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Abstract 

  In the past, a lot of studies about the comparison of exchange rate forecasting 

models have been carried out. Most of these studies have a similar result which is the 

random walk model has the best forecasting performance. In this thesis, I want to find 

a model to beat the random walk model in forecasting the exchange rate. In my study, 

the vector autoregressive model (VAR), restricted vector autoregressive model 

(RVAR), vector error correction model (VEC), Bayesian vector autoregressive model 

are employed in the analysis. These multivariable time series models are compared 

with the random walk model by evaluating the forecasting accuracy of the exchange 

rate for three North European countries both in short-term and long-term. For 

short-term, it can be concluded that the random walk model has the best forecasting 

accuracy. However, for long-term, the random walk model is beaten. The equal 

accuracy test proves this phenomenon really exists.  
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1. Introduction 

1.1 Background 

Foreign exchange is one of the most important financial instruments. Nowadays, 

the role of the foreign exchange market is becoming more and more important in the 

financial markets around the world. The foreign exchange market which is an 

over-the-counter market is used for the trading of currencies. The trading is happening 

24 hours a day around the world and a great number of currencies is being transacted 

every hour. It makes the foreign exchange market the largest and most liquid market 

among the financial markets. In the last 20 years, the turnover in the global foreign 

exchange has grown a lot, which can be seen clearly from Figure 1. (The data is 

obtained from IMF website and measured in millions of SDRs per month.) In 1990, 

the foreign exchange is less than 1,000,000 million Special drawing rights (SDR) per 

month. However, the number grows to over 6,000,000 million in January 2011.  

 

Figure 1: Turnover in the global foreign exchange market from Jan 1990 to Jan 2011. 

(The data is monthly data and measured in SDR) 

  The foreign exchange rate has two main uses. Firstly, it allows the businesses to 

exchange its currency to a target currency in the determined foreign exchange rate. 

Thus, it benefits the global trade and investment. Secondly, it also provides the 

speculation and expedites the carry trade, in which there are substantial profits 

available. However, there also exists high risk in the speculation.   
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  Nowadays, more and more investors are interested in investing in the foreign 

exchange market. However, the international financial market is changing over time. 

It causes an inevitable risk in the investment. We don't even know if the exchange rate 

would increase or decrease tomorrow. Thus, how to avoid or reduce this risk has 

become the most important thing for the investors. They want to know the change of 

the exchange rate in the future. Therefore, there is a need for a model to forecast the 

result accurately.  

1.2 Previous Studies 

The exchange rate prediction always arouses great interest of the economic policy 

actors and statisticians. In the past, there were a great number of studies about the 

forecasting of the exchange rate.  

In the early 1970's, the Bretton Woods system collapsed. As a result, the breakdown 

of the structural models based on the monetary/asset theory appeared in the late 

1970's. Due to this, the monetary/asset models can neither interpret nor predict the 

exchange rate accurately (Boothe and Glassman, 1987). After that, in the 1980's, 

Meese and Rogoff did a lot of tests for the performance of the monetary/asset models 

(Meese and Rogoff, 1983a, 1983b, 1985). The studies compared the accuracy between 

the time-series and static structural models in the out-of-sample forecasts by 

calculating their mean errors, mean absolute errors and root mean squared errors. One 

of the main results from these studies is that the forecasting of the exchange rate 

based on theory and (both univariate and multivariate) time series models does not 

perform better than the forecasting based the random walk model. After that, a lot of 

studies (Finn, 1986, Boothe and Glassman, 1987 and van Aarle et al., 2000) followed 

this direction and aimed at finding econometric models with good forecasting 

properties of the exchange rate. However, they gave the same results as Meese and 

Rogoff had obtained.  

In the 1990's, several comprehensive studies were carried out. The most significant 

contribution of those studies is that they focused on some new multivariate time series 

models. The vector error correction model (VEC), the unrestricted vector 
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autoregression model (VAR) and Bayesian vector autoregression model (BVAR) were 

used in the studies by Hoque and Latif (1993). Their models were used to forecast the 

Australian Dollar–US Dollar exchange rate and the study resulted in the finding that 

VEC had the best forecasting properties among the three models. It also found that the 

BVAR is better than the VAR. Liu et al. (1994) used the exchange rate data of the US 

Dollar against the Japanese Yen, the Canadian Dollar and the Deutsche Mark to do the 

corresponding work. They mainly focused on the comparison of restricted models and 

unrestricted models. There were also some studies about the appropriate VEC models 

in long-period exchange rate forecasting, (MacDonald and Taylor, 1993). 

In the 2000's, some researchers try to challenge the empirical theory ―the random 

walk model predicts the exchange rate best‖. They used different methods and chose 

different models. For examples, Cuaresma and Hlouskova (2005) used data from 

Central and Eastern European countries to compare the forecasting models in 

transition economies. Hong et al. (2007) used the intraday foreign exchange rates as 

observations. They found that some sophisticated time series models such as the 

Markov regime-switching model have better performance than the random walk 

models under the condition of intensive time period. Thus, the empirical theory ―the 

random walk model predicts the exchange rate best‖ does not work well sometimes.  

1.3 Aim 

  In this paper, three North European countries (Sweden, Denmark and Norway) are 

chosen as target countries. They all use Kronor or Krone as their currency and they 

are all in north Europe. Thus, they may have some similarity in their economies and 

the comparison may be more meaningful. Here, I didn't choose Finland because this 

country uses Euro as its official currency from 1 January 2002.  

According to Meese and Rogoff's research, the random walk model is much better 

than other models in forecasting the exchange rate. Some other studies also obtained 

this result. The aim of this thesis is to compare the multivariate time series models 

with the random walk model based on the accuracy of out-of-sample forecasting 

results for three North European countries currencies (Swedish Kronor, Danish Krone 
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and Norwegian Krone) against the US Dollar. In this study, a set of linear multivariate 

models are being used including the significant models that have been used in some 

previous studies. These are the unrestricted vector autoregression (VAR), the 

restricted vector autoregression (RVAR), the Bayesian vector autoregression (BVAR) 

and the vector error correction model (VEC). The main aim of this study is to test if 

anyone of the multivariable models can beat the random walk model in forecasting 

North European countries' exchange rates at different forecasting horizons. In the 

studies, the data used is also divided into difference data and level data. Thus, I am 

also interested in comparing the performance of models in levels and models in 

differences. 

1.4 Outline 

In this article, I start by giving a background of the foreign exchange rate market 

and a review of some previous studies of the forecasting performance of different 

exchange rate models. In the next section, I described and processed the data by using 

software R in order to make some graphs as to show the pattern of the exchange rate 

development. In the third section, I introduce the methodology relevant to our analysis. 

In fact, I focus on the accuracy of the forecasting results comparison between the 

various multivariate specifications (VAR, RVAR, VEC and BVAR) and the random 

walk model. The comparison of the exchange rate forecasting results for the selected 

North European countries is shown in section four. The final section contains the 

conclusion of the study, some discussion of the results and suggestions for further 

research.   

2. Description of Data 

2.1 Explanation of Variables 

  In my empirical work, I use monthly data for the US, Sweden, Denmark and 

Norway over the period from January 1998 to December 2010. I consider three 

separate exercises based on the decision to invest in the Swedish Kronor to US dollar, 

the decision to invest in the Danish Krone to US dollar and the decision to invest in 

the Norwegian Krone to US dollar.  
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The variables employed in the analysis are those suggested by the theoretical basis 

of the monetary model of exchange rate formation. The original formulations had 

been structured by Frenkel in 1976. After that, Dornbush (1976) and Hooper and 

Morton (1982) made some extensions based on the former studies. In my case, the 

author uses the domestic and foreign money supply ( d

tM and f

tM ), domestic and 

foreign output—the author uses industrial production to express the output ( d

tY and

f

tY ), domestic and foreign short-term interest rates ( d

tR and f

tR ) and domestic and 

foreign price levels ( d

tP and f

tP ). Here, I define the North European countries as 

domestic countries and the United States as the foreign country. I also employ the 

end-of-period exchange rate ( tE ) for Swedish Kronor-Dollar, Danish Krone-Dollar, 

Norwegian Krone-Dollar. The data, except for short-term interest rate, used in the 

analysis are in natural logarithms. The accurate definitions and sources are described 

in the Data Appendix. 

Here, I would like to explain why these variables affect the change of the exchange 

rate. A) Money supply: The money supply affects the exchange rate directly. When a 

country's money supply exceeds demand, it will cause the devaluation of the domestic 

currency. On the other hand, when demand exceeds supply, it will cause the 

devaluation of the foreign currency. B) Output: The output affects the exchange rate 

by influencing the foreign trade. If the domestic output increased, the export of goods 

would also increase. This may cause a great number of foreign currency flow into the 

domestic market. Thus, the demand of the foreign currency will decrease and the 

domestic currency will appreciate. C) Interest rate:  The interest can affect the flow 

of capital. When the domestic interest rate increases or the foreign interest rate 

decreases, the inflow of foreign capital would increase. Thus, the supply of the 

foreign currency would exceed demand or the demand of the domestic currency 

would exceed supply. This may cause the appreciation of domestic currency and vice 

versa. D) Price level: The price level is a reaction to the purchasing power of the 

consumer and the status of the economy. If this index went down, it responds the 
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economic depression. Certainly, it is not conducive to the domestic currency and the 

domestic currency would devaluate. If this index increased moderately, it means the 

economy is healthy. This has benefit to the domestic currency, it will cause 

appreciation. However, there is also another situation. If this index had extensive 

increase, it is harmful to the economy. Because the CPI is inversely proportional to 

the purchasing power, the higher CPI would reduce the purchasing power of the 

currency. It would be harmful to the domestic currency and the domestic currency 

would devaluate (Frederic, 2009).  

2.2 Summary of Data 

  In this study, the monthly data from January 1998 to December 2008 is used as the 

main sample period to estimate the models. Data from January 2009 to December 

2010 is used as out-of-sample data to evaluate the accuracy of the forecasting result. 

  As to get a general concept of the exchange rate data, figure 2 shows time series 

plots of the exchange rates for the three countries' currencies against US dollar. 

  As we can see from Figure 2(a), the exchange rate fluctuated over the 11 years. 

More specifically, we can find that the exchange rate increased gradually from 

January 1998 to about June 2001. After that, the value declined rapidly for the next 

three and half years. Then, after a slight increase, it declined again. At about the first 

quarter of 2008, it reached the bottom of the recent years. From this point onwards, 

the next ten month experienced a sharp rise again. From the end of 2008, it decreased 

again gradually. By comparing with the other two graphs, we can find that there exists 

some co-movement among the three exchange rates. I consider that the reason for this 

phenomenon may be that they are all North European countries and have similar 

economic changes. This phenomenon is good to the results comparison, because some 

disturbance factors are excluded. The results would be more exact. 

  From the figure, we can also learn that the exchange rates are volatile. It implies 

that the exchange rates are non-stationary in levels. It can be confirmed by the unit 

root test (See Appendix). As to delete this non-staionarity, I did some data processing 

to obtain the new data. 
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                                   (a) 

 

                                   (b) 

 

                                   (c) 

Figure 2: Logarithm exchange rate for three different countries (a) Swedish 

Kronor-Dollar (b) Danish Krone-Dollar (c) Norwegian Krone-Dollar 
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2.3 Data Transformation  

In the preceding, it was found that the level data is non-stationary with some 

different trends in different time periods. As to eliminate these trends, I transformed 

the data by taking differences
1

E

t t tD E E   . Thus, we can get the difference data of 

the exchange rate and plot the results in Figure 3. In the figure, we can find that there 

is no significant trend in the observation period and the values fluctuate around 0. We 

can gain that the exchange rates in differences are stationary. I assume that the model 

based on difference data may have better forecasting results. Therefore, I employ the 

exchange rate in differences as a variable instead of the exchange rate in levels and 

build new models. 

  In the previous section, I mentioned that all the variables except the exchange rate 

are divided into two categories: domestic (Sweden, Denmark and Norway) part and 

foreign (United States) part. They all affect the change of the exchange rate. However, 

in Crespo and Hlouskova (2004), it is mentioned that some relationship existing 

between the domestic variables and foreign variables might affect the accuracy of the 

result. Based on this consideration, I prescribe a restriction on the structural model. 

This restriction is introduced by using new variables equal to the domestic variables 

minus the corresponding foreign variables. It can be expressed as follows: 

d f

t t tm M M  , d f

t t ty Y Y  , d f

t t tr R R  , d f

t t tp P P   

  I also calculated the difference data for the four new variables and used them to 

build another structural model in differences. The models and methods I used will be 

described in the next section. 

 



9 

 

                                   (a) 

 

                                   (b) 

 

                                   (c) 

Figure 3: Change of Logarithm exchange rate (percent) for three different countries (a) 

Swedish Kronor-Dollar (b) Danish Krone-Dollar (c) Norwegian Krone-Dollar 
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3. Methodology  

3.1 Model description 

3.1.1 Vector Autoregressive Models 

  A Vector autoregressive model of N endogenous variables ( ,..., ,... )
1

y y y yt nt Ntt
  

of order p, VAR (p), is defined as: 

1 1 ...t t p t p ty A y A y u                           (1) 

where iA  is an ( )N N  matrix of autoregressive coefficients for 1,...,i p . The 

( 1)N   vector tu  is a vector generalization of white noise: 

 ( ) 0tE u                                 (2) 

'
for  

( )
0  otherwise,

t

t
E u u

 
 


                   (3) 

with   an ( )N N  symmetric positive definite matrix.  

  The VAR-process with lag p has an important feature which is stability. It means 

that the stationary time series generated from this process would have time invariant 

means, variances and covariance structure when given sufficient starting values. It can 

be checked by calculating the root iz  of the characteristic polynomial: 

1det( ... )p

N pI A z A z                        (4) 

which all should be p1 ,  1,2, , Niz i   . 

If the above equation has a result of 1z  , some or all variables in the          

VAR (p)-process can be integrated of order one. In this situation, there might exist 

cointegration between the variables. This case can be analyzed by using the vector 

error correction model. We will express it in the following section. 

  We can analyze the stability of a VAR (p)-process by regarding the companion 

form and calculating the eigenvalues of the coefficient matrix. The VAR (p)-process 

can be rewritten into a VAR (1)-process: 
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1

A vt tt
  


                           (5) 

where, 

1 2 1

1

0 0 0
0

 ,  , 0 0 0

0
0 0 0

p p

t

t

t t

t p

A A A A
v

y I

A vI

y

I





 

 
                      
   





 


    



          (6) 

In the Equation (5), the dimensions of the vector t  and tv  are ( 1)pN   and the 

dimension of matrix A is ( )pN pN . If the eigenvalues of A all lie inside the unit 

circle, the VAR (p) is covariance-stationary. (Hamilton, 1994) 

  When the endogenous variables and sufficient in-sample values are given, we can 

estimate the coefficients of a VAR (p)-process by using least-squares estimation to 

each equation separately. When a VAR (p) model has been estimated, we can do 

several analyzes based on the model. For example, we can obtain the prediction of 

some variables. That is what we do in this thesis. The forecasting results for the 

horizon 1h   of a VAR (p)-process can be computed recursively by: 

1 1
 ,pT hT T h T T h p T

y A y A y
    

                    (7) 

where  for 0.T jT j T
y y j

   If we have sufficient sample values, we can forecast the 

next a few horizons results. 

  Here, we have another problem in how to choose the lag length p in the VAR 

(p)-process in Equation (1). Several methods are given by different researchers to 

choose p. Akaike established an information criterion named AIC. There are also 

Schwarz's information criterion which is BIC and Hannan-Quinn's information 

criterion which is HQ. All of these criteria can be used to choose the optimum lag 

length. In these criteria, they all established different functions as follows.  

AIC 2 / 2 /

BIC 2 / ( log ) /

2 / 2 [log(log )] /

l n p n

l n p n n

HQ l n p n n

  

  

  






               (8) 

where l


 is the value of the log-likelihood with p parameters and n observations. The 
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method of these criteria is to choose the lag length p which can make these functions 

have minimum values. We can choose one criterion among them and give an upper 

limit of p. Then, using the above functions and given observations, the best lag length 

p can be obtained.  

3.1.2 Restricted Vector Autoregressive Models 

In my study, by checking the estimation result of the vector autoregressive model, I 

found that the AIC, BIC or HQ information criterion for each VAR model is 

extremely small. It means the parameters are overfitted. In 1979, Fair found the same 

result and said that the unrestricted VAR models often have poor forecasting results 

because of the overfitting. Thus, as to make the forecasting result close to the real 

situation, we can give some restrictions to the parameters. For example, we can define 

some combinations of the parameters in function (1) to be equal to certain numbers. 

There are two ways to make these combinations. On one hand, we can use economic 

theory to constitute the combinations. On the other hand, statistical methods can be 

used to do this process. (Kunst and Neusser, 1986) They gave the restricted VAR 

model. By using the restricted VAR model, the insignificant lags of the endogenous 

variables can be removed from the VAR model. It means only significant parameters 

left in the restricted VAR model. In this thesis, I had done this process by using the 

software R. There is a method to obtain a restricted VAR model from an estimated 

VAR model. In this process, after doing the t-test for every parameter of each equation, 

the parameters whose absolute t-value is larger than the threshold value have been 

chosen. Based on the chosen parameters, each equation is re-estimated by using OLS.   

3.1.3 Vector Error Correction Model 

  In 1987, Engle and Granger showed that cointegration is one of the most important 

factors that affect the economic time series analysis. Reconsider the Equation (1): 

1 1 ...t t p t p ty A y A y u                          (9) 

They introduced the following vector error correction representation: 

1 1 1 1  ,t t p t p t p ty y y y u                        (10) 
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where  

1( ),     1, , 1.i iI A A i p                       (11) 

1( ) .T

pI A A                        (12) 

There is also another definition is given below.  

 1 1 1 1 1  ,t t t p t p ty y y y u                        (13) 

where  

1( ),     1, , 1.i i pA A i p                      (14) 

and the matrix   is as in the definition before. This is a reduced rank matrix. The 

difference between this definition and the former one is that the Equation (12) 

includes the information of cumulative long-run impacts and the Equation (14) 

includes the information of cumulative transitory impacts. Matrix   is the loading 

matrix and the matrix   contains the coefficients of the long-run relationship. In 

analyzing the changes of exchange rate, the cointegration relationship in the vector 

error correction model may give an effective way to pull the exchange rates back to 

equilibrium values in the long-run period. However, there is not enough research to 

prove the capability of the forecasting by using error correction models in the 

short-term forecasting period. (Chinn, 1997) 

3.1.4 Bayesian Vector Autoregressive Model 

Litterman propounded the BVAR model in 1980. He suggested that the BVAR 

model can solve the over-parameterization of a VAR model. Thus, the forecasting 

results were employed to be better than for the VAR model. In Litterman's study, the 

Minnesota prior was used to analyze the BVAR model and it is also named as the 

Litterman prior in some articles. The Minnesota prior is widely used in many 

statistical softwares to build the BVAR models.  

  Similar to the RVAR model, the BVAR can apply the same idea giving different 

weights to parameters of different lags. It means the VAR model has many parameters. 

Some of these parameters are not significant and they don't affect the model. Thus, the 

forecasting given by the VAR model may be inaccurate. We can solve this problem by 
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defining the appropriate prior distributions for the parameters. It means adding a 

restriction to the parameters to restraint the parameters from having a nonzero 

coefficient of the model very easily. There is only one condition to destroy this 

restriction established by the prior distribution which is when the sample set really has 

information to the model.  

  Litterman has put some assumptions on the VAR model given by Equation (1) to 

generate the BVAR model. In Litterman's study, he assumed the prior distributions of 

the parameters concentrating on the definition of random walk. 

1t t ty y c                            (15) 

Then, the i th equation in the VAR model can be rewritten as follows: 

(1) (1) (1) (2) (2) (2)

1 1, 2 2, 1 , 1 1 1, 2 2 2, 2 , 2

( ) ( ) ( )

1, 2 2, ,          

it i i t i t in n t i t i t in n t

p p p

in t p i t p in n t p

y c y y y y y y

y y y

     

  

    

  

        

    

 

 
  (16) 

where ( )s

ij  is the coefficient relating ity to ,j t sy   

In the assumption (15), it requires (1) 1ii   and all the other ( ) 0s

ij  . It means the 

mean value of the prior distribution for the coefficients is equal to 1 or 0. In his 

research, he chose the value   as standard deviation for the prior distribution and the 

Minnesota prior distribution is based on the Normal distribution. Thus, 

(1) 2~ (1, )ii N                            (17) 

In the VAR model, each equation is estimated independently, but it uses the same 

value   for each equation. In the prior information, the smaller   can cause larger 

confidence. Because the coefficients of ity  for further lags are expected to be 0, 

Litterman considered that the confidence is greater when the parameter has greater lag. 

For example, he assumed the following distribution of ( )s

ij  to make the prior 

distribution tights when the lag increases. 

(2) 2

(3) 2

( ) 2

~ (0, ( / 2) )

~ (0, ( / 3) )

~ (0, ( / ) )

ii

ii

p

ii

N

N

N p

 

 

 


                       (18) 
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  Once the means have been determined, we can estimate the dispersion around the 

prior mean.  

  Besides the Minnesota prior, there are also other prior distributions which can be 

used to analyze the BVAR model. In Serving and Ergün (2009), it was shown that 

some other prior distributions have a better performance applied to in BVAR models 

in some cases. In my thesis, I used software R to fit the BVAR and this program 

provides Normal-Wishart priors in the analysis. 

  The diffuse and Normal-Wishart priors were first presented by Geisser (1965) and 

Tiao and Zellner (1964). They provided the following diffuse prior: 

( 1)/2
( , )

m
p 

 
                          (19) 

The posterior distribution can be obtained by using that prior in the BVAR model: 

1, ~ ( , ( ))

~ invWishart(( ) ( ), )

y N Z Z

y Y Z Y Z T k

   

     



               (20) 

where the marginal posterior distribution of   is 

~ ( ,( ) ( ), , )y MT Z Z Z Z T k       
  

             (21) 

If the data is normal data, the joint prior is the Normal-Wishart distribution: 

~ ( , ), ~ ( , )N iW                       (22) 

As to estimate the parameter  , finding the posterior moments of the posterior 

distribution of   is the primary aim. The posterior distribution is  

, ~ ( , ), ~ ( , )y N y iW T                  (23) 

where 

1 1

1

1 1

                                    ( ) ,

                                  ( ),

( )( ) ( ) .

Z Z

Z Z

Z Z Z Y Z Z Z

 



 

   

     

                  


 

      

     (24) 

Thus, the marginal posterior distribution of   is 

1~ ( , , , )y MT T                         (25) 
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3.2 Root Mean Squared Error and Mean Absolute Error 

  In statistics, the root mean squared error and the mean absolute error are two 

measures which have often been used in evaluating the difference between the values 

forecasted by an estimator or a model and the true values from the series which 

generate the model.  

  Mean squared errors (MSE) measures the mean of the squares of the forecasting 

error. In the MSE, it is the second moment of the error and it includes the variance of 

the estimator and its bias. If the estimator is unbiased, the variance of the estimator is 

equal to the MSE. In an extension to the standard deviation, we can get the square 

root of MSE which is the root mean squared error (RMSE). If the estimator is 

unbiased, the standard deviation of the estimator is equal to the RMSE.  

  The mean absolute error (MAE) measures the average of the absolute differences. 

MAE is widely used in the time series analysis to measure the forecast error. The 

difference between the RMSE and MAE is that the errors might be magnified in the 

RMSE because the RMSE square the errors in its calculation.  

  In this thesis, these two statistics are defined as the following functions: 

2
1

0

1

0

[ ]
( )

   ( )

k

k

N
t j k t j k

j
k

N
t j k t j k

j
k

F A
RMSE k

N

F A
MAE k

N


   




   




 


 

                   (26) 

where k=1,…,12 is the forecast horizon, kN  is the total number of the forecasting 

results in k-steps ahead, tA  is the exchange rate from out-of-sample and it is already 

known, and tF  is the forecasting result of the exchange rate. (Lehmann and Casella, 

1998) 

3.3 Diebold-Mariano Test 

In Section 3.2, the method to compare the accuracy of different models was 

proposed. However, here comes another problem. For example, comparing two 

forecasting results, we may find the RMSE or MSE of model A is larger than model B. 
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Can we say that the model B is significantly more accurate than the model A 

according to a loss function? Does the difference between two results measured by 

RMSE or MSE really exist or does it appear accidentally? Diebold and Mariano built 

a hypothesis test to test this phenomenon. (Diebold and Mariano, 1995) In the 

Diebold-Mariano test, the null hypothesis is the forecast accuracy of two models is 

equal to each other. And the alternative hypothesis is the models have different 

forecasting capability. The null hypothesis of this test can be written in the following 

equation. 

[ ( ) ( )] 0A B

t t td E g e g e                        (27) 

where i

te  is the forecasting error of model i in the h-steps ahead forecasting and g(.) 

in our case is squared error and absolute error. In Diebold-Mariano test, it used the 

auto-correlation sample mean of td  to test the null hypothesis. Thus, the test 

statistics is: 
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The test statistic S follows the normal distribution asymptotically. If the result of S 

falls in the rejection region, we can reject the null hypothesis which is that the two 

models' accuracy are equal. The aim of this article is to find a model which can beat 

the random walk model in forecasting the exchange rate. Thus, I only check the 

models I used against the random walk by using the Diebold-Mariano test. 

4. Analysis of Exchange Rate Prediction  

4.1 Models Used in the Estimation 

In the preceding section, the variables and the models were presented. By 
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combining the variables and the models, the models to be estimated will be explained 

in this section.  

  In my study, the model is divided by two main conceptions. On one hand, as it was 

mentioned before, 9 country-specific variables have been chosen to do the analysis. I 

also use these variables to build new relative variables , , ,t t t tm y r p . Thus, the model 

can be divided into unstructural models and structural models. For example, an 

unstructural VAR model (u-VAR) is denoted as: 

1

1 2 9
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, , , , , , , ,
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t t s t
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where  ( ) 1, ,l l p    are  9 9  matrices of coefficients.  

By introducing the restriction, the structural model (s-VAR) is denoted as: 
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where d f

t t tm M M  , d f

t t ty Y Y  , d f

t t tr R R  , d f

t t tp P P   and 

 ( ) 1, ,w l l p   are  5 5  matrices of coefficients.  

  On the other hand, the data used is separated into levels and differences. Thus, the 

models are divided into models in levels and models in differences. For example, I 

define the u-VAR and s-VAR models in differences as u-DVAR and s-DVAR models.  

  In the analysis, I also put some restriction by using statistical theory to obtain the 

restricted VAR (RVAR) model. The models in levels are extended by using the VEC 

model. And the BVAR model is used in the structural models in differences. The 

following models are estimated for each currency: u-VAR, u-RVAR, u-VEC, s-VAR, 

s-RVAR, s-VEC, u-DVAR, u-RDVAR, s-VAR, s-RDVAR and s-BDVAR. (Some of 

the restricted VAR models can't be estimated since there is no significant parameter in 
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the model.) 

4.2 Estimation and Forecasting 

For each country, the estimation and forecasting follow a similar procedure. The 

models in levels and in first differences are estimated separately. The u-VAR model 

and the s-VAR model have been estimated first. By comparing the AIC criterion for 

each lag length l=1, 2, 3 of the VAR model in the estimation, the optimal VAR model 

with a minimum AIC information criterion can be selected. In the estimation 

procedure, higher lag lengths have also been considered. However, when the lag 

length is larger than 3, the AIC has increased rapidly. Secondly, the restricted VAR 

models (u-RVAR and s-RVAR) have been considered. In this model, the significance 

level is chosen to be 10%. Thus, the insignificant parameters in the estimated VAR 

model would not be employed in the RVAR model. It means that the t-test statistic for 

each parameter with every lag in the estimated VAR model decides whether or not to 

be included in the RVAR model. I also test the restriction by choosing 5% and 1% 

significance interval, but the parameters are too few. Thirdly, the VEC models are 

estimated. The method of choosing the number of lag lengths and error correction 

terms is the trace test which is explained in the appendix. Fourthly, the models in 

differences except VEC have been estimated with the same procedure. Finally, the 

BDVAR has been estimated by using the Sims-Zha Bayesian VAR model estimation 

with Normal-Wishart prior. (Sims and Zha, 1998) There are two main parameters in 

the BDVAR model required to be defined. These are the overall tightness of the prior 

  and the standard deviation of the prior γ . The interval for   andγ is [0,1]. The 

model is tested by choosing the parameter at each 0.1 steps from the interval. Then, an 

optimal model is chosen from these models by comparing the AIC criterion. Bayesian 

estimation only considered the structural model with lag length 1. 

By using the former procedure, variables of the models can be estimated for the 

in-sample data from Jan 1998 to Dec 2008. Based on these models, the prediction for 

the next few months can be obtained. In this procedure, new observations are added to 

the sample month by month (From Jan 2009 to Dec 2010). The model is reestimated 
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and new forecasts are calculated in the same forecast steps as before. In this study, I 

choose 1 3 6 9 and 12 as the forecast steps. Thus, by comparing the realized data for 

different month with the prediction, the RMSE and MSE are computed. Forecasting 

by the random walk model has been done in the same procedure. Figure 4 is an 

illustration obtained by plotting the realized value and prediction of the u-VAR model 

for 1 month ahead forecasting. From Figure 4, we can see that the forecasting values 

are somewhat close to the realized values in the Norwegian case. The accuracy of the 

forecasting may be better than the random walk model. This will be tested in the 

following section by comparing the RMSE and MAE.  

 

(a) 

 

(b) 

 
(c) 

Figure 4: The realized values and forecasts by u-VAR model in one month ahead 

from Jan 2009 to Dec 2010 (solid line: realized value, dashed line: forecasts) 
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Table 1: Out-of-sample forecasting accuracy for Sweden 

Model 
Horizon 

Overall rank 
1 3 6 9 12 

RMSE 

u-VAR 0.0555(8) 0.1070(11) 0.2067(10)** 0.3395(10)* 0.4572(10)*** 11 

u-RVAR 0.0503(2) 0.1032(10) 0.2096(11)** 0.3540(11)** 0.4975(11)*** 10 

u-VEC 0.0555(9) 0.1028(9) 0.1653(9)* 0.2075(8)** 0.1983(8)*** 8 

s-VAR 0.0516(3) 0.0793(6) 0.1032(4) 0.1108(5) 0.0992(6) 5 

s-RVAR 0.0549(7) 0.0924(7) 0.1349(7) 0.1696(7)** 0.1905(7)** 7 

s-VEC 0.0577(10) 0.0999(8) 0.1641(8) 0.2224(9)* 0.2658(9)*** 9 

u-DVAR 0.0522(5) 0.0729(3) 0.1044(5) 0.1102(4) 0.0968(4) 4 

u-RDVAR 0.0517(4) 0.0731(4) 0.1044(6) 0.1110(6)* 0.0989(5)* 6 

s-DVAR 0.0540(6) 0.0724(2) 0.1022(3) 0.1084(2) 0.0954(2) 2 

s-BDVAR 0.0607(11)* 0.0744(5) 0.1016(1) 0.1076(1) 0.0949(1)** 3 

RW 0.0490(1) 0.0718(1) 0.1021(2) 0.1090(3) 0.0962(3) 1 

MAE 

u-VAR 0.0431(8) 0.0813(11)* 0.1574(10)** 0.2701(10)** 0.3843(10)*** 11 

u-RVAR 0.0362(1) 0.0794(10)* 0.1669(11)*** 0.3019(11)*** 0.4529(11)*** 10 

u-VEC 0.0394(5) 0.0790(9) 0.1288(9)* 0.1614(9)** 0.1630(8)** 8 

s-VAR 0.0410(6) 0.0626(6) 0.0779(1) 0.0780(1) 0.0753(6)* 3 

s-RVAR 0.0441(9) 0.0712(8) 0.0936(7) 0.1159(7)*** 0.1421(7)** 7 

s-VEC 0.0444(10) 0.0688(7) 0.1051(8) 0.1426(8)* 0.1754(9)*** 9 

u-DVAR 0.0393(4) 0.0584(4) 0.0842(6) 0.0898(5) 0.0725(4) 6 

u-RDVAR 0.0372(2) 0.0581(3) 0.0833(5) 0.0915(6)* 0.0741(5)** 5 

s-DVAR 0.0421(7)* 0.0575(2) 0.0819(3) 0.0887(4) 0.0716(3) 2 

s-BDVAR 0.0498(11)* 0.0590(5) 0.0811(2) 0.0885(2) 0.0716(1)** 4 

RW 0.0383(3) 0.0572(1) 0.0820(4) 0.0886(3) 0.0716(2) 1 

4.3 Results of Model Comparison 

Tables 1 to 3 express the out-of-sample forecasting performance for each exchange 

rate. In the tables, the RMSE and MAE statistics for the exchange rate of every time 

series model are listed. The ranks of the forecasting accuracy for each forecasting 

period and the overall ranks are also obtained by comparing the RMSE and MAE 

separately. As to compare with the random walk model, the tests of equal forecasting 

accuracy also shown in the table. The mark star is the result of the Diebold-Mariano 

test for the multivariate time series models against the random walk model. One star 

means test statistics of Diebold-Mariano test rejects the null hypothesis at 10% 

confidence level. Two stars and three stars stand for the 5% and 1% confidence levels. 
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Table 2: Out-of-sample forecasting accuracy for Denmark 

Model 
Horizon 

Overall rank 
1 3 6 9 12 

RMSE 

u-VAR 0.0536(8)** 0.0861(8)* 0.1314(8)** 0.1667(8)** 0.1997(8)** 8 

u-RVAR 0.0498(4) 0.0940(10)** 0.1949(10)** 0.3385(10)*** 0.5205(10)*** 9 

u-VEC 0.0536(9)** 0.0861(9)** 0.1314(9)** 0.1667(9)** 0.1997(9)** 10 

s-VAR 0.0493(3) 0.0816(6)* 0.1199(6)* 0.1462(6)* 0.1378(6)* 6 

s-RVAR 0.0461(2) 0.0762(5) 0.0993(5) 0.1132(5) 0.1106(5)* 5 

s-VEC 0.0509(5) 0.0830(7) 0.1211(7) 0.1488(7) 0.1417(7)** 7 

u-DVAR 0.0524(7) 0.0638(3) 0.0945(4) 0.1069(3) 0.0965(3) 4 

s-DVAR 0.0510(6)* 0.0631(1) 0.0926(2) 0.1066(2)* 0.0965(2)** 1 

s-BDVAR 0.0555(10)** 0.0645(4) 0.0909(1) 0.1043(1)* 0.0929(1)** 3 

RW 0.0413(1) 0.0636(2) 0.0935(3) 0.1116(4) 0.1087(4) 2 

MAE 

u-VAR 0.0431(9)** 0.0739(8)** 0.1121(8)** 0.1394(8)** 0.1629(8)** 8 

u-RVAR 0.0407(6) 0.0812(10)*** 0.1644(10)*** 0.2735(10)*** 0.4584(10)*** 10 

u-VEC 0.0431(10)*** 0.0739(9)** 0.1121(9)** 0.1394(9)*** 0.1629(9)*** 9 

s-VAR 0.0381(5) 0.0691(6)* 0.0969(6)* 0.1234(7)** 0.1227(7)** 7 

s-RVAR 0.0361(3) 0.0634(5) 0.0790(5) 0.0939(4)* 0.1049(5)* 5 

s-VEC 0.0380(4) 0.0714(7)* 0.0977(7)* 0.1154(6) 0.1176(6)** 6 

u-DVAR 0.0428(8)* 0.0555(2) 0.0786(4) 0.0891(3) 0.0831(3) 4 

s-DVAR 0.0341(2) 0.0554(1) 0.0765(2) 0.0885(2)* 0.0825(2)** 1 

s-BDVAR 0.0415(7)* 0.0575(4) 0.0762(1) 0.0868(1)** 0.0801(1)*** 2 

RW 0.0313(1) 0.0558(3) 0.0769(3) 0.0941(5) 0.0929(4) 3 

Due to no significant parameters in the VAR model, the s-RDVAR model is lacking 

in the Swedish case, the u-RDVAR model and s-RDVAR model are lacking in the 

Danish case and the u-RDVAR model is lacking in the Norwegian case. According to 

the tables, it can be seen that the random walk model always has the highest rank 

except for the Swedish case measured by MAE. The equal accuracy test shows the 

random walk model actually predicts better than some multivariable time series 

models. When the forecasting horizon equals 3 months and 6 months, although the 

random walk doesn't have the best RMSE and MAE, no model can beat the random 

walk model by testing for equal accuracy. It shows that even if some models have 

smaller errors than the random walk model, there is no significant difference in the 

forecasting performance. However, this phenomenon is changed for the 9 month 

forecasting period. In forecasting 9 months ahead, only the s-BDVAR and s-DVAR 
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Table 3: Out-of-sample forecasting accuracy for Norway 

Model 
Horizon 

Overall rank 
1 3 6 9 12 

RMSE 

u-VAR 0.0393(2) 0.0551(1) 0.0954(8) 0.1431(10)* 0.2085(11)*** 8 

u-RVAR 0.0397(4) 0.0580(2) 0.0855(1) 0.1174(7) 0.1843(10)*** 4 

u-VEC 0.0424(8) 0.0591(4) 0.0911(2) 0.1158(6) 0.1332(8)** 5 

s-VAR 0.0426(9) 0.0640(10) 0.0965(9) 0.1250(9) 0.1292(7)** 10 

s-RVAR 0.0422(6) 0.0712(11)* 0.1270(11)** 0.1675(11)*** 0.1714(9)*** 11 

s-VEC 0.0417(5) 0.0632(9) 0.0974(10) 0.1217(8) 0.1123(6)* 9 

u-DVAR 0.0423(7) 0.0606(7) 0.0935(7) 0.1145(5) 0.1019(5) 6 

s-DVAR 0.0427(10) 0.0613(8)* 0.0930(6) 0.1137(4) 0.1012(4) 7 

s-RDVAR 0.0394(3) 0.0594(6) 0.0926(5) 0.1131(1) 0.1003(1)** 2 

s-BDVAR 0.0488(11)*** 0.0589(3) 0.0922(4) 0.1132(2) 0.1004(2) 3 

RW 0.0391(1) 0.0592(5) 0.0921(3) 0.1135(3) 0.1008(3) 1 

MAE 

u-VAR 0.0319(3) 0.0473(1) 0.0770(2) 0.1217(10)** 0.1992(11)*** 6 

u-RVAR 0.0322(4) 0.0485(2) 0.0688(1) 0.0992(8) 0.1666(10)*** 4 

u-VEC 0.0352(10) 0.0522(8) 0.0774(3) 0.0964(6) 0.1146(8)*** 8 

s-VAR 0.0338(7) 0.0532(10)* 0.0814(9) 0.1097(9) 0.1119(7)** 10 

s-RVAR 0.0343(9) 0.0603(11)* 0.1071(11)** 0.1512(11)*** 0.1664(9)*** 11 

s-VEC 0.0330(5) 0.0523(9) 0.0826(10) 0.0977(7) 0.0925(6)** 9 

u-DVAR 0.0333(6) 0.0519(7) 0.0803(8) 0.0942(4) 0.0798(4) 7 

s-DVAR 0.0340(8) 0.0515(6) 0.0800(7) 0.0937(3) 0.0795(3) 5 

s-RDVAR 0.0313(2) 0.0499(4) 0.0794(6) 0.0927(1) 0.0774(1)*** 1 

s-BDVAR 0.0488(11)*** 0.0498(3) 0.0793(4) 0.0928(2) 0.0779(2)* 3 

RW 0.0310(1) 0.0503(5) 0.0793(5) 0.0946(5) 0.0848(5) 2 

appears slightly more accurate than the random walk model in the Danish case. When 

forecasting 12 month ahead, for the s-BDVAR in the Swedish case, the s-DVAR and 

s-BDVAR in the Danish case and the s-RDVAR in the Norwegian case, the 

forecasting result is significantly better than the random walk model. It can be seen 

that the random walk model is beaten for these three countries in the long-run 

forecasting. Concerning the overall rank, the random walk model still has good 

performance, especially in Sweden and Norway. By comparing the methods of 

evaluating the accuracy, the ranks of the models vary only a little. These two methods 

(RMSE and MAE) are almost equivalent in evaluating the forecasting accuracy.  

  There is also an interesting result that can be found from the table. The rank for the 

models in levels is getting worse as the forecasting period increases. On the contrary, 
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the performance of models in differences is getting better as the forecasting period 

increases especially for the s-DVAR model and s-BDVAR model. To be more exact, 

we can find that the RMSE or MAE for models in levels have a dramatic increase 

with the increasing of horizon. However, the models in differences don't increase that 

much. As a result, the models in levels always have worse performance in long-run 

forecasting. In Section 2, the figures for the exchange rates in differences and in levels 

have been plotted. I presumed that this happens because of the trend. There exist 

considerable trends in the level data. In long-term, this trend would be magnified and 

it creates more errors. But the trends are erased from the difference data, thus this 

phenomenon occurs. From the results, it also can be seen that the s-BDVAR model 

has good performance over the 6 month forecasting period. And due to some technical 

reason, the BVAR model is only estimated using the structural model in differences 

with lag length 1. If we increase the lag length, the BDVAR model may also increase 

its performance. Thus, the BDVAR model may be a good time series model in 

long-run forecasting.  

5. Conclusion  

Up to now, in my study, several multivariate time series models have been 

compared to the random walk model according to the accuracy of the forecasting 

results of the exchange rates for North European currencies against the US Dollar. In 

Cuaresma and Hlouskova (2005), they found that the random walk model performs 

best in short-term forecasting in a similar study of transition economies. However, for 

the long-term, the random walk shows some weaknesses. In my study, similar results 

have been obtained. For short-term forecasting, the random walk model has the 

smallest errors in the prediction by comparing with realized data. And it is indeed 

more accurate than some multivariable time series models. However, some 

multivariable time series models beat the random walk model in long-term prediction. 

The accuracy of the random walk model in forecasting is not as good as the models in 

differences. By considering the equal accuracy test, it can be proved that the random 

walk model is really beaten especially for forecasting 12 months ahead.  
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  In the study, I also find that the models in differences have better performance than 

the models in levels especially for forecasting horizons over 3 months. I assumed that 

the trend in the levels data is partly influencing the forecasting accuracy and it needs 

to be responsible for the poor performance in the long-term. However, the exact 

reason for this phenomenon is still unknown. In future studies, if researchers have 

interest in this, they may focus on the comparison between forecasting by using level 

data and difference data and try to find a reason for this result. 
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Appendix 

1. Data Appendix 

The data obtained from the website of International Monetary and Fund. 

(http://www.imf.org/external/data.htm) The data is monthly data and seasonally 

adjusted from January 1998 to December 2010. The variables used for each country is 

as follows: 

(A)  Domestic (Sweden, Denmark and Norway):  

Exchange rate tE : The natural logarithm of end of period exchange rate for Sweden 

Kornor or Danish Krone or Norweign Krone against US Dollar.  

Money supply d

tM : The natural logarithm of Domestic narrow money (M1 seasonally 

adjusted is used for Sweden and Denmark, M2 seasonally adjusted is used for 

Norway) 

Output d

tY : The natural logarithm of domestic industrial production, index 2005=100, 

seasonally adjusted. 

Short-term interest rate d

tR : Three month forward rate for domestic countries. 

Price level d

tP : The natural logarithm of domestic consumer prices, index 2005=100, 

seasonally adjusted. 

(B) Foreign (USA): 

Money supply f

tM : The natural logarithm of foreign narrow money (M1 seasonally 

adjusted) 

Output f

tY : The natural logarithm of foreign industrial production, index 2005=100, 

seasonally adjusted. 

Short-term interest rate f

tR : Three month forward rate for foreign countries. 

Price level f

tP : The natural logarithm of foreign consumer prices, index 2005=100, 

seasonally adjusted. 

 

http://www.imf.org/external/data.htm


27 

2. Autoregressive Unit Root Test 

The unit root test is used for testing the stability of a time series variable. The null 

hypothesis for a unit root test is that there exists a unit root. It means the time series is 

stationary. Considered the simple AR (1) model: 

2

1 ,   where ~ (0, )t t t ty y WN      

The hypothesis is: 
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: 1 (unit root in ( ) 0)
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The test statistic is: 
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where 


 is the least square estimation and ( )SE 


 is the standard error for the 

estimation. Under the null hypothesis, the test statistics follows normal distribution 

(Hatanaka, 1995). In the study, the variable exchange rate is tested in R program by 

using Phillips-Perron Unit Root Test (Phillips and Perron, 1988). 

3. Method of choosing lag length and error terms 

The following table is a summary for the VEC model with lag equal to 2 and 3 in 

Swedish case. 

 Test Statistics Critical Value 

0H  p=3 p=2 90% 95% 99% 

r=0 283.19    328.67 215.17 222.21 234.41 

r=1 214.33    232.76 176.67 182.82 196.08 

r=2 155.89    163.84 141.01 146.76 158.49 

r=3 115.90   111.07 110.42 114.90 124.75 

r=4 83.06       70.73 83.20 87.31 96.58 

r=5 55.48       43.70 59.14 62.99 70.05 

These results are obtained from the trace test which is given by Johansen in 1980. 

From the table, by comparing the test statistics with the critical value, it can be found 
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that the test statistics for lag 2 with 3 error terms are smaller than the critical value of 

95%. And this value is also smaller than the test statistics for lag 3 with the same error 

terms. Thus, I choose the VEC model with 2 lags and 3 error terms. This is the 

method of choosing lag length and error terms. 

4. Variables included in each model 

The following table lists the variables with different lags included in each models. 

In the study, for the BDVAR model, a coefficient matrix cannot be obtained for the 

variables. Only the posterior distribution can be obtained. 

 

Models Variables 

Sweden 

u-VAR 

1tE  2tE  3tE  1

d

tM  2

d

tM  3

d

tM  1

f

tM  2

f

tM  3

f

tM  1

d

tY  2

d

tY  3

d

tY  1

f

tY  2

f

tY  3

f

tY   

1

d

tR  2

d

tR  3

d

tR  1

f

tR  2

f

tR  3

f

tR  1

d

tP 2

d

tP 3

d

tP 1

f

tP 2

f

tP 3

f

tP  

u-RVAR 1tE  2

d

tM  2

f

tM  1

f

tY  3

f

tY  2

d

tP  

u-VEC 1tE  1

d

tM  1

f

tM  1

d

tY  1

f

tY  1

d

tR  1

f

tR  1

d

tP 1

f

tP  and three error terms   

u-DVAR 

1tE  2tE  1

d

tM  2

d

tM  1

f

tM  2

f

tM  1

d

tY  2

d

tY  1

f

tY  2

f

tY  1

d

tR  2

d

tR  1

f

tR  2

f

tR   

1

d

tP 2

d

tP 1

f

tP 2

f

tP  

u-RDVAR 1tE  1

f

tY  2

f

tY   

s-VAR 1tE  2tE  1tm  2tm  1ty  2ty  1tr  2tr  1tp  2tp   

s-RVAR 1tE  1tr  1tp   

s-VEC 1tE  1tm  1ty  1tr  1tp   and one error terms 

s-DVAR 1tE  2tE  1tm  2tm  1ty  2ty  1tr  2tr  1tp  2tp   

Denmark 

u-VAR 1tE  2tE  3tE  1

d

tM  2

d

tM  3

d

tM  1

f

tM  2

f

tM  3

f

tM  1

d

tY  2

d

tY  3

d

tY  1

f

tY  2

f

tY  3

f

tY   
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1

d

tR  2

d

tR  3

d

tR  1

f

tR  2

f

tR  3

f

tR  1

d

tP 2

d

tP 3

d

tP 1

f

tP 2

f

tP 3

f

tP
 

u-RVAR 1tE  1

f

tM  3

f

tY  1

f

tR  1

f

tP
 

u-VEC 1tE  1

d

tM  1

f

tM  1

d

tY  1

f

tY  1

d

tR  1

f

tR  1

d

tP 1

f

tP  and three error terms   

u-DVAR 

1tE  2tE  1

d

tM  2

d

tM  1

f

tM  2

f

tM  1

d

tY  2

d

tY  1

f

tY  2

f

tY  1

d

tR  2

d

tR  1
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