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Abstract

In this report, three systems of polynomials, that are orthogonal sys-
tems for three different but related inner product spaces, are presented.
Three basic operators that are related to the systems are described, and
boundedness of two other operators on a few Hilbert spaces is proven.

Acknowledgements

I would like to thank my supervisors, Professor Maciej Klimek and
Professor Sten Kaijser, for their valuable and constructive suggestions
throughout this research work. Their willingness to give their time so
generously has been very much appreciated.

I appreciate the efforts of Sida, through the International Science Pro-
gramme (ISP) for funding my studies at Uppsala University in Sweden. In
a special way, I thank all the ISP staff for being so friendly and supportive
during my stay in Sweden.

My heartfelt thanks go to my family, especially my loving mother and
my late father, who always supported and encouraged me to complete my

studies.
Contents
1 Introduction 2
2 Preliminaries 3
2.1 Some Notations . . . . . . ... .. ... L 3
2.2 Elementary Theory of Hilbert Spaces . . . . . .. ... ... ... 3
2.3 Elementary Theory of Orthogonal Polynomials . . . . ... ... 5
2.4 Spacesof Interest . . . . . . . .. ... 9
3 The 7-System 10
4 The o-System and Some Useful Operators 13



5 The p-System 15

6 Some Connections Between the Systems 21
7 Two Bounded Operators 26
References 37

1 Introduction

More than a decade ago, Professor Sten Kaijser happened to discover two re-
markable systems of orthogonal polynomials. The most interesting of the sys-
tems was in fact not a standard system, but it had some other useful properties.
These discoveries led to a dissertation by Tsehaye K. Araaya [4, 5]. In March

this year, Professor Lars Holst [7] presented a new way to calculate the Eu-

2 . . . . .
ler sum, > % = % . His calculations inspired Professor Kaijser to calculate a

third system of polynomials, a system that turned out to fill a gap related to the
previous systems. In this report, we present these three systems of orthogonal
polynomials, and discuss some operators related to them.

The weight function that is used in one of the first two systems is the function
wi(x) = 1/(2cosh ), while for the third system we use the self convolution
of this function, that is, we = wy * wy. The function, wy, has three interesting
properties that make it useful as a weight function. The first is that it is the
density function of a probability measure, and the second is that it is up to a
dilation its own Fourier transform, that is, it is the Fourier transform of the
function 1/cosht¢. The third is that it is closely related to the Poisson kernel
for a strip of width two. The second property makes it possible to interpret its
moments as values at zero of successive derivatives, while the third can be used
for direct computations of many integrals.

This report is organised as follows: In section (2), we present preliminaries
needed to study and understand the work in the subsequent sections. This sec-
tion has four subsections. In the first, some of the notation used throughout the
report is explained. The second reviews those aspects of the theory of Hilbert
spaces which are particularly relevant to our study, while the third reviews dif-
ferent aspects of the theory of orthogonal polynomials of one real variable. In
the fourth subsection, we introduce the spaces that are of interest to our study.
Our first system which we call the o-system is presented in section (3), while
our second system which we call the 7-system is presented in section (4). As
aforementioned, these two systems were studied in Araaya papers [4, 5], and
here we just take an overview of the results so that this report can be self con-
tained. Also in section (4), we introduce three operators R, J and @, which are
related to the systems. The third system which we call the p-system is presented
section (5), and we study this system in detail since it is a new addition filling a
gap related to the previous systems. This system of orthogonal polynomials is
obtained by applying the Gram-Schmidt procedure to the sequence {z"}52, on



the real line with the wo-weighted L? inner product. It turns out that the system
has a simple recurrence formula, so that the exponential generating function is
easily computed. Using this the orthogonality is proven. In section (6) we dis-
cuss some useful connections between the systems, in terms of the operators.
Finally in section (7), we present two operators, T = R~ and S = JR™!, where
J and R are the operators intoduced in section (4). Boundedness of these two
operators on five Hilbert spaces (defined in subsection (2.4)) is proven.

2 Preliminaries

2.1 Some Notations

We use the Kronecker’s delta: d,,, = 0 or 1, according as n # m, or n = m.
The symbol F is used to denote the field of either real numbers R or complex
numbers C. By Re(z), Im(z), |2| and z, we mean the real part, the imaginary
part, the absolute and the conjugate complex value, respectively, of a complex
number z. Closed intervals are denoted by [a,b], open intervals by (a,b) and
half-open intervals by (a,b] or [a,b).

We use S to denote the strip {z € C: —1 < Im(z) < 1}, IS for the boundary
of the strip S and P for the Poisson kernel for the strip S.

More notation will be introduced as we go on.

2.2 Elementary Theory of Hilbert Spaces

In this subsection, we review those aspects of the theory of separable Hilbert
spaces which are particularly relevant to our study.

Definition 1. A normed linear space is a pair (V.|| - ||) where V is a vector
space over F, and || - || is a function || - || : V' — R called a norm on V that
satisfies the following conditions for all z,y € V and « € F:

1. ||z]| > 0 and ||z|| = 0 if and only if z = 0.
2. [laz|| = |a{|z]].
3. [z +yll <l + llyll

Definition 2. A bounded linear operator from a normed linear space (V1,|]-|]1)
to a normed linear space (Va, || -||2) is a function L from V; to V; that satisfies
the following for all z,y € V5 and «, 8 € F:

1. L(ax + By) = aL(x) + BL(y).
2. For some M > 0,||Lz||2 < M||z||;-

The smallest such M is called the norm of L, written ||L||. Thus,

I[L]| = sup |[|Lx]l.
[lz[l1<1



If in the second condition equality holds with M = 1, then the operator L is
called an isometry and the normed linear spaces (V1, || - ||1) and (Va, || - ||2) are
said to be isometric. Isometric normed linear spaces can be regarded as the
same as far as their normed linear space properties are concerned.

Definition 3. An inner product space is a pair (V,(-,-)) where V is a vector
space over F, and () is a function (-,-) : V x V — F called an inner product
on V that satisfies the following four conditions for all z,y,z € V and «a € F:

1. (z,z) > 0 and (z,z) =0 if and only if z = 0.
2. (x,y+ 2) = (z,y) + (z, 2).

3. (ax,y) = afz,y).

4. (ay) = {y2).

Example 1. Let C[a, b] denote the set of complex-valued continuous functions
on the interval [a,d]. For f,g € Cla,b], define

_ /a ’ f@)7 e

Then (Cla,b], (-,-)) is an inner product space.

Given any inner product space V, we can define ||z|| = /(z,z). This is, in
fact, a norm on V, and to show this, we need what is known as the Schwarz
inequality, that is, |{z,y)| < ||z||]|y|| for any two vectors z,y € V [9, lemma
4.2]. We formally present this result in the following proposition.

Proposition 1. Every inner product space V is a normed linear space with the
norm ||z|| = v/ (z,x).

Proof. We verify only the triangle inequality since the other properties follow
immediately from definition (3). Let z,y € V. Then,

lz +yl* = (e +y,2 +y) = (z,2) + (x,y) + (y,2) + (4, 9)
= ||z[]” + 2 Re(z, y) + |lylI*
< ll* + 2[¢z, y)| + llyll?
< [|z]* + 21lz|l lyl| +[l9]I*, by Schwarz inequality
= (Il + [lyll)?,
which proves the triangle inequality. O

Definition 4. A complete inner product space is called a Hilbert space. (Com-
plete here means that every Cauchy sequence converges.)



Example 2. Let L?[a,b] be the set of complex-valued measurable functions on
a finite interval [a,b] that satisfy f: |f(2)|?dz < oc. For f,g € L?[a,b] define

b
(f9) = [ st
It can be shown that L?[a,b] equipped with this inner product is complete and
therefore is a Hilbert space.

Definition 5. Let V' be an inner product space. Two vectors x,y € V are said
to be orthogonal if (z,y) = 0. A sequence of vectors {x,,}72, in V is called an
orthogonal system if

The system is called orthonormal if h, = 1.

Definition 6. A sequence of vectors {x,,}22, in a Hilbert space H is complete
if (y,x,) =0 for all n > 0 implies that y = 0.

Definition 7. An orthonormal basis is a complete orthonormal system.

The following theorem is standard and can be found in many books, for
example, in Reed and Simon [11].

Proposition 2. Let {z,}5%, be an orthonormal basis in a Hilbert space H.
Then for each y € H,

y=Y W)z, and |lyl> = [y, 2.)>. (2)
n=0 n=0

The equality in the first expression means that the sum on the right-hand
side converges, regardless of order, to y.

Proof. See Reed and Simon [11, thm. II.6]. O

Corollary 1. If {x,}52 is an orthogonal basis in a Hilbert space H then for
eachy € H,

y= Z <y,l‘n> T and <y,2> — Z (y,xn><z,zn> ) (3)

=l

2.3 Elementary Theory of Orthogonal Polynomials

We review different aspects of the theory of orthogonal polynomials of one real
variable. We require that the domain X C R of polynomials be measurable. X
is most commonly either the infinte interval (—oo, o), a semi-infinite interval
[a, 00) or a finite interval [a,b]. We also need a weight function described in the
following definition.



Definition 8. Let X C R be a finite or infinite interval. A function w is called
a polynomially bounded weight function if it satifies the following conditions:

1. w is everywhere nonnegative, integrable over X, and non-zero over a subset
of X of positive measure, that is,

0< / w(z)dr < oo.
X
2. For every n € N,
/ 2" w(z)dr < co.
X
The quantity [y 2"w(z)dx is often called the n*" moment of w(z), and is

symbolized by py,.

Now for a given polynomially bounded weight function w, let L?(w) denote
the space of functions f : X — R whose w-weighted squares have finite integral,
that is,

feLl*(w) — / A (z)w(x)dr < oo. (4)
X
It follows from condition (2) of definition (8) that all polynomials are included
in the space L?(w).

Definition 9. Let {p,}3°, be a system of polynomials in the space L*(w)
described above, where the n‘® polynomial p,, has degree n. Then {p,}°, is
called an orthogonal system with respect to w if

/ Do (2)pon () 0(2) AT = . (5)
X

The system is called orthonormal if h,, = 1.

More generally if p is a monotonic non-decreasing function (usually called the
distribution function), then we can write equation (5) in terms of the Stieltjes
integral,

/X PP (2)ds(2) = BB (6)

which is reduced back to (5) in case p is absolutely continuous, that is, if du(z) =
w(z)dz.

Definition 10. If p is a polynomial of degree m and
p(x) = cppa™ + Cm1 ™ b 4 ez + iz + o, (7)

then ¢,, is called the leading coefficient of p. If ¢,,, = 1, we say that p is a monic
polynomial.



A useful property of real orthogonal polynomials is that they obey a three-
term recurrence relation as described in the next proposition [14].

Proposition 3. For a weight function w described as in definition (7), there
exists a unique system of monic orthogonal polynomials {p,}>2 . In particular,
we can construct {p,}52 as follows:

po(z) =1, pi(z) =2 —a1 with a = m
and
Prt1(2) = 2pa () — an1pn(2) = bog1pn (), (8)
where
wry = Ixh@e@ds [ apa(@)pa-r(@yela)ds
T @) w(w)ds s Jx P21 (@)w(z)dz

Remark 1. If w is an even measure, then a, 11 = 0 since then its integrals with
odd polynomials are all zero.

Proof. We begin by proving the existence of monic orthogonal polynomials. The
first polynomial py should be monic and of degree zero, and so,

po(x) = 1.

The next polynomial p; should be monic and of degree one. It should therefore
take the form

pi(z) =2 — a1,

and this orthogonal to p; implies that

0= (p1,po) = / zw(z)dr — a1/ w(z)dz.
b'e X
Since w is nonzero on X, it follows that

Jx rw(z)d
a = =——.
Jx w(z)dz
Gn4+1 and b1 are found following the same procedure. To prove uniqueness
of the sequence {p,}>2, of monic orthogonal polynomials of degree n, assume

that {g,}22, is another sequence of monic orthogonal polynomials of degree n.
Then

deg(pn-‘rl - Qn-‘rl) <n,



and since p,11 and ¢,41 are orthogonal to any polynomial of degree n or less,
we have

(Prnt1:Pns1 — Gns1) =0 and (Gni1,Pny1 — Gny1) = 0.

But this implies that

(Pnt+1 = @nt1:Pnt1 — Gny1) = 0,

and so, pp+1 — gny1 = 0 for all n > 0. O



2.4 Spaces of Interest

The following spaces are of particular interest to our study:
L*(w2), L*(w1), H*(S,P), L*(R), H*(S). (9)
Other useful spaces are:
Ao(S), Li(wz), Li(wi), HE(S,P), LE(R), HE(S). (10)

In the above, and indeed throughout this paper, w; denotes the weight func-
tion 1/(2cosh $x) while wy denote the self convolution of wi, that is, ws =
w1 * wi. In fact, it can be shown that wy(x) = 2/(2sinh Sx).

L?(w1) denotes the Hilbert space of measurable functions on R that satisfy
J75 1 f(@)|2wi(z)de < oo equipped with the inner product

/ f@)g(@)wn (@ dm_/ f@ 2cosh ey (1)

The Hilbert space L?(ws) is like the space L?(wy) but with the weight fuction
wo in place of wi.

L?(R) denotes the Hilbert space of measurable functions on R that satisfy
[Z | f(@)|*dz < 0o equipped with the inner product

o= [ " @)@, (12)

( P) denotes the Hilbert space of analytic functions on S that satisfy
Jos |f(2)[2dP(2) < oo equipped with the inner product

P(2)

/
/ (@ +)g@td)
-

(x4 i)g(x +i) + f(x —i)g(x — 1)
2
+
2

/ fla+ijg(@+i)

The Hilbert space H2(S) is like the space H2(S,P) but without any weight
function.

Ap(S) is the space of functions f that are analytic in S, continuous on 9S
and f(x +iy) — 0 as |z| — 0.

The spaces L3 (w2), L3 (wi) and L3 (R) are like the corresponding spaces but
restricted to real-valued functions. For the spaces, H2(S,P) and HZ(S), we talk
of real-valued functions on the real axis.

u}12(3:)> do+ [ fla—igle—1) (M(x)) "

— 00

w1 (x)dx

(13)



3 The 7-System

In this section, we present our first system of orthogonal polynomials which we
call the 7-system. This system was studied in Araaya’s paper [4], and it was
found that it has a simple recurrence relation

71=0, 7o=1and 7,.1(x) = 27, () — n*7_1(2).
The first few polynomials for this system are shown below.
T0 = 1
T =2
Tg = .’E2 -1
T3 = x> — bx

=2t — 142249

The weight function for this system is w;(x) = 1/(2cosh §z), and as such, we
start by looking at two interesting properties of this function that make it useful
for this purpose.

Proposition 4. The function wy is a probability density function.

Proof. This follows from the integration,

o o d 1 >
/ w1 (x)dx = / e - { arctan(sinh gx) =1.
T

s
o —oo 2cosh Sz o
O

The following property makes it possible to interpret the moments of w; as
values at zero of successive derivatives.

Proposition 5. The function wy is up to a dilation its own Fourier transform.
In particular, it is a Fourier transform of 1/ cosht, that is,

1 [ e it
arle) = o |

T or oo Cosht

Proof. Using the Fourier inversion theorem, we can write

. © et > elit+3)z
wi(t) = / etwy (x)dx = / ——dx

—o0 —00 em 41

and show that @, (t) = 1/ cosht. For the complete proof, see similar calculations
in lemma (1). O

10



We now present the main results for this section. The calculations in proving
these results are crucial for proving the main results for the other two systems.

Theorem 1. Let the system {1,}52, be given by the recurrence relation
71=0, 790 =1and Tpi1(x) =27, (x) — n*7Hh_1 (). (14)
Then
1. The function T, is a monic polynomial of degree n for n > 0.

0o Th(x)
n=0 n!

n

2. The exponential generating function', G, (x,s) = > s™, s given

by the function

x arctan s
(&

8. The polynomials {74}y are an orthonormal basis in the Hilbert space
LZ(wl).

Gr(z,s) =

As aforementioned, the calculations for this proof are similar to those for the
other two systems, and since will shall provide a complete proof for the system
of section (5), we omit this proof. Instead, we provide some tools needed to do
this proof and these will also be needed in section (5).

Lemma 1. If Re(a) < 7, then

o 1
/ e“wi (z)dx =

oo cos o

Proof. The complex-valued function w; (z) = 1/(2 cosh % 2) has a simple pole z =
i, and so we consider a rectangular contour with vertices (—R,0), (R, 0), (R, 2¢)
and (—R,2i), that is, a contour containing the simple pole. Call this contour
C'. Then, by the residue theorem, we have

eOéZ

}{Ceazwl(z)dz = 27i - Res(i) = 2mi ( _i> = 2¢™, (15)

7 sinh gz
o

Now

az az 1 az 2€%Z e(oH»%)z
ewn(z) = e 2coshZz ¢ 2(em™ +1) e + 1’

and so, we can integrate around the contour C' as follows:

feazwl(z)dzz/ +...+/
C I Iy

R e(a+§)md . 2 e(oz—&-%)(R—Hy)d
_[Reﬂz+1 JZ+Z/O eﬂ(R+iy)+1 Y

R (a+3)(a+2i) 2 (a+3)(—R+iy)
—/ Wd%‘—i/ Ry 1Y
R em(z+2i) 4 1 0 em ) + 1

!The exponential generating function of a squence {an} is defined as G(z) = 322, an%.

11



Alone the side Iy, we have

e(a+%)(R+iy) e(aJr%)R e~ 5 ReaR

az — < =
‘6 w1 (2)] er(R+iy) + 1| = emR — 1 1— e—7R

so that by Darboux inequality,
267%1%6(1]2

/I eaZW1(Z)dZ S m — 0 as R — oo.
2

Similarly, the integral alone I vanish as R — oo.

Thus, taking R — oo and combining with (15), we have

2¢* = lim e“*wy(2)dz
R—o0 C
R e(aJ,»%)z R 6(&+%)(I+21)
= lim ——dz — lim ————dx
R—oco J_p €™ + 1 R—oo J_R e (z+21) +1

. R (a+%)z
= lim (1 —i—eﬂo‘)/ de
R—o0 —R ere + 1

A o (a+3)e
- (1 +612a) [m eer j_ 1dx

which implies that

/ eorDr  gen
dr = .
o eTT 4 1 1 + ez2o¢
1
"~ cosa’

Lemma 2. The following identity holds:

1 —tanatanf
\/1+tan2a\/1+tan2ﬂ'

cos(av+ ) =

Proof. Tt is a well known fact that cos?z + sin?z = 1. Dividing through by
cos? x gives 1 + tan? z = sec? z. Thus,

1 —tanatan 8 _ 1—tanatanf
V1 + tan? a\/l thanzﬁ2 sec arsec 8
~ cosacos B(1 — Smasing,
cos o cos 3

= cosacos B — sinasin 3
= cos(a + B).

12



4 The o-System and Some Useful Operators

Like the 7-system, this system was studied in Araaya’s paper [4], and it was
found that it has a simple recurrence relation

0_1=0, opg=1and o,y1(z) =2z0,(x) —n(n —1)o,_1(x).

The first few polynomials for this system are shown below.

agp =
o1 =X
0'2:582

03:x3—2x

o4 = 2t — 822

The first two properties of the function wy (x) = 1/(2 cosh §x) were discussed
in section (3). The third useful property is that, it is closely related to the
Poisson kernel for a strip of width two in the manner of the following proposition.

Proposition 6. Let the function f be continuous and harmonic in the strip
S={z€C:~1<TIm(z) <1}, and suppose further that |f(z)| < Ce®?l for
some a € [0,%). Then

/ Ut 4 osh 5T / Ut 4cosh 5T

/ [z +l)+f(ﬂf—Z

2 2 cosh 5T
/ f + G w1 (x)de.
Proof. This is simply the Poisson integral. O

In the preceding proposition, we used the operator,

L@+ fa i), (16)

Rf(@) =

which is densely defined in L?(w;). For symmetry, we also consider the operator,

Jf(@) = o= (f(@ +1) = f(z —1)). (17)

2i
It is clear from the definition of these two operators that

(R+i)f(z) = f(z £1). (18)

13



In the next section, we shall see that multipying the p-system by x gives a
relation to this system, and this is the reason to define the third operator,

Qf(x) = xf(x). (19)

The notation for this operator is inspired by analogies with quantum mechanics,
an analogy which seems natural in the light of the following easily verified
relations between the operators.

Proposition 7. The operators R, J and Q satisfy the following relations:

RQ—-QR=-J (20)
JQ—-QJ =R (21)
RJI—-JR=0 (22)
R+ J2=1 (23)
where I is the identity operator.
Proof. Use the definition of the operators involved. O

We now present the main results for this section which describe an orthogonal
basis for the space H2(S,P) where P is the Poisson measure for 0.

Theorem 2. Let the system {0,152 be given by the recurrence relation.
0-1=0, og =1 and opi1(x) =20, (x) —n(n — 1)op_1(z). (24)
Then

1. The function o, is a monic polynomial of degree n for n > 0.

2. The exponential generating function, G,(x,s) = > U"T(!x)s", is given by
the function

G (l’ S) _ ea:arctans
o\4) - .

3. The norm of the polynomial 7% is 1 for n =0 and V2 forn > 1.

4. The polynomials {Z2}5°, are an orthogonal basis in the Hilbert space
H2(S,P).

On
n!

Proof. See similar calculations in the proof of theorem (3) in the next section.
O

14



5 The p-System

We study this system in detail since it is a new addition, filling a gap related
to the previous systems. In fact, it is the main motivation behind this thesis.
Unlike the two previous systems, the weight function for this system is wy =
w1 * wy, the self convolution of wi(x) = 1/(2cosh §x). By the convolution
theorem and proposition (5) , the Fourier transform ws of ws is given by wa(t) =
@1 (t) - ©1(t) = 1/ cosh® t. Abramowitz [1] gives the Maclaurin series expansion

2
1 >\ Fy,t2n
cosh?t (;_:O (2n)! >
(et eue 13sst T
o 2 24 720 40320
2+ 178
(25)

_qopy 2t I
Tty T T

where E,, is the n" Euler number?2.
Now using the Fourier inversion theorem, Wo(t) = [ e™'ws(z)dz, we de-

rive the nt" derivative of &y evaluated at zero as follows:

wWa(t) = /_OC ey (x)da, w2(0) = /_OO wo(z)dx

Wh(t) = /_OO ize"twy (r)dz, wh(0) = /_OO izws(x)dz

o (t) = [ b (iz)* €™ wy (z)du, WY (0) = [ h (iz)*wy () da
24(t) = / " () e t(e)dr,  6§7(0) = / " (i) wnle)de

Since wy is an even function, it is orthogonal to all odd polynomials. Thus all
odd derivatives vanish, and we can rewrite the expression for the n** derivative
of ws evaluated at zero as

/ " aPun(@)da = (—i)" 6 (0) = (_Z_)%(i)% <1h2t)

—00

) (26)
t=0

2The first few Euler numbers are: 1, -1, 5, -61, 1385, -50521 with alternating signs. For
the explicit definition and formula, see [1, p. 804].

15



which is then used together with equation (25) to find the moments as follows:

n =0, /OO wo(z)dx = (—i) %@, (0) = 1

— 00

n=1, /OO 22wy (z)dx = (—i)?@Y(0) = (—i)? (=2 x 1) = 2

— 00

n=2, /Oo s (2)de = (—i) e (0) = (=i)* (4! v ;) 16

— 00

n=3, [ " Sun(@)de = (=)0 (0) = (—i)° <6! x 411;) = 272

We can now use proposition (3) to construct a unique system of monic orthogo-
nal polynomials {p,, }2 . Set po(x) = 1 and since this has an even power of z,
it is orthogonal to all odd polynomials and in particular to p;(xz) = x. To find
the third polynomial, set pa(x) = 22 + a and this orthogonal to pg implies that

0= /OO (22 + a)ws(z)dx = /OO 2wy (2)d + a/oo wo(x)dx =2+ a.

Thus a = —2. To find the fourth polynomial, set p3(x) = 3 + bx and this
orthogonal to p; implies that

oo

(o) (o)
0= / (23 + bx)zws (x)dr = / xtwo(z)dr + b/ 22wy (x)dr = 16 + 2b.

— 00 — 00 — 00

Thus b = —8. To find the fifth polynomial, set ps(z) = 2* + cz? + d and this
orthogonal to py implies that

0= / (z* + cx? + d)ws(x)dx

— 00

_ /Oo x4w2(x)dx+c/oo x2wQ(x)dx+d/oo wy(2)de

— 00 — 00 — 00

=16+ 2¢ + d. (27)

p4 should also be orthogonal to ps, and so,

0= /00 (z* + ca® + d)(2? — 2)wa(x)dx

— 00

= / (25 + cat + da?)wo(x)dx

= / 25wy (z)dx + c/ zhwy(2)dx + d/ 22wy (x)dx

= 272 + 16¢ + 2d
= 272+ 16¢ + 2(—16 — 2¢), by (27)
= 240 + 12c.

16



Thus, ¢ = —20 and d = 24. The rest of the p-polynomials are obtained following
the same procedure, and we have

po(z) =1

pi(z) ==

po(x) = 2% — 2

p3(z) = 2° — 8z

pa(x) = 2t — 202 4 24

We now establish the relationship between these polynomials. Setting p_; = 0,
we note that

p1(x) = zpo(x) — p-1(x) 0=0x1
p2(x) = xp1(x) — 2po () 2=1x2
p3(x) = xpa(z) — 6p1(2) 6=2x3
pa(z) = zps(z) — 12p2(x) 12=3x4

where the second column shows the pattern of the coefficients of the second
terms on the right hand side of the polynomial equations. This pattern of the
coefficients motivates us to define the system of polynomials {p,}>2, by the
recurrence relation

p—1=0, po =1, and pn11(z) = 2pn(z) — n(n + 1)pn_1(2),

which we will later use to compute the exponential generating function for prov-
ing orthogonality of our system.

Before proceeding further, we present two lemmas that will be useful in
proving the main results of this section.

Lemma 3. If the function [ is integrable on (—oo,00) and

fo - [ T ft)etdr = o,

then f =0 almost everywhere.
Proof. See Andrews, Askey and Roy [3, thm. 6.5.1]. O
Lemma 4. If Re(a) < T, then

[ O; 2% (z)dz = (Coiaf. (28)
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Proof. Bearing in mind that we = wq * w1, a self convolution, we have

/ e*wq(x)dx = /J e*wy(x — y)wi (y)dydx

(o) o
= /J ey (Hwy (y)dtdy  if we let & —y =t

-/ OO( / ‘: eatwl(wdt) ey ()dy

oy ()t / Veon (y)dy

= e Wy
—00 —o0
00 2
= </ eale(:E)dx> ifwelett=y==2a
—0o0
1 \2
= ( ) ) by lemma (1) .
cos
O
Lemma 5. For |z| <1,
L= e
— = n z".
(1 a :E)Q n=0
Proof. Differentiate the geometric series, ﬁ = ZZOZO x™, with respect to x,
that is,
1 oo o0
_ n—1 __ n
n=1 n=0
O

We now have all the necessary definitions and lemmas needed to present and
prove the main results of this section.

Theorem 3. Let the system {p,}22, be given by the recurrence relation

po1 =0, po=1 and puy1(z) = wpu(e) — n(n+ Vpuor(z).  (29)
Then

1. The function p, is a monic polynomial of degree n for n > 0.

0o pa(x) s
n=0 n!

2. The exponential generating function, G,(z,s) = Y,
by the function

, 1S grven

x arctan s
e

14 s?
3. The sequence of polynomials {25 }7° is an orthogonal basis in the Hilbert
space L2 (ws).

Gp(z,s) =

18



Proof. (1) follows immediately from the definition of the recurrence relation.
To prove (2), we multiply the recurrence by s"/n! and sum over n so that

0= 3 lpns1(a) — 2pu(a) + nln + 1)pn_1<x>]§
n=0
_zpnﬂ zpn Sl Do)
, s - SnJrl
:Gp(x,s) (z,s) gn—l—l 2)pn(z )m
n+1

=G(x,5) —pr(m,s)—i—Zsan( +Zn,0n
n=0

> n+2
_ } : S
- GP($> S) - xGP<x’ 5) + 28GP($7 S) + n:0<n + 1)pn+1(m> (n n 1)71'

=G\(x,5) — 2Gp(x, 5) + 25G,(x,5) + 5° G (, 5)
= (14 8*)G(2,5) + (25 — 2)G,(x, ).
Thus,

2s —x

!
Colws) + g

Gp(z,s) =0. (30)

This is a first-order linear differential equation where all derivatives are with
respect to s, holding x fixed. The integrating factor is

2s —x 2s T
exp</1+82ds> _exp</wds/wds)

= exp(In(1 + s%) — zarctan s))
—_ (1 4 82)€—marctans.

Multiplying both sides of equation (30) by this factor gives

d —X arctan s
T (1+s%)e s, (z,s)) =0

which implies that

x arctan s
e

1+ s2
Now since G,(z,s) = >0, p"T(f)s", it implies that G,(z,0) = 1. Thus c=1
and (2) follows.

Gy(z,s) =c

To prove (3), we first show that

1

| Gl G ntonts = s
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Now

ex arctan s e* arctant 1

_ _ r(arctan s+arctan )
Gp(z,s)Gy(x,t) = T 13E _(1+$2)(1+£2)6:Facasaca .

Set u = m, a = arctan s, § = arctant and assume that Re(a+3) < 5.

Then we have

/ Gy(z,s)G,p(z, t)wo(x)dr = u/ e ATy () da

—0 —o0

)) : . by lemma (4)

2
by 1 2
1 —tanatan ) by lemma (2)

=Uu

u(\/1+tan2a\/1+tan25

m\/1+t2>2
1—st
(1+s%)(1+t%)

(1 —st)?

1
=—. 1
(1—st)? (31)
Next, by lemma (5) we see that this implies that
| Gl )Gyl nta)ds = Y- n+ 160" (32)
e n=0

But using the definition, G,(z,s) =, p"'T(Ix)s", gives

/°° Gp(z,5)G,(x, t)wa(z)dx = /OO ( 'D’;L("T)Sn> ( Pkk(!ff)tk> wo(2)dz

- - n=0 n=0
= Z Z stk / %wg(l’)d(ﬂ. (33)
n=0 k=0 e o

It therefore follows from (32) and (33) that

Z Z sk /OO %wg(@dw = Z(n + 1)(st)™.
n=0k=0 - o n=0

Comparing the coefficients of the powers of s and ¢ proves orthogonality, that

is,

)= (n+1)dns (34)



To show that this system of polynomials {2%}>° ) is a basis in the Hilbert
space L?(ws), we need to show that it is complete. But since the span of {£3}22,
is the space of all polynomials, it suffices to show density of the system {z"}7%,.
Let (f,2") = 0 for some f € L?(wy) and all n > 0. Then

/fxwz)

oo

/ Z £ (@) s () d = Z

[
5

=0.

By Lemma (3), fws = 0 almost everywhere. But ws ;é 0 and so f = 0 almost
everywhere which by definition (6) implies that {z"}2°, is dense in L?(wsz).
Therefore, the system {25} is complete, and in particular, it is an orthogonal
basis in the Hilbert space L?(ws). O

6 Some Connections Between the Systems

Having presented the three systems of polynomials in the previous sections,
we can now discuss some useful connections between them, in terms of the
operators R, J and Q). To start with, let us write a few terms for each system.
By definition, 01 = 71 = p_1 = 0, 090 = 79 = po = 1, and op41(x) =
xo, () —n(n—1)o,_1(x), Tni1(x) = 27, (2)—n>7,_1(z) and p,41(x) = 2p,(T)—
n(n + 1)pp—1(z). We thus have

o T p

op=1 =1 po =1

o1 = =z p1=2x

0221‘2 Tg=x2—1 pg:x2—2
032303—2:6 73:x3—5x p3:x3—8x

o4 =zt — 822 m=at— 1422 +9 p4(a:):x4—20x2+24

Our three operators are defined by Rf(z) = 1 (f(z+i)+f(z—i)), Qf (z) = zf(z)
and Jf(z) = & (f(x +1i) — f(z — i)). Comparing columns 1 and 3, we see that
Tpn = Op41 which by definition of @ implies that Qp, = op41. In what
follows below, we check the operations of R, J and @ on the three systems of
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polynomials. We start with the operator R. On the first column, we have

ool +1i) +oolw—i) 1+1

Roy = 1
70 2 2
C(z+i)+(x—i) 2z
R(Tl— B = B =X
Ry — (x+1i)2 + (x —i)? _2x2—2:x2_1
2 2
Roy — (ac+z)3—2(x+i)—;—(x—i)3—2(a:—i) T

This indicates that the operation of R on column 1 gives column 2. We can
therefore claim that Ro, = 7,, which we will prove later. On column 2, we have

R’To:].
Rm ==x
Ry — (4 —1+@—@’ -1 _22°-4 _ , ,
2 2
.3_ . _.3_ _.
Ry — (x+1) 5(33—1—2)—;(3: i)® — 5(x — 1) _ 38y

This indicates that the operation of R on column 2 gives column 3. We can
therefore claim that R7, = p, which we will prove later. We now turn to the
operator J. On column 1, we have

7'0(£E+i)—7’0($—i) 1-1

Joo = 2% = 0
(x+i)—(x—14) 2
:—:—:1
Jou 2% 2
(x+1)2 — (x—10)?  daxi
— :7:2
Jo2 2i 2
_372 N N3 2 o
JUS:(erz) (z+z)2i(x )%+ 2(x Z):31:2—3:3(1:2—1)

From this, we can claim that Jo, = n7,_1 which will be proved later. On
column 2, we have
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JT():O

Jlel
2 1 ()2 :
J2:(x+z) 1 (:U i) +1:@:2x
24 21
.3_ . _ _.3 s
JTS:(x—H) 5(x+z)2i(x i)° +5(x Z):3m2—6:3(m2—3)

From this, we can claim that J7,, = np,—1 which will be proved later.

We can now state the main results of this section.

Theorem 4. The following connections between the three systems of orthogonal
polynomials {0, }, {Tn} and {p,} hold:

Ro,, =1, (35)
Jo, =nt,_1 (36)
Rt = pn (37)
JTh = npp_1 (38)
Qpn = oni1 (39)

Proof. We shall prove only (37) and (38) since the proofs for the rest follow the
same procedure. The idea of the proof is that, given (37), we prove by induction
(38), and viceversa.

We start with (37). For n = 0, the statement is true since we have

Tolx+12) +10(r — 1 1+1
0( )2 0( ): 5 :1:,00($>-

Now assume that both (37) and (38) hold for all 74, k < n, then

Rro(z) =

Rtyi1(2) = Rlzr,(z) — n®1y—1(z)], by recurrence relation

(AT (r49) 4 (. — i) T (2 —9) 2 Tn—1(x + 1) + Tno1(x — 1)

5 2
e xTn(fE + Z) ;Tn(x - 7’) +1Tn(m + Z) ;Tn(x — Z) - nQRTnfl(x)
Tn($+l) 77—”(1'70 7712R7—n—1

2

= 2R7,(x) —np,_1(z) —n*R7,_1, by (38) assumption

= 2pp(z) — npp_1(x) —n?pp_1(x), by induction assumption
= 2pn(z) = n(n+ 1)pn_1(2)
= pnt1(z).

23



Therefore, since the statement is also true for n+ 1, it follows by induction that
it is true for all integers n > 0.
The proof for (38) follows the same procedure, and as such, we omit it. O

We now introduce some notations related to the three systems of polyno-
mials. Denote the polynomials 2%, ™& 25 by G,,,7,, pn respectively. It follows
from Theorems (1), (2) and (3) that the systems {7, }°2 o, {Tn}52 and {pn}o2,
are orthogonal bases for the Hilbert spaces H%(S, P), L?(w1) and L?(wz) respec-
tively. In fact, the system {7,}7% is orthonormal. In what follows, we look at

some consequences of the relations in Theorem (4).

Corollary 2. The following connections between the three systems of orthogonal
polynomials {5, }, {7} and {p,} hold:

RGp, = 7 (40)
JGp = Fn_1 (41)
R7, = pn (42)
JFn = 1 (43)
Qpn = (n+1)0n+1 (44)

Proof. Divide the equations in Theorem (4) through by n!. For instance, we
have for relation (43),

JTh = npp_1

J n n— ~ n—
Tn _ [Pt = J7, = Pt
n! n! (n—1)!

= J7, = ﬁn—l-

O

Corollary 3. Let the operators K, L, M, A, B and C be defined as follows:
K =RRQ, L=QRR, M = RQR, A= RQJ, B=QJR and C = RJQ. Then
the following relations hold:

K™ (o) = pn (15)
L™ (0¢) = op (46)
M"™(19) = (47)
A(Ty,) = n, (48)
B(o,) = no (49)
C(pn) =np (50)

Proof. We prove only (45) and (50). The proofs for the rest follow the same
procedure.
For (45), we proceed by induction. For n = 0, the statement is trivially true.
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Now assume that it is true for some integer n > 0, then
K”“(Po) = KK"(po)
= Kp,, by induction assumption
= pn+1, by Theorem (4).

Therefore, since the statement is also true for n+ 1, it follows by induction that
it is true for all integers n > 0.
For (50), we use the definition of C' and the relations in Theorem (4),

C(pn) = RJQ(pn)

= RJO'n+1
= Rnr,
= npp.-
O
Corollary 4. The following relations hold:
Tn(z £14) = pp(x) £ ipn_1(x) (51)
n(x £1i) = Tp(x) £ iTh—1(x) (52)

Proof. We prove only (51) since the proof for (52) follows the same procedure.
From corollary (2), p, = R7, and p,—1 = J7,,. Thus,
() £ ipn_1(x) = RTp(x) £ iJ7n ()
= (R =+ iJ)7n(x)
= To(z £1), by relation (18).
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7 Two Bounded Operators

In this section, we study two more operators, namely T = R~ and S = JR™ !,
where J and R are the operators that where defined and presented in section
(4). It is clear from the connections in corollary (2) that

Thn = 7 (53)
T#, = 6n (54)
STy = a1 (55)
Sﬁn = ﬁn—l (56)

Also by relation (18),
Tflx+i)=(R+iJ)Tf(x)
= RTf(x) +iJTf(x)
— f(x) +iSf(2). (57)

The integral representations of these two operators, S and .J, were developed
and presented in Araaya’s paper [5]. For the operator T, we have

1
Tf=—"— 58
/ QCOShgac*f7 (58)
and for the operator S, we have
] A — (59)
~ 2sinhZz 7’

where in both cases * denotes convolution. Using the convolution theorem, the
Fourier transforms for T" and S were shown to be

TF(t) = sech tf(t) (60)
and
Sf(t) = —itanhtf(t) (61)

respectively. We shall also make use of what is known as the Plancherel theorem
which states that ||f|| = ||f|| for any f € L?(R). See [13, thm. 9.13].

Proposition 8. For the operator T, we have the following:
1. T is linear and bounded from L?(ws) to L*(wy).

2 I T3(w)) = {f € T2(w) : (f,1) = 0} and H(S,P) = {f € H*(S,P)
f(0) =0}, then T//2 is a unitary operator from LE(wi) onto HE(S,P).

Remark 2. Let f € L*(w1) and b, = (f, 7). Then the operator U : L*(w;) —
H2(S,P) defined by Uf = by + % >0 bnGy, is unitary.
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Proof. Since all other properties are clear, we prove only boundedness.

1. Let f € L*(w2) and a,, = (f, pn). By Theorem (3), the system {5, }5 is
an orthogonal basis in L?(wy) with norm v/n + 1, and so, by proposition

(2),

F=Y anpn and |[|fllfa@,) = D0+ Dlanf®

n=0 n=0

By relation (53),

Tf= ianf’n.
n=0

Since by Theorem (1) the system {7,}52, is an orthonormal basis in
L?(wy), we have

ITf 120y = D lanl®
n=0

<Y (n+Dlagf
n=0

= [1/11Z2 ()
which proves boundedness of T from L?(ws) to L?(w) with norm 1.

2. Let f € L&(w1) and b, = (f,7,). Then by = (f, 7o) = (f,1) = 0, and since
by Theorem (1) the system {7, }5°, is an orthonormal basis in L?(w; ), we
have

F= bafn and |[[fll20) = > bl

n=1 n=1

By relation (54),

Tf = ibn&n.
n=1

Since by Theorem (2) the system {5, }2° is an orthogonal basis in H%(S, P)
with norm 1 for n = 0 and /2 for n > 1, we have

1 o0
||7Tf”%[2(s_73) = Z |bn|2 = ||f||2L2(w )"
V§ o n=1 '

This proves that T/ V2 is an isometry.
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Before proceeding further, we present two lemmas that will be useful in
proving the main results of this section. The proof of the next lemma depends on
Cauchy’s theorem [2, thm. 1.4.2] which says that if two different paths connect
the same two points, and a function is holomorphic everywhere in between the
two paths, then the two path integrals of the function will be the same.

Lemma 6. If f € H?(S) then fe L?(R, cosh 2t dt) where f is the Fourier trans-
form of an analytic function f. Furthermore, ||f|\?{2(s) ||f|\L2 R,cosh 2t dt)-

Proof. Recall from subsection (2.4) that analytic functions in the Hilbert space
H?(S) have the norm

) 12 a2
iy = [~ Lt O 0F

For f(x + i), we have the Fourier transform
1 > N\ —qxt 71 (z+1i)t t
— flz+i)e ™ de = f e'dx
™ — 00
= / f(z)e~**dz, by Cauchy’s theorem
= ' f(t).
Similarly for f(x — i),
o | et = e o,

It therefore follows by the Plancherel theorem that

oo (2 . 9
HfHH?(s) :/_ |f (= + )] ;‘|f($ i)l e
I B 0 (G S CR (Ol
B %/ 5 dt
1 RN eZt _|_872t
— o [l ()@
- % o:O|JE(15)2(:05h2tdt

| ‘.ﬂ |L2(R,Cosh 2t dt)-
O

The proof of the next lemma depends on the Hadamard three-lines theorem
[13, thm. 12.8] which for our particular case says that if f € Ay(S) and if

1

M(n) = max |f(z + in)| then M(0) < (M(-1)M(1))=.
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Lemma 7. If f € H?(S) then ||fllo < (||f]|+1 - |\f||,1)% where we have used
the notation || f||2 = [*_|f(z +in)|*dz.

Proof. Define the convolution F = f * f € Ap(S) where f(x) = f(—xz), that is,

e - [ " f = o) ).
Then

o0

FO) = [ 15oPds = |11},
—00

Recall from subsection (2.4) that Ag(S) is the space of functions that are analytic

in S, continuous on JS and f(x+iy) — 0 as |z| — oo. Thus f(z + in) attains a

maximum, say, F(n) = maxger |f(z + in)|. Then by the Hadamard three-lines

theorem [13, thm. 12.8],

Nl=

F0) < (F(+1)F(=1))7,
and by the Schwarz inequality,

F(+1) <|[fll+2-l[fllo and F(=1) < |[|f[[-1 - |[f]lo-

Therefore,
1£113 = F(0) < (F(+1)F(~1))?
< (Il - 1 fllo - 1A =1 - 11 £1]0) ®
< (I 11F11=1)2 11£ 1o
so that

[1£1lo < (1fl 141 - IF11-1)?

Lemma 8. For all x > 0,

2 +1 o7 T
2cosh 5o = 2 2sinh §z

Proof. This is equivalent to proving the inequality

tzmh7T < T x
B
2 T 241422
For all z > 0, define
T T
r) = ———— —tanh —x
f( ) 2 /1+$2 2



Then,

1
(1+22)3/2

™

F(0)=0 and f’(w)=<

2 — sech? gac) .

We need to show that f/ > 0 for all z > 0. This is equivalent to proving the
inequality

1 2 T
((1+x2)3/2 — sech 2x> >0
cosh? gx > (14 22)%/?

cosh? gx > (14 2%)3 (62)

Inequality (62) can be proved using Maclaurin series expansion, that is,

7T25(32

8

We have thus showed that f'(z) > 0 for all > 0, and since f(0) = 0, it follows
that for all x > 0,

P> (142t > (1+2%)°

(cosh %)4 >(1+

f(z) =0
g\/%—tanhgx>0
tanhzx<EL
2" S i
2+ 1 o7 T
2coshZx — 2 2sinh Za’

O

We now have all the necessary definitions and lemmas needed to present and
prove the main results of this section. In fact, they are the final results for this
project thesis, and they will be presented in two separate theorems, one for the
operator T" and the other for the operator S.

Theorem 5. The operator S is linear and bounded on the following Hilbert
spaces with norm 1:

1. L?(ws)
2. L%(w;)
3. L*(R)
4. H%(S,P)
5. H?(S)
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Proof. Since linearity follows immediately from the fact that .S is a convolution,
we shall prove only boundedness.

1. Let p, = \/%7 f € L*(ws) and a, = (f,pn). Since by equation (34)
vn 41 is the norm of the polynomial p,, in the Hilbert space L*(ws), it
follows from Theorem (3) that {p,}5 is an orthonormal basis in L?(ws).
Thus by proposition (2),

F= anpn and ||fI> =" lan*.
n=0

n=0

By relation (56),

S (25) ()

n=0
== ——= | Gn n-
n+2 +1p
n=0
Thus,
15707 = 3 (P Jar P = 52 (0 ) o < S ol < 1151
n=0 TL+2 n=1 n+1 _n:1 B

which proves boundedness of S on L?(ws) with norm 1.

2. Let f € L?(wy) and b, = (f, 7). By Theorem (1), the system {7,}5° is
an orthonormal basis in L?(w;) so that by proposition (2),

[= an%n and Hf||2 = Z |bn|2-
n=0

n=0

By relation (55),

Sf = an%nfl = Z bn+1%n~
n=0

n=1

Thus,

ISFIP =" lbuga P =D [bul® <D [bul* = |If1
n=0 n=1 n=0

which boundedness of S on L?(w;) with norm 1.
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3. Let f € L?(R). Using the Plancherel theorem, we have

ISP =571 = - [ IST@Par
= 217T/0:O|tanhtf(t)|2dt, by (61)
< % _Z |f(t)|2dt7 since | tanh#| < 1
= [IfI]?

which proves boundedness of S on L?*(R) with norm 1.

4. Let 6, = 1ifn =0, and 5, = ff/i for all n > 1. Then by Theorem (2), the
system {371}?;:0 is an orthonormal basis in H?(S,P). Let f € H*(S,P)
and ¢, = (f,0,). By proposition (2),

o %)
F=3cada and [IFIP =3 lenl
n=0 n=0

Since RJ = JR by proposition (7), it follows that § = JR™! = R1J.
Thus S&,, = 6,,—1 by corollary (2) so that

o > 577,—1
”§%<ﬂ)

_ A N, :

= \/i —i—;anrlUn.

Thus,
S 27|Cl\2 = 27|Cl‘2 = 2 = 2 2
ISF2 = 25+ 3 fenia P = 5+ 3 jea? < 3 feal® < 1A,
n=1 n=2 n=1

which proves boundedness of S on H2(S,P) with norm 1.
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5. Let f € H?(S). Then by Lemma (6),

15 113r2(5) = 11571172 cos 22
= % _Z |§}(t)|2cosh2tdt
= % _Z |tanhtf(t)[? cosh 2t dt, by (61)
< % O; |£(t)|? cosh 2t dt, since |tanht| <1

= HfH%Q(R,costh dt)
= 1fl2s)
which proves boundedness of S on H?(S) with norm 1.

O

Theorem 6. The operator T is linear and bounded on the following Hilbert
spaces:

1. L?(ws) with norm less than or equal to /.
2. L?(wy) with norm less than or equal to 2.
3. L*(R) with norm 1.

4. H*(S) with norm 1.

Proof. Since linearity follows immediately from the fact that .S is a convolution,
we shall prove only boundedness.

1. We first show that if f € L2(ws) and ¢ = \/wg, then T'f¢p € H?(S). In
particular, we show that

T+ D)+ ) + [T — i) — i)

7ol = | ! &
is finite. Now,
) x+i x =t Vaz+1
(e 20 = ’2sinh (x+1) - ‘:I:i2cosh T ~ 2cosh Za’ (63)
and by relation (57),
ITf(x£0)? =|f(z) +iSf(@)]® = f(2)]* +]Sf(z). (64)
Thus by (63) and (64),
ITf(z+ai)p(x+ i) = |Tf(z— i)l -1 (65)
— N o 66
= (If(@)]* +Sf(z)| )m (66)
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Therefore,

T £ 225y = /jo ITf(z + i)z +0)) 42' |Tf(x —i)(x — i)|2dg;
= /OO |Tf(x +i)¢(x +i)[*dz, by (65)
> 2
- [ s@P 185w @dx by (66)
< 2 [ U +18700) gt by lomma 9

3 [ l@Peds+ 3 [ 155w unds

m m
= Sl lZ2 ) + SIS 122 e
m ™
< 5122 + 1 lZzny> by Theorem (5) part(1)

= 711230 (67)

which proves that T'f¢ € H?(S) for any f € L2 (ws2).

Next, we show that 7" is bounded on LZ(w2). Let f € L3 (ws), then
1Ty = [ IT@ (o)

= [ i)Vt P

= [ ek

< ([ s ivtesita) ([ e - v - ki)

—0o0 —0o0

N / T H @+ e + )Pz, by (65)

—0Q0

< 7l fl72(0y), by (67)

where the first inequality follows by Lemma (7) since T'f1) € H?(S).

We have shown that 7' is bounded on L#(w2) with norm /7. Now since
every analytic function g can be written as g = f +ih for f,h € L3 (w2),
it follows that T' is bounded on L(wy) with norm /7.

Remark 3. Since T and S map functions that are real on the real line to
functions that also have this property and therefore T'(f +ih) = T f+iTh,
the same bounds hold for complex-valued functions as for real-valued.
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2. We first show that if f € L(w;) and ¢ = 1/(2cosh Zz), then Tfyp €
H?2(S). In particular, we show that

TSl = |

— 00

X Tf(@+i)e(@+0)? +|Tf(z —i)p(z — i)

dx
2

is finite. Now,
T K T . o2
’2COShZ($:|:Z)‘ = ’ﬂcoshzxizﬁsmhzx‘

= (\@cosh %x)z + (ﬁsinh zx)z

i 4
~ 2cosh T,
and so,
ol = 5o (68)
By relation (57),
T+ = |f(@) +iST@)P = [F@P +ISF@P (©9)
Thus by (68) and (69),
75 (e + (e + ) = [Tf( — oo —i)P (70)
= (F@F + IS5 goer ()
Therefore,
ol = [ L Dele £OF ¢ T Dote =P,
= /Z ITf(z + i)p(x +i)|*dz, by (70)
= [ @R+ 1S5@R) i by ()
— [ U@Pade+ [ 187@)Puds
= 11122 0r) + 11SF 1 20y
< 113y + 11120y, by Theorem (5) par(2)
= 211y (72)

which proves that T'fp € H%(S) for any f € L& (w1).
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Next, we show that T is bounded on L2(wq). Let f € L3 (w1), then

[ e = [~ L0

—o0 (2 cosh %x)
- / i@
oo 2 (cosh 5T+ 1)
[ee) T 2
2/ T4 (@)l dz, since cosh Ix >1
—oo 2 (cosh 5z + cosh Zz) 2

[ e,

s
oo 4cosh 5z

1

—5 [P

so that

171z = [ 1T S@Per(a)ds

<2 [ [Tr@pw)Pa

=7 (/00 Tf(“")@(““'%)% (/w ITf(x — i)p(z — z’)%)é

—00 —0o0

:2/00 ITF(z +i)p(z + §)|dz, by (70)

— 00

< AflI72 ) by (72)

where the second inequality follows by the Lemma (7) since T'f € H%(S).

We have shown that 7" is bounded on LZ(w;) with norm 2. Now since
every analytic function g can be written as g = f +ih for f,h € L3 (w1),
it follows by Remark (3) that 7" is bounded on L(w;) with norm 2.

. Let f € L?(R). Using the Plancherel theorem, we have
_ 1 [
TP = ITFP =5 [ THode

T[> »
= ﬂ/ |sechtf(t)|*dt, by (60)
i o0
27 J_ o

=I£I?

which proves boundedness of T on L?(R) with norm 1.

|f(t)>dt, since |secht| <1
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4. Let f € H*(S). Then by Lemma (6),

T f1132 () = 1T F1172 (R, cosh 2t at)

1 o~
g/_oo |T f(t)|? cosh 2t dt

1 [ p
%/ |sechtf(t)|* cosh2tdt, by (60)

1 oo
21 J_ o

IN

|£(t)|? cosh 2t dt, since |secht| <1

= Hf”i?(R,cosh 2t dt)

= [1/11z2s),

which proves boundedness of T' on H?(S) with norm 1.
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