ
ρρ

.   (13) 

  

3.4.2  Hopper discharge rate and angle of repose 
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The experimental determination of flowability was performed by using a Pharma Test PTG-2 

(Hainburg, Germany) flow testing instrument that measured flow times and angles of repose 

in a single experiment. As illustrated in Fig. 3, the instrument basically consisted of a 

cylindrical–conical hopper, a conical nozzle, and a circular collector plate made of 

polyoxymethylene plastic. In addition, a cylindrical cavity was present in between the nozzle 

and the “release flap,” which closed the lower orifice during filling and was removed when 

the experiment started. 13 ml of granules were used in each experiment (n=3). The discharge 

rate was determined as the ratio between the bulk mass of discharged granules and the flow 

times.  

 

3.5 Flow simulations 

The same geometrical setup as in the experiments (Fig. 3) was used for the simulations. Flow 

of non-cohesive granules was simulated for a range of sliding and rolling friction coefficients. 

Particle–wall interactions are known to have a relatively minor impact on the flow, due to 

limited contact between the particles and the wall (Anand et al., 2008), and the frictional force 

has been claimed to depend primarily on the particle properties rather than on the substrate 

surface properties (Podczeck et al., 1995). For these reasons, the friction coefficients were 

assumed to be the same for the particle–particle and particle–wall interactions. Flow of 

cohesive granules was simulated for a range of sliding friction coefficients, without any 

rolling friction, with cohesion being characterized by the granular Bond number. The latter 

simulations were performed for two different values of the cut-off distance R∆ (0.1 and 

1 µm). To reduce the simulation times, particles that could no longer affect the discharge rate 

or the formation of a heap on the collector plate were removed.   

 Parameters that were kept fixed in all simulations are collected in Table 2. The particle 

density was determined from the apparent density of MCC, using a granule porosity of 10 %, 
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and the particle diameter was based on the manufacturer’s specifications. Whereas particle 

number (N), diameter (dp) and density (ρ) may be considered as known, the normal and 

tangential stiffness ( nK  and tK ) were estimated based on a consideration of particle 

interpenetration and stability of the solution procedure (the selected time-step t∆  is about 3 

times smaller than KM , where M is the particle mass). One advantage of the linear contact 

model employed in this work is that the normal and tangential velocity profiles during contact 

are independent of the stiffness, indicating that the stiffness has a limited influence on the 

overall particle dynamics (Di Renzo and Di Maio, 2004). The stiffness does however 

influence the high-frequency behaviour and hence the critical time step. In order to keep the 

simulation times within reasonable bounds, a stiffness considerably lower than the one 

calculated from experimental data for MCC was therefore used. Although the particles in this 

work are assumed to interact by purely elastic forces, the maximal stiffness is in practice 

limited by the onset of plastic deformation. An estimate based on the elastic–plastic model of 

Thornton and Ning (1998), using experimental data for similarly prepared granules from 

literature (Nordstrom et al., 2008), indicates that the stiffness has been scaled down by 2 to 3 

orders of magnitude. A similar stiffness scaling has previously been used to simulate mixing 

of MCC granules (Lemieux et al., 2007). Typical values, previously used for MCC granules 

(Lemieux et al., 2007), were assumed for the normal and tangential fractional damping 

coefficients ( nγ  and tγ ).  

 Initial configurations were generated by letting particles settle under the influence of 

gravity until a stable pack was obtained, as inferred from their root-mean-square (RMS) 

velocity (with the limit set to 10 µm/s). For the assumed particle size and number (Table 2), 

the initial pack extended about 33 mm above the release flap, i.e., almost up to the boundary 

between the conical and cylindrical hopper regions. It may be noted that a similar number of 

particles were used in the simulations as in the experiments. During the course of the 
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simulations, the number of particles that had passed the orifice was recorded at certain 

instants of time, and the simulated discharge rate was calculated from the slope of the linear 

part of the amount discharged–time curves. The simulations were considered done once the 

RMS velocity of the particles was smaller than 10 µm/s and the angle of repose was then 

calculated from the ensuing heap.    

 The simulations were run on a dedicated HP ProLiant DL585 G5 server, equipped with 

four quad-core AMD Opteron processors (model 8356) operating at 2.3 GHz, and a total of 8 

GB of RAM. Our DEM implementation relies on the standard Message Passing Interface 

(MPI) and uses an adaptive domain-decomposition algorithm based on orthogonal recursive 

bisection (Salmon, 1990) to achieve a good parallel performance. Each simulation 

nevertheless typically required 1 to 2 days to complete.  

 

3.6  Calculation of Beverloo discharge rates  

For a flat-bottomed hopper, the Beverloo discharge rate can be calculated from the particle 

diameter (dp), orifice diameter (D0), and bulk density (ρbulk) by using Eq. (14) (Beverloo et al., 

1961), 

   2/5
p0bulk )( kdDgCW −= ρ ,  (14) 

where g is the acceleration due to gravity. The equation contains two parameters, the 

discharge coefficient C which usually is about 0.58 and k that represents the shape coefficient 

with a value of 1.5 for spherical granules  (Nedderman, 1992). The hopper shape is known to 

affect the Beverloo discharge rate, and a geometrical correction factor is needed for a 

cylindrical hopper. This factor was in this work calculated as suggested by Brown and 

Richards (1965) as 1.15. Various opinions exist regarding the most appropriate bulk density to 

be used in the Beverloo equation. According to the original work, the bulk density should be 

determined after particle packing (Beverloo et al., 1961). Verghese and Neddermann (1995) 
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on the other hand stated that the flow density should be used since the particle bed dilates 

during discharge (Nedderman et al., 1982). In this work, the poured bulk density was used in 

the calculations, which has been proven to be a realistic estimate of the flow density (Datta et 

al., 2008). 

    

4  Results and discussion 

4.1  Experimental results 

4.1.1  Granule characteristics  

The granular size distributions are shown in Fig. 4. The granules may be divided into two 

groups; the uncoated and lubricated ones with a particle size of about 440 µm and the polymer 

coated ones with a size of about 460 µm. Since the granule diameter is determined from a 

projection of the granules in their most stable position, the obtained values are expected to be 

somewhat larger than those obtained by other methods. However, the size distribution is 

favourably compared with the size range specified by the manufacturer.  

 By utilizing the difference in median particle size, the thickness of the coating layers was 

calculated (Table 3). The polymer coatings display film thicknesses of about 10 µm, in good 

agreement with the estimate based on nominal granule surface area. The increased particle 

size is also reflected in the decreased volume specific surface areas for the coated granules 

compared to the uncoated and lubricated ones.  

 The intragranular porosity was determined for the uncoated granules, for which the 

apparent particle density was known. Granules prepared from MCC using water as 

granulation liquid are expected to have a low porosity (Johansson et al., 1995), which was 

indeed obtained for the uncoated granules (Table 3). 

 The granule shape and surface texture may be inferred from the SEM images provided in 

Fig. 5. The granule surfaces generally appeared smoother after coating, as seen at high 
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magnification in the insets. Polymer coatings containing 0–10 % PVP (Fig. 5b–d) resulted in 

granules of more irregular shape compared to the other granule types, which retained the 

smooth spherical shape. For the irregular granules, low magnification images revealed 

occasional granule aggregation into pairs (images not shown). 

 Sliding friction coefficients obtained from granules in contact with a smooth tablet surface 

and a rougher paper are given in Table 4. These values are provided as effective measures of 

sliding friction and as an indication of the expected range for the friction coefficients. For 

granules in contact with tablet surfaces significantly (p<0.05) higher sliding friction 

coefficients were obtained for the polymer coated granules in comparison with the uncoated 

ones. However, no significant differences were observed between the polymer coatings. All 

values obtained were relatively small, which is interpreted as resulting from the smooth tablet 

surface. 

 The friction coefficients for granules in contact with paper were in the same range as those 

used in the numerical analysis. Based on the estimated granule–paper friction coefficients, the 

granules could be classified into three groups: (1) granules displaying similar µs as the 

uncoated ones (PEG/PVP 95/5 and magnesium stearate), (2) granules displaying higher µs 

compared to (1) (PEG 100 and PEG/PVP 50/50), and (3) PEG/PVP 90/10 coated granules 

which obtained the highest µs.   

  

4.1.2 Granular flow properties 

All granules were considered as free flowing based on results for experimental hopper 

discharge rate, angle of repose and CI (Table 5). The flowability was however influenced by 

the granular surface modification. PEG coating contributed to decreased flowability as 

inferred from the decreased experimental discharge rate and the increased angle of repose. 

Incorporation of PVP in the coating layer was expected to decrease the flowability further in a 
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concentration-dependent manner (Chalykh et al., 2002), but no clear trend was detected in this 

work. The largest angle of repose was observed for granules containing 10 % PVP in the 

coating, which is consistent with the granule–paper sliding friction coefficient. It may be 

noted that the inclusion of 50 % PVP in the coating smoothened the granule surfaces but 

retained the spherical shape, as indicated by the SEM images (compare Fig. 5e with Fig. 5a), 

and thereby increased the experimental discharge rate and decreased the angle of repose. 

Since the granule–paper sliding friction coefficient is not particularly low for this coating, the 

increased flowability is most likely related to a low rolling friction coefficient. 

The decreased flowability obtained for the polymer coatings containing 0–10% PVP may 

be considered as the result of the irregular shapes observed in Fig. 5b-d, partly due to 

increased rolling friction (Zhou et al., 2002) and mechanical interlocking. To completely 

explain the flow behaviour, the sliding friction alone is not sufficient and the inclusion of 

rolling friction and/or cohesion forces is hence required. 

Lubrication provided unchanged sliding friction coefficients compared to uncoated 

granules. However, the experimental discharge rate was increased and heap formation was 

prohibited, again demonstrating the importance of including other interparticle forces than 

those resulting from sliding friction. 

 Somewhat surprisingly, the CI (Table 5) decreased slightly after coating. Such a decrease 

is generally taken to be an indicator of an improved flowability (Carr, 1965), and the CI 

typically increase as the angle of repose increases (Geldart et al., 2006). For the granules 

investigated in this work, inferences based on the CI contradict the observed flow behaviour 

as quantified by the discharge rates and angles of repose, suggesting that the CI is not a 

representative indicator of the granular flow. However, since polymer coating not only 

affected the surface characteristics of the granules but also increased their size by about 

20 µm, an effect of particle size on flow rate cannot be excluded. The increased granule size 



 18 

is expected to correspond to a reduction of the flow rate by less than 3 %, as inferred from the 

Beverloo Eq. (14), which is not sufficient to explain the experimental results. Nevertheless, a 

comparison of the CI within each of the two size groups (the uncoated/lubricated and polymer 

coated granules) reveals that the CI decreases with increasing discharge rate, as would 

generally be expected.  

The small changes in the CI observed were most likely an effect of the spherical granule 

shape, which resulted in a close granule packing both before and after surface modification. 

An additional explanation of these observations is provided in section 4.4. 

 

4.2  Numerical parametric study 

4.2.1  Noncohesive particles: effect of sliding and rolling friction 

As expected, the inclusion of frictional forces in the 3D numerical model altered the 

flowability properties of the simulated granules. Both the sliding (µs) and rolling friction (µr) 

influenced the simulated discharge rate and angle of repose (Fig. 6).  

 A fairly linear decrease in simulated discharge rate was observed with increasing rolling 

friction coefficients (Fig. 6a). In addition, an increased µs decreased the discharge rate of the 

simulated granules, in a manner virtually independent of the magnitude of the rolling friction. 

This finding indicates that the resistances to translational and rotational motion – governed by 

µs and µr – have an additive effect on the simulated discharge rate, at least in the investigated 

parameter ranges.     

 Nearly linear increases in angles of repose with increasing µr were observed for 

intermediate and high µs (Fig. 6b). For the smallest µs, rolling friction exceeding a threshold 

value of 2.0 µm was required for heap formation. It may also be noted that a considerable 

increase of rolling friction is necessary for the formation of more stable heaps and hence 
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higher angles of repose. These results are in agreement with previous studies investigating the 

effects of sliding and rolling friction on heap formation (Zhou et al., 1999; Zhou et al., 2001).  

 As will be discussed in more detail below, there is a clear negative correlation between 

angles of repose and discharge rates, indicating that these two measures provide consistent 

information on the granule flowability. The simulated granule flow for non-cohesive granules 

is illustrated in Fig. 7a (µs=0.6 and µr=2 µm). A continuous flow of individual granules is 

seen and the resulting heap is low with a convex appearance as was also observed in the 

experimental measurements.   

 

4.2.2  Cohesive particles: effect of sliding friction 

The magnitude of the cohesion force was quantified by the granular Bond number, Bog, and 

its spatial extent by the cut-off distance, ΔR (Fig. 2). Although flow simulations were 

performed for two values of ΔR (0.1 and 1 µm), the following discussion is largely restricted 

to ΔR  = 1 µm. The effect of cohesion on the simulated discharge rate was insignificant for the 

smaller cut-off distance (data not shown) and consistent heap formation was only observed for 

the highest sliding friction coefficient (µs = 0.8) when the smaller cut-off distance was used. 

Whereas van der Waals forces typically are insignificant at distances exceeding ~ 100 nm, 

liquid bridges may extend further (see, e.g., the review by Seville et al. (2000) and references 

therein). The results for the smaller cut-off distance may hence reflect the underlying physics, 

but a numerical effect cannot be ruled out, since very small time steps would be required to 

accurately integrate short-range forces.  

 For the larger cut-off distance, an increased Bog decreased the simulated discharge rate, 

irrespective of the sliding friction coefficient (Fig. 8a). From the results presented in Fig. 8b, 

it is evident that cohesion alone was sufficient to produce stable heaps – since rolling friction 

was not included in the simulations for cohesive particles – but threshold values were 

observed for both the low and intermediate sliding friction coefficients.  
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 In general terms, rolling friction and cohesion appear to have a similar effect on the 

discharge rate (compare Figs. 6a and 8a), whereas their effect on angle of repose is somewhat 

different (compare Figs. 6b and 8b). The mechanisms of action must be different in both 

cases, however, since cohesion produces an attractive normal force whereas rolling friction is 

related to the tangential force. Flow of cohesive powders is often claimed to occur in coherent 

clusters much larger than the particle size (Castellanos, 2005), and such clusters are indeed 

evident in Fig. 7b, which illustrates the simulated granule flow for cohesive granules (µs=0.6 

and Bog=2). Similar observations have previously been made in quasi-3D simulations of 

discharge of cohesive particles (Anand et al., 2009). 

 

4.3   Comparison with Beverloo discharge rates 

The Beverloo discharge rates (Table 5) accounts for interparticle forces in an indirect manner, 

via their influence on the bulk density. As indicated by Spearman’s rank correlation 

coefficient – calculated as 0.84 (p<0.05) – there is a reasonable, but not perfect, agreement 

between the Beverloo and experimental discharge rates for the different granule types. The 

discrepancy is most likely due to the fact that the parameters C and k were considered as 

standard and hence not determined for the various granules. Moreover, different procedures to 

correct for the hopper geometry exist in the literature (Anand et al., 2009).  

 The Beverloo discharge rates may also be compared to the numerical results for the non-

cohesive granules, but a modification of Eq. (15) would be required for the cohesive ones 

(Nedderman, 1992; Anand et al., 2009). The range of Beverloo discharge rates is relatively 

narrow (3.4–3.9 g/s), and values in this range were obtained for all sliding friction 

coefficients, provided that the rolling friction was appropriately selected, indicating a good 

general agreement between Beverloo and simulated values. More detailed comparisons were 

unfortunately not possible, because the rolling friction could not be independently determined.  
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4.4   Comparison between experiments and simulations 

As demonstrated by the experimental sliding friction coefficients, the surface modifications 

affected the interparticle forces, and the range obtained for the experimental sliding friction 

coefficients was similar to the one used in the simulations.  

 In order to unambiguously compare experiments and simulations, the experimentally and 

numerically determined angles of repose were displayed a function of the corresponding 

discharge rates. The simulations performed with rolling friction but not cohesion included in 

the model produced results in satisfactory agreement with experiments (Fig. 9a), especially 

for the intermediate and high sliding friction coefficients, indicating that the non-cohesive 

DEM model captured the essential features of the experimental granular flow. However, the 

data do not admit firm conclusions regarding the importance of sliding and rolling friction for 

the behaviour of the experimental system. On the other hand, when cohesion but not rolling 

friction was included in the model, the angle of repose was consistently overestimated by the 

numerical results (Fig. 9b). Although cohesion slowed down simulated hopper discharge in a 

similar manner as rolling friction, and was sufficient to produce stable heaps, it may be 

concluded that rolling friction is required for a good quantitative agreement with experimental 

results. An effect of cohesion on the experimental flow is still possible, but rolling friction 

clearly dominated for the relatively large agglomerates investigated experimentally.  

 The importance of rolling friction for the experimental system may explain the results for 

the CI: Rolling friction may have influenced the CI by locking the particle positions in the 

granule bed, disabling rolling and further packing during tapping. The CI would probably 

have been more representative measures of granular flow for a system dominated by cohesive 

forces.  
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5 Conclusion 

Flowability – as measured by hopper discharge rate, angle of repose and CI – of surface 

modified MCC granules was investigated experimentally. Fully-3D DEM simulations of the 

granule flow were performed, including either sliding and rolling friction or sliding friction 

and cohesion in the model. Granule surface modification with polymer coating and lubrication 

was found to have a significant effect on the sliding friction coefficient. This effect was also 

reflected in the ensuing flow behaviour, as quantified by the experimental discharge rate and 

angle of repose. For the experimental system comprising coarse nearly spherical granules, the 

CI were, on the other hand, found not to be representative measures of the flowability, but the 

increased granule size imparted by polymer coating may partly explain this observation. The 

numerical results for the non-cohesive granules indicated that sliding and rolling friction – 

and hence the resistance to translational and rotational motion – may be considered to have an 

additive effect on the simulated discharge rate. Rolling friction and cohesion both affected the 

simulated discharge rate in a similar manner, producing results comparable to those observed 

experimentally and calculated with the Beverloo equation. The flow was qualitatively 

different in the two cases, however, occurring in the form of individual particles for non-

cohesive granules and in larger blocks for the cohesive ones. The numerical results for the 

cohesive particles demonstrated that cohesion alone was sufficient to produce stable heaps. 

Still, the agreement with experimental data was satisfactory only for the non-cohesive 

granules, demonstrating that rolling friction dominated over cohesion for the experimental 

system.  
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Notation 

An upright bold font is used for vectors. The scalar (dot) product of two vectors u  and v  is 

written as vu ⋅  and the vector (cross) product as vu× .  A unit vector in the direction of a 

nonzero vector u  is written as û . Time derivatives are indicated by superposed dots.  

gBo  granular Bond number 

nc   normal damping coefficient 

tc   tangential damping coefficient 

C  discharge coefficient in Beverloo Eq. 

CI  Carr’s compressibility index 

pd  particle diameter 

0D  orifice diameter 

cf  magnitude of maximal attractive force 

gf  magnitude of force due to gravity 

nf   scalar elastic normal force 

min
nf  value of nf  at min

nδ  

tf   scalar elastic tangential force 

iF   total force on particle i 

12F   force on particle 1 caused by particle 2  

g  acceleration due to gravity 

h  (nominal) film thickness 

iI  moment of inertia of particle i 

k  shape coefficient in Beverloo Eq. 

cK   cohesive stiffness 

nK   normal stiffness 

tK   tangential stiffness 
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iM  mass of particle i 

effM  effective mass 

n  number of independent repeated measurements 

N  number of particles 

in̂  unit normal vector of particle i at contact point 

p  p-value in significance tests 

ir  radius vector of particle i 

iR  radius of particle i 

R∆   cut-off distance for attractive force 

s  indicator variable of stick or slip 

VS  (nominal) volume-specific surface area 

t∆  time step used in numerical solution 

it̂  unit tangent vector of particle i at contact point 

iT  total torque on particle i 

12T   torque on particle 1 caused by particle 2  

12u   tangential relative displacement 

iv  velocity of particle i 

12v   relative velocity 
s
iv  surface velocity of particle i at contact point 

s
12v  relative velocity of contact points 

sn
12v   normal component of s

12v  

st
12v  tangential component of s

12v  

V  total volume of granules 

mixw  weight of polymers in the coating liquid 

W  Beverloo discharge rate 

ix  centre-of-mass position of particle i 

12x  relative particle position 
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Greek letters 

nγ  fractional normal damping coefficient 

tγ   fractional tangential damping coefficient 

nδ  normal overlap 

min
nδ  location of minimum in force–overlap curve 

tδ  tangential overlap 

θ  plane angle 

rµ   rolling friction coefficient 

sµ   sliding friction coefficient 

ρ  particle density 

bulkρ  poured bulk density 

mixρ  apparent density of polymers in coating liquid 

tapρ  tapped density 

iω  angular velocity of particle i 
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Figures 
 

 

 

 

Fig. 1: Contact between two spherical particles. 

 

 

 

Fig. 2: Normal force nf  as a function of normal overlap nδ . 
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Fig. 3: Geometrical setup used for determinations of angle of repose and discharge rate in 

experiments and simulations. Numbers indicate distances in mm.  

 

 

Fig.  4: Particle size distributions for all granule types.  
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Fig. 5: SEM images of (a) uncoated granules, granules coated with (b) PEG 100, (c) 

PEG/PVP 95/5, (d) PEG/PVP 90/10, (e) PEG/PVP 50/50 and (f) granules lubricated with 

magnesium stearate. The insets (10 000 × magnification) display the granule surface 

morphology.  

f) d) 
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Fig. 6: Relationship between (a) discharge rate and rolling friction (µr) and (b) angle of repose 

and rolling friction, at three sliding friction coefficients (µs), for non-cohesive granules.  

 

Fig. 7: Illustration of simulated granule flow for (a) non-cohesive particles (µs=0.6 and 

µr = 2 µm) and (b) cohesive particles (µs=0.6 and Bog = 2) at three instants of time. 



 32 

 

 

 
Fig. 8: Relationship between (a) discharge rate and granular Bond number (Bog) and (b) angle 

of repose and granular Bond number, at three sliding friction coefficients (µs), for cohesive 

granules.  

 

 

Fig. 9: Comparison of experimental and numerical results displayed as the relationship 

between angle of repose and discharge rate for (a) non-cohesive granules and (b) cohesive 

granules. Granules lubricated with magnesium stearate are not included in the figures. 
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Tables 
 
Table 1: Granule coating conditions. 
Granules Proportion PEGa/PVPb 

(%) 
Amount 
PEG (g) 

Amount 
PVP (g) 

Amount magnesium 
stearate (g) 

Uncoated granules - - - - 
PEG/PVP 100/0 100/0 24.38 - - 
PEG/PVP 95/5 95/5 23.12 1.23 - 
PEG/PVP 90/10 90/10 21.87 2.43 - 
PEG/PVP 50/50 50/50 12.01 12.00 - 

Magnesium stearate 1‰ - - - 0.20 
aPolyethylene glycol. 
bKollidon® 17 PF. 
 
 
Table 2: Fixed parameters in the simulations.  

Parametera Value 
N  5102×  

pd  425 µm 
ρ  

1.414 g/cm3 
nK  125 N/m 

tK  125 N/m 

nγ
 0.3 

tγ
 0.3 

t∆  5.0 µs 
aDescriptions of the parameters are found in Sec. 3.5 of the main text. 
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Table 3: Granule properties. Standard deviations are given in parentheses. 
Granules Median size 

(µm) 

ρapp
a

 (g/cm3) ρeff
c
  (g/cm3) ρbulk

d
 (g/cm3) ρtap

e (g/cm3) Porosityf (%) Surface area (cm-1) hg (µm) 

Uncoated granules 442.8 1.57 1.44 (0.01) 0.84 (0.002) 0.91 (0.004) 8.2 (0.55) 189.7 (3.1) - 

PEG/PVP 100/0 465.2 1.52 1.35 (0.05) 0.80 (0.016) 0.84 (0.008) - 168.5 (0.5) 11.2 (-) 

PEG/PVP 95/5 461.1 1.52 1.32 (0.02) 0.83 (0.002) 0.86 (0.002) 
 

- 169.1 (4.2) 9.2 (-) 

PEG/PVP 90/10 462.5 1.52 1.39 (0.00) 0.79 (0.007) 0.84 (0.002) 
 

- 168.7 (4.7) 9.9 (-) 

PEG/PVP 50/50 463.9 1.52 1.26 (0.05) 0.85 (0.004) 0.88 (0.002) - 167.9 (2.6) 10.6 (-) 

Magnesium stearate 444.2 1.57b 1.42 (0.01) 0.89 (0.007) 0.94 (0.002) - 184.2 (1.0) 0.7 (-) 
aApparent particle densities. For polymer coated granules, the apparent particle densities were calculated as described by Jerwanska et al. (1995) 
bAssumed to be of the same value as for MCC. 
cEffective particle densities. 
dBulk densities. 
eTap densities. 
fOnly calculated for uncoated granules due to assumed unchanged porosity after coating. 
gPolymer film thickness calculated from the difference in median particle size of the granules.  
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Table 4: Average sliding friction coefficients (n = 10).  
Standard deviations are given in parenthesis.   

Granules Sliding friction coefficient (-) 
 granule-tablet granule-paper 

Uncoated granules 0.25 (0.03) 0.41 (0.03) 

PEG/PVP 100/0 0.30 (0.03) 0.52 (0.07) 

PEG/PVP 95/5 0.32 (0.05) 0.48 (0.08) 

PEG/PVP 90/10 0.31 (0.03) 0.89 (0.01) 

PEG/PVP 50/50 0.30 (0.04) 0.54 (0.11) 

Magnesium stearate 0.23 (0.03) 0.42 (0.07) 

 
 
 
Table 5: Granule flow properties. Standard deviations are given in parenthesis. 

Granules Angle of repose 
(°) 

Experimental 
discharge rate (g/s) 

W a (g/s) CIb (%) 

Uncoated granules 10.8 (0.2) 3.85 (0.08) 3.65 (-) 8.33 (0.58) 

PEG/PVP 100/0 12.6 (0.2) 3.22 (0.12) 3.43 (-) 5.00 (1.00) 

PEG/PVP 95/5 11.3 (0.1) 3.66 (0.15) 3.54 (-) 4.00 (0.00) 

PEG/PVP 90/10 13.1 (0.2) 3.41 (0.13) 3.41 (-) 5.00 (1.00) 

PEG/PVP 50/50 9.3 (0.8) 4.15 (0.09) 3.65 (-) 3.67 (0.58) 

Magnesium 
stearate 

- 4.01 (0.08) 3.85 (-) 5.67 (0.58) 

aBeverloo discharge rate calculated using Eq. (14) (Beverloo et al., 1961). 
bCI=Carr’s compressibility index. Calculated as the ratio of the difference between tapped and 
bulk densities to tapped density. 
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