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Part I:

Introduction
Statistics has been applied to many practical problems and, more precisely, it
is the science of applying other sciences, enabling inferences to be drawn or
decisions to be made regarding the aims of those sciences. In accordance with
this claim, no modern science can be found to be independent of statistical
science. Obviously the subjects of different sciences vary; for instance busi-
ness and economics are different from environmental and biomedical studies,
and clearly these different disciplines need relevant exploration. Due to the
arrival of new and complicated parameters because of the rapid development
of science, the tasks of statistics are becoming increasingly severe: conceptu-
alization, inference, modeling... Of course, working nowadays in the field of
applied science which has real data requires other approaches and modes of
scientific reasoning, and here statistical science has a distinctive and signifi-
cant role to play.

The mode of thinking for statistical inference utilized by computer-
intensive methods has taken statistics one step forward, releasing the
conventional methods or, more precisely, making use of them in a better way,
thus keeping the science of statistics in its strong position as the science of
applying other sciences. This is what makes this branch of mathematics so
amazing, at least to the present author.

This thesis explores various branches of statistics, focusing on the bootstrap
and its inferences and, especially, on statistical tests. The second part of the
thesis is dedicated to the application of the bootstrap method to modeling the
coefficient of variation. The third part tries to show the applicability of the
bootstrap method to information theory, which is a topic on which few papers
have been published.





1. Necessary Subjects

The aim of this thesis is to study the bootstrap method. In order to achieve this
aim, this chapter explains the principle of the bootstrap method, reviews the
method and explains why it works and elucidates the principle of the bootstrap
test. The section on the coefficient of variation presents the research work per-
formed in this field. Information theory is dealt with, the inference of entropy
is explained and uncertainty measures are presented. Moreover, an introduc-
tion of ranked set sampling is given and an application discussed.

1.1 Principles of the bootstrap method
The past three decades have brought a vast new body of statistical methods
in the form of nonparametric approaches to modeling uncertainty, in which
not only the individual parameters of the probability distribution but also the
entire distribution are sought, based on the empirical data available. The con-
cept was first introduced in the seminal paper of Efron (1979) as the bootstrap
method. Similar ideas have since been suggested in different contexts as an
attempt to give a new perspective to an old and established statistical pro-
cedure known as jackknifing. Unlike jackknifing, which is mostly concerned
with calculating standard errors of the statistics of interest, Efron’s bootstrap
method has the more ambitious goal of estimating not only the standard error
but also the distribution of the statistic.

The idea behind the bootstrap method is not far from the traditional statis-
tical methods and provides a complement to these. To discuss the parameter
θ(F) let us look at the mean.

θ = θ(F) = µ =
∫

xdF(x) = EF(x).

Letting X1, . . . ,Xn be i.i.d. of F , the mean of the empirical distribution function
(edf) Fn is

θ̂n = θ(Fn) = X̄ =
∫

xdFn(x) = EFn(x).

θ(Fn) needs some measures such as the λn(F) of its performance, which can
be the bias of θ̂n or the variance of

√
nθ̂n, see Lehmann (1999). The bootstrap

method uses Fn instead of F to estimate λn(F) with the plug-in estimator
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λn(Fn) via resampling. θ̂n = θ(X1, . . . ,Xn) is directly a function of sample
X = (X1, . . . ,Xn). The bootstrap idea replaces F by Fn in the distribution
governing and replace θ̂n by

θ
∗
n = θ(X∗1 , . . . ,X

∗
n ),

where (X∗1 , . . . ,X
∗
n ) is a sample from Fn, which is not the actual dataset X but

rather a randomized or resampled version of X . Often in the bootstrap litera-
ture, the resampled observations are clarified using an asterisk. In other words,
(X∗1 , . . . ,X

∗
n ) is the set which consists of members of the original dataset, some

of which appear zero times, some once, twice, etc. This sample is a concep-
tual sample from Fn which assigns probability 1

n to each of the observed val-
ues x1, . . . ,xn. If the underlying distribution of the population is Fθ where θ is
unknown, with the resample observations can be generated from F

θ̂
, with the

resample observation being denoted as X#
1 , . . . ,X

#
n . This is referred to as a para-

metric bootstrap and is discussed in Paper I. Another approach is exponential
tilting, which uses appropriate probabilities instead of 1

n , and is discussed later.
Let Γ2 be the set of F with

∫
|x|2dF(x)< ∞ and define the metric d2 on Γ2

as the infimum of
√

E(|X−Y |2) over all pairs of random variable X and Y
with marginal distributions F and G, respectively.
Consider X1, ...,Xn

i.i.d∼ F , Tn = T (X1, ...,Xn,F) =
√

n(X̄ − µ) and
T ∗n = T (X∗1 , ...,X

∗
n ,Fn) =

√
n(X̄∗ − X̄), then according to Bickel and

Freedman (1981) and Belayev (1995)

d2(Tn,T ∗n )
a.s.−−→ 0.

This approach is used here to achieve the theoretical part of Paper II.
The other approach utilizes the Berry-Esseen inequality, see DasGupta
(2008).
Theorem (Berry-Esseen) 1.1. Let X1, ...,Xn be i.i.d. with E(X) = µ ,
Var(X) = σ2 and β3 = E|X − µ|3 < ∞. Then there exists a universal C not
depending on n or the distribution of the X so that

sup
x
|P(
√

n(X̄−µ)

σ
≤ x)−Φ(x)| ≤ CB3

σ3√n
.

�

For the sake of simplicity, let us follow the notation used in Shao and Tu
(1996). Define

ρ∞(G,F) = sup
x
|G(x)−F(x)|.

Let Tn = T (X1, ...,Xn,F) be a general test statistics and T ∗n = T (X∗1 , ...,X
∗
n ,Fn)

be the bootstrapped version of Tn. Consider HPn(t) = Pn(Tn ≤ t), H∗(t) =

12



P∗(T ∗n ≤ t). H(t) is the limit distribution of HPn(t) with parameter λ rather
than θ . Then the Berry-Esseen inequality holds:

ρ∞(HPn ,H)≤ CB3

σ3√n
=CBn(Pn),

If P̂n satisfies the given conditions then

ρ∞(H∗, Ĥ)≤CBn(P̂n),

where P̂n = Pn,θ̂ and Ĥ = H
λ̂

. We have

ρ∞(H∗,HPn)≤ ρ∞(H∗, Ĥ)+ρ∞(Ĥ,H)+ρ∞(H,HPn),

and hence if ρ∞(Ĥ,H)
a.s.−−→ 0 and Bn(P̂n) −→ 0, then the consistency of H∗

is established, see Shao and Tu (1996). This technique was used for the first
time in Singh (1981).
Other approach is linearization, see Shao and Tu (1995). Let Tn be approxi-
mated by

Tn = θ + Z̄n +op(n−1/2),

where Z̄n =
1
n ∑

n
i=1 Φ(Xi). Let T ∗n and Z̄∗n be the bootstrapped version of Tn and

Z̄n, respectively. If
T ∗n = θ + Z̄∗n +op(n−1/2),

then the limit P∗{
√

n(T ∗n − Tn) ≤ x} is the same as P∗{
√

n(Z̄∗n − Z̄n) ≤ x}.
Actually by this approach, the problem reduces to a sum of i.i.d. random vari-
ables which is easier to work on it. This approach is useful when the asymp-
totic of the concerned test statistics is available. This technique is used in
Paper VII and VIII.

From this brief discussion of the bootstrap method, it is obvious that the
nonparametric bootstrap technique frees the analysis from the most typical as-
sumptions, making it more attractive to researchers in applied fields. In non-
parametric statistics, the concept of the bootstrap method is known by the
somewhat broader term of resampling. The bootstrap method can arguably
be an instrument in understanding the structure of the random variable and
in the error estimation of existing models. Furthermore, it is popular for its
automatic procedure.

There are numerous books on the bootstrap theory and its methodology:
Efron and Tibshirani (1993), Davison and Hinkely (1996) and Good (2005)
deal with the applications of the bootstrap method, and theoretical approaches
and methodology can be found in Hall (1992), Shao and Tu (1995) and Le
Page and Bilard (1992). Modern approaches, applications and directions can
be found in Vol 18, of the Journal of Statistical Science (2003), which includes
papers by Hall (2003), Efron (2003), Davison et al. (2003) and Beran (2003).
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In spite of variety uses of bootstrap, there are instances where the ordinary
bootstrap method does not work, see Bickel (2003). Also some criticisms are
discussed in Young (1994).

Although most research work has been conducted on i.i.d. situation, various
kinds of dependent data and complex situations have been studied, see Politis
et al. (1999) and Lahiri (2003).

1.2 Statistical test
Let the parameter space be denoted as Θ and its partition as Θ0 and Θ1. Testing
can be considered as a decision theory problem in which the parameter of
concern θ ∈Θ0 or θ ∈Θ1. Actually we want to test whether our data support
the null hypothesis or not. For simplicity consider acceptance and rejection as
action 0 and 1, respectively. Hence, the decision procedure in the case of a test
can be considered by a function, δ : x 7−→ {0,1}, or a critical region

C = {x : δ (x) = 1}.

In the Neyman-Pearson framework, fix a small number for α ∈ (0,1) and look
for a test of size α such that

Pθ (Reject H0)≤ α for all θ ∈Θ0.

and

Pθ (Reject H0) should be maximum for all θ ∈Θ1.

Thus H0 : θ ∈Θ0 and H1 : θ ∈Θ1 are treated asymmetrically. We determine
the critical region Cα such that

Pθ (T (X) ∈Cα)≤ α for all θ ∈Θ0.

There are well-written texts on how to find the UMP test (Uniformly Most
Powerful test) of size α using the Neyman-Pearson theorem, see Bickel and
Doksum (2001) and Young and Smith (2005).

A decision (reject/accept H0) can be obtained using the p-value, which is
defined as

p−value = inf{α : T (x) ∈Cα}.

It gives an idea of how strongly the data contradict the hypothesis, in that
a small p-value is evidence against H0, see Lehmann and Romano (2005).
Actually, this can be carried out by finding a test statistics, a function of data
X, which is such that a large value of it is evidence against the null hypothesis.
This can be studied by calculating the probability for observing T (X) = t or a
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larger value under the null hypothesis,

p−value = sup{Pθ (T (X)> t) : θ ∈Θ0}.

The existence of a UMP test for H0 : θ ≤ θ0, where T (x) is the monotone like-
lihood ratio, is guaranteed in Theorem 3.4.1, Lehmann and Romano (2005).
There is a strong literature on the frequentist approach about the error proba-
bility, i.e., the probability of either rejecting incorrectly the null hypothesis H0
(type I error) or of accepting it incorrectly (type II error). As explained earlier,
one should select a type I error α and find a critical region of sample space
that has the probability α of containing the data under the null hypothesis H0.

In the frequentist approach, the appealing property of the p-value is its
uniformity on U(0,1) under the null hypothesis, although its weaker version,
namely uniformity in an asymptotic sense can be appropriate, see Robins et
al. (2000). The p-value of the test can be exact, conservative or liberal:

exact : P(p−value < α|H0) = α

conservative : P(p−value < α|H0)< α

liberal : P(p−value < α|H0)> α

In the conservative (or liberal) case, the actual type I error of the test will be
small (large) compared with the nominal level, which can be misleading. It is
easy to see that a conservative p-value hardly rejects an incorrect null hypoth-
esis and a liberal test easily rejects a correct null hypothesis, which can lead to
bad inferences. This property has been investigated by the author in studying
the proposed tests, for example in Paper III, it is shown how the Yates’ correct
leads to a conservative result while its bootstrap does not. Robins et al. (2000)
discuss the effect of the unknown parameter on the p-value using theorems
and examples. They show that, when the mean of the test statistics depends
on the parameter, the plug-in p-value is conservative, since the bootstrap is
based on the plug-in principle, hence it is necessary to study the mean of the
test statistics for the bootstrap test. There is a strong focus in the literature
on methods of evaluating the p-value, and the practical method is the Monte
Carlo investigation which studies the finite sample property of the test. It is
not easy to study the exactness of the test using simulation, and hence this
might be disregarded to a certain extent; for example Conover et al. (1981)
define a test as robust if the maximum type I error is less than 0.2 for α = 0.1.

Pivotal approach
A test statistic is asymptotically pivotal if its asymptotic distribution under H0
does not depend on unknown population parameters. Let X1, . . . ,Xn be i.i.d.
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of F and let θ̂ be the MLE estimator of θ ; then
√

n(θ̂ −θ)

S
L−→ N(0,1),

where S2 is the variance of θ̂ . Since this ratio is asymptotically independent of
the parameter, it can be used to create the test statistic for H0 : θ = θ0. Letting
the parameter mean be of concern in the location-scale family, the sampling
distribution of a pivotal quantity does not depend on µ .

Consider two samples and let Xi1, . . . ,Xini be i.i.d. of Fi, i = 1,2 then

θ̂(F1)− θ̂(F2)√
S2

1/n1 +S2
2/n2

L−→ N(0,1),

where S2
1 and S2

2 are the variance of the estimate of the concerned parameter,
clearly this statistic is asymptotically pivotal and can be nominated for the test
H0 : θ(F1) = θ(F2). In the case of more samples, the following test statistic
can be used

X2 =
k

∑
i=1

ni(θ̂(Fi)− θ̄)2

S2
i

, (1.1)

where

θ̄ =
k

∑
i=1

niθ̂(Fi)/S2
i

∑
k
j=1 n j/S2

j
, (1.2)

while holding the null hypothesis H0 : θ(F1) = .... = θ(Fn), X2 is asymptot-
ically chi-squared distributed with k−1 degree freedom. It is obtained based
on the application of Cochran’s theorem. Since the variances of θ̂(Fi) might
be unequal, the weighted mean can be used to estimate the mean of all θ̂i.
Certainly X2 is not exactly distributed as χ2

r , see DasGupta (2008).
The pivot is also important for the bootstrap method and, as Horowitz

(2001) suggests, one should not use the bootstrap method to estimate the dis-
tribution of a non asymptotically pivotal statistics such as the regression slope
coefficient. This issue is considered in Fisher and Hall (1990), who found
that, with a sample size of n, tests based on pivotal statistics often result in
level errors of O(n−2), compared with O(n−1) for tests based on non-pivotal
statistics.

Pivotalness is considered in Paper VI. which that explores the test of the
coefficient of variation, and where a transform is used to find a test statistics
whose distribution is independent of the parameter. The results are quite in-
teresting and show the asymptotic and bootstrap tests work very well. Usually
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finding such a transformation is hard, and therefore mostly researchers rely on
studentized statistics that might be asymptotically pivotal.

1.3 Bootstrap test
As mentioned earlier, the bootstrap method has quite a broad area of applica-
tion, especially in confidence interval (CI) and statistical tests. There is strong
literature on CI, see DiCiccio and Efron (1996), Hall (1988), DiCiccio and
Romano (1988) and sections in Efron and Tibshirani (1993), Hall (1992) and
Shao and Tu (1996). The bootstrap hypothesis test has received less attention
than bootstrap CI, although they have a close link and any improvement of
one of them would lead to an improvement of the other. Nevertheless, the re-
sampling of the bootstrap test might be different from that of bootstrap CI, see
Paper III.

In order to explain the bootstrap test, let X1, . . . ,Xn be an i.i.d. sample of Fθ ,
the unknown θ belongs to a parameter set Θ and H0 : θ ∈ Θ0 vs H0 : θ ∈ Θ1.
Let T = Tn(X1, . . . ,Xn) be an appropriate statistics for testing H0. The steps of
the bootstrap statistical test can be performed as follows.

Steps of the bootstrap test
1. Choose an appropriate test statistics T and calculate
T = Tn(X1, . . . ,Xn;θ(F)).
2. Generate a bootstrap sample of size n and denoted as X∗1 , . . . ,X

∗
n . It should

be under F̂ . F̂ can be performed using Fn(x) = ∑
n
i=1

1
n I(Xi ≤ x), which is

the empirical distribution function, and referred to as the nonparametric
bootstrap. Analogously, it can be performed using F̂(x) = ∑

n
i=1 piI(Xi ≤ x),

(see the explanation of exponential tilting in the follow). It can be performed
using F

θ̂
, which is referred to as the parametric bootstrap test.

3. Calculate T ∗ = Tn(X∗1 , . . . ,X
∗
n ;θ(F̂)).

4. Repeat 2-3 B times and obtain the bootstrap replications,

T ∗b ,b = 1, . . . ,B.

The most important property of the bootstrap method relies on the conditional
independence given to the original sample, and the repetitions provide us with
the empirical probability function of T ∗.
5. Estimate the p-value. For example in the case of test of a H0 : θ ≥ θ0 vs
H1 : θ < θ0, the p-value may be estimated by the proportion of the bootstrap
sample that yields a statistics less than Tn = t

p−value =
1
B

B

∑
b=1

I(T ∗b < t).
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Guidelines
In order to carry out the bootstrap test, Hall and Wilson (1991) give two guide-
lines:
i. The first one recommends that resampling be performed in a way that re-
flects the null hypothesis, even when the true hypothesis is distant from the
null hypothesis.
ii. The second guideline argues that the bootstrap hypothesis tests should em-
ploy methods that are already recognized as having good features with re-
gard to the closely related problem of confidence interval construction, and
that recommendation can be followed using T = (θ̂ − θ0)/S(θ) and T ∗ =
(θ ∗− θ̂)/S(θ ∗).
Violation of the first guideline can seriously reduce the power of a test, while
the second guideline has no direct bearing on the power, but improves the
level of accuracy of a test. Noreen (1989) studied the Monte Carlo test and
bootstrap test using some examples. The bootstrap test and UMP test for the
parameter of mean and variance under normal and exponential distribution
can be found in Loh and Zhang (2009), in addition, a survey of the bootstrap
test can be found in MacKinnon (2009), Horowitz (2001) and Martin (2007).

Exponential tilting
Another approach is to use the estimated density function rather than the em-
pirical density function for resampling, and here exponential tilting is of in-
terest. Exponential tilting can be considered as a case of empirical likelihood
that instead of the likelihood ratio, uses the Kullback-Leibler distance. Let
d(p, p̂) be the discrepancy between a possible F̃p(x) = ∑

n
i=1 piI(Xi ≤ x) and

edf Fn so that the edf probabilities p̂ minimize this when no constraints other
than ∑

n
i=1 pi = 1 are imposed. Then a nonparametric null estimate of F is

given by the probabilities which minimize the aggregate discrepancy subject
g(X ,θ) = 0, with the parameter under the null hypothesis. The Lagrange ex-
pression is

d(Fp,Fp̂)−λ
′g(X ,θ)−α

( n

∑
i=1

pi−1
)
, (1.3)

where d(Fp,Fp̂) = ∑
n
i=1 d(pi, p̂i) and ∑

n
i=1 pi− 1 is the basic constraint. As

mentioned earlier, E(g(X ,θ)) = 0 is a vector of constraints related to H0
which should be defined to find the appropriate pi. The vector λ includes
the corresponding coefficients.

The choice of discrepancy function d(., .) corresponding to the maximum
likelihood estimation is the aggregate information distance

d(Fp,Fp̂) =
n

∑
i=1

pilog(pi/p̂i).
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It is minimized by the set of edfs when no constraints are imposed. Hence re-
sampling under null hypothesis can be performed using F̃p(x) = ∑ piI(Xi ≤ x)
instead of Fn(x) = ∑

1
n I(Xi ≤ x) which gives equal probability to the observa-

tions.

p-value
It should be clarified that the approximation of the p-value in the bootstrap
approach is adopted from the Monte Carlo test. The distribution of T̂ is re-
alized as T̂ (X) = t and T ∗b ,b = 1, . . .B calculated under H0 : θ ≤ θ0, which
are equally likely values of T , see Davison and Hinkely (1996) and Noreen
(1989). The p-value can be estimated using the empirical distribution of the
bootstrap replications namely

p-value1 =
#{Tb > t}

B
,

where B is chosen such that α(B+ 1) is an integer. When the test statistic is
pivotal, this procedure yields an exact test, see Racine and MacKinnon (2007).
As B −→ ∞, the estimate of the p-value tends to the ideal p-value. Another
approximate is

p-value2 =
1+#{T ∗b > t}

B+1
,

see Davison and Hinkely (1996) and Noreen (1989). Racine and MacKinnon
(2007) show by simulation that p-value1 and p− value2 often overreject and
underreject severely for small B, therefore one option can be as follows:

p−value =
#{T ∗b > t}

B+1
,

although Racine and MacKinnon (2007) suggests

p-value =
#{T ∗b > t}

B+1
+

U
B+1

,

where U ∼Uni f (0,1). Under null hypothesis, P(p-value < α) = α for any
finite B.

According to our discussion: two approaches can be used to approximate.
P(T (X1, ...,Xn;F) < t) = Φ(t/σ) and P∗(

√
n(X̄∗ − X̄) < t) which are the

asymptotic and the bootstrap approaches, respectively. For the asymptotic ap-
proach, CLT does not consider skewness but the bootstrap method does, as
does the Edgeworth correction, see Hall (1992).
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Asymptotic accuracy
The bootstrap method gives a procedure for approximating
P(T (X1, . . . ,Xn,F) ≤ t), but its accuracy is of concern. Consider
H0 : θ = θ0 vs H1 : θ 6= θ0 and

Tn =

√
n(θn−θ0)

Sn
,

where θn is the estimator of θ , S2
n is the variance of θn and Tn is pivotal. The re-

jection region of the asymptotic test at the α level is |Tn|> zn,α/2 where zn,α/2
is the critical value. It is desirable to have P(|Tn| > z∞,α/2) = α . However,
using the asymptotic method

P(|Tn|> z∞,α/2) = α +O(n−1),

in comparison with its bootstrap counterpart

P(|Tn|> z∗n,α/2) = α +O(n−2),

where z∗n,α/2 is the bootstrap critical value. Obviously the bootstrap critical
value is more accurate than the asymptotic critical value, see Horowitz (2001)
for the details and the references therein.

Two sample bootstrap test
To explain the bootstrap procedure, let us confine our discussion to the two
sample bootstrap test. Let Xi = (Xi1, . . . ,Xini), i = 1,2 be i.i.d. samples of
size ni taken from the ith population, Fi and let the parameter of interest be θ .
For simplicity, the comparison of two samples is considered, but this can be
studied for more samples. The aim of the statistical test is

H0 : θ(F1)≤ θ(F2),

H1 : θ(F1)> θ(F2). (1.4)

The followings are the steps of bootstrap tests for performing the comparison
of θ .

Separate bootstrap method
1. The test of θ(F) is of interest, and the test statistic can be

T (X1,X2) =
θ(X1)−θ(X2)

S
(
θ(X1)−θ(X2)

) , (1.5)

where θ(Xi) is the estimate of parameter of interest using Xi, and S2 is the
variance .
2. Generate samples separately from the original samples i.e., X ∗

1 ∼ Fn1(x)
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and X ∗
2 ∼ Fn2(x), where Fn1(x) and Fn2(x) are the empirical distribution func-

tion from X1 and X2, respectively.
3. Calculate the bootstrap replications of the estimator

θ(X ∗
ib) b = 1, . . . ,B,

where X ∗
ib = {X∗i1b, . . . ,X

∗
inb} and calculate the statistics of interest

T ∗b = Tb(X
∗

1b,X
∗

2b) =
θ(X ∗

1b)−θ(X ∗
2b)− (θ(X1)−θ(X2))

S
(
θ(X ∗

1b)−θ(X ∗
2b)
) . (1.6)

5. Handle the bootstrap replications as i.i.d. random samples, and approximate
the p-value of H0 : θ1 ≤ θ2 vs H1 : θ1 > θ2 by

p−value =
#{Tb(X

∗
1b,X

∗
2b)> T (X1,X2)}
B+1

. (1.7)

This test is referred to as TSE (SE is the abbreviation of SEparate) in the rest
of the thesis. The following proposition gives the theoretical approach of the
given procedure, see Bickel and Freedman (1981).
Proposition 1.1. Let X1, ...,Xn

i.i.d.∼ F1, and Y1, ...,Ym
i.i.d.∼ F2, consider

V-statistics , V1 =
√

n(θ(F̂1)− θ(F1)) and V2 =
√

m(θ(F̂2)− θ(F2)) where
θ(.) is a simple von Mises function of the form

θ(K) =
∫ ∫

h(x,y)dK(x)dK(y),

for the symmetric kernel h and any distribution function K with

ψ(x,K) = 2[
∫

h(x,y)dK(y)−θ(K)],

then under n/(n+m)−→ λ as n,m−→ ∞,

(V ∗1 ,V
∗
2 )

L−→ N(0,diag(σ2(F1),σ
2(F2))),

where σ2(Fi) is the variance of Fi, i = 1,2 and some regular assumptions are
made.

�

Simultaneous bootstrap method
1. The test of θ(F) is of interest, and hence the test statistic can be

T (X1,X2) = θ(X1)−θ(X2), (1.8)

where θ(Xi) is the estimate of the parameter of interest using sample Xi.
It should be noted that using S(θ(X1)− θ(X2)) in the denominator is
discussed later.
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2. Combine the samples into one sample and resample from the newly
created sample. Actually this is achieved with a replacement from
Fn(x) = 1

n ∑
2
i=1 ∑

ni
j=1 I(Xi j < x) where n = n1 +n2.

3. Calculate the bootstrap replications of the estimator

θ(X ∗
ib), i = 1, . . . ,B,

where X ∗
ib = (X∗i1b, . . . ,X

∗
inib) and calculate the statistics of interest

T ∗b = Tb(X
∗

1b,X
∗

2b) = θ(X ∗
1b)−θ(X ∗

2b). (1.9)

4. Handle the bootstrap replications as i.i.d. random samples, and approximate
the p-value of H0 : θ1 ≤ θ2 vs H1 : θ1 > θ2 by

p−value =
#{Tb(X

∗
1b,X

∗
2b)> T (X1,X2)}
B+1

. (1.10)

This test is referred to as TSI (SI is the abbreviation of SImultaneous) in the
rest of the thesis. The following theorem explains theoretically why this pro-
cedure works well.
Proposition 1.2. Let X1, . . . ,Xn

i.i.d.∼ F1 and Y1, . . . ,Ym
i.i.d.∼ F2, and consider V-

statistics , V1 =
√

n(θ(F̂1)−θ(F1)) and V2 =
√

m(θ(F̂2)−θ(F2)) where θ(.)
is a simple von Mises function of the form

θ(K) =
∫ ∫

h(x,y)dK(x)dK(y),

for the symmetric kernel h and any distribution function K with

ψ(x,K) = 2[
∫

h(x,y)dK(y)−θ(K)].

Under n/(n+m)−→ λ as n,m−→ ∞,

(V ∗1 ,V
∗
2 )

L−→ N(0,diag(σ2(H),σ2(H))),

where σ2(H) =
∫

ψ2(x,H)dH(x) and H(x) = λF1(x+ µ1)+ (1− λ )F2(x+
µ2), and some regular assumptions are made.

�

This theorem was proved by Boos et al. (1989) when θ = σ2 provided under
regular assumptions.

Using the given T , (1.5) and (1.8), the first guideline is fulfilled regardless
of the explained resampling procedure. The second guideline does not have a
main role, and also it is not used for the simultaneous bootstrap by Davison
and Hinkely (1996), pp 162 and Boos and Brownie (2004). As expressed in
Hall and Wilson (1991), when there is not good variance, one can disregard
it. In order to overcome this problem, two approaches can be used. One can
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resample from a resample and estimate the variance of the parameter using
the second resample, which is the approach used in Cabras et al. (2006). In
another approach, the jackknife can be used to estimate the variance of the
resample, which is the method used in Paper VI and VII.
Moreover, the k samples test of H0 : θ1 = . . . = θk can be done using the
discussed bootstrap method. Boos and Brownie (1989) and (2004) consider
Bartlett’s test statistic to obtain a bootstrap test of variance. The test statistics
is T/C,

T = (N− k) log{∑(ni−1)S2
i /(N− k)}−∑(ni−1) logS2

i ,

C = 1+
1

3(k−1)
[∑

1
ni−1

− 1
N− k

],

where N = ∑ni and k is the number of samples. Analogously, Paper VII uses
X2 given in (1.1) to obtain a bootstrap test for the comparison of k sample
entropies.

In order to explain these two different procedures for resampling and the
guidelines given by Hall and Wilson (1991), the test of variance is explained.

Test of variance
Here the test of variance is of concern

H0 : σ
2
1 ≤ σ

2
2 ,

H1 : σ
2
1 > σ

2
2 .

An essential of any proposed test is the distribution of the p-value and, while
holding the null hypothesis, the correct estimated p-value should be uniformly
distributed. This property can be studied using Monte Carlo investigations to
explore the finite sample properties of the tests, and here it is implemented by
1000 simulation and the resampling performed by B=500. In order to achieve
a comparative evaluation of tests, the tests were carried out on the same sim-
ulated observations. Table 1.1 shows the significance of the proposed tests
of variance where the underlying distributions are N(2,2) and N(4,2) which
have equal variances. The entries in table are 10th percentile of the p-value for
the proposed test. For the accuracy test, it is expected to have the estimated
p-value close to 0.10. The tests are as follows:
TSI: simultaneous bootstrap test.
TSIC: centralized TSI, (reduction of the mean from observations).
TSICS: standardized TSIC (reduction of the mean from observations and use
(1.5)).
TSE: separate bootstrap test.
TSEC: centralized separate bootstrap test.
They are studied for different sample sizes. Furthermore, the Q-Q plots of the
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Figure 1.1: Q-Q plots of the approximated p-value of the proposed tests under null
hypothesis, n=10.

p-value of the proposed tests are given in Figure 1.1 for n=10, that is useful
for assessing uniformity adequacy.

Table 1.1: The simulated significance level of proposed tests at the level of 10%

Sample size
test 10 30 50 100
TSE 0.1580 0.1305 0.1215 0.0985
TSEC 0.1590 0.1370 0.1170 0.1015
TSI 0.0730 0.0735 0.0695 0.0550
TSIC 0.1370 0.1220 0.1115 0.0930
TSICS 0.0960 0.1045 0.0980 0.0920

It is easy to see that the centering, TSEC, can not affect the accuracy of
TSE and that, by increasing the sample size, the accuracy increases. In the
case of simultaneous bootstrap, clearly the non-centered alternative is too con-
servative, but that shortcoming disappears using centering. Moreover, using
standardization of centered observations, accuracy is obtained for the small
sample size, as shown in Table 1.1.

The statistical power is given in Table 1.2 where the underlying distribu-
tions are N(4,2) and N(4,1) with different sample sizes. More plots are given
in Figure 1.2, which is a violin plot, a combination of a box-plot and a kernel
density plot, and which provides a better indication of the shape of distribu-
tions and a better summary of data. The violin plot helps one to study the result
of simulations. The plot clarifies the power of the proposed tests when diag-
nosing the wrong null hypothesis. Clearly TSI has the lowest power among
the discussed tests.
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Figure 1.2: Violin plot of the approximated p-value of the proposed tests under null
hypothesis, n=10.

Table 1.2: The simulated statistical power of the proposed tests at the level of 20%

Sample size
test 10 30 50 100
TSE 0.9029 0.9979 1 1
TSEC 0.9029 0.9979 1 1
TSI 0.7987 0.9929 1 1
TSIC 0.9009 0.9979 1 1
TSICS 0.8698 0.9969 1 1

Boos et al. (1989) consider the test of variance of both approaches, simul-
taneous and separate resampling, and they consider the following statistic

T = (
n1n2

n1 +n2
)0.5(log(θ̂1)− log(θ̂2)). (1.11)

They show the effect of centralizing in increasing the accuracy of TSI, which
our simulation confirms as well. Another point is that they use T ∗ instead
of T ∗− T̂ for the separate sampling, and hence the TSE mentioned by them
should not actually work, since the first guideline is disregarded.

It is possible to study the appropriateness of the simultaneous bootstrap,
compare it with that of the separate bootstrap and maybe improve the former.
The following lemma gives the necessary condition that may be essential to
use the simultaneous test.
Lemma 1.1. If Xi

iid∼ Fi(.), then the resampled observations of the simultane-
ous bootstrap has the mixture distribution:

Z = (X ∗
1 ,X ∗

2 )|(X1,X2)∼M(
n1

n
,
n2

n
,Fn1 ,Fn2) (1.12)
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where M is the mixture distribution of Fn1 and Fn2 which are the empirical
distribution functions of F1 and F2, respectively, where F1 and F2 being un-
known.

�

Under ni −→ ∞, i = 1,2, ni
n

a.s.−→ πi and Fni
a.s.−→ Fi, using Glivenko-Cantelli

theorem. This lemma can answer the question why the bootstrap test of vari-
ance can not work without centralizing. For the sake of simplicity, let Yi ∼
(µi,σi), n1 = n2 and Z be the mixture of Y1 and Y2 then Var(Z) = 1

2(σ
2
1 +

σ2
2 )+(µ1−µ2

2 )2 which while holding the null hypothesis, H0 : σ1 = σ2 = σ0,
Var(Z) = σ2

0 +(µ1−µ2
2 )2. Clearly the variance of the mixture distribution de-

pends on the means and with an increase in the difference of the means, the
variance increases, hence the (µ1−µ2) plays role as nuisance. In this case, the
test statistic is T = S2

1−S2
2 and using resampling of (X1,X2), the distribution

of this test statistic depends on the (µ1−µ2) and is not pivotal.
Such an idea is used in Paper VI to find the equal mean without changing

the coefficient of variation, and it is shown that such a rotation improve the
accuracy of the test.

1.4 Coefficient of variation
The coefficient of variation, CV, denoted by γ , is widely calculated and inter-
preted in the study of dispersion. It is the ratio of the standard deviation to the
mean, sometimes expressed as a percentage, a dimensionless measure of dis-
persion found to be very useful in many situations. It is readily interpretable
as opposed to other common used measures such as the standard deviation.
Its application can be found in different disciplines, for example in chemical
experiments, finance and the medical sciences, see Nairy and Rao (2003) and
Pang et al. (2006) and references therein. This descriptive measure of relative
dispersion which is regarded as stability and uncertainty, can be found in most
of introductory statistics books.

In order to draw inference concerning the population γ , it is necessary to
make assumptions concerning the shape and parameter of the distribution,
Pang et al. (2005), which are difficult to infer. The inferences reported in the
literature are generally based on a parametric model and focus in particular on
the γ of a normal population. The exact distribution of the sample γ̂ is difficult
to obtain even for the normal distribution. It is even more difficult to obtain
for skewed distribution, and hence a vast amount of literature on the sample γ̂

up to the present in efforts to exploit it on various levels of difficulty. McKay
(1932) gave an approximation of the distribution of a function of the sample
γ , showing that if γ < 1/3,

n(1+ γ̂2)c
(1+ c2)γ̂2 ,
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has approximately χ2
(n−1), with observations coming from normal

distributions. McKay’s approximation is confirmed by many authors, see
Umphery (1983) and the references therein. Moreover Forkman and Verill
(2008) showed that McKay’s approximation is type II noncentral beta
distributed and asymptotically normal with mean n− 1 and variance slightly
smaller than 2(n−1).

An extensive amount of literature has been written on the CV; Koopmans
et al. (1964) found the CI for γ̂ for the normal and lognormal, while Rao and
Bhatta (1989) dealt with large sample test under normality using the Edge-
worth expansion. Sharma and Krishna (1994) developed the asymptotic dis-
tribution of the reciprocal of γ̂ and studied the power for popular life distri-
butions. Vangel (1996) outlined a method based on an analysis of the distri-
bution of a class of approximate pivotal quantities for the normal coefficient
of variation. Wong and Wu (2002) proposed a simple and accurate method
to approximate confidence intervals for the coefficient of variation for both
normal and Gamma and Weibull models. Nairy and Rao (2003) studied tests
of the K normal population under normality of observations. Lehmann and
Romano (2005) discussed an exact method for approximating the confidence
interval for γ̂ based on the non-central t distribution. Verril and Johnson (2007)
discussed the confidence intervals for γ̂ under normal and log-normal distribu-
tions. Ahmed (2002) compared the performance of several γ̂ s. Mahmoudvand
and Hassani (2009) give an approximately unbiased estimator with the sim-
plicity of calculation. Forkman (2009) studied the CV under normality distri-
bution, including an estimator of the CV for several populations, and gave the
exact expression for the first two moments of McKay’s approximation.

Paper IV and V study the two samples test and Paper VI uses transforma-
tions to find test of one and two samples. The proposed one sample test given
in Paper VI works under holding normality of population.
According to the discussion, the nonparametric test of coefficient of variation
might be more of interest, this can be carried out using the exponential tilting,
see Section 1.3. Consider the following null hypothesis

H0 : γ(F) = c,

where γ(F) = σ

µ
. As the aim is to test the γ , the constraint can be

g(X ,θ) =
n

∑
i=1

x2
i pi− (

n

∑
i=1

xi pi)
2− c2(

n

∑
i=1

xi pi)
2. (1.13)

The following proposition provides p̃i.
Proposition 1.3. If Fp̃ minimizes dKL(Fp,Fp̂) under the constraint γ(Fp) = c
and 0 < p̃i < 1 for all i, then Fp̃ is an exponential tilt of Fp, i.e.,

p̃i =
expλ

(
x2

i −2xiµp̃−2c2xiµp̃
)

∑
n
r=1 expλ

(
x2

r −2xrµ p̃−2c2xrµp̃
) . (1.14)
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where µp̃ = ∑ p̃iXi and λ must be determined such that γ(Fp̃) = c .
Proof: Consider constraint (1.13) and the basic constraint, the Lagrange mul-
tiplier can be written as

Q =
n

∑
r=1

prlog(npr)−λ t(Fp
)
−α(

n

∑
r=1

pr−1) = 0,

its derivation is
∂Q
∂ p j

= log(n)+ log(p j)+1−λ
(
(x2

i −2xiµ p̃)− c22xiµp̃
)
−α,

as the ∑
n
r=1 xr p̃r = µ p̃, the close form of p̃i can be obtained.

�

It is quite obvious that finding p̃i is hard because p̃i is in the both sides. One
way is to use the sample mean, because in good situation, ∑

n
r=1 xr p̃r should

tend to mean where its estimate is x̄. i.e,

p̃i =
exp{λ

(
x2

i −2xix̄−2c2xix̄
)
}

∑
n
r=1 exp{λ

(
x2

r −2xrx̄−2c2xrx̄
)
}
. (1.15)

The step of bootstrapping procedure of H0 : γ ≤ c, H1 : γ > c can be
formulated as below:
1. Suppose X = (X1, . . . ,Xn) is an i.i.d. random sample of the distribution F .
Assume V (X) = σ2 and EX4 < ∞.
2. We are interested in θ(F) = γ and consider plug-in estimation:
θ̂ = θ(X1, . . . ,Xn) = θ(Fn) = γ̂ ,

T = γ̂(X) =

√
∑

n
i=1 X2

i /n− (∑n
i=1 Xi/n)2

∑
n
i=1 Xi/n

, (1.16)

3. Generate the bootstrap samples; X∗b
iid∼ Fp̃(X),b = 1, . . . ,B, i = 1, . . . ,n

where p̃ given in Proposition 1 and 2.
4. Calculate the bootstrap replications

T ∗b = γ(X∗b ), b = 1, . . . ,B.

5. Handle the bootstrap replications as i.i.d. random samples and calculate the
p-value of H0 : γ ≤ c vs H1 : γ > c by the following

p−value =
#(T ∗b > T )

B+1
.
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Table 1.3: The simulation of the 10th percentile of p-value

Underlying n
distribution γ = c 10 30 50 100
N(2,1) 1

2 0.134 0.109 0.094 0.094
N(1,1) 1 0.100 0.092 0.095 0.099
N(1,2) 2 0.0904 0.085 0.098 0.118

Table 1.4: The simulation of the 10th percentile of p-value

Underlying n
distribution γ = c 10 30 50 100
exp(1) 1 0.069 0.102 0.100 0.098
χ2

1 1.414 0.046 0.076 0.088 0.096
χ2

4 0.7071 0.102 0.099 0.116 0.097
u(0,1) 0.577 0.102 0.086 0.089 0.103
u(−1,2) 1.732 0.096 0.092 0.097 0.090

Table 1.3 and 1.4 are the result of simulations carried out under normal
distribution with different CV and non-normal distributions. The entries are
the simulated 10th percentile of the p-value of the proposed test. It is easy to
see that the proposed test can be a nomination test for the one-sample test,
because the simulated significance level is closed to nominal level, 0.10.

1.5 Uncertainty measures
Let (χ,F ,Pθ )θ∈Θ be a probability space, where Θ being an open convex sub-
set of RL and let fθ (= dPθ

dλ
) be the distribution pθ with respect to the σ -finite

measure λ , such that
∫

fθ (x)dλ (x) = 1, where the integral is taken over the
entire space. Then a measure of information content from observation in f (X)
is log( f (X)−1) and the expected information in a random variable X is given
by

H(X) = H( f ) =−E(log( f (X))) =−
∫

log( f (x)) f (x)dλ (x). (1.17)

This is known in the literature as Shannon’s measure of information or briefly
as entropy, and it is a measure of the average information and uncertainty
or volatility. It plays a fundamental role in classification, pattern recogni-
tion, statistical communication theory, quantization theory analysis, spectral
analysis and different branches of statistics, see Györfi and van der Muelen
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(1987) and the references therein. Let X be a random variable with s out-
comes, {x1, . . . ,xs}, with probabilities pi > 0, i = 1, . . . ,s, its amount of can
be obtained using

H(p) =−
s

∑
i=1

p(xi) ln(p(xi)).

Onicescu (1966) introduced information energy into information theory by
analogy with kinetic in mechanics, and gave it complementary properties with
respect to entropy H(x). The information energy of X is

e( f ) =
∫

f (x)2dλ (x). (1.18)

Its generalization is

eα( f ) =
1

α−1

∫
f (x)αdλ (x), α > 0, a 6= 1. (1.19)

For α = 2, this value reduces to the information energy. Its characterization is
discussed by Bhatia (1997). Pardo et al. (1997) use e( f ) to study the homo-
geneity test of variance since under holding normality it is a function of stan-
dard deviation i.e., e( f ) = 1/2

√
πσ . This measure is used in Pardo (1993)

and Pardo (2003) to study normality and uniformity of underlying distribu-
tion of observation, respectively. It is worthwhile noting that Onicescu (1966)
introduced weighted information energy i.e.,

ew(p) = ∑ui p2
i , i = 1, . . . ,s, (1.20)

where ui ≥ 0. Actually in order to distinguish the outcomes {x1, . . . ,xs} of
a goal-directed experiment according to their importance with respect to a
given qualitative characteristic of the system, ui ascribe each outcome with xi
a nonnegative number ui≥ 0 directly proportional to its importance, see Pardo
(1986). Since the exponential family of distribution includes quite applicable
distributions, information energy is studied in detail for this family of distri-
butions. Consider the exponential family that has a generalized probability
function

fθ (x) = exp
{ L

∑
j=1

Tj(x)θ j−A(θ)
}
= exp{T (x)t

θ −A(θ)}, (1.21)

where there exits A(θ) as real function on Θ and A′′(θ)> 0, where θ being a
vector of parameters and T (x) refers to as a natural sufficient statistic. Easily
one can show

A(θ) = log
∫

χ

exp
{ L

∑
j=1

Tj(x)θ j
}

dx, (1.22)
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that is strictly convex. E(Ti(x)) = −∂A(θ)
∂θi

and cov(Ti(x),Tj(x)) = −∂ 2A(θ)
∂θi∂θ j

hence V (Tj(x)) =−∂ 2A(θ)
∂ 2θ j

. Assume Tn(x) = ∑Tj/n = A′(θ) can be solved for
θ , it must be the MLE, see Lehmann and Romano (2005). Using the Central
Limit Theorem

√
n(T̂n−A′(θ)) L−→N(0,A′′(θ)), (1.23)

where A′(θ) and A′′(θ) are first and second derivations, respectively. More
general treatments of the exponential family is provided in Barndorff-Nielson
(1978), Lehmann and Casella (1998) and Lehmann and Romano (2005).

The following theorem looks at the extension of the proposed measures for
the exponential family of distribution.
Proposition 1.4. Let X1, . . . ,Xn be i.i.d. from fx(θ) given in (1.21), the expo-
nential family of distribution, then

eα( f ) =
1

α−1
exp{A(αθ)−αA(θ)}. (1.24)

Proof. We have

∫
χ

exp{T t(x)θ}dλ (x) = exp{A(θ)},

hence easily the result can be obtained,

eα( f ) =
1

α−1

∫
χ

exp{αT t(x)θ −αA(θ)}dx

=
1

α−1
exp{−αA(θ)}

∫
χ

exp{T t(x)αθ}dx

=
1

α−1
exp{−αA(θ)}exp{A(αθ)}= 1

α−1
exp{A(αθ)−αA(θ)}.

�

In this section, we obtain the asymptotic distribution of the proposed parame-
ter that is discussed.
Proposition 1.5. Let X1, . . . ,Xn be i.i.d. from fθ (x) given in (1.21), the expo-
nential family distribution, then

√
n
(
θ̂ −θ

) L−→ N(0, IF(θ)
−1). (1.25)

√
n
(
h(θ̂)−h(θ)

) L−→ N
(

0,(
∂h(θ)

∂θ
)tIF(θ)

−1(
∂h(θ)

∂θ
)

)
, (1.26)

where h is differentiable function, θ̂ is its corresponding maximum likelihood
estimator and IF(θ)

−1 is inverse of Fisher information.
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Proof. Let B be the inverse function of A′, this function exists since A′ is
strictly increasing hence B(Tn) = θ̂(A′(θ̂)). Using (1.23) and Delta method

√
n(θ̂ −θ)

L−→N(0,σ2),

where σ2 = A′′(B′(A′(θ)))2. Using B(A′(θ)) = θ , B′(A′(θ))A′′(θ) = 1 which
leads to

√
n(θ̂ −θ)

L−→N(0,A′′−1(θ))
d
=N(0, IF(θ)

−1).

The second follows immediately from the first statement and Delta method.

�

Using (1.26) and Proposition 1 and 2 can obtain the asymptotic distribution of
the proposed uncertainty measure.

√
n
(
e( f

θ̂
)− e( fθ )

) L−→ N
(

0,(
∂e( fθ )

∂θ
)tI−1

F (
∂e( fθ )

∂θ
)

)
.

1.6 Ranked set sampling
Ranked set sampling was proposed in the early 1950s when McIntyre (1952)
tried to show how exploit its potential for observational economy in estimating
mean pasture and forage yields, but the actual term, ranked set sampling, was
coined later by Hall and Dell (1966). As Wolf (2004) mentions, the name is
a misnomer to a certain extent, as it is not as much a sampling technique as a
data management technique. Although it is not a new method, during the past
two decades, a good deal of attention has been devoted to the topic which can
be seen in a monograph by Chen et al. (2004).

The ranked set sampling (RSS) technique is a two stage sampling proce-
dure. In most sampling surveys, measuring an observation is expensive but
order with respect to a variable with an actual measurement can be used to in-
crease the precision of estimators, and most of the research on RSS has been
concerned with the mean.

In the first stage, units are identified and ranked. In the second stage, mea-
surements are taken from a fraction of the ranked elements. Consider the sim-
ple RSS and randomly identify mk2 units from the population. The units are
then randomly divided into k groups of mk units. In each group, the units are
then further randomly divided into m subgroups of size k. The units in each
of m the subgroups are ordered and an actual measurement is taken from the
unit having the lowest rank within each subgroup. Then another set of size k is
drawn and ranked and only the item ranked second smallest is quantified. The
procedure is replicated until the item ranked the largest in the kth set is quan-
tified. This constructs a cycle of sampling. The procedure is repeated until m
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cycles is obtained. The data are given as below

X1 = {X(1)1,X(1)2, ...X(1)m}
i.i.d.∼ F(1). (1.27)

X2 = {X(2)1,X(2)2, ...X(2)m}
i.i.d.∼ F(2).

. . .

Xk = {X(k)1,X(k)2, ...X(k)m}
i.i.d.∼ F(k).

All the observations are independent order statistics and in each row, they are
also identically distributed. Let F be the distribution function of the population
and F(r) the distribution function of the rth order statistic, then

F(x) =
1
k

k

∑
r=1

F(r)(x),

for all x, which plays an essential role in inference of RSS. The fundamental
difference between the structure of SRS (simple random sampling) and that
of RSS is in the joint pdf. If m=1, then SRS with k observation x(1) ≤ x(2) ≤
...≤ x(k), order statistics, has

fSRS(x(1), ...,x(k)) = k!
k

∏
i=1

f (x(i))I{−∞<x(1)≤x(2)≤...≤x(k)<∞}(x(1), ...,x(k))),

but RSS includes additional information and a structure that has been provided
through the judgment ranking process, which includes a total of k2 sample
units. The k measurements x(1), ...,x(k) are order statistics, but they are inde-
pendent observations and each of them provide information about a different
aspect of the population.

Since the pioneering articles of McIntyre (1952) and Takahasi and Waki-
moto (1968) several variations of the ranked set sampling method have been
proposed and developed by researchers to come up with more efficient esti-
mators of a population mean. For example, Samawi et al. (1996) introduced
extreme ranked set sampling and obtained an unbiased estimator of the mean
which outperforms the usual mean of a simple random sample of the same size
for symmetric distributions. Muttlak (1997) suggested median ranked set sam-
pling to increase the efficiency and to reduce the ranking errors of the ranked
set sampling method, and showed a better performance in estimating the mean
of a variable of interest for some symmetric distributions. Some relevant refer-
ences here, in addition to those mentioned above, are as follows: Bhoj (1997)
for a new parametric ranked set sampling, Li et al. (1999) for random selec-
tion in ranked set sampling, Hossain and Muttlak (1999) for paired ranked
set sampling, Al-Saleh and Al-Kadiri (2000) for double ranked set sampling,
Hossain and Muttlak (2001) for selected ranked set sampling and Al-Saleh and
Al-Omari (2002) for multistage ranked set sampling. Al-Nasser (2007) intro-
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duced an L-Ranked set sampling design as a generalization of some of the
above mentioned ranked set type sampling methods and proved the optimal
property of his proposed estimators for the symmetric family of distributions.
It is hard to give a complete literature review, a brief can be found in Patil et al.
(1999), Bohn (1996) and Muttlak and Al-saleh (2000). Moreover, monograph
by Chen et al. (2004) covers different aspects of RSS.

There are few works on bootstraps for RSS: Chen et al. (2004) use the boot-
strap method to infer the trimmed mean and Modarres et al (2006) study dif-
ferent bootstrap methods for RSS. In Paper II, unbalanced RSS is explained.

The approach of RSS can be used in different issues in statistics, here the
resampling via RSS procedure instead of the conventional resampling in boot-
strap method is explored, which mostly done using the empirical density func-
tion that can lead to an accurate result when the parameter of mean of interest.
Let X = {X1, . . . ,Xn} be a sample from Fθ , and θ̂ = θ(X1, . . . ,Xn) be MLE
estimate. In the parametric framework, the resample is denoted by X# and
X# ∼ F(x; θ̂), the Fisher information of bootstrap observation is

Iboot(θ) =−E(
∂ 2

∂θ 2 f (X#,θ)) = E(−E(
∂ 2

∂θ 2 f (x,θ))|θ = θ̂) = E(I(θ̂ ,n)),

since the bootstrap quantity may be expressed as a conditional expectation,
see Hall (1992).

The following relation is given in Chen et al. (2004)

IRSS(θ) =−E
(

∂ 2

∂θ 2 f(r)(X ;θ)

)
= mkE

(
∂ 2

∂θ 2 f (X ;θ)

)
+

mk(k−1)E

(
F ′i (X ;θ)F ′j(X ;θ)

F(X ;θ)(1−F(X ;θ))

)
.

Let

∆(θ) = E

(
F ′i (X ;θ)F ′j(X ;θ)

F(X ;θ)(1−F(X ;θ))

)
,

as ∆(θ) is not negative definite

IRSS(θ ,n)> nI(θ ,n).

Let X = {X1, . . . ,Xn} be i.i.d. sample from F(X ;θ), the resamples from
F(X ;θ) using RSS, denotes as RSSboot, is as follow

X ♦
1 = {X♦

(1)1,X
♦
(1)2, . . . ,X

♦
(1)m} (1.28)

X ♦
2 = {X♦

(2)1,X
♦
(2)2, . . . ,X

♦
(2)m}

. . .

X ♦
k = {X♦

(k)1,X
♦
(k)2, . . . ,X

♦
(k)m}
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hence

IRSSboot(θ) = −E(
∂ 2

∂θ 2 f(r)(X
�;θ)) = E(−E(

∂ 2

∂θ 2 f(r)(X ;θ)|θ = θ̂))

> nE(I(θ̂ ,n))> nIboot(θ).

Clearly resampling using RSS procedure leads to higher Fisher information in
comparison using the empirical density function.
In the case of parameter mean easily can show

E(S2#) = EE(S2#|X) =
n−1

n
E(S2|X) = (

n−1
n

)2
σ

2,

where S2# is the sample variance of X# but

E(S2�) = EE(S2�|X) = (
n−1

n
)E(S2− 1

k(mk−1) ∑(X̄[r]− X̄)2)

≤ n−1
n

E(S2) = (
n−1

n
)2

σ
2, (1.29)

where S2� is the sample variance of X�, hence

E(S2�)≤ E(S2#).

Furthermore
E(X̄#) = E(E(X̄#|X)) = E(X̄) = µ,

E(X̄�) = E(E(X̄�|X)) = E(X̄) = µ,

hence the bootstrap method with RSS procedure leads to unbiasedness and
less variance in comparison to the conventional bootstrap, hence the bootstrap
test of mean leads a more accurate test than the bootstrap test.

Here we demonstrate the validity of the proposed algorithms for the resam-
pling. In order to study finite sample properties of tests, Monte Carlo exper-
iments are used. The proposed RSS algorithms are simultaneously based on
the same simulated data in order to provide a meaningful comparison of the
various tests. The resampling is done by B=200 and 1000 replications. The
following tables include the simulation done under the normal and exponen-
tial distribution for different sample sizes, m and k. It is quit obvious that the
variance under resampling via RSS is less than resampling via empirical den-
sity function as discussed previously.
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Table 1.5: The simulation of variance for the proposed procedures under N(0,3)

Parameter Procedure of resampling
n m k edf RSS
10 5 2 0.8120 0.1889
10 2 5 0.8186 0.1923
20 5 4 0.4238 0.0678
20 4 5 0.4327 0.0659
20 2 10 0.4239 0.0551
20 10 2 0.4170 0.0731
30 5 6 0.2927 0.0359
30 6 5 0.2922 0.0381
30 3 10 0.2888 0.0302
30 10 3 0.2927 0.0425
30 15 2 0.2922 0.0440
30 2 15 0.2888 0.0261

Table 1.6: The simulation of variance for the proposed procedures under exp(1)

Parameter Procedure of resampling
n m k edf RSS
10 5 2 0.0912 0.0024
10 2 5 0.0893 0.0061
20 5 4 0.0481 0.0004
20 4 5 0.0481 0.0006
20 2 10 0.0481 0.0014
20 10 2 0.0487 0.0002
30 5 6 0.0315 0.0001
30 6 5 0.0321 0.0001
30 3 10 0.0324 0.0003
30 10 3 0.0324 0.0001
30 15 2 0.0305 8.1e-05
30 2 15 0.0331 0.0005
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Part II:

Contributions
This chapter discusses the contributions of Paper I-VIII. More precisely, it
can be divided into three parts: bootstrap method, coefficient of variation and
information theory. The goal of three manuscripts is to explore the bootstrap
method. Paper I compares the parametric and nonparametric bootstrap and
Paper II explains the different bootstrap method of RSS. Paper III shows the
treasure of the bootstrap method to test of contingency table. Section 2, ex-
clusively is assigned to the tests of coefficient of variation using bootstrap
method. Section 3 shows how the bootstrap method can be used to draw the
inference of the information theory.





2. Bootstrap Method

This chapter discusses the contributions of Paper I-III which aim the bootstrap
method.

2.1 A Comparison of Bootstrap Methods for Variance
Estimation
Paper I compares two bootstrap approaches, the nonparametric and paramet-
ric method. In order to recognize them, superscript of * and # are used. It
can be shown that there is no difference in performance between them for the
mean, whereas in the case of variance, the behavior of the nonparametric and
parametric bootstrap method is completely different. The object of Paper I is
to explore them in detail because of the importance of variance estimation.

As Hall (1992) says, the bootstrap method may be expressed as an expecta-
tion conditional on sample or equality as an integral with respect to the sample
distribution function. This allows us to do a direct comparison of the nonpara-
metric and parametric bootstrap methods. It should be mentioned that two
kinds of expectations are discussed, conditional and unconditional. The con-
ditional expectation clarifies the result of the bootstrap approach whereas the
unconditional expectation is the combination of the bootstrap method and the
frequentist approaches. As the aim of bootstrap method is to approach the pa-
rameter of interest, hence the proposed bootstrap methods are studied using
the bias and mean square error (MSE).

Suppose X = (X1, . . . ,Xn) is an i.i.d. random sample of the distribution

F . Then the nonparametric bootstrap method, X∗i j
iid∼ Fn(x), i = 1, . . . ,B, j =

1, . . . ,n, where Fn is the empirical distribution function. The parametric boot-
strap method is carried out using X#

i j
iid∼ G

λ̂
, i = 1, . . . ,B, j = 1, . . . ,n where

G
λ̂
= G(.|X ) is an element of a class {Gλ ,λ ∈ Λ} of distributions that sup-

pose population holds under it. The parameter λ is estimated by statistical
methods. Handle the bootstrap replications as i.i.d. random samples and in-
troduce

S2× =
1
B

B

∑
i=1

S2(X×i ),
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V× =
1
B

B

∑
b=1

(
S2(X ×

b )−S2×
)2

=

B

∑
b=1

(
S2(X ×

b )
)2

B
− (S2×)2,

where S2(X ×
b ) is the sample variance of X ×

b and the symbol× is used when
either the parametric or nonparametric procedure hold. The following theo-
rem is one of the main results of Paper I.
Theorem 2.1: Let X = (X1, . . . ,Xn)

iid∼ F with EX4 < ∞. Then for the ex-
plained bootstrap methods,

E(S2∗|X ) = E(S2#|X ), (2.1)

KFn < KG(.|X ) ⇐⇒ E(V ∗|X )< E(V #|X ), (2.2)

where KFn and KG(.|X ) are the sample kurtosis and the kurtosis corresponding
to the parametric distribution G

λ̂
.

�

The theorem implies that the unconditional expectation of the bootstrap esti-
mator of the parametric and nonparametric methods for variance estimation
are equal

E(S2∗) = E(S2#) =

(
n−1

n

)
E(S2

X) =

(
n−1

n

)2

σ
2,

and
Bn3

(B−1)(n−1)(n2−2n+3)
E(V ∗) =

Bn3

(B−1)(n2−1)n
E(V #) =V (S2

X).

It is obvious that E(S2×) < E(S2
X) < σ2. Relation (2.2) indicates that by

using the sample kurtosis one can study the relative performance of the para-
metric and nonparametric bootstrap methods.

Theorem 2 in Paper I gives the expectation of V×. This theorem states that
E(V ∗) depends on K, whereas E(V #) depends on K and KG(.|X ). It should
be noted that if KG(.|X ) depends on the observations, then it is impossible to
present a closed form in general. Hence in this case the study of the perfor-
mance of the parametric bootstrap is rather difficult. In the case of the normal
distribution, Corollary 1 in Paper I states that:

E(V ∗) < E(V #)<V (S2
X ), (2.3)

Bn3

(B−1)(n−1)(n2−2n+3)
E(V ∗) =

Bn3

(B−1)(n2−1)n
E(V #) =V (S2

X ). (2.4)
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If the underlying distributions of F and G(.|X ) belong to the normal distri-
bution family, it is expected that the standard error of the parametric bootstrap
of variance will be close to the variance F in comparison with the nonpara-
metric bootstrap. Using the corrections given in (2.4), it is possible to find the
unbiased estimation of parametric and nonparametric bootstrap of variance.

It is interesting that when KFn > 3, then E(V ∗|X ) > E(V #|X ) and also
V (S2

X) is larger than the expectation bootstrap estimation, (2.4). Therefore V ∗

is more likely to be closed to V (S2
X) than V #. Table 3 in Paper I explains this

by simulations.
The most important result is that for the distribution with the kurtosis be-

tween 1.4 and 2, the nonparametric bootstrap has less bias than the parametric
bootstrap, regardless of whether F and G(.|X ) have the same distribution.
Example 2 in Paper I clarifies this result.

In Paper I, Lemma 1 and 2 discuss the conditional and unconditional MSE
of the bootstrap variance. Lemma 3 gives the conditional MSE of V× and
Theorem 4 discusses the unconditional MSE of V×.

2.2 On the Resampling of the Unbalanced Ranked Set
Sampling
There are few works on the bootstrap method of RSS, Chen (2001), repeated
in Chen et al. (2004), gives an algorithm for unbalanced RSS and trimmed
mean and Modarres et al. (2004) explore resampling techniques for the bal-
anced RSS using theoretical and simulation approach. Paper II studies the
unbalanced RSS (URSS). Consider URSS,

X1 = {X(1)1,X(1)2, . . . ,X(1)m1}
i.i.d.∼ F(1). (2.5)

X2 = {X(2)1,X(2)2, . . . ,X(2)m2}
i.i.d.∼ F(2).

. . .

Xk = {X(k)1,X(k)2, . . . ,X(k)mk
} i.i.d∼ F(k).

Let F and f be the cumulative distribution function (cdf) and the probability
density function (pdf) of population, respectively. The cdf and pdf of X(r),
the order statistics, are denoted as F(r) and f(r). The empirical distribution of
the proposed unbalanced ranked set sampling considered by Chen (2001) and
Chen et al. (2004) is defined as

F̂qn(t) =
1
n

k

∑
r=1

mr

∑
j=1

I(X(r) j ≤ t) =
k

∑
r=1

qnr F̂(r)(x), (2.6)

where n = ∑mr and qnr =
mr

∑mr
. Suppose that, as n −→ ∞, qnr −→ qr, for

r = 1, . . . ,k, then F̂qn approximates Fq where Fq = ∑
k
r=1 qrF(r). That is studied
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in Propositions 2.1 and 2.2 in Paper II.
Proposition 2.1. If Fq has a continuous density function and qnr −→ qr, and
F̂(r)(t)

a.s.−→ F(r)(t),∀r = 1, . . . ,k for fixed k, and

F̂qn(t)−Fq(t)
L−→ 0 as min

r
{mr} −→ ∞.

�

Proposition 2.2. If Fq ∈ Γ2 and F̂qn given in (2.6) then

d2(F̂qn ,Fq)−→ 0.

�

d2(., .) is the Mallows distance which is defined in Section 1.1. As expressed
by Chen (2001), the statistical procedures for simple random sampling (SRS)
data can be carried out directly to balanced RSS data without any modifica-
tion, but in the case of URSS, the balanced structure is destroyed and statistical
procedure for SRS data can not be simply carried out over. Chen (2001) and
Chen et al. (2004) give an empirical cdf, F̂p. Let Zn:i, 1 ≤ i ≤ n be ordered
statistic, then one should find pi such that

F̂p(x) =
n

∑
i=1

piI{Zn:i ≤ x},

Where ∑
n
i=1 pi and pi. There is not a closed form for pi and the numerical

solutions is needed. Since there are n nonlinear equations, obtaining accurate
solutions is difficult. One solution is sequence sampling that is explained in
paper II. Let obtain a sample of size N from Xi and denoted as X �

i . This
method is referred to as SRSS. By this approach the unbalanced RSS changes
to balanced RSS. Set

F̂�N(t) =
1

NK

k

∑
r=1

N

∑
j=1

I(X�(r) j ≤ t), (2.7)

see Proposition 3 in Paper II for its underlying distribution. By using this
approach, the methods given for the balanced RSS can be used for SRSS.
Lemma 2.1. Let X � = {X�1 , . . . ,X�m} be i.i.d. randomly from F̂n(x), edf of
X = {X1, . . . ,Xn}. If F̂�m(t) is the edf of X � then

‖F̂�m− F̂n‖∞ = sup
t∈R
|F̂�m(t)− F̂n(t)| −→ 0 as m−→ ∞.

�
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Proposition 2.3. If F ∈ Γ2 and F̂�N given in (2.7) then

d2(F̂�N ,F)−→ 0.

�

In paper II, two different algorithms are given, and the consistency of them
are studied. Also simulations are carried out to show the applicability of the
given methods. It is shown that the sequence resampling which has inspiration
from the double bootstrap can be a good nomination to carry out the inference
of URSS.

2.3 On the Efficiency of Bootstrap Method into the
Analysis Contingency Table
The application of bootstrap to inference of categorical data analysis has re-
ceived less attention in comparison to the continuous data. The analysis of
contingency table is the part of categorical data that can be found in most
statistical text books. The classic statistic for independence, the Pearson chi-
squared statistic, in a contingency table for the unordered column and row
variables is

X2 = ∑
i j

(Oi j−Ei j)
2

Ei j
i = 1, . . . ,r, j = 1, . . . ,c, (2.8)

where E and O are the expected and observed values, respectively. Under the
independence of row and column variables, X2 has an asymptotic chi-squared
distribution with (r− 1)(c− 1) degree of freedom, X2 ∼ χ2

(r−1)(c−1). But for
a finite sample, the chi-square distribution is only an Approximation, that is
notoriously inexact for small and unevenly distributed sample. This statistic is
sensitive to the small value of E and the discreteness of the p-value obtained
for the finite sample size, see Agresti (2002).

Bootstrap of categorical data is used by Langeheine and Pannekoek (1996)
to handle the sparse data. Jhun and Jeong (2000) give a simultaneous confi-
dence interval region for the proportion. Pettersson (2002) looks at the ordinal
contingency table. Paper III looks at the nonparametric bootstrap of contin-
gency table which release the underlying assumption. The aim of this paper is
to show the following issues:
1. The p-value obtained by X2 is discrete, also the test with continuity correc-
tion is too conservative, and both tests can be improved with the nonparamet-
ric bootstrap method.
2. The approach of bootstrap method improves the results when the sample
size is small.
3. The applicability of the nonparametric bootstrap for the contingency table.
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Paper III considers several test statistics in Pearson’s formula type. The result
obtained from simulation shows that the X2

c (the Pearson chi-squared with
Yates correction) and M (Monte Carlo test) are too conservative. Note also
that Yates’ correction may tend to overcorrect i.e., an overly conservative re-
sult that fails to reject the null hypothesis when it should. Hence it is sug-
gested that Yates’ correction is unnecessary even with quite low sample sizes.
We show using the bootstrap method, the discreteness of X2 suffers less. As
shown by simulation, the test with continuity is conservative but its bootstrap
version not, this paper shows the applicability and the accuracy of bootstrap
version that can be a nomination for contingency table. It is shown that the
bootstrap of X2

c improves quite well.
Although the result of this work is based on simulation, later in Paper VIII,

the theory of the bootstrap method of the contingency table is explored using
the information energy.
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3. Coefficient of Variation

This section gives a short description of the content of each paper included in
this thesis related to the coefficient of variation. Papers IV and V include the
test of two samples. Paper VI looks at the test of one and two samples using
the transformation.

3.1 An Improvement of the Nonparametric Bootstrap
Test for the Comparison of the Coefficient of Variations
Paper IV explores the two sample test of the coefficient of variation. Let Yi =
(Yi1, . . . ,Yini) be i.i.d samples taken from the distribution Fi (i= 1,2). Consider
the following hypothesis

H0 : γ1 = γ2,

H1 : γ1 > γ2. (3.1)

Cabras et al. (2006) use the separate resampling and consider the following
transform to implement a bootstrap test,

Ỹ1 j = Y ′1 j− Ȳ ′1 +
n1Ȳ ′1 +n2Ȳ ′2

n1 +n2
, j = 1, . . . ,n1,

Ỹ2 j = Y ′2 j− Ȳ ′2 +
n1Ȳ ′1 +n2Ȳ ′2

n1 +n2
, j = 1, . . . ,n2. (3.2)

where

Y ′i j =
Yi j

Si
Sp j = 1, . . . ,ni, i = 1,2.

Ȳ ′1 and Ȳ ′2 are means of the Y ′1 = {Y ′1 j} and Y ′2 = {Y ′2 j}, S2
p is the pooled sample

variance, i.e.,

S2
p =

(n1−1)S2
1 +(n2−1)S2

2
n1 +n2−2

,

where S2
i is the sample variance of sample i. Indeed, the given transformation

allows to resample under H0 (the resampling under H0 is essential to the boot-
strap test, see Section 1.3), because the sample coefficient of variation of Ỹ1 j
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and Ỹ2 j are equal. Paper IV considers simultaneous bootstrap and transforma-
tions Yi j = Yi j/Ȳi and Xi j = Yi j/Si, the division of observations by the mean
and standard deviation to get the appropriate tests for γ .

Paper IV includes couple of simulations to compare these two approaches,
it shows that the proposed tests can be considered as a suitable tests for the
comparison of the coefficient of variation under normal population with strong
evidence indicating a good performance according to the value of type I error
and statistical power.

3.2 Assessing the Coefficient of Variations of Chemical
Data using Bootstrap Method
Paper V considers the application of coefficient of variation for chemical data.
The CV attracts attention to assessing variability of quantitative experiment,
specially the chemical that produces continuous-type values. The comparison
of samples using γ has special appeal compared to σ because experiments
generally increase or decrease propositionally as the mean increase or de-
crease, hence division by mean remove it as a factor in variability. Therefore,
γ allows comparison regardless of magnitude of analyst concentration.

This work uses two examples: the chemical properties of Hyptis and chem-
ical process viscosity reading, in order to explain the applicability of CV. This
work studies the simultaneous resampling and log of CV, the result is quite
interesting and the accuracy of test is improved. This method improves the
test proposed in Paper IV that use another transformation and needs cut point
and also it has better result regardless the underlying distributions.
It should be remarked that the test is based on

T = log(γ̂1)− log(γ̂2),

it can be improved using

T =
log(γ̂1)− log(γ̂2)√

Var(log(γ̂1))+Var(log(γ̂2))
,

where Var(log(γ̂i)) can be estimated using the jackknife method, see Paper
VI.

3.3 On the Application of the Transformation to
Testing the Coefficient of Variation
As mentioned earlier in Section 1.4, it is hard to derive mathematically the
theoretical distribution of sample CV hence finding the approach to overcome
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this difficulty is of interest. Paper VI tries to carry out the inference of CV
using appropriate transformations that are discussed briefly below.
The first approach uses the nice relation given by the following lemma.
Lemma 2.2. Consider Y1, . . . ,Yn be i.i.d. with E(Y ) = µ(µ 6= 0) and E(Y 2)<
∞, then

√
n(log(Ȳ )− log(µ)) L−→ N(0,γ2). (3.3)

�

This lemma easily can be proved using the delta method. Using this transfor-
mation the inference of coefficient of variation changes to inference of vari-
ance that is more well-known, see Section 1.3.

The direct use of this relation is not simple, because of the lack of the rep-
etition of Ȳ . The study of its variance using the conventional method is hard,
hence the resampling can be one way to overcome this difficulty. Furthermore
as discussed in Section 1.3, the variance of variance in denominator of test
statistics affects the accuracy. In order to achieve this test, the jackknife is
used to estimate the variance.

Other problem that should be considered is the robustness of test to the
changes of the mean and variance simultaneously with keeping the constant
ratio, which do not affect on the value of CV, namely N(1,1) and N(10,10)
have equal CV. Since the generality of test is of interest, the test should be
robust of changing the mean and variance simultaneously with constant ratio.
As mentioned earlier in the study done by Boos et al. (1989), the bootstrap test
of variance needs be to done on centralized observations. In the case of CV,
centralization is not useful since its coefficient of variation becomes S(Y )/0,
hence another approach is obtained here; a transformation of observations of
two populations to have equal mean but keep the original CV. As shown in
Section 1.3, parameter of mean is nuisance in the test of variance and the test
statistic is not pivot and by equalizing of mean can get rid of them in the test
of variance. It is easy to see that the following transformation is an appropriate
one

Zi j = ai +biYi j, i = 1,2, j = 1, . . . ,ni, (3.4)

such that d = Z̄1 = Z̄2, where d is known. The value of ai and bi might be
chosen as

bi = d/µi,

ai = d−biµi = 0.

If the µi is unknown the estimate can be used.
The second approach in Paper VI is in terms of the variance stabilizing trans-
formation which gives a transformation that have the constant variance. This
issue is explored for the test of CV under normality of observation. The fol-
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lowing lemma and propositions show how to obtain the appropriate transfor-
mation.
Lemma 2.4. Let g be a differentiable function, the function transformation g
can be obtained such that

[g(1)(θ)]2σ
2(θ) = k2, (3.5)

for some constant k (k 6= 0). Thus for continuous σ(θ), g is

g(θ) = k
∫ 1

σ(θ)
dθ , (3.6)

this function is referred to as variance-stabilizing function (VST).

�

The following proposition gives expansion of mean and variance of the sample
coefficient of variation, see Ahmed (1995).
Proposition 2.4. Consider X ∼ N(µ,σ2) and γ̂ be plug-in estimate of γ then

√
n(γ̂− γ)

L−→ N(0,
γ2

2
+ γ

4) (3.7)

�

Using Lemma 2.4 and the variance given in the Proposition 2.4, one can obtain
VST of γ .
Proposition 2.5. A VST of coefficient of variation is

g(γ) = k
√

2log

(√
1/2+

√
γ2 +1/2

γ

)
, (3.8)

for some non-zero k and γ > 0.

�

The test statistics in terms of the VST are studied asymptotically and by using
the bootstrap method. Paper VI discussed the one and two samples test.

Paper VI attempted to depict the application of transformation in the case
of CV. It is shown that bootstrap method (nonparametric) can be quite useful
to improve the result. Two different approaches of resampling adopted here;
in the first one, inference via variance, the bootstrap after jackknife is used
to carry out the test. The second, variance-stabilizing transformation is used
with different resampling strategies, simultaneous and separate. The results
of the proposed tests are promising to carry out the test on the coefficient of
variation, in which the transformation plays an important rule.
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4. Information Theory

This part includes Papers VII and VIII which are connected to the statistical
information theory, mainly they show how one can use the bootstrap method
for the entropy and information energy.

4.1 The Comparison of Entropies using the Resampling
Method
The multiple comparison of entropies is considered in Fritsch and Hsu (1999)
to study the dinosaur biodiversity. Its generalization is explained in Salicru
et al. (2005), they look at the parametric method and the bootstrap method.
They used the pair-wise bootstrap CI to test the comparison of entropies. As
discussed in Section 1.3, resampling for the statistical test might be differ-
ent from resampling for the bootstrap confidence interval. Paper VII looks at
this issue in the case of entropy. It is shown by simulation that simultaneous
resampling leads to an accurate test for entropy.

Let X be a random variable with s outcomes with probability p j > 0, j =
1, . . . ,s, the amount of entropy can be obtained using

H(p) =−
s

∑
j=1

p j ln(p j).

This can be estimated on the basis of a given sample (X1, . . . ,Xn) obtained
i.i.d. from F . The unknown probability is generally estimated using p̂ j =
m j/n, j = 1, . . . ,s, where m j is the frequency of occurrence E j in the sam-
ple of size n. Then using plug-in principle Ĥ = H(p̂) =−∑

s
j=1 p̂ j ln(p̂ j) is an

estimate of H(p̂). Let the resampled values be denoted by (X∗1 , . . . ,X
∗
n ) and the

corresponding bootstrapped ratio is p̂∗j = m∗j/n, j = 1, . . . ,s. The bootstrapped
entropy is Ĥ∗ = H(p̂∗) =−∑

s
j=1 p̂∗j ln(p̂∗j).

Paper VII considers the discrete and continuous random variables. The fol-
lowing proposition shows the applicability of bootstrap method to draw the
inference of the discrete random variable.
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Proposition 2.6. Let H(p) be the entropy of a discrete variable and define

T =
√

n(Ĥ−H(p)),

and its bootstrapped version being as

T ∗ =
√

n(Ĥ∗− Ĥ),

then
sup

x
|P∗(T ∗ < x)−P(T < x)| −→ 0,a.s.

�

Hence the inference can be done using its bootstrapped version instead of the
parametric approach.

In order to achieve the homogeneity test of the k populations, H0 : H1(p) =
. . . = Hk(p) vs H1 : Hi(p) 6= H j(p), for some i 6= j, the test statistic given in
(1.1) is used to carry out the test

T (X1, . . . ,Xk) =
k

∑
j=1

n j(Ĥ j(p)− H̄)2

σ̂2
j

, (4.1)

where H̄ is the mean of the estimated entropies and σ̂2
j is the sample variance

of entropy of jth population. The variance of entropy under discrete variable
is given in Basharin (1959).

The entropy of the continuous variable may be of interest, in order to
achieve this aim for enough large sample can change the continuous variable
to discrete and use the proposed method. This method has difficulties,
it needs the large sample size and cut points to find categories. Another
approach is to use the kernel density estimation i.e.,

Ĥ(gh) =−
1
n

n

∑
i=1

ln(gh(Xi)),

where
gh(x) =

1
nh ∑K(

x−Xi

h
),

where K is a kernel function and h is bandwidth such that h−→ 0 and nh−→
∞ as n −→ ∞. In order to estimate V (Ĥ), the jackknife method is used. The
bootstrap entropy is

Ĥ =−1
n

n

∑
i=1

ln(g∗h(X
∗
i )),
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where

g∗h(x) =
1
nh

n

∑
i=1

K(
x−X∗i

h
).

4.2 On Resampling for the Contingency Table based on
Information Energy
Paper VIII has attempted to depict another way to test the contingency table
using the bootstrap method. The proposed test uses the information energy as
test statistic and the bootstrap method to draw the inference. As mentioned
in Paper III, in order to test the independence of the variables in the contin-
gency table using the bootstrap method, the resampling is done on Ei j. The
principle of the bootstrap test is doing the resampling under null hypothesis,
the H0 : ρ = 0 leads to H0 : Ei j = Oi.O. j/O.., therefore the resampling under
null hypothesis is the resampling on Ei j rather than Oi j. Paper VIII explores
the theoretical approach behind the inference of contingency table using the
bootstrap method.

In order to carry out this object, the information energy gain is used

G(PXY ,PX PY ) = e(X |Y )− e(X),

where e(.) is the information energy and defined in Section 1.5, and e(X |Y ) is
its conditional measure. Consider the categorical variables, then

G(PXY ,PX PY ) =
J

∑
j=1

I

∑
i=1

pi j pi| j−
I

∑
i=1

p2
i..

The distribution of G(P̂XY , P̂X P̂Y ) is considered in Pardo and Pardo (1994).
In Paper VIII, the following propositions explore the bootstrapped version of
G(PXY ,PX PY ).
Proposition 2.7. Let

P̂∗XY = {(p̂∗i j)i=1,...,I, j=1,...,J},

where p̂∗i j is the bootstrapped version of p̂i j and P∗ is denoted as conditional
probability given the observation. Then

sup
x

∣∣∣∣P∗(√n
(

G(P̂∗XY , P̂
∗
X P̂∗Y )−G(P̂XY , P̂X P̂Y )

)
< x
)
−

P
(√

n
(

G(P̂XY , P̂X P̂Y )−G(PXY ,PX PY )
)
< x
)∣∣∣∣−→ 0,a.s., (4.2)

as n−→ ∞.

�

51



Proposition 2.8. Let PXY = PX PY holds and resampling be done under PXY =
PX PY (i.e., under holding the independence of the variables), then

sup
x

∣∣∣∣P∗(2nG(P̂∗XY , P̂
∗
X P̂∗Y )< x

)
−

PH0

(
2nG(P̂XY , P̂X P̂Y )< x

)∣∣∣∣−→ 0,a.s., (4.3)

as n−→ ∞.

�

These two propositions guaranteed the theoretical part. Also a simulation in-
vestigations done and two approaches, parametric and nonparametric boot-
strap, are studied that lead to the accurate tests.

52



Future Work

In general, we advocate the use of bootstrap in different discipline of statistics.
The works that I will study later are as follows:

Singular Spectrum Analysis (SSA) is a well-known topic in extract error
from variable, see Hassani et al. (2009). One of the essential issue in SSA is to
choose rank, there is few works on it. It is utmost important to find an accurate
method to test the rank, in the preliminary work done by Dr. H. Hassani and
present author, the bootstrap method in achieve this aim is quite accurate.

In Paper VI, the test of two samples of coefficient of variation studied, it
would be interesting if its generalization to more than two samples and multi-
variate as well. Furthermore, the idea of pooling procedure is used by Ahmed
(2002) that should be possible to use this idea to transformations discussed in
Paper VI.

Vasicek (1976) studied normality actually this work was first to employ
the characterization results for developing Goodness-of-fit tests. Dudewicz
and Van der Meulen (1981) look as the uniformity, Grzegorzewski and Wiec-
zorkowski (1999) and Taufer (2002) study exponentiality and Mudholkar and
Tian (2002) study the Gaussian and inverse Gaussian. The main idea for the
construction of test is based on the maximum entropy, that considers a class
of density under certain restrictions and find a consistent estimator of entropy
for members in this class. Main difficulty can be accounted for the study of
the Goodness-of-fit test by entropy, is that there is not an exact statistical dis-
tribution for the given statistics although the mentioned papers used Monte
Carlo simulation to find the critical values for the different sample sizes and
the level of accuracies that make unappealing this idea to use practically. It is
of interest to overcome these problems and find the automatic method to get
rid to use the given tables. The bootstrap method can be one way to carry out
it.

The other work that can be done in the information theory is to study the
shrinkage and pooling for the entropy that is ongoing by author.

In the preliminary study done by author using simulation, RSS is quite ac-
curate to estimate coefficient of variation that is interesting to explore it using
theory and simulation.
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Summary in Swedish

Denna avhandling behandlar den s.k. bootstrapmetoden. Ännu tre decennier
efter Bradley Efrons banbrytande artikel finns flera relaterade område för
vidare utforskning. Forskningsresultaten som presenteras här återfinns inom
flera områden inom statistiken; bootstrap kan användas som ett viktigt
statistiskt verktyg i nästan varje tänkbar tillämpning. I avhandlingen berörs
flera statistiska problem, vilka beskrivs kortfattat nedan.
Artikel I
Här jämförs ickeparametriska bootstrapmetoder med parametriska, när test
av stickprovsvarians studeras, och villkor ges för de fall när ickeparametrisk
bootstrap är att föredra framför parametrisk för nämna statistiska problem.
Artikel II
I denna artikel studeras en bootstrapmetodik i samband med obalanserade
rangsamplingsmetoder (RSS). En sekventiell bootstrapmetod används för att
överföra analysen av den obalanserade RSS-metoden till en balanserad RSS-
metod. Inverkan av olika algoritmer i samband med återsampling analyseras
och de föreslagna metoderna studeras med Monte-Carlo-simulering. Även
teorin behandlas.
Artikel III
Bootstrap innebär ett datorintensivt statistiskt tillvägagångssätt som används
flitigt inom ickeparametrisk inferens. Analys av kategoriska data, i synnerhet
kontingenstabeller, är vanligt förekommande i olika tillämpningar. I denna
artikel studeras ickeparametriska bootstraptest vid analys av kontingensta-
beller, en metodik som endast behandlats i ett fåtal forskningsartiklar. De vid
statistisk hypotesprövning i kontingenstabeller förekommande p-värdena är
diskreta och skall under nollhypotesen vara likformigt fördelade. I denna ar-
tikel visas att motsvarande test, baserade på bootstrap, fungerar bättre än de
gängse förekommande. Egenskaperna hos de föreslagna testen illustreras med
hjälp av Monte-Carlo-simulering. Artikeln avslutas med ett analytiskt exem-
pel där testen utvärderas.
Artikel IV
I denna artikel föreslås ett ny metodik för att testa lika variationskoefficient
hos två populationer. Det föreslagna testet är baserat på ickeparametrisk boot-
strap och förefaller ha flera fördelar över de vanligaste testen, exempelvis är
det enkelt att implementera. Testet analyseras med Monte-Carlo-simulering
genom flera numeriska studier.
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Artikel V
Variationskoefficienten är ett mått som ofta används när data mätt i olika
mätskalor jämförs. Här undersöks jämförelser mellan variationskoefficienter
för två stickprov, utan speciferat antagande om fördelning för ursprungsdata.
En familj av test, baserade på bootstrap, föreslås, och egenskaperna illustr-
eras med Monte-Carlo-simulering. Den föreslagna metoden tillämpas på ke-
mometriska data, med såväl oberoende och likafördelade (iid) observationer
som icke-iid.
Artikel VI
Det är svårt att härleda den teoretiska samplingsfördelningen för variationsko-
efficienten (CV) för statistisk inferens. I denna artikel presenteras asymptotisk
parametrisk inferens för CV med hjälp av en variansstabiliserande transfor-
mation. Det kan visas att variansen av logaritmerade stickprovsmedelvärdet
är approximativt CV, men hittills har inte detta faktum utnyttjats för inferens
av CV. I artikeln visas hur bootstrap kan användass för att förbättra metoderna;
fall med CV för ett respektive två stickprov diskuteras.
Artikel VII.
I denna artikel diskuteras boostraptest av entropier. I många tillämpningsom-
råden är jämförelse av entropier av intresse, varför en statistisk metodik är av
värde. I artikeln presenteras hur återsampling kan användas för att erhålla ett
godtagbart p-värde. I vissa tidigare arbeten har parvisa bootstrapkonfidensin-
tervall använts, men här studeras en annorlunda återsamplingsalgoritm. Vidare
analyseras multipla test. De föreslagna testen förefaller ha flera fördelar: enkel
implementering, styrka. Entropi studeras i fallet med diskreta variabler liksom
för kontinuerliga. Testen undersöks med Monte-Carlo-metodik.
Artikel VIII
Bootstrap studeras här för analys av kategoriska data, speciellt kontingensta-
beller. Att genomföra test med boostrap, baserat på väntevärden, har tidigare
föreslagits i litteraturen. I denna artikel presenteras en teoretisk analys av boot-
strap för kontingenstabeller. Den grundläggande idén baseras på information-
senergi. Egenskaperna hos de föreslagna testen illustreras med Monte-Carlo-
simulering. Artikeln avslutas med analytiska exempel som belyser användan-
det av testen.
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