
IT 11 073

Examensarbete 30 hp
November 2011

Preconditioners for the discrete 
Cahn-Hilliard equation in three 
space dimensions 

Xunxun Wu

Institutionen för informationsteknologi
Department of Information Technology





 

 
 
Teknisk- naturvetenskaplig fakultet 
UTH-enheten 
 
Besöksadress: 
Ångströmlaboratoriet 
Lägerhyddsvägen 1 
Hus 4, Plan 0 
 
Postadress: 
Box 536 
751 21 Uppsala 
 
Telefon: 
018 – 471 30 03 
 
Telefax: 
018 – 471 30 00 
 
Hemsida: 
http://www.teknat.uu.se/student 

Abstract

Preconditioners for the discrete Cahn-Hilliard
equation in three space dimensions

Xunxun Wu

Multiphase flow problems are often modeled by the diffuse-interface phase-field
model, which is based on the so called total free energy of the physical system. The
major mathematical tool in the phase-field model is the Cahn-Hilliard equation. Due
to finite element discretization in space and the theta-method in time, the arising
systems are, in general, of huge size, especially in 3D. In this work, in order to solve
large scale nonlinear systems arising from 3D problems, we propose two different
inexact Newton methods. The first one is to solve the systems with Jacobian matrix
by a preconditioned iterative method. The second one is to replace Jacobian matrix
by a high quality approximation. Both inexact Newton methods result in robustness
and efficient solution algorithms. The numerical experiments show agreement with
the theoretical analysis and the remarkable lower computational cost of the second
method. 
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Chapter 1

Introduction

In the context of fluid mechanics, mutiphase flows can be viewed as fluid flow system con-
sisting of two or more distinct phases in motion relative to each other in mixture, having
some level of phase separation with different chemical compositions and physical proper-
ties. Depending on the combinations of phases, a description of the main flow regime in
multiphase flows can be characterized according to the state of the different phases: gas-
liquid, liquid-liquid, gas-liquid-liquid and solid-liquid-liquid-gas.

Tracking back the history, the existence of multiphase problems has been known to hu-
man for thousands of years. Many multiphase phenomena can be often observed in nature,
such as gas bubbles in oil, ice melting, wet steam, crystal growth, spinodal decomposition
and so on. It is perhaps not unexpected that many practical problems involving mutiphase
flows have a broad effect in a range of modern technological industries, as well as within
our body system and in the environment we live in. A large number of applications occur
in aerospace, atmospheric, biological, chemical, civil, mechanical, and nuclear systems to
name a few. However, since the nature of multiphase flows is highly complex, the fun-
damental understanding of the integrated fluid physics for these phenomena is still not
as well developed as those for single-phase flows. Therefore, numerical simulations play a
critical role in this area.

Modeling mutiphase flows, in general, encompasses a wide range of engineering dis-
ciplines and a multitude of different computational approaches. Over the years, based
on the different descriptions (models) used in those engineering disciplines, a wide vari-
ety of mathematical theories and computational technologies have been developed for the
accurate and efficient numerical simulation of mutiphase flows. These methods can be
mainly divided into two large classes, depending on what type of mesh is used in the bulk
of the phases, fixed or moving. In moving-mesh methods, the interface between the two
fluids is a boundary between two sub-domains of the mesh. The mesh moves with the
interface as the system evolves. This simplifies the analysis near the interface. But when
there is a large deformation or the topology changes, the domain has to be remeshed or
mesh points have to be added and/or removed, which makes the computational procedure
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CHAPTER 1. INTRODUCTION

rather complicated. In fixed-mesh methods, the mesh is predefined and does not move
with the interface [30]. Due to the simple description and easier extension to 3D, the
fixed-mesh methods are more widely used. Some popular fixed-mesh methods are the level
set method (see, e.g., [28]) and the volume of fluid method (see, e.g.,[23]), both belonging
to the Eulerian specification of the flow field, which depicts fluid motion as a function of
fixed position x and time t. The basic idea of the level set method is to have the zero level
set of a signed distance function (level set function) act as a marker that determines the
position of the interface. The main drawback of the standard level set method is that mass
is not conserved, and significant mass loss may occur. Therefore, in order to improve mass
conservation and accuracy, when the interface evolves, some re-initialization schemes of
the level-set function are needed [27]. The volume of fluid method is based on the so called
fraction function, which is defined as the integral of the fluid’s characteristic function in a
control volume. The advantage of the volume of fluid method is known to be its ability to
conserve the mass of the traced fluid. Even when the fluid interface changes its topology,
this change is easily traced, so the interfaces can for example join, or break apart [23].
The volume of fluid method must reconstruct the interface from the discontinuous fraction
function at each time step. It turns out that the mean curvature can make it difficult to
accurately account for surface tension.

In contrast to the above mentioned lattice-based approaches, the so-called phase-field
method can be an attractive alternative for solving multiphase flow problems. The phase-
field method offers a systematic physical approach by describing the interface in a physical
rather than in a numerical sense. The phase-field method is also known as the diffuse
interface model. It replaces sharp interfaces by thin but nonzero thickness regions, where
the density, viscosity and other physical quantities undergo rapid but smooth transitions.
In order to distinguish one phase from the other, it is necessary to introduce a special
parameter, C, called the order parameter, or the phase field, which assumes distinct values
in the bulk phases (for two-phase flow, C = 1 in one bulk phase and C = �1 in the
other), and varies continuously over thin interfacial region (�1 < C < 1 ). The relaxation
of the order parameter is driven by local minimization of the free energy subject to the
phase field conservation and as a result, the interface layers do not deteriorate dynami-
cally. The location of the interface can be defined as the collection of all points where
the phase field takes a certain value (jCj � "; " � 1). The most appealing feature of the
phase-field method is that, since the solution of all governing equations does not require
any priori location of the interfaces in the entire computational domain, interfaces coales-
cence and separation can be captured naturally without any special procedures [31, 13].
Another feature of the phase field description is that the order parameter has a physical
meaning and due to the so called total free energy of the physical system, different phe-
nomena can be easily adapted to this model by a suitable modification of the free energy
[13]. However, this feature of the phase field description also causes the main drawback of
phase-field method, namely, the interface layer is required to be extremely thin in order
to properly model relevant physical phenomena. This means that the conventional numer-
ical methods (i.e.FEM, FVM and others), which are used to discretize and approximate
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CHAPTER 1. INTRODUCTION

the solution of the problem, should sustain a high resolution and accuracy, especially in 3D.

The major mathematical tool in the phase-field model is the Cahn-Hilliard equation,
which in its original form, is a fourth order parabolic equation. In this project it is used
in an equivalent formulation, in the terms of a coupled system of two second order partial
differential equations, one of which is time-dependent.

When solving PDE numerically, the most common discretization methods are the finite
differences and the finite element methods. In this work, we discretize the problem in
space using the standard conforming finite element method. Then we fully discretize
the problem in time using the so-called �-method, which permits to test various time
integration schemes of first and second order accuracy. The result is a nonlinear algebraic
system to be solved at each time step. The solution of the nonlinear system itself is
done by Newton iteration and during each nonlinear iteration, a linear system with the
corresponding Jacobian has to be solved. The arising system matrices are, in general, of
huge dimension, particularly in 3D, since their size is directly proportional to the number
of nodes in the finite element mesh, which is normally up to millions in order to meet the
high resolution requirement for the phase-filed method. Direct methods are often used
and preferred due to their robustness and the existing highly optimized software packages,
providing efficient solvers for sparse matrices. However, especially for large scale linear
systems arising from 3D problems, direct solution methods are not a feasible alternative
anymore due to their very large demands for computer resources, in particular, computer
memory, but also execution time. Therefore, regarding the computational complexity (i.e.
number of floating point operations needed), memory requirements and time consumption,
iterative methods become nearly mandatory to be used when solving the arising linear
systems. However, as is well known, the traditional iterative methods (i.e.CG, GMRES)
are all likely to suffer from slow convergence and lack of robustness for problems arising
in simulation of fluid dynamics processes. The possibility to overcome this drawback is to
use preconditioning, which improves the conditioning of the original linear system so that
the preconditioned linear system can converge at a faster rate. In practice, the choice of an
efficient preconditioner often depends highly on the properties of the coefficient matrix in
the system. For multiphase flow problems, considered here, the system matrix is of 2� 2
block form and this is utilized when constructing a preconditioner.

Aim of the thesis
The major goal of this project is to study the suitability of a certain block preconditioner
for the linearized discrete Cahn-Hilliard equation in three space dimensions in terms of
method parameters, construction, numerical efficiency, robustness with respect to problem
parameters, ease of implementation, and development and testing. The preconditioner
fully utilizes the two-by-two block structure of the matrix in the arising linear systems.
Further, it is subjected to simplifications of the blocks, which substantially facilitate the
solution procedure.
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CHAPTER 1. INTRODUCTION

The preconditioner is introduced for two dimensional problem in [11] and [1], and is further
analysed here in 3D, as well as implemented in C++ using finite element library deal.II in
order to test both its numerical and computational efficiency.

Layout of the thesis
The thesis is organized as follows:

� In Chapter 2 we briefly describe the mathematical model used to simulate the phys-
ical processes, related to phase separation and interface tracking, as well as some
particular formulations and properties.

� The space and time discretization schemes are outlined in Chapter 3.

� In Chapter 4 we introduce the treatment of the nonlinearity using Newton’s method
and derive the linear system with matrix A, and we also analyze the inexact Newton
method.

� Chapter 5 contains a brief overview of preconditioning and a discussion on suitable
preconditioners for solving the discrete Cahn-Hilliard equation. We also analyze the
convergence properties of the preconditioner of choice.

� In Chapter 6 we describe in detail the computer implementation both in Matlab and
deal.II

� The numerical experiments are presented in Chapter 7.

� In Chapter 8 some conclusions are drawn.
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Chapter 2

Mathematical model

Due to the complexity of the nature of mutiphase flows, their modeling and simulation
has been challenging both mathematically and technically for many years. Besides, the
complexities increase with the number of phases encountered in the mutiphase problem.
Fortunately, many important applications happen to include only two phases, or can be
considered as pseudo-two-phase flows. Hence, this project focuses on preconditioning tech-
niques for a two-phase setting.
In the context of computational fluid dynamics, the equations express the physics. In a
fixed and closed domain, each phase of mutiphase flow can be considered to be fractionated
by finite units which are defined as volume fractions with a velocity field. These volume
fractions always obey three fundamental physical principles both in space and in time:

1 Conservation of mass

2 Newton’s second law of motion F = ma

3 Conservation of energy

We can capture the evolution of each phase by applying the fundamental physical principles
on the volume fractions in integral form. Then it turns out that a partial differential
equation has to be solved.

2.1 The phase-field model
Below we briefly describe the derivation of the phase-field model, following [8, 13, 18, 11,
12].
We consider a binary fluid of two immiscible viscous fluids under constant temperature.
The mixture of the two incompressible fluids 1 and 2 completely fills a bounded domain
Ω � R3. And let @Ω be its boundary which is assumed to be sufficiently smooth. Let n
denote the unit outward normal vector to @Ω.
We consider the total density of the mixture �m = m=V = constant, where m is the total
mass of the mixture in the representative material volume V (i.e. m =

R
Ω �mdx). We
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CHAPTER 2. THE MATHEMATICAL MODEL

also suppose that the two fluids have different apparent densities �̃i = mi=V = constant,
i = 1; 2. The apparent densities �̃i are related to the actual densities �i = mi=Vi through
�̃i = ki�i. Here, ki = Vi=V are the volume fractions, and mi are the masses of the
components in Ω, namely

m1 =
Z

Ω
�̃1dx; m2 =

Z
Ω
�̃2dx;

or equivalently
dm1 = �̃1dV; dm2 = �̃2dV;

where d denotes the differential sign.
Since m = m1 + m2, we get

�m = �̃1 + �̃2 (2.1)

Following the phase field approach, the model is built on the notion that the interface
between the phases is not sharp, but has a thin nonzero thickness and is characterized by
a rapid but smooth transition. Then we use a scalar function C, called ’order parameter’,
to label each phase, for example, for two phases,

C =

8<:
1; in fluid 1;
�1; in fluid 2;

(�1; 1); in the interfacial region

Since the fluids 1 and 2 are assumed to be isothermal, incompressible and viscous, they
do not undergo phase change. However, due to surface tension, each material can only
migrate from one space position to another, close to it. As a consequence, the total
amount of each fluid in Ω must be always equal to the given original amount. Hence,
this model obeys the laws of conservation of mass and linear momentum of continuum
mechanics. The function C can be considered to represent the difference of local mass
fraction (concentration differential) of the two fluids, namely

C = dm1

dm
� dm2

dm
;

or equivalently
Cdm = dm1 � dm2:

By dividing by dV on both sides, we get

C�m = �̃1 � �̃2 (2.2)

In this way, according to (2.1) and (2.2), we see that C 2 [�1; 1], and when C = 1 or
C = �1 only the fluid 1 or 2 appears. Furthermore, recalling the definition of �̃1 and �̃2,
we have Z

Ω
�mCdx =

Z
Ω
(�̃1 � �̃2)dx = m1 �m2 = constant:
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CHAPTER 2. THE MATHEMATICAL MODEL

This means that the definition of C ensures the conservation of the concentration difference
of the two fluids in Ω. In other words, to make the mass of each component conserved over
the whole domain, the evolution of C should be subject to the following constraintZ

Ω
�mC(x; t)dx = constant: (2.3)

In order not to let the interface layers deteriorate dynamically, the relaxation of the function
C is driven by local minimization of the free energy subject to the above conservation
constraint. The free energy can be defined as a functional of C

E(C) =
Z

Ω
f1

2
�jrCj2 + �Ψ(C)gdx; (2.4)

The first term 1
2�jrCj2 is referred as the gradient energy, or surface energy, with a positive

constant �. The second term �Ψ(C) is referred to as the ’bulk energy’. The function Ψ(C)
is a double-well potential with two minima corresponding to the two stable phases of the
fluid. This bulk energy tends to reduce the interfacial region thickness whereas the gradient
energy jrCj2 tends to increase it. Since the system evolution is driven by the minimization
of the free energy functional E with respect to C, the interface profile C can be found by
solving the equation E 0 = 0, thus,

dE

dC
=
Z

Ω
f��∆C + �Ψ0(C)g = 0; (2.5)

or equivalently
� � �E

�C
= ��∆C + �Ψ0(C) = 0; (2.6)

where � is the so called chemical potential and � denotes the functional derivative �=�C =
@=@C �r[@=@(rC)].

2.1.1 The coupled Cahn-Hilliard-Navier-Stokes system
Cahn and Hilliard [15, 16] generalized the problem to a mass diffusion equation, valid in
the entire two phase system. The equation was initially developed to describe spinodal
decomposition of a binary alloy under isothermal and isochoric conditions. In particular,
they assume the equation of conservation of mass to be

@C

@t
= r � J; (2.7)

where J is the local diffusion mass flux J = �(C)r� and subjects to the boundary condition

J � nj@Ω = 0: (2.8)

Here, �(C) > 0 is the mobility or so called Onsager coefficient, depending on the concen-
tration.
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CHAPTER 2. THE MATHEMATICAL MODEL

Later, this model has appeared in many other contexts ranging from micro to macro scales.
It serves as a good model for many systems concerning two phase systems constituted by
different substances. Uniqueness and correctness of long-time behavior of the solutions
have been proved in practice (see e.g. [9, 11, 12, 13, 18, 26]).
To account for fluid motion, a coupled Cahn-Hilliard-Navier-Stokes system is proposed and
analyzed in [18, 22, 21]. In this system, the total rate of change of function C with respect
to t refers to the material derivative DC

Dt
, namely,

DC

Dt
= @C

@t
+ u � rC; (2.9)

where u denotes the velocity vector. The kinetic equation in (2.7) is substituted by the
so-called convective Cahn-Hilliard equation, which takes the form

@C

@t
+ (u � r)C = r � [�(C)r�]; (2.10)

where � = ��∆C+�Ψ0(C). The fluid dynamic is described by the coupled time-dependent
Navier-Stokes equations

�@u
@t

+ (�u � r)u = �rp +r � [�(r)u +ruT ] + �rC;
r � u = 0;

(2.11)

where � is the density, p is the pressure that enforces incompressibility of flows, and � is
the viscosity. The term �rC represents the surface tension force, written in its potential
form. At the walls the no-slip boundary condition, r � u = 0, is imposed at the fixed
domain boundary.
In this coupled Cahn-Hilliard-Navier-Stokes system, the processes are assumed to be isother-
mic, thus thermal effects are not included. Hence, the temperature does not appear ex-
plicitly in the equation (2.10). Further, elastic, viscoelastic effects, as well as anisotropies
are also not explicitly considered. In reality, such an assumption requires very careful con-
dition control and is rarely strictly encountered. However, the equation (2.10) turns out
to be the limit and simplified case for other more complex physics phenomena, it plays an
important role in understanding the evolution of phase separation. The study of efficient
numerical simulations based on this model, can lead to build a structure for solving other
more complicated and coupled models.
Due to the high adaptability of this model, if one need to take other physical processes
into account, adjustments can be easily done. For example, when consider temperature
effect, the equilibrium equation can be coupled with a kinetic equation for the absolute
temperature, with the assumption that the temperature of the system rapidly decreases
and the system instantaneously equilibrates to that (see e.g. [9, 8]).
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CHAPTER 2. THE MATHEMATICAL MODEL

2.2 Boundary conditions
Following the phase-field theory, we adopt the following homogeneous Neumann boundary
conditions both for the difference concentration C and the chemical potential �, namely,

rC � nj@Ω = 0 (2.12)
r� � nj@Ω = 0 (2.13)

The more general form of the first condition (2.12) is

n � rC = � cos#g0(C);

referred to as the wetting boundary condition for the interface, see [18]. Above,  is a
positive constant and g(C) is a local surface energy (which is set to 0:5 + 0:75C� 0:25C3).
Here, we only consider the case of a contact angle # = �=2 (i.e. n �rC = 0), which implies
that the interfaces are supposed to be orthogonal to the boundary of the computational
domain.
The second condition (2.13) is used to enforce the mass conservation constraint. It ensures
that there is no mass flux through the boundary. Applying the material derivative to the
mass conservation constraint (2.3), we get the following equalitiesZ

Ω
�mĊdx =

Z
Ω
�mr � [�(C)r�]dx =

Z
@Ω

�m�(C)r� � nda = 0:

2.3 Properties of the interface
In the current study, we consider the following double-well potential for a binary fluid,

Ψ(C) = 1
4

(C � 1)2(C + 1)2:

Recalling equation (2.6), the equilibrium profile is the solution of the equation

�(C) = ��∆C + �Ψ0(C) = ��∆C + �C(C2 � 1) = 0 (2.14)

This leads to two stable minima at C = �1 representing the coexisting bulk phases, and
a one-dimensional nonuniform solution (first found by van der Waals) in the form

bC(x) = tanh

�
xp
2�

�
; (2.15)

where � =
q

�
�

is the mean-field thickness. The mixed phase is unstable and phase sep-
aration occurs (see Fig. 2.1) As it was stated earlier, the first term in the free energy
�jrCj2 is referred to be surface tension. From equation (2.15), the surface tension can be
expressed as

� = �

Z 1

�1

 
d bC
dx

!2

dx = 2
p

2
3
p
��:

9



CHAPTER 2. THE MATHEMATICAL MODEL

Figure 2.1: Plot of the chemical potential Ψ = 1
4(C2 � 1)2

In the model, we define the interface thickness as the distance between x1 and x2, C(x1) =
�0:9 and C(x2) = 0:9. With the help of (2.15), the equilibrium interface thickness � is
equal to 2

p
2�tanh�1(0:9) = 4:164�.

From � =
q

�
�

and � = 2
p

2
3
p
��, we obtain an expression for the parameters � and �

� = 3
2
p

2
��; � = 3

2
p

2
�

�
:

Thus, via the choice of the parameters � and �, one can control the surface tension � and
equilibrium interface thickness �. On the other hand, the chosen � and � can bound the
value of the parameters � and �.

2.4 Nondimensionalising the PDE model
Following Refs. [13] and [12], we nondimensionalize the governing equations with the
following variables

x̂ = x
L
; û = u

U
; t̂ = t

T
= U

L
t; p̂ = L

�U
p;

where L is the characteristic length, U is the characteristic velocity depending on the
problem and T is the characteristic time, T = L=U . According to the definition of the
rescaled variables and the chain rule, we can easily find that the following equalities hold
true

@C

@t
= U

L

@C

@t̂
; (u � r)C = U

L
(û � r)C; ∆C(x) = 1

L2 ∆C(x̂): (2.16)

We use (2.16) to rescale equations (2.10), (2.11) and (2.13). The following dimensionless
parameters are introduced

Pe = UL

��
; Cn = �

L
; Re = �mUL

�
; Ca = �U

��
:
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CHAPTER 2. THE MATHEMATICAL MODEL

The dimensionless parameters Pe, Cn, Re, Ca above are the Peclet, Cahn, Reynolds, and
Capillary numbers, respectively. Due to the reasonings that the interface thickness �, and,
thus �, has to be very small, we also see that Cn should be a small positive parameter.
Substituting the parameters into the equations (2.10) - (2.13), the system of governing
equations for the binary fluid takes the form

@C

@t
+ (u � r)C = 1

Pe
r � �r (Ψ0(C)� Cn2∆C)

Re

�
@u
@t

+ (u � r)u
�

= �rp +r � %(r)u +ruT + 1
Ca�Cn�rC

r � u = 0;

(2.17)

where � and % are the normalized mobility and viscosity, respectively and � = Ψ0(C) �
Cn2∆C is the dimensionless chemical potential.

2.5 Governing equations
In this work, we assume that the computational domain Ω is in three space dimensions
and the mobility � is constant. We also do not consider the coupling to the Navier-
Stokes equations. Thus, the constant mobility Cahn-Hilliard model, which is studied here
numerically, reads as follow

@C

@t
+ (u � r)C = 1

Pe
∆
�
Ψ0(C)� Cn2∆C

�
; (2.18)

subject to the boundary condition rC � nj@Ω = 0 and r� � nj@Ω = 0. The velocity u
satisfies the coupled time-dependent incompressible Navier-Stokes equations in (2.4), and
is assumed to be known. When the convection is small or zero, which means u � 0 in
(2.18), as for instance, in metallurgy, phase separation is only caused by interface diffusion.
The model in this case reads as follows:

@C

@t
= 1

Pe
∆
�
Ψ0(C)� Cn2∆C

�
(2.19)

where Pe = 1 is a usual assumption.
Equation (2.18) is a fourth order nonlinear parabolic equation. If we consider (2.18) di-
rectly, we have to discretize higher order derivatives in a suitable way. For example, this
problem has been discretized using a discontinuous Galerkin method [25].
In order to use more standard discretization techniques, we reformulate (2.18) as a system
of two coupled second order equations. This is done by considering � as an additional
unknown. We obtain

� �Ψ0(C) + �2∆C = 0; (x; t) 2 ΩT � Ω� (0; T );Ω � R3

�!∆� + @C

@t
+ (u � r)C = 0; (x; t) 2 ΩT

@C

@n = 0; @�

@n = 0; x 2 @Ω

C(x; 0) = C0(x);

(2.20)

11



CHAPTER 2. THE MATHEMATICAL MODEL

where 0 < �� 1 denotes Cn and 0 < ! � 1 denotes 1=Pe, for notational simplicity. The
velocity u is assumed to be known.
In the sequel, we discretize, and solve numerically the Cahn-Hilliard problem, as stated in
(2.20).
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Chapter 3

Finite element discretizations and
the �-method

Recalling the previous chapter, the system of PDEs has the following form:

� �Ψ0(C) + �2∆C = 0; (x; t) 2 ΩT � Ω� (0; T ] ;Ω � R3

!∆� � @C

@t
� (u � r)C = 0; (x; t) 2 ΩT

@C

@n = 0; @�

@n = 0; x 2 @Ω

C(x; 0) = C0(x)

(3.1)

where 0 < �� 1 and 0 < ! � 1.
In the above system (3.1), n is the unit outward normal to @Ω . u denotes the velocity
vector of convection due to fluid flows, which is given. The two unknown functions are
C(x; t) and �(x; t). The function C(x; t) represents the concentration of the fluid and at
the same time serves to model the interface between them. It takes a constant value in
each bulk phase and varies smoothly and and continuously in the interface. The second
unknown �(x; t) is the so-called chemical potential and plays an auxiliary role.

3.1 Discretization in space

The Cahn-Hilliard equations (3.1) depend on both space and time. We discretize those
in space using the standard conforming finite element method and derive the resulting
semi-discrete system of ordinary differential equations. For setting up the spatial FE
approximation, the first step is to rewrite the system of equations (3.1) in variational form.
Let V = fv : krvk + kvk < 1g. Multiplying (3.1) with a test-function v 2 V and
integrating over Ω using Green’s formula with the homogeneous Neumann conditions, we

13
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have

0 =
R

Ω � v dx� RΩ Ψ0(C) v dx + �2 R
Ω ∆C v dx

=
R

Ω � v dx� RΩ Ψ0(C) v dx + �2 R
@Ω n � rC v dx� �2 R

ΩrC � rv dx
=

R
Ω � v dx� RΩ Ψ0(C) v dx� �2 R

ΩrC � rv dx
(3.2a)

0 = !
R

Ω ∆� v dx� RΩ
@C

@t
v dx� RΩ (u � r)Cv dx

= !
R
@Ω n � r� v dx� !

R
Ωr� � rv dx� RΩ

@C

@t
v dx� RΩ (u � r)Cv dx

= �! RΩr� � rv dx� RΩ
@C

@t
v dx� RΩ (u � r)Cv dx; t 2 (0; T ]

(3.2b)

The variational form of (3.1) is thus defined to be the following problem:
Find a pair C(t); �(t) 2 V such that the equations

R
Ω � v dx� RΩ Ψ0(C) v dx� �2 R

ΩrC � rv dx = 0

!
R

Ωr� � rv dx +
R

Ω
@C

@t
v dx +

R
Ω (u � r)Cv dx = 0

(3.3)

hold 8v 2 V; t 2 (0; T ].
In order to formulate the discrete method, we decompose the infinite-dimensional compu-
tational domain Ω into finite-dimensional subsets (elements) with a characteristic size h.
(In this thesis, we use hexahedral (cube) elements in 3D.) Let Vh � V be the subspace of
continuous piecewise linears on a mesh K of Ω. The discrete space counterpart of (3.5)
reads:
Find Ch; �h 2 Vh such that the equations

R
Ω �

h v dx� RΩ Ψ0(Ch) v dx� �2 R
ΩrCh � rv dx = 0

!
R

Ωr�h � rv dx +
R

Ω
@Ch

@t
v dx +

R
Ω (u � r)Chv dx = 0

(3.4)

hold 8v 2 Vh; t 2 (0; T ].
Next, to compute the finite element approximation Ch and �h we let f'igNi=1 be the trilinear
basis for the subspace Vh. Since Ch and �h belong to Vh they can be written as:

Ch(t) =
NX
j=1

cj(t)'j; �h(t) =
NX
j=1

dj(t)'j (3.5)

with N time-dependent unknowns cj(t), dj(t); j = 1; 2; � � � ; N , to be found.
Inserting (3.5) and test function v = 'i into (3.3) we obtain
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0 =
R

Ω �
h v dx �

R
Ω Ψ0(Ch) v dx � �2 R

Ω rCh � rv dx

=
R

Ω

0
@ NX

j=1
dj(t)'j

1
A 'i dx �

R
Ω Ψ0(Ch(t))'i dx � �2 R

Ω r

0
@ NX

j=1
cj(t)'j

1
A � r'i dx

=
NX
j=1

dj(t)
Z

Ω
'i 'j dx �

Z
Ω

Ψ0(Ch(t))'i dx � �2
NX
j=1

cj(t)
Z

Ω
r'j � r'i dx

(3.6a)

0 = !
R

Ω r�h � rv dx +
R

Ω
@Ch

@t
v dx +

R
Ω (u � r)Chv dx

= !
R

Ω r

0
@ NX

j=1
dj(t)'j

1
A � r'i dx +

R
Ω

0
@ NX

j=1

@cj(t)
@t

'j

1
A 'i dx +

R
Ω

0
@u �

0
@ NX

j=1
cj(t)r'j

1
A
1
A'i dx

= !
NX
j=1

dj(t)
Z

Ω
r'j � r'i dx +

NX
j=1

@cj(t)
@t

Z
Ω
'i 'j dx +

NX
j=1

cj(t)
Z

Ω
(u � r'j)'i dx

(3.6b)

where i; j = 1; 2; � � � ; N
Using the notation

Mij =
R

Ω 'i 'j dx; i; j = 1; 2; � � � ; N
Kij =

R
Ωr'j � r'i dx; i; j = 1; 2; � � � ; N

Wij =
R

Ω (u � r'j)'i dx; i; j = 1; 2; � � � ; N
f(c(t))ij =

R
Ω Ψ0(Ch(t))'i dx; i; j = 1; 2; � � � ; N

the spatial semi-discretization of (3.3) in matrix form reads as follows:
Find c(t) = fci(t)gNi=1; d(t) = fdi(t)gNi=1 such that

Md(t)� f(c(t))� �2Kc = 0

!Kd(t) + M
@c(t)
@t

+ Wc(t) = 0
(3.7)

where t 2 (0; T ]. M , K and W are the Gramian mass matrix, the discrete Laplacian
stiffness matrix and the matrix, corresponding to the discrete convective term in (3.1),
respectively.

3.2 Discretization in time
To discretize also in time, let 0 = t0 < t1 < t2 < ::: < tL = T be a time grid on the
time interval (0; T ] with steps ∆tk = tk � tk�1; k = 1; 2; � � � ; L. Also, let ck and dk denote
approximations to c(tk) and d(tk). For the discretisation of the time derivative we use the
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�-method. This method is also known as the weighted method, which has the following
form

yk = yk�1 + ∆tk[�f(tk; yk) + (1� �)f(tk�1; yk�1)]; k = 1; 2 � � � (3.8)
where � 2 [0; 1]. We see that three classical methods for time-dependent problems fit in
the framework (3.8), namely, the forward Euler, the backward Euler and the Trapezoidal
(i.e. Crank-Nicolson) methods. For � = 1 we obtain the backward Euler method and for
� = 1=2 we obtain the Crank-Nicolson method.
Applying the �-method to the semi-discrete problem (3.7) gives raise to the following fully
discretized Cahn-Hilliard equations (3.9):

Mdk � f(ck)� �2Kck = 0
M(ck � ck�1) + ∆tk[�(!Kdk + Wck) + (1� �)(!Kdk�1 + Wck�1)] = 0

(3.9)

In this work, we choose � = 1, thus, the fully implicit backward Euler scheme is as follows:
Mdk � f(ck)� �2Kck = 0;

!∆tkKdk + Mck + ∆tkWck �Mck�1 = 0:
(3.10)

Here, the starting vectors c0 and d0 are the nodal interpolations of C0 and �0 on the
mesh. According to the initial condition in (3.1), the initial vectors c0 = fC0(xi)gNi=1 and
d0 = f(Ψ0(C0(xi)) � �2∆C0(xi))gNi=1. At each time step, from the known approximate
solutions ck�1 and dk�1 at time tk�1, the solutions ck and dk at time tk = tk�1 + ∆tk are
obtained by solving the system (3.10). Since this problem is nonlinear, its solution requires
in general an iterative method, such as functional iteration or Newton’s method. In this
project, we use Newton’s method to handle the nonlinearity. The details are introduced in
Section (4.1).

A priori error estimates
For completeness, we state here the error bounds for the well-known elliptic problems of
second order in space and first order in time. As is shown for example in [24] and [10], the
discretized solution U(t) satisfy a priori error estimate

ku(t)� U(t)k � CSh2(k∆u(�; 0)k+
Z t

0
k∆ut(�; s)kds)

where u(t) is the exact solution. For the fully discrete solution Un, the following priori
estimate holds,

ku(t)� Unk � CSh2(k∆u(�; 0)k+
Z t

0
k∆ut(�; s)kds) + CT∆t

Z t

0
k∆utt(�; s)kds

where ∆t is a uniform time step, CS and CT are constants, independent of h and t. This
shows that the error for � = 1 is bounded by O(h2) +O(∆t). We also note that the choice
of ∆t, is related to h, which controls the total discretisation error.
If one uses � = 1

2 (rather � = 1
2 + � for small enough �), the total discretization error is

then O(h2 + ∆t2). More details on the error estimates can be found in [5].
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Chapter 4

Solution of the nonlinear algebraic
system of equations

4.1 Solution of nonlinearity

Due to the presence of the term Ψ0(C) in (3.1), the Cahn-Hilliard mathematical model and,
thus, the arising discrete system of algebraic equations is nonlinear. A common approach
to nonlinear problems is linearization. Here, as mentioned in the last chapter, after space
and time discretization, we obtain the nonlinear algebraic system of equations (3.10). At
each time step tk, we use classical Newton’s method to solve it. Let Xk =

�
dk; ck

�T denote
the combined vector of unknowns. We then rewrite the time stepping scheme (3.10) into
the equivalent form

Fk(Xk) = 0; (4.1)

where Fk is defined by

Fk(Xk) =
�

Mdk � f(ck)� �2Kck
!∆tkKdk + Mck + ∆tkWck �Mck�1

�
: (4.2)

As is well known, Newton’s method is an iterative method. It assumes that we possess an
initial guess Xk;0 of the solution Xk =

�
dk; ck

�T . Then we repeatedly solve the linearized
equation and update the solution as follows

J (Xk;s)∆Xk;s = �Fk(Xk;s); Xk;s+1 = Xk;s + ∆Xk;s; s = 0; 1; � � � (4.3)

where the entries of the Jacobian matrix J are Ji;j(Xk) = @(Fk)i
@(Xk)j ; i; j = 1; 2; � � � ; 2N .

When a desired stopping criterion is met (for instance, k∆Xk;sk < "), the iteration process
is stopped. Regarding J , we note that the linear term of (4.2) is easy to differentiate with
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respect to dk and ck. We have
@(Mdk��2Kck)i

@(dk)j = Mij

@(Mdk��2Kck)i
@(ck)j = ��2Kij

@(!∆tkKdk+Mck+∆tkWck�Mck�1)i
@(dk)j = !∆tkKij

@(!∆tkKdk+Mck+∆tkWck�Mck�1)i
@(ck)j = Mij + ∆tkWij

(4.4)

Since the function f(c) is nonlinear and only depends on c, it is differentiated by using the
chain rule as follows

@f((c))i
@cj

= @

@cj

Z
Ω

Ψ0(Ch)'idx =
Z

Ω

@Ψ0(Ch)
@Ch

@Ch

@cj
'idx =

Z
Ω

@Ψ0(Ch)
@Ch

'j'idx:

Since Ψ00 = 3C2 � 1 and Ch =
NX
l=1

cl'l, we obtain the explicit matrix form J

J = @f((c))i
@cj

=

266666664
((3(

NX
l=1

cl'l)2 � 1)'1; '1) � � � ((3(
NX
l=1

cl'l)2 � 1)'N ; '1)

... . . . ...

((3(
NX
l=1

cl'l)2 � 1)'1; 'N) � � � ((3(
NX
l=1

cl'l)2 � 1)'N ; 'N)

377777775
: (4.5)

The matrix J is similar to the mass matrix M with coefficient je = 3(
NX
l=1

cl'l)2� 1, which

depends on the solution of the concentration vector c at the previous Newton step. Since
there holds �1 � ci � 1, one can see that �1 � je � 2. From the above representations
(4.4) and (4.5), we obtain that the Jacobian matrix of Fk(Xk) is given by

J (X) =
�

M � J(c)� �2K
!∆tkK M + ∆tkW

�
; (4.6)

where J(c) is the Jacobian of the nonlinear term f(c) only.
The reason we choose Newton’s method is that, provided that the Jacobian is invertible
and xs is sufficiently close to the exact solution x�, it usually converges rapidly, namely, it
holds

kxs+1 � x�k � Lkxs � x�k2:

As already stated, the general idea of Newton’s method is to linearize F around a
current guess, xs, and compute a correction �s expecting that xs+1 = xs + �s is a bet-
ter approximation of the root of the nonlinear problem than xs (see Algorithm 1). The
method is attractive due to its rapid convergence from any sufficiently good initial guess
x0. However, there are two drawbacks with this method.
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Algorithm 1 Newton’s method
1. Choose a starting guess x0, and a desired accuracy "
4. for s = 0; 1; 2 � � � do
5. Compute the correction F 0(xs)�s = �F (xs)
6. Update the solution guess xs+1 = xs + �s
7. if j�sj < " then
8. Stop
9. end if
10. end for

� First, at every Newton iteration, we have to solve exactly the Jacobian equation
F 0
k(Xk;s)∆Xk;s = �Fk(Xk;s). Computing the exact Jacobian of large-scale problems

can be very expensive.

� Second, when xk is far from x�, it may not be a justified approximation of the root
of the nonlinear problem (i.e. no guarantee of global convergence).

Therefore, we consider to replace the Newton step with an ”inexact” Newton step.

4.2 Inexact Newton methods
In step 5 of Algorithm 1, if F 0(xs) is the exact Jacobian matrix of F (xk;s) and we solve the
system with F (xk;s) exactly, the method is referred to as the exact Newton method. If the
system in step 5 is not solved exactly or F 0(xs) is an approximation to the exact Jacobian
matrix, the method is referred to as the ”inexact Newton method”.
In this work, the nonlinear operator F , which we deal with, is differentiable. F 0 exists and
is nonsingular. We assume that we possess a good enough initial guess x0. We consider
two following variants of an inexact Newton method:

(i1) Solve the systems with F 0 by a preconditioned iterative method. The algorithm takes
the form:

Given x0 and ",
For s = 0; 1; 2 � � � do until convergence

Compute �s as a solution of the system
(i1-1) F 0(xs)�s = �F (xs) + rs,

where krsk
kF (xs)k � �s, �s 2 (0; 1)

(i1-2) Update xs+1 = xs + &s�s, &s 2 (0; 1]

(i2) The second one is to replace F 0 by a approximation bF0, thus, we solve
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Given x0 and ",
For s = 0; 1; 2 � � � do until convergence

Compute �s as a solution of the system
(i2-1) bF0�s = �F (xs)
(i2-2) Update xs+1 = xs + &s�s, &s 2 (0; 1]

In Chapter 5 we make a proper choice of bF0 and use it as a preconditioner for the iterative
method in (i1-1) as well as in (i2-1). As it turns out, for the Cahn-Hilliard problem, bF0
does not depend on xs and we can efficiently solve systems with it to arbitrary accuracy.

Local convergence
The method (i1) is studied in [19] and it is shown that for good enough x0, the method is
locally convergent. The sequence f�sg; s = 1; 2; � � � is referred to as the forcing sequence.
The choice of �s affects local convergence properties. Clearly, for �s = 0, we obtain the
exact Newton method.
A well known effect of using inexact Newton method is that when an iterative method is
used in (i1-1), the stopping criterion for the iterations may be chosen much smaller than
that needed to meet the condition on the norm of scaled residual for a given �s. Further
discussion on this issue falls out of the scope of this work.
Consider the inexact Newton method (i1). Assume, that to solve systems with F 0 we use
a preconditioned iterative method with a preconditioner bF0, which is nonsingular and for
which the condition number of bF�1

0 F 0 is much smaller than that of F 0. The operator bF0

may possibly also depend on xs. When F 0 is preconditioned by bF0, the system is modified
as below: bF�1

0 F 0(xs)�s = � bF�1
0 F (xs) + brs ;

where the preconditioned residual brs � bF�1
0 (F 0(xs)�s + F (xs)) and the norm of scaled

residual brs
k bF�1

0 F (xs)k � �s, �s 2 (0; 1)
This case is studied earlier in [6]. There, local convergence of the inexact Newton method
is shown, provided that the preconditioned operator bF�1

0 F 0 is continuous in the following
sense (Hölder-continuous):

k bF�1
0 F 0(x)� bF�1

0 F 0(y)k � �kx� yk% ;
where � is constant, % 2 (0; 1] and the above equation holds for any x, y in a certain
subspace.
If bF0 and F 0 are linear operators, as for the considered problem, the above relation takes
the form

k bF�1
0 F 0(x)� bF�1

0 F 0(y)k = k bF�1
0 F 0(x� y)k � k bF�1

0 F 0kkx� yk : (4.7)

Thus, % = 1 and � = k bF�1
0 F 0k, which is clearly a bounded quantity. Therefore, in our case,

the inexact Newton method is locally convergent.
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Global convergence
Globally convergent inexact Newton methods are studied in [6], [29], [14] and others. The
global convergence is derived for the so-called damped inexact Newton method (DINM),
where, as indicated in (i1-2) and (i2-2)

xs+1 = xs + &s�s;

where &s 2 (0; 1] is the so-called damping parameter. The meaning of &s < 1 is that when
we are far away from the exact solution, we could better take a shorter step along the
so-computed search direction �s, since it is obtained via an inexact Newton method. In
our experiments, due to the observed fast convergence, we use &s = 1.
Global convergence of inexact Newton methods of type (i1) is analysed in [6] and [29].
The conditions, under which global convergence is shown, constitute that F is Fréchet-
differentiable, F 0 is Lipschitz-continuous and the preconditioned operator bF�1

0 F 0 is Hölder-
continuous.
It is then shown that there exists a sequence of f&sg 2 (0; 1], such that

kF (xs+1)k = kF (xs + &s�s)k < qkF (xs)k ;

where q < 1.
Inexact Newton methods of type (i2) are analysed in [14]. There, global convergence
is shown under the conditions that bF0 is uniformly bounded, i.e. k bF0k � �, and F 0 is
Lipschitz-continuous and nonsingular and

k( bF0 � F 0(x�))xsk
xs

�!
s!1

0

where x� is the exact solution of F (x) = 0
Under the above conditions and suitable choice of &s, both methods (i1) and (i2) are globally
convergent and retain a superlinear rate of convergence.
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Chapter 5

Preconditioned iterative solution
method for the linearized
Cahn-Hilliard equation

In this chapter we discuss the solution of the linear system (4.3). First of all, we note
that the system tends to be very large, in particular, in 3D. More to that, it needs to be
solved many times during each nonlinear iteration. And the nonlinear system is solved
during each time step. Last, but not least, the matrix in (4.3) has to be recomputed,
at least partly, every time when we solve with it. For such problems, iterative methods
become nearly mandatory to use, due to their low computational complexity per iteration
and memory requirements. Taking the above into account, we choose to solve (4.3) by a
preconditioned iterative solution method.

5.1 The idea of preconditioning
For simplicity, in what follows, we use the generic name A to denote the system matrix,
namely, we let

F 0
k(X) � A =

�
M � J + �2K

!∆tkK M + ∆tkW

�
; (5.1)

The FE discretization and Newton formulation of the Cahn-Hilliard problem leads to a
large sparse linear system of the form:

Ax = b (5.2)

where A 2 Rn�n is the coefficient matrix, b 2 Rn is the known right hand side (RHS) and
x 2 Rn is the unknown vector. Here n is the total number of degrees of freedom.
The convergence rate of iterative methods depends on the properties (i.e. the condition
number) of the coefficient matrix A, which is denoted by �(A) = kA�1k kAk. The general
theory of iterative methods shows that �(A) influences the number of iterations, needed to
reduce the residual b�Ax below a given tolerance. Thus, the larger the condition number,
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the more iterations we need. Furthermore, �(A) in our case depends on h and increases
when the mesh is refined. To accelerate the convergence one usually tries to transform
the original linear system Ax = b into one which has the same solution, but which has
smaller condition number and is easier to solve. Generally speaking, preconditioning is
such a transformation procedure. A preconditioner A0 is any form of implicit or explicit
approximation of A, which effects such a transformation. Instead of solving a system
Ax = b, we solve a left-preconditioned system

A�1
0 Ax = A�1

0 b : (5.3)

The choice of a preconditioner could be based on algebraic properties or could be problem-
dependent, but generally must possess a number of properties. Clearly, one requirement
for A0 is that it should be easily ”invertible” which means that it should be easy to solve
system of the form A0y = z. To reduce the number of iterations, it is also desirable that
A�1

0 A has a small condition number. For large systems, the solution with A0 should also
be easily parallelizable.

5.2 Overview of the preconditioned GMRES method
The matrix A in (5.1) is typically very large, sparse and non-symmetric. The lack of
regular structure limits efficient utilization of certain iterative methods, such as traditional
iteration method and multigrid method. As a result, the Krylov subspace methods become
the natural choice for the problem. The Generalized Minimum Residual Method (GMRES)
(see [32] and the references there in) is a standard Krylov subspace method used for non-
symmetric problems. At step m we find an approximate solution xm in the Krylov subspace

Km(A; r0) = span fr0; Ar0; A
2r0; � � � ; Am�1r0g

where r0 = b�Ax0 is the initial residual and x0 is an initial guess, such that the residual

krmk2 = kb� Axmk2

is minimized. In practice, unpreconditioned GMRES is rarely used, since many realistic
matrices are ill-conditioned and the GMRES method applied to such matrices converges
very slowly or sometimes even diverges. Thus, in general, GMRES is always applied with
a suitable preconditioner. In the case of a left preconditioner, we apply GMRES to the
equivalent system of equations (5.3). The Arnoldi loop constructs an orthogonal basis in
the Krylov subspace

Km(A�1
0 A; z0) = span fz0; A

�1
0 Az0; (A�1

0 A)2z0; � � � ; (A�1
0 A)m�1z0g

where z0 = A�1
0 (b � Ax0). The residual obtained is A�1

0 (b � Axm), instead of b � Axm.
The left preconditioned GMRES (PGMRES) algorithm (Algorithm 2) described above is
given in [32].
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Algorithm 2 left preconditioned GMRES
1. Choose a starting guess x0 for preconditioned GMRES method
2. Compute r0 = A�1

0 (b� Ay0) and set v1 = r0=kr0k
3. for j = 1; 2 � � � until convergence do
4. Compute zj = Avj

5. Compute ! = A�1
0 zj

6. for i = 1; 2 � � � ; j do
7. hi;j = (! � vi)
8. ! = ! � hi;jvi

9. end for
10. hi;j+1 = k!k2; vj+1 = !=hi;j+1
11. end for
12. Define Qm = [v1;v2; � � � ;vm] and Hm = fhi;jg
13. Compute ym = argminyk�e1 �Hmyk
14. Set xm = x0 + Qmym

5.3 The preconditioning strategy used in this project
Although there are some robust preconditioners developed for general purpose, in practice,
the choice of efficient preconditioner often depends on the properties of the coefficient
matrix A. The proposed preconditioner in [11] described below is targeted on this specific
Cahn-Hilliard model.
First, we take a closer look at the system matrix A in (5.1). The block M (the mass matrix)
is symmetric, positive definite. The block K (the stiffness matrix) is also symmetric,
positive semi-definite. Since the entries in J (�1 � je � 2) have different signs, �(J+�2K)
is symmetric and indefinite. Due to the presence of the convection part W , the block
M + ∆tkW is in general non-symmetric. In the case of diffusion with zero convection, W
is zero. We note that the two-by-two block system matrix A is clearly non-symmetric.
Splitting the matrix A in (5.1),

A =
�

M � �2K
!∆tkK M

�
+
�
0 � J
0 ∆tkW

�
= A0 +

�
0 � J
0 ∆tkW

�
(5.4)

we can easily notice that if the influence of J and W becomes negligible, the matrix without
J and ∆tkW is close to A but much simpler to work with. Hence, the matrix A0 is a good
candidate for a preconditioner for A.

A0 =
�

M � �2K
!∆tkK M

�
(5.5)

An earlier work in [12] and [1] shows that in 2D for small enough h and ∆t the idea
to neglect the blocks J and W is justified. As is well-known, there are two important
issues to consider when solving large scaled problem, the preconditioner and the choice of
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the iterative method itself. As already stated, we use a preconditioned Krylov subspace
method, namely, preconditioned GMRES.
However, in order to show the quality and the robustness of A0 as a preconditioner to A,
we analyse the convergence of a basic stationary iteration method with the preconditioner
A0.
To define a stationary iteration method for Ax = b, we split the matrix A as A = A0�R,
where R is

R = A0 � A =
�
0 J
0 �∆W

�
Then we rewrite the equation Ax = b as

A0x = (A0 � A)x + b (5.6)

and define a simple iteration method as:

A0xk+1 = (A0 � A)xk + b: (5.7)

Subtracting equation (5.6) from (5.7), we obtain the error equation, which connects ek to
ek+1:

A0ek+1 = (A0 � A)ek , ek+1 = (I � A�1
0 A)ek = Eek (5.8)

At each iterative step, the error is multiplied by the matrix E. In order to converge, every
eigenvalue of E = I � A�1

0 A must have j�(E)j < 1. The speed of the convergence entirely
depends on the spectral radius of the matrix E = I � A�1

0 A. Thus, to determine whether
the preconditioner A0 is efficient or not, we analyse the following standard eigenvalue
problem

(I � A�1
0 A)q = �q: (5.9)

Using (5.5), we obtain

A�1
0 =

�
S�1

0 �2M�1KS�1
0

��S�1
0 KM�1 S�1

0

�
; (5.10)

where � = !∆tk and S0 = M + �2�KM�1K. Then, we notice that the preconditioned
matrix A�1

0 A is of the form

A�1
0 A = I +

�
0 � S�1

0 J + �2∆tM�1KS�1
0 W

0 �S�1
0 KM�1J + ∆tS�1

0 W

�
(5.11)

Hence,

Eq = (I � A�1
0 A)q =

�
0 S�1

0 J � �2∆tM�1KS�1
0 W

0 � �S�1
0 KM�1J �∆tS�1

0 W

� �
q1
q2

�
= �

�
q1
q2

�
(5.12)

From the characteristic equation det(E � �I) = 0, namely,

�I(�S�1
0 KM�1J + ∆tS�1

0 W + �I) = 0
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we see that N of the eigenvalues � (i.e. �1) are equal to 0 with eigenvectors
�
q1
0

�
, where

q1 is a vector of size N , where N is the size of the matrix K.
The rest of the eigenvalues are not equal to zero and from (5.12) we see that they satisfy
the system �

Jq2 = �(Mq1 � �2Kq2)
�∆tWq2 = �(�Kq1 + Mq2)

(5.13)

After some algebraic transformations in (5.13), we obtain the following equation of eigen-
vector q2

�∆t(M�1W + !M�1KM�1J)q2 = �(I + ∆t!�2(M�1K)2)q2: (5.14)

or equivalently

�∆t(I + ∆t!�2(M�1K)2)�1(M�1W + !M�1KM�1J)q2 = �q2: (5.15)

Hence, the eigenvalues � (� 6= 0) of problem (5.9) consider with those of the matrix Q,
where

Q � �∆t(I + ∆t!�2(M�1K)2)�1(M�1W + !M�1KM�1J):

By definition, for any given real square matrix Q, the spectral radius �(Q) satisfies

�(Q) = j�jmax 6 kQk:
From here on, we follow the derivations in 2D, presented in [12] and [1]. In order to
estimate the nonzero eigenvalues �, we first estimate the norm of the matrix Q. Based on
the relation jaj=(1 + a2b2) � 1=(2b), which holds for any real a and b, and kM�1Wk =
kM�1KK�1Wk � kM�1KkkK�1Wk, it follows that

kQk � ∆t
kM�1Wk

kI + ∆t!�2(M�1K)2)k + ∆t!
kM�1Kk kM�1Jk

kI + ∆t!�2(M�1K)2)k

� ∆t

2
p

∆t!�

kM�1Wk
k(M�1K))k + ∆t!

2
p

∆t!�
kM�1Jk

(5.16)

Recalling that the matrix J has the form Je = jeMe, where Me is the corresponding element
mass matrix and �1 � je � 2, it is then straightforward to see that kM�1Jk = O(1).
Following Refs. [33], for the mass, stiffness and convective matrices of trilinear quadrilateral
elements on mesh in 3D, it holds

cMh
3 � vTMv

vTv
� CMh

3

cKh
3 � vTKv

vTv
� CKh

cWh2 � vTWv

vTv
� CWh2;
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where cM , cK , cW , CM , CK , CW are some constants, independent of h, and thus,

cW
CM

h�1 � vTWv

vTMv
� CW

cM
h�1

cK
CM

� vTKv

vTMv
� CK

cM
h�2

Hence, kM�1Wk = O(h�1) and kM�1Kk = O(h�2). In order to resolve the interface, we
choose the mesh size h = �=r, where typically we have 5 � r � 10. Recall also that for
the Peclet number we have Pe = 1=!, where 0 < ! � 1. Since kM�1Jk = O(1), it then
follows that

kQk = O( ∆t

2
p

∆t!�
h) + O( ∆t!

2
p

∆t!�
)

= O(
p
Pe
p

∆t) + O( 1p
Pe

p
∆t h�1)

= O(
p
�
p

∆t h�1) + O( 1p
�

p
∆t h�1)

(5.17)

where � = Peh is called the mesh Peclet number.
As we know, one of the conditions for a successful preconditioner is that the iterative errors
ek = x� xk should approach zero as fast as possible (i.e. fast rate of convergence), which
means that the eigenvalues � of the error matrix E in (5.8) should be close to zero. As
a consequence, kQk should be very small. From equation (5.17), we see that the order of
kQk is highly depended on the mesh Peclet number � and the relationship between the
time step size ∆t and the mesh size h.
We see now that, in order to perform fast, reliable and accurate numerical simulations, we
have to balance two factors. If we want to test the stationary state solution, we should take
∆t as big as possible to reduce the computational costs. On the other hand, the choice of
∆t, related to h, which controls the total discretisation error, also determines the quality of
the preconditioner A0. Therefore, in order to ensure high quality of the preconditioner A0,
but also within the desired discretisation error bounds, the choice of ∆t plays an important
role in this model. Since � = Peh and h = �=r, � = Peh = Pe �=r, where Pe � 1 and
5 � r � 10. We recall that � is referred to the equilibrium interface thickness, which should
be small enough to allow the surface deformations to be resolved. However if the thickness
is too thin, the computational costs increases. We must, therefore, choose ∆t as follows

∆t� minf
p
�; 1=

p
�g = minf

p
Pe �=r; 1=

p
Pe �=rg :

Thus, when Pe �= r=� (i.e. � �= 1), we can choose ∆t < h independently of these param-
eters. In this case the Peclet number is relatively large, which says that the flows in the
bounded domain are convective. However, in absence of convection, Pe � 1, and then we
must choose ∆t

∆t� minf
p
�=r; 1=

p
�=rg = 1=

p
�=r :
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In this case, from the above theoretical analysis we see, that ∆t must be chosen significantly
smaller than h (i.e. ∆t < h2) to make � close to zero, and ensure a rapid convergence.
Thus, we can see that the eigenvalues of problem (5.9) satisfy the estimate

j�j � &; (5.18)

where,

(1) for diffusion dominated problems (Pe = 1), & ! 0 when ∆t < h2,

(2) for convection dominated problems (Pe� 1), & ! 0, when ∆t < h.

Efficient solution of systems with A0

Based on the derivations above, we see that A0 is a suitable preconditioner of A. Next,
we address the issue how to efficiently solve systems with it. One possible approach is to
solve A0 by another, inner, preconditioned iterative method. Earlier work in [2] and [1],
shows that the matrix bA0 =

�
M � �2K

�K M + 2�
p
�K

�
is an optimal preconditioner for A0. We note that

A0 = bA0 �
�
0 0
0 2�

p
�K

�
:

For completeness, we include the derivations here. To study the convergence properties of
an iterative method with bA0 as a preconditioner to A0, we analyze the following generalized
eigenvalue problem

A0v = � bA0v , ( bA0 � A0)v = (1� �) bA0v : (5.19)

Inserting bA0 and A0 into (5.19), it follows�
0 0
0 2�

p
�K

� �
v1
v2

�
= (1� �)

�
M � �2K

�K M + 2�
p
�K

� �
v1
v2

�
:

It holds
(1� �)(Mv1 � �2Kv2) = 0

(1� �)(�Kv1 + (M + 2�
p
�K)v2) = 2�

p
�Kv2

: (5.20)

Solving equations (5.20), we get that � = 1 and the corresponding eigenvector v2 in the
null space of K (i.e. v2 2 N (K)).
If � 6= 1, then

Mv1 � �2Kv2 = 0

29



CHAPTER 5. PRECONDITIONED ITERATIVE SOLUTION METHOD FOR THE
LINEARIZED CAHN-HILLIARD EQUATION

Hence, v1 = �2M�1Kv2 and

(1� �)(�2�KM�1Kv2 + (M + 2�
p
�K)v2) = 2�

p
�Kv2

that is,
(1� �)(�2�KM�1K + M)v2 = 2��

p
�Kv2

By multiplying by M�1 on both sides, we obtain

(1� �)(BB + I)v2 = 2�Bv2 ;

where B = �
p
�K. Hence,

1
�
� 1 = 2vT

2 Bv2

vT
2 v2 + vT

2 BBv2
:

Using Cauchy-Schwartz inequality and the fact that the stiffness matrix K is symmetric
and positive semi-definite, we obtain

0 � 2vT
2 Bv2 � vT

2 v2 + (Bv2)T (Bv2) = vT
2 v2 + vT

2 B
TBv2 = vT

2 v2 + vT
2 BBv2:

so
0 � 1

�
� 1 � 1;

that is
1
2
� � � 1:

In conclusion, for the eigenvalue problem (5.19), there holds that(
all eigenvalues � 2 [0:5; 1];
� = 1 for eigenvectors v2 in the null space of K.

(5.21)

All of the eigenvalues � of the problem are contained in the interval [0:5; 1]. Thus, the
condition number �( bA�1

0 A0) = j�max

�min
j = 2. This means that the preconditioned inner

iterations will converge rapidly with the conjugate gradient method. Systems of A0 can be
solved very efficiently when preconditioned by bA0.
Now we consider the solution of the systems with the matrix bA0.

bA0

�
x
y

�
=
�
M � �2K

�K M + 2�
p
�K

� �
x
y

�
=
�

f
g

�
First, we consider the exact block LU factorization of bA0(cf. [2], [1])

bA0 =
�
M 0
�K M + �

p
�K

� �
I � �2M�1K

0 M�1(M + �
p
�K)

�
: (5.22)

The straightforward implementation of the block LU solver for (5.22) is given in Algorithm
3.
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Algorithm 3 Straightforward LU solve
1. Compute b1 by solving Mb1 = f
2. Compute b2 by solving (M + �

p
�K)b2 = g � �Kb1

3. Compute y by solving (M + �
p
�K)y = Mb2

4. Compute x = b1 � �p
�
(b2 � y)

From Algorithm 3, we see that there are three solutions of systems required, one solution
with M and two with M + �

p
�K.

Next, we consider a block LDU factorization in a block lower-triangular, block-diagonal
and block upper-triangular form (cf. [2], [1])

bA0 =
�

I 0
�KM�1 I + �

p
�KM�1

� �
M 0
0 M

� �
I � �2M�1K

0 I + �
p
�M�1K

�
: (5.23)

From the factorization (5.23) we obtain the exact form of bA�1
0 as follows

bA�1
0

=
�
I �2M�1K(I + �

p
�M�1K)�1

0 (I + �
p
�M�1K)�1

� �
M�1 0

0 M�1

�
��

I 0
��KM�1(I + �

p
�KM�1)�1 (I + �

p
�KM�1)�1

�

=

"
M�1 �p

�
(I � (I + �

p
�M�1K)�1)M�1

0 (M + �
p
�K)�1

#
��

I 0
�

p
�
�

(I � (I + �
p
�KM�1)�1) M(M + �

p
�K)�1

�

=

264 (M + �
p
�K)�1(I �M(M + �

p
�K)�1)) �p

�
(I �M(M + �

p
�K)�1))(M + �

p
�K)�1

+(M + �
p
�K)�1

�
p
�
�

(M + �
p
�K)�1(I �M(M + �

p
�K)�1)) (M + �

p
�K)�1M(M + �

p
�K)�1

375

Multiplying a vector
�

f
g

�
with bA�1

0 we find

bA�1
0

�
f
g

�
=

"
(M + �

p
�K)�1(2f � f1) + �p

�
(g � g1)(M + �

p
�K)�1

�
p
�
�

(M + �
p
�K)�1(f � f1) + (M + �

p
�K)�1g1

#
; (5.24)
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Algorithm 4 LPU factorization

1. Compute b1 =
p
�
�

f + g
2. Solve (M + �

p
�K) g2 = b1 by PCG with AMG preconditioner

3. Compute b2 =
p
�
�

f �Mg2

4. Solve (M + �
p
�K) g3 = b2 by PCG with AMG preconditioner

5. Compute x = �p
�
(g2 + g3)

6. Set y = �g3

where f1 = M(M + �
p
�K)�1d and g1 = M(M + �

p
�K)�1c.

Hence,

bA�1
0

�
f
g

�
=

24 �p
�
(M + �

p
�K)�1[ �p

�
(2f � f1) + (g � g1)]

�(M + �
p
�K)�1[

p
�
�

(f � f1)� g1]

35
=

24 �p
�
(M + �

p
�K)�1[ �p

�
f + g] + �p

�
(M + �

p
�K)�1[ �p

�
f �Mg2]

�(M + �
p
�K)�1[

p
�
�

f �Mg2]

35
=
�

�p
�
(g3 + g2)
�g3

�
;

(5.25)

where g2 = (M + �
p
�K)�1(

p
�
�

f + g) and g3 = (M + �
p
�K)�1(

p
�
�

f �Mg2).
From (5.25), we see that there are only two solutions with the matrix M + �

p
�K required

in order to solve a system with bA0. Compared with Algorithm 3, which involves three
solutions per each inner iteration, this implementation is cheaper. Moreover, due to the
properties of the mass matrix M and the stiffness matrix K, systems with M + �

p
�K

can be solved very efficiently by the Preconditioned Conjugate Gradient (PCG) method,
using, for example, an Algebraic Multigrid (AMG) preconditioner. The implementation of
the improved solution with bA0 is described in Algorithm 4.
We have shown that A0 is a high quality preconditioner to A, and bA0 is high quality pre-

conditioner to A0. Moreover, systems with bA0 can be solved very efficiently, see Algorithm
4. Therefore, we choose to precondition A directly by bA0. This leads to a simpler and less
expensive procedure, see Fig 7.1.
The choice of bA0 as a preconditioner to A is justified by the following analysis. Consider
the generalized eigenvalue problem

Av = � bA0v , ( bA0 � A)v = (1� �) bA0v (5.26)

Inserting bA0 and A into the equation (5.26), we get�
0 J

0 2�
p
�K �∆tW

� �
v1
v2

�
= (1� �)

�
M � �2K

�K M + 2�
p
�K

� �
v1
v2

�
;
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Figure 5.1: Simplification of the solution procedure

It holds
(1� �)(Mv1 � �2Kv2) = Jv2

(1� �)(�Kv1 + (M + 2�
p
�K)v2) = (2�

p
�K �∆tW )v2:

(5.27)

Solving the equations, we see that

�(�2�KM�1K + M + 2�
p
�K)v2 = (∆tW + �KM�1J + M + �2�KM�1K)v2:

Multiplying M�1 on both sides, we obtain

�(�2�(M�1K)2 + I + 2�
p
�M�1K)v2 = (∆tM�1W + �M�1KM�1J + I + �2�(M�1K)2)v2:

Consider the matrix Q, defined as

Q � (I + �2�(M�1K)2 + 2�
p
�M�1K)�1(∆tM�1W + �M�1KM�1J + I + �2�(M�1K)2)

= (I + �
p
�(M�1K))�2(∆tM�1W + �M�1KM�1J + I + �2�(M�1K)2):

Since the stiffness matrix K is symmetric positive semi-definite and the mass matrix M is
symmetric positive definite, for any vector y, it holds

yT (I + �2�(M�1K)2 + 2�
p
�M�1K)y

yT (2�
p
�M�1K)y

= yT
0 (I + BB + 2B)y0

yT
0 (2B)y0

;

where B = �
p
�M� 1

2KM� 1
2 and y0 = M

1
2 y.

Using Cauchy-Schwartz inequality, we obtain

0 � 2yT
0 By0 � yTy0 + (By0)T (By0) = yT

0 y0 + yT
0 B

TBy0 = yT
0 y0 + yT

0 BBy0:

It follows
yT

0 (I + BB + 2B)y0

yT
0 (2B)y0

� yT
0 (2B + 2B)y0

yT
0 (2B)y0

= 2:

As a consequence, k(I + �
p
�(M�1K))2k � 4�

p
�k(M�1K))k and kI + �2�(M�1K)2k �

2�
p
�k(M�1K))k.

33



CHAPTER 5. PRECONDITIONED ITERATIVE SOLUTION METHOD FOR THE
LINEARIZED CAHN-HILLIARD EQUATION

Recall that � = ∆t!, then,

kQk � kI + �2∆t!(M�1K)2k
k(I + ∆t!�2(M�1K))2k + ∆t

kM�1Wk
k(I + ∆t!�2(M�1K))2k + ∆t!

kM�1Kk kM�1Jk
k(I + ∆t!�2(M�1K))2k

� k2�p∆t!M�1Kk
k(I + ∆t!�2(M�1K))2k + ∆t

kM�1Wk
k(I + ∆t!�2(M�1K))2k + ∆t!

kM�1Kk kM�1Jk
k(I + ∆t!�2(M�1K))2k

� 1
2

+ ∆t

4
p

∆t!�

kM�1Wk
k(M�1K))k + ∆t!

4
p

∆t!�
kM�1Jk

(5.28)
Similarly to the analysis for (5.9). For the eigenvalue problem, there holds

all eigenvalues j�j 2 [1
2 ;

1
2 + &]; (5.29)

where,

(1) for diffusion dominated problems (Pe = 1), & ! 0 when ∆t < h2,

(2) for convection dominated problems (Pe� 1), & ! 0, when ∆t < h.

Later, via the numerical experiments, we find out that ∆t does not need to be chosen
smaller than h2. It turns out that ∆t < h=4 is already small enough to ensure fast conver-
gence. The robustness of the preconditoner bA0 is enhanced by this advantage. Within the
desired discretisation error bounds, we can chose the time step ∆t much more flexible.
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Chapter 6

Computer implementation

In this chapter, we discuss the implementation of the solution algorithm we introduced in
Chapters 3 - 5. The program is first implemented in Matlab. As a starting point, a 2D
Matlab code was used, developed for the numerical experiments in [12]. The existing codes
have been rewritten for the 3D case and some relatively coarse resolution test problems
have been run in Matlab. However, for higher resolution meshes, the number of mesh
points easily reaches a million and more. Therefore, a C++ implementation using the
open source finite element library deal.II has been developed and tested.

6.1 The algorithm for solving the C-H equation
To solve the time dependent differential equations (3.1), we first discretize them in space
using finite elements. In finite element modeling, the underlying domain is divided into a
large number of smaller parts, also called ”elements”. Elements may be of different shapes
and sizes, such as triangles, or quadrilaterals in 2D, and bricks or tetrahedra in 3D. By
breaking down the domain into elements, the complicated PDEs are transformed into a
finite set of ODEs. We then discretize in time and solve this ODE system numerically
using the �-method. As a result we obtain a nonlinear system to be solved at each time
step. To handle the nonlinearity, we use nonlinear solution technique (i.e. Inexact Newton
method) to linearize the system. Finally, we use preconditioned iterative method to solve
the large sparse linear system. From the above process, we notice that for a fixed mesh,
the mass matrices M , the stiffness matrices K, and the convective matrices W are time-
independent. They only need to be assembled once in the beginning of the time stepping
procedure.
In finite element method, one simple way to create a mesh is to define a coarse mesh and
then refine it by the so-called regular refinement. We begin with an initial mesh in the
computational domain Ω, and then perform a number of the regular refinement steps. In
3D, one refinement replaces each cube in the initial cube with eight smaller cubes. The
mesh size of the refined mesh h is half the size of its parent mesh. In another word,
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hrefined = hinitial2�i, where i is the number of refinements.
In general, when solving the Cahn-Hilliard equations in (3.1) there are several important
steps:

� Creating a mesh in the computational domain Ω.

� Computing the mass matrices M , the stiffness matrices K, and the convective ma-
trices W .

� Creating a time grid on the interval (0; T ].

� At each time step, solving the nonlinear system in (4.1) by the inexact Newton
method (i1) or (i2).

� At each inexact Newton iteration, computing the matrix J related to the Jacobian
of nonlinear part f(c) in the Cahn-Hilliard equation.

The full algorithms with the inexact Newton method (i1) and (i2) are shown in Algorithm
5 and Algorithm 6 respectively. Below, we describe the program implementation both in
Matlab and deal.II.

6.2 The Matlab implementation
In Matlab, we first create a mesh by regular refinements. The most important information
related to the mesh, needed for further calculations is the list of nodes with their coordi-
nates, the list of elements, and the consistently ordered list of nodes in every element.

Assemble of the matrices M , K, W , J
Let Ωh = fΩi; i = 1; 2; � � � ; Negg � Ω is the set of all elements in the mesh. For each
element, there are eight local basis functions. Therefore, we obtain 8 � 8 small element
matrices in each Ωi, M (e), K(e), W (e), J (e), with entries

M
(e)
ij =

Z
Ω
'i 'j dx; K

(e)
ij =

Z
Ω
r'j � r'i dx; W

(e)
ij =

Z
Ω

(u � r'j)'i dx

J
(e)
ij =

Z
Ω
(3(

NX
l=1

cl'l)2 � 1)'j'idx

The integrals are usually evaluated by some quadrature. In this project, we use an 8-point
Gaussian quadrature rule which takes the formZ

Ωi

fdx �
8X

j=1

!jf(qj);
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Algorithm 5 Full algorithm with the inexact Newton method (i1)
1. Generate a mesh for Ω and define the corresponding space of continuous piecewise linear
functions Vh. Let f'ifgNi=1 be the basis function for the subspace Vh.
2. Assemble the N �N mass matrix M , the stiffness matrix K, and the convective matrix W ,
with entries

Mij =
R

Ω 'i 'j dx; Kij =
R

Ω r'j � r'i dx; Wij =
R

Ω (u � r'j)'i dx

3. Create a time grid 0 = t0 < t1 < t2 < ::: < tL = T on 0 < t < T with time steps
∆tk = tk � tk�1; k = 1; 2 � � � ; L
4. Choose initial condition d0 and c0
5. for k = 1; 2 � � � ; L do
6. Choose the starting guess xk;0 =

�
dk�1; ck�1�T and a desired Newton tolerance "

7. for q = 1; 2 � � � do
8. Assemble the N �N Jacobian matrix J of the nonlinear term f(c), and the 2N �1 right
hand side of Newton equation b, with entries

Jk;qij =
R

Ω(3(
NX
l=1

cl'l)2 � 1)'j'idx,

Jrhsk;qij =
R

Ω((
NX
l=1

cl'l)3 � (
NX
l=1

cl'l))'j'idx,

fbk;qi gNi=1 = Mijdi
k;q � Jrhsk;qij � �2Kijci

k;q,

fbk;qi g2N
i=N+1 = !∆tkKijdk;q + Mijck;q + ∆tkWijck;q �Mijck�1.

9. Set A =
�

M � J(c) � �2K
!∆tkK M + ∆tkW

�
10. choose a starting guess y0 for preconditioned GMRES method
11. Compute r = b �Ay0

12. Solve r0 = bA�1
0 r via the computational steps in Algorithm 4,

and set v1 = r0=kr0k
13. for m = 1; 2 � � � until convergence do
14. Compute Zm = Avm
15. Solve ! = bA�1

0 Zm via the computational steps in Algorithm 4
16. Compute Qm as in Algorithm 2
17. Compute Ym = argminY k�e1 �HmY k
18. Set ym = y0 + QmYm
19. end for
20. Set the correction �k;q = �ym
21. Update the solution guess xk;q+1 = xk;q + �k;q

22. if j�k;qj < " then
23. Stop
24. end if
25. end for
26. Set the solution vector ck and dk, with entries cki = fxk;qi g2N

i=N+1 and dk
i = fxk;qi gNi=1

27. end for
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Algorithm 6 Full algorithm with the inexact Newton method (i2)
1. Generate a mesh for Ω and define the corresponding space of continuous piecewise
linear functions Vh. Let f'ifgNi=1 be the basis function for the subspace Vh.
2. Assemble the N � N mass matrix M , the stiffness matrix K, and the convective
matrix W , with entries

Mij =
R

Ω 'i 'j dx; Kij =
R

Ωr'j � r'i dx; Wij =
R

Ω (u � r'j)'i dx

3. Create a time grid 0 = t0 < t1 < t2 < ::: < tL = T on 0 < t < T with time steps
∆tk = tk � tk�1; k = 1; 2 � � � ; L
4. Choose initial condition d0 and c0
5. for k = 1; 2 � � � ; L do
6. Choose the starting guess xk;0 =

�
dk�1; ck�1�T and a desired Newton tolerance "

7. for q = 1; 2 � � � do
8. Assemble the N�N Jacobian matrix J of the nonlinear term f(c), and the 2N�1
right hand side of Newton equation b, with entries

Jk;qij =
R

Ω(3(
NX
l=1

cl'l)2 � 1)'j'idx,

Jrhsk;qij =
R

Ω((
NX
l=1

cl'l)3 � (
NX
l=1

cl'l))'j'idx,

fbk;qi gNi=1 = Mijdi
k;q � Jrhsk;qij � �2Kijci

k;q,

fbk;qi g2N
i=N+1 = !∆tkKijdk;q + Mijck;q + ∆tkWijck;q �Mijck�1.

9. Solve bA0�
k;q = b via the computational steps in Algorithm 4

10. Update the solution guess xk;q+1 = xk;q + �k;q

11. if j�k;qj < " then
12. Stop
13. end if
14. end for
15. Set the solution vector ck and dk, with entries cki = fxk;q

i g2N
i=N+1 and dk

i = fxk;q
i gNi=1

16. end for
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where qj are the quadrature nodes in Ωi, and !j-the corresponding quadrature weights.
In order to apply the quadrature rules, it is necessary to evaluate the basis functions
'1; '2; � � � ; '8 and their gradients r'i over each finite element Ωi. In practice, the basis
functions are not computed on Ωi. The usual way to define shape functions on a mesh
is to view each element Ωi as the image of a reference element R = [�1; 1]3. In this
way the relatively simple basis functions 1; 2; � � � ; 8 and their gradients ri on the
reference element can be computed once and then mapped on each original element by the
corresponding coordinate transformation. Denote the transformation from R to Ωi by F .

u = (s; t; w) 2 R = [�1; 1]3  ! z = (x; y; z) 2 Ωi; z = F (u):

The Jacobian matrix of this transformation is

Γ(u) = F 0(u) =

264
@F1
@s

(s; t; w) @F1
@t

(s; t; w) @F1
@w

(s; t; w)
@F2
@s

(s; t; w) @F2
@t

(s; t; w) @F2
@w

(s; t; w)
@F3
@s

(s; t; w) @F3
@t

(s; t; w) @F3
@w

(s; t; w)

375 = (r)Coord;

where the 3� 8 matrix r denotes the gradients of the reference basis functions, and the
8� 3 matrix Coord contains the coordinates of eight vertices in Ωi.
The rule for changing variables in an integral is as followsZ

Ωi

f(z)dz =
Z
Ri

f(F (u))jdet(Γ(u))jdu :

Since 'i(F (u)) = i(u), applying the above result and Gaussian quadrature rule to the
problem of computing mass matrix M , we getZ

Ωi

'i 'j =
Z
Ri

�i j � �
nX

k=1

!ki(qk) j(qk)

where � = jdet(Γ(u))j. As we mentioned before, the matrix J of the nonlinear term f(c)
is very similar to the mass matrix M . Applying the same rules, it follows

R
Ki

(3(
8X
l=1

cl'l)2 � 1)'j'i = �
R
Ri

(3(
8X
l=1

cl'l)2 � 1)i j

� �
Pn

k=1 !k(3(
8X
l=1

cl'l(qk))2 � 1)i(qk) j(qk) :

Since both the stiffness matrix K and convective matrix W contain the gradients r'i, it
is necessary to know the transformation from r'i on Ωi to ri on R. According to the
chain rule, it follows

'i(F (u)) = i(u) ) ri(u) = F 0(u)Tr'i(F (u))
) ri(u) = Γ(u)Tr'i(F (u))
) r'i(F (u)) = Γ(u)�Tri(u)
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Algorithm 7 Assembly of the matrices M , K, W , J
1. Let N be the number of nodes and Nbody the number of elements in a mesh.
2. Allocate memory for the N �N sparse matrices and initialize 10� 10�N matrices
entries to zero.
3. for K = 1; 2; � � � ; Nbody do
4. Compute the 8�8 local element matrices MK , KK , WK , JK by Gaussian quadra-
ture, with entries

MK
ij = �

Pn

k=1 !ki(qk) j(qk),

JKij = �
Pn

k=1 !k(3(
8X
l=1

cl'l(qk))2 � 1)i(qk) j(qk),

KK
ij = �

Pn

k=1 !k(T�Trj(qk)) � (T�Tri(qk)),
WK

ij = �
Pn

k=1 !k(v � (T�Trj(qk)))i(qk)
5. Set up the local to global mapping
6. for i = 1; 2; � � � ; 8 do
7. for j = 1; 2; � � � ; 8 do
8. M = M + MK

ij , J = J + JKij , K = K + KK
ij , W = W + WK

ij

9. end for
10. end for
11. end for

Therefore, the integrals of the stiffness matrix are approximated asZ
Ωi

r'j � r'i =
Z
Ri

�(Γ�Trj) � (Γ�Tri) � �
nX

k=1

!k(Γ�Trj(qk)) � (Γ�Tri(qk)) :

In the same way, we get the convective matrix WZ
Ωi

(v � r'j)'i = �

Z
Ri

(v � (Γ�Trj))i � �
nX

k=1

!k(v � (Γ�Trj(qk)))i(qk) :

After assembly of the local element matrices, we need to map the local node numbers to
he global node numbers. This is done by cycling the index i and j over each element while
adding the entries of the local element matrices on Ki into their appropriate positions in
the global matrices. We summarize this assembly technique in Algorithm 7.

Assemble the vector b
The right hand side vector of Newton method b is assembled using the same technique
as the assembly of the matrices, which is breaking into a sum of integrals over the finite
elements Ki. On each element Ki we get a 16� 1 local element vector bK , with entries

fbKg8
i=1 = MK

ij di
t�JrhsKij��2KK

ij ci
t; fbKg16

i=9 = !∆tkK
K
ij di

t+MK
ij ci

t+∆tkW
K
ij ci

t�MK
ij ci

t�1
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where JrhsKij = �
Pn

k=1((
8X
l=1

ctl'l)3 � (
8X
l=1

ctl'l))'j(qk))'i(qk)), MK
ij , KK

ij and WK
ij are the

local element matrices on element Ki.

6.3 The C++ implementation using the library deal.II
Deal.II is a finite element differential equations analysis library. The library uses advanced
object-oriented and data encapsulation techniques. It provides all tools needed for sim-
ulations with the finite element method. In particular, the strict separation of meshes,
finite element spaces and linear algebra classes allows for a very modular approach in pro-
gramming applications built on deal.II, and to combine the provided functionality in many
different ways, suiting the particular needs of the applications. The main structure of this
program is as follows:

� Set up a mesh and the finite element space: make grid and dofs ()

� Assemble a discrete linearized system of equations: assemble constant matrix () and
assemble system ()

� Solve this linearized system: solve()

� Output the solution: output results()

The member functions
make grid and dofs (): This is what one could call a pre-processing function. As its name
suggests, the first thing we need to do is to generate the mesh in the computation domain
Ω and associate degree of freedom numbers to each vertex. Next we enumerate all the
degrees of freedom and set up matrix and vector objects to hold the sparse system data
structure. Enumerating is done by using DoFHandler::distribute dofs(). We use the FE
Q class and set the polynomial Q1 in the constructor to associates one degree of freedom
with each vertex. We also set up a block sparsity pattern by creating a temporary block
structure in order to allow several matrices to use the same sparsity pattern.

assemble constant matrix (): In this function, we assemble the time-independent ma-
trices, the mass matrix M , the stiffness matrix K, and the convective matrix W . The same
as in Matlab, the general approach to assemble matrices is to loop over all elements, and
each element compute by quadrature formula, then mapping to the global matrices. To
assemble the local matrices we need the values of the shape functions at the locations of the
quadrature points on the real element. Both the finite element shape functions as well as
the quadrature points are defined on the reference element. In deal.II there is a class called
FEValues which is used to map data from the reference element to the real element. If
given one instance of three objects (i.e. finite element, quadrature, and mapping objects),
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this class provides the values and gradients of shape functions at quadrature points on a
real element. Using this class, we can easily compute matrix M , K, and W .

assemble system (): In this function, we assemble the time-dependent Jacobian matrix
J of the nonlinear term f(c) and the right hand side b of the Newton equation the same
way as in assemble constant matrix ().

solve(): At each time step, this nonlinear solver builds Newton loops to linearize the
nonlinear equations. At each Newton iteration, it solves the linearized equations by pre-
conditioned GMRES method, or directly by the linear solver which is built in the class
LinearSolvers. The algorithm of the linear solver is introduced in the last chapter in the
Algorithm 4. The preconditioner bA0 is implemented as a separate routine, which is called
within each GMRES iteration.

output results(): This is the last part of the finite element program, which is to write
the solution to a file.
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Numerical experiments

We use the following two problems to evaluate the proposed preconditioning techniques
for the three-dimensional Cahn-Hilliard equation:

Problem 1: Only diffusion
We consider the system in Ω = [0; 1] � [0; 1] � [0; 1] with parameters ! = 1; � = 0:0625
and u = (0; 0; 0). The process of phase separation and coarsening takes place only due to
diffusion. Figure 7.1 illustrates the evolution of a binary mixture in time.

Problem 2: Diffusion combined with convection
We consider the system in Ω = [�0:5; 0:5]�[0; 1]�[0; 1] with parameters ! = 1=300; � = 0:1
and u = (1; 0; 0), which is referred to as horizontal wind. The process of phase separation
and coarsening takes place due to both diffusion and convection. The initial condition
is assumed to be C0 = �tanh(10x1). Figure 7.2 illustrates the evolution of the binary
mixture in time.

The numerical experiments are done on a cluster with HP SL170h G6 compute servers.
Each compute server has two Intel Xeon 5520 Quad core ( Nehalem 2.26 Ghz, 8MB cache)
processors and 24 GB memory and 250 GB local disk (per server).
In deal.II, there are two libraries: one for the debug mode and one for optimized mode.
We use the optimized version of the library, which does not contain the safety checks and
is compiled with aggressive compiler optimizations (C++ compiler flag with �O2; C com-
piler flag with �O3). The resulting executables are smaller and run between 2 and 10
times faster than the debug executables.
As is mentioned before, in this case, since we need thin interfaces, higher resolution is
required in the simulation process. We need to refine the initial mesh 4 or 5 times.
The stopping criterion for the Newton iterations at each time step is always taken to
be jj∆xk;sjj < 10�6. In Matlab, the iterative method used to solve the arising system
is the Generalised Conjugate Gradient - Minimal Residual (GCG-MR) method, and the
solution process is stopped when the norm of the residual is reduced by a factor 10�6 or
the norm itself is smaller than 10�12. In deal.II, the iterative method used to solve the
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(a) random (b) tnext = 0:01875

(c) tnext = 0:0375 (d) tnext = 0:065625

Figure 7.1: Problem 1: only diffusion
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(a) initial convection (b) convt = 0:4687

Figure 7.2: Problem 2: convection and diffusion

arising systems is GMRES with left preconditioning. Here, the residuals are absolute. We
choose the stopping criterion jj bA�1

0 (b� Ax)jj � maxf10�12; 10�6jj bA�1
0 (b� Ax)jjg.

The numerical tests in Tables 7.1-7.7 are performed both in Matlab and deal.II. Here,
we monitor the convergence of the nonlinear method, as well as that of various combina-
tions of inner solvers and their influence on the number of the nonlinear iterations. We
report results, averaged over five time steps. Each table cell contains two or three in-
teger digits of the form N1=N2 or N1=N2=N3, where N1 denotes the average number of
Newton iterations per time step, N2 is the average number of GCG-MR iterations or GM-
RES iterations per Newton iteration and N3, whenever present, shows the average number
of AMG-preconditioned conjugate gradient (PCG) iterations or the standard unprecondi-
tioned conjugate gradient (CG) iterations to solve iteratively systems with M + �

p
�K.

Tables 7.1 to 7.3 (Problem 1) and Tables 7.5 to 7.7 (Problem 2) illustrate the numerical
performance of the inexact Newton method (i1) in Algorithm 5. We use bA0 as a precondi-
tioner for A. The algorithm for solving bA0 is the one, presented in Algorithm 4. First we
test the convergence when systems with M + �

p
�K are solved via direct method (Tables

7.1 and 7.5) and next when M + �
p
�K is solved by CG in Matlab without preconditioner,

and next when M + �
p
�K is solved by PCG with AMG precondioner HSL-MI20. The

stopping criterion for the two inner solvers (both CG and PCG) is taken as 10�3 in Matlab.
In deal.II, M + �

p
�K is solved by CG method without preconditioner, and the stopping

criterion is taken as the norm of the residual reduced by a factor 10�3.
We also test the inexact Newton method (i2) where A is directly replaced by bA0 in Al-
gorithm 6. The results are presented in Table 7.4 and 7.8, where we show the number of
nonlinear iterations only.
The numerical tests in Table 7.9 are performed in Deal.II for Problem 1, for time step
∆t = h2. The elapsed CPU time, indicated in the table is to account for the time for one
time step. The result shown in Figure 7.3 illustrates that the elapsed CPU time of both
inexact Newton method (i1) and (i2) increases with the problem size almost linearly. The
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∆t
Size h h=2 h=4 h=10 h2

Matlab
9826 > 50 > 50 8 / 41 3 / 12 2 / 10

71874 > 50 > 50 3 / 11 2 / 10 2 / 9
549250 > 50 > 50 3 / 8 3 / 7 3 / 7

Table 7.1: Problem 1, no convection: A is preconditioned with bA0

∆t
Size h h=2 h=4 h=10 h2

Matlab
9826 > 50 > 50 8 / 44 / 14 3 / 12 / 14 2 / 11 / 13

71874 > 50 > 50 3 / 11 / 21 3 / 9 / 17 3 / 8 / 15
Deal:II

9826 > 50 > 50 8/ 45/ 12 4/ 17 / 12 4 / 14 / 11
71874 > 50 > 50 4 / 21 / 19 4 / 14 / 16 4 / 11 / 13

549250 > 50 > 50 4 / 15 / 32 4 / 13 / 24 4 / 11 / 16

Table 7.2: Problem 1, no convection: A is preconditioned with bA0, CG applied to the
matrix M + �

p
�K with no preconditioner

problem size increases with a factor 8, and the elapsed CPU time per time step increases
with a factor � 11 for the method (i1) and a factor � 8 for the method (i2). We also
see that the method (i2) entails more nonlinear iterations (see Table Table 7.4 and 7.8),
however it has a lower computational cost than (i1). The larger the size of the matrix (i.e.
the more the refinement) is, the more remarkable the advantage of the method (i2) is.
The numerical results are in agreement with the theoretical analysis introduced in previ-
ous chapters. For the diffusion dominated Problem 1, where the Peclet number is equal to
one, the numerical results are even better than we anyalyize and estimate in theory. As
is stated before, in order to obtain high quality of the preconditioner A0, the time step
size ∆t should be chosen significantly smaller than h, in that case ∆t < h2. The numer-
ical results show that ∆t � h=4 is already small enough to converge. For the convection
dominated Problem 2, the numerical results confirm the theoretical analysis (i.e. the time
step size ∆t can be of order O(h)). We also notice that both inner solvers for M + �

p
�K

do not influence the outer convergence of both the nonlinear and the linear solution method.
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∆t
Size h h=2 h=4 h=10 h2

9826 > 50 > 50 12 / 58 / 3 2 / 13 / 3 2 / 11 / 3
71874 > 50 > 50 3 / 11 / 3 2 / 10 / 3 2 / 9 / 3

549250 > 50 > 50 3 / 8 / 3 3 / 7 / 3 3 / 7 / 3

Table 7.3: Problem 1, no convection: A is preconditioned with bA0, AMG used for the
matrix M + �

p
�K

∆t
Size h h=2 h=4 h=10 h2

Matlab
9826 > 50 > 50 > 50 35 23

71874 > 50 > 50 47 21 20
Deal:II

9826 > 50 > 50 > 50 37 27
71874 > 50 > 50 50 25 20

549250 > 50 > 50 28 22 18

Table 7.4: Problem 1, no convection: A is replaced by bA0 (method (i2))

∆t
Size h h=2 h=4 h=10 h2

Matlab
9826 4 / 10 4 / 9 4 / 7 3 / 8 3 / 7

71874 4 / 7 4 / 6 4 / 6 4 / 6 3 / 6
549250 4 / 6 4 / 6 4 / 5 3 / 6 3 / 6

Table 7.5: Problem 2, convection-diffusion: A is preconditioned with bA0
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∆t
Size h h=2 h=4 h=10 h2

Matlab
9826 4 / 10 / 10 4 / 8 / 9 4 / 7 / 9 3 / 8 / 10 3 / 7 / 11

71874 4 / 9 / 11 4 / 7 / 10 4 / 6 / 10 3 / 7 / 8 3 / 6 / 8
Deal:II

9826 6 / 20 / 9 6 / 16 / 8 6 / 13 / 9 5 / 12 / 9 5 / 11 / 12
71874 6 / 17 / 10 5/ 15 / 9 5 / 13 / 10 4 / 13 / 9 4 / 12 / 8

549250 5 / 16 / 14 5 / 14 / 13 5/ 13 / 12 4 / 13 / 9 4 / 11 / 7

Table 7.6: Problem 2, convection-diffusion: A is preconditioned with bA0, CG applies to
the matrix M + �

p
�K with no preconditioner

∆t
Size h h=2 h=4 h=10 h2

9826 4 / 10 / 2 4 / 8 / 2 4 / 7 / 3 3 / 7 / 3 3 / 7 / 3
71874 4 / 9 / 3 4 / 7 / 3 4 / 6 / 3 3 / 7 / 2 3 / 6 / 3

549250 4 / 7 / 3 4 / 6 / 3 4 / 6 / 3 4 / 6 / 3 3 / 6 / 3

Table 7.7: Problem 2, convection-diffusion: A is preconditioned with bA0, AMG used for
the matrix M + �

p
�K

∆t
Size h h=2 h=4 h=10 h2

Matlab
9826 34 25 23 21 20

71874 28 25 23 21 18
Deal:II

9826 31 23 19 17 16
71874 28 21 19 16 14

549250 22 20 18 15 10

Table 7.8: Problem 2, convection-diffusion: A is replaced by bA0 (method (i2))

Elapsed CPU time Size
(seconds) 9826 71874 549250 4293378

inexact Newton (i1) 1.77873 12.0412 136.344 1474.05
inexact Newton (i2) 1.58076 9.89750 79.3449 660.035

Table 7.9: Problem 1, no convection: A is solved by methods (i1) and (i2)
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Figure 7.3: Elapsed CPU time per time step vs. problem size
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Chapter 8

Conclusions

In this work we study preconditioning techniques for the iterative solution of two-phase
flow problems, based on Cahn-Hilliard equation. The original form of Cahn-Hilliard equa-
tion is a fourth order parabolic partial differential equation, however, in this study it is
reformulated as a coupled nonlinear system of two second order equations, one of which is
time-dependent.
We consider three-dimensional domains, discretized using cube meshes and conforming
trilinear basis functions. At each time step we use inexact Newton method to solve the
arising nonlinear systems. Then, the main computational effort is related to solution of the
resulting linear system with a Jacobian matrix A, that is non-symmetric and of very large
size, especially in 3D. In order to meet high resolution requirements for the phase-field
method, the number of mesh nodes are normally up to millions.
Here, in order to solve the linear system with A, we consider two different inexact Newton
methods, that both result in efficient solution algorithms. In the first one (method (i1)),
instead of solving the system with A exactly, we apply a preconditioned iterative method.
To construct the preconditioner, we utilize the natural block form of the matrix. In this
work, we propose to use a high quality approximation, bA0, of the original system matrix
A, that turns out to be an optimal preconditioner. Its use leads to both optimal order
convergence rate and optimal order computational complexity. The latter is due to the
special structure of bA0.
In the second inexact Newton method (method (i2)), we consider that the solution of the
system with the Jacobian matrix is directly replaced by the solution of the system with the
matrix bA0. In this case, at each Newton step, the process of solving the linear system by
preconditioned iterative method, reduces to directly solving a linear system. Since bA0 is a
very close approximation of the Jacobian matrix, for small enough ∆t, we can expect that
the second inexact Newton method (i2) is a feasible alternative to the first inexact Newton
method (i1). Numerical experiments show that the number of nonlinear iterations do raise
a lot, however we save computational cost by avoiding the iterative solution method.
The main contributions of this work are the following:

� We have derived estimates for the preconditioned system for the presented precondi-
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tioners for three-dimensional problems. The results are similar to the two-dimensional
case. The numerical experiments confirm the efficiency of the preconditioner in 3D.
Moreover, for problems with both cases of Peclet numbers, the preconditioned meth-
ods show optimal behavior for time steps ∆t of order O(h). The numerical exper-
iments show that ∆t � h=4 is already small enough to ensure fast convergence.
Within the desired discretisation error bounds, we can chose the time steps ∆t much
flexible. The robustness of the preconditoner bA0 is enhanced by this advantage.

� We have observed that the quality of the preconditioner bA0 is not affected much if
the subsystems with its blocks are not solved accurately. We can use CG or PCG,
and both lead to efficient methods.

� In the case of 3D, the simulations have very big computer system demands. The
matrices are of huge size and the program implementation is crusial. We have imple-
mented the methods in C++ using deal.II. Thus, we were able to perform experiments
for problems with size more than 4 million.
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