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Colloidal macroions are known to interact very strongly with oppositely charged polyionic
hydrogels. Sometimes this results in a non-uniform distribution of the macroions within the
gel, a phenomenon that is not fully understood. This thesis is a summary of four papers on the
development of a theory of the thermodynamics of macroions interacting with hydrogels, aimed
at explaining the phenomenon of core/shell separation in spherical gels. It is the first theory
of such interactions to use a rigorous approach to whole-gel mechanics, in which the elastic
interplay between different parts of the gel is treated explicitly.

The thesis shows that conventional theories of elasticity, earlier used on gels in pure solvent,
can be generalised to apply also to gels in complex fluids, and that the general features of the
phase behaviour are the same if mapped to corresponding system variables. It is found that the
emergence of shells is due to attractions between macroions in the gel, mediated by polyions.
Since the shell state is unfavourable from the perspective of the shell itself, being deformed from
its preferred state, there will be a hysteresis between the uptake and the release of the macroion,
like already known to occur with the uptake and release of pure solvent.

Due to the elastic interplay, growth of the shell makes further growth progressively more
favourable. Thus, unless there is a limited amount of macroions available the system will not
reach equilibrium until complete phase transition has taken place. If the amount is limited the
core/shell separation can be in equilibrium, so the volume of the solution that the gel is in contact
with plays a very important part in determining the thermodynamic resting point of the system.
The ability of a macroion/hydrogel to phase separate thus depends on the molecular properties
whereas the ultimate fate of such a separation depends on the proportions in number between
the ingoing components.
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Symbols and abbreviations 

 Concentration 
 Deformation gradient 
 Number of particles 
 Aggregation number 
 Chain length 
 Position in current state (displacement) 

 Radius of gel in current state 
 Position in reference state 

 Radius of gel in reference state  
 Position of internal boundary in reference state 

 Circumferential stress 
 Radial stress 

 Specific volume 
 Free energy density 
 Free energy 

 Mole fraction 
 Valency 
 (Thermal energy)-1Δ  Free energy of complexation Δ  Free energy of micelle formation 

 Circumferential stretch 
 Radial stretch 

 Chemical potential 
  Volume fraction of polymer in reference state 

  
C/S Dense shell/dilute core 
S/C Dilute shell/dense core 
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CHAPTER 1 

Introduction 

Hydrogels are an intriguing class of materials, consisting of essentially me-
chanically rigid liquids. Apart from appearing frequently in biological sys-
tems, the interest in such materials lies mainly in their ability to reversibly 
change volume in response to external stimuli, by absorbing or expelling 
water. The volume change translates into a substantial mechanical pressure if 
they are confined, which together with their rigidity makes them interesting 
for applications in tissue engineering, soft machinery, and catalysis [1-5]. In 
some cases the transition may be coupled to the loading and unloading of 
highly charged substances, macroions, making hydrogels interesting also for 
drug-delivery applications [6-12]. Proteins in particular, if they are to be-
come truly useful as drugs, require a delivery system that protects them from 
degradation until reaching the desired target. For this the stimuli-sensitive 
uptake-and-release capability of hydrogels could be a solution.  

The distribution of macroions in the gel material on uptake has turned out 
to be non-trivial, sometimes preventing full loading of the gel by the for-
mation of a dense layer on the gel surface. Whatever the application, such a 
separation is going to be either desirable or not, whether the purpose be to 
achieve as full loading of the gel as possible or to encapsulate something else 
within. 

This thesis is intended to shed some light on what causes the uneven dis-
tribution of macroions in hydrogels. The research is fully theoretical and 
investigates the possibility of a thermodynamically stable coexistence of a 
macroion-loaded and a macroion-free part of the gel. Although basic re-
search, the results are expected to be relevant for understanding biological 
processes, in which such interactions are common, and for designing afore-
mentioned drug-delivery systems.  

The first chapter defines some basic concepts and reviews previous re-
search. The following two describe a generalised theory for calculating the 
equilibrium distribution of macroions in gels, while the last two chapters use 
this theory to connect molecular properties to the possibility of forming and 
maintaining phase separation. 
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Definitions 
Hydrogel 
According to a worn-out cliché, gel is a material that is easier to recognise 
than to define. Fortunately, I do not aspire to reach universal definitions and 
conclusions. The concept of hydrogel that this thesis applies to is a material 
that consists of a network of permanently cross-linked polymer chains filled 
with water or an aqueous solution. The polymer may carry charges along its 
chain, in which case it is called a polyion and will be closely associated with 
counterions to neutralise the charge, together termed a polyelectrolyte. 

The gel network can be formed by vulcanisation of a polymer melt or by a 
polymerisation reaction in the presence of a cross-linking monomer, forming 
a mass of partly entangled, partly cross-linked polymer strands. If miscible 
with water, such a network will readily absorb water and swell. In many 
ways it is equivalent to a solution of linear (i.e. not cross-linked) polymer, 
but one that cannot dissolve or rearrange on long scale. Instead it acts like a 
rigid body that remembers its shape, even upon swelling. Even though it 
cannot dissolve, the solubility of the polymer backbone affects how much 
water will enter. The equilibrium volume of the material is thus determined 
by the pressure from water trying to enter it, i.e. the osmotic pressure, and 
any change in the osmotic pressure causes a volume transition. The transi-
tion can be continuous, so that any small change in osmotic pressure results 
in a small change in volume, but it can also be discrete, so that some infini-
tesimal change in osmotic pressure may cause a finite change in volume. If 
the latter, the transition may be seen as a volume phase transition. 

Macroion 
A macroion is an object characterised by large size and high charge, typical-
ly at least a few nanometres in size and with a charge of several to several 
hundred unit charges. Although other objects may also be included in the 
definition, this thesis specifically concerns surfactant aggregates and proteins 
or peptides. 

Surfactants 
Driven by the hydrophobic effect, surface active agents readily aggregate 
into various structures, micelles. Above the critical micelle concentration 
cmc (or the critical aggregation concentration cac in the presence of poly-
mers) aggregates of a well-defined size and shape consisting of a number, 
the aggregation number, of anywhere between twenty and effectively infi-
nitely many molecules, appear in equilibrium with free surfactant monomers. 
The upside of surfactant micelles as model macroions is that their surfaces 
tend to be fairly uniform, while the downside is that they are fleeting: They 
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can adapt aggregation number and size, curvature and shape, in response to 
interactions with their surroundings. 

Proteins and peptides 
Proteins, in contrast to surfactant micelles are very diverse in structure and 
properties. They might be more interesting from a perspective of applica-
tions (although the surfactant can be a drug or otherwise interesting sub-
stance as well), but a horror to model: They are structurally inhomogeneous, 
typically consist of a mix of positive and negative charges unevenly distrib-
uted on the molecule, have both hydrophobic and hydrophilic domains, etc. 
In contrast to micelles, though, they tend to be permanent in their properties, 
excepting charge regulation due to protolysis. 

Peptides are typically smaller than proteins and designed to be more 
structurally homogeneous – a way of “purifying” the interactions by custom 
design. That is not to say that all are pure model systems, as some have ap-
plications as well. 

Previous research 
The interaction between polyions and oppositely charged macroions has 
been studied extensively, both in gels and in polymer solutions, by experi-
ment, theory and simulation [13-21]. It is known that the polyions tend to 
adsorb very strongly to the macroions, forming polyion/macroion complexes. 
These complexes may then aggregate under certain conditions. The 
knowledge of the molecular mechanisms driving these processes comes 
mostly from studies on polymer solutions rather than gels, but there should 
be many analogies; the short-range interactions should be very similar, but 
there seems to be some peculiarities appearing in gels due to their unusual 
phase behaviour. 

Phase transitions in hydrogels 
Early experiments [22-27] on gels undergoing volume transition in pure 
solvent identified a number of general features. In some ways the transition 
is similar to a gas-liquid transition of regular fluids: it appears as a discrete 
transition between a dense and a dilute (collapsed and swollen) state, but 
there is a critical point past which the dense and dilute state merge and the 
transition becomes continuous. In some ways it is not similar, however, such 
as in displaying hysteresis between swelling and collapse and by the appear-
ance of curious patterns on the gels during transition.  

What distinguishes gels from regular fluids is that one of the components 
of the gel, the polymer, is constrained in space by its cross-links and cannot 
rearrange except on a very short length scale. This effectively makes the gel 
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material an elastic fluid and leads to the phenomenon shown in Figure 1: 
whenever two phases of different density coexist (like during a volume 
phase transition) the region in between them must be deformed. This defor-
mation causes an additional cost for phase coexistence, in excess of the inter-
facial energy which is the only resistance to phase coexistence in regular 
fluids. Onuki [28] showed mathematically that this deformation makes the 
formation of a nucleus of a new phase in a bulk gel practically impossible, 
since the energy in the field of deformation does not become negligible with 
growth of the nucleus (contrary to the interfacial energy) and so makes the 
energy barrier macroscopic. The elasticity of the gel stabilises metastable 
states. 

 
Figure 1. Phase coexistence in a rod-like gel. Unlike regular fluids, gels may not 
rearrange on a long scale. Coexistence of the two states in a) requires deformation of 
the region connecting them, like in b). 

The theories of Sekimoto [29-34] made clear that not all metastable states 
are stabilised as there is a possibility, depending on the geometry of the gel 
sample, for the new phase to form on the surface of the gel, thus obviating 
the need to deform the existing phase. The trade-off is that the new phase 
must bear the entire deformation, thus shifting the phase transition point 
from the preferred one and causing hysteresis between swelling and collapse. 
It was subsequently showed by dynamical theories [35, 36] that the surface 
phase, once formed, would grow to consume the whole gel. 

The elasticity of hydrogels means that coexisting phases will affect each 
other in a way that regular fluids do not, in that they will apply a mechanical 
pressure to each other. This results in a phenomenon where the volume of 
one phase affects the composition of the other, and vice versa. Also, it makes 
the optimal state of the gel a state of inhomogeneous and anisotropic swell-
ing. There are several theories that describe gels under such constraints, most 
notably those by the group of Suo [37-43] but also others [44-47]. The focus 
of these theories tends to be on physical constraints rather than phase coex-
istence, however, and the fluids involved tend to be simple.  

Molecular mechanisms of complexation and aggregation 
Various polyions adsorbing to charged particles have been studied by simu-
lation [48-59] and theory [59-62]. Although the mechanisms of interaction to 
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some extent depend on the specific nature of the macroion and polyion in-
volved, there seems to be many features that apply generally. 

The interaction is dominated by electrostatics, but the main driving force 
of complexation is generally accepted to be the entropy of mixing. The sim-
ple picture of Figure 2 illustrates this. To separate the counterions from the 
macroion in the electric field that it generates requires energy, meaning that 
there will be a cloud of counterions associated with the macroion. If the 
counterions are monovalent this association is coupled to a significant loss of 
entropy of the counterion and the energy required to remove a single mono-
valent ion is fairly small, making them only loosely associated to the ma-
croion. In contrast, polyions lose little entropy upon being confined to the 
macroion surface,1 since the individual polymer charges are already required 
to remain within a limited distance of each other. Unless the chain is very 
long, the complete dissociation of a single segment requires complete disso-
ciation of the entire chain, which requires a large energy, so the polyion be-
comes very strongly associated to the macroion. The strong driving force for 
polyion adsorption may consequently be seen as the entropy gain of releas-
ing the cloud of monovalent counterions and replacing them with a single 
polyion. 

 
Figure 2. A positive macroion with counterions. a) Adsorbing monovalent counteri-
ons reduces the energy at a loss of entropy. b) Adsorbing polyions also reduces the 
energy but at a much lower cost in entropy, making the driving force for this process 
much stronger. 

This means, which is shown by the simulations, that the complexes can be 
dissociated by an excess of monovalent salt, reducing the entropic driving 
force of complexation [54, 59]. Complexation is also suppressed by exces-

                               
1 It might actually be possible to increase the configurational entropy by adsorption. The 
electrostatic persistence length of a highly charged chain in solution will be quite large, but in 
the region of low potential near the macroion surface a polyion might increase its flexibility 
even though it is confined to a smaller volume. 
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sive stiffness in the polyion, preventing effective adsorption, or if the charge 
is not high enough, also reducing the entropic driving force [48-50]. 

The simulations reveal no striking differences between protein-like and 
micelle-like macroions (except quantitatively), i.e. the main driving forces 
are the same with high charge and uniform charge distribution as with mod-
erate charge and non-uniform distribution. The exception is that non-uniform 
charge distributions may promote complexation even with macroions of a 
net zero charge, if there are patches of the opposite charge for the polyion to 
adsorb to or by charge regulation [52, 56]. Protein models must also account 
for hydrophobic effects in order to obtain quantitatively correct attraction 
strength [51]. 

The complexes tend to aggregate and phase separate under certain condi-
tions. This aggregation has been shown experimentally [63-69] and its 
mechanisms investigated by theory [70-79] and simulation [53, 78, 80-84]. 
Thalberg [66-68] demonstrated the associative phase separation of surfac-
tants interacting with oppositely charged polyions. The aggregates were 
found to be completely insoluble in water but would dissolve (not dissociate) 
in excess of polyion or surfactant, similarly to what happens in an excess of 
salt. An innovative approach by Piculell [63-65] showed that the aggregates 
could be dissolved by exchanging some of the polyions for monovalent ions, 
clearly showing that the attraction between macroions is mediated by the 
polyion. However, this was possible only for sufficiently short polyions, 
which they explained by the larger translational entropy gain of dissolving 
these compared to very long polyions. 

It may seem a curious phenomenon, the strong attraction between 
like-charged objects, but the mechanisms are well known. They are of two 
general kinds: polyions bridging between macroions and spatial correlations 
of charged species, schematically depicted in Figure 3. 

 
Figure 3. Polyion-mediated attraction between macroions: a) Strong bridging. b) 
Weak bridging. c) Correlation. 
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Bridging attractions arise whenever a single polyion gets attracted to more 
than one macroion. If the polyion is very long it may form a complex with 
more than one macroion, resulting in a very strong and long-lived bridging 
bond. Typically, however, only a small portion of the polyion will extend 
across the mid-plane to a second macroion, but in doing so it can increase its 
configurational entropy while remaining in the low-potential region near a 
macroion surface. However, this only works if the two macroions stay close 
together; if they were to move apart that would require the polyion either to 
stretch out, which reduces its configurational entropy, or to dissociate from 
the surface of the second macroion, which requires an input of energy. This 
results in a cohesive force. 

Attraction due to correlation of charges arises because the adsorbed ions 
affect each other as well, not just the macroions. If two macroions approach, 
each with an adsorbed polyion, the two polyions will repel each other creat-
ing a region on the other side of the mid-plane from each polyion that is 
slightly opposite in charge and subsequently get attracted to it. Such forces 
exist in all electric double layers, but are very short-ranged if only monova-
lent ions are present. Correlation forces may also arise due to patches of 
different charge on the complexes, either occurring natively on the ma-
croions or appearing due to a heterogeneous adsorption. The relative im-
portance of correlations compared to bridging has not been adequately de-
termined. For instance, a theory accounting only for bridging but not correla-
tions produced qualitatively correct attraction profiles but consistently un-
derestimated the strength of the attraction [75], indicating that neither can be 
neglected.  

Macroions in gels 
Macroions in cross-linked polymer gels can be expected to follow the same 
basic principles as so far discussed, both in terms of phase behaviour and in 
terms of interactions with the polyions. The matter has been investigated 
experimentally by Khokhlov and Starodubtsev [85-92], Hansson [93-114], 
Kabanov and Zezin [115-119], Sasaki [120-125], and others [126-132], both 
on proteins and surfactants, with regards to distribution, loading capacity, 
sorption kinetics, and structure of the aggregates. 

With support from these experiments, the principles of macroion/polyion 
interactions can be translated into the corresponding behaviour in gels: the 
complexation between macroions and polyions results in a volume transition 
in gels, not only due to the attraction between the large ions but also because 
of an expulsion of monovalent ions leading to a reduced osmotic pressure in 
the gel. Addition of an excess of macroion leads to a reswelling [131], simi-
lar to the redissolution in linear systems, but excess of polyion (gel) should 
not have the same effect since the cross-linked polyions cannot redistribute 
freely in the system. 
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The volume transition is often observed to occur through the formation of 
a surface phase [102, 103, 109-111, 114, 115, 118], as expected from the 
theories of Sekimoto. It is often argued, however, that this observed 
core/shell separation only occurs as a result of the macroion entering the gel 
from the surface, even though the separation in some cases seems to be sta-
ble. The core/shell separation does seem to follow the same trends as aggre-
gation or dissolution of complexes in linear solutions, such as dissolution by 
salt and decreased charge [115], and displays the same hysteresis as volume 
phase transitions in gels should [122], indicating that the core and shell are 
indeed separate phases. 

Unlike with polymer solutions, there is little knowledge of the mecha-
nisms of macroion interactions with gels except what can be gleaned from 
experiments – there is a void of theoretical information. So far there has 
been only a single simulation study on cross-linked networks [133], confirm-
ing the electrostatic cohesion of the network by the macroion and the re-
swelling at excess of macroion, but it cannot be translated into an overall 
phase behaviour of a macroscopic particle. Moreover, there are only a couple 
of theories that attempt at calculating phase coexistence in gels upon ma-
croion uptake [134, 135]. Both of these are supportive of the idea that phase 
separation is possible, but none of them properly account for the deformation 
of the network that is required for phase coexistence. 

Aim and scope 
As becomes apparent from the review of previous research, there has been 
no satisfactory attempt to date at formulating a theory of macroions interact-
ing with hydrogels that accounts for all the central concepts. The principal 
aim of this thesis is to begin to fill this theoretical void by developing a theo-
ry to calculate the equilibrium distribution of macroions within such gels, 
based only on the molecular properties of the components of the system. 
Ample theoretical work has been done on simpler fluids, but it remains to be 
investigated what the specific interactions of macroions and polyions can do 
to the phase behaviour of hydrogels. The aim amounts to generalising exist-
ing theories of gel swelling to apply also to complex fluids, of any volume. 

The main objectives to investigate with this theory is in what extent it 
generalises the phase behaviour of simple fluids to macroion systems; most 
notably, the formation of core/shell phase separation. What system proper-
ties determine when such separation can take place, and can it be expected to 
be in equilibrium? How do the molecular properties of macroions and gels 
translate into the overall phase behaviour? 

I will only consider gels in equilibrium. The dynamics are likely to be an 
issue in the diffusion of large molecules through polymer networks and so it 
cannot be ascertained that the system will actually be able to reach that equi-
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librium within a reasonable amount of time. The equilibrium is an interesting 
state in its own right, however, since it indicates underlying driving forces 
and long-term stability. The disregard of dynamical phenomena is not due to 
a lack of interest or an indication of perceived importance, but because there 
are a sufficient number of interesting questions just regarding equilibrium 
that has not been answered yet. 

Moreover, I will only consider spherical gels, consisting of polymers 
without significant hydrophobic domains and that are permanently 
cross-linked and permanently charged (i.e. permanent ions or poly-
acids/bases at high/low pH). Hydrophobicity in particular has proven to give 
rise to interesting phenomena, but these will have to be dealt with at a later 
time. 
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CHAPTER 2 

Inhomogeneous gel swelling in complex fluids 

When two parts of a gel seek to occupy the same space, which happens dur-
ing coexistence of phases of different degree of swelling, the result will be 
an inhomogeneous and anisotropic field of deformation in the gel and an 
inhomogeneous distribution of molecules. This chapter derives the require-
ments for phase equilibrium under such conditions where two concentric 
spherically symmetric domains are constraining each other in space. It is a 
generalisation of a similar theory by Sekimoto and Kawasaki [34], who de-
rived a set of equations applying to simple fluids, but much of the formalism 
is borrowed from the theories by Suo and co-workers, who calculated de-
formation of gels in composite fluids but without considering phase coexist-
ence [38-40, 42, 43].  

What makes a gel different from a regular fluid is that different pieces of 
the gel cannot move and equilibrate independently of each other, since they 
are physically connected. Thus, the optimal state for the system might not be 
(and will not be) the optimal state for each single piece of the gel, so the 
equilibrium conditions will necessarily have to be the optimal state with 
regards to the entire fields of deformation and distributions of molecules. 

Fundamentals 
The system of interest consists of a single gel particle immersed in a liquid 
solution. The solution is a mixture of the chemical constituents of the system 
(molecules, ions, colloids, etc.), collectively referred to as particles of a 
number of different species. The gel consists of a network of cross-linked 
polymer chains, whose voids are filled entirely by particles from the solu-
tion. Particles and chains are incompressible, i.e. their volumes are prede-
fined constants and the volume of the system equals the sum of the volumes 
of all particles and chains. 

The particles are free to redistribute at will throughout the system. The 
chains, on the other hand, are not free to redistribute as their positions rela-
tive one another are permanently fixed by chemical cross-links. Any seg-
ment of a chain is free to move around in its immediate vicinity, but longer-
range motion requires the network of chains to be stretched. Stretching a 
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chain reduces the mobility of its segments, making the network of chains 
elastically resist any deformation. Thus, the chains are not only involved in 
molecular interactions but also define an elastic framework that gives the gel 
material an innate resistance to any deformation. 

When this framework is deformed the volume within it may change, re-
quiring a migration of particles. These two processes are inherently connect-
ed, and can be viewed either as migration of particles following an imposed 
deformation or as deformation resulting from a migration of particles. These 
explanations are of course equivalent and the difference lies only in the in-
terpretation of causality, but may be considered a mechanical perspective 
(the former) and a chemical one (the latter). While the chemical perspective 
may seem more intuitive in a system that is not subject to any external forc-
es, it is inappropriate for handling two cases: on one hand non-uniform de-
formations, where migration of particles into one part of the gel actually 
does impose an external force on an adjacent part, and on the other hand 
anisotropic or irregular deformations, where the volume of the material 
(caused by the flow of particles) does not contain complete information 
about its state. These cases both arise during coexistence of more than one 
phase in a gel, and for this reason the mechanical perspective is the most 
appropriate for this thesis. 

With this viewpoint, the deformational state of the gel is the fundamental 
variable of the system, and deformation can be arbitrarily imposed on the 
gel. Given the deformation, the particles will distribute in the system in the 
way that minimises the (free) energy state of their molecular interactions, i.e. 
the particles will be in chemical equilibrium under the given deformation. If 
the deformational state is changed by some incremental amount, this is asso-
ciated with the work of changing the energy state of the network of chains, 
but also with a (free) energy change done by the fluid of particles as they 
rearrange to minimise the energy state of their molecular interactions in the 
new state of deformation. If the total energy change is negative the change 
should be spontaneous, and a system is in equilibrium only if the total work 
vanishes for any conceivable fluctuation in its deformational state. 

Formulation 
To apply the principles of continuum mechanics, it will be implied that the 
gel is large enough2 that it can be viewed on three different length scales: a 
whole-gel scale, an element scale, and a molecular scale, as shown in Figure 

                               
2 How large is “enough”? Without making any detailed estimates of the statistical fluctuations 
within the volume elements, the approximation should be good if each level increases size by 
more than two orders of magnitude, but outright bad if less than one. So with nanometre-sized 
particles, the gel should preferably be at least of order 10 µm and absolutely no less than 100 
nm in size. 
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4. This is to say that the gel can be subdivided into infinitely many arbitrarily 
small almost rectangular volume elements, each of which shares the same 
basic properties as the whole gel. Such an element, while infinitesimal com-
pared to the gel and solution, is still very large compared to the chains and 
particles so that it, like the whole gel, behaves like a single continuous and 
uniform body rather than a heterogeneous collection of individual particles. 
Viewed on a molecular scale, in turn, the fluid within an element is not uni-
form but consists of a mixture of chains and particles with density distribu-
tions determined by molecular interactions.  

 
Figure 4. The different length scales of the gel. 

With the introduction of the different length scales the deformational state of 
the gel can be interpreted as the displacements and deformations of the set of 
volume elements. Although the deformation may vary continuously in the 
gel, each volume element is uniformly deformed, so chemical equilibrium in 
each element can be determined as if it was a uniformly swollen gel.  

Gel elements are labelled according to their positions in the network of 
chains. Specifically, the coordinate frame used is the reference state of the 
gel, which is the minimum-energy state of the network of chains. In this 
state, the gel is a uniform spherical object of radius  where the network of 
chains occupies a fraction  of the volume. The scalar coordinate  refers 
to any element located at a distance  from the gel centre in the reference 
state, all of which are identical if the gel remains spherically symmetric. 

Imposing a deformation on the gel amounts to displacing the elements in 
the radial direction to a new set of locations, e.g. moving an element at R in 
the reference state to the new location  in the current state. Thus there 
exists a function ∶ 0, → 0, , the displacement field, that maps the 
reference state to the current state. The only formal requirements on this 
function is that it is continuous and strictly increasing, which is to say that 
the elements may not be torn apart or change order, but it will also be im-
plied that it is infinitely differentiable in all but at most finitely many points.  
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Figure 5. When the gel is mapped from the reference state to the current state, the 
displacement field stretches each element by  in the two circumferential directions 
and by  in the radial. 

The displacement field contains complete information about the deforma-
tional state of the gel, i.e. it implies both the position and the local defor-
mation of every element in the current state. If all the elements forming the 
spherical shell with radius  move in the radial direction to the new location 

, without tearing apart, the radius of the shell has changed by a factor ⁄  and consequently every element must have been stretched by the 
same factor in the two circumferential directions. If two radially adjacent 
elements located at  and  move to the new locations  and 

, again without tearing apart, the distance between their centres 
changes from  to  meaning that they must have been stretched by a 
factor ⁄  in the radial direction. Thus, the displacement field conven-
iently defines the field of deformation of the gel through a deformation gra-
dient tensor 

 
0 00 00 0  (2.1) 

where , known as the elongation ratio or stretch, is defined as the length of 
a side of an element in the current state relative to its length in the reference 
state. An overview of the geometry is shown in Figure 5. From the preced-
ing discussion, the field of circumferential stretch 

  (2.2) 

and that of radial stretch 
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  (2.3) 

while the determinant of  gives the ratio of the volume of the elements in 
the current state to that in the reference state. As a convention, a variable 
field will be denoted with only its name whereas the local value of the field 
is written with explicit position dependence, such as  for the field of defor-
mation and  for the local deformation of an element at .  

 is associated with a field of free energy density of the network of 
chains, . This free energy density is shape-dependent, i.e. it depends 
on the exact size and shape of every element. The voids in the network con-
tain a fluid of particles characterised by the fields of concentration , , … ,  with  being the number of species in the system. The specific 
molecular interactions are covered in the next chapter, but if these are known 
they define a composition-dependent density of free energy of the fluid of 
particles, , , … , .3 However, the concentrations are not all inde-
pendent. In addition to the assumption of incompressibility, which restricts 
the composition of particles depending on their volume, the whole gel is also 
electroneutral. Charge separation may persist on the molecular scale, but not 
on a whole-gel scale and, consequently, neither on the element scale. Thus, 
there are two restrictions on the local composition.  

The density variables (of particles and free energy) are most conveniently 
expressed in relation to the volume of the reference state rather than the cur-
rent state, so that  is the number of particles of species i in the current 
state of an element that was at  in the reference state divided by its volume 
in the reference state. Such densities are sometimes called nominal densities, 
so named after the nominal stress, which relates a force in the current state to 
an area in the reference state. The advantage of nominal quantities is that 
they obviate the need to rescale the densities as the elements change volume. 
E.g., two elements of equal nominal free energy density contain the same 
amount of free energy, regardless of their respective volumes. Similarly, 
changing the deformation of an element leading to a reduction of its nominal 
free energy density also means a reduction of its free energy, whereas a re-
duction of the true free energy density may still mean an increase in free 
energy, if the deformation also increases the volume.  

A consequence of using nominal densities is that the concentration of 
polymer segments becomes a constant, ⁄ , with  denoting specif-
ic volume, since the number of chains in an element is constant under any 
deformation. Preventing chains from moving between elements does not 
                               
3 This is under the assumption that the molecular-scale interactions are unaffected by defor-
mation, meaning that the degree of stretch of the chains must not be so large that the mobility 
of their segments is impaired enough to significantly change the way they interact with the 
other particles and distribute in the fluid. 
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mean that the system has been restricted in an undesired way, as the grid of 
volume elements is an entirely arbitrary construction: a volume element is 
simply defined to consist of some given set of chains. Thus, the fact that the 
number of chains in an element is constant comes from the way a volume 
element is defined, not from the way the chains are allowed to move. The 
specification “nominal” or “true” density will be dropped from here on, and 
it is to be implied that all derivations and calculations are made using nomi-
nal quantities. 

With this convention, the condition of electroneutrality can be expressed 
as 

  (2.4) 

where  denotes valency, and that of incompressibility as 

 det  (2.5) 

These conditions allow two concentrations (one with nonzero volume and 
one with nonzero charge) to be expressed as functions of the other 2 
concentrations, e.g.  

 , , , … ,  (2.6) 

 , , , … ,  (2.7) 

Note that these functions may depend on , but only through its determinant. 
This means that the deformation also affects , but only through the vol-
ume that it results in. Thence, this is a volume-dependent part of the free 
energy density. The total free energy density of the gel is then the sum of a 
shape-dependent deformational part and a volume-dependent compositional 
part, and is a function of the deformation and the 2 concentration varia-
bles: 

 , , , … ,  (2.8) 

The free energy of an element is , with  being its volume in the 
reference state, and the free energy of the gel is the sum of the free energies 
of all such infinitesimal elements. In addition, there is a solution containing 
some numbers , , … ,  of particles that has the free energy , , … , . Thus, the free energy of the system is 
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 , , … ,  (2.9) 

where the integration is over the volume of the reference state. 

Equilibrium conditions 
Chemical equilibrium 
When an element at  is deformed by , the particles will distribute in 
the system in the way that minimises  under. This corresponds to chemical 
equilibrium of the fluid within the element with the solution, when the de-
formation is given. This equilibrium requires that the variation in free energy 
with redistribution of particles between the element and the solution vanish-
es, i.e. 

 0 (2.10) 

 is here to be interpreted as the variation at constant , i.e.: 

  (2.11) 

With a change in the numbers of particles in solution,  can be Taylor ex-
panded into 										 , , … ,   , , … ,  (2.12) 

where the chemical potentials 

  (2.13) 

which are functions of the composition of the solution. Thus, for small fluc-
tuations the product terms can be neglected and  
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  (2.14) 

If all particles are conserved,4 i.e. no reactions are taking place, 

  (2.15) 

with 

											 ,  (2.16) 

Inserting (2.11) and (2.14)–(2.16) into (2.10) gives 

 0 (2.17) 

resulting in 	– 	2 chemical equilibrium conditions of the form 

 , 1, 2, … , 2 (2.18) 

which can be interpreted as the requirement that the free energy does not 
change when any particle moves between the solution and the element. Note 
that  enters these equations at most through its determinant, so the 
chemical equilibrium in an element depends only on its volume and the 
composition of the solution. This further motivates denoting the composi-
tional free energy density as volume-dependent, as in a given solution it only 
depends on the volume of the element. 

The Euler-Lagrange equation 
The conditions of chemical equilibrium, if satisfied everywhere, ensure that 
the energy functional is minimised under a given field of deformation. Equi-
librium of the system also requires that it be minimised with respect to the 
field of deformation, while maintaining chemical equilibrium throughout. 
Minimising the energy of a displacement field is done by requiring the satis-

                               
4 This condition is not strictly necessary, but simplifies the formalism. Including any particu-
lar type of reaction is straightforward. 
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faction of an Euler-Lagrange equation, but the exchange of particles with the 
external solution will require a change of thermodynamic potential in order 
to arrive at a useful expression. However, the basic derivation of the equa-
tion follows any textbook example. In spherical symmetry, the energy func-
tional can be expressed as 

 , ′, , , … , 4π , , … ,  (2.19) 

where, for future convenience,  is expressed in terms of  and ⁄ .5 At its minimum, this functional should be stationary under any 
variation in the fields of deformation and concentrations. If , , … ,  
everywhere satisfy the chemical equilibrium conditions under , ′ , any 
variation due to changes in these is already guaranteed to vanish. Any con-
ceivable variation of the deformational state of the gel can be expressed by 
introducing an arbitrary test function , which perturbs the variable 
fields by 

  (2.20) 

 ′ ′ (2.21) 

for some small number . This also perturbs the dependent concentrations 
 and , so that 

 , , , , … ,  (2.22) 

 , , , , … ,  (2.23) 

which requires an exchange of particles with the solution. Applying (2.12), 
the energy functional of the perturbed state 

					 4π , , … ,  (2.24) 

where the perturbed free energy density , , , , … , . The 
exchanged numbers of particles can in this case be expressed as 

                               
5 Note that these two variables can be used to represent the same tensor as  and . Chang-
ing the name of  makes it possible to distinguish between the two partial derivatives ⁄ , where ′ is constant, and ⁄ , where  is constant. 
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 4π  (2.25) 

 4π  (2.26) 

That the free energy of the unperturbed state does not change with perturba-
tion requires that, for any test function, 

 0 (2.27) 

Differentiating (2.24) with respect to , inserting  

  (2.28) 

as well as similar expressions for the derivatives of  and , and eval-
uating at 	 	0 (where  etc.), gives 

′ ′ ′ ′ 4π  

 

(2.29) 

Here it is convenient to introduce a new thermodynamic potential: 

 ≡  (2.30) 

Note that the concentrations are not independent variables of , under the 
conditions of chemical equilibrium. Together with these conditions this new 
potential is a Legendre transform of  with respect to the 	– 	2 concentra-
tion variables, so 	instead depends on the deformation and the composition 
of the solution, , , , , … , . The point of introducing this 
potential rather than the more obvious choice  is not 
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only its concentration independence, but also that it appears again in the 
boundary conditions. The transformation into  is relevant also under any 
other set of chemical equilibrium conditions, resulting e.g. from allowing 
reactions to take place. It is simply the most relevant thermodynamic poten-
tial of a gel element in equilibrium with a solution, and may be recognised as 
a form of the (semi-) grand potential. 

Through (2.30), (2.29) simplifies to  

 ′ ′  (2.31) 

where 4π . Integration by parts of the second term results in 

 ′ ′  (2.32) 

The integral vanishes if the Euler-Lagrange equation is satisfied, 

 ′ 0 (2.33) 

while the last term will vanish under the proper boundary conditions (see 
next section). Thus it is shown that by the simple transformation (2.30), well 
known in thermodynamics, the conditions of Sekimoto and Kawasaki can be 
generalised to complex fluids. Returning to the original definition of  as a 
function of the independent variables  and , and introducing the defini-
tions of the nominal stress 

 ≡ 12 , ≡  (2.34) 

 the Euler-Lagrange equation can be written 

 2 0 (2.35) 

The nominal stress is to be interpreted as the net force acting on a face of an 
element in the current state divided by its area in the reference state, when it 
is in chemical equilibrium with a solution of a given composition. The con-
cept of stress in a gel must accordingly take into account also the change in 
free energy of the solution upon deformation of the gel. 
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Boundary conditions 
The boundary conditions are obtained by the fact that the energy functional 
must be stationary also under fluctuations in the boundary values. With two 
concentric spherically symmetric domains with a discontinuous boundary at 

,  

  (2.36) 

where  and  are the coordinates of the two sides of the interface. If the 
Euler-Lagrange equation is satisfied in both domains, what remains upon 
perturbation is 

  (2.37) 

The term at 	 	0 vanishes due to the factor  in , but for the remain-
ing terms to vanish regardless of the values  and , the following 
must apply:6 

  (2.38) 

 0 (2.39) 

In addition, the position  of the boundary in the network may also fluctu-
ate (equivalent to allowing movement of polymer chains across the bounda-
ry). It is easily verified that 

 | |  (2.40) 

but if the change in  preserves the equilibrium conditions then, since it 
also affects the deformation at the interface, by a similar approach as in the 
previous section we should have that [34] 

                               
6 Note that  and  denote the same position, but a function evaluated at  is not neces-
sarily equal to the function evaluated at , unless it is continuous there. The continuity of  
follows from the requirement of continuity of the displacement field. 
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  (2.41) 

(2.38), (2.39) and (2.41) can be summarised in an external and an internal 
boundary condition:7 

 | 0 (2.42) 

 | | | || |  (2.43) 

The boundary conditions, the Euler-Lagrange equation and the conditions of 
chemical equilibrium together constitute the equilibrium conditions of the 
system. Or rather, they guarantee that the energy functional is stationary 
under any possible fluctuation. Ensuring stability towards fluctuations of any 
frequency is non-trivial and outside the scope of this thesis. In the low-
frequency limit (quasi-static fluctuations) stability should require (but not be 
guaranteed by) the positivity of ⁄ , i.e. a positive bulk osmotic modu-
lus. 

Special cases 
Although the theory of gel swelling is presented in a general form, there are 
cases where exceptions must be made and special situations that allow sim-
plifications. This section lists some of those. 

Pure solvent 
Systems with a single component (i.e. a gel immersed in pure solvent) are 
covered by the presented theory, but in a needlessly complicated way. The 
electroneutrality condition can be dropped, and there is no chemical equilib-
rium in the sense discussed here. Instead, the concentration of solvent is 
given directly by the incompressibility condition. Otherwise the theory ap-
plies, although the change of thermodynamic potential, while still relevant, is 
unnecessary since by convention the chemical potential of a pure substance 
can be set to 0.  

Infinite solution 
In case the solution is very large compared to the gel it effectively acts as an 
infinite reservoir of particles, supplying them at a constant chemical poten-

                               
7 If there is more than one internal boundary, an internal boundary condition (2.43) applies to 
each one. 
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tial. Any exchange of particles with the gel will then be infinitesimal to the 
solution, so the first-order expansion of  (2.12) applies for the difference 
in free energy between any two states of the gel. This means that the free 
energy of the unperturbed solution can be included in the reference energy 
level, replacing the energy functional by 

  (2.44) 

In this case the free energy of the system is determined only by the deforma-
tional state of the gel and the original composition of the solution, not the 
exact number of particles remaining in the solution (as long as it is very 
large). The equilibrium conditions become the same, but are much easier to 
solve since the solution can be held at constant composition. 

Fixed boundary position 
Paper I treats a type of gel that has core and shell domains built into the ma-
terial by design. The domains contain different polymers that cannot trans-
form into one another, so the position of the internal boundary in the refer-
ence network cannot change. This means that the second equality of the in-
ternal boundary condition, coming from fluctuations of , does not apply. 

Non-uniform reference state 
Sometimes, the properties of the reference state are not uniform. E.g., in 
paper I the cross-link density was allowed to vary in the gel by assigning for 
it a different value to each point in the network. As long as this does not lead 
to the violation of any fundamental assumptions, the only consequence is to 
give the free energy density an explicit position dependence. It is easily veri-
fied that if the varied property is described by a differentiable function of 
position this does not affect the equilibrium conditions at all. Of course, this 
explicit position dependence needs to be considered when solving the Euler-
Lagrange equation, but it does not change the equation itself. Discontinuous 
or non-differentiable properties can be treated as discontinuous boundaries 
with fixed positions, together with an appropriate boundary condition. 

Reactions 
If the numbers of particles in the system are not conserved quantities, parti-
cles must be able to either combine or transform into one another, or vanish 
and appear out of thin air. Collectively, such processes are here referred to as 
reactions, be they chemical, physical, or magical. The possibilities of reac-
tions are too diverse to conveniently describe in a general manner, but it 
should be obvious that as long as the set of chemical equilibrium conditions 
completely determines the composition of the gel at given deformation the 
remaining equilibrium conditions apply.  
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As an example, the distribution of surfactant molecules between solution 
and micelles in papers III and IV is treated as a reversible physical reaction 
in which N surfactants can transform into a single micelle. In this case the 
only conserved quantity is the sum of the number of surfactants and N times 
the number of micelles, so there is one less conservation law. Instead there is 
a condition requiring vanishing variation in free energy with regards to the 
reaction, which completes the system of equations. Further details on the 
treatment of micelle formation are covered in the following chapter. 
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CHAPTER 3 

A model of molecular interactions 

In the previous chapter it was taken to be known how the particles interact 
and distribute on the molecular scale. While the point of this separation is to 
emphasise that the theory of equilibrium swelling is independent of the na-
ture of the molecular fluid, it may erroneously give the impression that the 
problem of molecular interactions is trivial by comparison. This problem 
amounts to answering the question: if a given number of particles are sealed 
within a box (an element), what distribution of those particles corresponds to 
the minimal free energy? If this is known, the free energy level of the box 
can be evaluated, the function  can be determined in terms of molecular 
properties and the system solved. 

The systems of interest, although somewhat varying in exact properties, 
all contain the following basic components: 

• Macroions 
• Polyions 
• Simple salt 
• Water 

To accurately describe interactions even in pure water is a large enough task 
not only for a thesis, but even a lifetime. The macroions, in turn, may be 
chemically non-trivial objects, such as proteins, whose interaction just with 
water is another lifetime of work. It quickly becomes apparent that the ques-
tion of molecular interactions is monumentally complicated and cannot be 
answered, or even more than scratched on the surface, in this thesis. This 
question is also not the centrepiece of the thesis; the objective is instead to 
investigate how a force on the molecular scale translates into an effect on the 
overall phase behaviour of the gel. For this to be worthwhile it should suffice 
to have a model that contains the most important interactions in a reasonably 
balanced way. 

So which are “the most important interactions”? Analogously to the case 
of linear polymers, which have been extensively studied by experiment and 
simulation, the important features governing the distributions should be the 
entropy of mixing the individual components (seeking to distribute every-
thing evenly) opposed by the coulomb attraction between oppositely charged 
species. The interplay should result in a very strong adsorption of the polyi-
on to the macroion, so strong that these polyion-dressed macroions, the com-



 34 

plexes, can be considered building blocks of the resulting fluid. If the com-
bined entropic and energetic forces holding the complexes together are con-
siderably stronger than other forces, which is not an unreasonable assump-
tion at moderate salt content, the complexes can be viewed as single units 
with predetermined properties. What then remains to be quantified is the cost 
of forming such a complex, and the interactions between them. As declared 
in chapter 1, interactions should be attractive at short range due to correla-
tions and bridging but repulsive at longer range due to overlap of electric 
double layers. 

In addition, the cross-links provide a potentially very long-ranged re-
sistance to deformation that needs to be included. The fundamental problems 
that need to be solved to get a functional model are thus how to model the 
complexation process, how the complexes interact and how the configura-
tional entropy of the network of chains is affected by deformation of the gel. 

The most important interactions 
Recall now that the information sought is the interactions between a prede-
fined number of particles in a sealed box of a given volume, since the func-
tion to determine is the free energy of a gel element at a given deformation 
and composition, , , , … , . The easiest way to start building up 
this simple model is to ideally mix all the particles within the box, giving a 
contribution to  of 

 log  (3.1) 

where in the mole fraction  the segments are also counted in the total num-
ber of particles. Just the ideal mixing in itself will create very strong driving 
forces for the partitioning of particles between the different elements and the 
external solution. Any deviations from ideality are included as a set of cor-
rections. 

The process of complexation 
The adsorption of polymer to a macroion could be modelled by a 
self-consistent field approach [21, 70-72] or by the density functional theo-
ries of Woodward, Nordholm and Forsman [59, 75-78]. Simplicity is prefer-
able, however, so I will use an approach to complexation that was developed 
by Hansson [136] and which entirely avoids much of the problem. 

Consider a box containing an uncharged macroion (i.e., the charge is 
turned off), a network and small ions of a number that would satisfy Donnan 
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equilibrium if it was in contact with an external solution. 8 The stretch of the 
box is taken to be small, so the network can be viewed as a concentrated 
mass of polymers that are not significantly constrained by the cross-links and 
where the average distance between segments in the box is not vastly differ-
ent from the separation along an individual chain. If the macroion charge is 
turned on, the network around it will readily release its condensed counteri-
ons and adsorb to the macroion. The free energy change of this process will 
be dominated by the electrostatic interaction between polymer and macroion 
and the entropy of the released counterions. The loss of entropy of the poly-
mer is comparably small, so its concentration would not affect the free ener-
gy change of the process.9 Thus, the macroion can be ascribed a complexa-
tion free energy that for a given macroion and polyion essentially only de-
pends on the concentration of simple salt in the box. If there are several ma-
croions in the box, each will form an identical complex at the same cost of 
complexation free energy (as long as their concentration is low). These com-
plexes can be viewed as single units that are allowed to translate in the free 
volume of the box. When two complexes approach each other their adsorbed 
polymer layers will become perturbed from the normal complex. Thus, any 
interaction between complexes can be treated as deviations from the normal 
complex state and included in some perturbation function. 

Suppose that the box contains roughly as many macroion charges as it 
does polymer charges. The concentration of simple salt will then have to be 
roughly the same as in the external solution, regardless of the deformation of 
the box, making the complexation free energy entirely constant. Of course, 
since the deformation is small such a mixture will be very dense in ma-
croions and the complexes will be heavily perturbed, but any free energy 
change in excess of the complexation free energy is included in the previous-
ly mentioned perturbation function. More importantly though, it also means 
that essentially all the polymer segments will be in the complexated state, so 
the cost of complexating all the segments can be thought of as a characteris-
tic constant of the material and included in the reference energy level of the 
gel. There is in addition of course a cost Δ  of placing a macroion in the 
complex, but this cost should be a constant in the stoichiometric gel. 

If instead the macroion concentration in the box is close to zero the cost 
of placing a macroion in the environment of the gel will not be the same as 
in the stoichiometric case, but it will apply to only a scant few macroions 

                               
8 The Donnan equilibrium is what results from the chemical equilibrium conditions in chap-
ter 2 if the small ions are ideally mixed in the box. There is no partitioning allowed between 
the box and a solution at this stage, but since Donnan equilibrium will be a requirement in the 
end any box that does not satisfy it is irrelevant. 
9 This assumes that it has condensed counterions so that the electrostatic energy per segment 
in the network is roughly constant. The reader may be concerned about the inconsistency of 
assuming ideal mixing AND counterion condensation. It is an inconsistency indeed, but one 
of the same level of approximation as the rest of the model. 
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anyway and be negligible. However, the segments will be treated differently 
in these two cases: in the dense phase all the segments carry a constant com-
plexation free energy, while in the dilute state no segments do so. If the 
segment complexation free energy is included in the reference state then the 
dilute state, which has a zero complexation free energy, must be added a 
constant per segment, reflecting the change in free energy from the loss of 
complexation that would result from moving a segment from the dense to the 
dilute phase. The value of this constant will depend on the complexation free 
energy at charge stoichiometry (and hence on the concentration of salt in 
solution) and on the chosen ground state for the perturbation function men-
tioned previously, but will in practice have to be determined empirically. 

Any state that is not near either of those limits would have to be corrected 
by some function of (at least) the local salt concentration. However, the ma-
croion-free and near-stoichiometric states are the ones shown by experiments 
to be the most relevant,10 so if these limits are treated correctly (in a sense) 
some errors in the remaining, mostly irrelevant regions, can be tolerated. The 
complexation process is then covered by two empirical constants (one con-
tribution per micelle in the gel and one per segment in either the dense or 
dilute state) and a function covering all perturbations in the complexes when 
they approach each other. 

Interaction between complexes 
As stated in the preceding section, the interactions between complexes are 
treated as a perturbation of the normal state of the complex. It was also de-
cided that the most relevant states are the dilute and the near-stoichiometric, 
and since the complexes will be far apart in the dilute state the perturbation 
function should be chosen to work for the near-stoichiometric state. It should 
include any change in free energy that results from approaching complexes. 
Without going into a detailed treatment of the statistical mechanics of per-
turbation of the complexes, the properties that the perturbation function 
should have can be identified:  

i. It should approach a constant value at infinite separation between 
complexes. This value can conveniently be identified as Δ  rather 
than the ground state of the perturbation function.  

ii. At small separation the free energy should decrease on approach, re-
flecting the polyion-mediated attractions. 

In the near-stoichiometric state the complexes will be packed very densely in 
a high-concentration polymer soup. This makes it appropriate to use a strong 
coupling approach where a complex is effectively confined within a spheri-

                               
10 The dominance of these two states is also the reason why mean-field approaches to com-
plexation and aggregation has turned out to be successful, since it is a reasonable approxima-
tion under those conditions (if correlation effects can somehow be included). 
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cal cell, surrounded on all sides by complexes. In this case there is no point 
in expressing the interaction free energy as a sum of pair-interactions, but 
preferable to use a mean-field approach to the perturbation. Such an ap-
proach that is consistent with the desired properties of the perturbation func-
tion is to treat the complex as a spherical capacitor, where the inner capacitor 
surface can be seen as a representation of the macroion and the outer of the 
adsorbed layer of polymer. The separation between these surfaces increases 
with the volume of the cell, which in turn is decided by the average concen-
tration of complexes in the box, and the energy of this capacitor gives the 
free energy of interaction between complexes. This amounts to a perturba-
tion function of the form: 

 
32 1 11  (3.2) 

where  is the macroion surface charge density and index  refers to the 
macroion. As shown by Figure 6,  is the average surface-to-surface separa-
tion (here in units of the macroion radius) and  is a function describing how 
the outer capacitor plane moves with separation, which should be able to 
handle any form of perturbation. A few different forms of  have been used 
in this thesis, for example an exponential decay making the surface separa-
tion approach a parameter  at infinite separation. This parameter conse-
quently determines both Δ  and the attraction at small separation.  

The contribution  will in following chapters be referred to as the elec-
trostatic energy of the system (even though it is in fact a free energy), since 
it is expected to be dominated by electrostatics. 

 
Figure 6.The free energy of interaction between complexes is calculated in the form 
of the energy of a spherical capacitor with surface separation . The “background” 
polymer network is omitted from the scheme. 
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Elasticity 
The elastic resistance to deformation of the network results from a loss of 
internal entropy of the polymer when it its ends are constrained. Even though 
this is obviously a molecular response, the elasticity of the network will here 
be treated as a large-scale resistance to deformation rather than through 
changes in molecular distributions. That is, the box itself will be inherently 
elastic, and although stretching it dilutes the network within it does not con-
strain the distribution of the segments. Adopting a neo-Hookean model of 
elasticity with a softness parameter  representing the length of the chains, 
the shape-dependent free energy density  

 2 2 3 2 log  (3.3) 

Apart from approximations in the neo-Hookean model itself, resulting in 
qualitatively correct stress-strain relationships only to up moderate degrees 
of stretch, the serious approximation here is to neglect the effect that stretch-
ing the network might have on the complexation process or the interaction 
between complexes.11 Large stretch should cause significant constraints on 
the polymer and thus seriously affect the complexation process, but the en-
tire treatment of complexation assumes small stretch in the first place. A 
network of large stretch is not expected to contain a very large number of 
macroions, so it is not a serious problem that the complexation model breaks 
down in this limit.12 But for the model to work, the complexation free energy 
and interaction between complexes is required to be unaffected even by 
small stretches.  

To justify this assumption, consider the small-stretch regime where the 
average chain length is considerably longer than the end-to-end distance. 
Even though the neo-Hookean model stipulates that the distribution of chain 
displacement lengths transforms affinely under macroscopic deformation, in 
this regime a small change in the stretch of the box should not immediately 
transform into an extension of the chains. Since the chain endpoints are not 
considerably constrained, there should be ample room for rearrangements, 
first of clusters of chains and then of single chains, before the actual chains 
are stretched. 

                               
11 Or vice versa, what effect molecular interactions have on the elasticity of the network. 
12 An exception could be large anisotropic stretch, since in this case the polymer density can 
be high but the chains very much strained in one or two directions. There is a risk of break-
down under such conditions. 
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Additional details 
Micelle formation 
The aggregation of surfactants is a science in itself, and not unlike other 
concepts this phenomenon will be modelled in the simplest possible way. 
The formation of a micelle from  surfactant monomers is treated as a re-
versible physical reaction, and the micelles, once formed, are treated as a 
new species of particle that translates in the system like any other particle. 
The aggregation number  is taken to be a constant chosen to agree with 
experimentally determined aggregation numbers. Under such an assumption 
the change in free energy on forming a micelle is determined by the change 
in entropy of decreasing the number of monomers and increasing the number 
of micelles, plus some additional free energy of micelle formation Δ . The 
contribution from the formation of micelles then has the simple form of 

 Δ  (3.4) Δ  includes a variety of effects like the free energy of changing the water-
surfactant interaction to a surfactant-surfactant interaction and the entropy 
loss of confining the monomers to the volume of the micelle. Note that it 
does not contain the energy in the electric field that results from the appear-
ance of the micelle, which is handled separately, but it does contain the en-
ergy in the electric field from the monomers before aggregation. The latter is 
unfortunately not a constant under changes in the ionic strength of the medi-
um, but is not a major part of Δ . 

Excluded-volume effects 
In the dense state the complexes may take up such a large part of the volume 
that excluded-volume effects will have a very large impact on the entropy of 
mixing. To be consistent with the rest of the model the relevant excluded 
volume should be that occupied by complexes, and a simple but straightfor-
ward way of estimating this is by ascribing to each complex the volume 
within the outer capacitor plane and treating this as a hard sphere. According 
to the Carnahan-Starling equation of state, this should correct the entropy of 
mixing in a fluid containing a volume fraction of complexes  by: 

 
4 31 1  (3.5) 
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Mixing of ions in dilute state 
In the near-stoichiometric state the deviations from ideality of the mixing of 
small ions can be thought of as included in the capacitor model, since the 
entire fluid is part of a complex. In the macroion-free state this will have to 
be corrected in some other way, most conveniently by determining the dis-
tribution of ions around the polymer by a cylindrical Poisson-Boltzmann cell 
model. This adds the correction: 

 2 Δ log Δ  (3.6) 

The integration here is over the volume of the cylindrical cell,  denotes the 
potential and Δ signifies the difference between a local value and the average 
value in the Poisson-Boltzmann cell. 

Summary of molecular interactions 
Before going into results on whole gels, now is a good time to recapitulate 
the effects that these molecular interactions have on the mechanical proper-
ties of the gel material. Note that the gel material is the network of chains 
and the fluid it contains when in equilibrium with some solution. The me-
chanical properties of the gel material accordingly depend not only on the 
elasticity of the chains, but also on the molecular interactions. The gel is 
viewed as a hyperelastic material, but the mechanics of this material is a 
property of the system.  

Stress-stretch curves of gel elements in solutions containing different 
amounts of macroion of two different charge densities are shown in Figure 
7, giving a general idea of the behaviour of the material. Above some critical 
coupling strength there are two competing states: a dense, near-stoichio-
metric and a dilute, macroion-free, so the results are consistent with the as-
sumptions of the model. Below the critical coupling the same states appear 
in the limits of high and low macroion concentration, but the intermediary 
densities are also stable and the volume transition is a continuous function of 
macroion concentration. The strength of attraction in the material is not only 
determined by the interaction between complexes: the amount of macroions 
that enter the gel is determined by a balance of its entropy and the entropy of 
the small ions, so changes in the entropic forces may also affect the attrac-
tion. The gel is a complex material whose mechanical properties depend on 
several system parameters in a non-trivial way. 
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Figure 7. Nominal stress on stretching the material. Arrow indicates increasing 
macroion concentration. System of paper II, with macroion charge of a) +8 and b) 
+12. 

The aggregation or dissolution of complexes in the gel may be seen as an 
analogy to the gas-liquid equilibrium, and in some sense the gel material also 
conforms to this analogy. There is a coexistence region where a dense and a 
dilute state compete and a critical point where these states merge in a “su-
percritical” material. In a whole gel the analogy falters, however, as the elas-
tic coupling between the elements results in phenomena that are not present 
in the gas-liquid equilibrium. 
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CHAPTER 4 

Surface phase formation 

The theory proposed in chapters 2 and 3 allows a calculation of the phase 
behaviour of a gel interacting with macroions. This chapter deals with the 
onset of phase separation. Recall from chapter 1 that nucleation is practically 
impossible in gels and that any new phase must form on the surface of the 
gel. Although dynamics are outside the scope of the thesis, it would not be 
worthwhile to calculate equilibrium without any consideration of how the 
system would reach it. In this respect the formation of a surface phase is a 
critical event. 

What is required to form a surface phase? The separation does not have to 
be a phase equilibrium in the normal sense (i.e., it does not have to be sta-
ble), but to call it a phase it should be an in some way thermodynamically 
favourable separation into a distinctly different state and not just a diffusion 
front.13 A glance at linear polymer solutions, summarised in chapter 1, sug-
gests that phase separation should be favourable when there is a net attrac-
tive interaction between the individual complexes, meaning that there can be 
a benefit in an uneven distribution if it means allowing a closer packing of 
the complexes. In gels, on the other hand, the cross-links impose additional 
geometric constraints on the phases, which will make the separation less 
favourable than in a linear polymer solution and possibly prevent it altogeth-
er. The questions that this chapter will address are i) how these constraints 
manifest, ii) when the conditions they impose can be satisfied and iii) what 
consequences they have for the phase behaviour of the gel. These issues 
have all been investigated earlier in pure-solvent systems [30], so the ques-
tion is to what extent they can be generalised to the current system. The be-
haviour of the current system could also depend on specific molecular prop-
erties and interactions that are not present in pure water. 

Reflecting a progression of theoretical development and availability of 
experimental data, the calculations in this chapter and the next are on a few 
different systems which will not be divided into separate sections. All the 
investigated systems contain the same basic molecular interactions, however, 
so generalisations and direct comparison between them are worthwhile. The 

                               
13 This is not just a stipulate, for without a discrete boundary anywhere the only solution to 
the Euler-Lagrange equation is the one of uniform stress. 
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risk of confusion is small since the discussion will be held on a general level, 
and more than anything the mix is intended to underline the generality of the 
results.  

Geometric constraints 
By the requirement of continuity of the displacement field, the geometric 
constraint imposed by the cross-links is that the core and surface phases 
must always be equally stretched in directions tangential to the interface. 
Just at the onset of formation of a surface phase, when it is infinitely thin, 
curvature effects can be disregarded and the gel viewed as if consisting of 
only two volume elements, as shown in Figure 8. One of those represents the 
macroscopic core phase14 and the other represents the microscopic surface 
phase. Consider a discrete transition of the surface phase from a dilute to a 
dense state. The preferred state of the surface phase would be the isotropic 
one shown in the scheme, but as noted the elements must be stretched to the 
same lateral dimensions. Since the work required to deform the microscopic 
phase is completely negligible compared to what would be required to de-
form the macroscopic one, the core phase will act like an immovable object 
and any mechanical interplay will have to result in the surface phase being 
stretched to the size of the core phase. The constraint of the cross-links then 
amounts to the surface phase being biaxially stretched to the size of the core. 

 
Figure 8. Scheme of the deformation required for surface phase formation. 

By setting the position of the core/shell boundary equal to the position of the 
surface of the gel, the only equilibrium conditions (in excess of chemical 
equilibrium) that remain when the surface phase is infinitely thin is that 

 | , | ,  (4.1) 

 | , | , 0 (4.2) 

which can be recognised from elsewhere [30]. Λ is the isotropic stretch of 
the core phase while Λ  is the radial stretch of the infinitely thin anisotropic 

                               
14 A spherically symmetric domain under a spherically symmetric pressure necessarily re-
mains isotropic and homogeneous [34], so it can be represented by a single volume element. 
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surface phase. Since the condition | , 0 is the equilibrium condition for 
homogeneous gel swelling it is apparent that the core phase remains unaf-
fected by the surface phase. (4.1) says that the free energy density of core 
and surface phase should be equal, as could be expected, and since the free 
energy density of the surface phase will necessarily increase upon imposing 
the deformation it follows that a surface phase can only form under condi-
tions where its isotropic state is favourable to the isotropic state of the core. 
This alone suggests that the surface phase would prefer to grow once it has 
formed, but this will be further elucidated in the next chapter.  

If not for the cross-links, coexistence between the phases would only re-
quire equal free energy density of the two elements, like in regular fluids, but 
with the additional constraint the free energy densities must be equal when 
the phases are biaxially constrained to the same dimensions. Note, however, 
that the surface phase is entirely free to adjust its stretch in the direction 
normal to the interface, which is reflected in the second equality of (4.2): the 
surface phase “relaxes” in response to the imposed deformation to a state of 
zero radial stress. This relaxation results from the volume-dependent molec-
ular interactions minimising their free energy, in balance with the elasticity. 
In the dense state the volume-dependent contributions tend to overshadow 
the shape-dependent making this relaxation return the surface phase to a very 
similar volume as the preferred isotropic state.  

A very interesting effect is revealed when comparing the current system 
to the analysis by Sekimoto [30], who compared the dense-dilute transition 
of a gel in a simple fluid to the gas-liquid transition by replacing temperature 
and pressure with variables of the fluid with a corresponding effect (in his 
case the polymer-solvent interaction parameter and the degree of charge in 
the network). A similar analysis of the present system is shown in Figure 9, 
but the variables have been replaced by the macroion charge and the loga-
rithm of the macroion concentration. Figure 9 is identical to the one of 
Sekimoto, showing that variables having a compressing or expanding effect 
on a gel affect the phase behaviour in the exact same way regardless of the 
specific system.  

What Figure 9 shows is the curve where bulk instability sets in 
( ⁄ ⁄ 0) and the curve where surface phase formation 
becomes possible ((4.1) and (4.2)). The surface phase formation curve lies 
on a metastable part of the free energy surface but does not extend all the 
way to the critical point.15 Far to the right of the critical point the transition 
should be able to start by the formation of a surface phase, but there is a gap 
where the dense-dilute transition is discrete but surface phases cannot form. 
This implies that the transition would have to occur at bulk instability in-
stead, indicating the existence of three different modes of transition. 

                               
15 It is also notable that the leftmost part of the surface phase coexistence curve crosses over 
to an unstable manifold at the points where it touches the bulk instability curves. 
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Figure 9. Surface phase formation curve (solid) and bulk instability curve (dotted). 
The upper half of both curves applies in the dilute-to-dense transition and the lower 
half to the dense-to-dilute. System of paper II. 

Parameters affecting shell formation 
Apparently, the charge of the macroion plays a significant part in determin-
ing if a surface phase can form or not. Unlike a regular gas-liquid transition, 
however, a macroion system depends on parameters in a somewhat more 
complex way, as there are a number of parameters that may affect the phase 
behaviour in a similar manner. Apart from those affecting the complex at-
traction directly, like macroion charge or ionic strength, there are system 
properties pertaining to the entropic and elastic components that may affect 
surface phase formation in a similar way. 

The effect of system properties on the transition behaviour was investi-
gated in paper II for a type of system that lies near the critical point, i.e. one 
of fairly weak coupling strength, and the results are shown in Figure 10. 
Apart from the macroion charge, the investigated parameters were such that 
could easily be controlled in an experimental setup, specifically the ionic 
strength of the solution, the density of cross-links in the network and the 
average segment charge. It turns out that increasing macroion and segment 
charge both promote surface phase formation while increasing ionic strength 
and cross-link density opposes it, general trends that are supported by exper-
iments [107-109, 115, 119]. They also agree with the observed trends in 
aggregation and dissolution of complexes in linear polymer solutions as 
summarised in chapter 1. 

First of all it should be clarified that the driving force for phase separation 
is entirely energetic in the current model. The only benefit of having two 
phases is that it allows a closer packing of complexes; entropy and elasticity 
oppose it. Even so, the effect of a parameter is not as straightforward as a 
direct effect on the energy. The segment charge does not explicitly affect the 
attraction between complexes in the current model, so its effect on surface  
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Figure 10. Effect of parameters on ability to form a surface phase. Bulk inst. denotes 
the gap between the critical point and the first available surface phases seen in Fig-
ure 9. 

phase formation is to increase the entropic driving force for macroion uptake 
by the gel. This indirectly increases the benefit by increasing the complex 
density in the dense state. Ionic strength has a similar effect while the 
cross-link density increases the elastic cost of deforming the surface phase.  

The effects of elastic and entropic changes are not straightforward since 
they also affect the volume proportions between unstrained dense and dilute 
state, affecting the elastic coexistence cost indirectly. For the ionic strength 
this turns out to be non-trivial: increasing ionic strength reduces the entropic 
driving force for macroion uptake, opposing surface phase formation, but 
also deswells the dilute state reducing the elastic coexistence cost and thus 
promoting it. The ionic strength should also be allowed to affect the com-
plexation free energy and attraction between complexes, which is included in 
the results of Figure 10. As it turns out, without this last effect the ionic 
strength would actually have the reversed effect (in the investigated system), 
indicating the complexity of the interactions. The segment charge and 
cross-link density appears to have a more straightforward end-effect, even 
though these parameters exhibit a similar complexity of effects. 

Consequences for the phase behaviour 
So we have seen that the dependence on system parameters on the possibility 
of forming a surface phase is non-trivial. The effect of parameters was 
shown for the dense surface phase/dilute core phase arrangement (C/S), 
which is the most frequently observed, but recall that the surface phase can 
only form if its isotropic state is favourable to the isotropic state of the core 
phase. This means that the opposite transition, a dilute surface phase/dense 
core phase (S/C), cannot form under the same conditions, i.e. there will be a 
hysteresis in the dense-dilute transition which should be a general feature of 
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the phase behaviour of hydrogels. Such a hysteresis is well known since long 
[22, 23], also in macroion-induced transitions [122], and if it is entirely due 
to the cost of forming a surface phase then it should be possible to reproduce 
the experimental observations with the current model. If the model can in-
deed reproduce the hysteresis with decent accuracy that would be a confir-
mation that it captures most of the relevant physics of the phase behaviour. 

An investigation of this kind was performed in paper III for a surfactant 
system, previously studied experimentally [122]. It turns out (Figure 11) that 
the current model is quite successful in reproducing the observed behav-
iour.16 

 
Figure 11. Salt effect on the hysteresis. Open symbols show transition upon in-
crease, filled upon decrease (from [122]). Thin dotted line indicates (calculated) 
cmc. 

There are, of course, a number of parameters that are used to obtain the 
agreement, but this does not diminish the value of the investigation. The free 
energy of micelle formation can be determined separately by requiring the 
correct cmc in solution. The complexation free energy (per micelle) affects 
the surfactant concentration at which the transition takes place while the 
transfer cost of segments has an effect on the slope of the curves, but none of 
the parameters affect the width of the hysteresis. This width instead appears 
only as a result of entropy and elasticity, two effects that are described in a 
comparably robust way in the theory. That these components determine the 
width becomes obvious when using a model that poorly captures the propor-
tions between dense and dilute volume, for example by overestimating the 
swelling pressure in the dilute state. The current model captures the propor-
tions between dense and dilute volume very well, but not the exact volumes 
(see Figure 12). It also captures the amount of uptake well, but this does 
little good for the width of the hysteresis. A model that reproduces the up- 
                               
16 This comparison implies that the complete transition actually occurs at the point of surface 
phase formation, which was suggested earlier and will be dealt with further in the next chap-
ter. 
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Figure 12. Magnitude of the volume transition. Curves are calculated from theory 
and symbols show experimental data upon increasing (open) and decreasing (filled) 
surfactant concentration (from [122]). 

take and complex density well can still fail at the hysteresis if it fails at the 
volume proportions, as was noted in paper III. 

Investigating the reasons why the hysteresis seems to depend on the dif-
ference in volumes alone reveals a difference in the behaviour of the dilute 
material compared to the dense. Recall that the origin of the hysteresis is the 
cost of stretching the isotropic surface phase biaxially to the size of the core 
phase. The dense state is held together by strong entropic and energetic vol-
ume-dependent interactions compared to which the shape-dependent elastici-
ty is negligible. As a result, it maintains volume during stretch (which has 
also been demonstrated experimentally [102]) so the only resistance to this 
stretch is the elasticity. By contrast, the dilute state in equilibrium is a bal-
ance between an entropic swelling pressure and a compressive elastic pres-
sure. When the elastic pressure changes due to biaxial deformation the bal-
ance also changes, resulting in a change of equilibrium volume. Thus, com-
pressing the dilute surface phase to fit a dense core is resisted also by the 
change in entropy upon the change in volume. This difference should be 
general, since any dense state must be held together by very strong interac-
tions in order to counter the loss of entropy. 

Again, none of the phenomena discussed in this chapter are new discover-
ies, but that is not the purpose of this thesis. The purpose is to generalise and 
propose mechanistic explanations, and it would seem as if the phase behav-
iour of pure-solvent systems are readily generalised to the current system. 
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CHAPTER 5 

End-state 

While the previous chapter concerned the formation of a thin layer of a new 
phase on the surface of the gel, this chapter concerns what will happen to 
this surface phase once it has formed. Some possibilities are: 

i. The new phase grows to consume the whole particle. 
ii. The new phase grows to some thickness before reaching a 

thermodynamically stable core/shell equilibrium. 
iii. The new phase grows to some thickness where other states 

start to compete with it, possibly leading to additional phase 
transitions. 

iv. The new phase grows to some thickness before being dynami-
cally arrested in a non-equilibrium state. 

The last option is very likely, regardless of other mechanisms, when large 
macroions try to diffuse though a compact surface phase, but dynamics are 
outside the scope of this thesis. Still, even with the complete neglect of dy-
namics, the determination of the end-state of the system requires some con-
cept of accessibility, i.e. allowing for some states to be unreachable to the 
system even if their free energy is lower. Also, there is a question of stabil-
ity. Recall that the equilibrium conditions in chapter two determine the ex-
trema of the free energy functional, which may be either stable (the global 
minimum), metastable (any local minimum) or unstable (any other). The 
conditions cannot distinguish between them, however, without additional 
criteria. 

A convenient way to resolve these issues within an equilibrium theory, 
that obviates the need to determine exact stability criteria, is to subject the 
system to quasi-static variations. This makes it easy to evaluate the change in 
free energy with some variable while maintaining all other conditions, which 
can be problematic to do analytically. For example, the outer boundary of 
the gel can be clamped to a certain radius and the equilibrium conditions 
solved with this radius fixed instead of allowing it to swell freely. Changing 
the size of the gel in this manner is tantamount to an invisible hand com-
pressing or pulling at the gel, much more slowly than any other process in 
the system, so that the free energy is constantly minimised under the given 
size. Calculating the free energy during such a change generates a quasi-
static displacement curve, showing the response of the system to the change: 
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If a change increases the free energy, a pressure must be applied to make it 
happen, whereas if it decreases, the pressure must be applied to prevent it. 
This approach can be used to determine stability towards low-frequency 
fluctuations. It is not intended to mimic the dynamics of the system, which 
would generally not evolve along the quasi-static displacement curve. Even 
so, the following discussion will be based on the notion that the quasi-static 
displacement curve determines not only which states are stable but also 
which states are accessible to the system: That is, if A and B are points on 
the quasi-static displacement curve, then B is accessible to a system at A if 
(and only if) the free energy never increases along the quasi-static displace-
ment curve from A to B.17 The end-state of the system according to this defi-
nition is the lowest accessible state. 

The task at hand is first to determine if a core/shell state can ever be sta-
ble. It was suggested in chapter 4 that the shell would grow, but that was 
only with consideration to the preference of the gel, not the solution. Com-
paring to solutions of linear polymers, stable phase separations would be 
expected when the network is in excess of the macroion. Arguably though, 
the additional constraints of the cross-links may prevent core/shell equilibri-
um. It could also create additional barriers making the complete phase transi-
tion inaccessible even when the macroion is in excess, or at least so it may 
be speculated. If stable phase coexistence can indeed be found, what are its 
properties? What is required for it to occur, and most importantly, what mo-
lecular forces are responsible for making it stable? 

The second task is to determine the end-state of any given setup, with re-
gards to accessibility, but also to determine which state is thermodynamical-
ly favoured and investigate competition between different arrangements, 
regardless of accessibility. The downside of the chosen accessibility criteri-
on is that it must be evaluated by each proposed mechanism separately, and 
this thesis will only consider uniform and core/shell states. This is by no 
means a comprehensive list of mechanisms (excluding e.g. the possibility of 
a third domain forming, as well as any arrangement that is not spherically 
symmetric), and a state that is deemed inaccessible may very well be acces-
sible by a mechanism that has not been considered. Interesting cases of com-
petition that will be investigated is between uniform and core/shell states and 
between inverted core/shell arrangements, that may be expected to arise 
when (if) a surface phase starts to grow.  

First of all, though, it is important to have a general idea of how the phas-
es affect each other and how this changes with their relative sizes. The dis-
cussion will be focused on the C/S arrangement since it is the most frequent-

                               
17 In regular fluids it would suffice that B is lower than A to be accessible. This is because a 
new phase in a regular fluid can form by nucleation, only at the cost of a microscopic interfa-
cial energy. 
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ly observed, but unless specifically stated the reversed logic applies to the 
S/C arrangement as well. 

Interplay between phases 
In paper I the interplay between a core and a surface phase in pure solvent 
was investigated in detail by fixing the position of the boundary and letting 
one of the phases swell while the other collapsed. The findings, some of 
which are shown in Figure 13, are readily generalised to macroion-induced 
collapse and can be expected to affect the equilibrium between the phases. 

It was noted already in chapter 4 that when the shell is very thin it has no 
constraining effect on the core whatsoever. The shell itself is subject to an 
expanding pressure from the core, but only in directions tangential to the gel 
surface. There is no constraint in directions normal to the surface (  is ze-
ro), so the contraction that is seen there is due to osmotic compensation for 
the lateral extension. 

 
Figure 13. Variation of nominal stress through a surface phase of varying relative 
thickness. The set of curves shows stress at different positions, with arrows indicat-
ing direction from the inside out. Note that a positive stress corresponds to an ex-
pansive pressure. System of paper I. 

As the shell gets thicker the core becomes (isotropically) compressed, which 
consequently reduces the lateral extension of the shell. Moreover, the inner-
most part of the shell is compressed in the radial direction, caught between a 
swelling core and a shrinking shell. The outermost part of the shell ap-
proaches the state of the fully collapsed gel while the innermost remains 
somewhat denser. On average, however, the shell approaches the fully col-
lapsed state. 

The distribution of macroions is not particularly influenced by the inho-
mogeneous strain in the shell, which can be understood by that the molecular 
forces holding the complex phase together are much stronger than (and not 
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affected by) the elasticity, so they will very effectively oppose any elastic 
forces that try to change the local volume. 

That the average strain on the shell diminishes with increased thickness 
should have consequences for the conversion of shell into core, i.e. phase 
equilibrium. If the conversion is favourable with small thickness it should 
become even more favourable when the shell grows, as long as the surround-
ing solution has not changed. This seems to indicate that phase equilibrium 
can only hold if the external solution changes as the shell grows. What could 
allow equilibrium anyway is if the local strain of the innermost shell makes 
the molecular interactions unfavourable there, so that continued growth is 
suppressed, but since the composition of the shell remains unaffected by 
strain (with the current model) this should not be the case.  

Stability of the surface phase 
By analogy to regular fluids you might expect that, since the surface phase 
only forms under conditions where the fully transformed state is thermody-
namically favoured, the phase transition should proceed to completion when 
the binding macroion in the external solution is in excess of the gel. In con-
trast, if the solution contains a sufficient macroion concentration to allow 
shell formation but has a very small volume, the concentration will rapidly 
change when the surface phase grows. This might have consequences for 
continued growth. As this section will show, the supply of macroion is en-
tirely central for the stability of the surface phase.  Supply in this context is 
most easily interpreted as the volume of the added solution (and will be 
treated as synonymous concepts), but a large supply could also be realised 
by gradually adding more macroion to the system. 

Unlimited supply 
Giving the gel access to an unlimited supply of macroion should, based on 
the interplay between the phases, result in indefinite growth of the surface 
phase. This was investigated in paper II for protein-like macroions of mod-
erately low charge and again in paper IV for highly charged micelles, reveal-
ing exactly the same general behaviour as in pure-solvent systems. 

There are solutions to the equilibrium conditions in infinite supply, but 
they are all unstable. This is demonstrated by the quasi-static displacement 
curve for the unlimited supply of macroions, Figure 14. The bulk modulus 
of the gel material is positive everywhere, so the instability must come from 
movement of material across the boundary, just as expected in the previous 
section. At concentrations above the Maxwell concentration the collapsed 
state is the thermodynamically favoured state of the system, but unless the 
concentration is also higher than what is required for shell formation it is  
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Figure 14. Quasi-static displacement curve in infinite solution. cM is the Maxwell 
concentration, where the dense and dilute states have equal free energy density, and 
cSF is the concentration above which C/S surface phase formation becomes favoura-
ble. System of paper II. 

inaccessible to a gel in the swelled state. In unlimited supply, the only role of 
the phase separation is to make the collapsed state accessible to the swelled 
one, which is the exact same role it plays in pure-solvent systems.  

Curiously enough, the phase separated gel is always lower in free energy 
compared to a uniform state of the same size.18 This, just as stated in chapter 
4 for the driving force of shell formation, is due to the gain in energy on 
packing the macroions closely instead of distributing them evenly in the gel. 
This is demonstrated by Figure 15. That the entropy disfavours macroion 
uptake may at first glance contradict the idea that entropy gain is the main 
driving force of macroion uptake by gels. The system does indeed gain en-
tropy on macroion uptake, but only to some extent. During chemical equilib-
rium the energy component will drive the uptake past the point of entropy  

 
Figure 15. Free energy components. “Entropy” is the free energy due to the ideal 
mixing and excluded-volume effects. System of paper II. 

                               
18 Strictly, this should be plotted against uptake rather than size to be relevant. With pro-
tein-like macroions the relationship between  and uptake is one-to-one in the relevant inter-
val and the free energy curves look the same also on an uptake scale. Micelles, forming only 
above a distinct concentration, make the relationship more complex, but the free energy of the 
phase separated state is indeed lower than a uniform one at equal uptake in these systems as 
well. 
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gain, so at equilibrium the system will have lost entropy in total (with the 
current model). It has been speculated that the entropy could favour a 
core/shell separation if that meant a larger volume of gel available for the 
counterions to move in, but this cannot be supported by any findings in this 
thesis.  

So what does “unlimited supply” mean in practice? Such conditions 
should apply when the amount of macroion in the fully collapsed state is 
much smaller than the total amount in the system. Or rather, that the differ-
ence in amount of any species between swollen and collapsed state is much 
smaller than the total amount in the system. In practice, though, it will be the 
macroion that determines when the supply is large enough, since the level of 
enrichment of macroion between solution and the collapsed gel can be tre-
mendous: concentration differences can easily be three orders of magnitude 
with proteins, and as much as five orders of magnitude with some surfac-
tants. With the volume of the gel dropping by one or maybe two orders of 
magnitude during uptake the external solution should still be well in excess 
of two–three orders of magnitude larger than the swollen gel for the supply 
to be unlimited. This makes unlimited supply inconvenient to realise in a 
static setup. 

Limited supply 
In paper IV the effect of the supply of macroion (surfactants, specifically) 
was investigated by varying its concentration in solutions of finite volume. 
When the supply is limited the entropic cost of removing particles from the 
solution increases when they are removed and decreases when they are re-
turned. This will gradually increase the cost of further growth of a surface 
phase, but as was shown in the previous section the growth becomes easier 
the thicker the surface phase gets. Limiting the supply will thus not automat-
ically prevent shell growth, since it requires that the rate of entropy loss in-
creases faster than the relaxation of the surface phase with growth. 

One thing should be realised: the equilibrium conditions do not depend on 
the volume of the solution. They depend only on the exact state of the gel 
and on the chemical potentials, which are intensive properties. That is, a gel 
state that satisfies the equilibrium conditions in an infinite solution will satis-
fy them also in a solution of any other volume with the same composition. 
The difference is that a gel state that is unstable in a large solution may be 
stabilised in a small one, since the second-order variation of the entropy of 
the solution upon a small transfer of material across the core/shell interface 
can become arbitrarily large if its volume is sufficiently small.19 This is ex-
emplified by Figure 16. 

                               
19 Or so it appears; a formal proof is not trivial. 
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Figure 16. Limited supply of surfactant. a) Quasi-static displacement curve. Arrow 
indicates increasing surfactant concentration. b) Binding isotherm, showing stable 
core/shell states. Dots indicate points where the surface phase is destabilised and a 
jump occurs in the direction of the dashed arrow. Shown is also the unstable curve 
of infinite supply (dotted). System of paper IV. 

That the gel states are in fact the same is indicated by the overlap of the 
binding isotherms of the unstable infinite-volume system with the (partially) 
stable small-volume system.20 Figure 16 also reveals that the shell is only 
stable up to a certain thickness before becoming unstable. This instability is 
of the same nature as when the volume is infinite and can be suppressed by 
further reduction of the volume of the solution. Thus, to maintain a stable 
shell of a larger thickness requires a smaller volume. As the growth of the 
shell becomes more favourable with increased thickness, the second-order 
variation of the entropy of the solution must be larger in order to counter it, 
requiring a smaller solution. In a sufficiently small solution, the shell can be 
stable at any thickness. 

Competing states 
Not only can the phase separation be stable in small volumes, but it can also 
be the global free energy minimum of the system. In a large volume the 
global minimum is always either the dense or the dilute state, but in a small-
er volume either the dense or dilute state (depending on direction) would be 
entropically penalised allowing the phase separated gel to be the global min-
imum. Based on the current concept of accessibility, Figure 17 demonstrates 
the expected end-state when a pre-swelled or pre-loaded gel is placed in a 
surfactant solution of varying volume. 

                               
20 Rather than using the same states these have been calculated from starting solutions of the 
same concentration of the simple salt, but the volume is large enough that only the concentra-
tion of surfactant changes by equilibrium with the gel. 
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Figure 17. End-state upon uptake. Parentheses indicate metastability. Note that the 
boundaries are unidirectional, i.e. the boundaries shown in a) only applies when a 
pre-swelled gel is added surfactant and vice versa. The volume scale of b) is the 
same as in a) to facilitate comparison, but the pre-swelled gel is ~25 times larger 
than the pre-loaded. 

Three conceptually different volume domains can be identified in Figure 
17a: At large volume the supply is effectively unlimited making C/S always 
unstable, whereas in small volume C/S can be stable at any thickness if the 
right amount of surfactant is added. The intermediary volume domain (inset) 
is characterised by the instability of shells of sufficient thickness, i.e. the 
transition to the dense state occurs before the shell has grown all the way to 
the centre. Also, even before reaching instability the dense state would be 
the global minimum, but this state is not accessible by the investigated 
mechanisms. C/S is expected to remain as a metastable state. 

It has been speculated that the reversion from C/S to S/C should be fa-
vourable (although not necessarily accessible) when a majority of the gel is 
dense [18]. This cannot be supported by the current model, but may be sys-
tem specific. In fact, C/S is always thermodynamically favourable to S/C in 
the investigated system, which has interesting consequences for the phase 
behaviour upon removal of surfactant, Figure 17b. 

Upon removal the transition from dense to dilute would have to start with 
S/C since C/S is not allowed to form in the dense state, but S/C is a metasta-
ble state even in the small volume domain and would prefer conversion to 
C/S. This conversion is not accessible at small thickness, but if S/C was to 
proceed all the way to the dilute state, the concentration in the solution 
would be high enough to form C/S on the fully dilute gel. The end-state 
would then be C/S. Then again, it seems unlikely that the growth of S/C 
would have to proceed all the way to fully dilute before C/S could form; 
when the surface phase of S/C has almost reached the centre its surface 
would resemble a fully dilute gel and the surfactant concentration would be 
high enough to form C/S. It would seem very likely that an inversion from 
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S/C to C/S might be possible by the formation of a third domain. The behav-
iour around the dashed boundary in Figure 17b is thus quite uncertain. 

Experimental studies of the described phenomena that are sufficiently 
systematic to validate the suggestions in this section have not been done. The 
performance of the theory in reproducing experimental data is promising, 
however, both the hysteresis effect in paper III and the exact properties of 
individual samples in paper IV. Added to the fact that the phase behaviour 
does not seem to be particularly sensitive to the choice of interaction model 
this gives some reassurance that the features outlined here are not purely 
speculative. 
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Conclusion 

In this thesis, I have shown that existing theories of gel swelling under strain 
in pure solvent can be generalised to any complex fluid by a simple trans-
formation to the grand potential. Under such a transformation, the gel is a 
hyperelastic material whose mechanical properties are determined by the 
equilibrium distribution of molecules between the gel and the solution it is in 
contact with. 

When interacting with a hydrogel of opposite charge, macroions of high 
charge tend towards phase separation, and limiting the supply of macroion to 
the gel can make this separation stable. The phase behaviour of gels interact-
ing with macroions is strikingly similar to that of gel in pure solvent; in fact, 
it is directly overlapping if an appropriate set of corresponding variables are 
used. The notable difference that arises is that the macroion is a resource that 
is easily limited (unlike energy, which is often the cause of phase transition 
in simpler fluids). The consequences of limiting the supply of the 
phase-transition inducing resource have not been thoroughly investigated 
prior to this thesis. 

The effect of limiting the supply of the phase-transition inducing resource 
should be viewed in analogy to gas-liquid transition of regular fluids, but in 
this case in order to highlight the dissimilarities with gels. To condense a 
vapour, energy must first be removed to cool it to the boiling point, then 
more energy must be removed to progress the condensation. If not enough 
energy is removed to condense the entire vapour the end-state will be a gas 
and a liquid in equilibrium. In a gel, the “boiling” point increases as the 
“condensation” progresses (or decreases during “vaporisation”). Once a di-
lute gel is supplied enough of a phase-transition inducing resource to reach 
the condensation point, there will already be an excess of the resource in the 
system to progress the condensation, unless the rate of depletion of the re-
source is faster than the rate of change of the equilibrium point (as a function 
of phase conversion). The rate of depletion of the resource will depend on 
the relative volume of the system compared to the gel. 

Thus, while the ability to phase separate under given conditions is deter-
mined by the molecular properties of the components of the system, the final 
fate of this phase separation is determined by the volume of the solution. 
There can only be phase equilibrium within gels if the solution is small 
enough; in principle, this should work regardless of what the inducing agent 
is (even temperature, if the supply of energy can be controlled). 
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It might be time to abandon the idea that the cross-linking of the polyions 
has all manner of unpredictable effects, which is sometimes suggested. Even 
though the molecular model used in this thesis is highly approximate and 
introduces interactions of a type that is not present in simple fluids, it repro-
duces the exact same phase behaviour. This indicates that the effects are well 
characterised and well understood, but also that it should be possible to gen-
eralise them even further. It should be possible to extend the qualitative re-
sults in this thesis to any other complex fluid, even if the molecular interac-
tions are quite different. 
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Populärvetenskaplig sammanfattning 

Hydrogel är en typ av material som, trots att det kan bestå till mer än 99 % 
av vatten, beter sig elastiskt och gummiliknande. Detta beror på att det inne-
håller en typ av kedjeliknande molekyler, polymerer, som bildar ett elastiskt 
nätverk som håller vätskan på plats. En viktig egenskap hos många sådana 
material är att de kan ändra volym som svar på yttre signaler, såsom tempe-
ratur eller elektrisk spänning, genom att krama ur eller suga åt sig vätska. 
När geler på så sätt försöker växa eller krympa utövar de ett tryck på sin 
omgivning, vilket gör dem till en typ av maskiner i vätskeform som i princip 
kan uträtta någon sorts arbete på en signal. 

I vissa fall är volymsförändringen kopplad till ett upptag och en frisätt-
ning av en typ av starkt laddade mikroskopiska partiklar, makrojoner, exem-
pelvis vissa proteiner eller aggregat av mindre molekyler. När makrojonerna 
tar sig in i gelen drar de ihop materialet på grund av starka attraktioner till 
polymernätverket, vilka också gör att gelen kan ta upp en stor mängd makro-
joner. Väl där sitter dessa väldigt hårt fast, till dess att den rätta signalen får 
gelen att ta upp vätska och släppa ut makrojonerna. Detta skulle alltså kunna 
användas för att fylla en gel med ett ämne på en plats och sedan släppa ut det 
på en annan, exempelvis ett läkemedel som bara släpps ut på den plats där 
det är avsett att ha sin effekt. 

Det har dock visat sig att makrojonernas fördelning i gelen är en kompli-
cerad fråga i sig. Ofta samlar sig alla makrojonerna vid gelens yta och bildar 
ett skal, utan att någonsin fylla hela gelen. Detta skulle kunna vara en god 
egenskap om man vill stänga någonting annat inne i gelen, men en dålig om 
man vill få in så många makrojoner som möjligt i en gel.  

Denna avhandling beskriver en metod för att beräkna hur makrojonerna 
kan förväntas vilja fördela sig i gelen och vilka egenskaper hos materialet 
och makrojonerna som styr detta. Det visar sig att om makrojonernas ladd-
ning är tillräckligt hög så föredrar de att samlas nära varandra istället för att 
sprida ut sig i gelen, men om gelen matas med tillräckligt många makrojoner 
så kommer de att fylla hela oavsett. Är antalet litet kommer de dock att för-
dela sig ojämnt. Det visar sig också att makrojonerna inte av en slump sam-
las just i ett skal, utan därför att gelen faktiskt föredrar att ha dem där. Detta 
eftersom just den fördelningen minimerar de elastiska spänningar som upp-
står mellan de svällda och de sammandragna delarna av gelen. Denna är 
alltså ett material som genom enkla mekaniska processer självmant driver 
makrojonerna till en viss plats – på sätt och vis samlar upp och sorterar dem. 
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