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Abstract

Detecting periodically behaving biological time series has gained a lot of attention and

testing for periodicity in microarray data encounters the challenges of short series size, large

number of assessed genes and presence of non-Fourier frequencies. In this paper, a likelihood

ratio test modified by the Pearson curve fitting method is introduced to be applied on such

series. The parameters of the periodic time series model are estimated by unweighted least

squares and used to calculate the likelihood ratio test statistic. The distribution of −2LLR is

completely simulation based and the 95% quantiles are considered as critical values of the test.

The simulation results compare and reveal the advantages of this approach over Fisher’s g test

and Pearson curve fitting method for varying series size, frequency, autocorrelation coefficient

and standard deviation. The method is also applied to Caulobacter crescentus cell cycle data

to demonstrate the practical performance.
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INTRODUCTION

One of the earliest applications of gene expression experiments was the genome-wide monitoring

of gene activities in a cell during its division process. These gene expression time series data

based on direct or indirect monitoring are quite different from classical time series data. Due to the

typically small number of measurements per gene (e.g. series size equals 20) and the large number

of simultaneously assessed genes, statistical analysis of these data faces many challenges. On the

other hand, the growth of available gene microarray (SCHENA et al. 1995) time series data has led

to more attention from other research fields of interest to gene expression studies.

When analyzing microarray cell cycle data, one particular aim is to find statistical support for

periodicity, and then to identify this subset of genes which is responsible during the cell division

cycle. All the periodicity detection methods can be broadly divided into two classes. One is

generic approaches seeking hidden periodic components at all the available frequencies (WICHERT

et al. 2004; AHDESMÄKI et al. 2005) and using statistical tests to yield significance values with

correction for the problem with multiple comparisons. The other one seeks periodic phenomena at

an estimated cell cycle frequency or a priori specified frequencies, since in some application cases

additional information is provided (PIERRE 2001; SHAHIDUL 2011).

From the biological perspective, it is more important to search for periodicities with unknown

frequency. WALKER (1965) searched for the maximum likelihood estimation of the frequency

ranging from 0 to π . TURKMAN and WALKER (1984) deducted the asymptotic distribution of a

statistic G′T and CHIU (1989) proposed a modified statistic RT (β ) and obtained the asymptotic

power functions of his tests. All these methods are applied for testing periodicity in large series.

Fisher’s g test is the most common approach in short time series. WICHERT et al. (2004) discussed

the issue of investigating periodicity in microarray cell cycle data based on Fisher’s g test. They

defined a periodogram spectral estimator I(ω) and then the so-called g-statistic was calculated

from a series of I(ωl). Under the assumption of Gaussian white noise, the exact p-value for a

realisation of the g-statistic was obtained. However, SHAHIDUL (2011) showed that Fisher’s g-

statistic failed to perform correctly in series with non-Fourier frequencies 1.

According to WHITTLE (1952), the periodogram statistic was approximately equal to the sum

1A detailed definition can be seen in subsection Frequency.
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of squares of the corresponding trigonometric regression model fitted to the time series by un-

weighted least squares. The frequency estimation was obtained by many approaches such as

the one proposed by QUINN and THOMSON (1991). PIERRE (2001) used and extended this ap-

proach to multi-frequential periodogram analysis. SHAHIDUL (2011) focused on the distribution

of −2LLR (-2 times log-likelihood ratio) to get the p-values which were calculated for testing the

periodicity. A Pearson VI curve was fitted to simulated −2LLR. The aim of my research is to

introduce a modification by considering the 95% quantiles instead of the estimated cumulative

distribution function (cdf) of the curve.

The rest of the paper is organized as follows. In Methods Section, the periodic time series

model is defined and the estimations of all the parameters are introduced. The likelihood ratio test

is used to decide whether a periodic model is better than just white noise, i.e. whether periodicity

is statistically significant. In Simulation Results Section, the powers are calculated by at least

10,000 replicates for each factor which could influence the powers of the likelihood ratio test.

These factors are series size, frequency, autuocorrelation coefficient and standard deviation. Parts

of these powers are compared with those obtained from Fisher’s g test and the Pearson curve

fitting method. A real cell cycle data, Caulobacter crescentus (WICHERT et al. 2004), adopts my

proposed method in Application Section. The number of periodic genes and top significant cycle

genes are compared among three approaches. Closing remarks are given and various extensions of

my research are outlined in Discussion Section.

METHODS

Model

In order to be consistent with the previously published methods, I use similar notations as those

used by SHAHIDUL (2011) and also consider the same simplest model for the periodic time series

zt = µ +αcos(2πλ t +β )+ et , (1)

where α ≥ 0, λ ∈ (0,0.5), t = 1, . . . ,n, β ∈ (−π,π] and et is the error or disturbance. It is fre-

quently assumed that et is an i.i.d Gaussian noise sequence with mean 0 and variance σ2.
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This model can also be written in the form

zt = µ +Acos(2πλ t)+Bsin(2πλ t)+ et , (2)

where A and B jointly determine the amplitude and phase of the sinusoid and λ is the frequency.

The estimated parameters are based on a useful property of the method of least-squares esti-

mation for the non-linear models whose parameters separate (OSBORNE 1970). Equation (2) can

be written in matrix notation as follows:

z = X(λ )βββ + e, (3)

where z denotes the n×1 random vector of which the time series to be analyzed is an observation,

the first column of X(λ ) is made of 1’s while the other columns are given by {cos(2πλ t); t =

1, . . . ,n} and {sin(2πλ t); t = 1, . . . ,n}, βββ contains three parameters µ , A and B in Equation (2),

and e is an unobservable n×1 random vector with E(e) = 0. General results on unweighted least-

squares estimation in non-linear models whose parameters separate (GOLUB and PEREYRA 1973),

lead to the following equivalence:

(λ̂ , β̂ββ ) is the solution of minimizing ‖z−X(λ )βββ‖2 with respect to (λ ,βββ ) (4)

if and only if

λ̂ maximizes ‖X(λ ){X′(λ )X(λ )}−1X′(λ )z‖2 (5)

and

β̂ββ = {X′(λ̂ )X(λ̂ )}−1X′(λ̂ )z (6)

where ‖ · ‖2 denotes the squared Euclidean norm in the n-dimensional space of the observations.

For a given vector of frequency λ , the periodogram statistic I(λ ) is thus defined as follows:

I(λ ) = z′X(λ ){X′(λ )X(λ )}−1X′(λ )z. (7)

The estimation of λ is provided by maximizing I(λ ) over the frequencies λu =
u

2n for u= 0,1, . . . ,n.

These estimations are approximately equal to what can be obtained by maximum likelihood esti-

mation.
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Likelihood Ratio Test

Letting L(M0) and L(M1) denote the likelihood for models M0 and M1, I can use the relative

likelihood function to compare two statistical models. Then the likelihood ratio test statistic of

model M0 vs. M1 is defined as R = L(M0)
L(M1)

. My aim is to test the null hypothesis H0: α = 0 vs. the

alternative hypothesis H1: α > 0. After the constants being dropped, the likelihood ratio is simply

expressed as

R =

(
S2

S1

)n/2

(8)

where S1 and S2 are computed using the sample data:

S1 =
n

∑
t=1

(zt− z̄)2, (9)

S2 =
n

∑
t=1

(zt− µ̂− Âcos(2πλ̂ t)− B̂sin(2πλ̂ t))2. (10)

Estimated parameters are obtained by Equation (6). The calculation of the log-likelihood ratio

(LLR) provides indication whether there is presence of sinusoid in a given series. In many cases,

the test statistic −2LLR will be asymptotically χ2-distributed with degrees of freedom equal to

df2− df1. Symbols df1 and df2 represent the number of free parameters of models M1 and M2

respectively. However, in my research −2LLR does not follow the χ2 distribution (SHAHIDUL

2011). I simulate 105 times to draw the empirical density of −2LLR, which is seen not to be

consistent with the χ2 distribution with 3 degrees of freedom (Figure 1).

SHAHIDUL (2011) described his procedure as follows:

1. Simulate a sample from white noise process WN(0,σ2).

2. Find the likelihood ratio, as described in Equation (8), for the simulated process.

3. Repeat Steps 1 and 2 for a large number of times, for example, 105 times.

4. Fit Pearson Type VI distribution (JOHNSON and KOTZ 1970) from the simulated −2LLR.

5. Find the cdf and hence the p-value from the fitted curve in Step 4.
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Figure 1: Empirical densities of different distributions. The black solid curve indicates the original

−2LLR density, which is calculated for each of the Gaussian white noise with series size n = 10.

The red dotted curve indicates the χ2 distribution with 3 degrees of freedom. The blue dot-dash

curve shows the simulated Pearson Type VI distribution.

The approximate density functions of Pearson Type VI distribution are complicated. Take the case

where series size equals 10 as an example:

f (x) =
4.9961128(−4.55905+ x)0.77219

(147.49666+1x)59.30667 , 4.55905≤ x≤ ∞. (11)

The integration of the function over the whole domain does not equal 1. With an adapted constant,

the simulated Pearson Type VI distribution when n = 10 is also drawn in Figure 1. It fitted well

with simulated −2LLR according to SHAHIDUL (2011). But Figure 1 shows that Pearson Type VI

distribution skews to the right of −2LLR density.

The decision rule of the likelihood ratio test is: if −2LLR≤ c,do not reject H0; if −2LLR > c,

reject H0. The critical value c is chosen to obtain a specified significance level q. The Pearson

curve fitting method provides an accurate p-value for each calculated−2LLR. However, finding the

critical value by using the 95% quantile of the simulated−2LLR is easier and more understandable.
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Assuming the pre-specified q is always 0.05, critical value for n = 10 is 14.4821 2. Hence, step 4

and 5 are modified by using the 95% quantiles instead in my research.

Autocorrelation

My simulation study is also conducted to assess the robustness of the likelihood ratio test, so et in

Equation (1) is assumed to be relaxed and generated by an AR(1) model:

et = ρet−1 + εt , (12)

where ρ ∈ (−1,1) and εt is i.i.d Gaussian white noise with mean 0 and variance σ2. Under this

circumstance, the robustness of the likelihood ratio test is investigated and modified critical values

are taken into account. A more detailed discussion and revision can be seen in the next section.

SIMULATION RESULTS

I investigate the performance of my proposed method for varying series size n, frequency λ , auto-

correlation coefficient ρ and standard deviation σ . The powers obtained under the null hypothesis

(α = 0) against the alternative hypothesis (α > 0) are compared for series sizes 10, 20 and 50. The

results are based on simulation studies both from series with Fourier frequency and series with

non-Fourier frequency. Based on the generalized assumption in Equation (12), I also simulate sce-

narios that ρ takes values from -0.9 to 0.9 while σ ranges from 0.1 to 1. As for other parameters,

I use exactly the same values as WICHERT et al. (2004), namely Equation (1) with α =
√

2 and

β = −π/4, i.e. A = B = 1 in Equation (2). The constant µ is set to be 5. All the simulations are

done in R 2.14.1 3.

Series size

There is no clear definition of short time series. Some researchers take 200 as the largest series

size (WICHERT et al. 2004) and some use 100 (AHDESMÄKI et al. 2005). To be consistent with

SHAHIDUL (2011), I consider that series size 50 is enough. It is found in Figure 2 that using my

2Integration of Equation (11) with adapted constant over x ∈ [4.55905,14.4821] is 0.9090.
3Free software downloaded on http://www.r-project.org/.

7



●

●

● ● ●

10 20 30 40 50

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

(a) different standard deviations

series size

po
w

er

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

10 20 30 40 50

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

(b) different autocorrelation coefficients

series size

po
w

er

●

●

●

●

●

●

●

●

●

●

Figure 2: Powers for different series size. In (a), autocorrelation coefficient ρ equals 0 in all the

replications. Three scenarios of standard deviations are considered σ = 0.1 (black solid line),

σ = 0.5 (red dashed line) and σ = 1 (blue dot-dash line). In (b), standard deviation σ equals 1 in

all the replications. Three scenarios of autocorrelation coefficients are considered ρ =−0.5 (blue

dot-dash line), ρ = 0 (black solid line) and ρ = 0.5 (red dashed line).

model and simulation setup, the power increases as the series size increases. In each scenario of

different ρ and σ , the power reaches higher than 0.8 when series size approaches 50.

The standard deviation has an influence on the speed of power increase as the series size is

getting larger with zero autocorrelation. When σ = 0.1, the power is very close to 1.0 for series

sizes which are equal to and greater than 30. A small standard deviation ensures that the likelihood

ratio test is reliable for a relatively small series size. On the other hand, a large standard deviation

makes the shape of the sinusoid more fluctuant, which is more difficult to distinguish. When

σ = 1.0, the power is very small for n = 10, but it improves to 0.8 when n turns to 40 (see blue

dot-dash line in subfigure (a) of Figure 2). Hence, my proposed method is sensitive to the change

of series size as expected.

The influence of autocorrelation on the speed of power increase for series size is complex. In

subfigure (b) of Figure 2, the whole blue dot-dash line is under the black solid line and these two

lines are roughly parallel. That is, negative ρ makes power reduce in the circumstance where other

conditions are the same. Meanwhile, the red dashed line and the black solid line are cross-cutting.
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When series size is very small, a positive ρ improves the power a lot. Also because of these power

jumps, the speed of power increase is smoother than that with zero autocorrelation. Furthermore,

powers with zero autocorrelation become higher where series size is greater than 30.

I also present simulation results in Supplementary Table 1. In each column, the first element

is the value from Fisher’s g test, the second is obtained from Pearson curve fitting method and the

third is calculated with my model. Both Fisher’s g test and Pearson curve fitting method give very

large powers when n and σ are small. However, with the increase of σ , my model outperforms the

first two methods. For example, the power is at least 10% points higher than that for Fisher’s g test

and Pearson curve fitting method when n equals 10 and σ is 0.6.

Frequency

Suppose that if n is even and write n = 2k or n is odd and write n = 2k+1, then the frequencies of

the form 1/n, 2/n,...,k/n are called the Fourier frequencies (JONATHAN and KUNG-SIK C. 2008).

Hence, a series with λ = 0.1 corresponds to the series with Fourier frequency when n = 20 and

n = 50, while a series with λ = 0.123 is non-Fourier frequency series. SHAHIDUL (2011) showed

that Fisher’s g test failed to test periodicity in non-Fourier frequency series while the Pearson

curve fitting method performed almost the same in both cases. Since my proposed method is a

modification of the Pearson curve fitting method, it should also be useful for different frequencies.

Supplementary Table 1 shows the powers when λ = 0.1, which is a Fourier frequency for each

series size. For non-Fourier frequencies, I also simulate the same values as SHAHIDUL (2011)

when series sizes are 20 and 50. Supplementary Table 2 provides the power comparisons. In

the case that n = 20, the Pearson curve fitting method performs better when σ is small. As the

standard deviation increases, the power of the likelihood ratio test becomes greatest. Meanwhile,

the differences between the Pearson curve fitting method and the likelihood ratio test are ignorable

when n = 50.

However, the values of λ in non-Fourier cases are taken without specified consideration. To

eliminate the possibility that those large powers are resulted from high frequencies, I also investi-

gate a 200 frequency sequence which starts at 0.01 and ends at 0.20. According to Figure 3, the

power changes sharply when λ is close to 0. Since time series with frequency approaching 0 is

9



0.00 0.05 0.10 0.15 0.20

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

frequency

po
w

er

0.00 0.05 0.10 0.15 0.20

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

frequency

po
w

er

Figure 3: Power trends for different frequencies. The upper subfigure represents the series size

equals 20 while the lower subfigure represents the series size equals 50. In each subfigure, the

black solid line reflects the scenario where σ = 0.1. The red dash line indicates the situation where

σ = 0.5. The blue dot-dash line stands for the case that σ = 1.0. Those grey vertical lines show

the Fourier frequencies.

almost the same as white noise, it is difficult to detect periodicity. As λ is getting larger, an obvious

periodicity is found in the power trend. Between each two adjacent Fourier frequencies there are
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two cycles. The powers of Fourier frequencies with n = 20 are almost at the trough of each cycle

while those with n = 50 are at the crest. The powers near Fourier frequencies change very sharply

while some other short segments are very flat. When series size is small, these flat segments with

small variances approach the power level of 1. And the length of flat segments gets longer as the

series size increases and the variance also increases.

An explanation for the cycles in Figure 3 is the estimation of λ in Methods Section. λ is

chosen over the frequencies λu =
u
2n for u = 0,1, . . . ,n by maximizing I(λ ) (Equation 7). When

the true frequency is contained in λu, λ̂ can be close to true value, which results S2 in Equation 10

small. That is, R in Equation 8 is small and the corresponding −2LLR turns great. Furthermore,

the probability of −2LLR > c improves and simultaneously the power increases. In contrast, if the

true frequency is far away from λu, this contributes to a low power. Hence, in each two adjacent

λu there is a cycle. Because of the different definition of Fourier frequency from λu, there are two

cycles in each two adjacent grey vertical lines in Figure 3. In addition, frequencies which are close

and a little greater than a certain λu can keep accurate estimations of λ and maintain a relative high

power.

Error term

The assumption that et is i.i.d Gaussian white noise in Equation (1) is relaxed and instead et is

generated by an AR(1) model. I investigate the impacts of ρ and σ on my proposed method, based

on the powers in different scenarios. ρ takes values from -0.9 to 0.9 while σ ranges from 0.1 to 1.

The power tables are calculated for series size 10, 20 and 50 (see in Supplementary Tables 3-5).

Take n = 20 as an example. Most lines in the left subfigure of Figure 4 keep decreasing, which

means that larger variances contribute to lower powers. The black solid line stands for the scenario

where ρ equals -0.9, and it is an exception. When the variance is greater than 0.6, the power

improves slightly as the variance increases. Similarly, most lines in the right subfigure of Figure 4

show consistent trends. The powers increase a lot as ρ turns from negative to positive. However,

there is a sharp drop where ρ equals -0.7 in some lines (the lowest three lines are scenarios where σ

equals 0.8, 0.9 and 1.0 relatively). Interactions of large variances and negative high autocorrelation

also result in unexpected fluctuations.
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Figure 4: Power trends for different σ and ρ with n = 20 and λ = 0.1. The left subfigure shows

the trends for different σ and each line represents a specified ρ . The right subfigure reflects the

trends for different ρ and each line stands for a unique σ .

Next I consider another simulation. In the same way as in AHDESMÄKI et al. (2005), two

thousand time series of length n = 10,20,30,40 and 50 are generated to test the periodicity. One

thousand and nine hundred of the time series are just first-order autocorrelated noise. The auto-

correlation coefficient is uniformly randomly taken in ρ ∈ (−1,1) and the standard deviation is

uniformly chosen in σ ∈ (0,1). The other one hundred series are periodic with AR(1) error terms,

which are generated by using the same values of parameters as in the beginning of Simulation

Section. As for the other parameters, frequency is uniformly randomly selected in the interval

λ ∈ (0,0.5). ρ and σ take values as the first one thousand and nine hundred time series.

With these simulation results, I evaluate the Type I error of my proposed test. The expected

Type I error is controlled to be 0.05 in Methods Section. When the error term in Equation (1) is

generated to be Equation (12), the Type I error raises a lot. Take n = 20 as an example. Among

the one thousand and nine hundred time series where the null hypothesis of likelihood ratio test is

true, 481 series are tested to be periodic, which are wrongly rejected the null hypothesis. The Type

I error is higher than 25%. The powers calculated in Supplementary Tables 3-5 and Figure 4 are at

the cost of high Type I errors.
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Modified critical values

To keep the Type I error at pre-specified 0.05, a modification of choosing critical values is con-

sidered. In real cases, true values of autocorrelation coefficients are not known if the error term

has autocorrelation. But ρ can be foreknown in simulation studies. For a certain ρ0, Step 1 in

Methods Section is modified to simulate a sample from AR(1) with autocorrelation coefficient ρ0

and standard deviation σ . The other steps remain the same. A unique critical value is obtained for

each ρ and then used in the decision rules. For example, the critical value for ρ =−0.9 and n = 10

is 27.7371, which is almost twice as that with zero autocorrelation.

Figure 5: New power trends for different σ and ρ with n = 20 and λ = 0.1. Unique critical

values are used in each scenario. The left subfigure shows the trends for different σ and each line

represents a specified ρ . The right subfigure reflects the trends for different ρ and each line stands

for a unique σ .

New power tables are calculated for series size 10, 20 and 50 by taking different critical values

for each ρ (see in Supplementary Tables 6-8). Still take n = 20 as an example. Since Type I error

remains 0.05, each of the power values decreases by a certain percent. The lines in the left subfigure

of Figure 5 keep decreasing. Only in the scenarios where ρ is close to 0 (see the highest five lines),

the speeds are slow. And for those lines, a relative stable interval of σ is [0.3, 0.7]. When the

absolute value of ρ becomes large, the decreasing speed is fast for small standard deviations. Then
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the speed turns smooth for large standard deviations, and the powers finally approach 0. Especially

the lowest black solid line represents ρ = −0.9. The power sharply decreases from almost 0.5 to

approximately 0 when σ is in [0.1, 0.4], and then remains close to 0. The second lowest green

dash line stands for ρ = 0.9, and it has almost the same trend as when ρ =−0.9.

In the right subfigure, the lines show a bell shape, which is very different from Figure 4. The

peaks of these bell-shaped curves are all at ρ = 0. ρ = 0 means the error term in Equation (1) is

just white noise, which gives the minimum of the variance of et . According to the left subfigures

of Figures 4 and 5, a small variance leads to a high power. Hence, the powers for ρ = 0 are largest

in each line. Moreover, these bell-shaped curves are not exactly symmetric. For two ρ which have

the same absolute value, the power of the negative one is lower than that of the positive one. From

the mathematical perspective, AR(1) error terms which have the same absolute value of ρ have

the same variance, and the power should also be the same. However, according to my simulation

results, it is concluded that negative autocorrelation coefficients make it more difficult to detect

the periodicity. The black solid line represents σ = 0.1, which is higher and stabler than the other

lines. It proves again that small variances contribute to high powers.

APPLICATION

I now illustrate my proposed method by application to some real gene data which is available on

the web. WICHERT et al. (2004) presented the application of Fisher’s g test to 12 molecular data

sets. Being consistent with SHAHIDUL (2011), I also test periodicity for Caulobacter crescentus

cell cycle data, which has one of the shortest series among all the experiments. This data set

was published and analyzed by LAUB et al. (2000). They calculated a log ratio of two different

labeled complementary DNA, which indicated RNA abundance based on cells that were harvested

at 15-min intervals for the 150-min cell cycle. The Pearson curve fitting method can be applied to

situations where the data has missing observations, so SHAHIDUL (2011) chose 2,460 genes with

at most three missing values. Since my proposed method is modified from the Pearson curve fitting

method, it can also be applied. However, missing values are not involved in my study. I use data

matrix bacteria which is the same as WICHERT et al. (2004). The corresponding matrix contains

information on 1444 genes over 11 time points.
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Table 1: Number of significant genes with different tests in the bacteria data set.

Significance level Fisher’s g test Pearson curve fitting Likelihood ratio test

0.01 112 127 92

0.025 160 201 158

0.05 205 272 228

0.1 275 380 303

At a significance level of 0.05, there are 205 genes which are ruled out by Fisher’s g test.

Implementation of the likelihood ratio test gives 228 genes. However, the Pearson curve fitting

method selects 272 genes. A more detailed comparison is shown in Table 1, by changing the

significance level. The Pearson curve fitting method provides most genes in all cases. My proposed

method supports less genes than the other two when a threshold of 0.01 is used for p-value. As the

threshold increases to 0.025, the likelihood ratio test detects almost an equal number of significant

genes as Fisher’s g test. In the cases that the thresholds are 0.05 and 0.1, the likelihood ratio test

finds more genes with periodicity.

The patterns of periodic genes are not the same, so the 9 most significant genes are presented in

Figure 6. I list the 9 top-ranked genes for each method, but there are not any same genes. However,

my results are consistent with what WICHERT et al. (2004) obtained. They used a FDR threshold

(BENJAMINI and HOCHBERG 1995) which could overcome the problem of multiple comparisons.

This new approach provided only 44 significant genes and those 9 top-ranked genes were shown

in their paper. There are 6 genes which are in both lists and the top significant gene is exactly the

same one.

When the significance level is 0.05, there are 138 genes which are significant with both Fisher’s

g test and the likelihood ratio test. For those genes which Fisher’s g test fails to detect, I also

choose ORF05387 as an example just like SHAHIDUL (2011). ORF05387 is a highly periodic

series which is not included among the first 200 genes detected from Fisher’s g test. According

to my method, −2LLR for ORF05387 is 18.8524, which is greater than the critical value 14.1817.

And the p-value of Ljung-Box test is 0.4517, which means that disturbances are white noise.

Furthermore, the p-value of the shapiro test is 0.1410, which supports that disturbances follow a
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Figure 6: The nine statistically most significant periodic genes in the bacteria data set.

Gaussian distribution.

Since the assumption of et in Equation (1) is i.i.d Gaussian white noise, all the residuals should

be tested. 1275 genes are proved that the disturbances are white noise by Ljung-Box test. Among

the failed 169 genes, there are 11 genes which are significantly periodic. On the other hand,

1335 genes are turned that disturbances follow a Gaussian distribution by the shapiro test. Among

the failed 109 genes, there are 10 genes which have periodicity. Considering both tests for the

residuals, 21 significantly periodic genes are failed in at least one test. These genes need a further

study.
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DISCUSSION

My procedure shows the challenge of testing periodicity in short time series. Small series sizes

contribute to low powers and when the series size increases to 50, the result of the likelihood ratio

test becomes stable. Secondly, frequencies should not have an impact on the powers. My proposed

method can be applied to both Fourier frequency and non-Fourier frequency. But depending on

the estimation of frequency, the powers show a periodicity instead of being smooth. Frequencies

which are close and a little greater than a pre-defined selectable frequency maintain a high power

which is at the crest of the cycle. As for the error term, small standard deviations lead to high

powers. Autocorrelation also has an effect on the robustness of the likelihood ratio test. Assuming

autocorrelation is unknown, the power keeps increasing when the autocorrelation coefficient turns

from negative to positive. On the contrary, when autocorrelation is foreknown, its influence can

be eliminated by changing critical values in the decision rules. In that case, high autocorrelation

causes a power reduction. For the same absolute autocorrelation coefficients, the negative one

makes periodicity more difficult to detect than the positive one.

The application to Caulobacter crescentus cell cycle data illustrates the comparison among

Fisher’s g test, the Pearson curve fitting method and the likelihood ratio test. My method can also

be applied to series which has unequal time intervals or missing values, since it is a modification

of the Pearson curve fitting method. SHAHIDUL (2011) tried on data sets with missing values but

this is not in my research. Anyway, it is worth trying and expands the scope of application.

The comparison of the right subfigures from Figures 4 and 5 shows that adaption of critical

values just partly eliminates the impact of autocorrelation. From the mathematical perspective,

autocorrelation increases the variance of the error term and reduces the power of my test. If this

influence is eliminated completely, the lines in the right subfigure of Figure 5 should be flat. How-

ever, they turn out bell shapes. Another modification of the parameter estimation can be consid-

ered, which is weighted least squares. In Equation (3), V(e) = σ2I. When et in Equation (1) is

generated to AR(1), V(e) also changes to σ2V, where V is a symmetric matrix with parameter ρ .

This V can be used in Equations (5), (6) and (7) by weighted least square estimation. Hence, the

expression of S1 in Equation (9) and S2 in Equation (10) should be modified simultaneously.

Weighted least square estimation is based on the assumption that the true autocorrelation coef-
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ficient is foreknown. In real cases, it is always unknown and autocorrelation should be tested. So

how to estimate ρ is another problem. My proposal is an iteration of the AR(1) model for ρ and

weighted least squares estimation for the other parameters. Only in the initial step, the error term

is white noise. How to distinguish whether the influence on the likelihood ratio test comes from

the standard error of the estimated autocorrelation coefficient or other parameters is also difficult.

These problems need further research.

Different multiple testing approaches provide different results. A FDR threshold was used by

WICHERT et al. (2004), which needed an accurate p-value for each −2LLR. However, the distri-

bution of −2LLR is unclear and my method uses the 95% quantiles instead. FDR thresholds can

not be applied to modify my method. Other possible corrections should be considered to overcome

the deviation of multiple comparisons.
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SUPPLEMENTARY INFORMATION

Table 1 Power comparisons among Fisher’s g test, the Pearson curve fitting method and the like-

lihood ratio test with λ = 0.1.

σ n = 10 n = 20 n = 50

0.1 1.0000|1.0000|0.6210 1.0000|1.0000|0.7535 1.0000|1.0000|1.0000

0.2 1.0000|0.9998|0.5825 1.0000|1.0000|0.7345 1.0000|1.0000|1.0000

0.3 0.9748|0.9455|0.6050 1.0000|1.0000|0.7125 1.0000|1.0000|1.0000

0.4 0.8136|0.7300|0.5975 0.9995|0.9987|0.6980 1.0000|1.0000|1.0000

0.5 0.5816|0.4950|0.5790 0.9858|0.9697|0.6890 1.0000|1.0000|0.9995

0.6 0.4107|0.3332|0.5230 0.9078|0.8585|0.6710 1.0000|0.9999|0.9930

0.7 0.2890|0.2348|0.4030 0.7610|0.6910|0.6700 0.9996|0.9981|0.9720

0.8 0.2104|0.1712|0.3415 0.6048|0.5214|0.6300 0.9914|0.9877|0.9530

0.9 0.1677|0.1355|0.2590 0.4730|0.3995|0.5540 0.9583|0.9416|0.9225

1.0 0.1272|0.1117|0.2150 0.3583|0.3036|0.4755 0.9020|0.8659|0.9005

Table 2 Power comparisons among Fisher’s g test, the Pearson curve fitting method and the

likelihood ratio test with non-Fourier frequency.

σ n = 20,λ = 0.125 n = 50,λ = 0.11

0.1 0.3848|1.0000|0.9055 1.0000|1.0000|1.0000

0.2 0.3310|1.0000|0.8200 1.0000|1.0000|1.0000

0.3 0.2883|1.0000|0.7725 1.0000|1.0000|1.0000

0.4 0.2400|0.9992|0.7525 0.9995|1.0000|1.0000

0.5 0.1653|0.8532|0.7345 0.9814|1.0000|0.9995

0.6 0.1653|0.8532|0.7145 0.8962|0.9999|0.9915

0.7 0.1389|0.6839|0.6890 0.7568|0.9981|0.9640

0.8 0.1143|0.5158|0.6480 0.5930|0.9877|0.9310

0.9 0.1011|0.3990|0.5810 0.4777|0.9416|0.9055

1.0 0.0856|0.2912|0.4890 0.3571|0.8659|0.8635
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Table 3 Power table for n = 10 and λ = 0.1

ρ \σ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

-0.9 0.5845 0.4700 0.3390 0.2185 0.1555 0.1150 0.0990 0.1130 0.1395 0.1640

-0.7 0.5875 0.6150 0.5585 0.4250 0.2850 0.1930 0.1255 0.0990 0.0790 0.0695

-0.5 0.5835 0.5885 0.5910 0.5555 0.4335 0.2755 0.2035 0.1395 0.1175 0.0835

-0.3 0.5800 0.6220 0.6210 0.5845 0.5205 0.3930 0.2960 0.2190 0.1455 0.1245

-0.1 0.5840 0.6135 0.6025 0.6110 0.5595 0.4650 0.3810 0.2820 0.2235 0.1715

0 0.6210 0.5825 0.6050 0.5975 0.5790 0.5230 0.4030 0.3415 0.2590 0.2150

0.1 0.5955 0.5895 0.6220 0.6025 0.5765 0.5230 0.4405 0.3455 0.2975 0.2415

0.3 0.5970 0.5985 0.6265 0.6225 0.6235 0.5645 0.4860 0.4325 0.3680 0.3055

0.5 0.5960 0.5965 0.6265 0.6370 0.6300 0.6020 0.5560 0.5000 0.4395 0.3905

0.7 0.6360 0.6285 0.6305 0.6540 0.6590 0.6345 0.6025 0.5475 0.4990 0.4755

0.9 0.6245 0.6310 0.6625 0.6860 0.6930 0.6920 0.6370 0.6145 0.5725 0.5630

Table 4 Power table for n = 20 and λ = 0.1

ρ \σ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

-0.9 0.6320 0.5810 0.5465 0.5155 0.4745 0.4365 0.4265 0.4270 0.4325 0.4495

-0.7 0.7190 0.6490 0.6005 0.5990 0.5825 0.5080 0.4500 0.3495 0.3055 0.2345

-0.5 0.7565 0.7070 0.6520 0.6370 0.6340 0.6340 0.5960 0.4895 0.3795 0.2870

-0.3 0.7605 0.7190 0.6845 0.6680 0.6580 0.6500 0.6195 0.5700 0.4810 0.3795

-0.1 0.7500 0.7460 0.7155 0.7045 0.6675 0.6925 0.6735 0.6165 0.5365 0.4560

0 0.7535 0.7345 0.7125 0.6980 0.6890 0.6710 0.6700 0.6300 0.5540 0.4755

0.1 0.7615 0.7230 0.7395 0.7290 0.7035 0.7065 0.6775 0.6310 0.5805 0.5055

0.3 0.7650 0.7370 0.7270 0.7215 0.7225 0.7050 0.6950 0.6245 0.5760 0.5495

0.5 0.7615 0.7570 0.7565 0.7535 0.7195 0.7190 0.6940 0.6435 0.6165 0.5715

0.7 0.7830 0.7755 0.7460 0.7530 0.7360 0.7190 0.7105 0.6660 0.6605 0.6255

0.9 0.7820 0.7490 0.7520 0.7620 0.7485 0.7320 0.7505 0.7360 0.7390 0.7380

21



Table 5 Power table for n = 50 and λ = 0.1

ρ \σ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

-0.9 1.0000 1.0000 0.9875 0.9430 0.8855 0.8610 0.8590 0.8500 0.8545 0.8835

-0.7 1.0000 1.0000 1.0000 1.0000 0.9940 0.9620 0.9115 0.8705 0.8125 0.7945

-0.5 1.0000 1.0000 1.0000 1.0000 0.9990 0.9965 0.9675 0.9365 0.8840 0.8485

-0.3 1.0000 1.0000 1.0000 1.0000 1.0000 0.9975 0.9830 0.9545 0.9160 0.8915

-0.1 1.0000 1.0000 1.0000 1.0000 0.9995 0.9935 0.9875 0.9590 0.9275 0.8950

0 1.0000 1.0000 1.0000 1.0000 0.9995 0.9930 0.9720 0.9530 0.9225 0.9005

0.1 1.0000 1.0000 1.0000 1.0000 0.9980 0.9940 0.9710 0.9500 0.9160 0.8925

0.3 1.0000 1.0000 1.0000 0.9995 0.9985 0.9815 0.9665 0.9355 0.8910 0.8710

0.5 1.0000 1.0000 1.0000 0.9980 0.9890 0.9755 0.9360 0.9055 0.8695 0.8625

0.7 1.0000 1.0000 0.9995 0.9885 0.9700 0.9395 0.9040 0.8865 0.8675 0.8695

0.9 1.0000 1.0000 0.9870 0.9660 0.9355 0.9185 0.8980 0.9035 0.9025 0.9170

Table 6 New power table for n = 10 and λ = 0.1

ρ \σ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

-0.9 0.4470 0.1665 0.0530 0.0175 0.0055 0.0030 0.0025 0.0010 0.0015 0.0010

-0.7 0.5730 0.4820 0.2480 0.1140 0.0650 0.0290 0.0170 0.0075 0.0065 0.0025

-0.5 0.6230 0.6130 0.5370 0.4050 0.2455 0.1375 0.0870 0.0670 0.0310 0.0205

-0.3 0.6140 0.5900 0.6220 0.5680 0.4675 0.3440 0.2355 0.1690 0.1225 0.0930

-0.1 0.5940 0.5905 0.6180 0.6000 0.5770 0.4870 0.3650 0.2800 0.2275 0.1630

0 0.5955 0.5805 0.6220 0.6240 0.5865 0.4965 0.4160 0.3050 0.2515 0.2100

0.1 0.5975 0.6065 0.6215 0.6155 0.6015 0.5215 0.4450 0.3735 0.2775 0.2285

0.3 0.6180 0.6125 0.6250 0.6295 0.5965 0.4915 0.4205 0.3395 0.2895 0.2310

0.5 0.6095 0.5815 0.6210 0.6030 0.5070 0.4545 0.3605 0.2800 0.2420 0.1790

0.7 0.6105 0.6095 0.5900 0.5410 0.4315 0.3450 0.2585 0.2165 0.1735 0.1590

0.9 0.6265 0.6005 0.5480 0.4060 0.3170 0.2380 0.1890 0.1545 0.1390 0.1185
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Table 7 New power table for n = 20 and λ = 0.1

ρ \σ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

-0.9 0.4655 0.1600 0.0330 0.0025 0.0000 0.0000 0.0005 0.0005 0.0025 0.0035

-0.7 0.5170 0.5250 0.5005 0.3230 0.1445 0.0585 0.0280 0.0095 0.0040 0.0015

-0.5 0.5200 0.5385 0.5705 0.5745 0.5315 0.4060 0.2860 0.1545 0.0980 0.0425

-0.3 0.5035 0.5485 0.5915 0.5930 0.6135 0.6160 0.5265 0.4755 0.3490 0.2420

-0.1 0.6650 0.6845 0.6810 0.6735 0.6720 0.6660 0.6535 0.6040 0.5380 0.4290

0 0.7645 0.7225 0.7140 0.7085 0.6890 0.6805 0.6750 0.6255 0.5540 0.4790

0.1 0.6820 0.6970 0.7210 0.6935 0.6885 0.6830 0.6465 0.6105 0.5660 0.4825

0.3 0.5445 0.5900 0.6175 0.6635 0.6590 0.6670 0.6075 0.5385 0.4725 0.3855

0.5 0.5510 0.5950 0.5825 0.6145 0.6035 0.5220 0.4515 0.3580 0.2735 0.2205

0.7 0.5680 0.6055 0.5920 0.5095 0.3955 0.2470 0.1630 0.1175 0.0860 0.0725

0.9 0.6165 0.5410 0.3190 0.1390 0.0650 0.0225 0.0185 0.0155 0.0170 0.0155

Table 8 New power table for n = 50 and λ = 0.1

ρ \σ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

-0.9 0.7385 0.4830 0.1035 0.0095 0.0000 0.0005 0.0035 0.0035 0.0065 0.0075

-0.7 0.7385 0.7370 0.7380 0.7455 0.6675 0.5355 0.2805 0.0965 0.0385 0.0165

-0.5 1.0000 1.0000 0.9870 0.9080 0.8315 0.7850 0.7540 0.7180 0.6325 0.5135

-0.3 1.0000 1.0000 1.0000 0.9995 0.9910 0.9600 0.9235 0.8625 0.8280 0.7895

-0.1 1.0000 1.0000 1.0000 1.0000 0.9990 0.9905 0.9795 0.9535 0.9180 0.8915

0 1.0000 1.0000 1.0000 1.0000 0.9985 0.9940 0.9780 0.9605 0.9120 0.8820

0.1 1.0000 1.0000 1.0000 1.0000 0.9990 0.9870 0.9675 0.9415 0.9050 0.8890

0.3 1.0000 1.0000 0.9995 0.9895 0.9600 0.9285 0.9060 0.8720 0.8365 0.7885

0.5 1.0000 0.9855 0.9315 0.8730 0.8545 0.8070 0.7705 0.7380 0.6665 0.5780

0.7 0.7505 0.7270 0.7560 0.7570 0.7050 0.5780 0.4160 0.2500 0.1645 0.0910

0.9 0.7565 0.6325 0.3115 0.0800 0.0115 0.0060 0.0035 0.0040 0.0040 0.0120
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