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Abstract

The stringent regulations on the emissions levels of heavy duty vehicles create a demand
for new methods of reducing harmful emissions from the engine. In order to be able to
follow these increasingly stricter legislations, complex aftertreatment systems are used.
Achievement of optimal performance of these systems requires accurate models that can
be used for control design. As a result, the interest in modelling and control of aftertreat-
ment systems has increased.

This thesis deals with the modelling of the nitrogen oxide (NOx) emissions from heavy
duty vehicles using the selective catalyst as an aftertreatment system for its reduction.
The process of the selective catalytic reduction (SCR) is nonlinear since the chemical
reactions involved are highly depending on the operating point. The momentary operating
point is defined by the driving profile of the vehicle which, for example, includes cold and
hot engine starts, highway and urban driving.

The purpose of this thesis is to investigate different methods for nonlinear system identifi-
cation of SCR systems with control in mind. The first two papers contain the theoretical
work of this thesis. The first paper deals with improvement of an existing recursive
prediction error method (RPEM) where a more accurate discretisation algorithm was
used to improve the accuracy of the estimated nonlinear model. The second paper deals
with analysis of the convergence properties of the algorithm. For this analysis several
conditions were formulated that link the global and local convergence properties of the
algorithm to stability properties of an associated differential equation. Global convergence
to a stationary point was shown. In the third paper, the RPEM is used for identification
of the SCR system and finally the fourth paper a Hammerstein-Wiener model for iden-
tification of the SCR system is applied. In both these cases the black-box models could
predict the NOx behaviour of the SCR system quite well. The nonlinear models were
shown to describe the SCR system more accurately than linear models.
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Chapter 1

Introduction

Heavy duty vehicles are one of the main resources for transporting goods that are needed
in industry and for our everyday lives. The majority of these vehicles are powered by
diesel engines which are highly fuel efficient. Despite this property, they emit a substantial
amount of mono-nitrogen oxides (NOx). Nitrogen oxide is a combinational name of nitric
oxide (NO) and nitrogen dioxide, (NO2), and it is produced during combustion.

NO and NO2 exist naturally in the atmosphere and are created during for instance thun-
derstorms. Still, when the amount of NOx increases significantly it has hazardous effects
on the environment and our health. Atmospheric NOx forms nitric acid, contributing to
formation of acid rains and acidification of lakes and the oceans. This property also leads
to deterioration of building materials. Also, high concentration of NOx contributes to the
formation of ground level ozone which is dangerous for the human respiratory system,
but is also considered as a greenhouse gas. At the same time, NOx destroys the ozone in
the stratosphere which causes damage to humans, animals and plants. [29].

To reduce the adverse effects of the NOx emissions, European emission standards have
been set such that these emissions can be restricted, [46]. These standards have recently
been updated in the Euro VI and propose a NOx emission limit value of 0.4 g/kWh for
heavy duty engines and are going to take effect from December 31st 2012. As shown
in Fig. 1.1, the legislations require both NOx and particulate matter (PM) to decrease
simultaneously. There are two distinct ways of approaching the problem of NOx reduction:

• Improve the engine control systems.

• Improve the existing aftertreatment systems.

The main problem with the first strategy is that the formation of NOx is directly corre-
lated with fuel efficiency, [22]. The more efficient the engine is, the higher are the NOx

emissions. Also, the amount of PM is inversely proportional to the amount of NOx. PM
is also hazardous for the environment so to be able to keep both PM and NOx low engine
tuning may not be responsive enough.

In order to meet the stringent emission standards, new methods for control of aftertreate-
ment systems are therefore of great importance. Today, selective catalytic reduction
systems (SCR), utilising ammonia as a reduction agent is widely used for this purpose.
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Figure 1.1: Historical overview of the NOx and particulate matter (PM) legislations in
Europe since 2000.

The SCR was developed in the 1970’s for stationary applications such as thermal power
plants [1]. Later on the technique was used for mobile applications, however due to space
limitations in vehicles; the reduction is also limited leading to certain problems such as
ammonia slip. Ammonia slip is the ammonia released at the catalyst tailpipe, either due
to low temperature within the catalyst or due to over-dosage of ammonia at higher tem-
peratures. The excess ammonia not only smells bad, in reaction with other substances
produced during combustion it can also be toxic. The nitrogen in ammonia can also
cause acidification problems, and lead to eutrophication of soils, fresh water systems and
marine waters, [30]. Moreover, ammonia can react with SO3, sulphur trioxide, which is
created in case there is a sulphur content in the fuel oil, this reaction gives rise to creation
of particles such as ammonium sulphate at temperatures below 320◦C and can damage
the catalyst, [20].

Today, look-up tables are the main source of control of the injected ammonia, [10]. This
procedure is neither optimal nor cost efficient in the long run. Therefore it is very
important to be able to control the amount of urea injected into the SCR and to be able
to reduce the tailpipe NOx and ammonia using reliable control algorithms. For this it is
important to have good models that describe the system well.

1.1 Objective

The objective of this thesis is to contribute to the development of identification methods
for identification of SCR systems. The main contribution of this thesis is the improvement
and analysis of a nonlinear identification algorithm and the application of the method
along with other identification methods on the SCR system.
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1.2 Outline

This thesis is divided in two parts. The first part gives the background information.
In the next two chapters a description of the SCR system and a brief description of
numerical methods for solving ordinary differential equations (ODEs) are given. Further
in Chapter 4 an overview of some of methods used in nonlinear system identification are
given. Chapter 5 deals with identification of the SCR. In Chapter 6 a summary of the
included papers are given, finally ideas for future work are discussed in Chapter 7. The
second part of this thesis contains the included papers. The first two papers deal with the
improvement and analysis of a recursive prediction error method (RPEM) for a nonlinear
model. The following two papers deal with using this method for identification of the SCR
system and comparison with some other well-known methods for system identification.
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Chapter 2

The Aftertreatment System

This chapter will give a brief description of the aftertreatment system. First, the physical
structure of the selective catalytic reduction system, is given and further the chemical
reactions involved in the process are described.

2.1 System overview

The setup of a diesel engine exhaust system configuration is illustrated in Fig. 2.1. The
exhaust gas generated from the engine is transferred into the diesel oxidation catalyst
(DOC) where carbon monoxide (CO), hydrocarbons and some of the particulate emission
are reduced. Further, the DOC is connected to a diesel particulate filter (DPF), where
the PM is reduced with up to 90 %. The remaining exhaust gas is then released into
the SCR catalyst. The SCR catalyst contains a dosage system where the diesel exhaust
fluid (DEF) is injected into the catalyst. Recently, some of the SCR catalysts have
been modified by a coated oxidation catalyst, [25], the ammonia slip catalyst (ASC) that
reduces the tailpipe ammonia slip through the following chemical reaction

4NH3 + 3O2 → 2N2 + 6H2O. (2.1)

However, this is the ideal reaction, in some cases the excess ammonia may oxidise back
to NOx or create the greenhouse gas N2O through the following non-desirable reactions

4NH3 + 5O2 → 4NO + 6H2O, (2.2)
2NH3 + 2O2 → N2O+ 3H2O. (2.3)

2.2 Selective catalytic reduction system

Generally, there are two types of SCR catalysts, the plate-type catalyst and the honey-
comb catalyst. For automotive applications, the SCR catalyst commonly consists of a
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Figure 2.1: The diesel engine and exhaust system configuration.

honeycomb monolith structure, shown in Fig. 2.2, where several chemical reactions take
place. This monolith structure results in a high surface area which improves the perfor-
mance of the catalyst. This structure of the catalyst is often of an inert type, which is
coated with a porous material. This material commonly consist of either titanium oxide,
TiO2, working as a carrier, and is soaked in the catalytic active material. [10]

Another type of the SCR catalyst is where no inert material is used. Instead, the catalytic
material is used in the entire catalyst structure. The active catalytic component are
usually based on metal oxides, such as vanadium pentoxide, V2O5, mixed with tungsten
trioxide, WO3, [25]. Recently, copper/iron-zeolit based catalysts have gained popularity
due to their high thermal durability, [12]. Metal based catalysts do not possess this
property and can cause problems in performance. The SCR system consists of two main
steps:

Washcoat

Activematerial

Figure 2.2: The monolith SCR catalyst and the porous structure together with the wash
coat.

• First, the DEF is injected upstream through a nozzle and mixed with the exhaust
flow at the input of the catalyst. The SCR system for mobile use requires on-board
supply of ammonia. Ammonia storage on-board is difficult due to the corrosion risk
and health hazards. Therefore, the DEF is a solution containing urea, and thus the
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urea is first decomposed thermally into ammonia by the following reaction

CO(NH2)2 +H2O → 2NH3 + CO2. (2.4)

The DEF commercially goes under the name AdBlue. AdBlue is a solution of 32.5
% urea and water.

• Secondly, the ammonia is adsorbed on the surface of the catalyst and the dominant
reactions occur. There are mainly three different reactions occurring within the
catalyst. The reactions are different for different temperatures, [36]. Within the
catalyst, the reaction of NH3 with NOx leads to the formation of water (H2O) and
nitrogen (N2). Since 90 % of the NOx consist of NO, the main standard reaction is
given by

4NH3 + 4NO +O2 → 4N2 + 6H2O. (2.5)

Further, the fast SCR reaction consist of

4NH3 + 2NO + 2NO2 → 4N2 + 6H2O. (2.6)

Reaction (2.6) is kinetically more favourable, but due to the high NO ratio most of
the NOx transformation is due to (2.5). There are two further reactions that are
negligible

4NH3 + 3NO2 → 3.5N2 + 6H2O, (2.7)
4NH3 + 6NO2 → 5N2 + 6H2O. (2.8)

The reason why these reactions can be neglected is because they are much slower
than the other reactions in the SCR system.
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Chapter 3

Numerical Methods for Solving
Ordinary Differential Equations

In this thesis nonlinear continuous-time models are discretised in order to get discrete-
time models for identification using discrete-time data. This chapter deals with the
fundamentals of numerical methods used for discretisation.

3.1 Introduction

The dynamics of a non-linear system in continuous-time can often be described using
ordinary differential equations (ODEs). Consider the general nonlinear ODE

y′(t) = g(t, y(t)), y(t0) = y0. (3.1)

The solution to the ODE can only be obtained using analytical methods in special cases.
In real-life application it is often convenient to approximate the problem and solve the
equation by numerical means. The approximation can be performed by replacement of
the derivative by finite differences. Consider the Taylor series expansions at a point k,

y(k + h) = y(k) + y′(k)h+
y′′(k)
2

h2 +
y′′′(k)
6

h3 + . . . (3.2)

where h is a given step size. Solving (3.2) for y′(k) gives

y′(k) =
y(k + h)− y(k)

h
− y′′(k)

2
h+ · · · ≈ y(k + h)− y(k)

h
. (3.3)

Using this information, the differential equation in (3.1) can be replaced by the following
difference equation

y(k + h) = y(k) + hy′(k)

= y(k) + hg(k, y(k)). (3.4)

(3.3) is one of the simplest methods of approximating ODEs. It is called the Euler forward
method.
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3.2 Performance

There are several ways of measuring the performance of numerical integration algorithms.
In this thesis, the concepts of accuracy and stability of numerical algorithms will be
considered.

Accuracy

A numerical method can suffer from truncation error, i.e. the error caused by not enough
accurate approximations, [18]. The truncation error is categorised as

• Local error: which is the error produced by the algorithm at a given step size.

• Global error: which is the difference between the true solution and the final com-
puted solution of the ODE.

The accuracy of a numerical method is said to be of order n if

lk = O(hn+1
k ), (3.5)

where lk is the local error of the method, i.e. the error made in one step of the numerical
method. This is the quantity by which the finite difference equation fails to correspond to
the solution of the ODE at a given step. The accuracy of a method is of great importance.
The more accurate a method, the less is the resulting global error.

Stability

The concept of stability of a numerical integration method is closely related to the stability
of an ODE. Like for the solution of an ODE, a numerical method is said to be stable if
small perturbations do not cause the solution to diverge. The divergence of the solution
could of course be caused by instability of the solution to the ODE, but also because of
the numerical method itself, even when the analytical solution is stable. Stability of a
numerical method can hence be defined as the requirement of the solution to the numerical
method being bounded at any given time t as h → 0, [18]. This can be expressed as

‖y(k)‖ ≤ γ, (3.6)

as h → 0. To illustrate the concept of stability, consider the following example.

Example 3.1

Consider the following ODE

y′ = λy, y(0) = y0, (3.7)

with the analytical solution y(t) = y0e
λt. This ODE can be solved numerically by Euler’s

method with step size h,

y(k + 1) = y(k) + hλy(k) ⇒ y(k) = (1 + λh)k y0. (3.8)

20



In this case, if Re(λ) < 0, then the analytical solution is stable. Now |1 + λh| > 1, yields
a stable analytical solution to the ODE but the numerical solution of the Euler’s method
will diverge. The stability of the Euler’s method in this case is dependent on the step
size h, such that it satisfies

|1 + λh| ≤ 1. (3.9)

3.3 Methods

The numerical methods for solving ODEs can be divided into two groups, explicit and
implicit methods. In the following some examples of the most common numerical inte-
gration methods are given.

Runge-Kutta methods

Runge-Kutta methods are single step methods that do not require explicit computation
of higher derivatives. This is an example of an explicit method, where only information at
step k is used for calculation of the solution at step k+1. The method has been developed
by inclusion of additional Euler steps, [6]. The best-known Runge-Kutta method is the
4th order Runge-Kutta scheme which is given by

y(k + 1) = y(k) +
h

6
(k1 + 2k2 + 2k3 + k4) ,

k1 = g(k, y(k)),

k2 = g

(
k +

h

2
, y(k) +

k1
2

)
, (3.10)

k3 = g

(
k +

h

2
, y(k) +

k2
2

)
,

k4 = g (k + h, y(k) + k3) .

One of the main advantages of the Runge-Kutta methods is their self-starting property,
due to it being an explicit method. Runge-Kutta methods can be defined as implicit
methods too and they then offer a better choice for stiff problems.

Extrapolation methods

Extrapolation methods, are single-step methods that integrate the ODE over a given
interval, using several step sizes hi such that h1 > h2 > h3 > . . . rather than a fixed step
size. These methods can achieve high accuracy but are often not very efficient. Richard-
son’s extrapolation is one example of extrapolation methods, for a detailed overview of
these methods see [17].
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Chapter 4

Nonlinear System Identification

In this chapter, the fundamentals of nonlinear system identification are reviewed together
with an overview of some of the different identification methods typically used for non-
linear systems.

4.1 System identification

System identification is about mathematical modelling of dynamical systems using ex-
perimental data. A dynamic system can be illustrated as in Fig. 4.1, where the input
signal u(t) is the driving force to the system and is under the control of the user, [43].
The system has an output y(t), and a disturbance v(t), the latter not being available
for manipulation. In many applications, it is of great interest to be able to control the
system so that a desired behaviour is obtained. Often mathematical modelling is then
suitable to describe the system. In some cases it is also useful to have models of systems
to increase the level of understanding, and to be able to predict the outcome even when
control is not performed.

u(t)

v(t)

y(t)
S

Figure 4.1: System description.

Identification of nonlinear systems using black-box methods has gained high attention
in the last decades. This is mainly because the theory of linear system identification is
already well developed due to the relative simplicity of linear models, but also, because
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in several cases linear system identification might not give satisfactory results when the
system has highly nonlinear dynamics. In some nonlinear systems though, a linear model
can be sufficient for the purpose of control. In other cases where the dynamics of the
system varies a lot for different operating points, this may not be possible. An examples
where linear system identification fails is in flight control, where gain scheduling is often
used to overcome the problem, [32].

4.2 Modelling principles

Identification of systems can be categorised in three main groups, white-box, grey-box
and black-box identification.

• White-box modelling denotes a modelling technique where the model is fully derived
based on the physical, chemical or biological properties of the system. The main
advantage of white-box models are that they are not data dependent and hence
may describe the system very well in certain cases. Newtonian planetary dynamics
[47] constitutes one such example, with highly accurate equations of motion.

• Grey-box modelling denotes modelling a system based on a priori knowledge of the
system, [4]. Generally, some physical information is used in the modelling process
together with system identification techniques. This type of identification often
results in models with high accuracy. However, they are often application specific
and time consuming to derive. In systems, such as the SCR catalyst, where the
dynamics of the process changes rapidly due to ageing of the catalysts or fouling of
the catalysts the costs of the modelling process will be high.

• Black-box modelling is the alternative modelling technique where little a priori
knowledge about the system is used in the modelling process and all the descrip-
tion of the system is strictly empirical and solely based on the collected data, [40].
One advantage of such methods is that many times the complexity of the models
is reduced. A drawback is that no or little physical interpretation of the system is
available in the model.

4.3 Nonlinear model structures

In this section a short summary of some of the most common model structures that are
used for nonlinear system identification is given.

Discrete-time nonlinear difference equations

NARX and NARMAX are the nonlinear equivalent to the ARX, Auto Regressive with
eXogeneous inputs, and ARMAX, Auto Regressive Moving Average with eXogeneous
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inputs, model structures. The ARMAX model structure is as follows

A(q−1)y(t) = B(q−1)u(t) + C(q−1)e(t) (4.1)

where q−1 is the backward shift operator, y(t) is the output, u(t) is the input and e(t) is
white noise. A(q−1), B(q−1) and C(q−1) are polynomials in the back shift operator q−1.

The ARMAX model structure is very general, any linear finite-order system with sta-
tionary disturbance and rational spectral density can be described using the ARMAX
model structure. By extending the ARMAX by introducing nonlinearities in the model
structure it is generalised to a nonlinear ARMAX structure, denotes NARMAX. For the
single-input single-output system, the structure is

y(t) = F [y(t− 1), y(t− 2), . . . , y(t− ny), u(t− d), . . . , u(t− d− nu),

e(t− 1), . . . , e(t− ne)] (4.2)

where F (.) is an arbitrarily nonlinear function. This nonlinear function can for instance
be chosen as a polynomial of the arguments. ny, nu and ne are the orders for each signal
and d is time delay of the input, [7, 21]. ARX, and NARX can be regarded as a special
case of the ARMAX or NARMAX model structure respectively. An overview of nonlinear
system identification for discrete-time systems is given by [7].

Discretised continuous-time nonlinear ODE models

Another common approach as mentioned in Chapter 2 in modelling is to describe the
system dynamics using ordinary differential equations. The information about the sys-
tem at time t, such that the effects of the input signal u(τ), τ ≥ t are predictable
at time t, is roughly the state of the system and is denoted as x(t), where x(t) =
(x1(t) x2(t) . . . xn(t))

T , where n is the order of the ODE. This model structure is called
a state-space model.

Consider the continuous-time system

ẋ(t) = f(t; x, u, θ)

y(t) = Cx(t) (4.3)

This system is a general system of nonlinear ODEs, where f(t; x, u, θ) is a nonlinear
function and θ is an unknown parameter vector. Further, y(t) is the output of the system
and C is a matrix describing the output as a function of the state vector.

Many controllers today are sampled time controllers, i.e. discrete-time controllers. For
this reason, it is beneficial to sample the continuous-time model. The idea is to replace
the differential operator by a suitable difference approximation, [14]. Euler’s classical
approximation is given by

x(t+ T ) = x(t) + Tf(t; x, u, θ) (4.4)
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where T is the sampling interval. A more accurate approximation is the midpoint algo-
rithm, i.e. the 2nd order Runge-Kutta method, which uses the intermediate point interval
for integration.

x(t+ T ) = x(t) + Tf

(
t+

T

2
; x+ f(t; x, u, θ), u, θ

)
. (4.5)

Series expansion

In the early stages of nonlinear black-box identification, Wiener proposed a representation
of the output y(t) as a functional series expansion of the input signal u(t) based on the
Volterra series, [13].

y(t) = h0 +
∞∑
n=1

Hn[u(t)] (4.6)

where Hn is called the Volterra operator, defined as

Hn[u(t)] =

∫ ∞

−∞
. . .

∫ ∞

−∞
hn(τ1, . . . , τn)u(t− τ1) . . . u(t− τn)dτ1 . . . dτn, (4.7)

where hn(τ1, . . . , τn) is called the Volterra kernel.

Volterra series can be considered as power series with memory. From a system identifi-
cation point of view, the interest is to find the Volterra kernel hn(τ1, . . . , τn) for

τi = 0, τ 1i , . . . , τ
Ni
i , i = 1, . . . , Ni. (4.8)

An example of applications of the Volterra series consist of analysis of nonlinear networks
by utilising the power series properties of the Volterra series to develop a multilinear
analysis technique, [37].

Even though useful, Volterra series possess disadvantages due to their power series prop-
erties. One main disadvantage of the Volterra series is the convergence of the series. To
overcome this, the function can be expanded in an orthogonal series instead. Wiener used
this to develop a new series expansion where

y(t) =

p∑
n=0

Gn[kn; u(t)]. (4.9)

The Wiener functionals Gn[kn; u(t)] are orthogonal when the input is white Gaussian
noise. This way, the Wiener kernels kn(σ1, . . . , σn) are easily separated. However the
main drawback with the series expansion is the high number of unknowns which requires
large data sets for identification and this is not solved by (4.9).

Block-oriented nonlinear models

In order to describe nonlinear systems, block-oriented nonlinear models can sometimes
be used. Such models divide the system into linear and nonlinear subsystems, i.e. blocks.
The most common block-oriented models include
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• Hammerstein models are in many cases a good approximation of nonlinear systems.
The model structure consists of a static nonlinearity followed by a linear transfer
function, [3, 26]. The input and the output are measurable, but the intermediate
signal is not accessible. The parameters of the model are then identified for instance
by separation of the linear and nonlinear part and iterative identification. Examples
where Hammerstein models have been proven to be useful are in identification of
electrically simulated muscles, [19] and power amplifiers, [24].

Input
nonlinearity

LTI
system

Figure 4.2: Block diagram of the Hammerstein model structure.

• Wiener models are similar to Hammerstein models. This model structure consist
of a linear transfer function followed by the static nonlinearity on the output of the
system. The output nonlinearity might for instance represent sensor nonlinearity
but also other nonlinearities in the system that take effect at the output. This
model structure has also proven useful through several practical applications such
as chemical processes, [23, 51] It is extensively used in biomedical applications, [38].

Output
nonlinearity

LTI
system

Figure 4.3: Block diagram of the Wiener model structure.

• Wiener-Hammerstein models are combinations of the Hammerstein and the Wiener
model, where the system is described by two linear models enclosing a static non-
linear function. References [7] and [39] deal with identification using this model
structure.

• Hammerstein-Wiener models represent another combinatorial structure of the Wiener
and Hammerstein model. In the Hammerstein-Wiener structure, the nonlinearities
are represented on the input and the output and the dynamics can be described
by a linear transfer function. The Hammerstein-Wiener model structure has been
used in this thesis for identification of the SCR catalyst and the results are given in
Paper IV. The identification algorithm used for the model structure is performed
using the prediction error method.
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Figure 4.4: Block diagram of the Hammerstein-Wiener model structure.

Neural networks

Neural networks for system identification have been used in many applications. A neural
network is a mathematical model of the system made up of artificial neurons connected
to each other imitating the human brain. The structures consist of computational nodes
that are placed in different layers where each layer operates in parallel. All the nodes in
each layer are then connected to the nodes in the other layers, also called the multi-layer
perceptron (MLP). The weights are adapted during the learning process. The method of
identification using neural networks is basically through learning from a set of observations
using specific learning rules. The model is trained with a training function and the idea
is to find a model that minimises the difference between the model and the real output.
Feed-forward neural networks is able to learn complex input-output mappings, [8].

4.4 Identification methods

It is very difficult to provide a complete characterisation of the field of nonlinear sys-
tem identification. One reason is the high number of modelling alternatives. Here the
presentation is only intended to put the methods used in the thesis in perspective.

Recursive and non-recursive identification

System identification can be done in a recursive or non-recursive manner, [28]. Recursive
identification refers to identification algorithms that use information from previous steps
for identification, whether non-recursive methods use all available data at once. Recursive
algorithms can therefore be used on-line and can compensate for changes in the dynamics
of the process. In chemical processes for instance, where the dynamics of the system can
change significantly based on the temperature, the use of recursive identification can be
very useful. Since the dynamics of the SCR catalyst is based on chemical reactions, and
also, the behaviour of the system is often varying due to driving conditions, recursive
identification is a very useful tool for identification of this system.

Parametric and non-parametric identification

System identification techniques can be further divided into parametric and non-parametric
identification methods.
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Parametric identification

Generally, a parametric method can be thought of as a method where the measured data
is mapped onto a finite-dimensional parameter vector. Examples of parametric methods
are,

• Prediction error methods. For stochastic systems, determining the output exactly
at a given time t is not possible from the data available at time t− 1, [43], e.g. due
to various disturbances. Therefore, it is reasonable to determine a model based on
the prediction error at time t using

ε(t, θ) = y(t)− ŷ(t|t− 1, θ) (4.10)

where ŷ(t|t − 1, θ) is the prediction of y(t) at time t, given the information up to
time t − 1. Here, the prediction is typically based on one of the nonlinear models
described above.

• Subspace identification methods. This is more of a procedure than a single type of
algorithm. The method attempts to build state space models from input-output
data, [34]. The main steps of subspace identification are

1. A state sequence, x̂i, x̂i+1, . . . , x̂i+j of the dynamical system is first determined
for a state space model of order n for the system. This is typically done by
orthogonal or oblique projections of the row spaces of the data block Hankel
matrices and using singular value decomposition.

2. A least squares algorithm is used to solve the following problem in order to
obtain the state space matrices

(
Â B̂

Ĉ D̂

)
= min

A,B,C,D

∥∥∥∥
(

x̂i+1 x̂i+2 . . . x̂i+j

yi yi+1 . . . yi+j−1

)

−
(

A B
C D

) (
x̂i+1 x̂i+2 . . . x̂i+j

ui ui+1 . . . ui+j−1

)∥∥∥∥2 , (4.11)

where y is the output and u is the input of the system.

This approach is widely used for linear system, but has also been used e.g. for
identification of nonlinear MIMO Wiener system in [48].

Non-parametric identification

Non-parametric identification methods often give result in terms of curves or functions
that are not necessarily parametrised by a finite-dimensional parameter vectors. Exam-
ples of such identification methods for nonlinear systems are

• Correlation analysis, for this method the input signal is often chosen as white noise.
The cross-covariance function between the input and the output is then estimated.
Examples where correlation analysis has been used is in biomedical applications,
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[33]. This type of method often exploits the so called Bussgang theorem which
shows that the cross-correlation results are the scaled impulse response parameter
of the linear block, [2].

• Spectral analysis is identification of the frequency response of the system. The input
signal can be chosen arbitrarily. In [35], it is shown that multisines are useful as
input signals for improved excitation. Examples where spectral analysis is used for
identification is in noise and vibration analysis, [5].

Criterion minimisation

A common key in algorithm development for parametric methods is to determine a model
that minimises a criterion function, e.g. given by

V = E
[
(y(t)− ŷ(t|t− 1, θ))T (y(t)− ŷ(t|t− 1, θ))

]
, (4.12)

However, problem with convergence to local minima can occur, for instance for output
error methods.

Bayesian estimation

Bayesian methods provide a general framework for state estimation. The approach is
to use the known information to estimate the probability density function (PDF) of the
state.

An example of an approximation Bayesian estimator is the extended Kalman filter (EKF),
[42]. The EKF can be used for recursive nonlinear estimation of the state. The idea of
the EKF is to apply the Kalman filter to nonlinear systems, by linearising the nonlinear
model. Contrary to the Kalman filter for linear systems, the EKF is not optimal.

To describe the EKF, consider the nonlinear discrete-time system

x(t+ 1) = f(t, x(t)) + g(t, x(t))v(t)

y(t) = h(t, x(t)) + e(t), (4.13)

where u(t) and e(t) are mutually independent zero mean white Gaussian noise and
f(t, x(t)), g(t, x(t)) and h(t, x(t)) are nonlinear functions.

By introducing the linearisations

F (t) =
∂f(t, x(t))

∂x

∣∣∣∣
x=x̂(t|t)

,

G(t) = g(t, x(t))|x=x̂(t|t) , (4.14)

H(t) =
∂h(t, x(t))

∂x

∣∣∣∣
x=x̂(t|t−1)

,
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the system can be approximated to

x(t+ 1) = F (t)x(t) +G(t)v(t) + ū(t),

y(t) = H(t)x(t) + e(t) + w(t),

ū(t) = f(t, x̂(t|t))− F (t)x̂(t|t),
w(t) = h(t, x̂(t|t− 1))−H(t)x̂(t|t− 1). (4.15)

Now, the standard Kalman filter can be applied to (4.15), where it can be solved in an
iterative manner.

4.5 Analysis

The analysis of system identification methods can be conducted in several ways. Some
examples of analysis tools relevant for this work are reviewed here.

Performance analysis

• Variance analysis: Variance is the error caused by noise in the data used for iden-
tification. A tool for analysis of the variance is the Cramér-Rao lower bound. It
states that the variance of any unbiased estimator θ̂ is bounded by

var(θ̂) ≥
[
−E

[
∂2 ln p(x; θ)

∂θ2

]]
, (4.16)

where p(x; θ) is the likelihood function.

• Bias analysis : Bias can be interpreted as the systematic error, and is often caused
by using, in the best case, a low order model to describe the system. It is given by

Bias(θ̂) = E
[
θ̂
]
− θ. (4.17)

In [15] an analysis tool is developed to analyse the bias error of an estimate by as-
cribing the distribution of the error. Other techniques of [49] quantify the nonlinear
amplitude dependence of the bias.

Convergence analysis

When evaluating the performance of a recursive identification algorithm, the convergence
properties of the algorithm is one of the most important aspects. Convergence analysis
aims at describing the asymptotic properties of e.g. a recursive algorithm. There are
different ways of conducting convergence analysis, the following approaches have been
used extensively in the past.

1. Averaging, where the updating direction of the recursive identification algorithm
is replaced by its average. In that method, an associated ODE for the algorithm
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can be formulated. It is then proven by [27] that given that certain conditions
are fulfilled the stability properties of this associated ODE can be connected with
the convergence properties of the recursive algorithm. The main advantage of this
method is its applicability to general algorithms and nonlinear models.

2. Martingale theory has been used to study the convergence of a stochastic Lyapunov
function for the recursive algorithm. [31, 44, 9]. This approach has been applied,
e.g. to pseudolinear regressions.

Due to the associated ODE methods applicability to very general nonlinear models and
algorithms, this approach has been used in this thesis.
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Chapter 5

Identification of an SCR System

The present chapter is mainly devoted to description of the methods used for identification
of the SCR system. Further, some of the obtained results are given at the end of this
chapter.

5.1 Data

In this thesis the focus lies on the identification of the SCR without the ASC coating and
the identification of the output NOx solely. The identification is done based on the data
collected from a simulator. It is convenient to use simulated data since it is costly and
time consuming to gather the same amount of data with the real system.

Simulated data

The SCR system described in Chapter 2 is simulated using models describing each block
in Simulink. The simulator utilises the engine load and speed to estimate the outputs
to the DOC. It can also be used with real measured data directly into the SCR system
without information about the engine load and speed. The interesting measurements
needed for identification consist of the input NOx and NH3. Due to the high importance of
temperature in the chemical reaction, it is of great importance in the dynamical behaviour
of the catalyst. Further, the exhaust flow plays an important role in the dynamics of the
catalyst. The above four quantities therefore form the input signals to the system that is
of interest for identification. The collected output from the simulator is the output NOx

and NH3.

Test cycles

To evaluate the performance of the aftertreatment system, certain test cycles are used.
Generally, there are stationary and transient cycles that specify the engine speed and
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load values. For Euro IV testing, the World Harmonised Transient Cycle [45], WHTC,
and the World Harmonised Stationary Cycle, WHSC, will be used. The WHTC is a test
cycle of a length of 1800s. It starts by a highly transient part, indicating urban driving,
and ends with a more stationary part that corresponds to highway driving. The speed
and load values for the WHTC are illustrated in Fig. 5.1. The WHSC, on the other
hand, has a length of 1895s and consists of only stationary values for load and speed.
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Figure 5.1: Engine load and speed for the WHTC data.

The inputs, used for identification, and the output NOx of the SCR catalyst for the
WHTC data are illustrated in Fig. 5.2.

5.2 Previous work

Modelling of the SCR can be done in several ways. One approach is to use the first
principle model for describing the system by utilising the physical knowledge about the
system to create a mathematical model. This approach has been suggested by several
authors and are described in detail in [10, 36, 11, 41].

In [10], a model that describes the monolith structure of the SCR catalyst using two
wall layers and 6 segments is proposed. This model describes the physical properties
of the system fairly well. In each segment, the temperature inside the segment, Tin,
and the ammonia coverage, θNH3 , i.e. the ratio between the ammonia stored inside the
catalyst and the ammonia storage capacity, create the states of the model. Another
approach conveyed by [11], describes the system by using NOx and NH3 concentrations

34



In
je
ct
ed

u
re
a

[g
/
m
in
]

200 400 600 800 1000 12000

50

T
in
[K

]

200 400 600 800 1000 1200400

600

800

E
x
h
a
u
st

fl
ow

[m
o
l/
s]

200 400 600 800 1000 12000

10

20

Time [s]

T
a
il
p
ip
e
N
O

x

[p
p
m
]

200 400 600 800 1000 12000

1000

2000

3000

P
re
C
a
t
N
O

x

[p
p
m
]

200 400 600 800 1000 12000

1000

2000

3000

Figure 5.2: Inputs and output NOx of the SCR system for the WHTC data.

together with the ammonia coverage as states in a two-cell structured SCR model. In
[36] the same states, namely temperature and ammonia coverage are used to develop a
model describing the exhaust gas temperature, the molar flow of NOx and the NH3 of
the system for different levels of the engine load. Even in these simplified cases, the
complexity of the models is fairly high.

Recently, in [41], a transient kinetic model for the SCR with ammonia over Fe-zeolite
catalyst has been proposed. This catalyst manages a wide range of temperatures, i.e.
150◦ − 650◦ C.

In all these cases the models contain a large amount of information and several parameters
to identify, making the identification procedure costly and time consuming. Also, from
a control design point of view, simpler models with few parameters are desirable. It is
therefore convenient to use identification algorithms of the black-box type to be able to
reduce the complexity of the models achieved. This approach is followed here.
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5.3 Identification methods

In this section, the identification methods used in this thesis are briefly described.

Recursive prediction error method based on a nonlinear ODE with
a restricted black-box parametrisation

The identification of the SCR has been performed using a recursive prediction error
method based on a model with a restricted black-box parametrisation. The model de-
scribes the dynamics of the system using ODEs and it is of output error type.

Since the system is highly nonlinear and the dynamics of the system varies significantly
based on driving and road conditions, it is convenient to use an algorithm of recursive
type that can adapt to the changes in the dynamics of the system. In the following, a
recursive algorithm and the used model is described.

The model

To describe the model the input vector u(t) and the output vector y(t) are introduced
according to

u(t) =
(
u1(t) . . . u

(n1)
1 (t) . . . uk(t) . . . u

(nk)
k (t)

)T
, (5.1)

y(t) =
(
y1(t) . . . yp(t)

)T
. (5.2)

Here, the superscript ni denotes differentiation ni times. The model can be described as

ẋ =
dx

dt
=

⎛
⎜⎜⎜⎝

x2
...
xn

f(x, u, θ)

⎞
⎟⎟⎟⎠ ≡ f̄ (x, u, θ)

y = Cx. (5.3)

where x =
(
x1(t) x2(t) . . . xn−1(t) xn(t)

)T is the state vector and θ is the unknown
parameter vector. The right-hand side function, f(x, u, θ), is chosen to be a polynomial
to ensure that a fairly general class of systems can be described locally.

f(x1, . . . , xn, u1, . . . , u
(n1)
1 , . . . , uk, . . . , u

(nk)
k , θ) =

Ix1∑
ix1=0

· · ·
Ixn∑

ixn=0

Iu1∑
iu1=0

· · ·
Iu1

(n1)∑
iu1

(n1)=0

· · ·
Iuk∑

iuk=0

· · ·
Iuk

(nk)∑
iuk

(nk)=0

θix1 ...ixn iu1 ...iu1(u1) ...iuk ...iuk(uk)

(x1)
ix1 . . . (xn)

ixn (u1)
iu1 . . .

(
u1

(n1)
)i

u
(n1)
1 . . . (uk)

iuk . . .
(
uk

(nk)
)i

uk
(nk)

This polynomial can be written as a regressor vector generated from the state vector and
the input vector multiplied by an unknown parameter vector as follows

f(x, u, θ) = ϕT (x, u) θ. (5.4)
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The algorithm

The continuous state space model in (5.3) is discretised using the midpoint integration
algorithm and a scaling factor α is applied to the sampling time to improve the numer-
ical properties of the algorithm by compensating for differences in magnitude between
estimated quantities [50]. The discretised model, with sampling period T is represented
as:

⎛
⎜⎜⎜⎝

x1 (t)
...

xn−1 (t)
xn (t)

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

x1 (t− T )
...

xn−1 (t− T )
xn (t− T )

⎞
⎟⎟⎟⎠+

T

⎛
⎜⎜⎜⎝

x2 (t− T ) + T
2
x3 (t− T )

...
xn (t− T ) + T

2
ϕT (x(t− T ), u(t− T ))θ̂(t− T )

ϕT (x̄(t− T ), u(t− 3T
2
))θ̂(t− 3T

2
)

⎞
⎟⎟⎟⎠

sat

y(t) = Cx(t), (5.5)

where
x̄ (t) = x(t) +

T

2

(
ϕT (x(t), u(t))θ̂(t− T )

)
. (5.6)

The RPEM is then formulated using the structured Gauss Newton minimisation algo-
rithm of [28], as

ε(t) = ym(t)− y(t)

Λ(t) =

[
Λ(t− T ) +

μ(t)

t

(
ε(t)εT (t)− Λ (t− T )

)]
DM

,

R(t) =

[
R(t− T ) +

μ(t)

t

(
ψ(t)Λ−1(t− T )ψT (t)−R(t− T )

)]
DM

,

θ̂(t) =

[
θ̂(t− T ) +

μ(t)

t
R−1(t− T )ψ(t)Λ−1(t− T )ε(t)

]
DM

. (5.7)

Here μ(t)
t

is the gain sequence and R(t) is the estimate of the Hessian. DM is a compact
subset of Rd×d2×p2 where the allowed values of Λ, R and θ are defined.

To ensure stability, the model set is restricting the linearised model from becoming un-
stable. The projection algorithm follows [50]

h(t) =

{
h̄(t) if h̄(t) ∈ DM
h(t− 1) if h̄(t) /∈ DM

, h(0) ∈ DM (5.8)

where h(t) represents the left hand side of the recursion while h̄(t) is the corresponding
right hand side.
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Hammerstein-Wiener

The Hammerstein-Wiener modelling structure was also used for identification of the SCR
system. A block diagram of this model structure is given in Fig. 5.3. For the identification
of the SCR using the Hammerstein-Wiener model structure, the input nonlinearity of
the system is based on the temperature. Based on a priori information about the first
principle model described in [36], it is apparent that the exponential of the temperature
is dominant in the system description. Therefore, the static nonlinear function on the
input side is chosen as

u∗(t) = e−a/T , (5.9)

where a is a constant chosen to be 104 and T is the input temperature to the SCR
catalyst. Further the nonlinearity on the output side is based on the physical limitations

G(.)e−a/T

Figure 5.3: Block diagram of the Hammerstein-Wiener model used for SCR system iden-
tification.

of the SCR system. Using the fact that the output NOx can never be negative, the output
nonlinearity is selected as a saturation function with a lower limit set as the ratio between
the negative mean value and the standard deviation of NOx.

The transfer function G(.) is a linear time invariant transfer function with a general model
structure. For the identification of the SCR this model is chosen to be on state space
form

x(t+ 1) = Ax(t) + Bu(t),

y(t) = Cx(t) +Du(t). (5.10)

The identification of this model was performed using prediction error method in the
System Identification Toolbox in Matlab.

5.4 An example

To illustrate the results of the identification of the SCR system, the results of the iden-
tification using the RPEM are illustrated below.

For identification of the SCR system, the following model is used

ẋ1 = x2

ẋ2 = f(x1, x2, u1, u2, u
∗
3, u4, u

(1)
1 , u

(1)
2 , u

(1)
4 )

y(t) = x1, (5.11)
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where the superscript (.)(1) denotes the first derivative. The input temperature is also
modified according to (5.9). This model gives rise to a total number of 512 unknown
parameters, 9 of these parameters correspond to the linear terms and the rest are nonlinear
combinations of the states and the input signals. To be able to achieve satisfying results,
the number of parameters was iteratively reduced by excluding one term at a time.
Following this method, the number of parameters was reduced to 16 with the regressor
vector

ϕ =
(
u
(1)
4 u

(1)
2 u

(1)
1 u4 u∗

3 u2 u1 x2 x1

u∗
3u

(1)
4 u2u

(1)
4 u2u

∗
3u4 u1u

(1)
1 u

(1)
2 u1u

∗
3u

(1)
1 x2u1 x1u2

)
. (5.12)

The physical boundaries on the output NOx are included in the RPEM.

y(t) = [x1]sat . (5.13)

The saturation [.]sat is defined as

y(t) = x1(t) x1(t),≥ 0

y(t) = 0 x1(t) < 0. (5.14)

The derivative dy
dx

is affected in the same way:

dy(t)

dx
=
(
1 0

)
x1(t) ≥ 1,

dy(t)

dx
=
(
0 0

)
x1(t) < 0. (5.15)

The validation was performed by dividing the dataset into two separate parts. 75 % of
the data was used for the identification and the remaining 25% was used as validation
data only. The accuracy of the identified model is measured by calculating the model fit
γ through

γ =

(
1− ‖y − yes‖

‖y − ȳ‖
)
· 100, (5.16)

where yes is the output estimated using the model in (5.11) and y the output NOx from
the simulator, and ȳ is the mean value of the signal y.

The results obtained using the second order nonlinear model in (5.11) for the identification
data are illustrated in Fig. 5.4. The results for the validation data are shown in Fig.
5.5 where the model fit is 61.51% as compared to the linear model with a model fit of
41.15%.
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Figure 5.4: Output from the simulator, solid line, and the estimated output from the
RPEM, dashed line.
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Figure 5.5: Output from the simulator, solid line, and the estimated output from the
RPEM, dashed line.
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Chapter 6

Summary of the Papers

In this chapter a brief summary of the included papers which this thesis is based on is
given. The full papers are included in part II of the thesis.

Note that the papers included in the thesis have been written to be understood separately
and therefore some of the information is overlapping. They have also been reformatted
to correspond to the format of the rest of the thesis.

Paper I

S. Tayamon and T. Wigren. Recursive identification and scaling of non-linear
systems using midpoint numerical integration. Technical report 2010–025,
Department of Information Technology, Uppsala University, 2010.

In this paper a new recursive prediction error method, RPEM, is presented. The RPEM
is based on a nonlinear ordinary differential equation (ODE) model of a black-box state
space. The model is discretised using the midpoint integration algorithm and is compared
to the Euler based method. Further the algorithm is improved by scaling of the sampling
time. This scaling affects the state vector, parameter vector and the Hessian. This impact
is analysed and described in the paper. The theoretical results were verified by numerical
examples.

The main contribution of this paper consists of modification of the RPEM described by
[50] by using a more accurate integration method, i.e. the midpoint method. Further,
the algorithm is improved by scaling of the sampling time, this effect is analysed in the
paper.

Paper II

S. Tayamon, T. Wigren and J. Schoukens. Convergence analysis and exper-
iments using an RPEM based on nonlinear ODEs and midpoint integration.
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Submitted to IEEE Conference on Decision and Control, CDC 2012, Decem-
ber 10-13, 2012, Maui, HI, USA.

The convergence properties of the algorithm developed in the first paper are studied
in this paper. To do this, several conditions are formulated such that the stability of
an associated differential equation according to [27] can be connected with the local
and global convergence properties of the algorithm. The formulation of these conditions
constitutes the main contribution of this paper. The analysis conducted in the paper
proves global convergence to a stationary point and that the true parameter vector is a
stationary point. This leads to the conclusion that convergence to the true parameter
vector is possible. The theoretical analysis is complemented with numerical examples
and results for experimental live data.

The results of the convergence analysis are shown in this paper. Under certain regularity
conditions it is proven that

• The parameter estimates follow the trajectories of the associated ODE asymptoti-
cally.

• Global stability of the associated ODE is equivalent to the global convergence of
the algorithm.

• Local stability of the associated ODE is equivalent to the local convergence of the
algorithm.

Paper III

S. Tayamon, D. Zambrano, T. Wigren and B. Carlsson. Nonlinear black box
identification of a Selective Catalytic Reduction system. In Proceedings of
18th IFAC World Congress, Aug 28 - Sept 2, 2011, Milano, Italy.

Paper III treats the identification problem of the SCR catalyst. This paper presents a
black-box approach to identify the SCR system where the algorithm developed in paper I
is used for identification and comparison of a linear and a nonlinear black-box model. The
output signals from the SCR catalyst were generated from 4 measured input signals using
a simulator based on the first principle model, with 18 states, given by [10]. Using the
RPEM described in paper I with only 2 states showed that the complexity of the model
can be reduced. The total number of unknown parameters was 16 for the nonlinear
model, and 9 for the linear model. For improvement of the results, the input temperature
was adjusted and saturation on the output was introduced in the algorithm.

The available data was properly divided into an identification and a validation set. The
results were validated using the model fit and it was clear that the nonlinear model
describes much more of the dynamics of the SCR catalyst as compared to the linear
model. The nonlinear model represents the system with a model fit of 67 % and 61 %
for the identification and validation data, respectively. A comparison between the Euler
based model and the new RPEM showed that the midpoint algorithm gives more accurate
results.
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Paper IV

D. Zambrano, S. Tayamon, B. Carlsson and T. Wigren. Identification of a
discrete-time nonlinear Hammerstein-Wiener model for a Selective Catalytic
Reduction System. In Proceedings of 2011 American Control Conference,
June 29 - July 1, 2011, San Fransisco, CA, USA.

In this paper, the SCR catalyst was identified using a Hammerstein-Wiener model struc-
ture. The same simulated data as in the previous paper was used here. The same input
signals and simulated output were used. The Hammerstein-Wiener structure simulates
the data very well with a model fit of 78 % and 68 % for the identification and the vali-
dation data respectively. The nonlinearities of the model are based on the first principle
model given by [36]. The results are compared with other well-known linear models.

43



44



Chapter 7

Future Work

There are number of ways of extending the work of this thesis. For example, other
identification methods such as identification using a multiple-model approach can be
used for the SCR catalyst. It may be beneficial to divide the SCR system into different
operating levels and identify linear models for each region separately, see also [16] for a
related work where grid-maps are used for modelling of NOx from the engine. Using the
multiple-model approach for identification, a control strategy can then be proposed for
each region.

Design of controllers based on the models in this thesis and evaluation of them is an
interesting topic for further research. The performance of the controllers can be compared
with the multiple-model based controller. Possible future work also includes further
evaluation of the existing models for different temperature levels and other data sets
or improvements by using different model structures. One important improvement that
needs to be taken into account is to include the ammonia slip in the model and in the
control strategy.
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Paper I





Recursive identification and scaling of
nonlinear systems using midpoint numerical

integration

Soma Tayamon and Torbjörn Wigren

Abstract

A new recursive prediction error algorithm (RPEM) based on a non-linear ordi-
nary differential equation (ODE) model of black-box state space form is presented.
The selected model is discretised by a midpoint integration algorithm and compared
to an Euler forward algorithm. When the algorithm is applied, scaling of the sam-
pling time is used to improve performance further. This affects the state vector,
the parameter vector and the Hessian. This impact is analysed and described in
three Theorems. Numerical examples are provided to verify the theoretical results
obtained.

1 Introduction

The interest in techniques for non-linear system identification has increased due to its
relevance in engineering applications. A few examples include solar heating systems [4],
power system components [1] and pH-control systems [10]. The non-linearities of these
applications present challenges in both modelling and control design. There are several
modelling methods available. Physical modelling aims to describe the entire system based
on its physical principles, but requires complete knowledge of the system. On the other
hand grey-box modelling combines some available knowledge about the physical principles
with the use of system identification. Physical modelling is applied to create a differential
equation and the unknown parameters are then estimated using measured data. Hence
each model is created for a specific application and therefore cannot be used in general
cases. However, the complexity of the problem is reduced due to the reduction of number
of unknown parameters, which also results in a higher accuracy [3].

In cases where the knowledge of the system is limited a more flexible black-box model is a
useful tool. The main advantage is the wide variety of applications that can be modelled.
Some of the commonly used black-box identification methods include neural networks [7],
block-oriented algorithms [2] and non-linear models based on difference equations such
as NARMAX [6], NARX and NFIR. For an overview of non-linear black-box modelling
see [11].
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In [14] and [12] a recursive prediction error method (RPEM) based on a MIMO black-box
non-linear model in state space form is described. The algorithm uses a continuous time
state space model with a restricted parametrisation, in that only one component of the
right hand side of the ODE is used to model the function of the ODE. An Euler forward
method is used for discretisation. A drawback is that the Euler method requires fast
sampling to achieve improved accuracy.

Given the above background, the purpose and first contribution of this paper is to modify
the RPEM of [14] and [12] by the use of a more accurate integration algorithm. Even
though the Euler method is simple and fast, it only uses a one-sided estimate of the
derivative meaning that the estimation of the derivative is valid between each sample.
The midpoint integration method applied here uses the point in between each sample to
obtain a more correct alignment, [5]. With a more accurate derivative, a more precise
parameter estimation can be expected.

The papers [14] and [13] also use scaling of the sampling period to improve the numerical
properties of the RPEM based on the Euler method. A main consequence of the use of
the midpoint method is that the state vector, parameter vector and the Hessian will be
affected differently by scaling than in [14] and [13]. The second contribution of this paper
is hence the analysis of the scaling of the sampling period for the RPEM based on the
midpoint method.

This paper is organised as follows. Section 2 presents the model for which the RPEM is
defined. In section 3 the analysis of the effects of the new integration method is presented.
In section 4 a simulation study is discussed and finally the conclusions are presented in
section 5.

2 The non-linear state space model and the algorithm

2.1 The model

The algorithm developed in this paper is based on a non-linear continuous time state
space model. To describe the general model the input vector u(t) is introduced

u(t) =
(
u1(t) . . . u

(n1)
1 (t) . . . uk(t) . . . u

(nk)
k (t)

)T
, (1)

together with the output vector y(t)

y(t) =
(
y1(t) . . . yp(t)

)T
. (2)

Here, the superscript ni denotes differentiation ni times. The model can be described as

x(1) =

⎛
⎜⎜⎜⎝

x
(1)
1
...

x
(1)
n−1

x
(1)
n

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

x2
...
xn

f(x,u,θ)

⎞
⎟⎟⎟⎠ ≡ f̄ (x,u,θ)
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⎛
⎜⎝ y1

...
yp

⎞
⎟⎠ =

⎛
⎜⎝ c11 . . . c1n

... . . . ...
cp1 . . . cpn

⎞
⎟⎠

︸ ︷︷ ︸
C

⎛
⎜⎝ x1

...
xn

⎞
⎟⎠ . (3)

where x =
(
x1 x2 . . . xn−1 xn

)T is the state vector and θ is the unknown param-
eter vector. As is shown in Theorem 1 in [14] the model described in (3) can be used to
model also ODEs with general right-hand sides, locally in the state space. The model
in (3) concentrates the non-linearity to one component of the equation, minimising the
risk for over parametrisation. The right-hand side function, f(x,u,θ), is chosen to be a
polynomial

f(x1, . . . , xn, u1, . . . , u
(n1)
1 , . . . , uk, . . . , u

(nk)
k , θ) =

Ix1∑
ix1=0

· · ·
Ixn∑

ixn=0

Iu1∑
iu1=0

· · ·
Iu1

(n1)∑
iu1

(n1)=0

· · ·
Iuk∑

iuk=0

· · ·
Iuk

(nk)∑
iuk

(nk)=0

θix1 ...ixn iu1 ...iu1(u1) ...iuk ...iuk(uk)

(x1)
ix1 . . . (xn)

ixn (u1)
iu1 . . .

(
u1

(n1)
)i

u
(n1)
1 . . . (uk)

iuk . . .
(
uk

(nk)
)i

uk
(nk)

This polynomial can be written as a regressor vector generated from the state vector and
the input vector multiplied by an unknown parameter vector as follows

f(x,u,θ) = ϕT (x(t,θ),u(t))θ. (4)

The details of θ and ϕ(x (t,θ) ,u(t)) appear in (5) and (6)

θ =
(

θ0...0 . . . θ0...I
uk

(nk)
θ0...010 . . .

θ0...01I
uk

(nk)
. . . θ0...0I

uk
(nk−1)

. . .

θ0...0I
uk

(nk−1)Iuk
(nk)

. . . θIx1 ...Iuk(nk) )T . (5)

ϕ =
(

1 . . .
((

uk
(nk)
)I

uk
(nk)
)

uk
(nk−1) . . .(

uk
(nk−1)

(
uk

(nk)
)I

uk
(nk)
)

. . .
(
uk

(nk−1)
)I

uk
(nk−1)

. . .
((

uk
(nk−1)

)I
uk

(nk−1)
(
uk

(nk)
)I

uk
(nk)
)

. . .(
(x1)

Ix1 . . . (xn)
Ixn (u1)

Iu1 . . .
(
u
(nk)
k

)I
uk

(nk)

))T

. (6)

Here, Ixi
and I

u
(nj)

j

denote the polynomial degree of each variable. Since output error

identification is used the state vector x needs to be estimated.
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2.2 Numerical integration, gradient and algorithm

The algorithm is based on the minimisation of the prediction errors, ε(t,θ) = ym(t,θ)−
y(t,θ), using the criterion

V (θ) =
1

2
E
[
εT (t,θ)Λ−1(t,θ)ε (t,θ) + det (Λ (t,θ))

]
, (7)

where ym(t) is the measured output and where Λ(t,θ) is the unknown covariance matrix.

In order to continue, the continuous time model in (3) needs to be discretised. In this
paper the midpoint integration method, also known as the second order Runge-Kutta
method is applied as dicretisation algorithm [5]. This integration method is a refinement
of the Euler method. Contrary to the Euler method, the midpoint method is not linear
in the sampling period. On the other hand, the midpoint method is not as sensitive
to the sampling period and does not require the same fast sampling that is necessary
for the original Euler based RPEM. This way a possibility to use the RPEM for wider
applications and with a better accuracy is created. The discretised model, using the
sampling period T and the midpoint integration scheme, can be represented as⎛

⎜⎜⎜⎝
x1 (t+ T,θ)

...
xn−1 (t+ T,θ)
xn (t+ T,θ)

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

x1 (t,θ)
...

xn−1 (t,θ)
xn (t,θ)

⎞
⎟⎟⎟⎠

+ T

⎛
⎜⎜⎜⎝

x2 (t,θ) +
T
2
x3 (t,θ)

...
xn (t,θ) +

T
2
f(x,u,θ)

f
(
x (t,θ) + T

2
f̄ (x (t,θ) ,u(t),θ) ,u(t+ T

2
),θ
)

⎞
⎟⎟⎟⎠

y(t) = Cx(t,θ). (8)

where f̄ (.) is defined by (3).

The gradient ψ(t) = Cdx(t,θ)
dθ

plays an important role in the development of the RPEM.
It is constructed from the derivative of the state, the latter being given by the equations

dx(t+ T,θ)

dθ
=

dx(t,θ)

dθ
+ T

⎛
⎜⎜⎜⎝

dx2(t+T,θ)
dθ

+ T
2
dx3(t+T,θ)

dθ...
dxn(t+T,θ)

dθ
+ T

2
df(x,u,θ)

dθ
df(x̄,u,θ)

dθ

⎞
⎟⎟⎟⎠

ψ(t+ T ) = C
dx(t+ T,θ)

dθ
. (9)

where

x̄ = x (t,θ) +
T

2
f̄ (x,u,θ) (10)

df(x̄,u,θ)

dθ
=

∂f

∂x̄
|t+T

2

dx̄

dθ
+

∂f

∂θ
|t+T

2
(11)
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dx̄

dθ
=

d

dθ

(
x(t,θ) +

T

2
f̄(x,u,θ)

)

=
dx(t,θ)

dθ
+

∂f

∂θ
|t

+
T

2

⎛
⎜⎜⎜⎜⎜⎝

0 1 0 . . . 0

0 0 1
. . . ...

...
... . . . . . . 0

0 0 . . . 0 1
∂f
∂x
|t

⎞
⎟⎟⎟⎟⎟⎠

dx(t,θ)

dθ
. (12)

Using the notation in (4) as a substitution of the function f(x,u,θ), it follows that

∂f

∂θ
= ϕ(x(t,θ),u(t)) (13)

∂f

∂x
= θT

dϕ(x(t,θ))

dx

dx(t,θ)

dθ
. (14)

The derivative of the state vector can then be expressed as a function of the regressor and
the parameter vector solely. Inserting (13) and (14) into equation (9) using (10) and (12)
generates a description of the derivative of the state vector. See [15] for more details.

The development of the RPEM follows the standard approach of [9] and is described in
detail in [14]. The gradient of the output prediction ψ (t,θ) is used in the updating of the
unknown parameters. The RPEM is formulated using the Gauss Newton minimisation
algorithm of [9], as

Λ(t) = Λ(t− T ) +
μ(t)

t

(
ε(t)εT (t)−Λ (t− T )

)
,

R(t) = R(t− T ) +
μ(t)

t
(t)
(
ψ(t)Λ−1(t)ψT (t)−R(t− T )

)
,

θ̂(t) =

[
θ̂(t− T ) +

μ(t)

t
R−1(t)ψ(t)Λ−1(t)ε(t)

]
DM. (15)

where μ(t)
t

is the gain sequence and R(t) is the estimate of the Hessian. DM is the model
set defining the allowed values of the estimated parameters. To ensure stability, the model
set is restricting the linearised model from becoming unstable. The updating is stopped
if the parameter values are outside the model set. The resulting algorithm parallels (21)
of [14]. The difference is limited to the use of (8) and (14) instead of the corresponding
quantities of the Euler algorithm.

3 Analysis

To analyse the effect of the scaling of the sampling period on the new discretisation
algorithm two models are defined, the original midpoint model and the scaled midpoint
model. A new state vector xs (t,θs) is defined for the scaled model with the corresponding
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parameter vector θs, where the superscript s denotes the scaled quantity. The scaled
model is ⎛

⎜⎜⎜⎝
xs
1 (t+ T,θs)

...
xs
n−1 (t+ T,θs)
xs
n (t+ T,θs)

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

xs
1 (t,θ

s)
...

xs
n−1 (t,θ

s)
xs
n (t,θ

s)

⎞
⎟⎟⎟⎠

+ T s

⎛
⎜⎜⎜⎝

xs
2 (t,θ

s) + T s

2
xs
3 (t,θ

s)
...

xs
n (t,θ

s) + T s

2
ϕT (xs,u (t))θs

ϕT
(
x̄s,u

(
t+ T

2

))
θs

⎞
⎟⎟⎟⎠ . (16)

The model (16) is to be compared with the original model⎛
⎜⎜⎜⎝

x1 (t+ T,θ)
...

xn−1 (t+ T,θ)
xn (t+ T,θ)

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

x1 (t,θ)
...

xn−1 (t,θ)
xn (t,θ)

⎞
⎟⎟⎟⎠

+ T

⎛
⎜⎜⎜⎝

x2 (t,θ) +
T
2
x3 (t,θ)

...
xn (t,θ) +

T
2
ϕT (x,u (t))θ

ϕT
(
x̄,u

(
t+ T

2

))
θ

⎞
⎟⎟⎟⎠ . (17)

Here x̄s, x̄ and the scaled sampling period T s are defined as

x̄s = xs (t,θs) +
T s

2

(
ϕT (xs (t,θs) ,u(t))θs

)
(18)

x̄ = x (t,θ) +
T

2

(
ϕT (x (t,θ) ,u(t))θ

)
(19)

T s = αT. (20)

Remark 1: As discussed in [14] and [13], the idea is to apply the algorithm with a scaled
value of the sampling period. The effects include improved numerical properties as shown
in [13], and the present paper.

3.1 States

In order to analyse the scaling of the states, the assumptions (C1) and (C2) are intro-
duced, for a detailed motivation of these assumptions, see [14].

(C1) The measured output ym(t) is assumed to be equal to the states x1 (t,θ) and
xs
1 (t,θ

s).

(C2) The algorithm converges to an exact description of the input-output properties of
the system for (16) and (17), i.e.

ym (t) = x1 (t,θ) = xs
1 (t,θ

s) . (21)
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C =
(
1 0 . . . 0

)
. (22)

As it turns out, it is not possible to obtain a generally valid analysis using (C1) and (C2)
as in [14] and [13]. A restriction to fast sampling is therefore used in order to proceed.
It its therefore assumed that

(C3) Sampling is fast, i.e. (T → 0). In this case it follows from the equations (16), (17)
and (20), (C1), (C2) and (C3) that

lim
T→0

x2 (t,θ) = lim
T→0

αxs
2 (t,θ

s) (23)

Equation (23) implies that the relation between x2 (t,θ) and xs
2 (t,θ

s) is dependent on
the sampling period T and the scaling factor α. This argumentation can be extended up
to the nth state, resulting in

Theorem 1 Consider the two models (16) and (17) and assume that (C1) - (C3) holds.
It then follows that

x (t,θ) = A(α)xs (t,θs)

A(α) =

⎛
⎜⎜⎜⎝

1 0 . . . 0

0 α 0
...

... 0
. . . 0

0 . . . 0 αn−1

⎞
⎟⎟⎟⎠ ,

Remark 2: The scaled updated state vector discretised by the Euler integration method,
see [14], equals the scaled state vector obtained with the midpoint method.

3.2 Parameters

To analyse the effect on the parameters the last component of (16) and (17) are compared.
Let

ϕ̄ (x(t,θ),u) ≡

⎛
⎜⎜⎜⎝

x2(t,θ)
...

xn(t,θ)
ϕT (x(t,θ),u(t))θ

⎞
⎟⎟⎟⎠ . (24)

It then follows from (18) and (19) that

1

αn
ϕT

(
x(t,θ) +

T

2
ϕ̄ (x(t,θ),u(t))

)
θ

=ϕT

(
xs(t,θs) +

T s

2
ϕ̄ (xs(t,θs),u(t))

)
θs. (25)
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Inserting the result of Theorem 1 into (25) then leads to the final non-trivial equation,
relating θ and θs.

ϕ

(
x(t,θ) +

T

2
ϕ̄T (x(t,θ),u(t))

)
θ = αnϕ

(
A−1(α)x(t,θ)

+
αT

2

⎛
⎜⎜⎜⎝

α−1x2(t,θ)
...

α−(n−1)xn(t,θ)
ϕT (xs(t,θ),u(t))θs

⎞
⎟⎟⎟⎠
⎞
⎟⎟⎟⎠θs (26)

However, by considering the components xn−1(t+T,θ) and xs
n−1(t+T,θs) and using the

results obtained from Theorem 1, the following relation can be obtained:

xn−1(t+ T,θ) = xn−1(t,θ) + Txn(t,θ) +
T 2

2
ϕT (x(t,θ),u(t))θ (27)

xs
n−1(t+ T,θs) = xs

n−1(t,θ) + αTxs
n(t,θ) +

(αT )2

2
ϕT (xs(t,θs),u(t))θs (28)

leading to
ϕT (x(t,θ),u(t))θ = αnϕT (xs(t,θs),u(t))θs (29)

and therefore (26) can now be written in terms of the unscaled state vector:

ϕ

(
x(t,θ) +

T

2
ϕ̄T (x(t,θ),u(t))

)
θ = αnϕ

(
A−1(α)x(t,θ)

+
αT

2

⎛
⎜⎜⎜⎝

α−1x2(t,θ)
...

α−(n−1)xn(t,θ)
α−nϕT (x(t,θ),u(t))θ

⎞
⎟⎟⎟⎠
⎞
⎟⎟⎟⎠θs (30)

To find the relation between θ and θs, each component of of the LHS of (30) must be
compared to the corresponding component in the RHS. Contrary to the results in [13],
this results in more equations than the number of parameters. These results can be
summarised as follows:

Theorem 2 Consider the two models (16) and (17). Provided that (C1) - (C3) hold, θ
can be estimated from the scaled parameter vector θs using

θ = g(α,θs)θs, (31)

where g(α,θs) is a non-linear function. It appears that additional high terms of degree
are present and the solution must be obtained using numerical algorithms. This solution
is obtained using the minimisation criterion, [8]

φ(θ) =
1

2
r(θ)Tr(θ) (32)
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where ri(θ) is defined as

ri(θ) = hs
i (θ

s)− hi(θ), i = 1, . . . ,m,

and hi(.) and hs
i (.) are specific functions that follow from (26), cf. Example 3 below. Since

the scaled parameters are given, hs(θs) is known. The solution can then be obtained using
a non-linear search algorithm applied to (32).

3.3 Hessian

To analyse the effect of the new discretisation algorithm on the Hessian of the identifi-
cation algorithm, the steps of the method proposed in [13] is followed. First the state
vector x(t,θs) is differentiated with respect to the parameter vector θs. Using Theorem
1, it follows that

dxs(t,θs)

dθs
= A−1(α)

dx(t,θ)

dθs

= A−1(α)
dx(t,θ)

dθ

dθ

dθs

= A−1(α)
dx(t,θ)

dθ

dg(α,θs)

dθs
. (33)

Introduce the assumption

(C4) Assume that the identification algorithm is based on the simplified criterion

V (θ) =
1

2
E
[
εT (t,θ)ε(t,θ)

]
.

The Hessian of the identification algorithm is defined as the second derivative of the
minimisation criterion and with the simplification of (C4) it can be calculated as follows

R(θ) =
d2

dθ dθ T
V (θ) = E

[
ψ(t,θ)ψT (t,θ)

]
+E

[(
d2

dθ dθ T
ε(t,θ)

)
ε(t,θ)

]
. (34)

Provided that the system is in the model set and assuming that the assumption (C5)
below holds, the last term of (34) can be neglected.

(C5) The measurement noise e(t) is zero mean, and the regressor vector ϕ is generated
only from the input signal.

This leads to the following simplification of the Hessian

R(θ) = E
[
ψ(t,θ)ψT (t,θ)

]
.
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The effect of the scaling can now be analysed by using the gradient of the measurement.
The scaled Hessian then becomes

R(θs) = E

[(
dxs(t,θs)

dθs

)T

CTC
dxs(t,θs)

dθs

]
(35)

and together with (33) and Theorem 1 it can be concluded that

R(θs) = E

[(
dg(α,θs)

dθs

)T (
dx(t,θ)

dθ

)T

A−TCTCA−1︸ ︷︷ ︸
I

× dx(t,θ)

dθ

dg(α,θs)

dθs

]

where the last step follows from the fact that the (1, 1) element of A−1 = 1 and that C
is given by (22). This proves

Theorem 3 Consider the two models (16) and (17) where T s is the scaled sampling
period and assume that the conditions (C1)-(C5) apply. The Hessian is then given by

R(θs) =

(
dg(α,θs)

dθs

)T

R(θ)
dg(α,θs)

dθs
.

where g(α,θs) is defined by Theorem 2.

Note that also for Theorem 3, numerical solution is required to relate the scaled Hessian
to the unscaled one.

4 Simulated results

To study the results obtained in section III, a simulation study based on a system de-
scribed in [14] was performed. The system is given by a second order state space model.

ẋ(t) =

( −x1(t)− x2(t)
x1(t) (2 + u(t))− u(t)

)

y(t) =
(
1 0

)
x(t) + e(t). (36)

This model can easily be rewritten to correspond to the model structure (3) using fol-
lowing the calculations

x2 = x1(t)− ẋ1(t),

ẋ2(t) = ẋ1(t)− ẍ1(t)

if ẋ1(t) = x2(t), then the system can be written as

ẋ(t) =

(
x2

u(t)− (2 + u(t)) x1(t)− x2(t)

)

10



y(t) =
(
1 0

)
x(t) + e(t). (37)

For the simulation two different sets of data were generated, one generated using the
unscaled midpoint algorithm, i.e. α = 1, and the other generated by the scaled midpoint
method. In both cases, the data length was 10000 samples with a sampling period of 0.1
seconds, i.e. T = 0.1. The input signal was chosen as a uniform PRBS-like signal with
zero mean in the range of [−1, 1], cf. [13].

Example 1 Identification was then performed with the corresponding algorithm. The
algorithm was initialised with the following parameter vector

θ̂
s
(0) =

(
0 1 −1 0 −1 0 0 0

)T
and Λ(0) = 0.1, R(0) = 100I, furthermore the state vector was xs(0) =

(
0.5 −1

)T .
In the first run, α = 2 was chosen. The convergence of the parameters using the new
discretisation algorithm is shown in Fig 2. In Fig 3, the convergence of the eigenvalues
of the Hessian is depicted. As it is illustrated in Fig. 1, as compared to the result in [14],
the transient is improved.

0 100 200 300 400 500
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0.5
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time [s]

p
a
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m
e
te
rs

Figure 1: The close up of the comparison of the RPEM based on the Euler scheme,
dashed line, and the algorithm using the midpoint integration scheme.

Example 2 This example was performed to verify the results of Theorem 1. Since the
state space model is of second order (n = 2), the matrix A(α) as described in Theorem
1 is a 2× 2 matrix represented as

A(α) =

(
1 0
0 α

)
(38)
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Figure 2: The convergence of the scaled parameters with the new algorithm using α = 2.

To analyse the accuracy of Theorem 1, the average root-mean square values of the states
were computed as:

xi,MS =

√
1

N

∑
N

x2
i (t, N)

First, the state vector for the midpoint method using α = 1 was estimated and stored.
This was then repeated for the scaled midpoint method for different values of α. Finally,
the value of α was calculated and compared with the real applied α. The results obtained
were then normalised with respect to the first state of both methods. As seen in table 1
the result of Theorem 1 agrees well with the experimental results.

Table 1: Comparison between the real applied α and the experimentally measured value.
αreal αexp

0.5 0.4738
0.75 0.7105
1.25 1.2266
1.5 1.4605
1.75 1.7507
2 1.9904

2.25 2.2344
2.5 2.4756
2.75 2.7124
3 2.9882

Example 3 This example aims to verify the results of Theorem 2. In this example, α
was chosen in a range 1− 4. It can easily be seen that

x̄1 = x1(t,θ) +
T

2
x2(t,θ),
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Figure 3: The convergence of the eigenvalues of the Hessian with the new discretisation
algorithm using α = 2.

while
x̄2 = x2(t,θ) +ϕ

T (x(t,θ),u)θ,

and the scaled states are:

x̄s
1 = xs

1(t,θ
s) +

αT

2
xs
2(t,θ

s) = x1(t,θ) +
T

2
x2(t,θ)

and
x̄s
2 = x2(t,θ

s) +ϕT (xs(t,θs),u)θs = α−1
(
x2(t,θ) +ϕ

T (x(t,θ),u)θ
)
.

To calculate the relation between the parameters, the results obtained in section III were
used, i.e. by comparison of the components in the following equation, cf. equation (30).

ϕT (x̄1, x̄2, u) = α2
(
ϕT (x̄s

1, x̄
s
2, u)

)
This equation gave rise to the following 24 non-linear equations, from (26), describing
the relation between θs and θ.

h1(θ) = θ000 +
T

2
θ000θ010

= α2θs000 +
αT

2
θ000θ

s
010 = hs

1(θ
s)

h2(θ) = θ001 +
T

2
(θ001θ010 + θ000θ011)

= α2θs001 +
αT

2
(θ001θ

s
010 + θ000θ

s
011) = hs

2(θ
s) (39)

h3(θ) = θ010 +
T

2
(θ010θ010 + θ100) +

T

4
θ110θ000

= α

(
θs010 +

T

2
θs010θ010 +

T

4
θs110θ000

)
+

α2T

2
θs100 = hs

3(θ
s)
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h4(θ) = θ011 +
T

2
(2θ011θ010 + θ101) +

T

4
(θ110θ001 + θ111θ000)

= α

(
θs011 +

T

2
(θs011θ010 + θ011θ

s
010) +

T

4
(θs110θ001 + θs111θ000)

)

+
α2T

2
θs101 = hs

4(θ
s)

h5(θ) = θ100 +
T

2
(θ100θ010 + θ110θ000)

= α2θs100 +
αT

2
(θ100θ

s
010 + θs110θ000) = hs

5(θ
s)

h6(θ) = θ101 +
T

2
(θ101θ010 + θ101θ011 + θ110θ001 + θ111θ000)

= α2θs101 +
αT

2
(θ101θ

s
010 + θ100θ

s
011 + θs110θ001 + θs111θ000) = hs

6(θ
s)

h7(θ) = θ110 + Tθ110θ010 +
T 2

4
θ110θ100

= α

(
θs110 +

T

2
(θ110θ

s
010 + θs110θ010) +

T 2

4
θs110θ100

)
= hs

7(θ
s)

h8(θ) = θ111 + T (θ111θ010 + θ110θ011) +
T 2

4
(θ110θ101 + θ111θ100)

= α

(
θs111 +

T

2
(θ111θ

s
010 + θs110θ011 + θs111θ010 + θ110θ

s
011) +

T 2

4
(θs110θ101 + θs111θ100)

)
h9(θ) =

T

2
θ001θ011 = α

T

2
θ001θ

s
011 = hs

9(θ
s)

h10(θ) =
T

2
θ011θ011 +

T 2

4
θ111θ001 = α

(
T

2
θs011θ011 +

T 2

4
θs111θ001

)
= hs

10(θ
s)

h11(θ) =
T

2
(θ101θ011 + θ111θ001) = α

(
T

2
(θs101θ011 + θs111θ001)

)
= hs

11(θ
s)

h12(θ) = Tθ111θ011 +
T 2

4
θ111θ101 = α

(
T

2
(θs111θ011 + θ111θ

s
011) +

T 2

4
θs111θ101

)
= hs

12(θ
s)

h13(θ) =
T

2
θ110θ100 = α

T

2
θs110θ100 = hs

13(θ
s)

h14(θ) =
T

2
(θ110θ101 + θ111θ100) =

αT

2
(θs110θ101 + θs111θ100) = hs

14(θ
s)

h15(θ) =
T

2
θ110θ110 =

αT

2
θs110θ110 = hs

15(θ
s)

h16(θ) = Tθ110θ111 =
αT

2
(θs110θ111 + θ110θ

s
111) = hs

16(θ
s)

h17(θ) =
T

2
θ110 +

T 2

4
θ110θ010 = α

(
T

2
θs110 +

T 2

4
θs110θ010

)
= hs

17(θ
s)

h18(θ) =
T

2
θ111θ101 =

αT

2
θs111θ101 = hs

18(θ
s)
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h19(θ) =
T

2
θ111θ111 =

αT

2
θs111θ111 = hs

19(θ
s)

h20(θ) =
T

2
θ111 +

T 2

4
(θ111θ010 + θ110θ011)

= α

(
T

2
θs111 +

T 2

4
(θs111θ010 + θs110θ011)

)
= hs

20(θ
s)

h21(θ) =
T 2

4
θ110θ110 =

αT 2

4
θs110θ110 = hs

21(θ
s)

h22(θ) =
T 2

2
θ111θ110 =

αT 2

2
θs111θ110 = hs

22(θ
s)

h23(θ) =
T 2

4
θ111θ011 =

αT 2

4
θs110θ011 = hs

23(θ
s)

h24(θ) =
T 2

4
θ111θ111 =

αT 2

4
θs111θ111 = hs

24(θ
s)

From the relationship between h15 and hs
15, for example, a theoretical relationship between

θ110 and θs110 can be derived and used for derivation of the relationships between the
other parameters. Nevertheless, some of the variables cannot be theoretically computed.
Therefore, the numerical least squares solution is necessary for finding the nonscaled
parameters. The results for the least square solution of the set of equations (39) are
shown in table 2.

Table 2: The percentage error between the calculated parameters and the true parameters
for different values of α.

α percentage error LS solution [%]
0.5 0.049
0.75 0.057
1 0.041

1.25 0.054
1.5 0.063
1.75 0.083
2 0.161

2.25 0.152
2.5 0.241
2.75 0.288
3 0.418

Example 4 To verify the results of Theorem 3, the condition number of the Hessian was
estimated using Theorem 3 and compared to the condition number obtained by numerical
simulation. The results are illustrated in Fig 4.
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Figure 4: The condition number of the Hessian as a function of α, where squares represent
the calculated condition number and circles represent the simulated results.

5 Conclusion

This paper has discussed an improvement of the RPEM described in [14] by a change of
the dicretisation algorithm used. The effects of this new method on the state vector, the
parameter vector and the Hessian were discussed and verified by numerical examples.

In the future, it would be of great interest to analyse the influence of general discretisation
algorithm on the RPEM and to apply the present algorithm to challenging real world
examples.
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Convergence analysis and experiments using
an RPEM based on nonlinear ODEs and

midpoint integration

Soma Tayamon, Torbjörn Wigren and Johan Schoukens

Abstract

A convergence analysis is performed for a recursive prediction error algorithm
based on nonlinear ODEs and the midpoint integration algorithm. Several condi-
tions are formulated such that the stability of an associated differential equation
can be tied to the local and global convergence properties of the algorithm. This
shows that convergence to the true parameters is possible. As compared to previous
work, complete system assumptions are integrated in the analysis, thereby general-
ising previous results. The theoretical analysis of this paper is complemented with
numerical examples and with live data experiments.

1 Introduction

The interest in techniques for nonlinear system identification has increased due to their
relevance in engineering applications. Since it is difficult to obtain models that can be
used for all different kind of nonlinearities, the problems of identification are more complex
and demanding for nonlinear systems. There are several modelling methods available.
Physical modelling aims to describe the entire system based on its physical principles,
but requires detailed knowledge of the system. This is a problem in many applications
and to address it, grey-box modelling is a commonly used tool where knowledge about
the physical properties of the system and system identification is combined [1]. Each
model is created for a specific application and therefore cannot be used in general cases.

In cases where the knowledge of the system is limited, a more flexible black-box model is
a useful tool. The main advantage is the wide variety of applications that can be mod-
elled using this technique. Some of the commonly used black-box identification methods
include neural networks [6], block-oriented algorithms [12, 17], identification of nonlinear
systems in the frequency domain [11] and nonlinear models based on difference equations
such as NARMAX [5], NARX and NFIR [13].

In [18] and [19] a recursive prediction error method (RPEM) based on a MIMO black-box
nonlinear model in state space form is described. The algorithm uses a continuous time
state space model with a restricted parametrisation, in that only one component of the
right hand side of the ODE is used to model the function of the ODE. An Euler forward
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method can be used for discretisation, [14]. A drawback is that the Euler method requires
fast sampling.

To mitigate this disadvantage, the midpoint integration method can be used for dis-
cretisation. Further improvements are obtained by scaling of the sampling period. The
model, the algorithm, and the effects of the scaling has been described in detail in [14]
and applied to a selective catalytic reduction system in [16].

When evaluating a recursive identification algorithm, the convergence properties of the
algorithm is one of the important aspects. In [2], the convergence properties of the
RPEM, discretised using the Euler forward method, was studied. This paper provides a
complete convergence analysis of the RPEM, discretised using the midpoint integration
algorithm, [14]. In particular, this extends the works in [15]. The main objective is to
develop conditions such that the convergence properties of the algorithm are linked to
the stability of the associated differential equation. This is then used to discuss local and
global convergence of the RPEM. Experimental contributions of the paper applies the
RPEM to a nonlinear laboratory system.

This paper is organised as follows. In the next section, the model and the algorithm of [14]
are presented. In Section 3, the tools of analysis are discussed and used for convergence
analysis. The obtained results are illustrated by numerical illustrations in Section 4 and
by experiments in Section 5. Finally the conclusions are summarised in Section 6.

2 The nonlinear state space model, the algorithm and
the system

2.1 The model

To describe the model the input vector u(t) and the output vector y(t) are introduced
according to

u(t) =
(
u1(t) . . . u

(n1)
1 (t) . . . uk(t) . . . u

(nk)
k (t)

)T
, (1)

y(t) =
(
y1(t) . . . yp(t)

)T
. (2)

Here, the superscript ni denotes differentiation ni times. The model can be described as

ẋ =
dx

dt
=

⎛
⎜⎜⎜⎝

x2
...
xn

f(x, u, θ)

⎞
⎟⎟⎟⎠ ≡ f̄ (x, u, θ)

y = Cx. (3)

where x =
(
x1(t) x2(t) . . . xn−1(t) xn(t)

)T is the state vector and θ is the unknown
parameter vector. As is shown in Theorem 1 in [19] the model described in (3) can be
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used to model also ODEs with general right-hand sides, locally in the state space. The
model (3) concentrates the nonlinearity to one component of the equation, minimising
the risk for overparametrisation. The model is closely related to a nonlinear ODE on
input-output form. The right-hand side function, f(x, u, θ), is chosen to be a polynomial

f(x1, . . . , xn, u1, . . . , u
(n1)
1 , . . . , uk, . . . , u

(nk)
k , θ) =

Ix1∑
ix1=0

· · ·
Ixn∑

ixn=0

Iu1∑
iu1=0

· · ·
Iu1

(n1)∑
iu1

(n1)=0

· · ·
Iuk∑

iuk=0

· · ·
Iuk

(nk)∑
iuk

(nk)=0

θix1 ...ixn iu1 ...iu1(u1) ...iuk ...iuk(uk)

(x1)
ix1 . . . (xn)

ixn (u1)
iu1 . . .

(
u1

(n1)
)i

u
(n1)
1 . . . (uk)

iuk . . .
(
uk

(nk)
)i

uk
(nk)

This polynomial can be written as a regressor vector generated from the state vector and
the input vector multiplied by an unknown parameter vector as follows

f(x, u, θ) = ϕT (x, u) θ. (4)

The details of θ and ϕ(x, u) are given by

θ =
(

θ0...0 . . . θ0...I
uk

(nk)
θ0...010 . . . θ0...01I

uk
(nk)

. . . θ0...0I
uk

(nk−1)

θ0...0I
uk

(nk−1)Iuk
(nk)

. . . θIx1 ...Iuk(nk)

)T
. (5)

ϕ =

(
1 . . .

((
u
(nk)
k

)I
u
(nk)
k

)
u
(nk−1)
k

(
u
(nk−1)
k

(
u
(nk)
k

)I
u
(nk)
k

)
. . .
(
u
(nk−1)
k

)I
u
(nk−1)
k . . .

. . .

((
u
(nk−1)
k

)I
u
(nk−1)
k

(
u
(nk)
k

)I
u
(nk)
k

)
. . .

(
(x1)

Ix1 . . . (xn)
Ixn (u1)

Iu1 . . .
(
u
(nk)
k

)I
u
(nk)
k

))T

.

Here, Ixi
and I

u
(nk)

k

denote the polynomial degrees of each variable.

2.2 The algorithm

The algorithm is based on the minimisation of the prediction errors, ε(t, θ) = ym(t, θ)−
y(t, θ), using the criterion

V (θ) =
1

2
E
[
εT (t, θ)Λ−1(t, θ)ε (t, θ) + det (Λ (t, θ))

]
, (6)

where ym(t) is the measured output and where Λ(t, θ) is the unknown covariance matrix.

Further the continuous time model (3) is discretised using the midpoint integration algo-
rithm, also known as the second order Runge-Kutta method, [4]. The discretised model,
with sampling period T is represented as:
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⎛
⎜⎜⎜⎝

x1 (t)
...

xn−1 (t)
xn (t)

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

x1 (t− T )
...

xn−1 (t− T )
xn (t− T )

⎞
⎟⎟⎟⎠+

T

⎛
⎜⎜⎜⎝

x2 (t− T ) + T
2
x3 (t− T )

...
xn (t− T ) + T

2
ϕT (x(t− T ), u(t− T ))θ̂(t− T )

ϕT (x̄(t− T ), u(t− 3T
2
))θ̂(t− 3T

2
)

⎞
⎟⎟⎟⎠

sat

y(t) = Cx(t), (7)

where
x̄ (t) = x(t) +

T

2

(
ϕT (x(t), u(t))θ̂(t− T )

)
. (8)

The gradient is then constructed from the derivative of the state expressed as a function
of the regressor and the parameter vector solely. See [14] for more details.

dx(t)

dθ
=

⎛
⎜⎜⎜⎝dx(t− T )

dθ
+ T

⎛
⎜⎜⎜⎝

dx2(t−T )
dθ

+ T
2
dx3(t−T )

dθ...
dxn(t−T )

dθ
+ T

2
df(x,u,θ)

dθ
df(x̄,u,θ)

dθ

⎞
⎟⎟⎟⎠
⎞
⎟⎟⎟⎠

sat

ψ(t) = C
dx(t)

dθ
. (9)

where

df(x̄, u, θ)

dθ
=

∂f

∂x̄

∣∣∣∣
t− 3T

2

dx̄

dθ
+ ϕ(x, u)|t− 3T

2
(10)

dx̄

dθ
=

dx

dθ
+ ϕ(x, u)|t−T +

T

2

⎛
⎜⎜⎜⎜⎜⎜⎝

0 1 0 . . . 0

0 0 1
. . . ...

...
... . . . . . . 0

0 0 . . . 0 1

θT dϕ(x,u)
dx

dx
dθ

∣∣∣
t−T

⎞
⎟⎟⎟⎟⎟⎟⎠

dx

dθ
. (11)

To improve the numerical properties of the model, the algorithm is applied with a scaled
sampling period Ts = αT . For a detailed overview of the scaling algorithm and its effect
on the RPEM see [14].
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The RPEM is then formulated using the structured Gauss Newton minimisation algo-
rithm of [10], as

ε(t) = ym(t)− y(t)

Λ(t) =

[
Λ(t− T ) +

μ(t)

t

(
ε(t)εT (t)− Λ (t− T )

)]
DM

,

R(t) =

[
R(t− T ) +

μ(t)

t

(
ψ(t)Λ−1(t− T )ψT (t)−R(t− T )

)]
DM

,

θ̂(t) =

[
θ̂(t− T ) +

μ(t)

t
R−1(t− T )ψ(t)Λ−1(t− T )ε(t)

]
DM

.

ϕ(t) =

(
1 . . .

((
u
(nk)
k

)I
uk

(nk)

)
u
(nk−1)
k . . .(

u
(nk−1)
k

(
u
(nk)
k

)I
uk

(nk)

)
. . .
(
u
(nk−1)
k

)I
u
(nk−1)
k . . .

((
u
(nk−1)
k

)I
u
(nk−1)
k

(
u
(nk)
k

)I
u
(nk)
k

)
.

. . .

(
(x1)

Ix1 . . . (xn)
Ixn (u1)

Iu1 . . .
(
u
(nk)
k

)I
u
(nk)
k

))T

(12)⎛
⎜⎜⎜⎝

x1 (t)
...

xn−1 (t)
xn (t)

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

x1 (t− T )
...

xn−1 (t− T )
xn (t− T )

⎞
⎟⎟⎟⎠+ αT

⎛
⎜⎜⎜⎝

x2 (t− T ) + αT
2
x3 (t− T )

...
xn (t− T ) + αT

2
ϕT (x, u)θ̂(t− T )

ϕT (x̄(t− T ), u(t− 3T
2
))θ̂(t− 3T

2
)

⎞
⎟⎟⎟⎠

sat

y(t) = Cx(t).

df(x̄, u, θ)

dθ
=

∂f

∂x̄

∣∣∣∣
t− 3T

2

dx̄

dθ
+ ϕ(x, u)|t− 3T

2

dx̄

dθ
=

dx

dθ
+ ϕ(x, u)|t−T +

T

2

⎛
⎜⎜⎜⎜⎜⎜⎝

0 1 0 . . . 0

0 0 1
. . . ...

...
... . . . . . . 0

0 0 . . . 0 1

θT dϕ(x,u)
dx

dx
dθ

∣∣∣
t−T

⎞
⎟⎟⎟⎟⎟⎟⎠

dx

dθ
.

dx(t)

dθ
=

⎛
⎜⎜⎜⎝dx(t− T )

dθ
+ αT

⎛
⎜⎜⎜⎝

dx2(t−T )
dθ

+ αT
2

dx3(t−T )
dθ...

dxn(t−T )
dθ

+ αT
2

df(x,u,θ)
dθ

df(x̄,u,θ)
dθ

⎞
⎟⎟⎟⎠
⎞
⎟⎟⎟⎠

sat

ψ(t) = C
dx(t)

dt
.

Here μ(t)
t

is the gain sequence and R(t) is the estimate of the Hessian. DM is a compact
subset of Rd×d2×p2 where the allowed values of Λ, R and θ are defined. To ensure stability,
the model set is restricting the linearised model from becoming unstable. The projection
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algorithm follows [19]

h(t) =

{
h̄(t) if h̄(t) ∈ DM
h(t− 1) if h̄(t) /∈ DM

, h(0) ∈ DM (13)

where h(t) represents the left hand side of the recursion while h̄(t) is the corresponding
right hand side.

To simplify the analysis below, some adjustments of the algorithm described in [14] are
introduced. A saturation (.)sat in the recursion of the state x and the derivative of the
state dx

dθ
is introduced to ensure that the algorithm is bounded, it is also assumed that

the corner of the saturations are smooth so that the differentiability is not affected. This
saturation can be chosen arbitrarily large and hence does not affect the algorithm in itself,
see [17]. Further, an additional backward shift is introduced in the recursion of R and θ̂.

2.3 The assumed system

The system that generates the data ym(t) is assumed to have the structure (3). It is also
assumed that there is a parameter vector θ0 such that

ym(t) = Cx(t, θ0) + e(t). (14)

with e(t) being zero mean coloured noise with the covariance matrix Λo.

3 Analysis

3.1 The associated ODE analysis tool

The convergence properties of the algorithm are analysed using the associated differential
equation approach described in [8, 9]. The analysis is closely related to [2]. The general
recursive algorithm of [8, 9] can be written as

xc(t) = xc(t− 1) + γ(t)Q(t; xc(t− 1), ϕc(t))

ϕc(t) = g(t; xc(t− 1), ϕc(t− 1), e(t)) (15)

where xc(t) is the estimated parameters vector and ϕc(t) is the observation obtained
at time t. Further γ(t) is the gain sequence of positive scalars and e(t) is a sequence of
random vectors. The function Q(.; ., .) is a deterministic function describing the updating
direction and g(.; ., ., .) is a deterministic function corresponding to the state and gradient
recursion. The subscript c is introduced for the variables x and ϕ to eliminate confusion
with the variables of the RPEM.

It is first necessary to show that the algorithm (12) can be described as (15). This is
done as shown in Lemma 1.
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Lemma 1: Using the definitions (A.1) - (A.21), together with

xc(t) = κ(t) ϕc(t) = ξ(t) γ(t) =
1

t
e(t) = z̄(t)

Q(t, xc, ϕc) =

⎛
⎝ μ(t)R−1ζψ(ξ)Λ

−1ζε(ξ)gate(Γθ(κ))
μ(t)col(ζψ(ξ)Λ−1ζTψ (ξ)−R)gate(ΓR(κ))
μ(t)col(ζε(ξ)ζTε (ξ)− Λ)gate(ΓΛ(κ))

⎞
⎠ ,

g(t, xc, ϕc, e) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ηθ(κ(t− 1))
ηx(κ(t− 1), ξ(t− 1), z̄(t))
η dx

dθ
(κ(t− 1), ξ(t− 1), z̄(t))

νym(ξ(t− 1), z̄(t))
νu(ξ(t− 1), z̄(t))
ηxu(ξ(t− 1))

hu(ξ(t− 1), z̄(t))
ηu(ξ(t− 1))

z̄(t)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(16)

where z(t) =
(
ūT (t) w̄T (t)

)
and the time t+ T has been denoted t+1, transform (12) to

(15).

Proof: See Appendix A.

The gate(.) introduced in (16) is the gate function defined by

gate(Γ) =

{
1 Γ ∈ Io = (Γ−,Γ+)

0 Γ /∈ Io = (Γ−,Γ+)

where Γ(.) maps the corresponding argument that ∈ DM onto Io and the ones /∈ DM
outside Io.

In [8], the following regularity conditions are introduced for the nonlinear system de-
scribed by (15). Note that DR is a subset of the xc-space, where the regularity conditions
are assumed to hold.

C1: ||g(xc, ϕc, e)|| < C ∀ϕc, e ∀xc ∈ DR.

C2: Q(t; xc, ϕc) is continuously differentiable with respect to xc and ϕc, with derivatives
bounded in t for xc ∈ DR.

C3: g(t; xc, ϕc, e) is continuously differentiable with respect to xc for xc ∈ DR.

C4: Define ϕ̄c(t, x̄c) as ϕ̄c(t, x̄c) = g(t; x̄c, ϕ̄c(t − 1, x̄c), e(t)), ϕ̄c(0, x̄c) = 0, and assume
that g(.) has the property

||ϕ̄c(t, x̄c)− ϕc(t)|| < C max
n≤k≤t

||x̄c − xc(k)||

if ϕ̄c(n, x̄c) = ϕc(n).
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C5: Let ϕ̄c,i(t, x̄c) be the solutions to C9 with ϕ̄c,i(s, x̄c) = ϕo
c,i, i = 1, 2. Then define

DS as the set of all x̄c for which holds

||ϕ̄c,1(t, x̄c)− ϕ̄c,2(t, x̄c)|| < C(ϕo
c,1, ϕ

o
c,2)λ

t−s(x̄c),

where t > s and λ(x̄c) < 1.

C6: lim
t→∞

E [Q(t, x̄c, ϕ̄c(t, x̄c))] = f(x̄c) exists for x̄c ∈ DR with expectation over {e(.)}.
C7: e(.) is a sequence of independent random variables.

C8:
∞∑
t=1

γ(t) = ∞.

C9:
∞∑
t=1

γp(t) < ∞ for some p.

C10: γ(.) is a decreasing sequence.

C11: lim
t→∞

sup

(
1

γ(t)
− 1

γ(t− 1)

)
< ∞.

As proven in [8], given that the conditions C1-C11 hold, then Corollary 1 and Theorem
2 of [9] hold. To be able to apply the results of [8] on the algorithm, it is necessary to
impose conditions on (12) that ensure the applicability of Theorems 1 and 2 given in [9].
These conditions consist of:

M1: DM is a compact subset of Rd×d2×p2 , such that (θ, R,Λ) ∈ DM implies that:

1. The combined dynamics of (7) and (9), including x(t) and
dx(t)

dθ
is exponen-

tially stable and bounded.

2. R(t) ≥ δRI, ∀t, δR > 0.

3. Λ(t) ≥ δΛI, ∀t, δΛ > 0.

M2: u(t) = (u1(t) . . . uk(t))
T , hence no input derivatives are allowed.

M3: u(t) = Huxu(t), where the state vector xu(t) is generated from the independent
identically distributed, i.i.d, input ū(t) by a continously differentiable, bounded,
exponentially stable difference equation.

G1: lim
t→∞

μ(t) = μ > 0.

A1: The data sequence {z(t)} =
(
yTm(t) uT (t)

)
is strictly stationary such that w.p.1,

||z(t)|| ≤ C < ∞, ∀t.
A2: The following limits exist for (θ, R,Λ) ∈ DM

lim
t→∞

Eψ(t, θ)Λ−1ε(t, θ) = f(θ,Λ),

lim
t→∞

Eψ(t, θ)Λ−1ψT (t, θ) = G(θ,Λ),

lim
t→∞

Eε(t, θ)εT (t, θ) = H(θ).
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S1: For each t, s, t ≥ s, there exist a random vector zos(t) that belongs to the σ-
algebra generated by zt but is independent of zs (for s = t take zos = 0), such that
E||z(t)− zos(t)||4 < Cλt−s, C < ∞, |λ| < 1.

S2: The system that generates the data can be described by an ODE with exponentially
stable bounded dynamics.

S3: The output data is generated by ym(t) = Hymxym(t) + Hwxw(t), where the states
xymare generated from u(t) by a continously differentiable, bounded, exponentially
stable difference equation. The states xw are generated from an i.i.d. input w̄(t)
independent of ū(t) by bounded linear asymptotically stable filtering.

L1: The output of the system is generated by (14), i.e. there exists a true parameter
vector (θo, Ro,Λo).

L2: ∂
∂θ
f(θ,Λ)

∣∣
θ̃=θ̃o

= Eψ(t, θo)Λ
−1
o ψT (t, θo) = G(θo,Λo) = Ro > 0.

M1 defines the compact set defining the exponentially stable region constraining κ into
DM. Exponential stability is introduced here since it guarantees global boundedness
[7]. M2 ensures that the input signals are independent, while M3 is necessary for C1
to hold. G1 is a standard restriction on the gain sequence. A1 makes sure that the
data is bounded while A2 expresses the basic assumption on the existence of the average
updating directions. S1 ensures exponential stability and is explained in detail in [10],
while S2 and S3 are necessary to ensure that C1 holds. L1 is introduced to ensure that the
true parameter vector is a possible convergence point for the algorithm, stating that the
estimation error ε(t, θo) is zero mean noise independent of the inputs, with the covariance
matrix Λo. L2 states that the Hessian is positive definite for the true parameter vector.
These conditions, lead to the following results.

Lemma 2: Assume that M1 - M3, G1, A1, A2 and S1 - S3 hold. Then the regularity
conditions C1-C11 hold for (16).

Proof: See Appendix B.

It is now proven that conditions C1-C11 hold for (12) when transformed into (16), hence
it is possible to use the theorems developed described in [8] to analyse the convergence
properties of the algorithm described in this paper. The first theorem is used for treating
global convergence properties.

Theorem 1: Consider the algorithm (12) subject to M1-M3, G1, A1, A2 and S1-S3.
Assume that there exist a twice differentiable positive function V (θ, R,Λ) such that

d

dτ
V (θD(τ), RD(τ),ΛD(τ)) ≤ 0

for (θD, RD,ΛD) ∈ DM\∂DM

9



when evaluated along solutions of the differential equations

d

dτ
θD(τ) = μR−1

D (τ)f(θD(τ),ΛD(τ))

d

dτ
RD(τ) = μ(G(θD(τ),ΛD(τ))−RD(τ)), (17)

d

dτ
ΛD(τ) = μ(H(θD(τ))− ΛD(τ))

where f(., .), G(., .), and H(.) are defined by A2. Let

DC = {(θD, RD,ΛD)|(θD, RD,ΛD) ∈ DM\∂DM
d

dτ
V (θD(τ), RD(τ),ΛD(τ)) = 0

}
(18)

Then either (θ̂(t), R(t),Λ(t)) → DC w.p.1 as t → ∞, or (θ̂(t), R(t),Λ(t)) converges to the
boundary of DM.

Proof: Follows from Lemma 2.

Remark 1: The subscript D denotes the variables of the associated differential equation,
while τ denotes a transformed time as described in [8, 9].

The local convergence properties are governed by:

Theorem 2: Consider the algorithm described by (12) and assume that conditions M1-
M3, G1, A1, A2, S1-S3 and L1 hold. Suppose that x∗

c = (θ∗, R∗,Λ∗) ∈ DM\∂DM has
the property

P (xc(t) → B(x∗
c , ρ)) > 0, ∀ρ > 0,

where P (.) is the probability of an event, and B(x∗
c , ρ) = {xc| ||xc − x∗

c || < ρ} is a ρ-
neighbourhood of x∗

c . Furthermore, assume that Q(t, x∗
c , ϕc(t, x

∗
c)) given by (16) has

a covariance matrix bounded by below by a strictly positive definite matrix, and that
EQ(t, xc, ϕc(t, xc)) is continuously differentiable with respect to xc in a neighbourhood of
x∗
c and the derivatives converge uniformly there as t tends to infinity. Then

f̃(x∗
c) = μ

⎛
⎝ R∗−1f(θ∗,Λ∗)

col(G(θ∗,Λ∗)−R∗))
col(H(θ∗)− Λ∗))

⎞
⎠ = 0 (19)

and
d

dxc

f̃(xc)

∣∣∣∣
xc=x∗

c

has all the eigenvalues in the left half plane, (Rez ≤ 0).

Proof: Follows from Lemma 2.

Remark 2: This result shows that the algorithm converges to a stationary point of the
differential equation (17), and it corresponds to Corollary 1 of Theorem 1 in [9]. Note
that arguments in line with those of [17] are used to verify the so called boundedness
condition.
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3.2 Global convergence

First global convergence using Theorem 1 is investigated. Consider the criterion function
(6), it will first be verified that

d

dτ
V (θD(τ),ΛD(τ)) ≤ 0 ∀(θ,Λ)

d

dτ
V (θD(τ),ΛD(τ)) = 0 for (θ∗,Λ∗).

Using M1, the fact that f(θ,Λ) = − [ ∂
∂θ
V (θ,Λ)

]T and d
dα

log det Λ(α) = tr
[
Λ−1 d

dα
Λ(α)

]
,

and repeating a similar approach as in [10, p. 187], it follows that

d

dτ
V (θD(τ),ΛD(τ)) ≤ 0,

with equality for (θ,Λ) such that

f(θ,Λ) = −
[
∂

∂θ
V (θ,Λ)

]T
= 0,

H(θ)− Λ = 2
∂

∂Λ−1
V (θ,Λ) = 0.

It can be concluded from Theorem 1 that
{
θ̂(t), Λ̂(t)

}
converges w.p.1 either to the set

of stationary points (local minima) of V (θ,Λ), defined by (6) or to the boundary of DM
as t approaches infinity.

3.3 Local convergence

The next step is to investigate the local convergence properties of the RPEM. From A2
and L1, it can be seen that

f̃(κo) =

⎧⎨
⎩

f(θo,Λo) = 0
G(θo,Λo) = Ro

H(θo) = Λo

(20)

concluding that the true extended parameter vector
κo = (θo, colRo, colΛo) by (13) is a stationary point. It remains to find the placement of
the eigenvalues of ∇f̃ .

1

μ
∇f̃(κ) =

⎛
⎝ ∂

∂θ
R−1f(θ,Λ) ∂

∂colRR
−1f(θ,Λ) ∂

∂colΛR
−1f(θ,Λ)

∂
∂θ
Ḡ(θ,Λ, R) ∂

∂colRḠ(θ,Λ, R) ∂
∂colΛḠ(θ,Λ, R)

∂
∂θ
H̄(θ,Λ) ∂

∂colRH̄(θ,Λ) ∂
∂colΛH̄(θ,Λ)

⎞
⎠ (21)

where Ḡ(θ,Λ, R) = G(θ,Λ)−R, and H̄(θ,Λ) = H(θ)−Λ. In the true extended parameter
vector κo, assuming that L2 holds, expression (29) follows. Since

det∇f̃(κo) = (−μ)d+d2+p2 det I �= 0, (22)
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∇f̃(θ̃o) = −
⎛
⎝ I 0 0

2Eψ(t, θ)Λ−1ψT (t, θ) I Eψ(t, θ)Λ−2ψT (t, θ)
0 0 I

⎞
⎠ (29)

it is concluded that ∇f̃(θ̃o) is negative definite and hence has all its eigenvalues in the
left half-plane. Consequently, Theorem 2 indicates that the stationary point (θo Ro Λo)
is stable and is a possible convergence point for the RPEM. The following theorem has
now been proved.

3.4 Main result

Theorem 3: Consider the algorithm described by (12) and assume that M1-M3, G1, A1,
A2, S1-S3, L1 and L2 hold. Then (θ colΛ)T converges w.p.1 either to a set of stable
stationary points of V (θ,Λ) or to ∂DM as t → ∞.

4 Numerical example

To illustrate the results obtained, a numerical example is used. Consider the following
nonlinear system described by(

ẋ1

ẋ2

)
=

(
x2

2u− x1 − x2 − x1u

)
y = x1 + e (23)

which is of the form of (3) where, x1 and x2 are the states of the system and C =
(
1 0

)
,

and e is zero mean stationary white Gaussian noise ∼ N(0, σ) with σ = 0.1. The regressor
vector and the true parameter vector are

ϕ =
(
1 u x2 x2u x1 x1u x1x2 x1x2u

)T
,

θo =
(
0 2 −1 0 −1 −1 0 0

)T
.

Simulations were performed using the algorithm described in [14]. Data was generated
using a PRBS-like input signal with varying amplitude levels. The identification was
performed using the algorithm (12). The sampling period of the system was 0.1s. The
RPEM was initialised with Λ(0) = 0.1, R(0) = 100I, and x(0) =

(
y(0) 0

)T . Further,
the scaling factor was chosen as α = 1.5, and the stability limit for defining DM was set
to δ = 0.015. The initial parameter vector was

θ̂s(0) =
(
0 0.5 −0.5 0 −0.25 0 0 0

)T
.

12



Figure 1: Parameter convergence for identification of the Wiener-Hammerstein system.

At the end of the simulation run, the parameter vector

θ̂(10000Ts) = (−0.0009 2.0684 − 1.0001 0.0472

−1.0214 − 1.0195 − 0.0286 0.0132)T . (24)

was obtained, indicating convergence to the true parameter vector.

5 Experiments with real data

5.1 System description and model

To illustrate the performance for real systems, data was collected from an electronic
nonlinear system, cf. [12]. The system is a sixth order nonlinear system of SISO type
and the structure is of Wiener-Hammerstein type, where the first linear dynamic block is
a third order Chebychev filter. The static nonlinearity is a circuit containing a diode. The
last block of the system is a second filter consisting of a third order inverse Chebychev
filter. The data from the system is collected with a sampling period of Ts = 1.9 · 10−4.

The system is modelled as the following second order nonlinear state space model

ẋ1 = x2

ẋ2 = θ1 + θ2u+ θ3x2 + θ4x2u+ θ5x1 + θ6x1u+ θ7x1x2 + θ8x1x2u

y = x1 (25)

13



5.2 Algorithm setup and results

Because of the RPEM’s sensitivity to initial parameters and local minima, the initial
parameters were determined by the Kalman filter based initialisation algorithm proposed
by [3]. The algorithm generated the following initial values

θ̂s(0) = (−0.0543 1.3392 − 1.1916 0.0381 − 1.8526

−0.1154 − 1.1924 0.0463)T . (26)

For the setup of the RPEM itself some initial values are required. The initial value of
the Hessian was chosen as a scale factor times the identity matrix, R(0) = 100I, further
the intial noise variance was set as Λ(0) = 0.1 and the starting value of the state vector
was selected as x(0) =

(
y(0) 0

)T . One important part of the RPEM is the scaling
factor α applied to the sampling time Ts. This is a tuning parameter and it was chosen
as α = 2500, due to the small sampling period. The stability limit was set to δ = 0.025.
The convergence of the parameters are shown in Fig.1 and the simulation of the output
using the estimated model together with the real output and the error is illustrated in
Fig. 2. The root mean square value of the error is 97.5 mV. Even though this value might
seem high in comparison with previous results, it is important to acknowledge that the
model is a second order model, whereas the real system is a sixth order system.

1 1.005 1.01 1.015 1.02 1.025 1.03 1.035 1.04 1.045 1.05
−2

−1

0

1

2

1 1.005 1.01 1.015 1.02 1.025 1.03 1.035 1.04 1.045 1.05
−2

−1

0

1

2

1 1.005 1.01 1.015 1.02 1.025 1.03 1.035 1.04 1.045 1.05
−2

−1

0

1

2

Time [s]

ε

ym
y

u

Figure 2: Estimated model output, y and the real measured output, ym together with
the input, u and the error, ε.
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6 Conclusions

This paper has analysed the convergence properties of a nonlinear black-box identification
method. Counterparts to theorems of [9] that link local and global convergence to stability
properties of an associated differential equation were established by introducing a number
of conditions. Global convergence to a set and local convergence to a stationary point
was shown. The algorithm and the results were illustrated with both simulated and live
data.

A Reformulation of the RPEM

In order to write the RPEM in the form of (16), introduce the vector

ξ(t) �
(
θT (t− 1) xT (t)

(
col

dx(t)

dθ

)T

xT
ym(t)

xT
u (t) x

T
u (t− 1) xT

w(t) ū
T (t− 1) ūT (t) w̄T (t)

)T

. (A.1)

where xym(t) is the state vector of the nonlinear difference equation generating the undis-
turbed measured output ym(t). Using S3, it follows that

xym(t) = νy (xym(t− 1), u(t)) (A.2)

The input u(t) is itself similarly generated from the i.i.d signal ū(t) and the state vector
xu(t), cf. M3.

xu(t) = νu (xu(t− 1), ū(t)) (A.3)
u(t) = Hu(xu(t− 1)) (A.4)

Finally w(t) is the coloured noise that is generated according to S3.

xw(t) = (Fxw(t− 1) + u(t))sat � νw (xw(t− 1), w̄(t)) (A.5)

where F is a Hurwitz matrix. Now, the pseudo data vector z̄(t) =
(
ūT (t) w̄T (t)

)T is
defined as the i.i.d. data vector that represents e(t) in (15) and (16). Then (A.4) can be
written as

u(t) � hu(ξ(t− 1), z̄(t)) (A.6)

Further, (A.2), (A.3) and (A.5) can be reformulated as functions of ξ of (16).

xym(t) � νym(ξ(t− 1), z̄(t))

xu(t) � νu(ξ(t− 1), z̄(t)). (A.7)

xw(t) � νw(ξ(t− 1), z̄(t))

15



Then define the extended parameter vector at time step t as

κ(t) �
(
θT (t) (colR(t))T (colΛ(t))T

)T
. (A.8)

The first component of ξ(t) i.e. θ(t− 1) can then be generated as

θ(t− 1) = (I 0 0)κ(t− 1) � ηθ(κ(t− 1)), (A.9)

which can be readily incorporated as an extra state recursion in the ϕc recursion of (15).
Then the relevant formulation for θ(t− 3

2
) in (7) is

θ(t− 3

2
) = θ(t− 2) +

θ(t− 1)− θ(t− 2)

2

=
1

2
(I 0 0)κ(t− 1) +

1

2
(I 0 0 0 0 0 0 0 0) ξ(t− 1) (A.10)

After this ε(t) and ψ(t) are rewritten as

ε(t) = ym(t)− Cx(t)

= (0 − C 0 Hym 0 0 Hw 0 0 0) ξ(t) � ζε(ξ(t)), (A.11)

ψ(t) = C
dx(t)

dθ

= (0 0 0 col (C) 0 0 0 0 0 0) ξ(t) � ζψ(ξ(t)). (A.12)

Then treating u(t− 3
2
) in (7), following (A.10) results in

u(t− 3

2
) = u(t− 1) +

u(t− 2)− u(t− 1)

2
(A.13)

From (A.4) u(t− 1) and u(t− 2) can be handled by additional delay states

u(t− 1) = hu(xu(t− 2), ū(t− 1)) � h̄u(t−1)(ξ(t− 1))

u(t− 2) = hu(xu(t− 3), ū(t− 2)) � h̄u(t−2)(ξ(t− 1)) (A.14)

Then, (A.13) is

u(t− 3

2
) =

1

2

(
hu(t−1)(ξ(t− 1)) + hu(t−2)(ξ(t− 1))

)
(A.15)

Similarly it follows that

ū(t− 1) = (0 0 0 0 0 0 0 I 0 0) ξ(t− 1) � ηu(ξ(t− 1)) (A.16)

xu(t− 1) = (0 0 0 0 0 I 0 0 0 0) ξ(t− 1) � ηxu(ξ(t− 1)) (A.17)

Further, ϕ(t) is a function of x(t) and u(t), while x(t) itself is a function of x(t − 1),
ϕ(t− 1), u(t− 3

2
), θ(t− 1) and θ(t− 3

2
). Therefore ϕ(t) and its gradient can be written

as functions of these parameters

ϕ(t) � ζϕ (κ(t− 1), ξ(t− 1), z̄(t)) , (A.18)
dϕ(t)

dx
� ζ dϕ

dx
(κ(t− 1), ξ(t− 1), z̄(t)) . (A.19)
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Expressions for x(t) and dx(t)
dθ

can be derived similarly and are given by

x(t) � ηx (κ(t− 1), ξ(t− 1), z̄(t)) , (A.20)
dx(t)

dθ
� η dx

dθ
(κ(t− 1), ξ(t− 1), z̄(t)) . (A.21)

Using the above relations, the algorithm (12) can now be written as (16).

B Verification of Regularity Conditions

Below, C denotes any constant.

C1: The saturation on x(t) and
dx(t)

dθ
, together with S2, S3 and M1-M3 guarantees that

g(t; xc, ϕc, e) is also bounded. C1 follows.

C2: The verification of C2 parallels the work of [2]. Continuous differentiability follows
from M1, (7) and the quantities defined in Appendix A. To verify that the derivatives are
bounded in t for xc ∈ DM\∂DM, Q(.; ., ., .) is differentiated w.r.t. xc and ϕc i.e. θ, R,Λ
and ξ in a neighbourhood of xc = x̄c, and ϕc = ϕ̄c. Consider the following inequalities∥∥∥∥ ∂Q∂xc

∥∥∥∥ ≤
∑
i

∑
j

∥∥∥∥ ∂Qi

∂xc,i

∥∥∥∥ ,
∥∥∥∥ ∂Q∂ϕc

∥∥∥∥ ≤
∑
i

∥∥∥∥∂Qi

∂ϕc

∥∥∥∥ .
If each of the derivatives in the sum is bounded, then the entire sum is also bounded. To
illustrate this process, consider∥∥∥∥∂Q1

∂ϕc

∥∥∥∥ =

∥∥∥∥μ(t) ∂∂ξ [R−1ζψ(ξ)Λ
−1ζε(ξ)gate(Γθ(θ))

]∥∥∥∥
=

∥∥∥∥μ(t)R−1

(
∂ζψ(ξ)

∂ξ
Λ−1ζε(ξ) + ζψ(ξ)Λ

−1∂ζε(ξ)

∂ξ

)

×gate(Γθ(θ))

∥∥∥∥ ≤ μδ−1
R δ−1

Λ

(∥∥∥∥∂ζψ(ξ)∂ξ

∥∥∥∥ ‖ζε(ξ)‖+
‖ζε(ξ)‖

∥∥∥∥∂ζε(ξ)∂ξ

∥∥∥∥
)

≤ Cμδ−1
R δ−1

Λ (1 + ‖ξ‖).

The second last inequality holds by M1 and G1, and by noting that the projection al-
gorithm (13) is inactive for sufficiently large times, cf. [17]. The last inequality follows
from (A.11) and (A.12). Boundedness follows from the boundedness of ξ (M1, M2, M3,
S2 and S3). In the neighbourhood

‖ξ‖ ≤ ∥∥ξ − ξ̄
∥∥+ ∥∥ξ̄∥∥ ≤ C(1 +

∥∥ξ̄∥∥) ≤ C ⇒
∥∥∥∥∂Q1

∂ϕc

∥∥∥∥ ≤ C.

Similarly, it can be shown that the bound is valid for all partial derivatives and hence∥∥∥∥ ∂Q∂xc

∥∥∥∥ ≤ C,

∥∥∥∥∂Q∂ξ
∥∥∥∥ ≤ C.
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C3: Follows from M1, M2, M3, S3, the quantities in Appendix A, and by inspection of
(12).

C4: The verification of C4 also parallels the work of [2]. To verify condition C4, consider
the difference

‖ϕ̄c(t)− ϕc(t)‖ =

∥∥∥∥ ∂g

∂ϕc

[ϕ̃c(t− 1)] [ϕ̄c(t− 1) (B.1)

−ϕc(t− 1)] +
∂g

∂xc

[x̃c(t− 1)] [x̄c(t− 1)− xc(t− 1)]

∥∥∥∥
This equality follows from (15) using the mean value theorem where the ϕ̃c and x̃c indi-
cates a point inside the interval(ϕc, ϕ̄c) and (xc, x̄c) respectively. The mean value theorem
is applicable due to smoothness of g(.; ., ., .). By repeated application of this theorem, it
follows that

‖ϕ̄c(t)− ϕc(t)‖ ≤
∥∥∥∥ ∂g

∂xc

[x̃c(t− 1)]

∥∥∥∥ ‖x̄c(t− 1)

−xc(t− 1)‖+
t−n∑
i=2

[
i−1∏
j=1

∥∥∥∥ ∂g

∂ϕc

ϕ̃c(t− j)

∥∥∥∥
]

×
∥∥∥∥ ∂g

∂xc

[x̃c(t− i)]

∥∥∥∥ ‖x̄c(t− i)− xc(t− 1)‖ ≤
t−n∑
i=1

(1− δ)i−1 max
n≤k≤t

∥∥∥∥ ∂g

∂xc

(k)

∥∥∥∥ max
n≤k≤t

‖x̄c − xc(k)‖ (B.2)

M1 and C3 indicates that
∥∥∥∥ ∂g

∂xc

∥∥∥∥ is bound, and hence

‖ϕ̄c(t)− ϕc(t)‖ ≤ c max
n≤k≤t

‖x̄c − xc(k)‖ .

C5: Let zos(t) be defined as in S1. The condition is verified by repeated use of exponential
stability of x(t) and dx(t)

dθ
following from M1. The details follow Appendix 4.A in [10] and

are not reproduced here.

C6: The verification of C6, follows [2] and [17].

C7: This condition holds since e(t) = z̄(t) are i.i.d, by M3.

C8-C11: Straightforward calculations show that C8-C11 hold for the choice γ(t) = 1
t
.

Acknowledgement

The work by the first author has been financially supported by Swedish Energy Agency,
(project 32299-1) which is gratefully acknowledged.

18



This work is partially sponsored by the Fund for Scientific Research (FWO-Vlaanderen),
the Flemish Government (Methusalem Grant METH-1), and the Belgian Program on
Inter-university Poles of Attraction initiated by the Belgian State, Prime Minister’s Office,
Science Policy programming (IAP VI/4 - Dysco).

References

[1] T. Bohlin. A case study of grey box identification. Automatica, 30:307–318, 1994.

[2] L. Brus. Convergence analysis of a recursive identification algorithm for nonlinear
ode models with a restricted black-box parameterization. In Proceedings of the 46th
IEEE Conference on Decision and Control, New Orleans, LA, U.S.A., December
2007.

[3] L. Brus and T. Wigren. Constrained ODE modeling and kalman filtering for recursive
identification of nonlinear systems. In Proceedings of IFAC Symposium on System
Identification 2006, pages 997–1002, Newcastle, Australia, March 2006.

[4] S. C. Chapra. Applied Numerical Methods with MATLAB for Engineers and Scien-
tists. McGraw-Hill Science/Engineering/Math, 2006.

[5] S. Chen and S. A. Billings. Representation of nonlinear systems: the NARMAX
model. Int. J. Contr., 49:1013–1032, 1989.

[6] S. Chen and S. A. Billings. Neural networks for nonlinear dynamic system modelling
and identification. Int. J. of Contr., 56:319–346, 1992.

[7] H. K. Khalil. Nonlinear Systems. Prentice Hall, Upper Saddle River, NJ, 2:nd
edition, 1996.

[8] L. Ljung. Theorems for the asymptotic analysis of recursive, stochastic algorithms.
Technical Report 7522, Department of Automatic Control, Lund Institute of Tech-
nology, Lund, Sweden, 1975.

[9] L. Ljung. Analysis of recursive stochastic algorithms. IEEE Trans. on Automat.
Contr., 22(4):551–575, 1977.

[10] L. Ljung and T. Söderström. Theory and Practice of Recursive Identification. MIT
Press, Cambridge, MA, 1983.

[11] R. Pintelon and J. Schoukens. System Identification - A Frequency Domain Ap-
proach. IEEE Press, 2001.

[12] J. Schoukens, J. Suykens, and L. Ljung. Wiener-hammerstein benchmark. In 15th
IFAC Symposium on System Identification (SYSID 2009), St. Malo, France, July
6-8 2009.

[13] J. Sjöberg, Q. Zhang, L. Ljung, A. Benveniste, B. Delyon, P.-Y. Glorennec, H. Hjal-
marsson, and A. Juditsky. Nonlinear black-box modeling in system identification: a
unified overview. Automatica, 31(12):1691–1724, 1995.

19



[14] S. Tayamon and T. Wigren. Recursive identification and scaling
of non-linear systems using midpoint numerical integration. Tech-
nical report, Division of Systems and Control, Uppsala University,
http://www.it.uu.se/research/publications/reports/2010-025/, October 2010.

[15] S. Tayamon and T. Wigren. Convergence analysis of a recursive prediction error
method. In To appear in the proceedings of the 16th IFAC Symposium on System
Identification, Brussels, Belgium, July 2012.

[16] S. Tayamon, D. Zambrano, T. Wigren, and B. Carlsson. Nonlinear black box iden-
tification of a selective catalytic reduction system. In Proceedings of the 18th IFAC
World Congress, Milano, Italy, September 2011.

[17] T. Wigren. Convergence analysis of recursive identification algorithms based on the
nonlinear Wiener model. IEEE Trans. Automat. Contr., 39(11):2191–2206, 1994.

[18] T. Wigren. Recursive identification based on nonlinear state space models applied to
drum-boiler dynamics with nonlinear output equations. In Proceedings of American
Control Conference, pages 5066–5072, Portland, Oregon, U.S.A., June 2005.

[19] T. Wigren. Recursive prediction error identification and scaling of nonlinear state
space models using a restricted black box parameterization. Automatica, 42(1):159–
168, 2006.

20



Paper III





Nonlinear black box identification of a
Selective Catalytic Reduction system

Soma Tayamon, Darine Zambrano, Bengt Carlsson and Torbjörn Wigren

Abstract

This paper discusses the identification of linear and non-linear black-box models
for describing a diesel engine selective catalytic reduction (SCR) system. SCR af-
tertreatment systems form an important technology for reducing the NOx produced
by diesel engines, and therefore good models are essential for the control of these
systems. This paper compares a linear and a non-linear model for identification
of the system. The output signals of the SCR were generated from 4 measured
input signals, using a simulated 18 state model. The experiments with a recursive
prediction error method, RPEM, with only 2 states show that the system can be
accurately approximated with a much simpler model. The RPEM estimates 16
unknown parameters while the linear model uses 9 parameters. The results were
compared based on the model fit and it was clear from the validation data set that
the non-linear model gives better results and captures more of the system dynamics
as compared to the linear model. A comparison of the RPEM using the midpoint
integration method and the Euler method for discretisation was also made for the
models. The results clearly show that the more accurate discretisation algorithm
results in a better model fit.

1 Introduction

Heavy duty vehicles are important in our society. These vehicles are often powered by
diesel engines and although fuel efficient, the diesel engines emit a substantial amount of
nitrogen oxide (NOx) which is dangerous for both human beings and the environment.
NOx includes NO and NO2 and these particles play an important role in the formation of
harmful particulate matter, ground-level ozone (smog) and acid rain. The main difficulty
in NOx production is the direct correlation with fuel efficiency. A more efficient engine
will result in higher NOx emissions. Since NOx reduction is important for environmental
reasons while it must be kept cost efficient, the correlation between fuel efficiency and NOx

reduction makes engine tuning a difficult task. New efficient methods for reducing these
emissions, while keeping the fuel efficiency as good as possible are hence necessary, and
therefore aftertreatment systems are becoming more important. Today, selective catalytic
reduction, SCR, utilising ammonia as a reduction agent is widely used for this purpose.
In the 1970’s the first SCR systems were developed for use in stationary applications
such as thermal power plants ([1]), giving sufficient reduction of the NOx. Later on, the
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technique was used in vehicle applications but since the volume of the catalytic converter
is limited, certain problems were encountered.

Another important complication of the SCR is the emitted unreacted ammonia. This
ammonia is released at the catalyst tailpipe and is created either due to low temperature
or over-dosing of urea. At the same time too little urea is not sufficient for the reduction
of the NOx. To achieve a balance between the injected urea, the tailpipe NOx and NH3,
and to be able to use the SCR optimally, good models of the system are essential.

Several authors have dedicated their work to this subject and explained the systems by
different complex models that model the behaviour of the SCR systems. See for example
the work of [4]. In the work of [5], the author proposed an approach of using two wall
layers and 6 segments to physically describe the catalyst with two states in each segment.
From there, the differential equations were derived using the chemical reactions. In the
work of [9], the system is modelled using the same states, namely the temperature inside
the catalyst, Tin, and the ammonia coverage, θNH3 . The ammonia coverage is defined
as the stored ammonia inside the catalyst over the ammonia storage capacity. Another
approach to model the system is described by [6] where the system has three states,
the NOx concentration, the NH3 concentration and the ammonia coverage in a two-cell
structured SCR model. However, the total number of parameters is large, reducing the
usefulness of the models for controller design.

It is also important to consider that the catalyst, in the above references, is modelled
by means of grey-box identification, meaning that the system is modelled based on the
physical properties of the system ([2]). This results in a model with a high accuracy.
Nevertheless, the major drawback of the grey-box approach is the time consuming mod-
elling process and the high cost it brings about. Therefore it is plausible to address the
modelling problem using black-box system identification techniques ([7]). Since the pro-
cess is varying significantly with driving conditions, it is a further advantage if recursive
techniques can be applied ([8]).

This paper presents a black-box approach to identify the SCR catalyst aftertreatment
process for mobile heavy duty applications. The reduction process shows a non-linear
behaviour as discussed in the work of [5], [9] and [6]. Therefore, in this paper, the
identification is based on a non-linear black-box model for the process. The objectives of
this paper are to represent the SCR system using a black-box model and to obtain this by
applying the identification algorithm described by [11] to the SCR catalyst aftertreatment
process. In particular the gains of introducing a non-linear model is of interest. A
further objective is to study the effect of the choice of discretisation scheme in the RPEM
algorithm and to qualify any gains of the midpoint integration introduced in [11], as
compared to the Euler integration in [13].

The paper is organized as follows. A brief explanation of the SCR system is given in
Section 2, while the identification algorithm is presented in detail in Section 4. The
identification of the SCR system is detailed in Section 4, and the results are illustrated
and compared in Section 5. Finally conclusions and future work are summarised in
Section 6.
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Figure 1: SCR system

2 SCR System description

For automotive applications, the selective catalytic reduction exhaust gas aftertreatment
system commonly consists of a honeycomb monolith, where several chemical reactions
take place, combined with a dosification system of a reduction agent. Fig. 1 shows the
main components of the system: the urea injection system, the catalyst and the sensors
for flue flow, temperature and concentrations.

The SCR system consists of two main stages. Firstly, a reduction agent, in this case urea,
is injected upstream through a nozzle and mixed with the exhaust flow at the input of the
catalyst. Urea is contained in a harmless aqueous solution commercially named AdBlue,
which consist of 32.5% of urea. Urea is converted to ammonia through the following
chemical reaction:

CO(NH2)2 + H2O → 2NH3 + CO2 (1)

Secondly, the ammonia is partially adsorbed on the surface of the catalyst, where finally
the dominant reactions occur in the catalyst, i.e. the ammonia reacts with the NOx

emitted by the engine. NOx is composed primarily of NO with lesser amounts of NO2.
The resulting compounds of the reaction is nitrogen gas (N2) and water (H2O).

The two main reactions of the SCR are:

• Standard SCR reaction

4NH3 + 4NO + O2 → 4N2 + 6H2O (2)

• Fast SCR reaction

4NH3 + 2NO + 2NO2 → 4N2 + 6H2O (3)

The NO2 reaction, being slower than (2) and (3) and therefore negligible, consist of:
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• NO2 SCR reaction
8NH3 + 6NO2 → 7N2 + 12H2O (4)

The efficiency of the SCR system is usually evaluated by the amount of NOx reduced
within the catalyst, and by the ammonia slip, which represents the unreacted ammonia.

3 The identification algorithm

3.1 The model

The identification in this paper was performed using a recursive prediction error method
with a restricted black-box parametrisation. The identification model is of output error
(OE) type and is described as

x(1) =

⎛
⎜⎜⎜⎝

x
(1)
1
...

x
(1)
n−1

x
(1)
n

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

x2
...
xn

f(x,u,θ)

⎞
⎟⎟⎟⎠ ≡ f̄ (x,u,θ)

y = (1 0 . . . 0)x. (5)

where x =
(
x1 x2 . . . xn−1 xn

)T is the state vector and θ is the unknown param-
eter vector. The input vector u(t) is given by

u(t) =
(
u1(t) . . . u

(n1)
1 (t) . . . uk(t) . . . u

(nk)
k (t)

)T
, (6)

and the output vector y(t) is given by

y(t) =
(
y1(t) . . . yp(t)

)T
. (7)

Here, the superscript ni denotes differentiation ni times. See [14] for more details. As
is shown in Theorem 1 in [13] the model described in (5) can be used to model also
ODEs with general right-hand sides, locally in the state space. The model in (5) con-
centrates the non-linearity to one component of the equation, minimising the risk for
over-parametrisation. The right-hand side function, f(x,u,θ), is chosen to be a polyno-
mial

f(x1, . . . , xn, u1, . . . , u
(n1)
1 , . . . , uk, . . . , u

(nk)
k , θ) =

Ix1∑
ix1=0

· · ·
Ixn∑

ixn=0

Iu1∑
iu1=0

· · ·
Iu1

(n1)∑
iu1

(n1)=0

· · ·
Iuk∑

iuk=0

· · ·
Iuk

(nk)∑
iuk

(nk)=0

θix1 ...ixn iu1 ...iu1(u1) ...iuk ...iuk(uk)

(x1)
ix1 . . . (xn)

ixn (u1)
iu1 . . .

(
u1

(n1)
)i

u
(n1)
1 . . . (uk)

iuk . . .
(
uk

(nk)
)i

uk
(nk)
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This polynomial can be written as a regressor vector generated from the state vector and
the input vector multiplied by an unknown parameter vector as follows

f(x,u,θ) = ϕT (x(t,θ),u(t))θ. (8)

The main advantage of this model, is the wide range of applications that it covers for
identification. Therefore it could be applied to identify new catalysts, from which new
controllers for the systems can be designed.

3.2 The RPEM

The algorithm used for identification in this paper is fully described by [11] and is based
on the prediction error:

ε(t,θ) = ym(t,θ)− y(t,θ),
using the minimisation criterion

V (θ) =
1

2
E
[
εT (t,θ)Λ−1(t,θ)ε (t,θ) + det (Λ (t,θ))

]
, (9)

where ym(t) is the measured output and where Λ(t,θ) is the unknown covariance matrix.
To describe the RPEM, the model in (5) is discretised using the midpoint integration
algorithm. To improve the numerical properties of the algorithm, a scaling factor α is
applied to the sampling time such that Ts = αT . For a detailed decription of the effect
of this scaling on the results of the identification, see [11] and [12].⎛

⎜⎜⎜⎝
x1 (t+ T,θ)

...
xn−1 (t+ T,θ)
xn (t+ T,θ)

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

x1 (t,θ)
...

xn−1 (t,θ)
xn (t,θ)

⎞
⎟⎟⎟⎠

+ Ts

⎛
⎜⎜⎜⎝

x2 (t,θ) +
Ts

2
x3 (t,θ)

...
xn (t,θ) +

Ts

2
f (x (t,θ) ,u(t),θ)

f
(
x (t,θ) + Ts

2
f̄ (x (t,θ) ,u(t),θ) ,u(t+ Ts

2
),θ
)

⎞
⎟⎟⎟⎠

y(t) = (1 0 . . . 0)x(t,θ). (10)

where f̄ (.) is defined by (5). Finally, the RPEM is formulated using the Gauss Newton
minimisation algorithm of [8], as

Λ(t) = Λ (t− T ) +
μ(t)

t
(t)
(
ε(t)εT (t)−Λ (t− T )

)
R(t) = R(t− T ) +

μ(t)

t
(t)
(
ψ(t)Λ−1(t)ψT (t)−R(t− T )

)
θ̂(t) =

[
θ̂(t− T ) +

μ(t)

t
R−1(t)ψ(t)Λ−1(t)ε(t)

]
DM

. (11)
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where μ(t)
t

is the gain sequence and R(t) is the estimate of the Hessian. DM is the
model set defining the allowed values of the estimated parameters. To ensure stability,
the model set is restricting the linearised model from becoming unstable. The updating
is stopped if the parameter values are outside the model set. The resulting algorithm
parallels equation (21) of [13].

Due to physical boundaries, the output NOx can never become negative. Therefore, to
improve the performance of the algorithm and keeping the physical properties,

y(t) = (x1(t))sat , (12)

is introduced, which is a saturation of the state.

y(t) = x1(t) x1(t) ≥ 0

y(t) = 0 x1(t) < 0

The derivative dy
dx

is affected in the same way:

dy(t)

dx
=
(
1 0

)
x1(t) ≥ 1

dy(t)

dx
=
(
0 0

)
x1(t) < 0.

4 Identification setup

4.1 Scaling

The order of magnitude of the input and output signals differ largely from each other.
To obtain a data set which is easy to identify they are normalised by scaling using the
standard deviation (SD) and zero mean signals of comparable amplitude are obtained.
The values used for preprocessing of the data is shown in Table 1.

Table 1: Values used for preprocessing.
Variable y u1 u2 u3 u4

Mean 0.325×10−3 0.619×10−3 8.418 533.97 3.596
SD 0.2667×10−3 0.482×10−3 11.212 48.130 1.338

4.2 Signal selection

For identification of the model, a simulator based on the SCR model described by [5]
has been used to generate the output while the input signals were all measures on a real
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Figure 2: The estimated output y1 and the input signals, u1,r, u2,r, u3,r, and u4,r of the
system for a WHTC440 run of 10 minutes.

diesel engine. As seen in Fig. 1, the simulator uses the following measured input signals:

u1,r = cNOx,in

u2,r = cNH3,in
(13)

u3,r = Tin

u4,r = nef

where, cNOx and cNH3 corresponds to the concentration of NOx in [fraction] and the
injected urea NH3 in [g/min] respectively, Tin represents the temperature of the exhaust
gas before the catalyst in [K] and nef is the exhaust flow into the catalyst in [mol/s].
This model then generates two output signals:

y1 = cNOx,out

y2 = cNH3,out .
(14)

In real life application, there is only one sensor measuring both outputs. The results
obtained from this sensor is then used to calculate the corresponding output NOx and
ammonia, which can cause cross coupling. The behaviour of four input signals and the
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main output signal for a World Harmonised Transient Cycle ([10]), WHTC, can be seen
in Fig. 2.

As previously mentioned, the system consist of three input signals coming from the engine,
and a fourth signal being the injected urea. The third input signal u3(t) is modified and
redefined as an exponential of the temperature:

u∗
3(t) ≡ e

(
− a

Tin

)
. (15)

The choice of this input signal is based on the improved results it brings about and is
introduced based on the information about the original physical model from [9]. Here,
the constant a is chosen based on the values described in [9] to be equal to 104. The final
input signals used for the algorithm are therefore u1(t), u2(t), u∗

3(t) and u4(t) of (13).
It was noted, using the linear model as a reference, that the results were improved by
including the derivatives of u1(t), u2(t) and u4(t) in the model described by (5) and (6).
The derivatives are therefore included in the models defined below.

Remark : As mentioned in the work of [12], using the derivatives of the input signals has
consequences for the choice of these signals. Note that, in this case, this choice has been
made based on performance of the linear model when including the different derivatives.
It might be possible to make further improvements by considering dedicated input signal
design in later work.

The real system described by the simulator has two output signals y1(t) and y2(t), (14).
Since the algorithm is of MISO type, y1(t), being the output NOx, is selected to be the
only output of the chosen model. A second order model was chosen and the input signals
were of the first degree. The selected model can be summarised as follows:

ẋ1 = x2

ẋ2 = f
(
x1, x2, u1, u2, u

∗
3, u4, u

(1)
1 , u

(1)
2 , u

(1)
4

)
.

(16)

4.3 Model simplification

The model described by (16) gives rise to a total number of 512 unknown parameters,
where 9 of them correspond to linear signals and the remaining parameters describe the
polynomial coefficients of the non-linearities in the states and the inputs. To be able to
achieve satisfying identification results and reducing the risk of over-parametrisation using
the algorithm, some of these parameters were excluded. During the identification process,
each parameter was tentatively removed to reduce the total number of parameters. When
the model fit was improved, the parameter was excluded and if not, it was included. This
way, the number of parameters to identify are reduced resulting in a simpler model and
consequently less computational time is needed. The final result is a system containing
16 parameters. A further advantage is that the convergence properties of the algorithm
is improved and the risk of instability is reduced. For the selected non-linear model, the
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regressor vector of the identification algorithm is:

ϕ =
(
u
(1)
4 u

(1)
2 u

(1)
1 u4 u∗

3 u2 u1 x2 x1 u∗
3u

(1)
4 u2u

(1)
4

u2u
∗
3u4 u1u

(1)
1 u

(1)
2 u1u

∗
3u

(1)
1 x2u1 x1u2

)
. (17)

The reason for eliminating the bias term is that the estimation of this term dominates the
identification process, giving poor results. For comparison, the system was also identified
using only the linear terms in the model i.e.

ϕ =
(
u
(1)
4 u

(1)
2 u

(1)
1 u4 u∗

3 u2 u1 x2 x1

)
. (18)

4.4 Initialisation

Because of the RPEM’s sensitivity to initial parameters and local minima, the initialisa-
tion step is a very important part of the identification. Therefore, to obtain optimal and
reasonable initial parameters, the initialisation algorithm proposed by [3] has been used.
The algorithm is a Kalman filter based method that estimates the initial parameters for
a given model based on the model described in (5). To tune the initialisation algorithm,
the following values were used: P (0) = 10, which is the scale factor of the covariance
matrix, i.e. P (0) = P (0)I, further

R1 =

(
R1,x 0
0 R1,θ

)
is the covariance matrix of the process noise. In the algorithm, these values were chosen
as R1,x = 50 and R1,θ = 0. The process noise of the parameter vector θ was chosen as
zero (time invariant). Finally the covariance matrix of the measurement noise R2 was
set to 3. Then, the RPEM was initialised using the parameter vector obtained by the
intialisation algorithm.

For the initialisation of the RPEM, some tuning and initial values other than the param-
eter vector need to be set. The starting value of the Hessian was chosen as a scale factor
times the identity matrix, R(0) = 100I, the initial noise variance Λ(0) = 0.1I and the
intial state vector x(0) = (y(0) 0). An important part of the algorithm is the sampling
time scale factor and it was chosen as α = 1.5, cf. [12]. For further improvements of the
results, the algorithm was initialised once more with the previoulsy obtained parameters
until no more improvement was achieved and the parameters had converged.

5 Experimental results

5.1 Validation

Since the WHTC data is the only available data at our disposal, to validate the results
of the algorithm, the data set was divided into two separate parts. To be able to use the
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algorithm to capture all NOx dynamics 75% of the data was used for identification and
the remaining 25% was used for validation. To measure the accuracy, the percentage fit
γ was calculated comparing the estimated and real output using:

γ =

(
1− ||y − yes||

||y − ȳ||
)
· 100 (19)

where yes is the estimated output and y is the output NOx from the simulator, and ȳ
is the mean value of the signal y. Eventually, the model (17) was obtained. Fig. 3
illustrates the results obtained by the second order linear model on the identification
data, and the corresponding results on the validation data is seen in Fig. 4, with the
percentage fit of 64.52% and 41.15% , respectively.

It is clear that the linear model is not capable of fully describing the system dynamics,
especially for the validation data set. When using the non-linear terms in (17), the results
were slightly improved, as shown in Fig. 5 and the model fit for the identification data
set was increased to 67.31% . Obviously, the non-linear model is better at catching the
system dynamics at the beginning of the data set. The major improvements are however
seen in the validation data set, were the model fit is improved from 41.68% to 61.54%,
see Fig. 6. These results show that the non-linear model is better at describing the areas
where the ammonia is mostly active, see Fig. 2.
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Figure 3: Output from simulator, solid, and the output from the RPEM, dashed, in
fraction for the identification data set. The model fit for this linear model is 64.52%.

5.2 Algorithm comparison

To analyse the effect of a more accurate discretisation algorithm suggested by [11] com-
pared to the Euler based RPEM of [13], the two identification algorithms were applied
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Figure 4: Output from simulator, solid, and the output from the RPEM, dashed, for the
validation data set. The model fit for this linear model is 41.15%.

on the same data set using the same initial parameters. The results were then compared,
and are shown in Table 2. It is also important to mention that the identification and
validation was made on the same data set in this experiment.
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Figure 5: Output from simulator, solid, and the output from the RPEM, dashed, for the
identification data set. The model fit for this non-linear model is 67.31%.

It is clear that the more accurate integration algorithm improves the results somewhat.
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Table 2: Comparison between the Euler and the midpoint integration algorithm.
Method Number of parameters (Model) Percentage fit
Euler 9 (Linear model) 40.65%

Midpoint 9 (Linear model) 41.68%
Euler 16 (Non-linear model) 55.64%

Midpoint 16 (Non-linear model) 61.54%
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Figure 6: Output from simulator, solid, and the output from the RPEM, dashed, for the
validation data set. The model fit for this non-linear model is 61.54%.

6 Conclusions

In this paper, a non-linear black box model has been used to recursively estimate an
SCR process and the results were compared to a linear model. The non-linear model was
shown to be more accurate than the linear model. The main reason for this choice of
identification approach was to simplify the modelling process and reduce the complexity
that the first principle based model brings about. Even though the system has four input
signals, it can be described using only 16 parameters. The identification method was an
RPEM based on a restricted black-box state space model and the model was discretised
using the midpoint integration algorithm. The results were compared to the Euler based
algorithm, showing an improvement of the results using a more accurate discretisation
algorithm.

Interesting topics for further research would be to design non-linear controllers using the
identified model and to evaluate these. Also, the current model could be improved using
user defined input signals.
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Identification of a Discrete-Time Nonlinear
Hammerstein-Wiener Model for a Selective

Catalytic Reduction System

Darine Zambrano, Soma Tayamon, Bengt Carlsson and Torbjörn Wigren

Abstract

This paper deals with the identification of the nitrogen oxide emissions (NOx)
from vehicles using the selective catalyst as an aftertreatment system for its re-
duction. The process is nonlinear, since the chemical reactions involved are highly
depending on the operating point. The operating point is defined by the driving
profile of the vehicle, which includes for example, cold and hot engine starts, high-
way, and urban driving. The experimental data used in this paper are based on a
standard transient test developed for Euro VI testing. Real measurements of NOx

inlet concentration, injected urea, inlet temperature and exhaust flow are used as
inputs to a detailed simulator. NOx output concentration from the simulator is
used as output, so there is no interference from the ammonia concentration in the
NOx output concentration due to cross-sensitivity. Experimental data are properly
divided into identification and validation data sets. A Hammerstein-Wiener model
is identified and it represents the dynamics very well. The best fits achieved with
this model are 78.64% and 68.05% for the identification and validation data, respec-
tively. Nonlinear static functions are selected from the knowledge and analysis of
a selective catalytic reduction first principles based model. Identified linear models
are able to represent the NOx emission with a fit of 68.93% and 38.92% for the
identification and validation data, respectively.

1 Introduction

NOx emissions in exhaust gases adversely affect the environment, since NOx contributes
to the formation of acid rain and ground level ozone, among others. To prevent damages
to the environment and human health, emission standards for a number of atmospheric
pollutants, as NOx, have been established decades ago and they are stringently updated.
One of the technologies used for NOx control is the selective catalytic reduction (SCR).
This technology has been developed from the 50’s, using several components for the
catalyst (e.g. vanadium, titanium) and several reducing agents (e.g. ammonia), and it
has been employed successfully in power plants, furnaces, gas turbines and automotive
applications. Among the current technologies, SCR is the more convenient one for heavy-
duty applications, but optimal operation is required to meet new emission targets [1]. [2]
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introduced Euro VI emission standards, and they become effective from 2013 and 2014.
The proposed limit value for NOx emissions is 0.4 g/kWh for heavy-duty engines.

Numerous authors have contributed in the development of detailed and complex models
for SCR systems, see e.g. the lumped parameter model developed by [3]. Recently, [4]
presented a transient kinetic model for SCR of NOx with ammonia over an Fe-zeolite
catalyst for a wide range of temperatures (i.e. 150◦C to 650◦C). In [5], a simplified
dynamic model of a three-way catalytic converter is developed and validated against
dynamic A/F (air/fuel) and emissions data. In [6], a detailed model for diesel engines is
developed and validated, including the SCR catalyst model, model based optimization is
applied to minimize brake specific fuel consumption including urea cost while maintaining
NOx and NH3 emissions at Euro VI levels. A model describing exhaust gas temperature,
molar flows of NOx and NH3 downstream of the treatment system for variations in the
engine power and constant engine speed was developed in [7]. [8] illustrates a transient
model of SCR monolith reactors for automotive applications, which is validated against
data at different scales, including engine test bench experiments. Also, the dynamic
effects at low temperatures are analysed. There are numerous kinetic models in the
literature, which often require several and specific tests for determining the parameters
of the model. From the point of view of control, it is however attractive to obtain simpler
models that can be used more easily in controller design. [9], for example, shows the NOx

emission prediction from the diesel engine operating variables by using a neural network,
the split and fit algorithm and a polynomial NARX algorithm, but the SCR system is
not treated.

Optimal performance of SCR is a challenging problem, with many research efforts being
made. An interesting analysis of the closed loop SCR control from a practical control
point of view is illustrated in [1], where also three control strategies are evaluated using a
simulator. [10] presents a combination of feedforward and feedback control structures for
a SCR process using software sensors for measurements of the nitric oxide concentration
at the input of the catalytic converter and the flue gas flow rate. [11] presents a model-
based feedforward controller. The issue of the cross-sensitivity in NOx sensors is analysed
in [12]. Ammonia coverage ratio is estimated by the use of nonlinear observers in [13].
These works highlight the need of using advanced control strategies to meet the stringent
requirements.

The objective of this paper is to model the dynamics of the NOx emissions in the exhaust
gas aftertreatment system for the changing operating conditions exhibited in automotive
applications. A main idea is to use a simple model structure, thereby facilitating controller
design. Promising results using nonlinear Hammerstein-Wiener models [14] are reported
in this paper. Another noteworthy aspect is that the model uses an exponential function
of the temperature to scale the effect of the input temperature. Hammerstein-Wiener
models have also been used successfully in other chemical processes as for example [15, 16].
The main contribution of this work is hence the development of simpler, yet accurate,
models for NOx in the aftertreatment flue gas having less estimated parameters than
those available in the literature and that can be estimated from regular operating data.
The fact that few parameters need to be estimated simplifies controller design and is
particularly important in case adaptive control is attempted.
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Figure 1: SCR system

The paper is structured as follow: Section 2 describes the analysed process, specifically
Subsection 2.1 illustrates the SCR system, and Subsection 2.2 details the experimental
data set used for identification. Identified models are described in Section 3. A compar-
ison between the identification results is made in Section 4. Finally the conclusions are
presented in Section 5.

2 Selective Catalytic Reduction system

2.1 Description

For automotive applications, the selective catalytic reduction exhaust gas aftertreatment
system commonly consists of a honeycomb monolith, where several chemical reactions
take place, combined with a dosification system of a reduction agent. Fig. 1 shows the
main components of the system: the urea injection system, the catalyst and the sensors
for exhaust flow, temperature and concentrations.

The SCR system consists of two main stages. Firstly, a reduction agent, in this case urea,
is injected upstream through a nozzle and mixed with the exhaust flow at the input of the
catalyst. Urea is contained in a harmless aqueous solution commercially named AdBlue,
which consist of 32.5% urea. Urea is converted to ammonia as is shown in the following
reaction (1):

CO(NH2)2 + H2O → 2NH3 + CO2 (1)

Secondly, the ammonia is partially adsorbed on the surface of the catalyst, where finally
the dominant reactions occur in the catalyst, i.e. the ammonia reacts with the NOx

emitted by the engine (NOx is composed primarily of NO with lesser amounts of NO2)
in order to get nitrogen gas (N2) and water (H2O) as final products:

• Standard SCR reaction

4NH3 + 4NO + O2 → 4N2 + 6H2O (2)
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• Fast SCR reaction

4NH3 + 2NO + 2NO2 → 4N2 + 6H2O (3)

• NO2 SCR reaction
8NH3 + 6NO2 → 7N2 + 12H2O (4)

The efficiency of the SCR system is usually evaluated by the amount of NOx reduced
within the catalyst, see (5) (C is concentration), and by the ammonia slip, which repre-
sents the unreacted ammonia. Only the first measure is used in this paper.

%NOx,r =
CNOx,in

− CNOx,out

CNOx,in

× 100 (5)

The optimal operation of a SCR system requires taking into account the complex re-
lationships governing the products formation. There are many factors affecting these
formations. The amount of formed NH3 depends on temperature and space velocity
[17]. The homogeneous injected urea distribution improves the NOx conversion. For low
temperatures NOx conversion is decreased. Some undesirable products can be formed
depending on the temperature value (see [1]), NH3 oxidation is produced for high tem-
peratures (>450◦C), and ammonium nitrate (NH4NO3) and nitrous oxide (N2O) are
formed at respectively temperatures below 200◦C and above 450◦C. In automotive appli-
cations the temperature can vary significantly, from the cold start of the engine until hot
operating conditions.

2.2 Experimental test

The World Harmonized Transient Cycle (WHTC) ([18]) will be used for Euro VI testing.
For this reason, it was used for the identification test in this paper. The WHTC is a
transient test with a length of 1800 s which specifies engine speed and load values. It
starts with a highly transient part (urban driving) and ends with higher load and less
transience (highway driving). Fig. 2 shows the NOx at the output of the catalyst obtained
from the simulator, which is the model output (yr) [fraction], and the four signals used as
inputs, i.e. NOx concentration at inlet (ur,1) [fraction], the injected urea (ur,2) [g/min],
the temperature (ur,3) [K] and the exhaust flow (ur,4) [mol/s]. From Fig. 2, it can be
noticed that the exhaust flow exhibits steady values and high frequency changes. The
amount of injected urea is related to the NOx input concentration and to the exhaust
flow. It can be noticed that its value is zero during some time intervals, specifically
for low exhaust flow or low NOx input concentration. Also, the temperature changes
smoothly for a broad range of values, i.e. 470 K to 670 K approximately (200◦C to 400◦C
approximately). A detailed explanation of the simulator used can be found in [6]. The
advantage of using this simulator is that several input signals can be tested, and the
issue of the cross-sensitivity in the NOx output sensor due to the presence of ammonia
is avoided. Recent publications about available NOx sensors, e.g. [12], have shown that
they are affected significantly by the amount of ammonia at the output of the tailpipe.
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Figure 2: Experimental data.

This issue can create instability problems in closed-loop control using such sensors for
feedback. Fig. 3 shows the percentage of NOx reduction for the data set used. It can
be observed that the NOx conversion is highly affected by the changes in the engine
variables and the injected urea. The plot illustrates the difficulty to be able to keep high
NOx conversion (>80%) coping with these varying operating conditions.
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Figure 3: Percentage of NOx reduction for the experimental data set.
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Table 1: Values used for preprocessing
Variable yr ur,1 ur,2 ur,3 ur,4

Mean 0.325×10−3 0.619×10−3 8.418 533.97 3.596
SD 0.2667×10−3 0.482×10−3 11.212 48.130 1.338

3 Identification

3.1 Data preprocessing

Table 1 shows the values used for preprocessing of the inputs and the output. The original
data have been processed to have zero mean and standard deviation (SD) one. In this
paper, the first 900 samples have been used for identification and the last 300 samples
for validation (see the boundary line in Fig. 2 at sample 900). The sampling time is 500
ms. The preprocessed variables are denoted by y, u1, u2, u3 and u4 respectively.

3.2 Linear models

Two linear models were estimated (M-I and M-II), in order to evaluate what is the best
behaviour achieved with linear models. u1, u2, u3 and u4 are considered as model inputs,
and y as model output. State space (M-I) and autoregressive (M-II) models were ob-
tained using Matlab commands, pem and oe, respectively, from the System Identification
Toolbox. The first one, pem, estimates the model parameters of a state space model
using the iterative prediction-error method (PEM) for minimization. The second one,
oe, estimates the parameters of an output-error (OE) model using the prediction error
method, for more details see [14, 19].

3.2.1 State space model (M-I)

The state space model is obtained by the minimization of the quadratic error between
the measured output and the estimated output. The discrete time state-space model is
as follows:

x(t+ 1) = Ax(t) +Bu(t) (6)
y(t) = Cx(t) +Du(t)

where A, B, C, D are the system matrices with proper dimensions, x(t) is the state vector
and t is discrete time. The number of states is 2. There were no significant improvement
when the number of states was increased.

3.2.2 Autoregressive model (M-II)

The parameter coefficients were obtained using the prediction error method in which the
minimized criterion is the square of the filtered error, normalized by the length of the

6



Figure 4: Hammerstein-Wiener model block diagram.

data set. The structure of a general multiple-input single-output (MISO) auto regressive
model takes the following form,

y(t) =
n∑

i=1

Bi(z
−1)

Fi(z−1)
ui(t) + e(t) (7)

where y(t), ui(t) and e(t) are the system output, inputs and noise respectively, and n is
the number of inputs for a MISO system. Bi(z

−1) and Fi(z
−1) are polynomials defined in

the backward shift operator z−1. The order chosen for this model was 2, with n selected
as 4.

3.3 Non-linear models: Hammerstein-Wiener model (M-III, M-IV,
M-V)

As linear models are not able to accurately describe the NOx behaviour for these tran-
sient conditions, static nonlinear functions were included by the use of Wiener and
Hammerstein-Wiener models. In general, a Hammerstein-Wiener model is comprised
of three blocks: a static input nonlinearity (from Hammerstein model), a linear dynamic
system, and a static output nonlinearity (from Wiener model). For more information see
([20, 21, 22, 14]). Fig. 4 shows the connection between these blocks. Static nonlinearities
(g(·) and h(·)) can be identified using black-box techniques, or be fixed from the knowl-
edge of the process. The advantage of using these independent blocks is that they can be
fixed in an individual way, even the static nonlinearities in multivariable systems. The
linear model in Fig. 4 is represented by a state space model, but any linear model can be
used in this block. A Wiener model (M-III) and two Hammerstein-Wiener models (M-IV
and M-V) were identified.

3.3.1 Static nonlinear output function

The static output nonlinearity is chosen as a saturation function for the M-III, M-IV
and M-V models, since negative values for NOx concentration are not physical. They are
observed in the linear model response. The lower limit (wmin) is set as the ratio between
the mean value and the standard deviation of yr (see (8)).

y(t) =

{
w(t) for w(t) > wmin

wmin for w(t) ≤ wmin

}
(8)
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3.3.2 Static nonlinear input functions

For the model M-III, static nonlinear input functions are not set as it is a Wiener model.
For the M-IV identified model, the static input nonlinearity is fixed only for the temper-
ature, and it is expressed in the same way that temperature is involved in the chemical
reaction rates in the first principle based model (see (10)). It is well-known that there are
several chemical reaction rates, so the value of a has been fixed in order to have a value
of the same order as in the first principle based model presented in [11] for the standard
SCR reaction (2). The value of a was set as 104. The idea is to use the kinetic equations
to fix the shape of the nonlinearities, but the idea is not to have a physical explanation
for each one of these. The static input nonlinearity v3,IV (t) for the model M-IV is the
exponential of the negative scaled inverse of the temperature expressed in Kelvin (see
(10)). Therefore, for the models M-IV and M-V, the inputs of the static nonlinearity func-
tion g(·) are the real inputs ur,i(t), and vi,IV (t) are the preprocessed variables having zero
mean and SD one. Mean and SD values are the same as in Table 1, except for v3,IV (t)
that has 2.614×10−8 as mean value and 5.372×10−8 as SD. Hence

vi,IV (t) = ui(t) for i = 1, 2, 4 (9)
v3,IV (t) = e(−a/u3(t)) (10)

The input nonlinearity given by (10) was retained for the set-up of the input nonlinear
functions of the model M-V, as it showed to be a beneficial choice.

Piecewise linear (PWL) functions as static nonlinear function in block-oriented models
have shown to be a versatile and efficacious alternative [23]. This is employed in M-V here.
The previous inputs vi,IV (t) from (9) and (10) are used for the PWL estimation. The
input set of signals for the linear block of the model M-V is given by the PWL function
vi,V (t) defined as (11):

vi,V (t) = cjvi,IV (t) + dj ∀vi,IV ∈ Rj, (11)
for j = 1, 2, . . . , Ni.

where R1, . . ., RNi
are partitions of �. For the model M-V, the number of partitions are

{N1, N2, N3, N4} = {9, 5, 9, 5}. In this paper, the linear dynamic system for the models
M-III, M-IV and M-V is represented by (7), with w(t) as the system output and vi(t)
as the systems inputs (i = 1, 2, 3, 4). The fact that the piecewise model consists of 56
parameters requires special consideration of validation, see Section 4.

4 Results and analysis

Figs. 5 and 6 show the output for the different models for the identification data set as well
as validation data set in the units of the measured variable. In Fig. 5, it can be observed
that the major deficiency of the linear models (M-I and M-II) is in the estimation of low
values of NOx, but their behaviour for high frequency changes at intermediate values,
as between 100 and 250 samples, are reasonably good. From Fig. 6 can be noticed
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Figure 5: NOx output for the identified models using the identification data set.

that some peaks using the validation data set have higher values for the identified linear
models than for the output from the simulator. As the performance criteria used (see
Table 2) showed a slightly better overall performance for the OE model (M-II), this
structure was used as linear model for the Wiener and Hammerstein-Wiener models. As
the main source of error is observed for low values of NOx, the next step was to include a
saturation function as the static output nonlinearity of a Wiener model as in [24]. Figs. 5
and 6 show for the Wiener model (M-III) that negative values in the NOx output were
eliminated and the peaks in the validation data set are closer to the real output than with
the linear models. In order to improve the NOx estimation, a static input nonlinearity
was considered for the temperature in the first Hammerstein-Wiener model (M-IV). The
outcome of this static nonlinear function is stressing the effect of the temperature for high
values and minimizing its effect for low temperatures. It can be noticed that the NOx

estimation is better than using the other identified models, and, that an undesired ripple
on the previous output signal is eliminated. The NOx estimation was hence improved
with this input nonlinearity. The best results were obtained for the second Hammerstein-
Wiener model (M-V) by incorporating PWL functions to the static input functions. PWL
functions are shown in Fig. 7. Notice that the following combinations were tested but
they did not exhibit better results than the previous one: the first one, PWL functions
as static nonlinear functions for the inputs and the output, and the second one, the
saturation function for the output and PWL functions for the inputs without using the
exponential function for the input 3.

To make a quantitative comparison, FIT and MSE values have been considered as per-
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Figure 6: NOx output for the identified models using the validation data set.

formance criteria and they are defined as (12) and (13):

FIT =

(
1− ‖yr − y‖2

‖yr − yr‖2

)
× 100 (12)

MSE =
1

N

N∑
t=1

(y(t)− yr(t))
2 (13)

where y is the identified output, yr is the output from the simulator, N is the number of
samples, and ‖ · ‖2 denotes the spectral norm.

Table 2 summarizes the values of FIT and MSE obtained for the each model. It can be
observed that the best FIT for the validation data set is 66.80% for the Hammerstein-
Wiener model (M-V). Notice that the difference between the FIT for the linear autoregres-
sive model and the Hammerstein-Wiener model is 22.11%, which results in a significant
improvement since both linear models have the same number of parameters, and the
added static nonlinearities were relatively simple and intuitive, i.e. the saturation and
the exponential functions. Besides, incorporation of the PWL functions allows to get an
extra improvement of 6.16% and 7.02% over the results obtained with the model M-IV
for the identification and validation data set respectively. It evidences the PWL ability
to deal with nonlinear systems with changing operating points. In the same way the
best MSE values are achieved for the Hammerstein-Wiener models. From the results it
is concluded that M-V is probably not subject to overfit, despite the quite high number
of parameters used.
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Table 2: Results
Model Identification Validation

FIT MSE FIT MSE
M-I 61.76% 0.156 40.33% 0.245
M-II 68.93% 0.103 38.92% 0.256
M-III 75.36% 0.065 55.67% 0.135
M-IV 72.48% 0.081 61.03% 0.104
M-V 78.64% 0.049 68.05% 0.070

5 Conclusion

The identified Hammerstein-Wiener models represent quite well the NOx behaviour for
transient operating conditions. Of all the candidate models studied, these nonlinear
models provide a superior reproduction of the experimental data over the whole analysed
period. Other appealing features of these Hammerstein-Wiener models lie in the simplic-
ity of the nonlinearities considered and the posibility to include new nonlinearities, as
well as in its easy implementation. These favorable results indicate that black-box simple
models can estimate the NOx emission.

The development of the proposed models can contribute to the development and imple-
mentation of nonlinear control strategies, which are needed to deal with the stringent
specifications and dynamic operating conditions of automotive applications. It can be
used in combination with robust controllers into a closed control loop structure, in order
to deal with inaccuracies in NOx measurements, as well as with unmodeled dynamics and
time delay, and to improve accuracy in the urea dosage.
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Future works include the analysis of more experimental data, including higher values for
temperature. It could also be useful to improve the model structure and include delay
estimation. Another future extension for this work is to include the ammonia slip as a
new output of the model.
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