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Abstract. We study the approximation of sets by partial equivalence rela-

tions (PERs) in HAω – this construction is usually considered in type theory.

In this first part, we start with the basic definitions, and introduce notions of
equality, inclusion, and quotients of PERs. We then show that PERs form a

finitely complete and finitely cocomplete category, with all constructions given.

We also make a detailed investigation of extensional choice principles.

1. Introduction

The constructive notion of a set is an area where there is a surprising amount
of variation. The proposed definitions of a set for constructive mathematics range
very widely, from constructive versions of set theory, like Myhill’s impredicative
IZF (Myhill, 1973) and Aczel’s predicative CZF (Aczel, 1978; Aczel and Rathjen,
2001), to constructive type theories, like Coquand and Huet’s impredicative CoC
(Coquand and Huet, 1988) and Martin-Löf’s (predicative) intuitionistic type theory
(Martin-Löf, 1984; Nordström et al., 1990; Nordström et al., 2000), and further.
Unfortunately, type theories usually do not have quotient types (it tends to render
typechecking undecidable, though there is recent work on this problem in so-called
Observational Type Theory (Altenkirch et al., 2007)). To model quotients in type
theory, one goes back to Bishop’s notion of a set as given by a rule for construct-
ing elements together with a notion of equality (Bishop, 1967; Bishop and Bridges,
1985). There are several approaches to this idea, the most common being setoids,
which are types equipped with equivalence relations – these are used as the basis
of many formalisations of mathematics, and are, for example, included in the stan-
dard library for the proof assistant Coq (Coq Development Team, 2010). Another
approach is to consider types equipped with partial equivalence relations (that is,
symmetric and transitive, but not necessarily reflexive relations). Though less com-
mon, these PERs have also been studied and used before (see for example (Barthe
et al., 2003) and (Čubrić et al., 1998)).

In this paper, the approximation of sets by partial equivalence relations is ex-
plored in a much weaker setting than the dependent type theories where it is nor-
mally done, namely in HAω, intuitionistic (Heyting) arithmetic in all finite types.
Adding all finite types to HA adds nothing to the arithmetical part of the system
(HAω is conservative over HA (Troelstra and van Dalen, 1988, Theorem 9.1.13)),
but it adds enough expressive power to let us build a category of set-like objects.
We can also think of this construction as a kind of realisability model, though,
somewhat unusually, one with a completely constructive metatheory.
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The intention has been that most of the results in this paper should apply also
to a similar PER construction in type theory, closely related to Hofmann’s setoid
model S0 (Hofmann, 1997), but avoiding empty underlying types. For this reason,
little use has been made of results about HAω beyond the most basic ones.

The construction considered is quite closely related to the category-theoretical
notion of an exact completion (particularly, the ex/lex, reg/lex, and ex/reg com-
pletions studied in (Carboni and Magno, 1982; Carboni, 1995; Carboni and Vitale,
1998)). These similarities suggest and inform what results we aim to prove, but
we are not simply studying a particular instance of these constructions. There are
three points where the difference is significant.

The first point of difference might be considered an artefact of the choice of a
combinatory calculus, rather than λ-calculus, when defining HAω. The problem
is that types and functions of HAω do not actually form a category, but only a
precategory – we have objects and arrows, and a composition operation, but the
category laws fail: composing some (appropriately typed) map f with the identity
gives us S(Kf)I, which we can not prove is equal to f . This means that the homsets
must necessarily be quotients of types if we are to get a category, and if we are
aiming for our category to have exponentials (or better, if we are aiming for a
category enriched over itself (Kelly, 2005)) then we must also take our objects to
be quotients of types. Thus, merely asking that we have a category to start from
leads us to consider setoid-like quotient constructions, equipping the types with
equivalence relations. An alternative would be to consider not HAω but the theory
λ-HAω, a similar theory built on λ-calculus, which is almost a direct replacement
for HAω (Troelstra and van Dalen, 1988).

The second difference is that the ex/lex and reg/lex completions need the cate-
gory we start from to be at least weakly lex (that is, to have all weak finite limits).
But considering the two constant maps K0 and K1, it is clear that we do not have
weak pullbacks (there is not even a way to complete this corner to a square). Thus,
for these categorical constructions to apply, we must first construct weak pullbacks
– but this would correspond to some notion of subset, and altogether, we arrive at
a subquotient construction much like the one considered in this paper.

The third difference is that the construction in this paper uses (general) propo-
sitions when constructing quotients. For example, the equality on a function type
is convertibility (which is decidable and differs from the extensional equality, even
in λ-HAω; consider for example the case of the constant zero function, and the
primitive recursive characteristic function for counterexamples to Goldbach’s con-
jecture). The partial equivalence relations in this paper allow us to directly consider
the quotient of this function type by extensional (that is, pointwise) equality. In
contrast, in the categorical construction, we would need a type indexing the pairs
of extensionally equal functions. Not only is this much more complicated, it is not
even a priori clear that such an indexing exists. Thus, even if we are able to carry
out the categorical constructions, it is not clear that they capture the structures
we are actually interested in.

The structure of this paper is as follows. We start with a brief introduction to
HAω, and some relevant well-known properties of it. Then, in Section 3, we define
the partial equivalence relations (PERs), with notions of equality and member-
ship, and introduce the basic language (of shorthand notation) for reasoning about
them. We also define the notion of a map of PERs, as well as some important
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classes of maps. This is followed, in Section 4, by an inclusion relation between
PERs, and a separation axiom, as well as a characterisation of the power class of
a PER. Quotients of PERs are next, in Section 5, and we pay particular attention
to the quotient maps. With these fundamental definitions in place, we show in
Section 6 that the PERs form a category PER, and that the category PER is
finitely complete and finitely cocomplete, and moreover that some important limits
and colimits are given (particularly, PER has given pullbacks – recall that this is
not the case in the category of setoids (Hofmann, 1995)). In the final section, we
extensively investigate the relationship between intensional and extensional choice
principles, and some classes of PER maps. Particularly, this includes a PER version
of the result from (Carlström, 2004) that having the extensional axiom of choice
ACext is equivalent to having all three of the intensional axiom of choice ACint,
classical logic, and the weak extensionality principle Ext−. The PER setting has
allowed a more detailed, and hopefully more illuminating, analysis of this result,
and much of Section 7 is devoted to breaking it down into meaningful pieces.

A part II is planned, containing investigations of the structure of the category
PER, for example a proof that it is an LCCC, though, as noted in this paper,
not a pretopos. The notion of inclusion of PERs and the power class leads us to
investigate a version of the internal logic based not on subobjects, but on regular
subobjects. A very brief foray into real arithmetic and analysis is also intended for
inclusion there.

2. The system HAω

The work in this paper is done in intuitionistic arithmetic in finite types, par-
ticularly in and with the formal system HAω with product types, as presented in
(Troelstra and van Dalen, 1988) (see also (Troelstra, 1973)).

The starting point of the system is a collection of type symbols. The type symbols
are inductively defined, including the type symbol 0 (whose intended interpretation
is (the set of) the natural numbers), and whenever σ and τ are type symbols, then
so are σ×τ and σ → τ (and for convenient notation, the arrow is right associative).

For every type symbol, there is a collection of terms of that type. Firstly, there
is an infinite supply of typed variables xσ, yσ, . . . for every type σ (the typing
annotation σ will be left out where clear from context – also, any term whose type
may not be clear from context will be given a type annotation in the same way).
There is a single (family of) function symbol(s), an application operator denoted by
simple juxtaposition: for all types σ and τ , given terms sσ→τ and tσ, the application
yields a term st of type τ (and this application is left associative). To this comes a
collection of constant symbols. First, the standard combinators:

• for all types σ and τ , a constant symbol Kσ,τ of type σ → τ → σ;
• for all types ρ, σ, and τ , a constant symbol Sρ,σ,τ of type

(ρ→ σ → τ)→ (ρ→ σ)→ ρ→ τ.

The translation of simply typed λ-calculus into combinator form is standard (Troel-
stra and van Dalen, 1988, Proposition 9.1.8), and will be used without comment.
This formulation does not include an identity combinator; instead we define the
identity combinators Iσ by Iσ = λxσ.x = Sσ,0→σ,σKσ,0→σKσ,0 as a notational short-
hand.

Then pairing and projection combinators for the product types:
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• for all types σ and τ , a constant symbol pσ,τ of type σ → τ → (σ × τ),
which we will also frequently write as a pairing operator 〈−,−〉σ,τ ;

• for all types σ and τ , constant symbols p0 and p1 of type σ × τ → σ and
σ × τ → τ respectively.

And finally the constructors and recursion combinators for the natural numbers:

• constant symbols 0 and s of type 0 and 0→ 0 respectively;
• for all types σ a constant symbol rσ of type σ → (σ → 0→ σ)→ 0→ σ.

The indices on all these combinators will be omitted, as usual.
We will use the following folklore lemma about the terms.

Lemma 1 (Folklore). There is a family Tσ containing a term of every type σ.

Proof. By simple induction on the structure of type symbols: take T0 = 0, Tσ×τ =
〈Tσ,Tτ 〉, and Tσ→τ = KTτ . �

The only predicate symbols in the language are the equality symbols =σ for
every type σ. For any terms sσ and tσ, s =σ t is an atomic formula (and ill-typed
equalities are not well formed formulas). General formulas are built from these by
means of the connectives &, ∨, and →, as well as the (typed) quantifiers ∀xσ and
∃xσ. The logic is many-sorted intuitionistic predicate calculus with equality – note
that the elimination rule for the existential quantifier corresponds to weak sums,
and so does not justify the (intensional) axiom of choice.

The missing connectives are introduced as shorthands, we write⊥ for the equality
0 =0 1; ∼P for P → ⊥; and > for ∼⊥. It must of course be verified that the
expected rules for these connectives are admissible.

There are also some axioms. First, the axioms of equality, which state that

x = x x = y → y = x (x = y & y = z)→ x = z

y = z → xy = xz x = y → xz = yz

whenever these are well typed. Similarly, the defining equations for the combinators
are

Kxy = x Sxyz = xz(yz)

p0〈x, y〉 = x p1〈x, y〉 = y 〈p0x, p1x〉 = x

rxy0 = x rxy(sz) = y(rxyz)z

(note that this includes surjective pairing). These axioms justify performing reduc-
tions as required or convenient. The last axioms are arithmetical: the injectivity
of the successor function, Peano’s fourth axiom, and the full induction schema.

sx =0 sy → x = y 0 6=0 sx

P [0] & (∀x0)(P [x]→ P [sx])→ (∀x0)P [x]

Another folklore lemma now establishes that every instance of the ex falso rule
(the elimination rule for ⊥) is derivable.

Lemma 2 (Folklore). For every formula P , the implication ⊥ → P is provable.

Proof. By induction on the structure of P . If P is an atomic formula, then it is
t1 =σ t2 for some terms tσ1 and tσ2 . Consider the term t3 = rt1(K(Kt2)) which
is of type 0 → σ. Note that by the defining equations for r, we have t30 =σ t1
and t31 =σ t2, and hence by the fourth equality axiom also 0 =0 1 → t1 =σ t2
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as required. The cases of a conjunction, disjunction, implication, or a universally
quantified formula are all trivial. For the final case of an existentially quantified
formula (∃xσ)P [x], use Lemma 1 and note that P [Tσ] is a structurally smaller
formula. �

Note also that the substitution theorem holds for this calculus (see for example
(van Dalen, 1994, p. 161)), so we can exchange some or all occurrences of a subfor-
mula φ for some equivalent ψ (or a subterm for an equal term), and the resulting
formula is equivalent to the original formula.

3. PERs and their maps

We start with the definition of a PER, and the equality of PERs. These defini-
tions are given at each type separately (but uniformly), since the type symbols are
not part of the language.

Definition 3. A PER structure A on a type σ is a binary relation =A such that

• (∀xσ, yσ)(x =A y → y =A x), and
• (∀xσ, yσ, zσ)(x =A y & y =A z → x =A z),

that is, the relation =A is both symmetric and transitive (though not necessarily
reflexive – PER is short for partial equivalence relation).

We write x ∈ A as a shorthand for x =A x, and introduce the bounded quantifiers
(∀x ∈ A)φ and (∃x ∈ A)φ as shorthands for the formulas (∀xσ)(x ∈ A → φ) and
(∃xσ)(x ∈ A& φ), respectively.

Two PER structures A and B on the type σ will be considered equal, and we
write A = B, if

(∀xσ, yσ)(x =A y ↔ x =B y),

in other words, equality of PER structures is (pointwise) equivalence.
A PER is a type σ together with a PER structure on σ. The definition of equality

of PER structures now trivially extends to an equality of PERs. We will write Aσ
to indicate that the PER A is given by a PER structure on the type σ.

As an example, consider the PER N, whose underlying type is the type 0 of the
natural numbers, and whose equality is given by the standard equality =0 on the
natural numbers. More generally, we can see every type σ as a PER, with equality
given by the standard equality =σ, and we will denote this PER by σ̄ (so we could
write 0̄ for the natural numbers – but this confusion will be avoided).

Note that the general equality of PERs can be seen as the claim that the for-
mula given is well formed (well typed) and true. Compare this particularly to the
ε-conditions of (Sambin and Valentini, 1998), where the second ε-condition is a
claim of well-typedness, and the first ε-condition is a direct membership condition
(though the situation there is slightly more complicated, particularly when having
a hypothesis of membership).

Proposition 4. Equality of PER structures on σ is an equivalence relation. Hence,
equality of PERs is also an equivalence relation.

When using PERs in type theory, there is a choice of the notion of map (Barthe
et al., 2003). The three main contenders are

• Relations – these can not be used here, at least not if we want function
spaces, since they do not form a type.
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• Partial functions, encoded in type theory as functions on the sigma set
(Σx : A)x ∈ A consisting of elements of the underlying set together with a
proof of self equality. Again, there is no suitable equivalent to use.

• Total functions between the underlying sets. This choice transfers cleanly
to HAω, and is the one we will use.

Another possibility would be to consider spans, that is, to let a map f : Aσ → Bτ
be a type ρ together with two functions fρ→σdom and fρ→τcod satisfying some suitable
conditions. Of course, the type ρ would have to be the same for all maps Aσ → Bτ
if we are to construct a function space (taking ρ = σ × τ would seem to be the
natural choice). This would lose the direct computational content of using the
function types directly, but might be interesting, particularly in combination with
choice axioms (since we would probably require (∀rρ)(fdomr ∈ A& fcodr ∈ B), the
resulting questions do not, at least at first glance, seem trivial).

Definition 5. Given PERs Aσ and Bτ , a map f : A → B is a function (that is, an
element of the function type) fσ→τ satisfying the extensionality condition

(1) (∀xσ, yσ)(x =A y → fx =B fy).

Two maps f, g : A → B are considered equal if (∀xσ, yσ)(x =A y → fx =B gy).

For example, at every type σ we have (∀xσ, yσ)(x =σ y → Ix =σ SKIy) – so I
and SKI are equal as maps, but seen as elements of the type σ → σ, we can not
prove they are equal.

Proposition 6. Given PERs Aσ and Bτ , equality of maps A → B is a PER
structure on the type σ → τ .

Proof. From the equality x =A y both y =A x and x =A x follow easily. Symmetry
and transitivity then follow from the same properties in B. �

Continuing the previous example, we see that σ̄ → σ̄ and σ → σ are different,
the first one being the PER maps from σ̄ to itself, and the second one being the
function space σ → σ with standard equality.

Next, some basic properties of PER maps and map composition, particularly
showing that the equality of PERs and the equality of PER maps are compatible.

Lemma 7. Suppose Aσ, A′σ, Bτ , and B′τ are PERs such that A = A′ and B = B′.
Then

(i) If fσ→τ and gσ→τ are such that f =A→B g, then f and g are both maps
A → B.

(ii) If f is a map A → B, then (∀x ∈ A)(fx ∈ B) (this says that all maps are
total).

(iii) If fσ→τ and gσ→τ are such that f =A→B g, then also f =A′→B′ g.
(iv) If f is a map A → B, it is also a map A′ → B′.
(v) If f and g are maps A → B such that f =A→B g, then f =A′→B′ g.

(vi) If f and g are maps A → B such that (∀x ∈ A)(fx =B gx), then also
f =A→B g.

Proof. We make use of Proposition 6:

(i) Note that the extensionality condition (1) for fσ→τ being a map is precisely
self-equality f =A→B f in A → B, which follows easily from f =A→B g.

(ii) Immediate from (1), instantiating with the same variable twice.
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(iii)–(v) From A = A′ and x =A′ y we have x =A y. With f =A→B g it follows
that fx =B gy, and hence, using B = B′, that fx =B′ gy as required. The
next two statements are then immediate consequences.

(vi) Suppose x =A y. Then x ∈ A, and it follows from the assumption that
fx =B gx. But from x =A y and g being a map it also follows that
gx =B gy, and the statement now follows immediately. �

Definition 8. Given fσ→τ and gρ→σ, write f ◦ g for the composition λxρ.f(gx) =
S(Kf)g, which is an element of ρ→ τ .

Lemma 9. If f : B → C and g : A → B are both maps, then f ◦ g is a map A → C.
Further, if f = f ′ : B → C and g = g′ : A → B are equal maps, then f ◦ g = f ′ ◦ g′.

Proof. We prove the second claim – the first claim then follows immediately. If
x =A y, then gx =B g

′y (since g = g′), and so f(gx) =C f
′(g′y) (since f = f ′), but

this last is precisely f ◦ g = f ′ ◦ g′, as required. �

Definition 10. We say that a map f : Aσ → Bτ is

(i) injective if (∀x, y ∈ A)(fx =B fy → x =A y);
(ii) surjective if (∀y ∈ B)(∃x ∈ A)(fx =B y);
(iii) strongly surjective if (∀yτ )(∃xσ)(y ∈ B → x ∈ A& fx =B y);
(iv) pseudo-split if (∃gτ→σ)(∀y ∈ B)(gy ∈ A & f(gy) =B y) (note that g does

not necessarily satisfy the extensionality condition (1) – if it does it is a
right inverse for f).

Lemma 11. Let f and g be maps A → B. Then

(i) if f is strongly surjective, it is also surjective;
(ii) if f is pseudo-split, it is also strongly surjective;
(iii) if f =A→B g and f is injective, surjective, strongly surjective, or pseudo-

split, then g has the same property;
(iv) if A′ = A and B′ = B, and further f is an injective, surjective, strongly

surjective, or pseudo-split map A → B, then f has the same property as a
map A′ → B′;

(v) the classes of injective, surjective, strongly surjective, and pseudo-split
maps are all closed under composition.

Proof. Simple proofs:

(i)–(ii) Expand the bounded quantifiers. Then pushing the existential quantifier
inside the implication weakens strong surjectivity to surjectivity. Also, f
being pseudo-split says there is a choice function for the existential quan-
tifier in strong surjectivity, so it is a stronger statement.

(iii) Use the fact that (∀x)(fx =B gx) repeatedly.
(iv) This reduces to replacing subformulas by equivalent subformulas.
(v) By Lemma 9 the composites are maps, so we just need to prove the required

properties. In each case, use the given properties in turn – particularly,
the pseudo-splitting for the composite is obtained by composing the given
pseudo-splittings. �

4. Inclusion of PERs

The notion of a subset (or more general substructure) inclusion tends to be
problematic when formalising mathematics inside typed systems. Sometimes, the
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difficulty is avoided completely, instead opting for the more general formulations
in terms of general inclusions and inclusion maps (reminiscent of categorical logic).
Alternatively, as in (Sambin and Valentini, 1998) and (Carlström, 2003), subsets
are modelled as predicates. While the resulting theory has many attractive aspects,
it has the unpleasant feature that a subset is not the same type of object as the set
it is included in. Working with PERs gives an advantage here, since it is possible
to define an inclusion relation between PERs, similarly to how we defined equality
of PERs.

Definition 12. We say that a predicate P [xσ] is extensional on, or with respect to,
the PER Aσ if it respects the equality, that is, if (∀xσ, yσ)(x =A y&P [x]→ P [y]).

Definition 13. Given two PER structures A and B on a type σ, we say that A is
a subset of B (written A ⊆ B) if

• the identity function I is an injective map A → B; and
• the membership predicate x ∈ A is extensional on B, that is, it satisfies

(∀xσ, yσ)(x =B y & x ∈ A → y ∈ B).

The subset relation then extends to all PERs, just as the equality relation.

Just as for the equality relation, the general form of the subset relation can be
seen as the claim that the two formulas above are well typed and true.

We must, of course, verify that this notion of inclusion is compatible with the
equality relation and has the expected properties.

Proposition 14. Suppose A = A′ and B = B′ are PERs. Then A ⊆ B if and only
if A′ ⊆ B′.

Proof. The only interesting case is when all four PERs have the same underlying
type. Further, by symmetry, it is enough to prove one direction. There are then two
things to be shown. That the identity is injective follows from Proposition 7. The
required extensionality is, after expanding all shorthands, an instance of replacing
subformulas by equivalent subformulas. �

Lemma 15. The subset relation is a partial order, that is, for all PERs A, B, and
C we have

• A ⊆ A;
• if A ⊆ B and B ⊆ C then A ⊆ C;
• if A ⊆ B and B ⊆ A then A = B.

Proof. As before, the only interesting case is when all PERs involved have the same
underlying type, σ say.

• That I is a map A → A reduces to the triviality

(∀xσ, yσ)(x =A y → x =A y).

Similarly, the injectivity of I is the equally trivial statement

(∀x, y ∈ A)(x =A y → x =A y).

The final condition is (∀xσ, yσ)(x =A y & x ∈ A → y ∈ A); but we have
already noted that y ∈ A follows from x =A y.

• Note that I ◦ I =A→C I (they agree pointwise after reduction). Thus, using
Proposition 7, it follows that I is an injective map A → C. Now suppose
that x =C y & x ∈ A. Then, since the identity is a map A → B, it follows
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that x ∈ B, and hence (using B ⊆ C) that y ∈ B. By injectivity of I : B → C
we have x =B y. Repeat the same argument to get x =A y.

• This follows immediately from I being a map both A → B and B → A. �

Definition 16. Write P(A) for the power class of A, that is, the collection of all
PERs X ⊆ A.

Note that this cannot be described in the language of HAω, but belongs entirely
in the metalanguage. The content of the previous Lemma can then be expressed
as: the subset relation ⊆ is a partial order on P(A), for all PERs A.

We also expect to be able to construct subsets of a given PER in a convenient
way.

Definition 17 (Separation for PERs). Suppose the predicate P [x] is extensional
on Aσ. We can then define a new PER structure {x ∈ A | P [x]} on σ, whose
equality is given by the formula x =A y & P [x].

Transitivity of this relation is immediate from transitivity of =A. For symmetry,
first use symmetry of =A to obtain y =A x, and then use the extensionality of P [x]
to get P [y].

Note that if we have a non-extensional predicate P [x], then there are two obvious
ways to construct an extensional version of it. The first one would be to consider
(∃y)(x =A y & P [y]) – there is a representative satisfying P [x]; the second to use
(∀y)(x =A y → P [y]) – every representative satisfies P [x] (there are, of course,
many other possibilities). These are generally very different, and this shows that
there is no canonical way to extend Definition 17 to non-extensional predicates.

As an example of a PER defined using separation, consider the preimage. Given
a map f : Aσ → Bτ and a tτ , let

f−1(t) = {x ∈ A | fx =B t}.
Since f is a map, the formula fx =B t is an extensional predicate, so this definition
makes sense (and we also note that replacing any or all of the data (A, B, f , t) by
equal data gives an equivalent predicate, so this actually respects all equalities).

We first show that the separation construction respects equality of PERs:

Lemma 18. Suppose A = A′ and that P [x] is an extensional predicate on A. Then
P [x] is also an extensional predicate on A′, and {x ∈ A | P [x]} = {x ∈ A′ | P [x]}.

Proof. The first part is easy, but required for the second part to make sense. In both
parts, the required statement is obtained from the given by replacing subformulas
by equivalent formulas. �

The next immediate aim is to show that separation also respects an appropriate
notion of equality on predicates, which must first be defined. Then, we aim to
better describe the structure of P(A).

Definition 19. We say that two predicates P [x] and Q[x] on a PER A are equiv-
alent if (∀x ∈ A)(P [x]↔ Q[x]).

Note firstly that this is an equivalence relation, and secondly that P [x] and
Q[x] are allowed to differ, but only on elements of σ which do not represent any
equivalence class (that is, those x which do not satisfy x ∈ A).

Lemma 20. Let P [x] and Q[x] be extensional predicates on the PER Aσ. Then
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(i) {x ∈ A | P [x]} ⊆ A;
(ii) {x ∈ A | P [x]} ⊆ {x ∈ A | Q[x]} if and only if (∀x ∈ A)(P [x]→ Q[x]);
(iii) {x ∈ A | P [x]} = {x ∈ A | Q[x]} if and only if P [x] and Q[x] are

equivalent;
(iv) the membership predicate − ∈ {x ∈ A | P [x]} is equivalent to P [x];
(v) if B ⊆ A then B = {x ∈ A | x ∈ B}.

Proof. (i) That I is an injective map {x ∈ A | P [x]} → A is immediate from the
definition of {x ∈ A | P [x]}. That the membership predicate is extensional
on A is essentially the extensionality of the predicate P [x].

(ii) Suppose first that {x ∈ A | P [x]} ⊆ {x ∈ A | Q[x]}. If x ∈ A and P [x],
then clearly x ∈ {x ∈ A | P [x]}. But then it follows from the inclusion
(from the totality of identity as a map) that x ∈ {x ∈ A | Q[x]}, and hence
Q[x] follows.

Suppose instead that (∀x ∈ A)(P [x] → Q[x]). That the identity is a
map {x ∈ A | P [x]} → {x ∈ A | Q[x]} is the statement

(∀xσ, yσ)(x =A y & P [x]→ x =A y &Q[x]),

which follows easily from the assumption. Injectivity of this map is

(∀x, y ∈ {x ∈ A | P [x]})(x =A y &Q[x]→ x =A y & P [x]),

which is easy, after unfolding the bounded quantifiers. Finally, we must
show that the membership predicate − ∈ {x ∈ A | P [x]} is extensional
on {x ∈ A | Q[x]}. But equality in this latter PER implies equality in A,
which the predicate respects, by part (i).

(iii) Using Proposition 14 and Lemma 15, the equality holds if and only if we
have inclusions in both directions. This then follows from part (ii).

(iv) Unfolding notation, this is a triviality.
(v) We must show (∀xσ, yσ)(x =B y ↔ (x =A y & x ∈ B)). The left-to-

right implication follows from I being a map B → A. For the right-to-left
implication, first note that − ∈ B is extensional on A, so y ∈ B follows.
Now use the injectivity of I : B → A. �

Corollary 21. Given a PER Aσ, there is a bijective correspondence between the
power class P(A) and the extensional predicates on A up to equivalence. This
correspondence is given in one direction by separation, in the other by taking the
membership predicate. In particular, it takes the inclusion relation − ⊆ − to im-
plication (∀xσ)(−[x] → −[x]) and vice versa. Thus P(A), ordered by inclusion, is
a Heyting algebra.

While the notation might suggest that our intuition from set theory is helpful,
the analogy is not perfect:

Proposition 22. If Aσ ⊆ Cσ and Bσ ⊆ Cσ, then

• A = B if and only if (∀xσ)(x ∈ A ↔ x ∈ B); and
• A ⊆ B if and only if (∀xσ)(x ∈ A → x ∈ B).

Dropping the condition that Aσ and Bσ have a common superset, the right-to-left
implications are longer provable.

Proof. Note that the first is a consequence of the second – we have already observed
that having inclusion in both directions is equivalent to equality.
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Next, note that, by Lemma 20, we have the two equalities A = {x ∈ C | x ∈ A}
and B = {x ∈ C | x ∈ B}. By the same lemma, we have the inclusion

{x ∈ C | x ∈ A} ⊆ {x ∈ C | x ∈ B}
if and only if (∀x ∈ C)(x ∈ A → x ∈ B). But since x ∈ A implies x ∈ C, this is
equivalent to the required statement.

Also note that the left-to-right implications are easy, the first as an immediate
consequence of the definition of equality, and the second as the totality of the
inclusion map.

Finally, consider the PER 10 where equality is given by > (that is, all elements
are equal) and the natural numbers N0. These are clearly not equal, nor one
included in the other (unless the type 0 is collapsed to a one-point set), but it is
easy to see that the statements on the right hold for them. �

Compare this to a type set theory such as that implemented in Isabelle/HOL
(Nipkow et al., 2002), where sets are simply one-place predicates on types. There,
all sets on a type σ are subsets of a universal set, which is given by the everywhere
true predicate (corresponding closely to our σ̄, though as we saw above, σ̄ is not
universal).

Finally, let us consider maps and subsets. Looking back at Definition 5, we see
that the underlying function of a map {x ∈ Aσ | P [x]} → {x ∈ Bτ | Q[x]} is a
function σ → τ , just as for a map A → B. This means that the computation can
not use the additional information that the input lies in some particular subset (or
even that it is an element of A); this information is only available when proving
extensionality (in contrast, in type theory the computation could potentially take an
additional proof object, certifying membership of the domain, as input; this extra
argument may make more functions definable). The uniformity of computation
makes the combination of subsets and maps work in a pleasingly simple way.

Lemma 23. Suppose f : A → B is a map. Then

(i) if C ⊆ A, f is also a map C → B (so restricting a map is a trivial opera-
tion);

(ii) if B ⊆ C, f is also a map A → C (so we can freely extend the codomain of
a map);

(iii) if (∀x ∈ A)P [fx], f is also a map A → {y ∈ B | P [y]}.

Proof. In all cases, we must verify an instance of the extensionality condition (1).
In the first two cases, this is easy, using the same condition for the inclusion map.
In the third case we must, given x =A y, show that fx =B fy & P [fx]. But the
first half follows from f being a map A → B, and the second half is immediate from
the assumption that (∀x ∈ A)P [fx]. �

5. Quotients of PERs

We have seen that a convenient notion of inclusion is an advantage of PERs
and simply typed sets (that is, predicates-as-subsets) over setoids (total equivalence
relations) and plain types. Similarly, it is an advantage to be able to form quotients
conveniently, and PERs and setoids have this advantage over plain types and typed
sets. The purpose of this section is to give the definition of quotients, and to verify
that it is compatible with the PER equality. Some particular attention is also given
to the quotient map.
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We start with the definition of an equivalence relation. The definition here is
slightly unusual, but convenient. For PERs it seems to be a fairly natural formu-
lation – but we must then, of course, check that it agrees with the usual definition
of an extensional equivalence relation.

Definition 24. Suppose Aσ is a PER, and that R[x, y] is a binary predicate on σ.
We will write xRy in the relational style, rather than R[x, y]. We say that R[x, y]
is an equivalence relation on A if

• it is symmetric – (∀x, y ∈ A)(xRy → yRx);
• it is transitive – (∀x, y, z ∈ A)(xRy & yRz → xRz); and
• it contains the equality – (∀x, y ∈ A)(x =A y → xRy).

Note that it is immediate from the last property that every equivalence relation
is reflexive, that is (∀x ∈ A)xRx (recall that x ∈ A is shorthand for x =A x), but
that the standard equality =σ provides a counterexample for the converse (on a
PER A with a coarser equality).

It would also seem natural to require an equivalence relation on a PER to respect
the equality, but this too is a consequence of the last property.

Proposition 25. If R is an equivalence relation on Aσ, then R is extensional with
respect to A in both arguments, that is (∀xσ, yσ, zσ, wσ)(x =A y&yRz&z =A w →
xRw).

Proof. Since R includes equality, we get xRy, yRz, and zRw (as well as x, y, z, w ∈
A). Then use the transitivity of R. �

We should also verify that the definition above is not too restrictive.

Proposition 26. Every reflexive and extensional relation R on a PER Aσ includes
equality.

Proof. Suppose x =A y. Then x ∈ A, so by reflexivity xRx. But then xRy follows
from extensionality, as required. �

We can now define the quotient of a PER by an equivalence relation.

Definition 27. Suppose R is an equivalence relation on the PER Aσ. We can
then define the quotient PER A/R as a new PER structure on σ, with the equality
given by x ∈ A& y ∈ A& xRy. Symmetry and transitivity of this relation follows
immediately from the same properties of R.

Note that the definition above will give a PER structure even for relations R
that do not contain equality. The reason for avoiding such a construction is that it
‘splits equivalence classes’ – if x =A y but not xRy, then x and y are different in
the ‘bad quotient’. Another way to look at this is that the following property fails:

Proposition 28 (Existence of quotient maps). If R is an equivalence relation on
the PER A, then I is a pseudo-split map A → A/R – and so by Lemma 11 also
(strongly) surjective.

Proof. That I is a map A → A/R is the statement

(∀xσ, yσ)(x =A y → (x ∈ A& y ∈ A& xRy)),

which is equivalent to R containing equality.
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The required pseudo-splitting for I is given by I itself, and to show that this really
is a pseudo-splitting, we must verify that

(∀yσ)(y ∈ A& y ∈ A& yRy → y ∈ A& (y ∈ A& y ∈ A& yRy)),

which is trivial. �

We should also verify that the quotient construction respects all equalities:

Proposition 29. If R is an equivalence relation on the PER A, then

• if A = A′, R is also an equivalence relation on the PER A′;
• if A = A′, also A/R = A′/R;
• if R and R′ are equivalent (that is (∀x, y ∈ A)(xRy ↔ xR′y)), the equality
A/R = A/R′ holds.

Proof. The first two parts follow by replacing subformulas by equivalent subfor-
mulas. For the last part, note that the assumption suffices for showing that R′ is
an equivalence relation on A. Further, note that assuming an equality x =A/R y
in one of the quotients provides the memberships x, y ∈ A necessary to use the
equivalence to pass between R and R′. �

6. The category of PERs

Having defined what a PER is, and what a mapping between PERs is, it is
natural to ask whether these form a category, and what properties this category
has. This section will consider such questions.

Definition 30. The category PER has

• as objects PERs, that is, pairs of a type σ and a PER structure A on σ,
with equality as given in Definition 3;

• as arrows A → B the PER maps A → B with equality as given in Defini-
tion 5;

• the composition f ◦ g : A → C of two arrows f : B → C and g : A → B as
given in Definition 8;

• the identity arrows given at each object Aσ by Iσ.

This definition leaves a few things to be checked, particularly that all given data
are of the right kinds, and that all given constructions respect equalities, both of
objects and of arrows.

• Being an arrow A → B respects the equality of objects, by Lemma 7.
• Composition respects equality of objects, since its definition depends only

on the underlying types.
• Composition respects equality of arrows, and produces another arrow, by

Lemma 9.
• That the identity I is a map was shown as part of Lemma 15.
• Both identity laws reduce to trivialities.
• The associativity of composition reduces to the totality of the (either)

triple composite, which in turn follows from Lemma 9.

The next aim is to show that this category has all finite limits. We start with
terminal objects, of which there are many, including (but not limited to) this family:

Definition 31. On every type σ there is a PER structure 1σ whose equality is
given by >.
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Checking symmetry and transitivity is of course trivial.

Proposition 32. The PER 1σ is a terminal object in PER.

Proof. Suppose Aτ is any PER. We must show that, up to map equality, there is
a unique map A → 1σ. By Lemma 1 there is an element Tτ→σ of the type τ → σ.
The statement that Tτ→σ is a map reduces to (∀xτ , yτ )(x =A y → >), which is
trivial (we will denote this map by !A). Similarly, given any map g : A → 1σ, the
statement that Tτ→σ = g reduces to the same triviality, so the map !A is unique,
as required. �

From now on, we will leave out the index on 1σ. Where it is not otherwise clear
from the context, the underlying type can be assumed to be 0, the type of natural
numbers.

Definition 33. Given PERs Aσ and Bτ , the PER structure A × B on the type
σ × τ is given by the equality relation p0x =A p0y & p1x =B p1y (symmetry and
transitivity of this relation is immediate from the same properties in A and B).

Further, the projection combinators p0 and p1 are maps p0 : A × B → A and
p1 : A× B → B – the map condition obviously holds.

Proposition 34. The PER A× B is a product for A and B, with the projections
given by p0 and p1.

Proof. Suppose Cρ is a PER, and f : C → A and g : C → B are maps. Let the
mediating map 〈f, g〉 : C → A × B be given by λx.〈fx, gx〉 = S(S(Kp)f)g (recall
that we have a pairing combinator p as primitive). That this is a map is the
statement (∀xρ, yρ)(x =C y → 〈f, g〉x =A×B 〈f, g〉y). This reduces to

(∀xρ, yρ)(x =C y → fx =A fy & gx =B gy),

which follows from f and g being maps. The required equalities p0 ◦ 〈f, g〉 = f
and p1 ◦ 〈f, g〉 = g actually reduce to the statements that f and g are maps. This
leaves only uniqueness, so suppose h : C → A×B is a map such that p0 ◦h = f and
p1 ◦ h = g. We must show h = 〈f, g〉 – but this statement reduces to

(∀xρ, yρ)(x =C y → p0(hx) =A fy & p1(hx) =B gy),

which follows immediately from the assumed equalities. �

We can, however, show a slightly stronger statement:

Proposition 35. The category PER has given products, that is, the product con-
struction respects all equalities.

Proof. Suppose A = A′ and B = B′. Then A × B = A′ × B′, since this is just an
instance of replacing subformulas by equivalent subformulas. Further, the projec-
tions p0 and p1 are the same in both cases (since they depend only on the under-
lying types). Finally, suppose we are given two spans f : C → A, g : C → B and
f ′ : C′ → A, g′ : C′ → B which are equal (that is, C = C′, f =C→A f

′, and g =C→B g
′

– keeping Lemma 6 in mind). Since p0 ◦ 〈f, g〉 = f = f ′ and p1 ◦ 〈f, g〉 = g = g′, it
follows from uniqueness of 〈f ′, g′〉 that 〈f, g〉 = 〈f ′, g′〉, as required. �

Proposition 36. The category PER has given equalisers.
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Proof. Given PER maps f, g : A → B, the equaliser is given by the inclusion map
i : {x ∈ A | fx =B gx} → A (the required extensionality for separation is easy to
check). This inclusion clearly makes f ◦ i = g ◦ i. For the universality property,
suppose c : C → A is such that f ◦c = g ◦c. Then for all x ∈ C, we have the equality
f(cx) =B g(cx), and hence c also defines a map C → {x ∈ A | fx =B gx}, by
Lemma 23 (and, trivially, composing this map with the inclusion i gives precisely
c). To show the uniqueness of this mediating map, suppose we had a further map
d : C → {x ∈ A | fx =B gx}, satisfying i ◦ d = c. Then for any x ∈ C we have
dx =A cx, which suffices for the required equality.

Finally, note that the predicate fx =B gx remains (up to equivalence) the same
if we replace the given data by equal data. All further parts of the construction
respect all equalities, so it follows that the entire construction of the equaliser
does. �

Corollary 37. The category PER has all finite limits.

Though the construction of pullbacks from products and equalisers is standard,
we will make enough use of it that it is worthwhile to make it explicit.

Proposition 38. The category PER has given pullbacks.

Proof. Given PER maps f : A → X and g : B → X , the pullback is constructed as
the equaliser of f ◦ p0, g ◦ p1 : A × B → X . In more explicit terms it is given by
{x ∈ A×B | f(p0x) =X g(p1x)}, and the projections are the restrictions of those for
the product. It is immediately clear that the resulting square commutes, and only
the universal property remains to verify. So suppose we have PER maps h : C → A
and k : C → B such that f ◦ h =C→X g ◦ k. Then there is, by Proposition 34, a
unique map 〈h, k〉 : C → A × B such that p0 ◦ 〈h, k〉 = h and p1 ◦ 〈h, k〉 = k. But
then, for any x ∈ C, we have

f(p0(〈h, k〉x)) =X f(hx) =X g(kx) =X g(p1(〈h, k〉x)),

and hence 〈h, k〉 is a map C → {x ∈ A × B | f(p0x) =X g(p1x)}, by Lemma 23.
Since, by similar reasoning, any mediating map for the pullback is also a mediat-
ing map for the product, the map constructed is unique. This shows PER has
pullbacks.

To show that this construction respects all equalities, it is sufficient to show that
the predicate used respects all equalities (since all other constructions involved
respect all equalities, the result follows). �

Having shown that all finite limits exist, let us next show that all finite colimits
exist. We start this time with the initial objects.

Definition 39. On every type σ there is a PER structure ∅σ whose equality is
given by ⊥. (Checking symmetry and transitivity is trivial).

Proposition 40. The PER ∅σ is a strict initial object of PER (that is, for every
map X → ∅σ, the PER X is also initial).

Proof. Suppose Aτ is any PER. By Lemma 1 there is an element Tσ→τ of the type
σ → τ . The statement that Tσ→τ is a map reduces to

(∀xσ, yσ)(⊥→ Tσ→τx =A Tσ→τy),
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which is provable by Lemma 2 (we will denote this map by !A). For uniqueness,
suppose g : ∅ → A is a map. The statement g = !A reduces to

(∀xσ, yσ)(⊥→ gx =A !Ay),

which is also provable, again by Lemma 2.
To see that ∅σ is strict, suppose we have a map f : Aτ → ∅. The map condition

for f then says that (∀xτ , yτ )(x =A y →⊥). The implication in the other direction
follows from Lemma 2. This shows A = ∅τ , which is initial, as required. �

From this proof, we can also conclude that every initial object is of the form ∅σ
(but recall that not every terminal object is of the form 1σ).

Next, we construct sums. Products were easy, since we have product types. We
do not, however, have sum types, and so an encoding is necessary.

Definition 41. Given PERs Aσ and Bτ , the PER structure A+ B on 0× (σ × τ)
is given by

(p0x =0 0 & p0y =0 0 & p0(p1x) =A p0(p1y))

∨ (p0x 6=0 0 & p0y 6=0 0 & p1(p1x) =B p1(p1y)).

Further, the insertions ι0 and ι1 are given by λxσ.〈0, 〈x,Tτ 〉〉 and λyτ .〈1, 〈Tσ, y〉〉,
using the terms provided by Lemma 1.

We must verify that this really does define a PER A+ B and two maps ι0 : A →
A+ B and ι1 : B → A+ B.

• Symmetry follows from symmetry in A and B, since the two cases may be
handled separately.
• For transitivity, if the same case applies in both the given equalities, then

we are done by transitivity in A or in B; otherwise, we have both p0y =0 0
and p0y 6=0 0, and hence ⊥, from which the desired equality follows.
• That ι0 is a map is the statement

(∀xσ, yσ)(x =A y → (0 =0 0 & 0 =0 0 & x =A y) ∨ (0 6=0 0 & 0 6=0 0 & Tτ =B Tτ )),

where the left-hand side of the disjunction (and so the entire statement)
is easily provable.

That ι1 is a map is shown by a similar argument.

Proposition 42. The category PER has given sums, given by the construction
above.

Proof. Suppose Cρ is a PER, and f : Aσ → C and g : Bτ → C are maps. We must

define a map
{
f
g

}
: A + B → C. So suppose 〈n, 〈a, b〉〉 is an element of the type

0 × (σ × τ). Use the decidability of the equality =0 on the natural numbers: if
n =0 0 send it to fa, otherwise send it to gb (this is expressible using a case
distinction, definable in turn in terms of the recursor combinator r). We must show
that this defines a map, so suppose 〈n, 〈a, b〉〉 =A+B 〈n′, 〈a′, b′〉〉. There are then
two cases to consider for this disjunction.

• If n =0 0 & n′ =0 0 & a =A a′, then
{
f
g

}
〈n, 〈a, b〉〉 and

{
f
g

}
〈n′, 〈a′, b′〉〉

are provably equal to fa and fa′, respectively. But then the required
fa =C fa

′ follows from the given equality a =A a
′ and the fact that f is a

map.
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• If n 6=0 0&n′ 6=0 0&b =B b
′, then there exists m and m′ such that n =0 sm

and n′ =0 sm′, and hence
{
f
g

}
〈n, 〈a, b〉〉 and

{
f
g

}
〈n′, 〈a′, b′〉〉 are provably

equal to gb and gb′, respectively. But the required gb =C gb
′ then follows

from the given equality b =B b
′ and the fact that g is a map.

Next note that
{
f
g

}
◦ ι0 =A→C f , since for all x ∈ A we have{

f

g

}
(ι0x) =

{
f

g

}
〈0, 〈x,Tτ 〉〉 = fx,

and similarly
{
f
g

}
◦ ι1 =B→C g since for all y ∈ B we have{

f

g

}
(ι1y) =

{
f

g

}
〈1, 〈Tσ, y〉〉 = gy.

For uniqueness, suppose that h : A+B → C is any map such that h ◦ ι0 =A→C f
and h ◦ ι1 =B→C g. Note that

(∀x ∈ A+ B)((∃a ∈ A)(x =A+B ι0a) ∨ (∃b ∈ B)(x =A+B ι1b))

(again handle the two cases of the disjunction x ∈ A+B separately). The equality

h =A+B→C
{
f
g

}
now follows, using the equalities of composites with the insertions

ι0 and ι1.
Finally we must check that these constructions respect all equalities. First note

that if A = A′ and B = B′, then A + B = A′ + B′, since passing between the
two sums just replaces subformulas by equivalent subformulas. Then note that the
insertion functions ι0 and ι1 remain unchanged (with slightly more work, it can
also be shown that the terms Tσ and Tτ can be freely exchanged for others of the
same types, and the 1 in ι1 by any nonzero number). Finally, as a consequence of
uniqueness, the construction of the mediating arrow respects all equalities. �

Finally, let us construct coequalisers. This is more complicated that the equalis-
ers, since we need a transitive closure. Fortunately, we have access to natural
numbers, and can use those to encode the transitive closure.

Lemma 43. The category PER has given coequalisers.

Proof. Given maps f, g : Aσ → Bτ , we want the transitive and reflexive closure R
of the relation (∃a ∈ A)((x =B fa & y =B ga) ∨ (x =B ga & y =B fa)). The
appropriate encoding is

(∃l0→τ )(∃n0)(l0 =B x& ln =B y

& (∀k0)(lk =B l(sk) ∨ (∃a ∈ A)((lk =B fa& l(sk) =B ga)

∨ (lk =B ga& l(sk) =B fa)))).

We show that this relation R is an equivalence relation (in the sense of Definition 24)
– our work is slightly simplified once we note that xRy → x ∈ B & y ∈ B.

• To show symmetry, suppose xRy. If we have a function l and a natural
number n with the stated property, then consider the function defined by
l′k = l(n − k). This clearly satisfies l′0 = ln = y and l′n = l0 = x.
Moreover, for any k < n = sm we have l′k = l(n − k) = l(s(m − k)) and
l′(sk) = l(n− sk) = l(m−k), and hence the required properties of l′ follow
from those of l. Finally, note that for k ≥ n, we have l′k = l0 = x, and
then l′k =B x =B l

′(sk), which suffices.
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• To show transitivity, suppose xRy and yRz witnessed by l and n, and l′

and n′, respectively. Since the ordering relation on the natural numbers is
decidable, we can define a new function by

l′′(k) =

{
lk if k < n,

l′(k − n) otherwise.

Together with n′′ = n + n′ we have a witness for xRz: to start with, we
have l′′0 = l0 = x and l′′(n+n′) = l′(n′) = z. Further, for sk < n we have
l′′k = lk and l′′(sk) = l(sk), and the required property follows directly from
that of l. For sk = n we have l′′k = lk and l′′(sk) = l′0 = y = ln = l(sk),
and again the required property follows from that of l. Finally, for k ≥ n
we have l′′k = l′(k − n) and l′′(sk) = l′(sk − n) = l′(s(k − n)), and the
required property follows from that of l′. (The case n = 0 requires only
essentially cosmetic changes to this argument).

• The relation R also contains equality, since if x =B y, we may take the
constant function Kx, which together with any natural number provides
the required witness for xRy.

This shows that R is an equivalence relation.
We may now consider the PER B/R with the quotient map q : B → B/R, and

show that this provides the required coequaliser. The first thing to verify is that
q ◦ f =A→B/R q ◦ g. So suppose x =A y. We must then show that fxRgy. But this
is of course witnessed by the function l defined by

ln =

{
fx if n = 0,

gx otherwise,

together with the natural number 1 (note that l0 = fx and l1 = gx = gy, since g
is a map – and x provides the required witness in A).

Next, we must verify the universal property. So suppose that h : B → C is a
map such that h ◦ f = h ◦ g. We must provide a map B/R → C, and the claim
is that h provides such a map. To prove this, suppose x =B/R y, that is xRy, as
witnessed by l and n. We must show hx =C hy. Proceed by induction on n to
show hx =C h(ln). In the base case n = 0 we have x =B l0, and are done by the
map property of h. In the induction step, we have hx =C h(lk), and wish to prove
hx =C h(l(sk)). But by the definition of xRy we have one of three cases:

(i) lk =B l(sk) – then h(lk) =C h(l(sk)) since h is a map, and we are done;
(ii) (∃a ∈ A)(lk =B fa& l(sk) =B ga) – then, using all the assumptions on h,

we have h(lk) =C h(fa) =C h(ga) =C h(l(sk)), and we are done;
(iii) (∃a ∈ A)(lk =B ga & l(sk) =B fa) – then, similarly to the previous case,

we have h(lk) =C h(ga) =C h(fa) =C h(l(sk)) and we are done as before.

Finally note that since ln =B y this yields hx =C hy as required.
Next, we must prove that h ◦ q =B→C h, but this is trivial, since q acts by the

identity.
The remaining part is to show that this map is unique. So suppose we have a

map k : B/R → C such that k ◦ q = h – note that this says that whenever x =B y
then also kx =C hy (that is, k =B→C h). We wish to show that k =B/R→C h. So
suppose x =B/R y, as witnessed by l and n. Since x =B l0 we have x ∈ B and so
kx =C hx, using the earlier observation. But we have also shown that hx =C hy
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(since h is a map B/R → C), and hence kx =C hy as required. This verifies the
universal property.

The last thing to check is that the construction of the coequaliser respects all
equalities. But replacing A, B, f , and g by equal data will just exchange R for
an equivalent equivalence relation, in the sense of Lemma 29, which shows that
the coequalising object B/R remains unchanged. The equalising map, being given
simply as the identity will also remain unchanged. Finally, that the mediating map
remains unchanged follows from uniqueness. �

Corollary 44. The category PER has all finite colimits.

7. Classes of maps and choice principles

In Definition 10 we gave a number of classes of maps. The main aim of this
section is to show that these classes cannot be shown to coincide, but we note
that it is consistent for (some of) them to coincide. Having shown that the PERs
also form a category, there is also a large selection of category-theoretical proper-
ties of maps to consider (though we will stick to the external language of category
theory for now, not using the language of the internal logic). We will show that
some of these category-theoretical properties correspond precisely to the classes of
Definition 10, and hence similar independence results hold for them. Moreover,
these independence results are very closely related to questions about the indepen-
dence, consistency, and constructive acceptability of extensional choice principles;
consequently, these questions are also treated.

While the properties in Definition 10 were all expressible in the language of
HAω, the categorical properties will generally not be, since they generally contain a
quantification over all objects or all arrows of the category (and this, for the category
PER, implicitly is a quantification not only over all type symbols, but also over
all equivalence relations). For this reason, there is an obvious metamathematical
taste to the following.

Recall that an arrow in a category is monic if it is left cancellable and epic if
right cancellable; it is a regular mono if it occurs as an equaliser, and a regular epi
if it occurs as a coequaliser. An arrow with a right inverse is a split epi, one with
a left inverse is similarly a split mono; one with a twosided inverse is an iso.

We start with some identifications of classes.

Proposition 45. A map f : Aσ → Bτ is

(i) a mono if and only if it is injective;
(ii) a regular mono if and only if it is isomorphic to a subset inclusion (in the

slice category PER/B);
(iii) an epi if and only if it is surjective; and
(iv) a regular epi if and only if it is pseudo-split, and if and only if it is iso-

morphic to a quotient map (in the coslice category A\PER).

Proof. (i) Suppose first that f is injective, and that g, h : C → A are such that
f◦g = f◦h. This latter means that whenever x =C y, then f(gx) =B f(hy).
But totality of maps gives gx ∈ A and hy ∈ A, and hence the injectivity
of f gives gx =A hy, and hence g = h, as required.

If instead f is monic, suppose that x, y ∈ A are such that fx =B fy.
Now consider the constant maps Kx and Ky : N → A. It is clear that
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f ◦Kx = f ◦Ky, and since f is monic, it follows that Kx = Ky. But it then
follows (using 0 ∈ N) that x = Kx0 =B Ky0 = y, as required.

(ii) Note first that since we constructed equalisers as subset inclusions in
Proposition 36, it follows immediately that every regular mono is isomor-
phic to a subset inclusion.

So suppose f is a subset inclusion, particularly that f is the inclusion
map {x ∈ B | x ∈ A} → B. Consider the PER B + B. Recall from
Definition 41 that this sum has 0 × (τ × τ) as underlying type. We can
easily verify that the relation x ∼ y defined by

x =B+B y∨
(x =B+B ι0(p0(p1x)) & y =B+B ι1(p1(p1y)) & p0(p1x) =A p1(p1y))∨

(x =B+B ι1(p1(p1x)) & y =B+B ι0(p0(p1y)) & p1(p1x) =A p0(p1y))

(which simply identifies the two copies of A) is an equivalence relation
on B + B. Consider now the two maps q ◦ ι0 and q ◦ ι1 : B → (B + B)/∼
(where q is the quotient map). Note that (q ◦ ι0)x =(B+B)/∼ (q ◦ ι1)x (for
any x ∈ B) now reduces to

ι0x ∈ B + B & ι1x ∈ B + B&

(ι0x =B+B ι1x ∨ (ι0x ∈ B + B & ι1x ∈ B + B & x ∈ A)∨
(ι0x =B+B ι1x& ι1x =B+B ι0x& Tτ ∈ A)),

which (since ι0 and ι1 are both maps, and ι0x 6=B+B ι1x) is equivalent to
x ∈ A. We then conclude that the equaliser of q ◦ ι0 and q ◦ ι1, as given in
Proposition 36, equals A, as required.

(iii) Suppose first that f is surjective, and that g, h : B → C are such that
g ◦ f = h ◦ f . We wish to show that g = h, so suppose x =B y. Then
x ∈ B, and since f is surjective, there is a z ∈ A such that fz =B x =B y.
But since g ◦ f = h ◦ f , it follows that gx =C g(fz) =C h(fz) =C hy,
where we have used that both g and h are maps. But this shows g = h,
as required.

Suppose instead that f is an epi, and that b ∈ B. We must show that
there is an a ∈ A such that fa =B b. Consider the PER B̂0×τ whose
equality is given by

x =B̂ y ⇔ (p0x =0 0→ (∃z ∈ A)fz =B p1x)↔ (p0y =0 0→ (∃z ∈ A)fz =B p1y)

(which is clearly both symmetric and transitive). We can now define maps

g, h : B → B̂ by λxτ .〈0, x〉 and λxτ .〈1, x〉 respectively. Let us verify that
g is extensional: suppose x =B y. Then we must check that (0 =0 0 →
(∃z ∈ A)fz =B x) ↔ (0 =0 0 → (∃z ∈ A)fz =B y). But since we have
assumed that x =B y, this equivalence is easy. Extensionality of h follows
by the same argument.

Now note that g ◦ f = h ◦ f , since given x ∈ A, it suffices to show that
g(fx) =B̂ h(fx), and both the existential statements in this equality are
(∃z ∈ A)fz =B fx, which is clearly true. But since we assumed f to be
an epi, it then follows that g = h. Using this equality at b, we have

(0 =0 0→ (∃z ∈ A)fz =B b)↔ (1 =0 0→ (∃z ∈ A)fz =B b).
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Since the right-hand part of this is provable (by Lemma 2) and we also
have 0 =0 0, the required (∃z ∈ A)fz =B b follows.

(iv) First note that, since the coequalisers were constructed as quotients in
Lemma 43, every regular epi is isomorphic to a quotient.

Next, note that every quotient map is pseudo-split, taking the identity
as pseudo-splitting. This is preserved by isomorphisms, since all isomor-
phisms are pseudo-split (by, of course, their inverse), and pseudo-split
maps are closed under composition, as shown in Lemma 11.

Finally, we show that every pseudo-split map is a regular epi, simply
by exhibiting it as a coequaliser. So suppose gτ→σ is a pseudo-splitting
for f , and consider the PER {x ∈ A×A | f(p0x) =B f(p1x)} together
with the restrictions ho and h1 of the two projections. We will show
that f coequalises h0 and h1. The choice of domain makes it clear that
f ◦ h0 = f ◦ h1. For the universal property, suppose k : A → C is such
that k ◦ h0 = k ◦ h1. We must define a map m : B → C. Consider the
function m given by λxτ .k(gx) and first show that it is a map. So suppose
x =B y. Then, since g is a pseudo-splitting, we have gx ∈ A, gy ∈ A, and
f(gx) =B x =B y =B f(gy), so

〈gx, gy〉 ∈ {x ∈ A×A | f(p0x) =B f(p1x)}.

Using k ◦ h0 = k ◦ h1, we obtain mx = k(gx) =C k(gy) = my, as required.
Thus we have defined a map m, and must show it satisfies m ◦ f = k. But
for any x ∈ A we have g(fx) ∈ A and f(g(fx)) =B fx, so

〈g(fx), x〉 ∈ {x ∈ A×A | f(p0x) =B f(p1x)},

and thus k ◦ h0 = k ◦ h1 implies m(fx) = k(g(fx)) =C kx, as required.
Finally, for uniqueness, suppose n : B → C is such that n ◦ f = k. Then
if x ∈ B we have nx =C n(f(gx)) =C k(gx) = mx, so n = m as required.
This shows that any pseudo-split f is a coequaliser, and hence we have
established the stated equivalences. �

While this shows that some of these classes coincide, we have yet to show that
they differ. It should be noted that these classes may coincide – for example, in a
model based on classical ZFC set theory, all surjections are pseudo-split; hence, we
can only hope for Brouwerian counterexamples.

Proposition 46. If every bimorphism in PER (that is, map that is both an epi
and a mono – both surjective and injective) is strongly surjective, then the weak
principle of the excluded middle (WEM) holds.

Proof. Let P be an arbitrary formula, and consider the PERs A and B defined by

A = {x ∈ N2 | (x = 0 & P ) ∨ (x = 1 &∼P )}
B = {x ∈ N2/> | P ∨ ∼P}

(where N2 = {x ∈ N | x < 2}). Note that the identity function gives a map
f : A → B (since an equality in A directly implies P ∨ ∼P ), and this map is both
injective and surjective (for injectivity, note that the mixed case x = 0, y = 1 leads
to a contradiction). The statement that f is strongly surjective is

(∀y0)(∃x0)(y ∈ B → x ∈ A& fx =B y)



22 K.O. WILANDER

which in the case y = 0 is easily seen to be equivalent to

(∃x0)(P ∨ ∼P → x < 2 & ((x = 0 & P ) ∨ (x = 1 &∼P ))).

Assume x to be a witness, and note that we have x = 0 ∨ x = 1 ∨ x 6< 2 (using
the decidability of equality and ordering for natural numbers). We treat the three
cases separately.

• In the case x = 0 we have P ∨ ∼P → P , and must show ∼P ∨ ∼∼P . So
suppose ∼P – then P follows, hence a contradiction, so ∼∼P and we are
done.

• In the case x = 1 we have P ∨∼P → ∼P , and must show ∼P ∨∼∼P . So
suppose P – then ∼P follows, hence a contradiction, so ∼P and we are
done.

• The final case, x 6< 2 immediately leads to a contradiction. �

We can now draw some further conclusions:

Corollary 47. The following all imply WEM, so are not constructively valid

• all surjections are strong surjections;
• all surjections are pseudo-split;
• all surjections are (up to isomorphism) quotients;
• all epis in PER are regular;
• all monos in PER are regular;
• all injections are (up to isomorphism) subset inclusions;
• the category PER is balanced (that is, every bimorphism is an iso);
• the category PER is a pretopos.

Proof. The first point is immediate. Then, for inclusions and identifications of
these classes of maps, recall Lemma 11 and Proposition 45. Also note that any
bimorphism which is either a regular epi or a regular mono is also an iso, and
hence necessarily strongly surjective. Finally recall that all pretoposes are balanced
(Johnstone, 2002, Corollary 1.4.9). �

Next, let us consider a number of choice principles. These fall into two main cat-
egories: in the first category are the intensional choice principles, that is, those that
directly extend HAω and which state the existence of functions only guaranteed to
respect the standard equalities =σ. In this category we find the schemas

(∀xσ)(∃yτ )P [x, y]→ (∃fσ→τ )(∀xσ)P [x, fx](ACint)

(∀xσ)(∃!yτ )P [x, y]→ (∃fσ→τ )(∀xσ)P [x, fx](AC!int)

(∀x0)(∃yτ )P [x, y]→ (∃f0→τ )(∀xσ)P [x, fx](ACint
0 )

and

(∀xσ)(∃yσ)P [x, y]→ (∀xσ)(∃f0→σ)(f0 =σ x& (∀n0)P [fn, f(n+ 1)]),(DCint)

and all these are independent of HAω. In the second category are the extensional
choice principles, that is, those that are expressed in terms of PERs, and claim the
existence of functions which respect the PER equalities. In this category we find
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the corresponding schemas

(∀x ∈ A)(∃y ∈ B)P [x, y]→ (∃f : A → B)(∀x ∈ A)P [x, fx](ACext)

(∀x ∈ A)(∃!y ∈ B)P [x, y]→ (∃f : A → B)(∀x ∈ A)P [x, fx](AC!ext)

(∀x ∈ N)(∃y ∈ B)P [x, y]→ (∃f : N→ B)(∀x ∈ N)P [x, fx](ACext
0 )

and

(∀x ∈ A)(∃y ∈ A)P [x, y]

→ (∀x ∈ A)(∃f : N→ A)(f0 =A x& (∀n ∈ N)P [fn, f(n+ 1)]),
(DCext)

where it is understood that the formula P respects the relevant PER equalities. For
the rest of this section, we will be interested in the independence and consistency
of these principles (including the consistency of their not holding). Analogous
questions have been studied in the context of type theory, see (Barthe et al., 2003;
Carlström, 2004).

We start with some simple observations, and then the last separation results for
our classes of maps.

Proposition 48. The extensional choice principles imply the corresponding inten-
sional choice principles; hence it is consistent with HAω that the extensional choice
principles may fail.

Proof. Consider the extensional choice principles for PERs of the form σ̄. Since =σ

is reflexive and every formula P respects the standard equalities, these instances of
the extensional principles directly imply the corresponding intensional principles.

Next consider the term model CTNF of HAω. In this model, the choice axiom
QF-ACint

00 fails (Troelstra, 1973, p. 133) – and hence also ACint
00 , ACint

0 , ACint,
and DCint (this last since it entails ACint

00 , using the primitive recursive encoding
of pairs of natural numbers). A slight modification of the proof also shows that
AC!int

00 (and hence AC!int) fails: take n̄ to be the numeral for a gödelnumber of
a recursive function which is not provably recursive in HA. Since the recursive
function {n̄} is total, (∀x0)(∃y0)T (n̄, x, y) holds in the term model (but this formula
is not provable). Moreover,

(∀x0)(∃!y0)(T (n̄, x, y) & (∀z0)(z < y → ∼T (n̄, x, z)))

(which just states that there is a unique least y coding a terminating computation)
also holds. Applying AC!int

00 to this we get

(∃f0→0)(∀x0)(T (n̄, x, fx) & (∀z0)(z < fx→ ∼T (n̄, x, z))),

whose interpretation in the model would require the existence of a term t0→0 such
that (∀x0)T (n̄, x, tx), which contradicts the choice of n̄ (since U ◦ t would be exten-
sionally equal to {n̄}, which by assumption has no such representation). This shows
that AC!int

00 fails in the term model. (But note that the choice rule is admissible in
HAω (Troelstra, 1973, Theorem 3.7.2).) �

Proposition 49. The extensional choice principle ACext is equivalent to the state-
ment that every surjective map of PERs splits. The extensional choice principle
AC!ext is equivalent to the statement that every simultaneously injective and sur-
jective map of PERs splits.
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Proof. The left-to-right implications are easy (note that if f : A → B is both injec-
tive and surjective, then (∀y ∈ B)(∃!x ∈ A)fx =B y).

For the right-to-left implications, suppose we have (∀x ∈ A)(∃y ∈ B)P [x, y] (or
(∀x ∈ A)(∃!y ∈ B)P [x, y]). Consider the PER {〈x, y〉 ∈ A × B | P [x, y]} together
with (the restriction of) the first projection. From the assumption it now immedi-
ately follows that this map is surjective (and from the alternative assumption, it
also follows that it is injective). Thus, our assumption give us a splitting for the
projection; composing this splitting with the second projection yields the choice
function required. �

Corollary 50. The extensional choice principles ACext and AC!ext imply WEM,
and hence are not constructively acceptable.

Proof. Note that ACext implies AC!ext, which in turn implies that every bimorphism
splits; but a split bimorphism is an isomorphism. Now apply Corollary 47. �

Reusing the idea from the proof of Proposition 49, we can then show that unique-
ness of choice is not necessarily preserved when passing from extensional to inten-
sional. This result may at first seem slightly surprising, but it clearly reveals where
the main difficulty of choice axioms lies: not in making choices, but in making
coherent (extensional) choices.

Proposition 51. The extensional principle of unique choice AC!ext implies the
intensional principle of choice ACint.

Proof. Suppose (∀xσ)(∃yτ )P [x, y] and consider the PER

A = {〈x, y〉 ∈ σ̄ × τ̄ | P [x, y]}.

Using the standard equality =σ we define an equivalence relation ∼ on A by

〈x, y〉 ∼ 〈x′, y′〉 ↔ x =σ x
′.

It is easily verified that p0 defines a both injective and surjective map A/∼ → σ̄
(extensionality and injectivity are both trivial, surjectivity follows from the initial
assumption). Using Proposition 49 it follows from AC!ext that there is a splitting g
for p0. But this g then satisfies (∀xσ)(p0(gx) =σ x∧P [x, p1(gx)]), hence particularly
(∀xσ)P [x, p1(gx)], so p1 ◦ g is a choice function as required for ACint. �

We can then reuse the same construction for another result, now purely in in-
tensional terms. This also clarifies the rôle of the strongly surjective maps (which
we have not given a categorical formulation of).

Proposition 52. The intensional choice axiom ACint is equivalent to the statement
that every strongly surjective map is pseudo-split – thus this is not provable, but
constructively acceptable.

Proof. The left-to-right implication is trivial – the statement is simply an instance
of ACint.

For the right-to-left implication, suppose (∀xσ)(∃yτ )P [x, y] and consider the
PER A = {〈x, y〉 ∈ σ̄ × τ̄ | P [x, y]} (which is well formed, since the standard
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equalities are always respected), together with (the restriction of) the first projec-
tion A → σ̄. This projection is strongly surjective, since

(∀zσ)(∃〈x, y〉σ×τ )(z ∈ σ̄ → 〈x, y〉 ∈ A ∧ x =σ z) (strong surjectivity)

↔ (∀zσ)(∃〈x, y〉σ×τ )(P [x, y] ∧ x =σ z)

↔ (∀zσ)(∃yτ )P [z, y],

which was assumed. Being strongly surjective, the projection has a pseudo-splitting
fσ→σ×τ say, satisfying

(∀xσ)(x ∈ σ̄ → fx ∈ A ∧ p0(fx) =σ x) (f a pseudo-splitting)

↔ (∀xσ)(P [p0(fx), p1(fx)] ∧ p0(fx) =σ x)

→ (∀xσ)P [x, p1(fx)],

which shows that p1 ◦ f is a choice function as required for ACint. �

Next, let us consider the split epis in PER. It is clear that every split epi in
PER is pseudo-split (the right inverse is an extensional pseudo-splitting), but we
cannot rely on the reverse inclusion to hold. This result is essentially an adaptation
of a similar construction in (Carlström, 2004).

Proposition 53. If every pseudo-split map has a right inverse (in categorical
terms, if every regular epi is a split epi), then the principle of the excluded middle
( EM) holds.

Proof. Let P be an arbitrary formula; then x ∼ y ↔ x = y ∨ P defines an equiv-
alence relation ∼ on any PER. In particular, let us consider the quotient map
f : N → N/∼, which by Proposition 45 is pseudo-split. So suppose g is a right
inverse for f . Then,

P → 0 ∼ 1

→ g0 =0 g1 by extensionality of g

→ f(g0) ∼ f(g1) by extensionality of f

→ 0 ∼ 1 since g is a right inverse for f

→ P,

which shows that P ↔ g0 =0 g1. But since the standard equality =0 on the natural
numbers is decidable, P ∨ ∼P follows, as required. �

From this we immediately get a version of Diaconescu’s famous result that the
axiom of choice entails classical logic (Diaconescu, 1975).

Corollary 54. The extensional axiom of choice ACext implies EM.

Proof. Recall Proposition 49. �

At this point, let us start moving in the ‘opposite direction’, towards an equiv-
alence similar to that in (Carlström, 2004). This then also leads to a simple proof
the consistency of AC!ext – in contrast to the results in (Barthe et al., 2003), where
it is shown that in the (näıve) type-theoretic formulation of PERs, AC!ext is incon-
sistent. We will, step by step, look for necessary and sufficient conditions for each
identification.

We start with the identification of surjections and strong surjections.
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Proposition 55. The statement that all surjections are strong surjections is equiv-
alent to accepting the prenex schema

(2) (∀xσ)(P [x]→ (∃yτ )Q[x, y])→ (∀xσ)(∃yτ )(P [x]→ Q[x, y]).

Proof. The right-to-left implication is immediate, so let us consider the left-to-
right implication. Assume (∀xσ)(P [x] → (∃yτ )Q[x, y]) and consider the PERs
A = {x ∈ σ̄ | P [x]} and B = {〈x, y〉 ∈ A × τ̄ | Q[x, y]} (note that Q respecting the
equality of A is automatic, since x =A y → x =σ y, so B is well defined), together
with the first projection p0 : B → A. The projection p0 is surjective since

(∀x ∈ A)(∃y ∈ B)p0y =A x (p0 surjective)

↔ (∀xσ)(P [x]→ (∃〈z, w〉σ×τ )(P [z] ∧Q[z, w] ∧ z =σ x))

↔ (∀xσ)(P [x]→ (∃〈z, w〉σ×τ )(P [x] ∧Q[x,w] ∧ z =σ x))

↔ (∀xσ)(P [x]→ (∃wτ )Q[x,w]),

which latter was assumed. But then p0 is also strongly surjective, by the initial
assumption. But that says

(∀xσ)(∃〈z, w〉σ×τ )(x ∈ A → (〈z, w〉 ∈ B ∧ p0〈z, w〉 =A x)) (strong surjectivity)

↔ (∀xσ)(∃〈z, w〉σ×τ )(P [x]→ (P [z] ∧Q[z, w] ∧ z =σ x))

→ (∀xσ)(∃yτ )(P [x]→ Q[x, y]),

and the last is exactly the required statement. �

Corollary 56. The statement that all maps that are both injective and surjective
are also strongly surjective is also equivalent to the prenex schema (2) above.

Proof. Consider the proof above. On the PER B, the standard equality =σ (applied
to the first component) clearly defines an equivalence relation ∼. It is now trivial
to check that p0 is an injective map B/∼ → A (note that we must check both
extensionality and injectivity). The rest of the proof goes through unchanged. �

Corollary 57. The prenex schema (2) implies WEM, so is not constructively valid.

Proof. Recall Corollary 47. �

This is probably not the strongest result possible: if the same prenex schema is
added to HA (that is, the system without higher types), EM follows, that is, the
result is full classical Peano arithmetic PA (Leivant, 1981). At the very least, since
HAω is a conservative extension of HA, adding the prenex schema (2) yields the
restriction of EM to the language of HA (that is, those formulas which make no
use of the higher types).

While Proposition 55 does provide a necessary and sufficient condition for all
surjections to be strong, it is not, perhaps, one which is easily seen to hold or not.
Let us therefore provide a simpler sufficient condition.

Proposition 58. Using EM we may prove the prenex schema (2); hence also that
all surjections are strong. This latter thus is consistent (but by Corollary 47 not
constructively acceptable).

Proof. Suppose (∀xσ)(P [x] → (∃yτ )Q[x, y]) and let xσ be arbitrary. By EM we
have P [x]∨∼P [x], and can treat the two cases separately. If P [x], the assumption
yields (∃yτ )Q[x, y], hence (∃yτ )(P [x]→ Q[x, y]) and we are done. If instead ∼P [x],
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then we have P [x]→ Q[x,Tτ ] (where we apply both Lemma 1 and Lemma 2), and
hence the required (∃yτ )(P [x]→ Q[x, y]). �

Using this result, together with Propositions 49 and 52, we can now analyse the
extensional axiom of unique choice AC!ext.

Proposition 59. The extensional choice principle AC!ext holds if and only if both
the intensional choice principle ACint and the prenex schema (2) hold.

Proof. Suppose first that AC!ext holds. Then, by Proposition 51, so does ACint.
Also, by Proposition 49, it follows that every map which is both injective and surjec-
tive has a right inverse, hence it is also strongly surjective. Now apply Corollary 56
to conclude that the schema (2) holds.

For the other direction, suppose that ACint and the prenex schema (2) both
hold. Let f : Aσ → Bτ be an arbitrary map which is both injective and surjective
(that is, an arbitrary bimorphism). Using Corollary 56 it follows that f is strongly
surjective, and hence using Proposition 52 that f is pseudo-split. So suppose gτ→σ is
a pseudo-splitting for f . We next claim that g is extensional. To show this, suppose
x =B y. Then (since g is a pseudo-splitting for f) f(gx) =B x =B y =B f(gy).
But since f is injective, this implies gx =A gy as required. Thus g is not only a
pseudo-splitting for f , but a right inverse. Since f was arbitrary, this shows that
all maps which are both injective and surjective have a right inverse. Finally apply
Proposition 49 to conclude that AC!ext holds. �

Corollary 60. The extensional choice principle AC!ext follows if we assume both
EM and the intensional choice principle ACint; hence AC!ext is consistent (but by
Corollary 50 not constructively acceptable).

Proof. Apply Proposition 58. �

At this point, we should probably feel slightly worried: in type theory, the choice
principle (corresponding to) ACint is derivable, and it is well known that EM can
be consistently added. However, in (Barthe et al., 2003), it was shown that AC!ext

(in the type-theoretical formulation of PERs) is inconsistent. The key difference is
that while EM can be consistently added to type theory, the prenex schema (2) can
not be consistently added. To see this, consider the type-theoretical formulation of
the schema (2), which says that there is a term t such that

X : Set, Y : Set, P : (x : X)Set, Q : (x : X, y : Y )Set

` t : (Πx : X.P (x)→ Σy : Y.Q(x, y))→ (Πx : X Σy : Y.P [x]→ Q(x, y)).

Given an arbitrary proposition R : Set, we may take X to be > = {∗} (or any other
inhabited set), Y to be R, P to be the constant family [x : >]R with value R, and
Q to be the constant family [x : >, y : R]> – an everywhere true predicate. The
schema then after substitution becomes

R : Set ` t′ : (Πx : >.R→ Σy : R.>)→ (Πx : >Σy : R.R→ >),

and since the type Πx : >.R → Σy : R.> is inhabited (by λx : >, r : R.〈r, ∗〉, for
example), it follows that there is a term t′′ with

R : Set ` t′′ : R.

The particular case R = ∅ then shows the schema is inconsistent.
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The key difference to type theory occurs in the proof of Proposition 58, which
relies on Lemma 1. This lemma can be understood to say that all domains of
quantifications are inhabited, which of course fails in any (nontrivial) propositions-
as-types system.

Since the inconsistency exhibited in (Barthe et al., 2003) is linked to the prenex
schema (2), it may perhaps be useful to think of it as arising not from the choice
principle, but rather from the (prior) imposition of proof irrelevance.

After this brief excursion into type theory, let us return to the choice principle
ACext, and our remaining classes of maps, namely the split and the pseudo-split
maps. Recall from Proposition 49 that ACext implies that all surjective maps split,
so in particular that all pseudo-split maps are split. Recall that up to isomor-
phism, all pseudo-split maps are quotient maps (Proposition 45), and consider a
splitting for a quotient map. What it provides is a canonical representative of each
equivalence class. Refining this idea further, we arrive at the following result.

Proposition 61. All pseudo-split maps are split (all regular epis split in PER) if
and only if every quotient map of the form q : σ̄ → σ̄/∼ is split.

Proof. The left-to-right implication is trivial, since any such quotient map q is
pseudo-split.

For the right-to-left implication, the proof will be done in several steps. We first
show that for every PER Aσ there is a function pσ→σ such that whenever x =A y
then x =A px =σ py =A y.

First note that, given a PER Aσ, we can define an equivalence relation ∼ on σ̄
by x ∼ y ↔ x =σ y ∨ x =A y. Thus, particularly, we have a splitting p : σ̄/∼ → σ̄
of the quotient map. Note that the membership predicate − ∈ A respects the
equivalence relation ∼, so we can form the subset B = {x ∈ σ̄/∼ | x ∈ A}. The
first claim is that A = B. This follows since

x =B y ↔ x =σ̄/∼ y ∧ x ∈ A
↔ x ∈ σ̄ ∧ y ∈ σ̄ ∧ x ∼ y ∧ x ∈ A
↔ (x =σ y ∨ x =A y) ∧ x ∈ A
↔ x =A y.

This implies that the restriction of p is a map A → σ̄ such that px =A x, so p picks
a chosen representative (up to =σ) for each element of A.

Next, consider an arbitrary quotient map q : Aσ → A/R, and let p : A/R → σ̄
be the map constructed above. We show that p is a right inverse for q. First note
that x =A/R y → px =σ py → px =A py, so p is a map A/R→ A. Further, for any
x ∈ A/R, we have (q ◦ p)x =A/R px =A/R x, with the first equality since quotient
maps act by the identity, and the second by the construction of p. Thus all quotient
maps are split.

Finally, suppose f : Aσ → Bτ is any pseudo-split map. By Proposition 45, there
is an equivalence relation R on A, and an isomorphism g : A/R → B such that
f = g ◦ q. But since we have shown that q is split, it follows that f splits. �

Corollary 62. If every quotient map σ̄ → σ̄/∼ is split, then EM holds.

Proof. Apply Proposition 53. �

We can now finally give a necessary and sufficient condition for ACext to hold,
similar to the result in (Carlström, 2004).
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Theorem 63. The extensional principle of choice ACext holds if and only if both
the corresponding intensional choice principle ACint holds, and every quotient map
σ̄ → σ̄/∼ splits.

Proof. For the left-to-right implication, combine Proposition 49, Proposition 52,
and Proposition 61, keeping in mind the inclusions from Lemma 11.

For the right-to-left implication, first combine Corollary 62, Proposition 58, and
Proposition 55 to conclude that all surjections are strong surjections. Next, apply
Proposition 52 to conclude that all surjections are pseudo-split. Finally, we use
Proposition 61 to conclude that all surjections are split. The result now follows
from Proposition 49. �

In fact, the result in (Carlström, 2004) is slightly stronger, since his principle
Ext− is weaker than the assumption that every quotient map σ̄ → σ̄/∼ splits. It
says instead that for all types σ and τ , the quotient map σ → τ → (σ̄ → τ̄) splits
(that is, we restrict the assumption to only particular quotients of function spaces,
namely by extensional equality). The key step in the proof of the main theorem of
(Carlström, 2004) can then be adapted and stated as a lemma.

Lemma 64. From EM, Ext−, and ACint we can prove that every quotient map
σ̄ → σ̄/∼ splits.

Proof. Consider an arbitrary quotient map of the form q : σ̄ → σ̄/∼. We will
construct a splitting for it in three steps:

σ/∼ f−→ (σ̄ → N)
g−→ σ → 0

h−→ σ̄.

Using EM we can show that (∀xσ, yσ)(x ∼ y ∨ x 6∼ y). It then follows that
(∀xσ, yσ)(∃n0)(n =0 0 ↔ x ∼ y & n =0 1 ↔ x 6∼ y), simply by handling the two
cases of the disjunction separately (this is slightly more complicated than in the

original proof, since we do not have a boolean type). Using ACint twice we obtain
(∃fσ→σ→0)(∀xσ, yσ)(fxy =0 0 ↔ x ∼ y & fxy =0 1 ↔ x 6∼ y). This map f is the
map needed for the first step. But, since we have only constructed the underlying
function, we must prove that it is extensional. So suppose x =σ̄/∼ y, that is, x ∼ y.
We must show that fx and fy are equal maps σ̄ → N. So suppose z =σ w. Using
EM we can distinguish two cases:

x ∼ z – then fxz =0 0, but we also have y ∼ x ∼ z ∼ w (recall that ∼ includes
equality), and hence fyw =0 0, so fxz =0 fyw.

x 6∼ z – then fxz =0 1, but we also have y 6∼ w (since y ∼ w would imply x ∼ z
reasoning as in the first case), and hence fyw =0 1, so fxz =0 fyw.

This shows that fx = fy, as required.
We can take g to be the map given by Ext−, which also gives us the extensionality

required.
Finally, we construct h. First note that it is enough to construct the underlying

function, since the extensionality follows directly from the axioms of equality (or,
less directly, by Lemma 66). We will construct the function h using intensional
choice. Our first claim is that

(3) (∀jσ→0)(∃xσ)(jx =0 0↔ (∃yσ)jy =0 0).

This follows from EM by way of the prenex schema (2) (recall Proposition 58),
since

(∀jσ→0)((∃xσ)jx =0 0→ (∃yσ)jy =0 0)
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is trivially true. But applying ACint to (3) we get

(∃h(σ→0)→σ)(∀jσ→0)(j(hj) =0 0↔ (∃yσ)jy =0 0),

and this is the h we need in the third step.
We must also verify that this composite map is a splitting for the quotient map

q, that is, that for all xσ, h(g(fx)) ∼ x. First recall that, by construction, fxy =0 0
if and only if x ∼ y, and note in particular that fxx =0 0. Since fx and g(fx) are
extensionally equal, the same holds for g(fx). In particular, (∃yσ)(g(fx)y =0 0),
and this implies that g(fx)(h(g(fx))) =0 0, by the construction of h. But then
x ∼ h(g(fx)), as required. �

Note that this lemma does not even use the full power of Ext−, but only the
case where the type τ is the type 0 of natural numbers.

The PER version of the result in (Carlström, 2004) is now an easy corollary.

Corollary 65. The extensional principle of choice ACext holds if and only if the
three principles EM, Ext−, and ACint hold.

Proof. Combine the Lemma with Corollary 62 and Theorem 63. �

Fortunately, with the treatment of choice and unique choice complete, the re-
maining choice principles are simpler. We start with a small lemma:

Lemma 66. Suppose Aσ ⊆ σ̄ (which is equivalent to x =A y → x =σ y), that Bτ
is given, and that fσ→τ satisfies (∀x ∈ A)fx ∈ B; then f is also extensional, that
is, f is a map A → B.

Proof. Recall that we must verify the condition (1). But note that x =A y → x =σ

y → fx =τ fy → fx =B fy, as required. �

Using this lemma, we can now treat countable choice.

Proposition 67. The extensional principle of countable choice ACext
0 is provable

from the corresponding intensional principle ACint
0 , and so is both consistent and

constructively acceptable.

Proof. Suppose P [x0, yτ ] is a formula respecting the standard equality =0 in the
first element and the PER equality =Bτ in the second. Assume

(∀x ∈ N)(∃y ∈ B)P [x, y],

that is
(∀x0)(x =0 x→ (∃yτ )(y ∈ B & P [x, y]).

By the reflexivity of the standard equality =0, this is equivalent to

(∀x0)(∃yτ )(y ∈ B & P [x, y]).

Applying the intensional axiom of countable choice ACint
0 to this, we obtain

(∃f0→τ )(∀x0)(fx ∈ B & P [x, fx]),

hence (∃f0→τ )((∀x0)fx ∈ B ∧ (∀x0)P [x, fx]). Using Lemma 66,

(∃f : N→ B)P [x, fx]

follows, as required. �

The last remaining choice principle is that of dependent choice. Note that the
result here is not an equivalence!
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Proposition 68. The prenex schema (2) together with DCint suffices for showing
DCext.

Proof. The initial assumption is (∀x ∈ Aσ)(∃y ∈ A)P [x, y], and we must show that

(∀x ∈ A)(∃f : N→ A)(f0 =A x ∧ (∀n ∈ N)P [fn, f(n+ 1)]).

Unfolding notational shorthands, the assumption is

(∀xσ)(x ∈ A → (∃yσ)(y ∈ A ∧ P [x, y])),

and using the schema (2) gives us (∀xσ)(∃yσ)(x ∈ A → (y ∈ A∧P [x, y])). Applying
DCint to this, we get

(∀xσ)(∃f0→σ)(f0 =σ x ∧ (∀n0)(fn ∈ A → (f(n+ 1) ∈ A ∧ P [fn, f(n+ 1)]))).

So let us suppose that x ∈ A, and let f0→σ be a witness of this. Since x ∈ A, the
required f0 =A x follows immediately. This also gives us f0 ∈ A, and a simple
induction immediately gives us (∀n ∈ N)fn ∈ A – apply Lemma 66 to conclude
f : N→ A. Using (∀n ∈ N)fn ∈ A and

(∀n0)(fn ∈ A → (f(n+ 1) ∈ A ∧ P [fn, f(n+ 1)])),

it also follows that (∀n ∈ N)P [fn, f(n+ 1)], which finishes the proof. �

Corollary 69. Assuming both EM and DCint, the extensional principle of depen-
dent choice DCext follows; hence DCext is consistent.

Proof. Recall Proposition 58. �

We can not, however, expect to show that DCext is not constructively acceptable.
There is a simple reason: DCext is derivable from DCint in a propositions-as-types
system, simply by applying the intensional choice principle at the type Σx : σ.x ∈ A.
From this we should conclude that the extensionality of the choice function is not
where the problem is – in fact, the DCext follows from an apparently weaker form

(∀x ∈ Aσ)(∃yσ)P [x, y]→ (∀x ∈ A)(∃f0→σ)(f0 =A x ∧ (∀n0)P [fn, f(n+ 1)])

which does not mention extensionality (to see this, use the weaker form with the
relation x ∈ A → (y ∈ A ∧ P [x, y]); the proof of extensionality is then essentially
as above). The key aspect appears to be the existence of a choice function, and the
assumptions of Proposition 68 are a somewhat crude way of achieving that.

Finally, let us consider two even weaker principles, starting with one from cate-
gory theory.

Recall that an arrow f : A → B is a cover if whenever f = g ◦ h with g monic,
then g is an iso (in the terminology of (Johnstone, 2002); in (Borceux, 1994) this
is called an extremal epi ; in (Makkai and Reyes, 1977) this is simply called a
surjection, since it corresponds to surjectivity in the categorical internal logic, but
with risk for confusion since we have shown that the surjections are exactly the epic
arrows). An object A is said to be projective (with respect to covers) if whenever
f : X → A is a cover, then f has a right inverse. Finally, we say that a category
has enough projectives if for every object A, there is a cover q : Ā → A with the
object Ā projective. We will show that the category PER has enough projectives,
starting with descriptions of the covers and projective objects.

Proposition 70. A map f : A → B is a cover if and only if it is pseudo-split, that
is, if and only if it is a regular epi.
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Proof. Suppose first that f is a cover. Consider the quotient map h : A → A/∼,
where x ∼ y ↔ fx =B fy, and the map g : A/∼ → B, given by the same function
as f . Note that g is injective, and that f = g ◦ h. Since f is a cover, there is then
an inverse for g, and such an inverse is clearly a pseudo-splitting for f .

Suppose instead that f has a pseudo-splitting p, and that f = g◦h with g : C → B
injective. Now consider the function h ◦ p: if x =B y, then px ∈ A and py ∈ A and
f(px) =B f(py) – but this last equation says g((h ◦ p)(x)) =B g((h ◦ p)(y)), and by
injectivity of g we have (h◦p)(x) =C (h◦p)(y), so h◦p defines a map B → C. Next,
note that since p is a pseudo-splitting for f we have x =B f(p(x)) =B g(h(p(x)).
Also if y ∈ C, we have gy ∈ B and note that gy =B g(h(p(g(y)))); injectivity
of g then gives us y =C h(p(g(y))). This shows h ◦ p gives an inverse for g, as
required. �

That covers and regular epis coincide holds in all regular categories (Johnstone,
2002, Proposition 1.3.4), and the category PER is in fact regular, though the proof
of this is postponed.

Using this characterisation of the covers, we obtain a simple characterisation of
the projective objects.

Proposition 71. Every PER Aσ ⊆ σ̄ is projective, and every projective PER is
isomorphic to one of this form.

Proof. Suppose Aσ ⊆ σ̄ and that f : Xτ → A is a cover. Then, by Proposition 70,
there is a pseudo-splitting gσ→τ for f , and note that (∀x ∈ A)gx ∈ X . Now apply
Lemma 66 to see that g is a splitting for f . This shows that A is projective.

Next, suppose Aσ is projective. Note that A = {x ∈ σ̄ | x ∈ A}/=A, and
consider the quotient map q : {x ∈ σ̄ | x ∈ A} → A. Recall that I is a pseudo-
splitting for this, so by Lemma 70, the quotient map is a cover. SinceA is projective,
there is a splitting f : A → {x ∈ σ̄ | x ∈ A} for the quotient map q. We can now
consider the subset B = {x ∈ σ̄ | x ∈ A ∧ (∃y ∈ A)fy =σ x} and note that
(∀x ∈ A)fx ∈ B. Thus f is also a map A → B, by Lemma 23. Finally, we see that
f and the restriction of q to B are inverses, since for all x ∈ A we have q(fx) =A x
(since f is a splitting for q), and for all x ∈ B there is a y ∈ A such that fy =σ x,
and hence f(qx) =B f(q(fy)) =B fy =B x (using the previous). �

Note that the proof actually shows that every projective PER is isomorphic to
one on standard form on the same underlying type. It is not, however, true that
every projective PER is itself on standard form – just consider the quotient NN/∼
where f ∼ g ↔ f0 =0 g0, which is projective (since it is isomorphic to N), but not
on standard form (but on the same underlying type 0 → 0 can be represented by
the set of constant functions).

The result we were aiming for is now a simple observation.

Theorem 72. The category PER has enough projectives.

Proof. Given a PER Aσ, consider the quotient map {x ∈ σ̄ | x ∈ A} → {x ∈ σ̄ |
x ∈ A}/=A, and note that the codomain equals A. �

The last choice-like principle we will consider is Aczel’s Presentation Axiom
(Aczel, 1978; Aczel and Rathjen, 2001), and the treatment will be very brief.
Adapting the definitions from the original (constructive) set-theoretical context,
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a PER A is called a base if the choice schema

(∀x ∈ A)(∃y ∈ B)P [x, y]→ (∃f : A → B)(∀x ∈ A)P [x, fx]

holds, that is if the extensional axiom of choice ACext holds at A. Inspecting the
proof of Proposition 49, we see that this is equivalent to saying that a PER A is
a base if every surjection f : X → A splits (compare this to the definition of a
projective object above). The Presentation Axiom now states that for every PER
B there is a base A and a surjection f : A → B.

Note that every base is a projective object – if every surjection to A splits, then
in particular every pseudo-split surjection splits. Thus, given the characterisation
of projective objects of Proposition 71, we can reduce the question of characterising
the bases to asking what predicates P on the type σ make {x ∈ σ̄ | P [x]} a base.
A trivial observation is:

Proposition 73. For every aσ, the PER {aσ} = {x ∈ σ | x =σ a} is a base.

Proof. Assume f : Aτ → {aσ} is surjective. This says that

(∀x ∈ {aσ})(∃y ∈ A)fy =σ x.

Particularly, (∃y ∈ A)fy =σ a. For any such y, the constant function Ky is easily
seen to be a map {aσ} → A, and moreover a section of f (even an isomorphism).
Thus (∃g : {aσ} → A)f ◦ g = I, so {aσ} is a base. �

This extends in the obvious way to show that every finite PER (that is, one
isomorphic to {x ∈ N | x ≤ n} for some n) is a base – note that the definition of
the underlying function for the section uses the fact that there is a function e0×0→0

such that e〈x, y〉 = 0↔ x =0 y.
More interesting is the following result:

Proposition 74. If the intensional axiom of choice ACint holds, then every PER of
the form {x ∈ σ̄ | P [x]} with P a decidable predicate (that is, (∀xσ)(P [x]∨∼P [x]))
is a base.

Proof. Note that the assumptions state we are given a PER Aσ ⊆ σ̄ with x ∈ A
decidable (use Lemma 20). Suppose now that f : Yτ → A is a surjection. This says
that

(∀x ∈ A)(∃y ∈ Y)fy =A x↔ (∀xσ)(x ∈ A → (∃yτ )(y ∈ Y ∧ fy =A x))

→ (∀xσ)(∃yτ )(x ∈ A → y ∈ Y ∧ fy =A x)

→ (∃gσ→τ )(∀xσ)(x ∈ A → gx ∈ Y ∧ f(gx) =A x),

where the first implication uses the decidability of x ∈ A (compare to the proof
of Proposition 58), and the second is an application of ACint. Let gσ→τ be such a
function, and note that we have (∀x ∈ A)gx ∈ Y. Applying Lemma 66 it follows
that g is a map A → Y, and by the above it is a splitting for f , as required. �

Of course, the decidability of P is just a convenient condition – particularly, it
is a condition only on the base itself – that makes the prenex schema (2) apply.
Note that also assuming this schema would, by Propositions 52 and 55, identify
bases and projective objects. This also seems to make it quite difficult to find a
sufficient condition for the Presentation Axiom, or to characterise the bases, without
trivialising the problem.
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theory, volume 7 of International Series of Monographs on Computer Science. Oxford
University Press.

Nordström, B., Petersson, K., and Smith, J. M. (2000). Martin-Löf’s type theory. In
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