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Abstract

The subject of this paper is to derive the results needed to prove a generalization
of the approximation theorem for Legendrian knots found in [1] to an embed-
ding of a closed orientable 2-dimensional manifold in (R5, ξstd) following similar
geometric ideas. We first look closer at the original proof of the 1-dimensional
version presented in [1] and then proceed to naively prove a local version of the
sought theorem which asserts that an embedding of a cylinder S1 × [a, b] can
be approximated by a Legendrian embedding using methods inspired by and
similar to the 1-dimensional case. To do this we consider the front projection
and construct a 2-dimensional version of the zig-zags used in the proof of the
approximation theorem for knots.
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Chapter 1

Purpose and setup

The purpose of this project has been to work towards proving the following
proposition, which is a generalization of the approximation theorem for knots
found in [1].

Theorem 1.0.1. Let f : M → (R5, ξstd) be an embedding of a closed orientable
2-dimensional manifold M . Then f can be C0-approximated by a Legendrian
embedding isotopic to f .

This is essentially a special case of the Approximation Theorem found in
section 3.4.3 of [2].

To do this we derive a number of necessary lemmas and tools, motivated by
the following strategy for how one might go about proving the above theorem.

In order to achieve an approximation we want to use what we already know,
the approximation theorem for knots. We first want an approximation of f by
an embedding which is Morse in the y2-direction. Now we look at level surfaces
y2 = c where c is a regular value. The inverse image of y2 = c, because c is a
regular value, is then an embedded submanifold of M of dimension 1. That is,
diffeomorphic to a countable union of circles but without loss of generality we
can restrict ourselves to the case where we only have one. The image of this
curve under f is then a curve in (R5, ξstd) for which dy2 = 0, hence the contact
form α with kerα = ξstd reduces to α = dz + x1dy1. We are now in a situation
where we can apply the approximation theorem for knots in order to achieve an
approximation of this curve by a Legendrian curve. Hence we need to study the
original result before we can begin a proof of the main result.

Choosing two regular values of y2 between which there are no critical values,
the embedding will then be diffeomorphic to S1 × I where I is the closed inter-
val with our chosen regular values as endpoints. We then want to approximate
each such cylinder and show that if it is already Legendrian near the edges this
approximation can be taken to coincide with the already Legendrian part at
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the edges so that they can be pieced together to form an approximation for all
regular values. Here we can again use ideas from the proof of the approximation
theorem for knots.

We will also need to approximate f at the critical points. This is not done
in this paper and is left for future work. However, if c is a critical value of
y2 we would like to show that a neighbourhood of this critical value can be
approximated by a small perturbation. Since the critical points are isolated
we can then find regular values arbitrarily close. Since we would then know
that the approximation at regular values can be made to coincide with already
Legendrian approximations at the edges we can then begin by approximating at
each critical value and then glue together the approximations at regular values
with these. This would give us a global approximation.
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Chapter 2

Background

This chapter is devoted to the study of the approximation theorem for knots
(theorem 2.44 of [1]). The necessary lemmas (lemma 2.45 and lemma 2.47 of
[1])are also presented for completeness. Note that throughout this paper all
manifolds are assumed to be smooth, paracompact and orientable.

First we need a definition of the front projection and the Lagrangian pro-
jection for any dimension. To avoid confusion the standard contact structure of
R2n+1 is also given as there are a few different notations for it in the literature.
The notion of a C0-approximation will also be defined.

Definition 2.0.2. The standard contact structure on R2n+1 = {(x1, . . . , xn, y1, . . . , yn, z)},
which will be denoted by ξstd, is given by ξstd = ker(dz +

n∑
i=1

xidyi)

Definition 2.0.3. Let f : M → (R2n+1, ξstd). The front projection of f(x) =
(x1(x), . . . , xn(x), y1(x), . . . , yn(x), z(x)) is given by fF (x) = (y1(x), . . . , yn(x), z(x))
and the Lagrangian projection is given by fL(x) = (x1(x), . . . , xn(x), y1(x), . . . , yn(x))
for x ∈M .

Definition 2.0.4. A C0-approximation by ε of a map f is a map f̃ such that
locally (in coordinates) we have ||f̃(x) − f(x)|| < ε. A map f can be C0-
approximated if for any ε > 0 we can find a map f̃ which is a C0-approximation
of f by ε. Similarly, a Ck-approximation, 1 ≤ k ≤ ∞, satisfies the C0-
approximation condition for every derivative of order up to and including k.
For k =∞ it is required to satisfy the condition for any derivative.

Proposition 2.0.5 (Lemma 2.45 of [1]). Let γ : (a, b) → (R3, ξstd) be a Leg-
endrian immersion. Then its front projection γF (t) = (y(t), z(t)) does not have
any vertical tangencies. Away from the cusp points, γ is recovered from its front
projection via

x(t) = − ż(t)
ẏ(t)

= −dz
dy
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i.e. x(t) is the negative slope of the front projection. The curve γ is embedded
if and only if γF has only transverse self-intersections.

By a C∞-small perturbation of γ we can obtain a generic Legendrian curve
γ̃ isotopic to γ; by a C2-small perturbation we may achieve that the front pro-
jection has only semi-cubical cusp singularities, i.e. around a cusp point at t=0
the curve γ̃ looks like

γ̃(t) = (t+ a, λt2 + b,−λ(2t3/3 + at2) + c)

with λ 6= 0.
Any regular curve in the (y, z)-plane with semi-cubical cusps and no vertical

tangencies can be lifted to a unique Legendrian curve in R3.

Note that the term generic curve above simply means that the y-coordinate
of the curve is a Morse function, as described later in section 3.1.

Proposition 2.0.6 (Lemma 2.47 of [1]). Let γ : (a, b)→ (R3, ξstd) be a Legen-
drian immersion. Then its Lagrangian projection γL(t) = (x(t), y(t)) is also an
immersed curve. The curve γ is recovered from γL via

z(t1) = z(t0)−
t1∫
t0

xdy

A Legendrian immersion γ : S1 → (R3, ξstd) has a Lagrangian projection
that encloses zero area. Moreover, γ is embedded if and only if every loop in γL
(except, in the closed case, the full loop γL) encloses a non-zero oriented area.

Any immersed curve in the (x, y)-plane is the Lagrangian projection of a
Legendrian curve in R3, unique up to a translation in the z-direction.

Time has now come for a more detailed proof of the Legendrian case of the
approximation theorem for knots using both the front and the Lagrangian pro-
jections. The lemmas 2.45 and 2.47 will both be used in the respective case. The
proofs of these lemmas will not be detailed. I also include an example of how
the two techniques can be used to approximate curves. Hopefully these images
will serve to visualize the two techniques, despite my lack of artistic prowess.

Theorem 2.0.7 (Theorem 2.44 of [1]). Let γ : S1 → (M, ξ) be a knot, i.e. an
embedding of S1, in a contact 3-manifold. Then γ can be C0-approximated by
a Legendrian knot isotopic to γ. Alternatively, it can be C0-approximated by a
positively as well as a negatively transverse knot.

I first present a proof using the front projection. Note that I will not prove
the last part about transverse knots since this case is of no importance for the
goal of this paper.

Proof. Let γ : S1 → (M3, ξ) be a knot (an embedding of S1) in a contact 3-
manifold M. Using Darboux coordinates in M we can choose a finite cover of
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coordinate charts of S1 so that each the image of each chart under γ lies entirely
in one Darboux chart. Hence, locally this embedding looks like an embedding
γ̃ : R → (R3, ξstd). The tilde will be used to specify such a local piece of the
knot γ. As described in [1] the procedure will be to find a C0-approximation
of the front projection of γ̃ satisfying the necessary conditions of lemma 2.45
so that it can be uniquely lifted to a Legendrian curve which can also be made
to approximate the original x-coordinate. In order to avoid introducing self-
intersections in this lift we need to find an approximation with only transverse
self-intersections. Each of the local pieces which we have approximated can then
be pieced together to create an approximation of the entire knot.

To be able to glue all the approximated pieces together consistently we need
to show that an approximation can be made without touching the endpoints
of the interval (a, b) on which γ̃ is defined since then, if the curve is already
Legendrian near the endpoints, we can make it Legendrian inside and make the
approximation coincide with the already Legendrian curve near the endponts.

First we want to find an approximation of y(t) by a Morse function. I assert
that this can be done. Now consider a critical point of this new approximation.
Only at these points can there now be a vertical tangency of the front projec-
tion. Using the same method as presented in the proof of lemma 2.45 in [1] we
can give this new ỹ(t) the necessary appearance. For any sufficiently small ε
we can now simply define z(t) for all |t| < ε according to the formula given in
lemma 2.45, i.e. as a third degree polynomial in t, so that it remains as close
to the original z(t) as we want while at the same time avoiding the vertical
tangency (we are essentially giving the z-coordinate an arbitrarily small pinch
at the critical point of ỹ) and likewise for x(t). Outside of this small neighbour-
hood we let the coordinates coincide with the old curve. This takes care of the
approximation at all critical points of ỹ.

Away from the critical points we add small zigzags satisfying the condition

that
dz

dy
(t) is close to −x(t) for all t. This makes the approximation Legen-

drian. If the front projection has any self intersections these zigzags must be
chosen so that they are transverse at any self-intersections. This is easily done
by simply giving any zigzag an arbitrarily small nudge at any non-transverse
self-intersection, thus making sure that the slope remains arbitrarily close to
−x(t) but making the intersection transverse and therefore making sure the
Legendrian lift is an embedding, as by lemma 2.45.

Finally, if the curve is already Legendrian near its endpoints the approxi-
mation can be chosen to coincide with the original curve there since it already
satisfies the criterion on the slope so that, being already arbitrarily close to it,
we can match up the approximation with the original curve while still remain-
ing an approximation. This allows us to glue all of these local approximations
together to a global, embedded, approximation.
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Example 2.0.8. Consider the curve S1 → (R3, ξstd) being the standard inclu-
sion of the circle in the (y, z)-plane with x = 0. The front projection of this
curve is simply the circle in R2, which we want to approximate. As such, we
want to find a curve close to the circle but having slope close to zero according

to the formula
dz

dy
= −x. This is done, as explained above, by adding zigzags,

as seen in figure 2.1.

Figure 2.1: Approximating using the front projection

Now for the proof using the Lagrangian projection and lemma 2.47.

Proof. From lemma 2.47 we know that we can lift any immersed curve in the
(x, y)-plane to a Legendrian curve and that if every loop in the (x, y) plane en-
closes a non-zero area it can be lifted to an embedding. The goal will therefore
be to approximate γL by an immersed curve satisfying this and then lift it to
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an embedding which is also a C0-approximation of γ. Just as in the previous
case begin by only looking at local pieces γ̃ : (a, b) → (R3, ξstd) of the curve γ.
Assume that there is an ε such that on (a, a + ε) and (b − ε, b) the curve γ̃ is
already approximated by a Legendrian curve. Hence we want to approximate
the rest of the interval without destroying the approximation at the endpoints,
so that these local approximations can be glued together as in the proof using
the front projection. There is one problem, γ̃L might have singularities. This
situation will be dealt with after the problem free case in which it has no sin-
gularities has been dealt with.

By lemma 2.47, we can lift a curve to a Legendrian curve using the formula

z(t) = z(t0)−
t∫

t0

xdy

Using Stokes’ theorem one can show that, for a closed curve, the integral
equals the oriented area enclosed by the curve. As such the plan will be to
add small loops to our approximation, staying within a small enough tubular
neighbourhood of γ̃L, so that the area enclosed by these loops approximate the
original z coordinate. For example, if we want an approximation within a given
ε > 0 we might follow the original γ̃L with the new z coordinate given by the
above formula, our starting point z(t0) chosen so that approximation coincides
with the old curve at that point, until the difference between the new and the
old one is too large, at which point we add a small loop of the correct orienta-
tion, go around it as many times as necessary and then continue following the
curve until we need to add another loop.

This procedure also allows us to begin the approximation at the starting
point of the old curve and preserve the already Legendrian part, the part
parametrized on the interval (a, a+ε), at the start of the curve since the formula
for the new z coordinate assures us that these will coincide in that area. To
make sure we also preserve the Legendrian part at the end we follow the above
approximation procedure until the curve is already Legendrian and then add a
loop to get the approximation to coincide with the old curve and then simply
follow it using the given formula and they will again coincide. This allows us to
glue together these local approximations to a global approximation since then
we can choose a piece of the curve to start approximating and then we can
approximate the next piece and make it fit together with what we already have.

Finally, if γ̃L has a singularity, meaning that
dy

dt
=
dx

dt
= 0, we must have

that
dz

dt
6= 0 for γ̃ since it is an embedding and therefore a regular curve and

as such cannot have singularities. This also means that the direction of γ̃ must

be the same as long (x(t), y(t)) is constant since the sign of
dz

dt
cannot change
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without passing 0. Thus at a critical point of γ̃L we can add a loop of the right
orientation and just go around it until γ̃L starts moving again.

This completes the proof of the approximation theorem using the Lagrangian
projection.

Example 2.0.9. Consider the curve γ : S1 → (R3, ξstd) where γ is the standard
inclusion in the (x, y)-plane. Then the Lagrangian projection γL, which is just
the projection on the (x, y)-plane, looks the same as the original curve. We do
not need to worry about the local behaviour of the curve since we are already
in (R3, ξstd) so we can take care of the entire curve at the same time. To do
this we simply choose a starting point and a direction to go around the circle
and add small loops of the opposite orientation to counteract the contribution of
area from the circle itself and tie it all together when we get back to where we
started. The end result of the looks something like in figure 2.2.

Figure 2.2: Approximating using the Lagrangian projection
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Chapter 3

Results

In this chapter the results and models needed in order to construct a proof of
the generalization of the approximation theorem are presented. This chapter is
not complete as there are a few more lemmas which would ultimately be needed
in order to piece together a complete proof of the theorem.

3.1 Preliminaries

Before we begin, some topics need to be covered. These are things I have used
in generalizing the lemmas as well as in my results towards generalizing the
approximation theorem.

Definition 3.1.1. Let M,N be smooth manifolds and let f : M → N be a
C1-map. A point p ∈ M is called a critical point of f if the differential dfp :
TpM → Tf(p)N is not surjective. The value of f at a critical point is called
a critical value. The points in the complement of all critical values are called
regular values. In particular, if f ∈ C2(M), a critical point p is called non-
degenerate if the Hessian matrix of f at p is non-singular. The index of f at
a critical point p ∈ M is the maximum dimension of a subspace of TpM on
which the Hessian is negative definite and the nullity is the dimension of the
null-space.

It is worth noting that a point p ∈M is a critical point of f ∈ C∞(M) if and
only if dfp = 0, i.e. if the differential vanishes at p, which happens if and only if
all first order partial derivatives of f vanishes at p. Furthermore, a critical point
p is non-degenerate if and only if the nullity of f at p equals 0. Finally, the
index and nullity can be defined for any bilinear functional on a vector space,
not just the Hessian at a critical point.

Definition 3.1.2. Let M be a smooth manifold. A Morse function on M is a
function f ∈ C∞(M) such that all critical points of f are non-degenerate.
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Proposition 3.1.3 (Lemma I.2.2 of [3]). Let p be a non-degenerate critical point
of f. Then there is a local coordinate system (y1, . . . , yn) in a neighbourhood U
of p with yi(p) = 0 for all i and such that the identity

f = f(p)− (y1)2 − · · · − (yλ)2 + (yλ+1)2 + · · ·+ (yn)2

holds throughout U , where λ is the index of f at p.

Proposition 3.1.4 (Corollary I.2.4 of [3]). A smooth vector field on M which
vanishes outside of a compact set K ⊂M generates a unique 1-parameter group
of diffeomorphisms of M .

Lastly a result from [4]:

Proposition 3.1.5 (Corollary II.7.4 of [4]). Suppose that θ : Mm → Nn is a
smooth map and that y ∈ N is a regular value of θ. Then θ−1(y) is an embedded
submanifold of M of dimension m− n.
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3.2 Generalizing lemmas

The stage is now set to begin generalizing the said lemmas, starting with lemma
2.45. For simplicity, let z(p) denote the z-component of the function f , and
similarly for the other coordinate functions.

Proposition 3.2.1. Let f : R2 → (R5, ξstd) be a Legendrian immersion. Then
a point p ∈ R2 is a critical point of the function z if and only if p is a critical
point of each of the functions yi or xi(p) = 0 for i = 1, 2. For any point q
which is a regular point of yi we can recover xi from the front projection by the
formula

xi(q) = − ∂z

∂yi
(q)

The map f is an embedding if and only if fF has only transverse self-intersections.

Abusing some notation a map f will be used to mean either the map itself
or the image of the map, depending on the context.

Proof. From the Legendrian condition it follows that dz = −
2∑
i=1

xidyi. Hence

if dz = 0 we must have either xi = 0 for 1 ≤ i ≤ 2 or dyi = 0 for 1 ≤ i ≤ 2
since dy1 and dy2 are linearly independent. Furthermore, if dyi = 0 for all
1 ≤ i ≤ 2 then, by the Legendrian condition, dz = 0 as well, proving the

first statement. Now let dyi 6= 0. Then by the Legendrian condition − ∂z

∂yi
=

−dz
(
∂

∂yi

)
=

2∑
k=1

xkdyk
(
∂

∂yi

)
= xi proving the second statement. Assume f

is an embedding and let p ∈ fF be a point of self intersection. Then for any pair
of different points q1, q2 in the fibre over p (by which I mean the set of points
which project to p under the front projection) we must have that each of the
yi coordinates and the z coordinate agree but at least one of the xi coordinates

must differ since f is an embedding. As such, let xi(q1) 6= xi(q2)⇒ − ∂z

∂yi
(q1) 6=

− ∂z

∂yi
(q2) so that the differential at the corresponding points must differ and

hence also the tangent spaces. Thus the intersection is transverse. For the
converse, assume that the intersection is transverse so that the tangent spaces

are different so that for at least one i we have
∂z

∂yi
(q1) 6= ∂z

∂yi
(q2) ⇒ xi(q1) 6=

xi(q2) so that f is an embedding, proving the third statement.

Note that by the first statement, if we have dyi = 0 for all i at some point

then the tangent space at that point must be spanned by

{
∂

∂xi
: 1 ≤ i ≤ 2

}
.

While this can hold locally it must fail globally when considering

f : S2 → (R5, ξstd)
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since it must eventually “turn around” and close up on itself.

Now the generalization of lemma 2.47. Going to general dimension presents
us with some difficulties. These are discussed after the proof.

Proposition 3.2.2. Let f : R2 → (R5, ξstd) be a Legendrian immersion. Then
the Lagrangian projection fL is also an immersion.

Proof. The proof requires some extra care as compared to the 1-dimensional
case of lemma 2.47. Remember,

ξstd = ker

(
dz +

2∑
i=1

xidyi

)
= span

(
∂

∂x1
,
∂

∂x2
, x1

∂

∂z
− ∂

∂y1
, x2

∂

∂z
− ∂

∂y2

)
where the last term is taken pointwise. We now see that if the differential

is to map something into the
∂

∂z
it must map into at least one of the above

prescribed 1-dimensional subspaces given by the vectors xi
∂

∂z
− ∂

∂yi
. Under the

Lagrangian projection the subspaces of this kind lose their z-component leaving

them as simply − ∂

∂yi
. But these are still linearly independent, both amongst

themselves and to all the
∂

∂xj
, whereas the subspaces of the kind

∂

∂xj
remain

unchanged, hence the differential is still a monomorphism of tangent spaces and
so fL is also an immersion.

The other parts of the lemma are based entirely upon the formula using the
integral to recover the z-component and this is where problems arise.

Consider an immersion f : R2 → (R5, ξstd). The integral to recover the
z-component from the Lagrangian projection must be 1-dimensional since the
differential form from which we recover z is itself 1-dimensional. This poses no
problem in lemma 2.47 since we are looking at a curve immersed in R2 but it
does here since we’re looking at an immersion of R2 in R4. As such, in order
to find the z-component at a point we would have to choose a curve from some
starting point going to the point we’re interested in and integrating the 1-form
ω = −(x1dy1+x2dy2) along this curve. In the 1-dimensional case of lemma 2.47
there was no problem here since there was only one curve available, there were
no choices to be made. Now however the value of z would depend on the curve
chosen. We could for example choose an immersion such that its Lagrangian
projection is simply the (x1, y1)-plane, so that ω reduces to just −x1dy1. As
discussed earlier, the value of this integral along any loop is the oriented area
contained inside that loop. Then we can choose a curve with any signed area
we want and get any value for z. Thus we cannot recover the z-component from
the Lagrangian projection in a consistent manner using this method.

A final remark about this proposition: according to theorem 2.2.12 of [5] we
can always find a C0-approximation of f : R2 → (R5, ξstd) by a map f̃ such
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that f̃L is an immersion. Given any f we look at fL : R2 → R4 and since
2dim(R2) = dim(R4) we can find a C0-close immersion of fL. We can then lift
this using the original z-coordinate.

Lastly, both of these propositions generalize readily to immersions Rn →
(R2n+1, ξstd) by simply extending the indices.
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3.3 Creating the tools

We are now ready to begin constructing the lemmas and tools which are re-
quired in order to attempt a generalization of the approximation theorem using
a rather straight forward methodology. Note that throughout this section the
coordinate functions in (R5, ξstd) will be thought of as functions on M or its
image under the embedding f .

Before we begin, a reminder of the theorem which is the goal of this section:

Theorem 3.3.1. Let f : M → (R5, ξstd) be an embedding of a closed orientable
2-dimensional manifold M . Then f can be C0-approximated by a Legendrian
embedding isotopic to f .

We will need something about the amount of non-degenerate critical points
of a compact manifold. Note that we are interested in the case of a closed
manifold which is therefore also compact.

Proposition 3.3.2. Let M be a compact manifold. Then the set of non-
degenerate critical points of a function f : M → R is finite.

Proof. Let {pi : i ∈ I} be the set of non-degenerate critical points of the function
f . Then by proposition 3.1.3 there is a coordinate chart (Vi, ψi) at each of these
points where the function looks as in that proposition. In particular, each of
these points are isolated, i.e. there is a neighbourhood around each pi containing
no other critical point. Thus, add these coordinates to any atlas {(Uj , φj)} for
M . Choose neighbourhoods {Wi} of each pi such that W̄i ⊂ Vi for each i ∈ I and
remove each of these smaller neighbourhoods from the original atlas, creating
the sets {Ũj = Uj \ (

⋃
iWi)} which together with the original coordinate maps

and the charts {(Vi, ψi)} again form an atlas for which each Vi is essential. Now
use the fact that M is compact to choose a finite subcover of these, forcing the
set of Vi:s to be finite and hence also the non-degenerate critical points.

Now let c ∈ R be a regular value of the y2-coordinate. By proposition 3.1.5
the preimage of c is an embedded submanifold of M of dimension 2 − 1 = 1.
Hence, this preimage γ is a simple, closed, regular curve without boundary in M .
Therefore it must be diffeomorphic to a circle (Rather a countable union thereof
but we will only consider the case where this is connected as each connected
component can be treated separately and thus such situations pose no problem.
As such I will always assume hereafter that everything is connected.). The
image of γ under f is then a curve in f(M) for which the y2-coordinate remains
constant, i.e. it is the y2 = c-slice of f(M). Hence the contact form reduces to
α = dz + x1dy1 along f(γ). Simply ignoring the x2-coordinate we are now in
the situation where we can approximate this curve f(γ) by a Legendrian curve.
We formulate this result in a lemma.

Lemma 3.3.3. Let f : M → (R5, ξstd) be an embedding of a closed orientable
2-dimensional manifold M and let c ∈ R be a regular value of the y2-coordinate
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along f(M). Then the curve γ given by y2 = c can be C0-approximated by a
Legendrian curve isotopic to γ.

This allows us to find a Legendrian approximation for each regular level sur-
face of the y2-coordinate. Along each such slice we then have, according to the

formula given in lemma 2.45 of [1],
∂z

∂y1
= −x1.

Now we turn to the problem of trying to make such approximations in the

y2 direction in a way that satisfies the relation
∂z

∂y2
= −x2. In order to do this,

we first need to look at the appearance of our embedding between two critical
values of the y2-coordinate. If the embedding is Morse in this direction we know
that any two critical values need to be separated (by proposition 3.1.3) so that
such an interval of y2 values exists. To do this we prove the following lemma,
which is similar to both theorem I.3.1 of [3] and theorem 6.2.2 of [5]. The proof
is also a mixture of their respective proofs.

Lemma 3.3.4. Let f : M → R be a Morse function on a manifold M . Sup-
pose the set f−1([a, b]) contains no critical points of f and is compact. Then
f−1([a, b]) is diffeomorphic to f−1(a)× [a, b].

Proof. Begin by choosing a Riemannian metric < , > on M and let ∇f denote

the gradient of f . Let ρ : M → R be a smooth function such that ρ =
1

|∇f |2
on f−1([a, b]) and ρ = 0 outside a compact neighbourhood of f−1([a, b]). The
vector field X = ρ∇f then vanishes outside a compact set and thus satisfies the
conditions of proposition 3.1.4, thus it generates a unique 1-parameter family

of diffeomorphisms φt of M such that
d

dt
(φt(x)) = X(x) for all x ∈ f−1([a, b]).

Now consider the map t 7→ f (φt(x)) for fixed x. Taking the derivative of this
we get

d

dt
(f(φt(x))) =

〈
dφt(x)

dt
,∇f

〉
= 〈X,∇f〉 = 1

which means that this map is linear and f(φt1(x))− f(φt0(x)) = t1 − t0 for all
t such that f(φt(x)) ∈ [a, b]. Now define the map

F : f−1(a)× [a, b]→M

by setting F (x, t) = φt−a(x). Since f is increasing along gradient lines we then
have that F is injective. Further, F is an immersion since gradient lines are
transverse to level surfaces. Lastly, F is onto since φt is a diffeomorphism for
each t and for a fixed t ∈ [a, b] the map φt−a maps f−1(a) to f−1(t). Hence,
the map F is a diffeomorphism.

Using this lemma we get that for any interval [a, b] containing no critical val-
ues of y2 our embedding looks like S1× [a, b]. To see this let f = y2. Since [a, b]
is a closed set its preimage will also be closed in M . We then have a closed set
of a compact manifold, thus this set must also be compact since any closed set
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of a compact topological space is also compact. Hence (y2)−1([a, b]) is compact
and all conditions of the lemma are satisfied giving us that (y2)−1([a, b]) is dif-
feomorphic to (y2)−1(a)× [a, b]. Lastly, (y2)−1(a) is diffeomorphic to S1 by the
remark preceding lemma 3.3.4. so we have that (y2)−1([a, b]) is diffeomorphic
to S1 × [a, b].

We now turn to approximating an embedding of such a cylinder in the y2-

direction so that it satisfies
∂z

∂y2
= −x2. To do this we will use a method

similar to how the approximation theorem for knots is proven using the front
projection. Consider an interval [c, c+ ε] ⊂ R containing no critical values and
such that our embedding is diffeomorphic to S1 × [c, c + ε]. The idea is now
to approximate the curves at the endpoints c, c+ ε and then connect these two
approximations by ”zig-zags“ in the y2-direction. This poses some problems,
similar to what was faced in the 1-dimensional case. We first of all need to find a
model for how we can approximate at a point where a zig-zag in the y1-direction
meets a zig-zag in the y2-direction. This is done by ”adding“ the models in the
respective directions together.

Lemma 3.3.5. Let f : R2 → (R5, ξstd) be given in coordinates by

x1(u, v) = u+ a1

x2(u, v) = v + a2

y1(u, v) = λ1u
2 + b1

y2(u, v) = λ2v
2 + b2

z(u, v) = −λ1
(

2

3
u3 + a1u

2

)
− λ2

(
2

3
v3 + a2v

2

)
+ c

Then f is an embedded Legendrian surface whose front projection fF has a
double cusp in the y1-direction and the y2-direction at (u, v) = (0, 0) but can

uniquely be lifted back to itself using the condition
∂z

∂yi
= −xi, i = 1, 2.

Proof. We first prove that it is Legendrian. This is a simple calculation using
the one form αstd and the chain rule.

dz + x1dy1 + x2dy2 =
∂z

∂u
du+

∂z

∂v
dv + x1

∂y1

∂u
du+ x2

∂y2

∂v
dv

= −λ1(2u2 + 2a1u)du− λ2(2v2 + 2a2v)dv

+ (u+ a1)λ12udu+ (v + a2)λ22vdv

= 0

hence α|f ≡ 0 so f is Legendrian.

Next we look at the front projection of this surface.
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Away from cusp points there is no problem with the expression
∂z

∂yi
so all we

need to check here is that it equals −xi. We therefore consider the expressions
∂z

∂u
and

∂z

∂v
respectively. Using the chain rule we then get the following:

∂z

∂u
= −λ1(2u2 + 2a1u)

=
∂z

∂y1
∂y1

∂u
+

∂z

∂y2
∂y2

∂u

=
∂z

∂y1
∂y1

∂u

= 2λ1u
∂z

∂y1

⇒ ∂z

∂y1
= −(u+ a1) = −x1

and

∂z

∂v
= −λ2(2v2 + 2a2v)

=
∂z

∂y1
∂y1

∂v
+

∂z

∂y2
∂y2

∂v

=
∂z

∂y2
∂y2

∂v

= 2λ2v
∂z

∂y2

⇒ ∂z

∂y2
= −(v + a2) = −x2

respectively. We avoid dividing by zero in the last step since u, v 6= 0.

Next we consider what happens when only one of the coordinates approaches
zero. For a fixed number D 6= 0, the set (u, v) = (u,D) is the curve

(u, v) 7→ (λ1u
2 + b1, λ2D

2 + b2,−λ1
(

2

3
u3 + a1u

2

)
+ C(D))

where C(D) = −λ2
(

2

3
D3 + a2D

2

)
+ c is constant. Hence it is the type of

curve described in lemma 2.45 of [1] and as such we know that it can be lifted
uniquely in the y1-direction. The same argument for the curve (D, v) shows that
any such curve can be uniquely lifted in the y2-direction. To see that the curve
(u, v) = (u,D) can be lifted uniquely in the y2-direction (and (u, v) = (D, v) in
the y1-direction respectively) we only need to see that the surface is smooth in
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that direction as long as we stay away from the point (u, v) = (0, 0).

Finally, for the point (u, v) = (0, 0) we consider the case of (u, v) = (u, 0)
and (u, v) = (0, v) respectively. In both cases the resulting curve is of the form

described in lemma 2.45 so the expressions
∂z

∂y1
and

∂z

∂y2
respectively both make

sense at (u, v) = (0, 0) and equal −x1 and −x2 respectively.

Lastly, we have to check that the self-intersections of the front projection
are transverse. To do this we must first find the points of self-intersection, that
is find all points p1 = (u1, v1) 6= (u2, v2) = p2 such that f(p1) = f(p2). We then
look at the differential of fF at the respective points to see if it is transverse
there.

We begin by finding points p1 6= p2 ∈ R2 where yi(p1) = yi(p2) for i = 1, 2.

f(p1) = f(p2)⇒

{
λ1u

2
1 + b1 = λ1u

2
2 + b1 (y1(p1) = y1(p2))

λ2v
2
1 + b2 = λ2v

2
2 + b2 (y2(p1 = y2(p2))

⇔

{
u1 = ±|u2|
v1 = ±|v2|

(3.1)

We thus have four different possibilities so far, u1 = u2, u1 = −u2, v1 =
v2, v1 = −v2. However we can exclude the case where both u1 = u2 and v1 = v2
since this gives p1 = p2 and we need the points to be different. We now consider
the z-coordinate.

z(p1) = z(p2)⇔ −λ1
(

2

3
u31 + a1u

2
1

)
− λ2

(
2

3
v31 + a2v

2
1

)
= −λ1

(
2

3
u32 + a1u

2
2

)
− λ2

(
2

3
v32 + a2v

2
2

)
⇔ λ1

(
2

3
(u32 − u31) + a1(u22 − u21)

)
+ λ2

(
2

3
(v32 − v31) + a2(v22 − v21)

)
= 0

⇐==⇒
eq. 3.1

λ1

(
2

3
(u32 − u31)

)
+ λ2

(
2

3
(v32 − v31)

)
= 0

(3.2)

At this point we can see that we must have u1 = −u2 and v1 = −v2, thus
p1 = −p2, since otherwise the points would necessarily be the same. We can
then rewrite equation 3.2 in the following way:
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(3.2)⇔ 4λ1
3
u31 +

4λ2
3
v31 = 0

⇔ u1 = −
(
λ2
λ1

) 1
3

v1

This gives us a line of self-intersection. We now consider the differential
along this line.

dfF (u, v) =



∂y1

∂u
(u, v)

∂y1

∂v
(u, v)

∂y2

∂u
(u, v)

∂y2

∂v
(u, v)

∂z

∂u
(u, v)

∂z

∂v
(u, v)


=


2λ1u 0

0 2λ2v

−2λ1(u2 + a1u) −2λ2(v2 + a2v)



We immediately see that the columns are linearly independent for any (u, v) 6=
(0, 0). Now consider the differential for p1 and p2 and let {e1, e2} be the standard
basis of R2 and further

V1 = dfF |p1(e1) =


2λ1u1

0

−2λ1(u21 + a1u1)



V2 = dfF |p1(e2) =


0

2λ2v1

−2λ2(v21 + a2v1)


as well as, using p2 = −p1,

W1 = dfF |−p1(e1) =


−2λ1u1

0

−2λ1(u21 − a1u1)



W2 = dfF |−p1(e2) =


0

−2λ2v1

−2λ2(v21 − a2v1)
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If we now take V1 +W1 we get

V1 +W1 =


0

0

−4λ1u
2
1

 6∈ span(V1, V2)

Thus {V1, V2,W1} is a linearly independent set. They then form a basis of
Tf(p1)R3 so the intersection is transverse.

In figure 3.1 and 3.2 are shown the front projection of the special case where

f(s, t) = (s, t, s2, t2,−2

3
s3 − 2

3
t3).
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Figure 3.1: The front projection of the Legendrian surface f , from the front

22



Figure 3.2: The front projection of the Legendrian surface f , from the back
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We should now be able to prove an approximation theorem for embeddings
of cylinders which are everywhere regular in the y2-direction. We present here
an idea for a proof, omitting certain details.

Proposition 3.3.6. Let f : S1 × [a, b] → (R5, ξstd) be an embedding having
no critical points in the y2-direction. Then f can be C0-approximated by a
Legendrian embedding.

Proof. For ease of writing, let St = f(S1, t) and SFt = fF (S1, t) for each
t ∈ [a, b]. By our previous discussions we know that each such curve can be
approximated. Begin by approximating Sa using the front projection. Our idea

is to flow outward in the y2-direction using the condition
∂z

∂y2
= −x2 while

maintaining
∂z

∂y1
= −x1. Away from the cusps of SFa we can simply extend

outwards. At the cusps of SFa we will have to maintain the semi-cubical shape
of the singularity, i.e. making sure each curve SFt has a semi-cubical cusp sin-

gularity along the curve defined by extending outward with only
∂z

∂y2
= −x2 as

a curve starting at the corresponding singularity of SFa . Eventually, of course,
we would have to do this zig-zagging in the y2-direction as well, or we would
get too far away from the original surface. Away from the singularities this
poses no problem: simply fold the surface back on itself while creating a semi-
cubical cusp for each of the curves γc(t) = fF (c, t) where c ∈ S1 is a fixed point.
When doing this at a cusp singularity in the y1-direction we would have to be
extra careful. This is where the model in our previous lemma comes in. The
model gives us a way of creating this double cusp. Altogether this enables us
to perform this zig-zagging across to SFb . This also automatically gives us an
approximation of Sb.

This however, while being a result in the right direction, is not as flexible as
we would want it. To be able to do a global approximation we need to show that
if Sa and Sb, and a neighbourhood of them respectively, are already Legendrian
an approximation could be made to coincide with these. The above proposition
does not guarantee this can be done. Essentially, we would have to match up
the zig-zags of Sa with those of Sb. This will be discussed slightly more in the
next chapter.
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