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Abstract

Optimal stopping is a sub-field of probability theory that is present
within mathematical finance, mathematical statistics, stochastic cal-
culus and other disciplines. In mathematical finance, one well known
problem is the pricing of an American put option. In this thesis we
first give a brief review of some general optimal stopping theory, its
connection to free-boundary problems and we then extend the prob-
lem of pricing the American put option to the case with incomplete
information about the drift of the underlying stock.
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1 Introduction

Optimal stopping is a very rich and interesting branch of probability theory,
with applications in several different areas. The main objective is always
to decide ”when to stop”. A decision maker observes a random process, in
discrete or continuous time, and based on these observations he or she tries
to maximize the gain or minimize the cost. One feature of many optimal
stopping problems is that they are often easy to pose and explain, and at
the same time they yield non-trivial and interesting solutions. Consider for
example the following game: Someone writes down 100 numbers on 100 slips
of paper, with no restriction what so ever on the numbers, except that no
one occurs more than one time. He then puts the slips heads down on a
table and shuffles them. Your task is, without having seen the numbers he
wrote, to turn the slips over, one at the time, and to stop when you think
you have found the biggest number. It turns out that there exists a stopping
rule that guarantees that you will pick the highest number more than one
third of the time! This is an example of an optimal stopping problem in
discrete time, a class of problems that we will not deal more with in this
thesis. However, it serves as a good example of what optimal stopping is all
about.

In this thesis we will be concerned with optimal stopping in continuous
time. The canonical example of such a problem in mathematical finance is
the pricing of American options, which we discuss below.

1.1 Pricing of the American put option

The arbitrage free price of an American put option, with strike price K,
volatility σ > 0, interest rate r > 0 and time to maturity T (for now allowed
to be either finite or infinite) is

V (x) = sup
0≤τ≤T

Ex(e−rτ (K −Xτ )+) (1)

where the stopping times τ are with respect to the filtration FX , X solving

dXt = rXtdt+ σXtdBt (2)

As usual B = (Bt)t≥0 denotes a standard Brownian motion starting at zero,
and X0 = x > 0 under Px.

It turns out that solving the problem above for T =∞ is fairly straight-
forward. The reason for this is that we get rid of the time dependence; since
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the option can be exercised at any time, the payoff depends on the under-
lying asset only. See for example [8] for a detailed derivation. The solution
includes a constant boundary, b, and the stopping rule is to sell the asset as
soon as its price crosses b.

In the case where T is finite, the problem is considerably more complex
due to the adding of one extra dimension. The solution involves, after
reducing the optimal stopping problem to a free-boundary problem, a fairly
readable expression for V . This expression depends on b = b(t) though,
where b is a time-dependent optimal stopping boundary solving a non-linear
integral equation. A few nice properties of the functions V and b have been
derived, but a more explicit solution does not yet exist. We do not dig
deeper into this right now, but refer to [8], [7] or [3] for all the details and
derivations.

As the title of the thesis suggests, we aim at imposing some restrictions
to what is known about the asset a priori. Indeed, we want to derive a value
for the American put option with incomplete information about the drift of
the underlying asset.

1.2 An underlying asset with unknown drift

In arbitrage pricing of financial derivatives, the drift of the underlying asset
always equals the interest rate r under the pricing measure. In equation
(1) above for example, the expectation is taken with respect to the so called
Q-measure, under which the drift of X equals r. Consider now the following
situation: the set-up is exactly as before, except that now the drift of the
underlying equals µ ∈ {µl, µh} with µl < r < µh. We thus want to find

V (x) = sup
0≤τ≤T

Ex(e−rτ (K −Xτ )+)

as before, but now the dynamics of X is given by

dXt = µXtdt+ σXtdBt, µ ∈ {µl, µh} with µl < r < µh

We assume here that we have some initial guess of the probabilities of the
events {µ = µl} and {µ = µh}. Note that the approach to this problem
is different to the arbitrage-free pricing problem. Here we are not using
risk neutral valuation in order to price the option and hedge away the risk.
We merely ask what a reasonable price for the above option is, given the
uncertainty about the drift. This is a natural question to ask if one wishes
to speculate by buying the option. One wants to buy the option in order to
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gamble, and in particular one is not interested in the arbitrage free price.
In this thesis we will be interested in the perpetual case, i.e when T =∞.

This thesis is organized as follows. In chapter two we briefly review the
theory of optimal stopping in continuous time, and we then look at the re-
duction of such problems to free-boundary problems. Here we closely follow
[8]. In chapter three we introduce the concept of incomplete information
stated above, and under this assumption we try to price an American put
option. This is partly in the same spirit as [2], [1] and [4] where similar
problems are studied.

7



2 Optimal stopping in continuous time

When facing an optimal stopping problem, two approaches are available: the
martingale approach and the Markovian approach. They differ in the way
they describe the probabilistic evolution of stochastic processes, and which
one of the approaches that is preferred depends on the particular problem.
Here we present both approaches.

2.1 The martingale approach

Let (Ω,F , (Ft)t≥0,P) be a filtered probability space, and G = (Gt)t≥0 a
stochastic process defined on it. Here G stands for ”gain”, so the process
is thus to be thought of as ”what we gain if we stop now”. Here, as usual,
G is adapted to the filtration (Ft)t≥0, and Ft is interpreted as all the infor-
mation we have after observing G up to time t. Optimal stopping theory is
concerned with finding a stopping time such that G above is optimized in
some sense.

Definition. A random variable τ : Ω −→ [0,∞] is called a stopping time if
{τ ≤ t} ∈ Ft for all t ≥ 0 and P(τ <∞) = 1.

The general optimal stopping problem will be on the following form:

Vt = sup
t≤τ≤T

EGτ (3)

where τ is a stopping time and T is either finite or infinite. To arrive at
the main theorem about the solution to this problem, we first make some
technical assumptions about the process G. We assume that G is right-
continuous, and left-continuous over stopping times. The latter means that
if τn and τ are stopping times such that τn ↑ τ as n −→∞ then

P( lim
n→∞

Gτn = Gτ ) = 1

Furthermore we assume that

E ( sup
0≤t≤T

|Gt|) <∞. (4)

In solving problem (3) above we will treat the cases with finite and infinite T
at the same time, since this does not cause any problems. By convention, for
an infinite T we still consider stopping times τ <∞. Through the following
Lemma we now introduce the concept of essential supremum (see [8] p.6-7).
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Lemma 1. Let {Zα : α ∈ I} be a family of random variables defined on
(Ω,F ,P) where the index set I can be arbitrary. Then there exists a count-
able subset J of I such that the random variable Z∗ : Ω −→ R̄ defined by

Z∗ = sup
α∈J

Zα (5)

satisfies the following two properties:

(i) P(Zα ≤ Z∗) = 1 for each α ∈ I
(ii) If Z̃ : Ω −→ R̄ is another random variable satisfying (5) in place of Z∗,
then P(Z∗ ≤ Z̃) = 1.

The random variable Z∗ above is called the essential supremum of {Zα :
α ∈ I} relative to P and is denoted by Z∗ = esssupα∈IZα. It is determined
uniquely up to a P -null set by the two properties above.

Now back to our problem (4). Consider the process S = (St)t≥0 defined
by

St = esssupτ≥tE (Gτ |Ft) (6)

where τ is a stopping time. The process S is called the Snell envelope of G.
Now let

τt = inf{s ≥ t : Ss = Gs} (7)

We are now ready to formulate the main result about the existence of
an optimal stopping time in the martingale framwork:

Theorem 1. Consider the optimal stopping problem (3) and assume that
(5) holds. Assume furthermore that P(τ < ∞) = 1 where t ≥ 0. Then for
all t ≥ 0 we have:

St ≥ E (Gτ |Ft) for each τ ∈MtSt = E (Gτt |Ft) (8)

where Mt denotes the family of all stopping time τ satisfying τ ≥ t (being
also smaller than or equal to T when the latter is finite). Moreover, if t ≥ 0
is given and fixed, then we have

The stopping time τt is optimal in (3)
If τ∗ is an optimal stopping time in (3) then P(τt ≤ τ∗) = 1
The process (Ss)s≥t is the smallest right-continuous supermartingale which
dominates (Gs)s≥t.
The stopped process (Ss∧τt)s≥t is a right-continuous martingale.
If P(τt =∞) > 0 then, with probability 1, there is no optimal stopping time
in (3).
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The proof of this theorem is rather lengthy, and the interested reader is
encouraged to consult [8]. Let us now present the other approach.

2.2 The Markovian approach

Consider a strong Markov process X = (Xt)t≥0 defined on a filtered proba-
bility space (Ω,F , (Ft)t≥0,Px) taking values in (Rd,B) for some d ≥ 1 where
B = B(Rd) is the Borel σ-algebra on Rd. Assume that Px(X0 = x) = 1 and
that the sample paths of X are right-continuous and left-continuous over
stopping times (the latter being the same condition as above), and that
(Ft)t≥0 is right-continuous. For any measurable function G defined on Rd
with values in R satisfying

Ex( sup
0≤t≤T

| G(Xt) |) <∞ (9)

(with G(XT ) = 0 if T =∞) we will consider the optimal stopping problem

V (x) = sup
0≤τ≤T

ExG(Xτ ) (10)

Here x ∈ Rd and the supremum is taken over all stopping times τ with
respect to (Ft)t≥0. There are several parts to this problem. One is of
course to find the optimal stopping time τ∗ such that the supremum above
is attained. Secondly, note that G above (the ”gain” function) is just an
arbitrary deterministic, measurable function of which the value function V
is expressed in terms of. Thus, given G, we want to express V = V (x) as
explicitly as possible, for all x ∈ Rd. Furthermore, for a fixed ω ∈ Ω, we
can apply G to Xt(ω) and hence at any time point t decide whether to stop
or to continue. It is thus natural to split Rd into two regions, one where it
is optimal to continue, called the continuation region C, and one where it
is optimal to stop, called the stopping region D = Rd�C. So finding these
two sets is also part or our problem.

To arrive at the main results of this section we need a few definitions.
First what it means for a function to be superharmonic.

Definition 1. A measurable function F : Rd −→ R is said to be superhar-
monic if

ExF (Xσ) ≤ F (x)

for all stopping times σ and all x ∈ Rd.

Next the concept of semicontinuity (see for example [9]).
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Definition 2. An extended real-valued function f is called lower semi-
continuous (lsc) at the point y if

f(y) 6= −∞ and f(y) ≤ lim inf
x→y

f(x).

It is called upper semi-continuous (usc) at the point y if

f(y) 6= +∞ and f(y) ≥ lim sup
x→y

f(x).

We say that f is upper (lower) semi-continuous if it is upper (lower) semi
continuous at all points.

Now consider (10) in the perpetual case, i.e when T = ∞. Set the
continuation region

C = {x ∈ Rd : V (x) > G(x)}

and the stopping region

D = {x ∈ Rd : V (x) = G(x)}

and let the first entry time of X into D be denoted by

τD = inf{t ≥ 0 : Xt ∈ D}.

The definitions of C and D above is very natural. If

V (x) > G(x)⇐⇒ sup
0≤τ≤T

ExG(Xτ ) > ExG(X0)

this means that there exits a τ ∈ [0, T ] such that ExG(Xτ ) > ExG(X0) so
it cannot be optimal to stop. If, on the other hand,

V (x) = G(x)⇐⇒ sup
0≤τ≤T

ExG(Xτ ) = ExG(X0)

then no higher value can be attained and it is optimal to stop (to let τ = 0).
Under the assumption that V is lsc and G is usc then τD is a stopping

time with respect to (Ft)t≥0. We are now ready to state the main theorem
about optimal stopping times in the Markovian framework:

Theorem 2. Consider the perpetual case of problem (10) and assume that
(9) holds. Assume also that there exists a smallest superharmonic function
V̂ which dominates the gain function G on Rd. Assume furthermore that V̂
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is lsc and G is usc. Set D = {x ∈ Rd : V̂ (x) = G(x)}. Then

If Px(τD < ∞) = 1 for all x ∈ Rd, then V̂ = V and τD is optimal in
(10).

If Px(τD < ∞) < 1 for some x ∈ Rd, then there is no optimal stopping
time in (10) Px-a.s.

Note that in the case of a finite horizon, i.e when T <∞, then Px(τD <
∞) = 1, so under the same assumptions as above the theorem holds also for
this case. The above theorem hence states that solving our initial problem
(10) is equivalent to finding a V̂ as described above.

2.3 Reduction to free-boundary problem

A free-boundary problem is a differential equation which is defined in some
domain by means of an unknown boundary. This boundary might be a
function, e.g of a time parameter t, or it might be a constant. In section
1.1 above, we briefly mentioned that finding the arbitrage free price of the
perpetual American put option gives rise to a free-boundary problem with a
constant boundary b. Solving such a problem amounts to solving the equa-
tion itself, as well as finding this unknown boundary. This class of problems
is present in several different areas, not least in physics. In this paper, how-
ever, we will only be interested in financial applications. Indeed, our main
task later on will be to solve a problem which requires a reduction of an
optimal stopping problem to a free-boundary problem. This subsection will
serve as a short introduction to this technique.

We keep the notation and settings from the previous section. Hence, we
consider a strong Markov process X = (Xt)t≥0, which is right-continuous
and left-continuous over stopping times and takes values in Rd. Furthermore,
we take as given a sufficiently regular, measurable function G : Rd → R, and
we consider the optimal stopping problem

V (x) = sup
τ
Ex[G(Xτ )]. (11)

Here the stopping times are taken with respect to X, and Px(X0 = x) = 1
for x ∈ Rd. We have already seen that solving such a problem is equivalent
to finding the smallest superharmonic function V̂ : Rd → R which dominates
the gain function G on Rd. As also noted previously, we split Rd into the
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stopping set D = {V̂ = G}, and the continuation set C = {V̂ > G}. The
first entry of X into D is optimal for (11), and we denote this by

τD = inf{t ≥ 0 : Xt ∈ D}. (12)

We are now ready to formulate the free-boundary problem: V̂ and C
should solve{
LX V̂ ≤ 0 (V̂ minimal),

V̂ ≥ G (V̂ > G on C and V̂ = G on D)

where LX is the infinitesimal generator of X. As noted in the beginning
of this section, both V̂ and C are unknown in the above system, and both
are to be determined. Under certain conditions (see [8] for the details), it is
possible to identify V = V̂ , with V as in (11) and V̂ from the above equation
system. It follows that we are able to write

V (x) = Ex[G(XτD)]

where τD is defined by (12). To summarize, it follows that V solves{
LXV = 0 in C,

V |D = G|D.

The optimal boundary ∂C and the function G have to fulfil some condi-
tions for the above discussion to be valid (again consult [8] for the details).
We assume that G is smooth in a neighbourhood of ∂C. Furthermore, we
assume that X starting at ∂C enters C immediately. This gives rise to the
so-called smooth fit condition

∂V

∂x

∣∣∣∣
∂C

=
∂G

∂x

∣∣∣∣
∂C

(13)

where we suppose that X is one-dimensional for simplicity.

In this paper we are interested in perpetual options, i.e we have an infi-
nite time horizon in our optimal stopping problems. As we have mentioned,
we thereby get rid of the time dependence, so LXV is in fact an ODE. In
general this is way easier to solve than the PDE that time dependence gives
rise to. To solve the free-boundary problem with an infinite time horizon
amounts to the following scheme: obtain a candidate solution by solving the
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ODE, and taking the boundary conditions into account. Then perform a
verification argument to show that this candidate solution is correct. We
will show this procedure in detail below, in the section about the American
put under incomplete information.
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3 Reducing the information

3.1 Motivation

As mentioned in section 1.2 above we will be interested in introducing incom-
plete information, i.e more uncertainty about the parameters in our model.
This is in many respects a very natural thing to do in order to extend more
simple models. Indeed, the real world is full of uncertainty, and by trying to
capture this fact within the model, one may be able to describe real-world
phenomena more accurately. This has to be done carefully though. If too
many parameters are allowed to be random, the information becomes very
noisy and it gets very hard to distinguish what effect is due to what pa-
rameter. Thus picking the right parameters to change is also important. Of
course it is hard to say what is meant by ”too many” and ”right parameters”
since it clearly may differ depending on the problem at hand.

Some well-studied examples of extensions in this direction is to allow for
either stochastic volatility, stochastic interest rate or jumps in the Black-
Scholes model. As we have already mentioned, we will in this paper look at
incomplete information about the drift parameter of an asset. Before we set
up the exact framework and define the problem, let us first mention some
related work in this field. In [2] Ekström and Lu consider an agent who
wants to liquidate an asset with unknown drift. They assume that the asset
follows a geometric Brownian motion with constant volatility, and a drift
µ ∈ {µl, µh} such that µl < r < µh (i.e the same approach as we will have).
The question they answer in the paper is when to sell the asset in order to
maximize the expected wealth. Their optimal stopping problem is on the
form

V = sup
0≤τ≤T

E(e−rτXτ ). (14)

A solution is given and properties thereof derived. Note that they consider
a finite time horizon, whereas we will be looking at a perpetual case.

In [1] a problem of similar kind is studied. The authors’ objective is
to decide when to invest in a project whose value is observable but has an
unknown drift parameter. They first let the value process be described by
an arithmetic Brownian motion, for which the drift can take two different
values. The optimal stopping problem is on the form

V = sup
τ
E(e−rτ (Xτ − I)) (15)

where I is a sunk cost paid to enter the project. They then extend this to
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the case where the value process follows a Geometric Brownian motion, and
to the case where the possible number of values for the drift parameter is
an arbitrary finite number. In [4] Klein observes that, for a certain choise
of parameters, a two-dimensional optimal stopping problem can be reduced
to a one .

3.2 The American put under incomplete information

From now on we more or less follow the notation in [2]. As usual we assume
that the asset price process X follows a geometric Brownian motion starting
at X0 > 0, i.e the dynamics of X is given by

dXt = µXtdt+ σXtdW̃t, t ≥ 0. (16)

The underlying probability space is (Ω,F , P ) and (W̃ ,FW̃ ) is a standard
Brownian motion defined on it. The volatility σ is a positive constant, but
the drift µ is a random variable independent of W̃ that can take two values,
µ ∈ {µl, µh}, such that 0 < µl < r < µh for a constant r. Although µ is
not known a priori, the modeller has an initial guess for the probabilities
of the events {µ = µl} and {µ = µh}. We denote the initial guess of the
probability of the event {µ = µh} by Π0, and hence the estimated probability
of the event {µ = µl} equals 1 − Π0 for Π0 ∈ (0, 1). So from the start the
information at hand is this initial guess for the drift, and then one can
observe the evolution of the asset price process X. This means, as time
passes and the price changes, one does not know what effect of the price
changes that comes from the drift and what comes from the diffusion term.
However, if the price steadily seems to increase more than it should do if
the drift was equal to µl, it seems more and more likely that X in fact is
driven by µh. In this way, by observing X, one is able to update the initial
guess about the drift.

Given these assumptions we wish to find

V = sup
τ
E[e−rτ (K −Xτ )+)] (17)

where the stopping times τ are with respect to the filtration FX , and K is a
positive constant. This is thus the price of a perpetual American put option
with strike K, but with the new feature that the drift does not equal the
interest rate. In particular, this price will not be free of arbitrage.

To capture the updating of the belief of the drift parameter, we let

Πt = P (µ = µh | FXt ), t ≥ 0
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denote the probability at time t that µ = µh given the observation of X
up to time t. From Theorems 7.12 and 9.1 in [5] the asset price process X
together with our new belief process Π satisfy the equation(

dXt/Xt

dΠt

)
=

(
µl + Πt(µh − µl)

0

)
dt+

(
σ

ωΠt(1−Πt)

)
dW̄t

where ω = (µh−µl)/σ and W̄ is a standard P -Brownian motion defined by

dW̄t = dW̃t +
µ− (1−Πt)µl −Πtµh

σ
dt.

Now we take a look at the new drift term of X. It depends on Π, our
belief process, so the problem (17) we want to solve now has two underlying
spatial dimensions. At first this seems unfortunate (compare the adding of
one extra dimension when one finds the American put price with a finite
time horizon rather than an infinite). However, noting that the Π process
is expressed in terms of the same Brownian motion as is X, one should
be able to reduce the number of spatial dimension by means of a Girsanov
transformation. Indeed, walking in the footsteps of Ekström and Lu in
[2] (see also [1]) we reduce our problem (17) to a one-dimensional optimal
stopping problem. For the reader who wishes to refresh the basic theory of
stochastic analysis, Öksendal [6] is a good and far reaching source.

First define the new process W by

dWt = ωΠtdt+ dW̄t

and a new measure P ∗ by its Radon-Nikodym derivative

dP ∗

dP
= exp

{
−1

2

∫ T

0
ω2Π2

t dt−
∫ T

0
ωΠt dW̄t

}
= exp

{
1

2

∫ T

0
ω2Π2

t dt−
∫ T

0
ωΠt dWt

}
with respect to P , on FT for all T ≥ 0. From the discussion in [1] p.
477, and the references given there, there exists a unique extension of P ∗

that allows for T = ∞. It now follows from Girsanov’s theorem that W
is a Brownian motion with respect to this new measure P ∗ (we keep this
notation for the extended measure as well). Now define the likelihood ratio
Φ by Φt = Πt/(1 − Πt). We find the dynamics of Φ by means of Ito’s
formula: namely, letting f(t,Πt) = Πt/(1−Πt) and having the dynamics of
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Πt in mind, we get

df(t,Πt) =
1

2
ω2Π2

t (1−Πt)
2 ∗ 2(1−Πt)

−3dt+ ωΠt(1−Πt)(1−Πt)
−2dW̄t

= ω2Π2
t (1−Πt)

−1dt+ ωΠt(1−Πt)
−1dW̄t

Substituting for Φt we get

dΦt = ω2ΠtΦtdt+ ωΦtdW̄t.

Now look at our definition of the process W above. Plugging this in finally
yields

dΦt = ωΦtdWt

so by Girsanov’s theorem Φ is a geometric Brownian motion under P ∗. The
same holds for X, since substituting for W yields

dXt = µlXtdt+ σXtdWt.

To summarize we thus have(
dXt/Xt

dΦt/Φt

)
=

(
µl
0

)
dt+

(
σ

ω

)
dWt, (18)

and from the well known result about geometric Brownian motion we get
the equation system

Xt = X0e
(µl−σ

2

2
)t+σWt

Φt = Φ0e
−ω

2

2
t+ωWt .

Now, solving for Wt in the second equation yields

Wt = (ln
Φt

Φ0
+
ω2

2
t)

1

ω
,

and substituting this in the first equation we get

Xt = X0e
εt

(
Φt

Φ0

)β
, (19)
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where

β =
σ

ω
=

σ2

µh − µl
and

ε = (µh + µl − σ2)/2.

Next, define the likelihood process

ηt = exp

{
−1

2

∫ t

0
ω2Π2

s ds+

∫ t

0
ωΠs dWs

}
.

We showed above that W is a P ∗-Brownian motion, so consequently the
process η is a P ∗-martingale. Furthermore it turns out that the likelihood
process η can be written as

ηt =
1 + Φt

1 + Φ0
. (20)

To see this, let Zt = 1+Φt
1+Φ0

. Then Z0 = 1 = η0 and

dZt
Zt

=
1 + Φ0

1 + Φt

dΦt

1 + Φ0
=

dΦt

1 + Φt
= ωΠt dWt =

dηt
ηt
.

Thus equation (20) holds.

Let us briefly summarize what has been done so far in this section. We
started off with our main problem (17), and we described the concept of
learning with the process Π. Using the filtering techniques in [5] we were
able to derive the dynamics of the price process X together with our new
process Π. Since our price process X now had two underlying spatial dimen-
sions, we used a Girsanov transformation to reduce this to one. We finally
arrived at the P ∗-martingale η, and we now reformulate (17) in terms of
that:

(1 + Φ0)V = sup
τ
E[e−rτ (1 + Φ0)(K −Xτ )+] (21)

= sup
τ
E∗[e−rτητ (1 + Φ0)(K −Xτ )+]

= sup
τ
E∗[e−rτ (1 + Φτ )(K −Xτ )+].
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Now we use the relation Xt = X0e
εt( Φt

Φ0
)β, and replace for X:

(1 + Φ0)V = sup
τ
E∗[e−rτ (1 + Φτ )(K −Xτ )+] (22)

= sup
τ
E∗[e−rτ (1 + Φτ )(K −X0e

ετ (
Φτ

Φ0
)β)+]

=
X0

Φβ
0

sup
τ
E∗[e−rτ (1 + Φτ )(K̂ − eετΦβ

τ )+]

where K̂ =
KΦβ0
X0

. Thus

Φβ
0 (1 + Φ0)

X0
V = sup

τ
E∗[e−rτ (1 + Φτ )(K̂ − eετΦβ

τ )+] (23)

so from now on we can instead consider the optimal stopping problem

V̂ (z) = sup
τ
E∗[e−rτ (1 + Zτ )(K̂ − eετZβτ )+] (24)

where

Zu := z exp

{
−ω

2

2
u+ ωWu

}
, u ≥ 0.

Next we will make a simplifying assumption. Note that our original model
depends on several parameters. Two of them, r and K, are for obvious
reasons supposed to be known, but µl, µh and σ are unknown and have to
be estimated in some way. Since such estimations are uncertain by nature,
one could argue that imposing some relation among these parameters would
not falsify the model that much. As it turns out, one such relation simplifies
the analysis of the problem considerably. Hence, from now on, we suppose
that ε = 0, i.e that µh + µl = σ2. Our objective is to solve (24) which now
reads

V̂ (z) = sup
τ
E∗[e−rτ (1 + Zτ )(K̂ − Zβτ )+] (25)

and to do this we try to reformulate (25) as a free-boundary problem. Solv-
ing this problem amounts to finding an expression for V̂ (z) and to find the
optimal τ for which the supremum is attained, i.e the optimal exercise time.
Like in the case of the usual perpetual American put option (see [8] p. 375-
378) we will first make a guess for the solution, and then we will prove that
this guess is correct using a verification argument. Taking a look at (25) we

note that it is always sub-optimal to stop when Zβt > K̂ since this would
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yield a zero payoff. By a similar argument as for the usual perperual Amer-
ican put this indicates that there exists a point b ∈ (0, K̂1/β) such that the
stopping time

τb = inf{t ≥ 0 : Zt ≤ b}

is optimal in (25). We are thus lead to the following free-boundary problem
for the value function V̂ and the unknown point b:

1
2ω

2z2V̂zz(z)− rV̂ = 0 if z > b,

V̂ (z) = (1 + z)(K̂ − zβ)+ if z = b,

V̂z(z) = d
dz [(1 + z)(K̂ − zβ)+] if z = b,

V̂ (z) > (1 + z)(K̂ − zβ)+ if z > b,

V̂ (z) = (1 + z)(K̂ − zβ)+ if 0 < z < b.

(26)

We recognize this as the Cauchy-Euler equation, and this leads us to look
for a solution of the form V (z) = zp :

ω2

2
z2p(p− 1)zp−2 − rzp = 0⇐⇒ zp(

ω2

2
p(p− 1)− r) = 0.

For p we thus get the quadratic equation

p2 − p− 2r

ω2
= 0⇐⇒ p =

1

2
±
√
ω2 + 8r

2ω

and the general solution for V̂ reads

V̂ (z) = C1z
α1 + C2z

α2 , α1 =
1

2
+

√
ω2 + 8r

2ω
, α2 =

1

2
−
√
ω2 + 8r

2ω
.

We first note that α1 > 1 and α2 < 0 (because
√
ω2+8r
2ω = 1

2

√
1 + 8r

2ω > 1
2).

Furthermore we have

V̂ (z) = sup
τ
E∗[e−rτ (1 + Zτ )(K̂ − Zβτ )+] ≤ K̂ sup

τ
E∗[1 + Zτ ] = K̂(1 + z),

where we in the last equality used that Zt is a martingale starting in z.
Since α1 > 1 and V̂ (z) ≤ K̂(1 + z) for all z we must have C1 = 0, and thus
V̂ (z) = C2z

α2 . Moreover, we have

V̂z(z) = α2C2z
α2−1 and

d

dz
[(1 + z)(K̂ − zβ)+] = (K̂ − zβ)+ − βzβ−1(1 + z).

As noted above, at the optimal exercise boundary z = b we must have
K̂ > zβ because otherwise the payoff function would be zero. We thus get
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two algebraic equations in the two unknowns b and C2, namely{
α2C2b

α2−1 = K̂ − bβ − βbβ−1(1 + b)

C2b
α2 = (1 + b)(K̂ − bβ)

From the second equation we get C2 = (1 + b)(K̂ − bβ)b−α2 , and insert-
ing this into the first one we obtain

α2(1 + b)(K̂ − bβ)b−1 = K̂ − bβ − βbβ−1.

To get a better overview of this equation we multiply with b on both sides
and move everything left of the equality. Considering the expression as a
function of b we get

f(b) = (1− α2)bβ+1 + (β − α2)bβ + (α2 − 1)K̂b+ α2K̂ = 0. (27)

Now, since α2 < 0, we have

lim
b→0

f(b) = α2K̂ < 0.

For b very big, bβ+1 is the leading term, and since 1− α2 > 0 we also have

lim
b→∞

f(b) =∞.

Since f(b) attains all intermediate values there is (at least) one positive real
b satisfying (27). Differentiating (27) twice yields

f ′′(b) = β(β + 1)(1− α2)bβ−1 + β(β − 1)(β − α2)bβ−2 ≥ 0,

so f is in fact convex on [0,∞). Here we used that

β =
σ2

µh − µl
=
µh + µl
µh − µl

= 1 +
2µl

µh − µl
> 1.

From the above analysis, there exists exactly one positive real b solving
(27), say b = b∗. Inserting this into the second equation in the system above
yields

C2 = (1 + b∗)(K̂ − (b∗)β)(b∗)−α2 .

To summarize we get the following solution to (25):

V̂ (z) =

{
(1 + b∗)(K̂ − (b∗)β)(b∗)−α2zα2 if z ∈ [b∗,∞)

(1 + z)(K̂ − zβ) if z ∈ (0, b∗]
(28)
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where α2 = 1
2 −

√
ω2+8r
2ω .

Note that V̂ ∈ C2 for z ∈ (0,∞)\{b∗} and V̂ ∈ C1 for z = b∗. We can
thus conclude the following

Proposition 1. The solution to our optimal stopping problem (25) is given
by (28) above. Furthermore, τb∗ defined by τb∗ = inf{t ≥ 0 : Zt ≤ b∗}, is
optimal in (25).

Proof. Let V̂∗ denote the solution to (25) and let V̂ be defined as above. We
want to show that V̂∗(z) = V̂ (z) for all z > 0. By the note right before the
proposition, an extension of Ito’s formula can be applied to e−rtV̂ (Zt). We
get

e−rtV̂ (Zt) = V̂ (z) +

∫ t

0
e−rs(LZ V̂−rV̂ )(Zs)I(Zs 6= b∗)ds +

∫ t

0
e−rsωZsV̂

′(Zs)dWs.

(29)

Remember that in our case LZ = ω2

2 z
2 ∂V̂
∂z . It follows after a straightforward

calculation that for z ∈ (0, b∗) we have

LZ V̂ (z) = −βω
2

2
[2zβ+1 + (β − 1)zβ(1 + z)] ≤ 0 (since β > 1).

Furthermore, since LZ V̂ − rV̂ = 0 for z > b∗ and Pz(Zs = b∗) = 0 for all s
and z, we see that LZ V̂ − rV̂ ≤ 0 for all z ∈ (0,∞). Now, having (26) in
mind, we get

e−rt(1 + Zt)(K̂ − Zβt )+ ≤ e−rtV̂ (Zt) ≤ V̂ (z) +Mt (30)

where

Mt =

∫ t

0
e−rsωZsV̂

′(Zs)dWs.

Differentiating (28) yields

V̂ ′(z) =

{
α2(1 + b∗)(K̂ − (b∗)β)(b∗)−α2zα2−1 if z ∈ [b∗,∞)

K̂ − (β + 1)zβ − βzβ−1 if z ∈ (0, b∗]
(31)

We thus conclude that supz |V̂ ′(z)| = K̂ and from that it is easily verified
that Mt is a martingale. Now a similar argument as in [8] p.378 is applicable:
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We take a sequence (τn)n≥0 of bounded stopping times for M . For all
stopping times τ of Z we get by (30) that

e−r(τ∧τn)(1 + Zτ∧τn)(K̂ − Zβτ∧τn)+ ≤ V̂ (z) +Mτ∧τn . (32)

By the optional sampling theorem Mτ∧τn is a martingale, and trivially M0 =
0. Thus by taking P ∗-expectation, and letting n → ∞, Fatou’s lemma
implies

E∗[e−rτ (1− Zτ )(K̂ − Zτ )+] ≤ V̂ (z). (33)

Finally, taking supremum over all stopping times τ of Z we have that
V̂∗(z) ≤ V̂ (z) for all z > 0, and the first inequality is proved.

For the other inequality, we first take a look at (29). The first integral
on the right hand side is zero before b∗ is hit, so by the optional sampling
theorem we have

E∗[e−r(τb∗∧τn)V̂ (Zτb∗∧τn)] = V̂ (z) (34)

for all n ≥ 1. Now we let n → ∞. Remembering that e(−tτb∗ )V̂ (Zτb∗ ) =

e−rτb∗ (1 + Zτb∗ )(K̂ − Zτb∗ )+ (with both sides being 0 when τb∗ = ∞) the
dominated convergence theorem implies

E∗[e−rτb∗ (1 + Zτb∗ )(K̂ − Zτb∗ )+] = V̂ (z). (35)

Hence we can finally conclude that τb∗ is optimal in (25), and that V̂∗(z) =
V̂ (z) for all z > 0, so the proof is complete.

We started off with our original problem (17), which depended on the
starting point X0, and the initial guess Π0 for the probability of the event
{µ = µh}. It is thus natural to formulate the conclusion in the above
proposition in terms of these parameters. This we do in the following

Corollary 1. The solution to problem (17) is given by

V =
X0V̂

(
Π0

1−Π0

)
(

Π0
1−Π0

)β
(1 + Π0

1−Π0
)

(36)

where V̂ solves (25). The optimal stopping time in (17) is given by

τ∗ = inf

{
t ≥ 0 : Xt ≤ X0

(
(1−Π0)b∗

Π0

)β}
(37)

where b∗ solves (27).
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Proof. The expression for V follows from (23), since Φ0 = Π0/(1 − Π0)
by definition (recall that we assume ε to be zero). The expression for the
stopping time easily follows from (19).

3.3 Final comments

In section 3.2 we derived a value for the American put under incomplete
information about the drift of the underlying asset. However, we arrived at
the final solution under a simplifying assumption about the model parame-
ters µl, µh and σ. What happens to the analysis of the problem if we omit
this assumption? This question is dealt with in this section.

Recall equation (25). Without the assumption that µh + µl = σ2, this
reads

V̂ (z) = sup
τ
E∗[e−rτ (1 + Zτ )(K̂ − eετZβτ )+] (38)

where

Zu := z exp

{
−ω

2

2
u+ ωWu

}
, u ≥ 0.

We will not perform an in-depth analysis of this problem, but at least we
should be able to say something about what the solution might look like.
We start off with a heuristic argument about the behaviour of (38), similar
to the one for (25) in section 3.2. There we argued that if Z is big, the
pay-off is zero, and if Z is close to zero we should stop. However, this does
not completely go without saying in our current case. The adding of the
term exp{ετ} forces us to refine this argument a bit. If ε > 0, the new

exponential term amplifies Zβτ as time goes by, and the other way around
for ε < 0. In particular, a free boundary corresponding to b in section 3.2
should be a function of time, that is increasing for ε < 0 and decreasing for
ε > 0.

Hence the adding of the exponential term induces a time dependence in
our problem, and to capture this we write (38) like V̂ (0, z), where

V̂ (t, z) = sup
τ≥t

E∗[e−r(τ−t)(1 + Zτ )(K̂ − eετZβτ )+]. (39)

We are thus lead to the following free-boundary problem for the value func-
tion V̂ and the unknown boundary function b(t):
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V̂t + LZ(V̂ )− rV̂ = 0 if z > b(t),

V̂ (t, z) = (1 + z)(K̂ − eεtzβ)+ if z = b(t),

V̂z(t, z) = d
dz [(1 + z)(K̂ − eεtzβ)+] if z = b(t),

V̂ (t, z) > (1 + z)(K̂ − eεtzβ)+ if z > b(t),

V̂ (t, z) = (1 + z)(K̂ − eεtzβ)+ if 0 < z < b(t).

(40)

This problem is much more complex than the one we found a solution to
earlier. Before, V̂ solved an ODE in the continuation region (z > b), whereas
in this case it instead solves a PDE, due to the adding of the term V̂t. The
free boundary is also more complicated here. Before, it was a constant to be
determined, and now it is instead a function of time. In principle it should be
possible to solve the mentioned PDE. Perhaps not explicitly, but by means
of a numerical analysis. It should also be possible to derive properties of
the boundary function b(t), similar to the ones Ekström and Lu derive in [2]
of their corresponding boundary. In this paper we omit this analysis, and
leave it as an open end.
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