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ABSTRACT

Properties of so called hot spells (or in winter, cold spells) are studied by statistical models.
Firstly, GEV (Generalized Extreme Value) model for annual maxima and minima with and
without trend is studied. Return levels based on estimation result of GEV is estimated. Then,
threshold model POT (Peak Over Threshold) approach are studied to analyze quantile and
intensity for annual maxima/minima and all daily maximum/minimum respectively.
As to the analysis of the phenomenon of hot/cold spells, properties such as frequency (spells
number), duration (spells length) and mean maxima/minima are estimated by Poisson point
process, geometric distribution and conditional GP distribution respectively. Moreover,
trends of these properties of hot/cold spells are analyzed through extreme value models
directly or through generalized linear models (GLM) separately.
Empirical analysis is based on a data set of daily minimum and maximum air temperature in
Uppsala in Sweden between 1900 and 2001. All calculation and estimation are implemented
in RGui programming language.
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1 INTRODUCTION
For a long period of time, phenomenological cases of extreme events have been studied. For
example, an earthquakes record is available which have recorded earthquake cases through
oral or written forms such as texts or newspaper articles all over the world for at least 3000
years. Another example which is worth to be mentioned is a water levels record of Nile,
which have recorded the lowest and highest water levels for over 5000 years in order to
analyze hunger or disasters when the levels are too low or too high [1].
As to the statistical method, Fisher and Tippett (1928) first explored extreme value theory,
then Gnedenko (1943) formalized extreme value distribution to which block maxima
converges [2]. Jenkinson (1955) developed generalized extreme value distribution combing
three single models of Gumble, Frechet and Weibull families together. Over the last 50 years,
extreme value theory has been used widely in applied sciences and various disciplines, such
as physical, financial markets, insurance industry, environment, failure cases, and so on [3].

1.1 BACKGROUND OF HOT SPELLS
Hot spells and heat waves are extreme meteorological phenomena. According to the history
records in a specific location, we can directly get the average temperature in a specific
period. During the period of hot spells or heat waves, the temperature will be extraordinarily
higher than the average one at the same location and in the same period. The difference
between hot spell and heat wave is that the duration of hot spell is shorter than the one of
heat wave. Moreover, compared with the phenomena of floods, hurricanes, etc., heat waves
are one of the most fatal types of weather phenomenon and they cause higher toll of victims
than any other natural hazard.
Therefore, simply speaking, hot spell is a short period of unusually hot weather while heat
wave is a prolonged period (longer than that of hot spells) of excessively hot weather. There
exist several definitions of the phenomenon “heat wave” according the different
meteorological community all over the world. World Meteorological Organization (WMO) of
the United Nations is a specialized agency dedicated to meteorology (weather and climate),
operational hydrology (water) and other related geophysical sciences such as oceanography
and atmospheric chemistry [1]. By the recommended definition from WMO, compared with
the local weather during the same period, if there are more than five consecutive days
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during which the daily maximum temperature exceeds the average maximum one by 5
Celsius (i.e. 9 Fahrenheit), this period can be referred as “heat wave” [4].
Both hot spells and heat waves are potentially hazardous climate events and are dangerous
to the society. We can find various examples about hot spells and heat waves in the history
record. The most typical example is the European heat wave in 2003, which was the hottest
summer on record in continental Europe since at least 1540 [5]. The heat wave duration in
2003 is about one month in August. France was especially hit hard in this climate hazard.
During August 4 and 18, there were more than 14,974 heat-related deaths happened and
most of them were among elderly people in France. As to the whole continental Europe,
more than 40,000 Europeans died directly by the heat wave. As to the health effects and
high mortality, the two extreme hot weather events can also cause significant effects at
others aspects such as crop drought and damage, psychological and sociological effects,
power outages, wildfires, physical damage, etc. All of these effects would lead to the
economic loss as well as the rising of crime rates.
This thesis mainly focuses on the analysis of hot spells and cold spells. In details, properties
such as frequency (spells number), duration (spells length) and mean maxima/minima and
finally testing for trend of these properties are analyzed. Similarly to the definition of hot
spell, cold spell is a short period of extreme unusually cold weather which could also lead to
problems. Compared to other places such as France, Sweden suffers more from extreme
weather in cold winter than in hot summer. For example, in Uppsala (80 km north of
Stockholm), mean annual maximum temperature is about 30℃ in summer while mean
annual minimum one in winter is about -21℃ in winter. Sometimes there are problems in
extreme cold winter, especially in public transport such as bus delay in city or troubles in
railway communications in the Stockholm/Uppsala region. Thus, cold spells, which is not so
frequently be analyzed in other literatures, is worth of focusing on and is studied in this
master thesis as well.

1.2 LITERATURE REVIEW
Statistical modeling of hot spells and heat waves, by Eva M. Furrer, Richard W. Katz, Marcus
D. Walter and Reinhard Furrer (2010), proposes a new technique of modeling of hot spells
based on statistical theory of extreme values. Moreover, in order to model the frequency,
duration and intensity of hot spells, they extended the point process approach and
geometric distribution to extreme value analysis. They modeled annual frequency of hot
spells by a Poisson distribution while the length of hot spells was modeled by a geometric
distribution. They modeled the excesses over a high threshold by a conditional GP
4
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distribution (generalized Pareto distribution), and the result can be used in account for the
temporal dependence of daily maximum temperatures within a hot spell [6].
In An introduction to statistical modeling of extreme values by Stuart Coles (2001), statistical
models for extreme values are presented. Block maxima, for which annual maxima or
minima temperatures could be an example, converges to Generalized Extreme Value (GEV)
distribution. Exceedances over threshold can be modeled by Generalized Pareto (GP)
distribution, and dependence of exceedances can be modeled by declustering method.
Return levels are derived, based on the estimation results of GEV and GP models. For
non-stationary sequences, generalized linear models (GLM) are used for analyzing trends in
GEV and GP models [3].
Probability and risk analysis – an introduction for engineers, by Igor Rychlik and Jesper Rydén
(2006), focuses on analysis in the field of risk and safety. Besides presentation of concepts
such as probabilities of events, stream of events, quantile, return period, frequency and
intensity, they also focused on Peak Over Threshold (POT) which can be used for estimating
characteristics such as quantile and intensity [7].
Hans Bergström and Anders Moberg (2002) reconstructs data of air temperature and sea
level air pressure for Uppsala in Sweden in the period 1722-1998 based on the raw daily
meteorological observations from hand written registers, printed monthly bulletins and
computer records. In this master’s thesis, parts of the temperature data from 1900 to 2001
are analyzed [8].
Jesper Rydén (2010) investigates trend in annual maxima and minima temperatures in
Uppsala, Sweden, during the period 1840-2001. The model in his paper is fitted by GEV
distribution and trend test was done by Mann-Kendall test [9].

1.3 STRUCTURE REVIEW
Section 1 presents an introduction to background of the phenomenon of hot spells, and
reviews of main literatures.
Section 2 presents the definitions and theories related to extreme value theory, and
estimation methods which are used for empirical analysis.
Then, empirical analysis in section 3 to 5 includes a description (section 3) of data set and
subset of data which is used in exploration of the properties of hot and cold spells, and the
estimation process (section 4 and 5). First the classical method of annual maxima (block
maxima) is performed in order to get an idea of typical extreme values. Trend is investigated
in this model by using time varying parameters in the distributions. Also, the POT method is
5
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employed. Then a model for hot spells, inspired by Furrer et al, is introduced. The
corresponding analysis is performed for cold spells.
Finally, a conclusion of the estimation results of trend in annual maxima and minima, as well
as in hot and cold spells in summer or winter is shown in section 6.
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2 RELEVANT THEORIES AND METHODS
2.1 BASIC NOTATIONS
2.1.1

BLOCK (ANNUAL) MAXIMA AND MINIMA

Let X 1 , X 2 ,

X n be a sequence of independent and identically distributed (i.i.d) random

variables blocked by length n and belonging to a common distribution function F . The
maximum over the “ n observations period” is presented as:

M n  max  X1 ,

, X n .

Definition of block maxima
Taking yearly maxima as an example, if n is the number of observations in one year, and

m is the number of years, maximum in each year can be denoted by M n1 , M n 2 ,
Then the sequence M

n1

, M n2 ,

, M nm .

, M nm corresponds to the block (yearly) maxima over

the m years.
Definition of block minima
Similarly to the definition of block maxima, for a sequence of n observations X 1 , X 2 ,
~

M n  min  X 1 , X 2 ,

Xn ,

X n  denotes the minimum over the n observations period. And for
~

observations data over m years, the sequence of minimum in each year M
~

M

n1

,

~
n2

,

, M nm corresponds to the block (yearly) minima.
~

In this thesis both block maxima and block minima are studied. By letting M n   M n ,
problems of block minima such as GEV model, threshold model and POT approach can be
switched to problems of block maxima.
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2.1.2

SOME STATISTICAL STANDARD DISTRIBUTIONS

Poisson distribution
The probability mass function of the Poisson distribution is:

Pr( X  x)  f ( x) 

e   x
, for   0, x   0,1, 2,
x!



where the parameter   0 . Poisson distribution usually is used for modeling the
occurrence of a randomly occurring event. The event randomly happens at an average rate
of  with variance of  [3]. Poisson distribution in this thesis is mainly used in model of
occurrence of extreme events.
Geometric distribution
The probability mass function of the geometric distribution is [3]:

Pr  k   1   
with mean of

k 1

 , for k  1, 2,

.

1
1
and variance of
. Geometric distribution is used for modeling the

2

length of hot or cold spells in this thesis.

2.1.3

RETURN VALUES

Return values contain two quantities: return period 1/ p and return level (recurrence
inteval) z p . For annual maxima as an example, return level is an estimated high value of
annual maxima temperature which is expected to be exceeded in any year during return
period 1/ p with probability p where 0  p  1 .

2.1.4

MAXIMUM LIKELIHOOD ESTIMATION (MLE)

In general, let x1 , x2 ,

, xn be independent realization of a random variable with

probability density function f ( x; ) where  denotes d-dimensional parameter we aim
to estimate, then the likelihood function is
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n

L( )   f ( xi ; ) ,
i 1

and the log-likelihood function is
n

l ( )  log L( )   f ( x i ; )
i 1

By letting

^
L( )
l ( )
 0 , or
 0 , we can get the maximum likelihood estimator  of



.
2.1.5

MODEL DIAGNOSTICS

The reasonability of a fitting result of a statistical model is assessed by goodness-of-fit
methods. These include several techniques, such as probability plot, quantile plot,
Mann-Kendall test etc, for assessing the fitting situation of an extreme value model.


P-P plot

P-P plot (probability-probability plot), also be known as percent-percent plot, is a graphical
technique to assess if a fitting result of probability distribution is a reasonable model by
comparing theoretical and empirical probability. Let x1  x 2 

 x n be an ordered

sample of independent observations from a population with distribution function F , then
the estimated empirical distribution function is defined by
~

F ( x) 

i
for x1  x  x n
n 1
^

Thus, with an estimated distribution function F , a probability plot consists of the points

 ^
i 
 F ( xi  ),
 : i  1,
n 1 



, n


^

A reasonable model F leads the P-P plot close to a diagonal [3].
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Q-Q plot

Similarly to P-P plot, quantile-quantile plot (Q-Q plot) is a graphical technique to assess if a
fitting result of probability distribution is a reasonable model by comparing the 1/ (n  1) th
quantile driving from theoretical and empirical distribution. With an estimated distribution
^

function F , a quantile plot consists of the points
1

 ^  i 
F


 , ( xi  )  : i  1,
 n 1 




, n .


^

A reasonable model F leads the Q-Q plot close to a diagonal [3].


Likelihood ratio test

To test between choices of model, we can use the deviance function



^



D ( )  2 l ( 0 )  l ( )

^

where l means the log-likelihood function as interpret in the last section,  0 denotes the
maximum likelihood estimator of parameter  which we want to estimate. The test result
of D ( ) is approximately a chi-squared distribution with degrees of freedom of

df 2  df 1 . Then p-value can be derived from degrees of freedom (df) and  2 value. A low
p-value rejects the zero hypothesis about equal parameters [3][10]..

2.1.6

DELTA METHOD

In order to obtain an approximate confidence intervals of a large-sample maximum
^

^

^

likelihood estimator  0  ( 1 ,  2 ,

^

^

,  d ) with a variance-covariance matrix V ( ) , where

^
^

Var
(

1,  1 )

^
V ( )  

^
^
Cov( d ,  1 )


^
^

Cov( 1 ,  d ) 


^
^
Var ( d ,  d ) 
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we use delta method.
Let   h( ) be a scalar function, then the maximum likelihood estimator of 0  h( 0 )



^

satisfies  0 ~ N 0 ,V

,

  
,
,
with   
 1  2

where V    V 
T

 
,

 d 

T

^

evaluated at  0 [3][7].

2.1.7

GENERALIZED LINEAR MODELS (GLM)

Generalized linear models (GLM) were introduced by Nelder and Wedderburn in 1972 [11].
Let Y1 , Y2 ,

be response variables (random variables), and X 1 , X 2 ,

be a set of

predictor variables which are also called observed variables. In a GLM model, there are three
main quantities included [11][12]:
i. Exponential family
The response of GLM is a member the exponential family distribution with a general form

 y  B( )

f ( y |  , )  exp 
 C ( y,  ) 
 A( )

where  is called the canonical parameter and  is called the dispersion parameter. A ,

B and C are known functions.
The mean and variance of the exponential family distribution are

E (Y )    b '( )
Var (Y )  b ''( ) A( )
respectively.
ii. Linear predictor 
The linear predictor is a monotone differentiable equation and it can be expressed as

  X 
 0  1 x1  2 x2 

11

 p xp  
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where  i , i  0,1, 2,

p are unknown parameters which we want to estimate and  is

the error between real value of y from the dataset and the value from the model.
iii. Link function g
A link function g describes the relationship between the response mean E (Y ) and
linear predictor   X  .
The GLM fitting process in this thesis is done by R.

2.1.8

QUANTILE

The quantile x for a random variable X is a constant such that the probability of which
the outcome of X would not exceed x equals to (1   ) . i.e.

P( X  x )  1    P( X  x )=
1
and hence x  FX (1   ) [7].

2.2 EXTREME VALUE DISTRIBUTION
2.2.1

GENERALIZED EXTREME VALUE (GEV) DISTRIBUTION

As mentioned before, the independent sequence X 1 ,
maximum M n  max  X1 ,

, X n , which can lead to the block

, X n  , having a common distribution function F . The

distribution of block maximum can be derived in the following ways:

Pr(M n  z)  Pr  X1  z,
because of the independent property of sequence X 1 ,

12
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Pr(M n  z )  Pr  X1  z 

 Pr  X n  z

= F(z)

n

M n can be renormalized linearly by M n* 

M n  bn
. If there exist sequences of constants
an

{an  0} and bn , such that

M b

Pr  n n  z   G( z ) , as n  
 an

Then G( z ) is the Generalized Extreme Value (GEV) distribution with the representation of
1/

 

 z    
G( z )  exp  1   
  ,
   

 


defined on

z :1   z    /   0 , where      ,

  0 , and      , [3].

The GEV distribution has three parameters, i.e.
(1) Location parameter, denoted by  , specifies the center of the GEV distribution.
(2) Scale parameter, denoted by  , determines the size of deviations of  . And
(3) Shape parameter which denoted by  shows how rapidly the upper tail decays.
Here positive  implies a heavy tail while negative one implies a bounded tail, and the limit
of   0 implies an exponential tail [3] [8][9].

The representation of G( z ) is a combined single model which can lead to 3 types of
non-degenerate distribution function families [3], i.e.


Type I, Gumbel family which corresponds to case   0 , i.e., GEV family with limit

 0:

13

Estimation of hot and cold spells with extreme value theory


  z  b  
G( z )  exp  exp   
  ,    z  
  a  



Type II, Fréchet family which corresponds to case   0 of GEV family:

zb
 0,


G( z )  
  z  b  
exp   a   , z  b
 
 



Type III, Weibull family which corresponds to case   0 of GEV family:



  z b  

exp   
, z  b

G( z )  
a  
 



zb
 1,

2.2.2

TREND IN GEV

Mann-Kendall test is a nonparametric test. It is frequently be used for trend detection in
environmental applications [9]. Null hypothesis H 0 is that there exists no trend. Thus, a
low p-value indicates that we reject the null hypothesis, i.e., there is trend exist.
For a time series X 1 , X 2 ,

X n , the test statistic is given by

T   sgn( X j  X i )
i j

where T is approximately normally distributed for large n with E T   0 and V T 

 n(n  1)(2n  5) /18 .
It is often assumed that there exists trend which may be caused by long-term climate
changes or other factors. Thus, sequence X 1 , X 2 ,

X n are non-stationary processes,.

Under this assumption, parameters in GEV distribution with trend can be represented as

  (t )   0  1t

 (t )   0   1t , or  (t )  exp( 0   1t )
 (t )  

Comparison between GEV models with and without trends can be done by using deviance
14
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statistics. The deviance statistic is

D  2l1  M1   l0  M 0 
where M 0 and M 1 are the fitting results of GEV models with and without trends, while

l0 and

2.2.3

l1 are log-likelihood functions for M 0 and

M 1 respectively [3][4].

GENERALIZED PARETO (GP) DISTRIBUTION

Let u be the threshold which can be determined by some methods which will be studied
later in section 2.4.1. With a reasonable large enough threshold u , the exceedances over
the threshold u , i.e. h  X  u could be modeled by the Generalized Pareto (GP)
distribution. GP distribution function is approximately

 h
H (h  x  u )  1  1  
 u 

1/ 

, x  u , 1

h
0
u

The relationship between GEV and GP distributions is that by given scale parameter  GEV
of the GEV, the scale parameter  u of GP can be presented as  u   GEV   (u   ) .

2.3 ESTIMATION OF GEV
2.3.1

MLE OF PARAMETERS IN GEV

Based on empirical data of block (yearly) maxima, as introduced in above section, The GEV
family is in the form
1/

 

 z    
G( z )  exp  1   
 
   
 



with three parameters: location  , scale  and shape  . In aim to estimate parameters
in GEV based on block (yearly) maxima, the maximum likelihood estimation can be taken
into account.
15
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When   0 , the log-likelihood function of G is

 1 m

 z    m 
 zi   
l ( ,  ,  )  m log   1    log 1    i
   1   

   i 1 
  
   i 1

 zi   
  0 , i  1, 2,
  

with 1   



1



, m [3].

And when   0 , the log-likelihood function of G is
m
  zi   
 z   m
l (  ,  )  m log     i
   exp  
 .
  i 1
i 1 
   

By maximizing the log-likelihood function of G , that is, letting

l (  ,  ,  )
0 ,


l (  ,  ,  )
l (  ,  )
l (  ,  ,  )
l (  ,  )
 0 of the case   0 , or
0,
0,
0,




l (  ,  )
 0 of the case   0 , we can get the maximum likelihood estimator of

parameters in GEV.
The result of MLE estimation of three parameters of GEV distribution can be calculated by
implemented in R as well as variance-covariance matrix of parameters and confidence
interval of 95% for the estimation results.

2.3.2

MLE OF RETURN VALUES

As introduced before, return value mainly includes two factors: return level z p and return
period 1/ p .
By using the MLE result of parameters in GEV and their variance-covariance matrix, return
level associated with the return period such as 10- or 100-year can be estimated by the
following steps, which can be implemented by R.

16
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(1) Return period of 10-year leads to p  1/10 , while 100-year leads to p  1/100
in return level z p . Etc.
^

^

^

^

(2) Given MLE result of parameters  ,  ,  in GEV, the return level z p can be
estimated by
^

^

^

^

^



 ^
1


log(1

p
)



,   0
^

,


zp  

^



^

^

z p     log   log(1  p)  ,   0
which is expected to be exceeded in any year with probability p .

^ 
 

(3) Estimation of variance of return level Var  z p  is estimated by the delta method.
Let

 z z z 
z Tp   p , p , p 
    
^

^

^

and valuate zTp with parameters  ,  ,  , and given MLE result of variance-covariance
^

^

^

^

matrix of  ,  ,  which is denoted by V . The variance of the return level z p is
estimated by [3]

Var  z p   zTp V z p .

2.4 ESTIMATION OF GP
2.4.1

THRESHOLD SELECTION

In modelling of parameters estimation in GEV, the data set is built on block (yearly) maxima.
However, in the modelling of threshold selection, the data set is based on all of the raw data.
In modeling of estimation of GP distribution, and POT approach, it is crucial to select a
threshold reasonably.
17
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Generally, there are three points to select a threshold.



Empirical quantile of data as threshold

The simplest way to select a threshold is to choose from the raw data at a specified empirical
quantile in the range of 90% to 97%.


Mean excess plot

Another method of threshold selection is from the mean excess plot. In this plot, estimator
of the shape parameter should appear approximately linear in threshold u above a
reasonable u 0 .


Stability checking of shape parameters

After we choose some values as the threshold candidates, we can then fit parameters in a GP
distribution for each of the threshold. A suitable threshold can be chosen when the
estimators of the shape parameter  keep stable above the threshold. This method is
mentioned in the book by Coles [3], and is also used in the passages by R.Katz [6].

2.4.2

MLE OF PARAMETERS IN GP DISTRIBUTION

Similarly to the estimation of parameters in GEV distribution, we use maximum likelihood
estimation method to estimate parameters in GP distribution. The expression of GP

 h
distribution is H (h  x  u )  1  1 

 u 

1/ 

at a selected threshold u  u0 . Assume

there are k exceedances over threshold exist, the log-likelihood of H is:

 1 k
 h
l ( ,  )   k log   1    log 1  i


   i 1
k
1
l ( )  k log    hi ,   0



for i  1, 2,

i 1

,k .
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Maximizing the log-likelihood function of H leads to the maximum likelihood estimator of
parameters in GP distribution H , i.e. letting

l ( ,  )
l ( ,  )
 0 in case of
0,



^ ^
l ( )
 0 in case of   0 , the outcome of  ,  is the MLE result of

parameters in H .

  0 , while

2.5 POT APPROACH
Let X be i.i.d random variables having common distribution, and xi be the observation
data of X i , i  1, 2,

, n . POT method is aim to estimate the  quantile of X , which is

denoted by x , when  is close to zero.

2.5.1

POT APPROACH FOR ESTIMATION OF x

The POT approach for estimation of x can be divided into the steps below, following [7].

(1)

Select a reasonable threshold u  u0 .

(2) Estimate the probability of exceedances over threshold u 0 , assume there are k
exceedances available.
^

p 0  P ( X  u0 ) 

# xi  u0 k

n
n

(3) Estimate parameter a , which is corresponding to the scale parameter  in GP
distribution, through the expression
k

^

a

h

i

i 1

k

 u0

where k is the number of exceedances over threshold u 0 .
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(4) x is estimated by
^

^

^

x  u0  a ln( p0 /  )
The steps above result in an estimator of x , and the method is called the POT approach.

CONFIDENCE INTERVALS FOR x

2.5.2

x can be derived by delta method. Thus,

Moreover, confidence intervals for
^

^

^

^

^

 0  ( 1 ,  2 )  ( p 0 , a) . Let  be the error of value derived from model and from
^

observed data, i.e.      . We have the variances
^
 ^ 
p 0 1  p 0 

 21  
n

 
a
2
 2   
k
^

2

,

And let gradient vector equals to

 ^
 ^ 
a
 , ln  p0   ,
 ^
 a^  
p
 
 0
Then we get
2

  ^ 
 ^ 
p
a
 2   ^    21  ln  ^0     22 ,
  
p 
 0
  a 
2

Therefore, the estimation of 95% confidence intervals for x is

 x  1.96   2 , x  1.96   2  .
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2.5.3

INTENSITY

Intensity of exceedances over threshold approximately equals to Poisson rate  , which will
be discussed in next section. Poisson rate  here can be expressed as



# xi  u
# observation years

Then the expected number of temperatures that is high than quantile x during 10- or
100- years is estimated by the expression

     year  10 or 100

2.6 HOT SPELLS ANALYSIS
2.6.1

CLUSTERS OF EXCEEDANCES OVER THRESHOLD

As introduced in former section, hot spell is a short period of unusually hot weather, and it
always happens on summer. According to extreme value theory the exceedances over a
selected threshold are referred to as extreme events such as hot spells. In short, hot spells
are modeled with clusters of high temperatures.
Clusters are defined with a selected threshold u and a choice of cluster width r , a cluster
are ended by r consecutive observation value fall below the threshold [3][6]. Take
summer daily maximum temperature as an example, as shown in Figure 1, the exceedances
over threshold at about u  22 during one summer period are marked out as “clusters”
with different choice of r . These clusters are defined as “hot spells”. We can see from this
figure that there are 14 clusters obtained with r  1 , while just 5 clusters obtained with

r  3.
Declustering method
Clusters of high temperatures are defined by declustering method, which is done by R with
package evd in empirical analysis. Indeed, it is necessary to decluster data in order to analyze
cluster length or dependent relationship in clusters in the following analysis. The procedure
of declustering method is [3]:
i.

Define clusters of exceedances with a threshold and cluster width;

21

Estimation of hot and cold spells with extreme value theory

ii.

Identifying the maximum excess within each cluster;

iii. Fitting the conditional excess distribution given by the GP distribution under the
assumption of independence in cluster maxima.
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Figure 1 Clusters for r=1 and r=3 of daily maximum temperatures in one summer period.

2.6.2

POISSON POINT PROCESS (PPP) MODEL

The point process model is used to describe the occurrence of extreme events such as hot or
cold spells. Let N A ( s, t ) be the number that extreme events A occurred in a time period

 s, t  , then

N A ( s, t ) can be estimated by Poisson process with Poisson rate  s ,t  which

can be approximately expressed by

( s ,t )


 u   
 E  N A (s, t )   t  s  1   

  




1



with the estimation value of  ,  ,  in GEV distribution and threshold u [3].
Poisson rate  s ,t  with which number of extreme events occurring times is also called the
intensity of extreme events, and the inverse of intensity, i.e.,

1

 s ,t 
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is called the return period of extreme events [3].
Taking trend into consideration, the Poisson rate can be represented in the form

 =exp0  1  t ,
where t denotes the time. The parameters 0 and 1 can be estimated by GLM method
[4].

2.6.3

GEOMETRIC DISTRIBUTION

Hot spell length in summer periods in each year could be modeled by a Geometric
distribution, of which probability mass function is

P(k )  1   

k 1

 , k  1, 2,

where the quantity  is the extremal index [6].
The extremal index  is a parameter which measures the tendency of clusters of extreme
events under stationary process, and  can be estimated from clusters. We can estimate
the mean hot and cold spell length by using relationship between extremal index  and
cluster length, i.e.

mean spell length=

1



[3].

Taking trend into consideration, mean spell length can be represented in the form

1 1 
=exp    t  ,

0 1 
1

where t denotes the time. The parameters  0 and  1 can be estimated by GLM method
[4].

2.6.4

MEAN MAXIMA OF CLUSTERS

Cluster maxima are modeled by conditional GP distribution for temporal dependence of
excesses within cluster [4]. As mentioned in the previous section, with a reasonable large
23
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enough threshold u , the Generalized Pareto (GP) distribution is used in model the
exceedances h  X  u over the threshold u . In the case of conditionally dependence
excess, the first excess per cluster are modeled with a GP distribution, while the remains in
the same cluster are modeled with conditional GP distribution based on the excess of the
preceding day.
Given the conditional expectation of the (l  1) th day E1  v , the conditional mean of the

l th excess E2 can be estimated by
E  E2 | E1  v  

 u ,2 (v)
1 

where scale parameter  u ,2 (v ) depend on v and shape parameter  is constant.
Conditional variance is given by

 E  E2 | E1  v  
Var  E2 | E1  v   
1  2 

2

Taking trend into consideration, the scale parameter  u ,2 (v ) is in the form

 u,2 (v)  exp  0  1  t 
where t denotes the time. The parameters  0 and  1 can be estimated by GLM method
[4].

24

Estimation of hot and cold spells with extreme value theory

3 DATA SET
3.1 DATA DESCRIPTION
The empirical analysis of hot spell in this project is based on the temperature records during
the period in 1900 and 2001 in Uppsala in Sweden. The data in year 1962 is missing except in
December, so the empirical analysis will skip data in 1962.
The provided data set contains 37255 rows and 5 columns which are “Year”, “Month”, “Day”,
“Min”, “Max” respectively. This means that there are daily minimum and daily maximum
temperatures available during 1900 and 2001 except 1962 in Uppsala in Sweden. This
project study both block maxima and minima from the data set.
Figure 2 is a scatter plot shows a time series of the daily maximum and minimum
temperatures accumulations in the span of 1900-1905. The daily maximum temperatures
are demonstrated by black cycles while the daily minimum ones are demonstrated by blue
cross. It can be seen that the daily maximum and minimum temperatures shows obvious
cyclical behaviour according to the six-year records. We can find the annual maxima are
around 30 ℃ while annual minima are around -25 ℃ from this scatter plot.

Figure 2 Daily maximum and minimum temperature accumulations in the span of 1900-1905

3.2 SUMMER PERIODS AND WINTER PERIODS
In order to analysis properties of hot spell, we construct a data frame of summer period
between June 15 and September 15 (92 day) every year. Because nearly the entire
25
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occurrence of hot spells are from this period of summer. Moreover, daily maximum
temperatures during summer periods have no marked cyclical behaviour [6].
With the same principle, construct a data frame of winter period between December 1st and
February 28th (90 days) every year because of no marked cyclical behaviour existence.
Moreover, the occurrences of cold spells are mainly in this period.
Figure 3 shows the daily maximum temperatures in summer period (92 days each) and the
daily minimum temperatures in winter period (90 days each) in the span of 1900-1905. It can
be seen from the figure that the obvious cyclical behaviour has disappeared in winter and
winter period. The details about hot spells and cold spells will be discussed in the next part.
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Figure 3

Temperature accumulations in summer periods and winter periods
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3.3 BLOCK MAXIMA AND MINIMA
Block (annual or yearly) maxima and minima in each year is a data frame which aggregate
the annual maximum or minimum temperatures each year. Figure 4 are scatter plots of time
series of annual maximum and minimum temperature from 1900 to 2001.
The time series of annual maxima will be used for estimating parameters in GEV distribution
with and without trend as well as return values latter on.
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Figure 4 Time series of annual maxima and minima temperatures
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4 EMPIRICAL ANALYSIS (SUMMER)
All estimation and calculation in empirical analysis are implemented in R with packages evd,
ismev, POT, extRemes and MASS. First a GEV model will be studied in order to get an overall
idea of the annual maxima, this is compared to the POT method; then follows the analysis of
spells (the quantities mentioned earlier: frequency, duration, and mean maxima).

4.1 GEV DISTRIBUTION FITTING
4.1.1

MLE OF GEV DISTRIBUTION

As introduced above, the estimation of parameters  ,  ,  in GEV distribution could be
done by MLE method. We implemented the estimation of GEV distribution fitting by R. The
package evd was used.
R result gives the maximum likelihood estimator, standard errors and 95% confidence
intervals of parameters  ,  ,  . The results are shown in Table 1.
Table 1 GEV fitting result for annual maxima

Parameters

Location



Scale 

Shape 

Estimates

28.80

2.20

-0.18

Standard Errors

0.24

0.16

0.052

95% CI

[28.34 29.27]

[1.88 2.52]

[-0.28 -0.078]

The variance-covariance matrix of estimation result of parameters  ,  ,  is

0.0048 0.0041 
 0.057

V   0.0048
0.027 0.0038 
 0.0041 0.0038 0.0027 
Note that the shape parameter  is negative; this implies a bounded distribution. The 95%
confidence interval is also on the negative side.
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Figure 5 shows various diagnostic plots for our result of maximum likelihood estimation of
GEV fit. The probability plot (P-P plot) and quantile plot (Q-Q plot) appears approximately
linear. This indicates the validity of the MLE fitting result of GEV distribution.
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Figure 5 Diagnostic plots for GEV fit to the annual maxima

4.1.2

MLE OF RETURN VALUES

As to the MLE of return values estimation with GEV, method has been presented in section
2.3.2. And the MLE return level associated with a range of return period between 0 and 1000
years is shown in Figure 6.
In details, a return level is estimated with a return period which is chosen at our own choice.
For example, to estimate the 10-year return level, which implies that return period is 10
^

^

years. So, set p  1/10 and we find return z 0.1  32.88 and the variance of z 0.1 is
^
^ 
Var  z 0.1   0.12 . Thus the estimation of 95% confidence interval for z 0.1 is
 

32.20, 33.56 .
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The corresponding estimate for such as 50-year, 100-year, 500-year return level values,
variances and 95% confidence intervals are presented in Table 2.
Table 2 Return levels, variances, 95% CI associated with different return periods

Return period

Return level

Variance

95% CI

10-year

32.88
34.99
35.70
37.06

0.12

[32.20, 33.56]

0.28

[33.94, 36.03]

0.41

[34.45, 36.96]

0.87

[35.23, 38.89]

50-year
100-year

34
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Figure 6 Return level associated with various return period

4.1.3

TREND IN GEV (ANNUAL MAXIMA)

By taking trend into consideration, and applying Mann-Kendall test, the result of low p-value
indicates that there exists trend in GEV model.
Firstly, we consider the case that trend exists only in location
parameters

  (t )   0  1t

 (t )  
 (t )  


30

 . i.e. We model GEV with
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The fitting results are shown in Table 3. P-value of the test for 1  0 is 0.022. This suggests
that we reject the hypothesis of zero trend in  1 .
Secondly, we consider the case that trend exists only in scale  . i.e. We model GEV with
parameters

  (t )  

 (t )   0   1t , or  (t )  exp( 0   1t )
 (t )  

and the fitted results are shown in Table 3.
The p-value for the linear and exponential function of  (t ) are 1 and 0.99 respectively.
Both of them are high enough and implies that we cannot (strongly) reject the hypothesis of
zero trend in  1 .
Table 3 GEV fitting result with trend and p-values (bold values indicate significant trend)
Location 
Shape 
Scale 
Trend

No trend
Trend in



Trend in 

p-value

28.80

2.20

-0.18

\

29.71  0.018  t

2.13

0.17

0.022

28.52

2.24  0.0011  t

0.16

1

28.80

exp(0.79  4.85 10-6  t )

1.79

0.99

 0.45

 0.0075

 0.25

 0.24

0.16

 0.42

 0.18

 0.0062

 0.0029

 0.057

 0.066

 0.060

Therefore, as presented in Table 3, estimation result of parameters in GEV with trend is

  (t )  29.71  0.018  t

 (t )  2.13
 (t )  0.17


31

Estimation of hot and cold spells with extreme value theory

4.2

PEAK OVER THRESHOLD ANALYSIS

4.2.1

POT ANALYSIS FOR ANNUAL MAXIMA

Estimation by POT method is based on a reasonable threshold. So firstly we need to select a
reasonable threshold of annual maxima umaxima . As mentioned before, there are mainly
three methods to select a reasonable threshold.


Mean excess plot for maxima

Figure 7 shows the mean residual life plot (also known as mean excess plot) for annual
maxima, which appears to curve from u  26 to u  30.5 , then after u  30.5 the plot
is approximately linear until u  33 , where upon it decreases dramatically. Therefore we
get the result that there is no stability until u  33 .
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Figure 7 Mean residual life plot for maxima



Empirical quantiles for maxima

The result of quantiles for maxima is shown in Table 4. The empirical quantiles at 90%, 95%,
97% of the data can be chosen to be the threshold. Here the maxima data at 90%, 95%, 97%
quantiles are 32.67, 33.30, 34.08 respectively.
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Table 4 Empirical quantiles as threshold

90%

91%

92%

93%

94%

95%

96%

97%

98%

99%

32.67

32.79

32.89

32.99

33.19

33.30

33.40

34.08

34.49

35.29



Stability of shape parameters

Figure 8 compares the shape parameters for a series threshold, u  32.8 can be chosen as
the threshold. The threshold of annual maxima will be used in the estimation POT approach

-50

Modified Scale

latter.
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34
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34

-4

Shape

Threshold

26

28

30
Threshold

Figure 8 Parameter estimates against threshold for annual maxima



POT approach for annual maxima

With the selected threshold of annual maxima umaxima  32.8 , and the steps of POT
approach, we can get the following estimation result.
(1) A reasonable threshold is selected at umaxima  32.8 .
^

(2) The probability of exceedances over threshold is p0  0.088 .
(3) The estimation of parameter a , which is corresponding to the scale parameter  in
^

GP distribution, is a  1.32 .
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^

(4) Estimation of quantile x0.001 for annual maxima is x0.001  38.72 .
95% CI:
^

The estimator of 95% confidence intervals for x0.001  38.72 by delta method is

[34.77 42.68] .
Intensity:
The estimation of intensity of exceedances over threshold umaxima  32.8 of annual
maxima which approximately equal to Poisson rate  is 0.088. During 10- , 50- or 100^

years, the expected number of annual maxima which is higher than quantile x0.001 are
0.00088, 0.0044 or 0.0088 respectively.

4.2.2

POT ANALYSIS FOR ALL DAILY MAXIMUM TEMPERATURES u max

The threshold of daily maximum temperatures u max is based on the raw data. Similarly to
section 4.2.1, through the analysis of mean excess plot, analysis of quantiles at 90%, 95%
and 97%, and stability of shaper parameters checking, the selected threshold of umax  22
appears reasonable.
The procedure of POT approach for all daily maximum temperatures is the same as POT
analysis for annual maxima. With a selected reasonable threshold umax  22 , the
^

probability of exceedances over threshold is p0  0.10 . The estimation of parameter a ,
^

is a  3.05 . This leads to the result of estimation of quantile x0.001 for all daily maximum
^

temperatures x0.001  36.13 .
^

The estimation of 95% confidence intervals for x0.001  36.13 by delta method is

[35.31 36.94] .
Moreover, the estimation of intensity of exceedances over threshold umax  22 of all daily
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maximum temperatures, which approximately equal to Poisson rate, is   37.73 . Thus,
we can get the conclusion that during 10- , 50- or 100 years, the expected numbers of daily
^

maximum temperatures which are higher than quantile x0.001  36.13 are 0.38, 1.89 or
3.77 respectively.

4.3 ESTIMATION OF HOT SPELLS
4.3.1

NUMBER OF HOT SPELLS

Here we use the cluster width r which was introduced in Section 2.6.1. The number of hot
spells in each summer in the span 1900 – 2001 with umax  22 , and r  1 are estimated
by R. The result of scatter plot and histogram of hot spells are shown in Figure 9.
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Figure 9 Number of hot spells (clusters) and histogram

As mentioned in section 2.6.2, the occurrence of hot spells can be modeled by a Poisson
Point Process with Poisson rate  .
Without trend, the mean of Poisson rate in each year is   8.77 , with standard error

SE  0.033 .
Taking trend into consideration, the occurrence of hot spells can be modeled by a Poisson
Point Process with Poisson rate

 =exp 0  1  t

=exp 2.17  3.87 106  t
35
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with standard error  (0 )  0.067 and  (1 )  0.0011 . Figure 10 shows the diagnostics
result of GLM fitting for number of hot spells with trend. Most of the predict response values
are small, and there is nonlinear relationship between the residuals and predicted values.
Thus the diagnostic plot implies the reasonable of GLM fitting result.
However, the p-value of the test for 1  0 is 0.99. This implies that we cannot (strongly)

-4

-3

-2

-1

0

1

residuals(trend.number.fit)

2

reject the hypothesis of zero trend in 1 .

8.7630

8.7640

8.7650

8.7660

predict(trend.number.fit, type = "response")

Figure 10 Residual vs. fitted plots for the number of hot spells model with trend

4.3.2

LENGTH OF HOT SPELLS

The length of a hot spell in each summer period can be estimated by a geometric
distribution with extreme index  as the probability of success in probability mass function
[6]. By taking 1/  , we can get length of each spells, and then fit length of spells to
Geometric distribution. Figure 11 shows the mean of extreme index  and the mean of
spells length in each year respectively.
Without trend, the mean spell length is 1/   3.55 with standard error 0.041 .
With trend, the mean spell length is

1 1 
=exp    t 

,
0 1 
= exp 1.31  0.00090  t
1

1
1
  0.083 and     0.0014 .
 1 
 0 

with standard error  
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Figure 11 Extremal index and mean spells length (days) in each year

Figure 12 shows the diagnostics result of GLM fitting for number of hot spells with trend.
Most of the predict response values are small, and there is nonlinear relationship between
the residuals and predicted values. Thus the diagnostic plot implies the reasonable of GLM
fitting result. However, p-value of trend estimation with 0.53 which is high enough to implies
that there is no obvious trend.
However, the p-value of the test for

1

 0 is 0.53. This implies that we cannot (strongly)

0.0

0.5

1
.
1

-0.5

residuals(trend.length.fit)

reject the hypothesis of zero trend in

1

3.40

3.50

3.60

3.70

predict(trend.length.fit, type = "response")
Figure 12 Residual vs. fitted plots for the length of hot spells model with trend
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4.3.3

MEAN MAXIMA OF HOT SPELLS

Cluster maxima are modeled by GP distribution by taking temporal dependence of excesses
within cluster in consideration. Figure 13 shows the mean maxima of hot spells in each year.
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Figure 13 Mean maxima of hot spells

Without trend, the MLE estimator of scale parameter and shape parameter are

 u (t )  3.94  0.16 and   0.22  0.024 respectively.
With trend, the MLE estimator of scale parameter and shape parameter are

 u (t )  exp  0   1  t 
 exp 1.47  0.0018  t

   0.23
with standard errors

SE  0   0.059
SE  1   0.00083
SE    0.025
P-value of trend is 0.043, so the trend  u (t )  exp 1.47  0.0018  t exists significantly.
The p-value of the test for  1  0 is 0.043. This implies that we reject the hypothesis of
zero trend in  1 .
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5 EMPIRICAL ANALYSIS (WINTER)
Similarly to empirical analysis of summer, all estimation and calculation in empirical analysis
are implemented in R with packages evd, ismev, POT, extRemes and MASS. Taking negative
value of daily minimum temperatures or annual minima, the problem will switch to the one
of daily maximum temperatures or annual maxima.

5.1 GEV DISTRIBUTION FITTING
5.1.1

MLE OF GEV DISTRIBUTION

Assume the independent sequence X 1 ,

, X n denote daily minimum temperatures, then

~

annual minima can be denoted by M n  min  X 1 ,

, X n  . In aim to fitting parameters in

GEV distribution for annual minima, letting Yi   X i , i  1, 2,

M n  max Y1,

, n , negative annual minima

, Yn  . The GEV family of distribution for minima is
1
1 

 
  z     
G  z   1  exp  1   
 
   
 

1
1 

~

  
 
z    
1  exp  1   

   
 




~






~






~

Defined on  z :1    z    /   0 , where      ,   0 , and      [3].





Table 5 below shows the result of maximum likelihood estimators, standard errors and 95%
confidence intervals for parameters in GEV distribution for negative annual minima.
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Table 5 GEV fitting result for negative annual minima

Location

Parameters



Scale 

Shape 

Estimates

20.01

4.19

-0.34

Standard Errors

0.45

0.32

0.059

95% CI

[19.12 20.90]

[3.56 4.82]

[-0.46 -0.23]

The variance-covariance matrix of estimation result of parameters  ,  ,  is

 0.20
V   -0.012
-0.010

-0.010 
-0.012 
0.0035

-0.012
0.1032
-0.012

Note that the shape parameter  of negative annual minima is negative; this implies a
bounded GEV distribution. The 95% confidence interval is also on the negative side.
Figure 14 shows goodness-of-fit tests results for the results of maximum likelihood
estimation of GEV fitting for the negative annual minima. The linearity in both probability
and quantile plots indicates the validity of the MLE fitting result of GEV distribution.
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Figure 14 Diagnostic plots for GEV fitting results to the negative annual minima
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5.1.2

MLE OF RETURN VALUES

The corresponding return values plot is shown in Figure 15. The results of GEV fitting leads to
the estimation of return level. In details, the corresponding estimator for such as 10-year,
50-year, 100-year, 500-year return level values, variances and 95% confidence intervals are
demonstrated in Table 6.
Table 6 Return levels, variances, 95% CI associated with different return periods

Return level

Variance

95% CI

10-year

-26.57

0.20

[-27.46 -25.69]

50-year

-29.00

0.33

[-30.13 -27.87]

100-year

-29.68

0.45

[-30.99 -28.37]

500-year

-30.74

0.79

[-32.49 -29.00]

25
20
15

Return Level

30

Return period

0.1

1

10

100

1000

Return Period

Figure 15 Return level associated with various return period for negative annual minima

5.1.3

TREND IN GEV (NEGATIVE ANNUAL MINIMA)

Similarly to the procedure of model in annual maxima, by taking trend into consideration
and applying Mann-Kendall test, the result of low p-value indicates that there exists trend in
GEV model.
Firstly, we consider the case that trend exists only in location
parameters
41

 . i.e. We model GEV with
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  (t )   0  1t

 (t )  
 (t )  

The fitting results are shown in Table 7. P-values of the test for 1  0 is 0.084.. This
suggests that we reject the hypothesis of zero trend in  1 .
Secondly, we consider the case that trend exists only in scale  . i.e. We model GEV with
parameters

  (t )  

 (t )   0   1t , or  (t )  exp( 0   1t )
 (t )  

The fitting results are shown in Table 7. P-values of the test for  1  0 are 0.22 and 0.21 for
linear and exponential case respectively. This implies that we cannot strongly reject the
hypothesis of zero trend in  1 .
Plus, we consider the case of trend in scale  by given trend in location

 . i.e.

  (t )   0  1t

 (t )   0   1t , or  (t )  exp( 0   1t )
 (t )  

Table 7 GEV fitting result with and without trend
Location 
Trend

Scale 

Shape 

p-value

20.01

4.19

-0.34

\

21.23  0.025  t

4.04

0.31

0.084

20.11

3.61+0.0098  t

0.33

0.22

20.11

exp(1.27+0.0026  t )

0.32

0.21

21.58  0.031 t

3.16+0.016  t

0.31

0.03

21.58  0.031 t

exp(1.16  0.0042  t )

0.31

0.03

No trend
Trend in



 0.82

 0.014

 0.45

Trend in 

 0.45

Trend in  by
given trend in



 0.73

 0.73

 0.013

 0.013

0.32

 0.53

 0.18

 0.45

 0.13
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 0.0079

 0.0020

 0.0081

 0.0021

 0.068

 0.063

 0.062

 0.062

 0.062
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As shown in Table 7, p-value of the test for no trend is 0.03. This suggests that under the
condition of trend in

 , we reject the hypothesis of zero trend in  .

Therefore, as presented above, estimation result of parameters in GEV with trend is

 (t )  21.58  0.031 t

 (t )  exp 1.16  0.0042  t 
 (t )  0.31

Location

 of negative annual minima appears a downward trend according to the

estimation result. Thus, there is a rising trend in annual minima.

5.2 PEAK OVER THRESHOLD ANALYSIS
5.2.1

POT ANALYSIS FOR ANNUAL MINIMA

POT approach is based on a reasonable threshold, so firstly we select a reasonable threshold
of (negative) annual minima. Then estimate negative value of  quantile as well as its 95%
confidence intervals. At last, by change the sign of the result, we can get the estimation of

 quantile and its 95% CI of annual minima.
We choose u minima  26 as the threshold of negative annual minima.


POT approach for negative annual minima with u minima  26

With a threshold of negative annual minima u minima  26 , the probability of exceedances
^

^

over threshold is p 0  0.11 , and the estimation of parameter a is a  2.11 . Thus, the
^

estimator of quantile x0.001 for negative annual minima is x0.001  35.88 . And the
^

estimator of 95% confidence intervals for

x0.001  35.88 by delta method is

[ 29.64 42.11] . Note that this interval is quite wide.
In addition, the estimator of intensity of exceedances over threshold u minima  26 of
negative annual minima is 0.11. During 10- , 50- or 100 years, the expected numbers of
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^

annual maxima which are higher than quantile x0.001 are 0.0011, 0.0054 or 0.011
respectively.


Conclusion of POT approach for annual minima

By change the sign of quantile and confidence intervals of negative annual minima, we get
^

~

the estimator of quantile of annual minima is x0.001  35.88 , the confidence intervals are

[-42.11 -29.64] .

5.2.2

POT ANALYSIS FOR ALL DAILY MINIMUM TEMPERATURES

The threshold of negative daily minimum temperatures u min is based on the raw data. We
choose u min  10 .


POT analysis for negative daily minimum temperature with u min  10
^

With u min  10 , the probability of exceedances over threshold is p0  0.085 , and the
^

estimator of parameter a  5.12 . Thus we can get the result of estimator of quantile
^

x 0.001 for negative daily minimum temperatures x0.001  32.77 .
^

The estimation of 95% confidence intervals for x0.001  32.77 by delta method is

[31.35, 34.19] . Note that this interval is not as wide as when using only annual minima.
This is an advantage of the POT method compared to analysis of annual maxima/minima
because the analysis here is based on the raw data which means more information is taken
into consideration rather than be “thrown away”. By using more data (more information), a
“sharper” result should be yielded.
Moreover, the estimation of intensity of exceedances over threshold u min  10 of negative
daily minimum temperatures, which approximately equal to Poisson rate, is   31.17 .
Thus, we can get the conclusion that during 10- , 50- or 100 years, the expected numbers of
^

negative daily minimum temperature which is higher than quantile x 0.001  32.77 are
0.31, 1.56 or 3.12 respectively.
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Conclusion of POT approach for daily minimum temperatures

By changing the sign of quantile and confidence intervals of negative daily minimum
^

~

x 0.001  32.77 and

temperatures, we get the estimator of quantile of annual minima
the confidence intervals [  34.19  31.35 ] .

5.3 ESTIMATION OF COLD SPELLS
The estimation of cold spells is based on negative daily minimum temperatures in winter
periods.

5.3.1

NUMBER OF COLD SPELLS

Following the same procedure as analysis of hot spells, we use the clusters width r  1 and
threshold of negative daily minimum temperatures u min  10 to define the cold spells.
The numbers of cold spells in each winter in the span 1900-2001 are estimated by R. The
scatter plot of number of cold spells and histogram of cold spells in each winter are shown in
Figure 16.
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Figure 16 Number of cold spells (clusters)

Following the same procedure as hot spells, the occurrence of cold spells can be modeled by
a Poisson point process, with Poisson rate  .
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Without trend, the mean of Poisson rate in each year is   exp(1.99)  7.34 , with
standard error SE  0.037 .
With trend, the occurrence of hot spells can be modeled by a Poisson Point Process with
Poisson rate

 =exp 0  1  t
= exp 2.20  0.0043  t

,

with standard error  (0 )  0.070 and  (1 )  0.0013 .
Figure 17 shows the diagnostics result of GLM fitting for number of hot spells with trend.
Most of the predict response values are small, and there is nonlinear relationship between
the residuals and predicted values. Thus the diagnostic plot implies the reasonable of GLM
fitting result. Moreover, the p-value of the test for 1  0 is 0.00075. This suggest that we

1
0
-1
-2
-3
-4

residuals(trend.number.fit)

2

reject the hypothesis of zero trend in 1 .

8.7630

8.7640

8.7650

8.7660

predict(trend.number.fit, type = "response")

Figure 17 Residual vs. fitted plots for the number of cold spells model with trend

5.3.2

LENGTH OF COLD SPELLS

The same procedure as hot spells, length of cold spells in each winter can be estimated by a
geometric distribution with extreme index  as probability of success in probability mass
function.
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0.2

Extremal index (theta)

Figure 18 shows extreme index and mean cold spells in each winter span 1900 - 2001.
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Figure 18 Extremal index and mean spells length of cold spells in each winter

The estimator of mean spells length without trend is

1



 exp(1.18)=3.27 , with standard

error SE= 0.057.
With trend, by using GLM, the estimator of mean spells length is

1 1 
=exp    t 

.,
0 1 
= exp 1.07  0.0022  t
1

1
1
  0.11 and     0.0019 .
 1 
 0 

with standard error  

Figure 19 shows the diagnostics result of GLM fitting for number of cold spells with trend.
Most of the predict response values are small, and there is nonlinear relationship between
the residuals and predicted values. Thus the diagnostic plot implies the reasonable of GLM
fitting result. However, p-value of trend estimation with 0.261 implies that the trend is not
very obvious.
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3.40

3.50

3.60

3.70

predict(trend.length.fit, type = "response")

Figure 19 Residual vs. fitted plots for the length of cold spells model with trend

5.3.3

NEGATIVE MEAN MINIMA OF COLD SPELLS

Figure 20 shows the negative mean minima of cold spells in each year. Negative cluster
minima are modeled by GP distribution by taking temporal dependence of excesses within
cluster into consideration.
Without trend, the MLE estimator of scale parameter and shape parameter are

 u (t )  7.47  0.032 and   0.34  0.026 respectively.
With trend, the MLE estimator of scale parameter and shape parameter is

 u (t )  exp  0   1  t 

 exp 2.01  2.33 105  t

   0.23
with standard errors

SE  0   0.043
SE  1   2.00 106
SE    0.026
The p-value of the test for  1  0 is 0.98. This implies that we cannot (strongly) reject the
hypothesis of zero trend in  1 .
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Figure 20 Negative mean cold clusters
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6 CONCLUSION
6.1 EXTREME VALUE ANALYSIS
Analysis of parameter estimation in GEV distribution has been presented in former sections.
Table 8 summarizes the estimation results with and without trend. The low p-value indicates
that we reject the null hypothesis that there are zero trends in the corresponding
parameters, i.e. low p-value indicates a significant trend existing.
As shown in Table 8, there is a significant trend in location  in annual maxima and no
significant trend in scale  . As to the annual minima, a low p-value gives sufficient
evidence that there is a rising trend in location  and a decreasing trend in scale  .
Table 8 Trend analysis result of annual maxima and minima temperature from 1900 to 2001 in
Uppsala, Sweden

Location



Scale 

Shape 

p-value

Annual maxima
No trend

28.80

2.20

-0.18

\

Trend

29.71  0.018  t

2.13

0.17

0.022

 0.45

 0.0075

0.16

 0.057

Annual minima
No trend

-20.01

4.19

-0.34

\

Trend

21.58  0.031 t

exp(1.16  0.0042  t )

0.31

0.03

 0.73

 0.013

 0.13

 0.0021

 0.062

Figure 21 below shows line curves of observed annual maxima and minima in span
1900-2001 compared to mean of GEV, which was discussed in 2.6.4, with and without trends
respectively.
According to the upper curve, it is clear that there is a generally decline trend in observed
annual maxima. This is in line with the estimation result of significant decline trend existing
in annual maxima as shown in Table 8.
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Contrary to annual maxima temperature, the observed annual minima appear a rising trend
in Figure 21. Visual inspection in Figure 21 is in line with the estimation result of significant

32
30
26

28

Annual maxima

34

36

trend existing in annual minima from Table 8.
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2000
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2000

-20
-25
-30

Annual minima

-15

Year

1900

1920

1940
Year

Figure 21 Observed annual maxima and minima compared to mean of GEV for annual maxima and
minima without (black line) and with (rend slope line) trend in the span 1900-2001 in Uppsala,
Sweden

6.2 ESTIMATION OF HOT AND COLD SPELLS ANALYSIS
Similarly, low p-value indicates a trend existing. Table 9 is the summary of the estimation
result of hot and cold spells model. Parameters estimator along with standard error and the
corresponding p-value are presented. Afterwards, Figure 22 shows observed number of
spells, mean length of spells and cluster maxima (or minima) compared to the corresponding
model distribution with and without trend for summer and winter periods separately.
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Table 9 Hot and cold spells analysis result of parameter estimates (  SE) and p-value
(boldface value indicates a significant trend) for number of spells, mean length of spells and
spells maxima with and without trend during each summer and winter in the span 1900-2001 in
Uppsala, Sweden

Number of spells

Mean length of spells

 (t )

1/  (t )

Spells maxima
(or minima for winter)

 u (t )



Hot spells in summer
0.033

0.041

3.55

3.94

0.22

Trend

exp 2.17  3.87 106  t

exp 1.31  0.00090  t

exp 1.47  0.0018  t

0.23

p

0.997

No
trend

7.34

3.27

7.47

0.34

Trend

exp 2.20  0.0043  t

exp 1.07+0.0022  t

exp 2.01  2.33 105  t

0.34

p

0.00075

No
trend

8.77

 0.067

 0.0011

0.037

 0.070

 0.0013

0.083

0.0014

 0.059

 0.00083

0.53
Cold Spells in winter

0.0019

0.26

 0.025

0.043

 0.32

0.057

0.11

 0.024

0.16

 0.043

 0.026

 2.00106

 0.026

0.98

For hot spells in summer, there are downward trend in number of spells, mean length of
spells and spells maxima. However, p-value of the test for zero trends in parameter of
number of spells  (t ) and mean spell length 1/  (t ) is high. This imply that we cannot
reject the hypothesis of zero trend in the two parameters, i.e., no significant trend existing in
number of spells  (t ) and mean spell length 1/  (t ) . As to the parameter spells maxima

 u (t ) , p-value at 0.043 is smaller than a certain level. Thus we reject the null hypothesis of
no trend, i.e., there is a negative trend in parameter of mean spells maxima  u (t ) .
Visual inspection in Figure 22 is in line with the estimation result of significant negative trend
existing in mean cluster maxima from Table 9. Hot spells length appears a slightly decreasing
trend which is not obvious. Number of hot spells appears nearly no trend as shown in the
figure.
For cold spells in winter, the information in Table 9 implies a decreasing trend in number of
cold spells according to a low p-value at 0.00075 which suggest that we reject the hypothesis
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of zero trend in  (t ) . Conversely, for mean spells length and spell minima, high p-value at
0.26 and 0.98 indicates a zero trend existing.
Similarly to hot spells, the decreasing trend in number of cold spells, zero trend in cold spells
length and mean clusters minima, are more or less in line with the visual inspection in Figure
22. As can be seen from the figure, number of cold spells appears a significant decreasing
trend. Length of cold spells appears a slightly but not obvious rising trend. And the mean
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Figure 22 Observed number of spells, mean length of spells and cluster maxima (or minima) compared
to the mean of Poisson, Geometric and GP distributions with (red lines) and without (black lines) trend
for summer and winter periods respectively
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NOTATIONS
i.i.d

Independent and identically distributed

GEV

Generalized extreme value

GP

Generalized Pareto

POT

Peak over threshold

MLE

Maximum likelihood estimation

PPP

Poisson point process model

GLM

Generalized linear models

Mn

Block maxima

~

Mn

Block minima

G

GEV distribution

H

GP distribution



Location parameter



Scale parameter



Shape parameter

u

Threshold

zp

Return level

1/ p

Return period



Extremal index
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