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Abstract 
 
In this thesis, a review is made of some statistical tests for detecting trends 
in stochastic processes. The aim is to apply the tests on specified data and 
by means of the test results draw conclusions of whether or not there is a 
trend in the underlying process of the data. Most of the tests are built on the 
assumption that the observed process is a Poisson process. Data considering 
the worst catastrophes in two distinct regards will be investigated; the worst 
catastrophes in terms of costs and the worst catastrophes in terms of victims. 
In order to apply the tests there was a need to calculate the times of the 
events and the times between successive events, which were done in the 
program Excel. The tests were then implemented in the statistical program 
R. All of the tests in the first regard were statistically significant and the 
conclusion was that there is an increasing trend, whereas none of the tests 
was statistically significant in the second regard, which implicates a lack of 
trend.  
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1 Introduction  

There are various situations when it is of interest to know if there are 
systematic changes in the pattern of events when a stream of events is 
regarded. For example if the observed stream of events describes failures in 
a system it is important to find out if the failures occur randomly or if they 
occur more frequently or less frequently after some time point. If the 
failures increase over time, the system is called a deteriorating system and if 
the failures decrease over time the system is called an improving system [1].  

Trend tests are useful tools when investigating possible systematic 
changes in the pattern of events. The pattern of events is said to contain 
trend if the times between the events are not identically distributed [1]. A 
trend test is, as the name reveals, a test for detecting trends. The null 
hypothesis in such tests is that the underlying process of the events is 
stationary [2]. The null hypothesis usually assumes that the process is a 
renewal process or a homogeneous Poisson process since these processes do 
not contain trends [1].  

Investigating trends of failures in systems is a vital and common use of 
trend tests. Other areas where trend tests may be applied are for example in 
finance and medicine. This paper will concentrate on examining trends in 
natural catastrophes and other extreme catastrophes that cause huge costs 
and large numbers of victims. The catastrophes will be regarded in two 
cases; the worst catastrophes in terms of costs and the worst catastrophes in 
terms of victims.  

First the definitions of some processes that are used to describe streams 
of events will be stated. After the basic definitions, various tests that can be 
performed to test for trend are presented and finally the tests are applied in 
order to examine whether the catastrophes in the two distinct respects 
contain trend. Figures showing the corresponding counting process and the 
times between the events in respective case will be displayed and the final 
conclusions are drawn by means of both the figures and the test results. 
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2 Definitions 
 
Before going into the concepts of the tests and applying them, there are 
some important definitions and notations that need to be stated.  

 

2.1 Basic notation 
 
As a stream of events is observed (in the time interval (!, !]) we keep track 
of the arrival times !!, !!, … i.e. the times when the events occur. Thus the 
time when the first event occurred is named !!, the time for the second 
event !! and so on. In this work we will only consider streams of events 
where !! is defined to be 0. We also keep track of the times between the 
events, of the so-called interarrival times. The interarrival times are denoted 
!!, !!, … where  
 
   !! = !! − !!!!,           !  = 1, 2, …              (1) 
 
 
 
 
 
 
Figure 1: Arrival times !! and interarrival times !! 
 
 
Furthermore we have that  
 

          !! =   !! + !! +⋯+   !!.              (2) 
 
An equivalent way of expressing the stream is by the counting process 
representation 
 
 !(!) = number of events in (0,  !].              (3) 
 

Often when these kinds of observations are made one talks about a 
failure censored system or a time censored system. If a system is failure 
censored or time censored depends on what determines for how long the 
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system is observed. A system that is observed until a certain time ! is called 
time censored and a system that is observed until a certain number ! of 
failures (here failures corresponds to events) has occurred is called failure 
censored [1]. For a process with  ! observed events, we let  

 

! =   
!, if  the  process  is  time  censored

  
  ! − 1, if  the  process  is  failure  censored

 

 

2.2 Renewal process 
 
A renewal process (RP) is a counting process for which the times between 
the events are non-negative, independent and identically distributed with a 
mutual distribution !. The process is denoted RP(!). In addition to equation 
(2) it also holds that the number of events up to time ! is equal to the 
largest number ! such that the !!! arrival time, !!, is less than or equal to !. 
From this it is possible to derive the following mathematical relations: 
 

!! = !!!
!!!      and     !(!) = sup   ! ∶ !! ≤ !               (4) 

 
Note that the time horizon for a renewal process can be either discrete: 
  0, 1, 2,…  or continuous: [0,  ∞).  [1, 2] 

These processes are called renewal processes because of their 
probabilistic renewal at each arrival time. Imagine a renewal process is 
observed until a certain time !, when the !!! event occurs. Then consider 
everything happening after !  as a new process and count the events 
occurring in this process. Then the new process would be a counting 
renewal process, as was the original process. In addition, the new process 
would have iid interarrival intervals of identical distribution as the process 
regarded from the beginning. To be convinced that this is really the fact, one 
can study the arrival time for the !!! event counted from !. The arrival time 
turns out to be !!!!  − !!  = !!!! + !!!! + … + !!!! . The reader can 
easily notice that the arrival time of the !!! event will be the sum of the 
interarrival times in the same way as defined for a renewal process above. 
[3] 

Thus, if the time of the !!! event, !, is given, the process   ! ! + ! −
  ! ! ;   t   ≥   0    will be a renewal counting process for which the 
interarrivals are iid with the same distribution as the initially observed 
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renewal process [3]. Consequently, “at any given event time !! = !, the 
future outlook of the events is the same as that from time 0” [4]. This 
property, that the system is renewed to its original condition after each 
arrival time, is often called a “perfect repair”.  

 

2.3 Homogeneous Poisson process 
 
A homogeneous Poisson process (HPP) is specified with a constant 
intensity ! and is a renewal process for which the interarrival distribution is 
an Exponential with mean value 1 !. This process is denoted HPP(!). For a 
homogeneous Poisson process the number of events in disjoint time 
intervals are independent and Poisson distributed, i.e. when the time 
intervals (!,  !] and (!,  !] are disjoint, the random variables !(!)  −  !(!)  and  
!(!)  −  !(l)  are independent  and !(!)  has the distribution Po(!").  [5-6]  

It also holds that the increments are stationary, i.e. the number of events 
in a certain interval  depends only on the length of the interval [5]. !(0)   is 
defined to be 0, i.e. at time 0 no events has occurred [6]. Since we know that 
!(!)  ~ Po(!")  we can calculate the probability of ! events occurring up to 
time !; 
  

         !(!(!)  =  !)  =  
  (!")  !

!!
  !–  !" .                          (5) 

 

2.4 Non-homogeneous Poisson process 
 
The homogeneous Poisson process can be generalized to a non-
homogeneous Poisson process (NHPP) by letting the intensity take different 
values at different time points [5]. The non-homogeneous Poisson process is 
denoted NHPP(Λ(!)). Recall that the HPP has a constant intensity ! and that 
the distribution of the interarrivals only depends on the length of the 
interval. Since the intensity varies in time for the NHPP we need to define a 
function that is deterministic and describes how the intensity varies. This 
function is called the intensity function, !(! ). Then we denote the  
cumulative intensity function [6] as  
 

Λ(!)  =   ! !   !"!
! .               (6) 
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The distribution of  !(!)   becomes Po( ! !   !"!
! )   [5] and we can 

calculate the probability of   ! events occurring up to time !; 
 

      !(!(!)    =  !)  =  (! ! )!

!!
  !! ! ! .                          (7) 

 
A major difference between HPP and NHPP is that the distribution of the 
interarrival times of a NHPP not only depends on the length of the interval, 
but on the age of the process as well [6-7]. Another difference is that the 
NHPP has “minimal repairs”, which means that when an event occurs the 
system restores itself to the same condition it had just before that event 
happened, whereas the HPP restores to the original condition.  

 
2.5 Trend-renewal process 
 
As the name of the process reveals, a trend-renewal process is a 
generalization of the renewal process that allows trends [1]. For the trend-
renewal process (TRP) we need to specify both the intensity function !(!) 
and a distribution function ! for the times between events. The expected 
value of ! is usually assumed to be 1. The cumulative intensity function 
Λ(!)  for the TRP is defined in the same way as in equation (6). [7-8] 

Observe the process we get by letting the first time point be Λ(!!), the 
second time point Λ(!!) and so on, i.e. the process Λ(!!),  Λ(  !!), … If this 
process has the distribution RP(!), then the process !!, !!, … which we are 
interested in has the distribution TRP(!, !(!)). [7-8] 
 
 
 
 
 
 
 
 
 
Figure 2: The character of the trend renewal process 
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This process contains both time trends and the behaviour of a renewal 
process [7]. The trend-renewal process is thus a model that allows an 
increase/decrease of the intensity over time, i.e. a trend, and that in the same 
time also allows drastic changes in the intensity after a repair [9]. 
Consequently, it is not hard to realize that all of RP, HPP and NHPP are 
special cases of the trend renewal process.  

The NHPP follows when the interarrivals are exponential distributed 
with mean value 1. The renewal process follows when the intensity function 
is constant and the special case of a HPP follows when both the intensity 
function and the hazard rate of the distribution of the interarrivals are 
constant. For more information about the hazard rate, the reader might want 
to consult [8]. [1, 8] 

This process is not discussed further in this paper but since both NHPP 
and RP are special cases of this process, it deserves to be at least mentioned.   
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3 Statistical hypothesis testing  
 
Statistical tests are often used when it is of interest to draw conclusions 
about a statement regarding a population or a process. One uses sample data 
and test statistics based on the sample to either accept or reject a hypothesis 
concerning the population. Hypothesis testing can be applied to various 
problems in real life and is an essential part of statistics. There are lots of 
cases when one would like to use a statistical hypothesis test. Examples of 
hypotheses one might want to test are: 
 

• The mean of the population has a certain value, say ! 
• The standard deviation of the population has a certain value, say ! 
• The process follows a specified distribution 
• The process is a renewal process 

 
3.1 Explanation of commonly used terms  
 
The null hypothesis, !! , is the hypothesis that is tested and is either 
accepted or reject. When !! is rejected, it is “proved” (there is always an 
error risk) that !! can not be the case but the contrary, that !! is true, can 
never be proved. To accept !! simply means that there is not evidence 
enough to believe it is false. There is always an alternative hypothesis, !!, 
which is accepted if !! is rejected.  

To test the null hypothesis a test statistic is used which is a function of 
the sample data and the result after putting in the sample data in the function 
is a numerical value. There are numerous well-known test statistics. Which 
tests to use depends on how the null hypothesis is phrased. The numerical 
value obtained from the test statistic is compared to an appropriate quantile 
of the distribution of the test statistic or to another suitable critical value. 
The critical value depends on the desired significance level of the test, !, 
which is the risk of rejecting !! although it is true. So if ! = 0.05 there is a 
5% risk to rejected the null hypothesis although it is true. The most 
commonly used values of ! are 0.1, 0.05 and 0.01.  

There are tests that are one-sided and there are tests that are two-sided. 
When performing a one-sided test, !! is rejected either if the value of the 
test statistic is above the upper critical value or if it is below the lower 
critical value. If it is the higher or lower values that leads to a rejection of 
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!! depends on how the alternative hypothesis is expressed. Both values 
which are above the upper critical value and values which are below the 
lower critical value leads to a rejection of !! if the test is two-sided. When 
the null hypothesis is rejected because of a test, the test is said to be 
statistically significant.  

 

3.2 Tests for detecting trends 
 
There are different kinds of statistical tests. The tests that are of relevance 
for this thesis are those that investigate whether a stochastic process 
contains trends. A process is said to contain trend in the pattern of events if 
the marginal distributions of the interarrival times are not identically 
distributed [10]. The purpose of using trend tests is to detect if the pattern of 
events is significantly changing over time [11]. In this section some tests 
that can be used to detect trends are presented. 

 
3.2.1 Laplace type tests 
 
The Laplace test is used to test if a set of data follows a HPP [6]. As we 
noted in Section 2.2 a homogeneous Poisson process has constant intensity 
and thus does not have trends. The alternative to the null hypothesis is that 
the process is a NHPP with an increasing or decreasing trend [6]. This kind 
of trend, that is either increasing or decreasing, is usually called monotonic 
trend. The test statistic for this test is  
 

! =   
   !!!

!!!   –   12! ! + !

   ! ! − ! !

12

 

        
where (!, !] is the time interval in which the process is observed. For a time 
censored process ! =   ! and for a failure censored process ! =   !! [12]. 

Since ! is asymptotically standard normally distributed under the null 
hypothesis [6], quantiles of a normal distribution may be used as critical 
values. Thus, at the 5 % significance level, one rejects the null hypothesis if 
! gives larger value than 1.96 or smaller value than -1.96.  
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Lindqvist [8] and Wang [11] emphasize that rejecting !! for this test 
does not necessarily imply that there exists a trend in the process, just that 
the process does not follow a HPP. As mentioned in Section 2.2 the HPP is 
a special case of a RP when times between events are exponentially 
distributed. Thus if times between events come from a different distribution 
than exponential, the process could still be a RP and hence lack trend [8].  

A test statistic that is asymptotically equivalent to the Laplace test 
statistic [2] is presented below 
 

!! =   
12

! !  
     

!!
!
− 1  

!

!!!!!

!!!

!!!

=   −   
12

! !  !  
     !! −   

!
!   !!  

!!!

!!!

 

 

=   −   
! − 1
!   !  	  

 
where ! =   !!/!. In contrast to the Laplace test, the alternative to !! is 
one-sided for !! [2]. The 5 % asymptotic critical value of this test is -1.65. 
For more information about this test the reader might want to read [2].  

 
3.2.2 Anderson-Darling type tests 
 
The Anderson-Darling test for trend was presented by Kvaløy and Lindqvist 
in [6] and is based on the well-known Anderson-Darling test statistic. The 
Anderson-Darling test statistic is used to find out whether a certain 
distribution or a certain family of distributions can describe the set of data 
being tested [13]. Since this test can be used to test for various distributions, 
there is not just one critical value. Which critical value that is appropriate to 
use depends on the distribution specified in the null hypothesis [13].  

However, the Anderson-Darling test for trend is a test of HPP versus 
NHPP [1]. The test statistic, which may be found in [6, 12], is the following:  
 

!" =   −!−   
!
!    !"− ! !"

!!
! + !" !−   

!!!!!!
!

!

!!!

. 
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This test is one-sided and the null hypothesis of a homogeneous Poisson 
process is rejected if the value obtained from !" is greater than the critical 
value. Critical values of the regular Anderson-Darling statistic may be used, 
since the limit distribution of !" is the same as the limit distribution of the 
Anderson-Darling statistic [14]. For some distributions critical values have 
been published and these can be found in [14-15]. The 5 % asymptotic 
critical value of interest for the Anderson-Darling test for trend is 2.49 and 
the 1 % asymptotic critical value is 3.86.  
 A different type of Anderson-Darling test statistic is presented in [2] 
and it is the following 
 

!! =   
1

!
!   

1
!(! − !)  

!!!

!!!

!! −   
!
! !!

!

 

 
which is a two-sided test with the same critical values as the regular 
Anderson-Darling statistic. A problem with the discussed Anderson-Darling 
type tests and other tests with !!  of a HPP is that rejecting the null 
hypothesis of a HPP does not necessarily mean that there is a trend in the 
process. Kvaløy and Lindqvist [1] therefore propose the following test 
statistic 
 

!"# =   
! − 4 !

!

!!    !!! ln
!

! − 1 +   !! +   !! ! ln
! − ! + 1
! − ! −   

!!!

!

!

!!!

 

 
which is a test of the null hypothesis RP. In the formula presented above 
!! = (!! − !!!) !! , !! =   !!! !! − 1  and !! =    !

! !!!
     !!!! −!!!

!!!

  !! !. Several estimators of !! may be used but Kvaløy [1] recommend 

using !! instead of !! =    (!! −   !)
2
(! − 1)!

!!!  since !! is a better 
choice when there exists a trend in the process. 

This statistic is called the generalized Anderson-Darling test for trend. 
As is visible in the expression of !"#, the generalized Anderson- Darling 
test for trend assumes a failure censored process. For time censored 
processes, Kvaløy and Lindqvist suggest [1] “conditioning on the observed 
number of failures, and treating the data as if they were data from a failure 
censored system”. 
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Note that when ! = 1  and when ! = ! we get division by zero in the 
expression of !"#. In the code of this statistic, I define those terms to be 
zero [12]. 

 
3.2.3 Lewis-Robinson type tests 
 
As mentioned in Section 3.1 there is a risk of drawing the wrong 
conclusions when rejecting !! in the Laplace test. Instead of just ascertain 
that the process does not follow a HPP it is easy to think that the process 
contains trends since there are no trends in the HPP. The Lewis-Robinson 
test is a modification of the Laplace test that tests the null hypothesis of the 
process being a RP against the alternative of not being a RP [11]. The 
thought behind the test is to avoid making those wrong conclusions that is 
easy to make with the Laplace test and the difference is that we divide the 
Laplace test statistic with the estimated coefficient of variation of the 
interarrivals [8, 11]. 

As mentioned, the null hypothesis of this test is that the process is a RP, 
and this is a much more general assumption than the assumption that the 
process is a HPP (since a HPP is a special case of a RP). The proposed test 
statistic for this test is 
 

!" =   
! !
!   

!!!
!!! −   !2 !

! !
12

 

 
where ! is the time point when we stop observing the process. Similarly as 
for the Anderson-Darling test for trend, !! works fine when there are no 
trends in the process but when there are, !! is a better estimation of the 
variance of !! [1-2]. The modified Lewis-Robinson test statistic becomes  
 

!"! =   
! !
!   

!!!
!!! −   !2 !

! !
12

. 
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Since the Lewis-Robinson test statistic is a modification of the Laplace 
statistic where we have divided by the estimated coefficient of variation of 
the !! we can also write the expression for the statistic in this manner 
	  

!" =
!

!"(!)
.	  

	  
For an exponential distribution, the coefficient of variation is equal to 1, 
such that there is equivalence between the Lewis-Robinson test statistic and 
the Laplace test statistic [8].  

 
3.2.4 The Mann test 
 
Yet another test for detecting if the process is a renewal process is the Mann 
test. One uses the test statistic  
 

! = !(!!   <   !!)
!

!!!!!

!!!

!!!

 

 
where !(!!   <   !!) is equal to 1 if !!   <   !! and 0 otherwise. For this test the 
alternative to !! is that there exists a monotonic trend. If ! < 10 then there 
are tables to consult, but for ! ≥ 10 there has to be some calculations done. 
[1-2]  

For ! ≥ 10, ! is rescaled to be standard normally distributed and then 
the obtained value is compared to an appropriate quantile of a normal 
distribution. This is easily done since !  is approximately normally 
distributed with expectation !   =   !(! − 1) 4  and variance 
!!   =    (2!! + 3!! − 5!) 72  for ! ≥ 10  [1]. Hence the resulting pivot 
variable is 
 

! =   
! −   !  
! . 
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3.2.5 Comparison between the tests 
	  
If one wishes to use only one of the presented tests, the generalized 
Anderson-Darling test for trend is recommended [1, 6]. A comparison 
between the Lewis-Robinson test, the Mann test and the generalized 
Anderson-Darling test for trend was made in [1]. The conclusion was that 
the generalized Anderson-Darling test for trend has clearly better power 
against bathtub shaped and increasing trends and that the other tests are 
somewhat better against decreasing trends. A different comparison was 
made in [6] where the Laplace test and the Anderson-Darling test for trend 
were considered. It turns out that the Laplace test is slightly better against 
increasing trends and that the Anderson-Darling test for trend is much more 
powerful against bathtub shaped trends.  
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4 Analysis of data  
 
In the sequel, the tests from the previous section will be applied on some 
data with the aim to detect possible trends. The data considered here are the 
worst disasters between the years 1970 and 2000, in terms of costs and 
victims. The re/insurance company Swiss Re published these data in [16] 
2001. The costs correspond to (about three-quarter of the) insured losses 
worldwide and when calculating the losses, the costs are converted into 
USD and the inflation is taken into account [16]. Victims refer to dead and 
missed people. 

All of the tests presented in Section 3 can be performed in the statistical 
program R. There are of course several ways of implementing these tests. 
For those who are interested, my way of implementing the tests on this 
specific data is available in Appendix B. Furthermore are tables of the worst 
catastrophes in both cases available in Appendix A. 

 

4.1 Swiss Re 
 
Swiss Re was founded in 1863 to provide effective ways of handling risks 
in connection with mayor devastations. To estimate and price risks are 
things that the employers at Swiss Re do on a daily basis. Swiss Re is 
headquartered in Zürich, Switzerland, but are stationed in over 20 countries 
all over the world and represented in all continents. Consequently Swiss Re 
is one of the biggest and most widespread reinsurance companies in the 
world. [17] 

This re/insurance company helps government managing the financial 
effects of catastrophic disasters such as for example hurricanes, floods and 
pandemics. Governments are thus able to transfer some of the risks involved 
with catastrophes to private reinsurers as Swiss Re. Swiss Re cooperates 
with governments and public sector divisions around the world (such as the 
World Bank) to develop procedures to prevent risks and financing regarding 
natural and catastrophic disasters. Because they offer solutions to mayor 
risks, they spend lots of resources on analysing developments that constitute 
the risks. Trends in the environment and trends in the market are such things 
that are analysed. Technological and socio-political developments may also 
constitute risks and are therefore investigated.  [17] 
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Swiss Re publishes parts of their analyses in different kinds of 
publications on a regular basis. The publications emphasize materials that 
are of great importance for their costumers and stakeholders. Significant 
topics of these publications are longevities, climate changes and agricultural 
risks. Swiss Re distributes different kinds of publications, such as expertise 
publications and sigma reports. The sigma reports contain analyses of 
economic trends and exhaustive information on the international insurance 
markets. Both external and internal clients use the sigma reports. The 
external clients correspond to mostly insurance companies but also the 
media consults these reports. Other units than sigma, which lies within 
Swiss Re, uses the sigma report to explore business opportunities. The data, 
which will be examined in the following section, come from one of these 
sigma reports. [16, 17] 

 

4.2 Results  
 
As mentioned earlier, data regarding the worst catastrophes in 1970-2000 
will be tested for trends. Two different cases will be considered:  
 

1) Worst catastrophes in terms of costs 
2) Worst catastrophes in terms of victims 

 
Before performing the tests, some graphs describing the material will be 
presented. To begin with, the first case is examined.  
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Figure 3: Times between catastrophes in the first case 

 
From Figure 3 it seems like the times between costly catastrophes decrease 
around the 10th event, i.e. that costly catastrophes appear more frequently 
after the 10th event. Let us look at another graph, showing the corresponding 
counting process.  
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Figure 4: Corresponding counting process in the first case  

 
 
From Figure 4 it appears as costly disasters occur more often after about 
7000 days, i.e. times between the events become smaller around 7000 days. 
Could it bee that the 10th event occurred around 7000 days? Then the two 
graphs would indicate the same thing, namely that there exists a monotonic 
trend. This will be investigated further by applying the tests presented in the 
previous section. The specifics of how the tests were implemented are 
available in Appendix B. 

As mentioned in Section 2.1 a process can be either time censored or 
failure censored. Although the 40 worst catastrophes were given, still a 
larger number of catastrophes actually happened (but were not presented in 
data). In addition, the time frame in which we observe the process is fixed. 
We stop observing the process at the 31st of December 1999 and not at the 
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time point of the 40th catastrophe. Hence, we consider data rather as time 
censored than failure censored. Some of the test statistics were applicable on 
systems of both types by just changing the values of ! and !. However, a 
few of the statistics were based on a failure censored process. For those tests 
one could condition on the number of catastrophes and treat the process as if 
it was failure censored and thus stop observing the process at time !! [1]. 
The results of the test are presented below.  

 
 

The test results when treating the process as failure censored 
 

The test results when treating the process as time censored 
 
 
As visible, the results are significantly the same in both cases. All of the 
tests are statistically significant at the 5 % level, as the tables above show. 
All of the tests are significant at the 1 % level as well. Is this the case when 
disasters with the most victims are studied? This will soon be revealed, as 
the second case is about to be investigated in the same way as the first case.  
 
 
 
 
 

Test Statistic ! !! !! !" !"# !" !"! ! 
Value 4.16 -4.11 9.43 9.99 6.00 3.00 3.51 -2.91 

5 % asympt. 
crit. value 

1.96 -1.65 2.49 2.49 2.49 1.65 1.65 1.96 

1 % asympt. 
crit. value 

2.58 -2.33 3.86 3.86 3.86 2.33 2.33 2.58 

Test Statistic ! !! !! !" !"# !" !"! ! 
Value 4.37 -4.32 9.43 11.5 6.00 3.16 3.69 -2.91 

5 % asympt. 
crit. value 

1.96 -1.65 2.49 2.49 2.49 1.65 1.65 1.96 

1 % asympt. 
crit. value 

2.58 -2.33 3.86 3.86 3.86 2.33 2.33 2.58 
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Figure 5: Times between catastrophes in the second case   

 
 
Times between events in Figure 5 seems to be varying without any clear 
pattern, accept possibly from the peak in the middle, around the 20th event, 
and the last three events. Thus, from this graph it is not clear whether or not 
catastrophes of type 2 contain trends. Let us see if the next figure is easier to 
interpret.  
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Figure 6: Corresponding counting process in the second case  
 
 

Figure 6 tells us about the same thing as the previous figure, that there does 
not seem to be any particular pattern except for possibly at two spots. It is 
very obvious that there are two disasters somewhere between 4000 and 
6000 days that have larger distance between them then any two of the other 
events in the graph. Similarly, at the end of the graph it looks like the last 
three catastrophes occur with smaller distance than the others. As for the 
first case, the tests are applied to investigate this hypothesis further. Even in 
this case the process is treated as both time censored and failure censored 
and the results are the following: 
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Test Statistic ! !! !! !" !"# !" !"! ! 
Value -0.06 0.06 0.68 0.89 0.66 -0.06 -0.07 -0.26 

5 % asympt. 
crit. value 

1.96 -1.65 2.49 2.49 2.49 1.65 1.65 1.96 

1 % asympt. 
crit. value 

2.58 -2.33 3.86 3.86 3.86 2.33 2.33 2.58 

The test results when treating the process as failure censored 
 
Test Statistic ! !! !! !" !"# !" !"! ! 
Value 0.18 -0.18 0.68 1.27 0.66 0.18 0.19 -0.26 

5 % asympt. 
crit. value 

1.96 -1.65 2.49 2.49 2.49 1.65 1.65 1.96 

1 % asympt. 
crit. value 

2.58 -2.33 3.86 3.86 3.86 2.33 2.33 2.58 

The test results when treating the process as time censored 
 
 
As visible in the table, the results are significantly the same when treating 
the process as failure censored as when treating it like time censored. None 
of the tests are statistically significant at the 5 % level. None of the tests are 
statistically significant at the 1 % level either, which is expected since they 
were not significant at the 5 % level.  
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5 Conclusions 
 
In Section 4 we have seen examples of how statistical trend tests can be 
applied to real life problems. The worst catastrophes 1970-2000 concerning 
costs and victims were examined and the two different cases result in 
completely distinct conclusions, which will be discussed in this section.  

 
5.1 First case; Worst catastrophes in terms of costs 
 
In the first case, all of the tests were statistically significant and thus the null 
hypothesis was rejected in each test. However, the fact the null hypothesis is 
rejected implicates slightly different things depending on which test that is 
used. The test statistics !, !!, !! and !" all test the hypothesis that the 
underlying process is s homogeneous Poisson process. Thus, rejecting !! in 
any of these tests implicates that the process does not follows a HPP, but it 
could still be a renewal process as we learned in Section 3.2.1. Due to this 
fact, it is difficult to draw conclusions from these tests alone. 

The Generalized Anderson Darling test for trend, the Lewis-Robinson 
test and the Mann test have the null hypothesis that the process follows a 
renewal process. Thus, the conclusions we can draw from these tests are 
different. Since the tests in question investigate whether the process is a 
renewal process, rejecting this null hypothesis implicates that the process 
contains trend. This together with the other test results strongly implicates 
that there is a trend when the worst catastrophes in terms of costs are 
considered.  

That this is the right conclusion is actually obvious from Figure 3 and 4 
which both displays an increasing trend. That there is an increasing trend in 
the most costly catastrophes is also visible in Table 3. It is noticeable from 
Table 3 that costly disasters occur more frequently after July 1988, which in 
fact is the time of the 10!! event.  

It is likely that we had a more complex society in the later years of the 
study than we had in the earlier years and that this could partly be the 
explanation of the results. Another possible explanation is an increase in the 
total number of catastrophes. 
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5.2 Second case; Worst catastrophes in terms of victims 
 
In contrary to the first case, none of the tests were statistically significant 
when catastrophes with the most victims were investigated. In other words, 
the null hypothesis of no trend is accepted in all tests. But as mentioned in 
Section 3.1, accepting the null hypothesis does not necessarily mean that it 
is true, although in this case it is reasonable to believe the null hypothesis of 
no trend. Reviewing Figure 5 and 6 probably will convince you that this is a 
reasonable conclusion. Particularly clear is Figure 6 since it is easy to note 
that the “measure” points almost lies on a straight line, which indicates a 
constant intensity of the underlying process.  

It is also quite obvious from Table 4 that there is no particular pattern in 
catastrophes with the most victims as the size of times between events vary 
broadly throughout the whole table, in contrary to the first case when the 
corresponding table indicated an explicit trend.  

A final conclusion that can be drawn from Table 1 and 2 is that there 
does not seem to be much correlation between the worst catastrophes in 
terms of costs and the worst catastrophes in terms of victims.  
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Appendix A: Tables of the worst catastrophes 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 1: The 40 worst catastrophes in terms of costs 1970-2000 
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Table 2: The 43 worst catastrophes in terms of victims 1970-2000 
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Table 3: Times of the worst catastrophes and times between  
them when costs are considered 

Dates Times Times between 
1970-01-01 0 Starting time  
1970-08-04 215 215 
1973-04-25 1210 995 
1974-04-02 1552 342 
1974-09-18 1721 169 
1976-01-02 2192 471 
1979-09-12 3541 1349 
1983-08-17 4976 1435 
1983-12-17 5098 122 
1987-10-15 6496 1398 
1988-07-06 6761 265 
1988-09-10 6827 66 
1989-09-15 7197 370 
1989-10-17 7229 32 
1989-10-23 7235 6 
1990-01-25 7329 94 
1990-02-25 7360 31 
1991-09-27 7939 579 
1991-10-20 7962 23 
1992-08-23 8270 308 
1992-09-11 8289 19 
1992-12-11 8380 91 
1993-03-10 8469 89 
1993-10-27 8700 231 
1994-01-17 8782 82 
1995-01-17 9147 365 
1995-01-21 9151 4 
1995-05-05 9255 104 
1995-09-03 9376 121 
1995-10-01 9404 28 
1996-09-05 9744 340 
1998-01-05 10231 487 
1998-05-15 10361 130 
1998-09-19 10488 127 
1998-09-20 10489 1 
1999-05-03 10714 225 
1999-09-10 10844 130 
1999-09-22 10856 12 
1999-12-03 10928 72 
1999-12-25 10950 22 
1999-12-27 10952 2 
1999-12-31 10956 End time 
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 Table 4: Times of the worst catastrophes and times between  

them when victims are considered 

Dates Times Times between 
1970-01-01 0 Starting time 
1970-05-31 150 150 
1970-11-14 317 167 
1971-10-31 668 351 
1972-02-15 775 107 
1972-04-10 830 55 
1972-12-23 1087 257 
1974-12-28 1822 735 
1976-02-04 2225 403 
1976-06-30 2372 147 
1976-07-28 2400 28 
1976-08-16 2419 19 
1976-11-24 2519 100 
1977-11-20 2880 361 
1978-04-16 3027 147 
1978-09-01 3165 138 
1978-09-16 3180 15 
1979-08-11 3509 329 
1980-10-10 3935 426 
1980-11-23 3979 44 
1981-06-11 4179 200 
1984-12-02 5449 1270 
1985-05-25 5623 174 
1985-09-19 5740 117 
1985-11-13 5795 55 
1987-03-05 6272 477 
1987-12-21 6563 291 
1988-08-01 6787 224 
1988-12-07 6915 128 
1990-06-21 7476 561 
1991-04-29 7788 312 
1991-11-05 7978 190 
1992-09-08 8286 308 
1993-09-30 8673 387 
1995-01-17 9147 474 
1997-11-01 10166 1019 
1998-05-30 10376 210 
1998-07-01 10408 32 
1998-07-04 10411 3 
1998-10-22 10521 110 
1999-08-17 10820 299 
1999-09-21 10855 35 
1999-10-29 10893 38 
1999-12-12 10937 44 
1999-12-31 10956 End time 
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Appendix B: R code  
 

B.1 Code for tests applied on the first case 
 
n <- 40; Tn <- 10952; tau <- 10956; 
# n is the number of events and Tn is the time when the last 
observed event occurred and tau is the “stop time” in the 
time censored process 
 
T <- c(215, 1210, 1552, 1721, 2192, 3541, 4976, 5098, 6496, 
6761, 6827, 7197, 7229, 7235, 7329, 7360, 7939, 7962, 8270, 
8289, 8380, 8469, 8700, 8782, 9147, 9151, 9255, 9376, 9404, 
9744, 10231, 10361, 10488, 10489, 10714, 10844, 10856, 
10928, 10950, 10952); 
# Creating a vector T containing the times of the events 
 
X <- c(215, 995, 342, 169, 471, 1349, 1435, 122, 1398, 265, 
66, 370, 32, 6, 94, 31, 579, 23, 308, 19, 91, 89, 231, 82, 
365, 4, 104, 121, 28, 340, 487, 130, 127, 1, 225, 130, 12, 
72, 22, 2); 
# Creating a vector X containing the times between the events 
 
sumTi <- sum(T)-10952; 
# Add together times of events, except for the time of the 
last event, for the failure censored process. For the time 
censored sumTi <- sum(T). 
 
 
L <- ( sumTi - (n-1)*Tn/2 ) / ( Tn*sqrt((n-1)/12) ); 
# The Laplace test statistic. For a time censored process n-1 
is exchanged to n and Tn to tau. 
 
 
B1 <- -( ( sqrt((n-1)/n) ) * L); 
# The test statistic !! 
 
 
sumB2 <- 0; 
# sumB2 is the sum in the test statistic !! 
for( i in 1:(n-1) ){ 
 sumB2 <- sumB2 + ( 1/(i*(n-i)) )*( T[i] - i/n*Tn)^2; 
} 
B2 <- ( 1/(Tn/n)^2 )*sumB2; 
# The test statistic !! 
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sumAD <- 0;  
# sumAD is the sum in the Anderson Darling test for trend 
statistic 
for( i in 1:(n-1) ){ 
 sumAD <- sumAD + (2*i-1)*( log(T[i]/Tn) + log(1 - (T[n-
i]/Tn)) ); 
}  
AD <- -(n-1) - (1/(n-1))*sumAD;  
# The Anderson Darling test for trend statistic. For the time 
censored process n-1 is exchanged to n and Tn to tau.  
 
 
sumS <- 0; 
# sumS is the sum in the estimated variance of the 
interarrival times, S2 
for( i in 1:n ){ 
 sumS <- sumS + (X[i] - Tn/n)^2 ; 
} 
S2 <- sumS/(n-1); 
 # S2 is the estimated variance of the interarrival times  
S <- sqrt(S2); 
# S is the estimated standard deviation of the interarrival 
times 
LR <- ( (Tn/n)/S ) * ( (sumTi - ((n-1)/2) * Tn ) / ( Tn * 
sqrt((n-1)/12) ) ); 
# The Lewis Robinson test statistic. For the time censored 
process n-1 is exchanged to n and Tn to tau. 
 
 
sumSigma <- 0; 
# sumSigma is the sum in the estimated variance of the 
interarrival times 
for( i in 1:(n-1) ){ 
 sumSigma <- sumSigma + (X[i+1] - X[i])^2 ; 
} 
Sigma2 <- sumSigma / (2*(n-1)); 
# Sigma2 is the estimated variance of the interarrival times  
Sigma <- sqrt(Sigma2); 
# Sigma is the estimated standard deviation of the 
interarrival times 
LR2 <- ( (Tn/n)/Sigma ) * ( ( sumTi - ((n-1)/2) * Tn ) / ( Tn 
* sqrt((n-1)/12) ) ); 
# The modified Lewis Robinson test statistic !"! . For the 
time censored process n-1 is exchanged to n and Tn to tau. 
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q <- NULL; r <- NULL; 
# q and r are a part of the GAD test statistic, see Section 
3.2.2 
 for( i in 1:n){ 
  q[i] <- (T[i] - i*X[i]) / Tn; 
 } 
for( i in 1:n ){ 
  r[i] <- n * X[i]/Tn - 1; 
 } 
sumGAD <- 0;  
# sumGAD is the sum in the Generalized Anderson Darling test 
statistic 
q1 <- 0; 
# q1 is the part of sumGAD when i=1 
q1 <- ( (q[1] + r[1])^2 ) * log(n/(n-1)) - (r[1]^2)/n 
qn <- 0; 
# qn is the part of sumGAD when i=n 
qn <- (q[n]^2) * log(n/(n-1)) - (r[n]^2)/n 
sumqr <- 0; 
# sumqr is the rest of sumGAD, i.e. all terms except the 
first and the last 
for( i in 2:(n-1) ){ 
  sumqr <- sumqr + (q[i]^2) * log(i/(i-1)) + ((q[i] + 
r[i])^2) * log( (n-i+1)/(n-i) ) - (r[i]^2)/n; 
} 
sumGAD <- q1 + qn + sumqr; 
# Adding the components of sumGAD to get the result of sumGAD 
GAD <- (n-4) / Sigma2 * ((Tn/n)^2) * sumGAD; 
# The Generalized Anderson Darling test statistic 
 
Mt <- 0; 
for( i in 1:(n-1) ){ 
 for( j in (i+1):n ){ 
  if(X[i] < X[j]){ 
   Mt <- Mt + 1 
  } 
 } 
} 
# Mt is the Mann test statistic 
mu <- n*(n-1)/4; 
s2 <- (2*n^3 + 3*n^2 - 5*n)/72; 
M <- (Mt - mu)/sqrt(s2); 
# Mt is rescaled to be standard normally distributed 
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B.2 Code for tests applied on the second case 
 
n <- 43; Tn <- 10937; tau <- 10956; 
# n is the number of events and Tn is the time when the last 
observed event occurred and tau is the “stop time” in the 
time censored process 
 
T <- c(150, 317, 668, 775, 830, 1087, 1822, 2225, 2372, 2400, 
2419, 2519, 2880, 3027, 3180, 3165, 3509, 3935, 3979, 4179, 
5449, 5623, 5740, 5795, 6272, 6563, 6787, 6915, 7476, 7788, 
7978, 8286, 8673, 9147, 10166, 10376, 10408, 10411, 10521, 
10820, 10855, 10893, 10937); 
# Creating a vector T containing the times of the events 
 
X <- c(150, 167, 351, 107, 55, 257, 735, 403, 147, 28, 19, 
100, 361, 147, 138, 15, 329, 426, 44, 200, 1270, 174, 117, 
55, 477, 291, 224, 128, 561, 312, 190, 308, 387, 474, 1019, 
210, 32, 3, 110, 299, 35, 38, 44); 
# Creating a vector X containing the times between the events 
 
sumTi <- sum(T)-10937; 
# Add together times of events, except for the time of the 
last event, for the failure censored process. For the time 
censored sumTi <- sum(T). 
 
 
L <- ( sumTi - (n-1)*Tn/2 ) / ( Tn*sqrt((n-1)/12) ); 
# The Laplace test statistic 
 
 
B1 <- -( ( sqrt((n-1)/n) ) * L );      
# The test statistic !! 
 
 
sumB2 <- 0;  
# sumB2 is the sum in the test statistic !! 
for(i in 1:(n-1)){ 
 sumB2 <- sumB2 + ( 1/(i*(n-i)) )*( T[i] - i/n*Tn)^2; 
} 
B2 <- ( 1/(Tn/n)^2 )*sumB2; 
# The test statistic !! 
 
 
sumAD <- 0;  
# sumAD is the sum in the Anderson Darling test for trend 
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statistic 
for( i in 1:(n-1) ){ 
 sumAD <- sumAD + (2*i-1)*( log(T[i]/Tn) + log(1 - (T[n-
i]/Tn)) ); 
}  
AD <- -(n-1) - (1/(n-1))*sumAD;  
# The Anderson Darling test for trend statistic. For the time 
censored process n-1 is exchanged to n and Tn to tau. 
 
 
sumS <- 0;  
# sumS is the sum in the estimated variance of the 
interarrival times, S2 
for( i in 1:n ){ 
 sumS <- sumS + (X[i] - Tn/n)^2 ; 
} 
S2 <- sumS/(n-1); 
# S2 is the estimated variance of the interarrival times 
S <- sqrt(S2); 
# S is the estimated standard deviation of the interarrival 
times  
LR <- ( (Tn/n)/S ) * ( ( sumTi - ((n-1)/2) * Tn ) / ( Tn * 
sqrt((n-1)/12) ) ); 
# The Lewis Robinson test statistic. For the time censored 
process n-1 is exchanged to n and Tn to tau. 
 
 
sumSigma <- 0; 
# sumSigma is the sum in the estimated variance of the 
interarrival times 
for( i in 1:(n-1) ){ 
 sumSigma <- sumSigma + (X[i+1] - X[i])^2 ; 
} 
Sigma2 <- sumSigma / (2*(n-1)); 
# Sigma2 is the estimated variance of the interarrival times  
Sigma <- sqrt(Sigma2); 
# Sigma is the estimated standard deviation of the 
interarrival times 
LR2 <- ( (Tn/n)/Sigma ) * ( ( sumTi - ((n-1)/2) * Tn ) / ( Tn 
* sqrt((n-1)/12) ) ); 
# The modified Lewis Robinson test statistic !"! . For the 
time censored process n-1 is exchanged to n and Tn to tau. 
 
 
q <- NULL; r <- NULL; 
# q and r are a part of the GAD test statistic, see Section 
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3.2.2 
for( i in 1:n ){ 
  q[i] <- (T[i] - i*X[i]) / Tn; 
 } 
for( i in 1:n ){ 
  r[i] <- n * X[i]/Tn - 1; 
 } 
sumGAD <- 0;  
# sumGAD is the sum in the Generalized Anderson Darling test 
statistic 
q1 <- 0; 
# q1 is the part of sumGAD when i=1 
q1 <- ( (q[1] + r[1])^2 ) * log(n/(n-1)) - (r[1]^2)/n; 
qn <- 0; 
# qn is the part of sumGAD when i=n 
qn <- (q[n]^2) * log(n/(n-1)) - (r[n]^2)/n; 
sumqr <- 0; 
# sumqr is the rest of sumGAD, i.e. all terms except the 
first and the last 
for( i in 2:(n-1) ){ 
  sumqr <- sumqr + (q[i]^2) * log(i/(i-1)) + ((q[i] + 
r[i])^2) * log( (n-i+1)/(n-i) ) - (r[i]^2)/n; 
} 
sumGAD <- q1 + qn + sumqr; 
# Adding the components of sumGAD to get the result of sumGAD 
GAD <- (n-4) / Sigma2 * ((Tn/n)^2) * sumGAD; 
# The Generalized Anderson Darling test statistic 
 
 
Mt <- 0; 
# Mt is the Mann test statistic 
for( i in 1:(n-1) ){ 
 for( j in (i+1):n ){ 
  if(X[i] < X[j]){ 
   Mt <- Mt + 1 
  } 
 } 
} 
mu <- n*(n-1)/4; 
s2 <- (2*n^3 + 3*n^2 - 5*n)/72; 
M <- (Mt - mu)/sqrt(s2); 
# Mt is rescaled to be standard normally distributed 
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