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Abstract

Simulation of a radar in Flames

Joakim Agnarsson

In this report a radar model is modeled and implemented in a simulation framework
called Flames. The focus is to investigate how and if electromagnetic waves emitted
from the radar antenna can be simulated by different methods and how these
methods can be implemented to work in real-time simulations. The radar model
developed in this report is based on ray tracing and ray propagation techniques
developed by the author. The model considers varying refractive indices that
describes both standard atmospheres and atmospheres where ducting occur. 
Preparatory studies are also made to model ground reflection by ray tracing
techniques.  Other simulation techniques, such as the Finite-Difference Time-Domain
method and the Split-Step Parabolic Equation method, are furthermore considered
for radar simulation applications.  The results show that ray tracing in conjunction
with geometrical optics is a valid method for simulating electromagnetic waves in
simple atmosphere models.
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Sammanfattning

I denna rapport utvecklas och implementeras en radarmodell i ett simuler-
ingsramverk som heter Flames. Målet är att undersöka olika metoder som
kan användas till att simulera elektromagnetiska v̊agor som sänds ut ifr̊an
radarantennen. Radarmodellen utvecklad i denna rapport är baserad p̊a teorin
om elektromagnetiska str̊alars utbredning, även kallat optik. Genom att sp̊ara
vilka optiska vägar som finns mellan antennen och m̊alet kan sedan den elek-
tromagnetiska effekten som radarantennen f̊angar upp uppskattas. Denna
modell hanterar varierande brytningsindex som beskriver olika typer av at-
mosfärer. Utöver optisk teori, undersöks ocks̊a tv̊a andra metoder att simulera
elektromagnetiska v̊agor som kallas Finite-Difference Time-Domain och Split-
Step Parabolic Equation. Resultaten presenterade i denna rapport visar att
optik, under vissa förh̊allanden, kan användas för simulera elektromagnetiska
v̊agors utbredning i atmosfären.
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1 Introduction

In this paper a radar model is developed and implemented to work in a sim-
ulation framework called Flames. The developed radar model focuses on elec-
tromagnetic propagation from the antenna and the target. This is done by a
ray tracing technique which computes received effect from the target at the
antenna.

By tracing significant propagation paths an estimate of the power from both
direct and indirect radar waves can be obtained, giving good insight in how a
specific radar site performs in a certain terrain profile.

The rays are propagated and traced in varying refractive index by methods
implemented in this report.

1.1 Background

Testing large systems that interact is expensive and requires a vast amount of
personnel and data gathering equipment. It is therefore desirable to as far
as possible use simulations to plan, practice and verify before actual tests
are carried out. Radar systems are certainly expensive to test, even more so
when tests are made in conjunction with other large and complicated systems,
such as aircrafts. Swedish Defence Materiel Administration (FMV) is inter-
ested in simulating tracking radars and letting this simulation model interact
with other systems, real as well as simulated. These simulations can be used
to verify that radar site placements are optimal or that planned flight paths
are suitable.

In this report a first step to develop a model of a radar is implemented in
Flames, a simulation framework developed by Ternion [1]. There is a built
in radar model in Flames that use a simplified version of the radar equation.
This model is however not adequate for real simulations and is rather a proof
of concept on how to implement radar models of any kind.

Paralleling the technical development of different radar systems is the need for
more accurate radar models. To correctly model a radar it is of uttermost im-
portance that the physical environment is modeled in a correct way. Indeed,
absorption, diffusion, refraction or diffraction will disturb the electromagnetic
wave propagation above the earth’s surface. There are many ways to more
or less accurately model electromagnetic wave propagation. Nevertheless, the
most accurate propagation model wrapped in the fanciest GUI will not be
used if the model is slow. A good propagation model should therefore balance
accuracy and computational efficiency. In this report three well-known elec-
tromagnetic simulation techniques are considered, studied and implemented
on different levels in Matlab. One of these methods, the ray tracing method,
is then used in the model implemented in Flames.
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2 Theory

2.1 Radar system

The basic idea with a radar system is to detect objects at a distance by trans-
mitting electromagnetic waves. The electromagnetic waves will interact with
any objects that lie in its path resulting in reflection, refraction and diffrac-
tion. By catching and analyzing the waves generated by these phenomena
valuable information can be extracted. A schematic picture of a simplified
radar model is presented in Fig. 1.

A radar system involves concepts such as antenna theory, electrodynamics
and signal processing. The scope of this project is however not to model ev-
ery aspect of a radar system. This report focuses on electromagnetic wave
propagation between antenna and target and a simple model that analyses
the received signal is then implemented. The received signal is compared to
a minimal discernible signal (MDS) which is described by the internal noise
of the system. If the received signal is sufficiently large the radar detects the
target.

Figure 1: A simplified pulsed radar block diagram.

2.2 Radar equation

The radar equation is the core of radar theory and illustrates the basic physics
involved in the target detection process. Assuming a monostatic radar (trans-
mitter and receiver collocated), the following equation gives an expression for
the received power [2],
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Pr = Pt ·
Gt

4πR2︸ ︷︷ ︸
transmitted power

·σ

︸ ︷︷ ︸
reflected power from target

· 1

4πR2
·Ar

︸ ︷︷ ︸
received power by antenna

(2.1)

where

Pr = power received by the antenna

Pt = power transmitted by the antenna

Gt = transmitting antenna gain

σ = radar target cross section

Ar = effective reception area of the receiving antenna

R = radar-to-target distance (range).

The term 1
4πR2 comes from the assumption that the power is attenuated spher-

ically from the source.

The radar cross section, σ, describes the properties of the target and gives an
estimate of the energy scattered back to the antenna. The antenna gain, Gt,
describes the ability of the antenna to transmit energy compared to an omni-
directional antenna. Since the antenna is monostatic, a fair assumption is that
the antenna is used to both transmit and receive the radar waves. Getting
that

G = Gt = Grec. =
4πAr
λ2

(2.2)

=⇒ Ar =
Gλ2

4π
, (2.3)

By substituting this expression into Eq. (2.1) a new expression for the re-
ceived power is obtained

Pr = Pt
G2λ2

(4π)
3
R4

σ, (2.4)

where λ is the wavelength of the emitted radar wave.

It is also well known that radar antennas radiate more strongly in one direc-
tion than in any other. This property can be described by the antenna pattern
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function, f(θ, ψ), defined as the ratio of field strength in the direction (θ, ψ)
to the field in the direction of the maximum radiation,

f(θ, ψ) =
E(θ, ψ)

E0
≤ 1. (2.5)

The angles θ and ψ are elevation and azimuth angles from the horizontal di-
rection.

In the preparatory studies made in Matlab the antenna pattern where approx-
imated by a Bessel function of the first kind and of order zero, as suggested
by Mahafza [3] to be used for circular apertures, see Fig. 2.

Figure 2: Circular aperture radiation pattern, antenna diameter 4.5 m, λ =
0.0545

In the final implementation made in Flames a simplified antenna model is
used with user-defined main beam, side lobes and back lobes with correspond-
ing gains to account for the antenna pattern.

Combining the antenna pattern with Eq. (2.4) finally gives that

Pr = Pt · σ ·
(f(θ, ψ) ·G · λ)

2

(4 · π)
3 ·R4

. (2.6)

The radar equation described in equation (2.6) will not necessarily be con-
firmed exactly by experimental results. This claim is further justified by the
fact that one of the limiting factors, received noise, is statistical in nature
which makes it even more improbable that a single experiment will agree with
simulations [4]. The radar equation is nonetheless profoundly useful since it
provides us with a tool to compare performance between different radar de-
signs, also giving an average performance of radar in various atmosphere af-
fects and terrain types. A variant of the radar equation will be used in this
report, see section 4.3.

4



2.3 Refractive index

Electromagnetic waves that travel in non-vacuum are affected by refraction.
Refraction refers to the property of a medium to change the direction of the
wave due to the change in the medium itself, a measure of refraction is the
index of refraction, n, defined as the velocity in vacuum , c, to the velocity in
the medium, ν,

n =
c

ν
=

√
µε

µ0ε0
=

√
ε

ε0
, (2.7)

µ0 and ε0 are equivalent to the magnetic permeability and electrical permit-
tivity in vacuum while µ and ε corresponds to the same quantities in the medium.

Since the index of refraction varies between 1.000250 and 1.000400 close to
the Earth’s surface a scaled index of refraction, N , has been defined,

N = (n− 1) · 106. (2.8)

The refractive index could be varying both in height and range. This paper
considers a stratified atmosphere where the refractive index only varies with
height. In a well-mixed atmosphere, an approximation is that pressure, tem-
perature and humidity decrease linearly resulting in a linear expression for the
refraction [5], N :

N(z) = N0 − 40z, (2.9)

where N0 corresponds to the surface value and z is given in km. If the earth
had no atmosphere the rays would of course be straight lines since no refrac-
tion occurs. However, the earth’s surface is curved and the ray will therefore
appear to bend away from the ground. When visualizing the rays it is com-
mon to work with a flattened earth, the curvature of the earth is then ac-
counted for by introducing a modified refractive index,

M(z) = N0 + 117z. (2.10)

When abrupt changes occur in the refractive index, due to e.g. layers in the
atmosphere with different temperatures, a phenomenon known as ducting
occurs. Ducting makes the electromagnetic waves change direction and can
generate blind spots in the radar coverage and is a quite common at sea envi-
ronments.
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2.4 Electromagnetic waves

Classical electromagnetic wave phenomena are completely described by Maxwell’s
equations. Assuming a time dependence of the form e−jωt and absence of
sources, these set of equations can be defined in the frequency domain as

∇× ~E = jµω ~H, (2.11)

∇× ~H = −jεω ~D, (2.12)

∇ ·H = 0, (2.13)

∇ · E = 0, (2.14)

when applied on an isotropic media. Here

~E = electrical field density vector,

~H = magnetic field intensity vector,

~D = electric displacement field density vector,

ω = angular radiation frequency.

Maxwell’s equations are a system of coupled first order partial differential
equations which may be solved provided that sufficient initial and boundary
conditions exist. In wave propagation problems, initial conditions are typically
introduced using some kind of source, e.g. antenna or transmitter or an initial
field. Boundary conditions are provided when different materials are present
in the solution as surfaces and volumes e.g. ground, other objects or atmo-
spheric properties.

2.5 Numerical approach

The approach in this report is to simulate electromagnetic waves propagat-
ing from the antenna in different directions. The most satisfactory case would
of course be to find an exact mathematical solution to the wave propagation.
However, problems in real-life are seldom solved without trouble since they
include problems that have complex solutions, boundary conditions of mixed
type or medium that is inhomogeneous or anisotropic. In this report, electro-
magnetic waves propagate in the troposphere and interact with different types
of terrain-like boundary conditions, thus, a numerical approach is necessary
[6].

There are a number of ways to simulate electromagnetic problems and propa-
gation of electromagnetic waves. Some of the methods solve Maxwell’s equa-
tions exactly, e.g. Finite Element Methods (FEM), Method of Moments (MoM),
Finite Volume Methods (FVM) and Spectral Methods (SM) just to mention
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a few. Sadiku [6] provides the reader with an excellent overview of different
exact numerical techniques. To clarify, exact methods mean methods that
solve Maxwell’s equations directly rather than solving approximated versions
like ray optics methods, mode methods and parabolic equation methods do.
A brief discussion on three numerical approaches for solving the electromag-
netic wave propagation problem will take place in the following sections. The
methods considered are the finite-difference time-domain method (FDTD),
the Split-Step Parabolic Equation (SSPE) method and the geometric optic
(GO) method. These three methods attack the problem on different approxi-
mation levels where the FDTD method is considered to be the most exact and
GO the least exact.

2.5.1 Finite-Difference Time-Domain method

The FDTD method has lately become increasingly popular. The method was
first introduced to the electromagnetic sphere by Yee [7] in 1966, the method
is therefore also known as Yee’s algorithm. Due to its simplistic nature and
simple discretization process a two or three-dimensional simulation might be
implemented in a relatively short period of time using few lines of code. Yee’s
algorithm is also easy to understand compared to other numerical methods
since it follows directly from the differential form of Maxwell’s equations. Sim-
ply replace the partial differentials in the time domain versions of equation
(2.11) and (2.12) by centered difference approximations on a staggered grid.
By implementing the computational mesh on a staggered grid Eqs. (2.13) and
(2.14) are implicitly fulfilled which can easily be showed by integrating the
corresponding integral version of Eqs. (2.13) and (2.14). The basic component
of the staggered grid, as implemented is this report, is called a Yee cell and is
showed in Fig. 3.

The FDTD method handles inhomogeneous materials with ease provided that
material properties, ~ε and ~µ are defined at each grid point. Finite electric con-
ductivity will introduce σ ~E to equation (2.12). This term is taken care of by
averaging the electrical field over two adjacent time steps, resulting in the fol-
lowing update equations for the next time step n + 1 with Ez and Hy propa-
gating along the x-axis,

En+1
z [x] =

1− σ[x]dt
2ε[x]

1 + σ[x]dt
2ε[x]

Enz [x] +

σ[x]dt
ε[x]∆x

1 + σ[x]dt
2ε[x]

(
H
n+ 1

2
y

[
x+

1

2

]
−Hn+ 1

2
y

[
x− 1

2

])
,

(2.15)

H
n+ 1

2
y

[
x+

1

2

]
= H

n− 1
2

y

[
i+

1

2

]
+

dt

µ[x]
(Enz [x+ 1]− Enz [x]) , (2.16)

where ∆t and ∆x are lengths of the step in time and space respectively.

One notice when examining equation (2.15) and (2.16) that the traditional
FDTD method presented here is explicit in nature, i.e. it calculates values
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Figure 3: Position of various field components. The ~E-components are in the
middle of the edges and the ~H-components are in the center of the faces.

at the next time step from values at the current time step. No linear algebra
routines or matrix inversions are therefore needed which are computationally
expensive. An example of a FDTD implementation made in Matlab is pre-
sented in this Fig. 4. The computational domain is truncated using Convolu-
tional Perfectly Matched Layers (CPML) [8] and terrain is implemented as a
perfect electric conductor (PEC) using a stair-case model. Stair-case model-
ing means that the terrain variatation is modelled as having a interface that
follows the orthogonal grid, e.g. at close range the interface of the triangle in
Fig. ??will look like having stair-cases that follow the interface of the triangle.
Notice how well the method captures diffraction effects from the sharp point
on top of the triangle.

Nevertheless, Yee’s algorithm is certainly not a panacea that can be used to
tackle electromagnetic problems of any kind. There are some major draw-
backs that restricts Yee’s algorithm to a certain kind of problems. As we can
see in Fig. 3 the basic FDTD method uses an orthogonal grid structure which
for more complex geometries implies so called stair-stepping effects [9]. This
might be a problem for curved surfaces, especially when accuracy is crucial.
There are a number of modifications of the FDTD method to overcome this
issue, e.g. sub cell structures, non-orthogonal and unstructured grids, see
Taflave and Hagsness [10] for more information regarding these improvements.

The final nail in the coffin for the FDTD method to be used in radar propaga-
tion problems is that the time step is limited by the spatial step which in turn
is limited by the smallest wavelength of the propagating wave. The spatial
step is recommended to be of the order of a tenth of the smallest wavelength
[10],
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Figure 4: A 2D FDTD implementation made in Matlab, PEC, stair-case mod-
eled terrain and CPML boundaries. The wave is propagating with varying
amplitude trasnverse to the plane.

∆x ≈ λ

10
. (2.17)

Using larger steps are likely to introduce instabilities. Simulations at large
spatial distances, such as radar simulations, must be run for a relatively long
time and over distances that are much larger than the wavelength. This in
turn makes the FDTD method far too costly to use in radar coverage com-
putations. The radars in this report use wavelengths that are of the order
of centimeters while the region of interest is of the order of hundreds of kilo-
meters. Some attempts to circumvent this kind of problem have been imple-
mented. For instance by using lower frequencies than that of the real system
[11], in this case the model must be calibrated to mimic the original problem.
How to do this is not obvious and diffractive effects are particularly hard to
translate and will therefore give rice to errors in the approximate model [12].

Another approach is a so called moving window implementation that allows
for the use of a relatively small computational mesh that exists only over a
portion of the propagating wave, moving along with the pulse energy [13, 14].

Nevertheless, the FDTD method is not widely used in radar coverage predic-
tions since the method still is too computationally heavy for frequencies used
in tracking radars (C-band: 4-8 GHz, X-band: 8-12 GHz). In fact, rigorous
numerical methods, such as the FDTD method, become unrealistic for high
frequencies, Instead, when used on large scales it works well when simulating
extremely low (ELF: 0.3-3 kHz) and low frequencies (VLF: 3-30 kHz) which
forms the basis for investigating submarine communication and remote sens-
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ing of lighting phenomena [10]. It is also the preferred method when simulat-
ing electromagnetic wave propagation at short range and in near-field appli-
cations such as radiation pattern from transmitting antennas or radar cross-
sections.

2.5.2 Parabolic Equation

When exact numerical methods become too heavy to use, approximations
to the Maxwell equations can be employed. One example is the split-step
parabolic equation method (SSPE). The SSPE approach has been demon-
strated to provide accurate predictions of electromagnetic waves in compli-
cated environments and gives a full-wave solution for the field in the presence
of range dependent medium [15, 16].

The derivation of the parabolic equation method is closely illustrated by Levy
[5] and Dockery [17] and an overview of the major steps is given in Appendix
B. Nevertheless, the basic ideas is first to assume propagation angles close to
the paraxial direction, which is a fair assumption in radar applications where
waves propagates over vast distances at grazing angles. Furthermore, assume
that the field varies smoothly with range and splitt the wave in a forward and
a backward propagating part.

The expression for the split-step Fourier sine transform parabolic equation
algorithm at the next step in space is defined as

u(x+ ∆x, z) = e
jk(n2−1+ 2z

ae
)∆x

2 S−1

{
e−

jπ2p2∆x
2k Su(x, z)

}
. (2.18)

where S is the discrete sine transform and u(x, z) is obtained by flat earth
approximation and variable substitution, again see Appendix B for a more
extensive description of the derivation.

Irregular terrain can be implemented using three types of methods described
by Levy [5]: terrain staircase modeling, piecewise linear terrain and conformal
mapping techniques. In this report, the staircase model is implemented and
simply sets the field to zero at and under the terrain/air interface. Further-
more, in order to reduce non-physical reflection from the upper boundary of
the domain a Hanning window is used as an absorbing layer.

Even though the Fourier split-step algorithm has proven to be one of the most
stable and efficient methods for electromagnetic wave propagation in irreg-
ular terrain, there are some issues related to this approach. In contrast to
Yee’s algorithm that solves Maxwell’s equations directly the PE method is
an approximation and is only valid for propagation angles less than 10◦ from
the local horizontal. This constraint might cause some problems when sim-
ulating waves propagating in steep terrain. A wide angle parabolic equation
method has however been implemented with good results. The method is fur-
thermore not as intuitive as Yee’s algorithm and gets even more complicated
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when impedance boundary conditions are introduced. See Dockery et al. [17]
for a method that treats impedance boundary conditions. Another drawback
with the Fourier split-step method is that it omits backscattering. It is there-
fore not possible to account for terrain and weather clutter in the final radar
model. There have however lately been some attempts to solve this problem
by introducing a two-way Fourier split-step method [18, 19] that could be
used to simulate radar waves travelling back and forth between antenna and
target.

If employed in a radar model the SSPE method would first and foremost be
used to compute the propagation factor (Appendix A). Doing the computa-
tions in a real-time simulation is cumbersome and would take too much time.
The computation can instead be performed in advance if terrain and atmo-
sphere features are known and not going to change during the actual simu-
lation. Since the SSPE is based on a two dimensional approximation an ap-
proach could be to compute the propagation factor in two dimensional terrain
cuts, with origin at the radar site. See Fig. 5 for a schematic picture of the
setup and Fig. 6 for an example computation showing the reduced function
u(x, z). Notice how the field appears to bend upwards which is due to that
the modified refractive index used takes the curvature of the earth in to ac-
count.

Figure 5: Paraxial propagation in a two dimensional cut.
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Figure 6: Reduced function u(x, z) in a stair-case modeled terrain. The com-
putation is initialized with a Gaussian beam at height 100 m.

2.5.3 Geometrical optics

Geometrical Optics (GO), also known as Ray Optics (RO), is an asymptotic
method for Maxwell’s equations and describes the electromagnetic wave prop-
agation as beams with infinitesimally small widths. GO is a method used in
for instance over-water radar coverage diagrams [20], clutter calculations [21]
and, in conjunction with ray tracing techniques, indoor wireless communica-
tion propagation predictions [22].

The mathematical motivation for using GO is a high-frequency approxima-
tion of Maxwell’s equations. Assuming solutions to Maxwell’s equations to
be plane waves in the direction of ~k = nk0k̂ with space dependent refractive
index, n(~r):

~E(~r) = E0e
−jn~k·~r, ~H(~r) = H0e

−jn~k·~r. (2.19)

Define wavefronts, S(~r), to be constant-phase plane surfaces such that S(~r) =

nk̂ · ~r = const. The plane wave equations described in (2.19) can then be
expressed as

~E(~r) = E0e
−jk0S(~r), ~H(~r) = H0e

−jk0S(~r). (2.20)

Inserting the expressions for the plane waves into Maxwell’s equations such
that
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∇× ~E = e−jk0S
(
∇× ~E0 − jk0∇S × ~E

)
= −jωµ0

~H0e
−jk0S, (2.21)

∇× ~H = e−jk0S
(
∇× ~H0 − jk0∇S × ~H0

)
= jn2ωε0 ~E0e

−jk0S (2.22)

The high-frequency approximation is the assumption that |∇× ~E0| � |k0∇S×
~E0| and |∇ × ~H0| � |k0∇S × ~H0|. Meaning that the wavenumber, k0, is
large and that E0, H0 are slowly varying functions of ~r. The high frequency-
approximation results in the following expression,

k0∇S × ~E = ωµ0
~H0, (2.23)

−k0∇S × ~H0 = n2ωε0 ~E0. (2.24)

Defining k̂ = 1
n∇S we get that

~H0 =
k0n

ωµ0
k̂ × ~E0, (2.25)

~E0 = − k0

nωε0
k̂ × ~H0. (2.26)

These equations imply that ~E0 ⊥ ~H0 and requires that k̂ is a unit vector,
yielding the unit-vector condition, also known as the eikonal equation:

k̂ · k̂ = 1 =⇒ |∇S|2 = n2, (2.27)

meaning that the rays are perpendicular to the wavefronts, see Fig. 7.
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Figure 7: Wavefronts and rays.

The propagation of the rays can be described by some simple rules [23]:

1. Straight line propagation in homogeneous regions

2. Rules for reflection

3. Rules for refraction

Based on these three simple rules the following rays are considered in this re-
port.

1. Direct ray: Direct ray reaching the target without interference

2. Specular ray: Rays reaching the target by a specular reflection on the
ground

3. Diffuse ray: Rays reaching the target by Diffuse reflection on the ground

The direct ray represents electromagnetic waves that hit the target without
terrain interference. The direct ray wave is in most cases the largest contrib-
utor to received effect at the antenna. Especially so when the target moves
at high altitudes. On the other hand, at heights close to terrain, ground re-
flection gets more important. Reflection from ground consists of specular and
diffuse reflection. Specular reflection is a phenomenon mostly known to oc-
cur at reflection by more or less smooth surfaces and obeys the laws of clas-
sical optics. There are in reality not many terrain types that are smooth and
the specular reflection is therefore not always important to consider. Even
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more so when modeling reflection of waves with high frequencies. That said,
specular reflection need to be accounted for when modeling waves reflected on
smooth materials such as water, ice and snow, as well as smooth and rolling
plains at frequencies VHF and UHF [24, page 22], frequencies that in this
context are relatively low.

At higher frequencies and in varying terrain diffuse reflection needs to be con-
sidered since the terrain cannot be considered smooth at higher frequencies.
Also, as in this report, surfaces are usually approximated by single planes,
while in reality, underlying surface irregularities can be quite significant [25].
In these cases a model for diffuse reflection is needed. This report uses a hy-
brid GO and radiance based rough surface scattering model developed by Nix
et. al. [25]. This model includes the effects of both specular and diffuse reflec-
tion, the specular component is modeled by GO Fresnel reflections while the
diffuse components are modeled using radiance reflectance.

An extension to these rules where developed by Keller [26] who introduced
different kinds of diffraction phenomena that could be used in conjunction
with GO. His theory has become known as geometrical theory of diffraction
(GTD).

The main advantage of GO, in conjunction with GTD, is its ability to predict
electromagnetic fields in the limit of vanishing wavelength. It is furthermore
a method suitable for large structures such as scattering analysis on aircrafts
and boats or propagation behavior in irregular terrain. Moreover, it is much
faster than rigorous numerical methods such as the FDTD method, has lower
memory requirements and is relatively easy to parallelize. The method is also
intuitive and gives physical insights in high frequency phenomena.

Fig. 8 shows an example run of a shooting and bouncing ray implementa-
tion. The rays are propagated using a vector propagation model developed
in this report, only specular reflection is considered. Note of the different
scaling on the x and z-axis that makes the incoming angles at the reflection
points look different than from the outgoing angles. The angles are equal, as
it should be when specular reflection occurs. In Fig. 9, the rays from Fig. 8
are pasted over the SSPE solution presented in Fig. 6 for the sake of compar-
ison. The ray solution seems to be consistent with the SPPE implementation
even though the solutions are provided from different kinds of approaches.
SSPE uses the parabolic approximation and the ray implementation uses the
high frequency approximation. See Appendix C for more plots of SSPE an
GO.

15



Figure 8: Rays propagating in the atmosphere using the implemented ray
propagator.

Figure 9: The rays are pasted over the SSPE solution for the sake of com-
parison.

Despite all benefits and the usefulness in high frequency simulations, the GO
method has some limitations one has to be aware of. First of all, it is not an
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exact solution and is approximate by nature. It is moreover a method appli-
cable only when the wavelength is small compared to the size of the obsta-
cles, e.g. length of terrain patches. Finally, GO has problems to predict field
strength inside caustic areas, i.e. areas where the rays are focused due to re-
fraction or reflection by curved surfaces.

2.5.4 Comparison

While the FDTD method is accurate and easily implanted in inhomogeneous
media it is awfully slow in radar applications. The SPPE and GO methods
are much faster but not that accurate since they solve approximations of Maxwell’s
equations. Accuracy is however hard to measure in this context since errors in
the simulations also are introduced by the approximations of terrain and at-
mosphere. Using the FDTD method for accuracy will not always give good
results if you for example have a lousy terrain model.

SSPE is a bit more accurate than GO since it captures wave phenomena. On
the other hand, GO handles any propagation angles while SSPE is restricted
to angles close to the paraxial direction. This will generate problems in highly
fluctuating terrain or terrain profiles with sharp upslopes and downslopes.

In this report the method of choice is GO. It is much faster than FDTD, han-
dles high frequencies and any propagation angle with ease. And, in contrast
to the SSPE method GO can be implemented in three dimensions. Using GO
may also contribute to a more intuitive model architecture since the behav-
ior of the different electromagnetic phenomena is captured by different rays.
A fully functioning model, only considering direct rays, could for example be
implemented and tested in a scenario. The model can then be improved and
developed to take reflection, diffraction and clutter into account.

3 Geometrical Optics Implementation

3.1 Rules for refraction

One of the most obvious ways of modeling refraction is to use Snell’s law.
This is for example done by Sevgi [27] who in a clear and concise way imple-
ments a text book example of a shooting and bouncing ray implementation in
Matlab. Sevgi uses trigonometric functions to calculate step length and refrac-
tion angles. However, Sevgi’s approach has its flaws. The use of trigonometric
functions might for example slow down the computations, depending on CPU
implementation. One also has to keep a close track of the propagation angles
since problems with sign and singularities might occur at some certain an-
gles, e.g. at tangents of π

2 . The problem could of course be circumvented by
implementing a catch that takes care of cases when sign and singular prob-
lems occur. It is however not clear how to implement these catches and ques-
tions arise regarding how close to the vulnerable angles these catches should
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be launched. This implementation also assumes that the atmosphere consists
of planar layers with constant refractive index. This assumption is often valid
in the troposphere but does not give the option to handle special cases.

In this report a new technique to propagate rays in a varying refractive in-
dex is implemented. The method can theoretically propagate in any type of
refractive index and is not restricted to stratified medium. It is furthermore
totally free of trigonometric functions, instead only using vector operations. A
description of the method takes place in the following sections.

Assuming that we know current position, ~ri, and current direction of the ray,
ûi the aim is to find the direction of the refracted ray at the next position,
ûi+1, see the problem setup in Fig. 10.

Figure 10: Ray propagation model.

Consider two rays separated by ∆r, infinitesimally small with direction û⊥,i
perpendicular to the ray propagation direction ûi. The start position for the
both rays are ~r and ~r+ ∆rû⊥. Now, during an infinitesimal time-step, ∆t, the
rays propagate distances `1 and `2 with different velocities since the refractive
index is different along the two different rays. The distances are described by

`1 =

∫
∆t

v1dt =

∫
∆t

c

n (~r)
dt (3.1)

`2 =

∫
∆t

v2dt =

∫
∆t

c

n (~r + ∆rû⊥)
dt (3.2)

To find ~qi, connecting the rays’ end points the distance ∆` is needed and can
be obtained by

18



∆` = `2 − `1 = c

∫
∆t

(
1

n (~r)
− 1

n (~r + ∆rû⊥)

)
dt, (3.3)

= c

∫
∆t

(
n (~r + ∆rû⊥)− n (~r)

n (~r)n (~r + ∆rû⊥)

)
dt. (3.4)

Now, do a Taylor expansion of n along ∆rû⊥,

n (~r + ∆rû⊥) = n (~r) + ∆rû⊥ · ∇n (~r) +
1

2
(∆rû⊥ · ∇)

2
n (~r) + . . . (3.5)

Put the Taylor expansion into (3.4) and assume that all terms of order two
and higher are negligible. This simplification is motivated by that the change
in refractive index, n, is small in the atmosphere model. Getting that,

∆` ≈ c
∫

∆t

(
∆rû⊥ · ∇n (~r)

n2 (~r) + ∆rû⊥ · n (~r)∇n (~r)

)
dt, (3.6)

≈ c
∫

∆t

(
∆rû⊥ · ∇n (~r)

n2 (~r) + ∆rû⊥ · ∇(n2(~r))
2

)
dt. (3.7)

A fair assumption is then to assume that n2 (~r) � ∇(n2(~r))
2 , since the change

in n is small. We then obtain the following expression,

∆` ≈ c
∫

∆t

(
∆rû⊥ · ∇n (~r)

n2 (~r)

)
dt. (3.8)

Now, let ∆t get infinitesimally small and assume that the integrand in (3.8) is
constant giving an expression for ∆`:

∆` ≈ c∆t∆rû⊥ · ∇n (~r)

n2 (~r)
= ∆s

∆rû⊥ · ∇n (~r)

n2 (~r)
, (3.9)

where ∆s is the distance a ray is travelling in vacuum during ∆t.

Having ∆` an expression for ~qi is obtained by a simple vector addition,

~qi = ∆rû⊥i + ∆s
∆rû⊥ · ∇n (~r)

n2 (~r)
ûi. (3.10)
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In this context it is only interesting to know the direction, ~qi is therefore nor-
malized to get the unit vector,

q̂ =
~qi
|~qi|

, (3.11)

=
∆rû⊥i + ∆s∆rû⊥·∇n(~r)

n2(~r) ûi√
(∆r)

2
+
(

∆s∆rû⊥·∇n(~r)
n2(~r)

)2
, (3.12)

=
û⊥i + ∆s û⊥·∇n(~r)

n2(~r) ûi√
1 +

(
∆s û⊥·∇n(~r)

n2(~r)

)2
, (3.13)

≈û⊥i + ∆s
û⊥ · ∇n (~r)

n2 (~r)
ûi. (3.14)

In the last step assume that the second term in the square root � 1.

The ray propagation method implemented in this report assumes that the
rays propagate in the plane defined by three points: antenna position, target
position and a point at the ground level corresponding to the same position
as the target but at zero height, see Fig. 11. The normal to this plane, n̂ is
pointing out of the plane, in the y-direction.

Figure 11: Paraxial propagation in a two dimensional cut.

The next direction ûi+1 may then be obtained by q̂i × n̂, therefore
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~ui+1 = q̂i × n̂ =

(
û⊥i + ∆s

û⊥ · ∇n (~r)

n2 (~r)
ûi

)
× n̂ (3.15)

=ûi + ∆s
û⊥ · ∇n (~r)

n2 (~r)
ûi × n̂. (3.16)

Knowing the direction and the step length, the ray may now be propagated as
follows

~xi+1 = ~xi +
c

n
∆tûi = ~xi +

∆s

n
ûi. (3.17)

An algorithm for propagating a ray one step with step length ∆s can then be
obtained as presented in Appendix D, Fig. 39. The algorithm is initialized by
the antenna position ~x1 and a vector pointing directly at the target û1.

3.2 Rules for reflection

As mentioned earlier in this report, a hybrid GO and radiance based rough
surface scattering model is implemented [25]. This model has the advantage
that it is proven by Nix et. al. [25] to satisfy both the conservation of energy
law and Helmholtz’s reciprocity. The energy conservation law states that the
ratio of the total exiting energy over the incident energy on a surface area has
to be smaller than unity. Helmholtz’s repricocity states that the power trans-
fer in one direction must be equal to the power transfer in the opposite di-
rection. It is furthermore quite easily implemented together with a GO ray
tracing model. Comparisons with measured data has proven that this model
has a better level of agreement than to only use rough specular reflection, see
[25].

The specular reflection component is modeled by a roughness modified Fresnel
coefficient, RS ,

RS = psΓv,h (3.18)

where ps is a roughness attenuation factor and Γ is the smoothed surface re-
flection coefficient depending on frequency, on the surface dielectric constant
ε(f) and incident angle φinc:
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Γv =
ε sinφinc −

√
ε− (cosφinc)

2

ε sinφinc +

√
ε− (cosφinc)

2
, (3.19)

Γh =
sinφinc −

√
ε− (cosφinc)

2

sinφinc +

√
ε− (cosφinc)

2
. (3.20)

Here, the subscripts v and h stand for vertical and horizontal polarization.

The roughness attenuation factor, ps, is given by

ps = e−(∆Φ)2

, (3.21)

∆Φ =
4π∆h sinφinc

λ
(3.22)

where ∆h is the rms surface height irregularity.

The diffuse reflection component is modeled by a simplified 2D Oren-Nayar
model given by

fdr =
α

π
(A+B ·K) , (3.23)

K = sin (Max [θi, θr]) · tan (Min [θi, θr]) , (3.24)

A = 1.0− 0.5
γ2

γ + 0.33
, (3.25)

B = 0.45
γ2

γ2 + 0.09
(3.26)

where γ denotes the standard deviation of the slope angle of the micro-facets
for the surface, which is used to describe the degree of roughness and α is the
albedo which describes the reflectivity of the surface material. In this report α
is estimated by the Fresnel reflection coefficient RS such that

α = R2
S . (3.27)

Specular reflection occurs when θi = θr and diffuse reflection when θi 6= θr, see
Fig. 12.
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Figure 12: Specular and diffuse reflection.

The terrain data is generated by taking 2D cuts as visualized in Fig. 12. Mean-
ing that 3D aspects, such as terrain slanted in the direction perpendicular to
the ray propagation paths, will not be taken into account. This is however
quite easy to implement in the reflection model, but since the final version
does not take reflection into account no more effort to develop the reflection
model has been made.

4 Ray trace implementation

Since received power due to reflection from a single point, the target, is of in-
terest an appropriate approach is ray tracing. In this particular case, ray trac-
ing is about calculating possible paths connecting antenna and target. This
report implements a ray tracer that detects possible paths corresponding to
the direct ray and rays due to specular and diffuse reflection on the ground.
The implementation is quite straightforward and simply shoots rays until the
target is found. A hit occurs when the ray ends up within a circle centered at
the target position.

4.1 Direct Ray

The ray tracer is initialized by a ray that is emitted along a vector pointing
directly towards the target. The ray stops if it gets higher than the target,
further away than the target or reaches the actual target, see Fig. 13.
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Figure 13: Initial ray.

If the ray misses the target, it chooses the next angle to be the current an-
gle from the z-axis added to the angle represented by the triangle formed by
the ray position, antenna position and target position. See Fig. 14, here the
angel sought for is ∆θ1. The next angle to emit a ray from is in this case
θ2 = θ1 + ∆θ1. In cases when the ray gets too far, the next angle is found
by the same triangle but instead subtracts ∆θ1 from the current angle. The
method of finding the next angle by the triangle defined in Fig. 14 is in this
report called the triangle method.

Figure 14: Triangle defining next angle to shoot a ray from.
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The method of finding the next angle by the triangle is only used when two
successive rays stop for the same condition, e.g. see Fig. 15 where two succes-
sive rays stop when reaching the same height as the target.

Figure 15: Two successive rays with the same stopping criteria, triangle
method.

On the other hand, if two successive rays stops due to different stopping cri-
teria, e.g. the first ray gets too high and the following ray gets too far, an-
other method to find the next angle is used. In this case, the next ray is shot
with an angle that is in the middle of the two last rays. See Fig. 16, where
the next angle would be θ3 = θ1+θ2

2 , called bisection method in this report.
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Figure 16: Two successive rays with different stopping criteria, bisection
method.

If a ray hits terrain the same procedure is initialized as when ending up be-
low the target. The algorithm for finding a ray path connecting antenna and
target is as described in Appendix D, Fig. 40.

4.2 Reflected Ray

When the direct ray path is obtained the algorithm continues on to locate re-
flected ray paths. This is done by emitting rays toward the terrain as showed
in Fig. 17. Since the antenna emits radiation according to its antenna pat-
tern more rays are sent that have angles close to the antenna main boresight.
The assumption is that rays emitted far from the boresight are considerably
attenuated since the antenna focus its energy along its main beam. There-
fore, these rays will not be crucial in the received power calculation and fewer
rays are emitted to save computation power. This is done by letting the initial
angle from the z-axis be the heading vector pointing at the target, the next
angle is then the current angle added with a small angle, ∆θboresight, deter-
mined by how close to the boresight the current angle is. The closer to the
boresight the smaller the added angle is. This results in more rays emitted
close to the boresight and less rays the farther away from the boresight. The
function used in the preparatory Matlab studies is defined by

∆θboresight =
(
C · (1− | cos θangle from boresight|)2

+ Θ
) π

180
[rad] (4.1)

where C is the distance between antenna and the target, Θ is the smallest
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step. The function is depicted in Fig. 18 and will increment the current an-
gle with Θ pi

180 radians if the current angle is aligned with the boresight angle,
meaning that θangle from boresight = 0.

Figure 17: Rays emitted on ground to find reflected ray paths.

Figure 18: Function for incrementing the emitting angle in the ground reflec-
tion algorithm, Θ = 0.01.

The next step is to find the paths connecting the reflection points in the ter-
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rain with the target. This is done by the same ray tracing procedure found
in Appendix D, Fig. 40. These paths are indeed direct rays connecting the
incoming ray impact points at the ground with the target, see Fig. 19 for
a schematic picture of the obtained result. Relevant angles at the reflection
points, φinc, θi and θr in Fig. 12 are stored to be used in the received power
calculations. The algorithm for finding the reflected ray paths is found in Ap-
pendix D, Fig. 41.

Figure 19: Rays emitted on ground and then locating the target from reflec-
tion points at the ground.

4.3 Received power calculations

When all ray paths are located the received power can be computed by the
same reasoning as in the derivation of the radar equation defined in Eq. (2.6).
The power due to the direct ray is computed by

PrDir = Pt · σ ·
(f(θ, ψ) ·G · λ)

2

(4 · π)
3 ·R4

optic

. (4.2)

In this case, the only difference compared to Eq. (2.6) is that the optic dis-
tance, Roptic is used instead of the spatial distance R. The optic distance is
the distance which a ray travels in non-vacuum. If the ray travels in vacuum,
the optical and the spatial distance will coincide.

When the received power due to the reflected ray paths are computed the as-
sumption is that all reflected rays contribute. The total received power due to
reflection is therefore the sum of all reflected rays,
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PrRef =
∑
i

Pref,i, (4.3)

Pref,i = Ptσ
(f(θ, ψ)Gλ)

2

(4π)
3

(R1 +R2)
4 pdfdr cos θrdAs if θi 6= θr, (4.4)

Pref,i = Ptσ
(f(θ, ψ)Gλ)

2

(4π)
3

(R1 +R2)
4 psRS if θi = θr. (4.5)

where pd = 1 − ps is the fraction of albedo used for diffuse reflection and dAs
is the area illuminated by the radar beam.

The total received power is then

Pr = PrDir + PrRef . (4.6)

5 Flames implementation

In the preparatory studies of the Ray Tracing model, received power due to
both direct and reflective power were considered. However, due to lack of
time, the radar model implemented in Flames only uses the direct ray imple-
mentation, meaning that this model does not take ground reflection proper-
ties into account. Trying to benefit from models already existing in Flames,
the model implemented in this report is wrapped around the already exist-
ing radar model. Actually, the only difference is that the receiver power due
to the direct ray is computed using a ray tracer and that a non-homogeneous
atmosphere is considered.

Since Flames is implemented in C and C++ one of these languages should
preferable be used. This model is implemented in C++ and consists of three
classes: radar, ray and atmosphere and uses a simple antenna model devel-
oped by Flames. See Fig. 20 for an overview of the model. The radar class is
the interface to Flames, it communicates with Flames and with other types
of Flames models, e.g. antenna models or platform models. The radar class
also has the responsibility to check if the considered target is detected. This
is done by fetching type and position of the platform, initializing a ray object
and starting the direct ray tracer known here as the direct ray method. When
the direct ray path is located the received power can be calculated by Eq.4.2.

Implementing an atmosphere class is perhaps not necessary when using simple
atmosphere models, as in this report. However, it makes the model adaptable
and more complicated atmosphere models can be developed in the future, e.g.
refractive index varying with range, meteorological effects such as fog and pre-
cipitation.

As already mentioned, the model uses a simplified antenna model provided
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by Flames. The user simply sets gain, azimuth and elevation angles for main
beam, side lobe and back lobe. These antenna properties are then used to de-
termine the antenna pattern.

The ray tracer and the ray propagator developed in this report is used to de-
termine if a target is detected. After the ray tracer has returned the optic
path connecting antenna and target, the model checks if the received power
is larger than some threshold value added to internal noise in the antenna sys-
tem. The internal noise together with the threshold value is used to compute
the minimal detectable signal (MDS), see algorithm for detection in Appendix
D, Fig. 42.

Figure 20: Model structure.

6 Simulation results

6.1 Flames

A scenario in Flames simulating a radar and an aircraft were executed using
the implemented radar model, an example of a scenario setup can be seen in
Fig. 21.
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Figure 21: Scenario setup.

Ray tracing paths between antenna and targets at different postions are showned
in the earth centered rotating (ECR) coordinate system in Fig. 22, ECR has
the origo in the center of the earth with the x−y plane coinciding with Earth’s
equatorial plane and the z-axis extending through the north pole.

Figure 22: Ray paths in ECR coordinate system, red dot is antenna position
and black dots are the airplane positions.
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Note that the rays appear to be straighter in Fig. 22 than one would expect,
The reason for this is the scales on the axis’s that are of the order of thou-
sands of kilometers.

In Fig. 23 the plane in which the rays are propagated is shown with target
and antenna position.

Figure 23: Rays obtained by the ray tracing algorithm implemented in Flames
using a standard atmosphere. The red rays correspond to misses, the light-
green ray corresponds to a hit and the darker grren corresponds to the ter-
rain.

The ray tracer works well in atmospheres where ducting occurs, see Fig. 24
where the process of finding a target by the ray tracer implemented in Flames
is presented.
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Figure 24: Rays obtained in the Flames implemented ray tracing algorithm
in ducting conditions. The rays are numbered from 1 to 9, where ray 1 is the
first ray emitted and ray 9 the last i.e. the green ray corresponding to the ray
that located the target.The red rays correspond to misses, the light-green ray
corresponds to a hit and the darker grren corresponds to the terrain.

Computed power is showned in Fig. 25 with MDS marked as dotted line.
The result is consistent with theory. In this case, the target gets detected 16
km from the radar where the received signal gets higher than the MDS. The
performance of this particular radar is not directly awe-inspiring. Instead, it
shows the performance of the ray tracer implementation and verifies that the
implemented radar model actually works.

When comparing the direct ray method to the method using the spatial dis-
tance between antenna and target one sees that the difference is very small,
Fig. 26. The relative difference is in this case not larger than 0.1%. Meaning
that using the ray tracing algorithm only makes sense when more complicated
atmospheres are considered. One example could be on the sea where ducting
effects are common.

33



Figure 25: Received power in the scenario model.

Figure 26: Received power in the scenario model.
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6.2 Matlab

The ray tracing method implemented above was tested in Matlab, se Figs. 27
and 28. Notice that more reflected rays are emitted when the emitting an-
gles are close to the antenna boresight, see for example Fig. 27. On the other
hand, when the emitting angles are far away from the antenna-target pointing
direction, as in Fig. 28, few reflection rays are emitted. For more simulation
results of the ray tracer see Appendix F

Figure 27: Ray tracing method finding direct path, red line, and reflected
paths, black lines. Target is placed 37.5 km from the antenna at height 100
m.
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Figure 28: Ray tracing method finding direct path, red line, and reflected
paths, black lines. Target is placed 37.5 km from the antenna at height 2500
m.

6.3 Direct received power

As noted in Fig. 29, received power due to the direct ray increases with dis-
tance, which agrees well with theory. The direct ray also consistently gen-
erates received power that is equal to or smaller than received power com-
puted from the spatial distance. The difference between the method that uses
the optic distance and the mothod that uses the spatial distance to compute
the received power from Eq. 4.2 is very small at distances of 10 km and less,
meaning that the difference between the optic and spatial distance is not large
close to the radar. The results show that the relative difference increases with
height implying that the direct ray method is more accurate at higher alti-
tudes, see Fig 30. This is however not the case since the absolute difference is
largest at low distances as seen in Fig. 31. The explanation for this seemingly
contradicting result is that the power quickly decreases with distance, by a
factor ∝ 1

R4 , meaning that received power is large close to the radar. The dif-
ference between the two algorithms is however relatively small. In short, the
difference between the two methods are largest at distances varying between
10 and 50 km and the difference is most significant at lower heights. This re-
sult is further confirmed by the ray tracing examples in Ch. 6.2. When for ex-
ample comparing Fig. 27 one notices that the difference in the optic distance,
the red line, and the direct line linking the radar to the target is larger when
the target is at lower altitudes.

Finally, the received signal strength appears to be very small, as one can see
in Fig. 31. This is however not a problem since radars are very sensitive and
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able to detect incoming signals that are of the order 10−14 watt.

Figure 29: Received power computed with direct ray algorithm, target at dif-
ferent heights.

Figure 30: Relative difference in computed received power between direct ray
algorithm and the spatial distance algorithm, target at different heights.
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Figure 31: Absolute difference in computed received power between direct ray
algorithm and the spatial distance algorithm, target at different heights.

6.4 Reflected received power

Different terrain properties may be modeled by varying ∆h, σ and the elec-
tromagnetic properties of the ground. A trustworthy reflection model should
capture these differences. In Fig. 32 σ is increased from 0◦ to 32◦ meaning
that the roughness of the terrain is increased. The received power seems to in-
crease with increasing σ. This is due to that diffuse reflection rays contribute
more in rougher terrain than in a totally smooth terrain, ∆h = σ = 0, no dif-
fuse reflection occurs. The increase in power with more varying terrain is also
warranted by the result if ∆h is increased which can be seen in Appendix F,
Fig. 48 and 49.
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Figure 32: Ratio of the reflected power over total power is plotted with vary-
ing σ, ∆h = 2, average ground.

That the received power due to reflection should account for up to 45% of the
total power is unlikely, see Fig. 32. Also, emitting away many rays in the re-
flection model means that the simulation will take more time. It could there-
fore be sufficient to only consider specular reflection modified with roughness
coefficients to take terrain roughness into account. Another improvement
would be to implement a 3D implementation where the rays hit a plane or
facet instead of a line. The reflection model needs to be more thoroughly in-
vestigated than can be done in this report. The reflection model also needs to
be verified with measured data.

7 Discussion

The result presented here shows that the implemented ray tracer works in a
stratified atmosphere as well as in atmospheres where ducting occurs. Still the
question is, how can the method be validated regarding received power? Since
no measurements are available other approaches to validate the method are
needed. One way is to compare to the original method implemented in Flames
which uses the spatial distance instead of the optic distance to compute re-
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ceived power using Eq. (4.2). The results shows that the difference between
these two methods is negligible, see Fig. 25 and 26. First of all, it is impor-
tant to stress that this result confirms that the method implemented is valid
since the difference is insignificant and using the spatial distance in the radar
equation is a widely accepted method of approximating received power. The
optic distance should however never be less than the spatial distance, which
never happens in this report.

So, why bother using the method implemented in this report? Why not use
the spatial distance which will generate almost the same results but at a shorter
amount of time. The motivation for using ray tracing methods is that when
more varying refractive index is used, e.g. larger gradients or ducting condi-
tions, the difference between the optic and spatial distance will get more sig-
nificant. Ducting conditions in the atmosphere might even block radar waves
making the target invisible to the radar in certain areas. This property is en-
tirely neglected in the method only using the spatial distance. The refrac-
tive index also makes the electromagnetic waves bend towards or away from
the ground, resulting in larger or smaller coverage area. The refractive in-
dex in the atmosphere usually makes the rays bend toward the ground which
makes the radar detect targets that are beyond the horizon or targets that are
masked by terrain. The over the horizon-property is especially present at sea,
where at some angles, ducting makes the rays reach much longer.

The reason for using the ray tracing method is further motivated by the fact
that if more developments are made, the ray tracer algorithm might consider
ground reflection. When implemented, ground reflection will give a more valid
model of the radar, particularly at sea or in snowy terrain. Also, reflection
from the ground to the antenna gives rise to a phenomenon called clutter
which in turn gives rise to false detections in the radar or that the target is
more difficult to detect. To model terrain clutter one needs to know the graz-
ing angle at which the electromagnetic wave hits the ground. The grazing
angle is easily obtained in the ray tracing algorithm giving the foundation
on which a clutter model can be built. To furthermore improve the model,
diffracted rays due to round hills and sharp mountain peaks may be modeled
using Uniform Theory of Diffraction. Here, the direct ray implementation is
the foundation on which a more accurate radar model can be implemented.

The ray tracer needs on average around 2.5 rays per time step to locate the
target. Of course, this is highly dependent on terrain and atmosphere pro-
file. A test was made with the same terrain profile and in an atmosphere with
two different types of refractive indices: one linearly decreasing, Fig. 23, and
one with a ducting layer between 200 and 400 meters above sea level, Fig. 24.
The number of rays needed to locate the target is presented in Fig. 33.

The linearly decreasing atmosphere results in 2.7156 rays on average while the
model with a duct needs 2.4601 rays. This is not surprising since in the lin-
early decreasing atmosphere the first emitted ray probably misses the target
and hits the ground or ends up below the target. In the ducting atmosphere,
the ducting layer might sometimes compensate for the decreasing refractive
index and actually hitting the target with the first emitted ray. At distances
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close to radar the first ray, the ray that is emitted along the direction pointing
directly at the target from the antenna, often locates the target. This is due
to that the rays need to propagate some distance before the atmosphere may
bend the ray paths. One improvement could therefore be to use the spatial
distance to compute the received effect close to the antenna, this gives more
or less exactly the same as the optic distances close to the radar. Also notice
in Fig. 34 that in the standard atmosphere case, the rays are emitted at an-
gles smaller than 90◦. An improvement in the standard atmosphere scenario
could therefore be to emit the first ray along angles pointing above the target.
In the ducting atmosphere the emitting angle pattern is not that clear. How-
ever, the model could be implemented to ”learn” during the scenario runtime
by keeping a close track on which emitting angles that locate the target at dif-
ferent distances. Then, if most of the rays found the target at some direction
different from the direct spatial direction the initial angle is changed. Also,
see 2D histograms in Appendix G Fig. 50 and 51 that describe the probabil-
ity that at a specific distance the ray tracer will emit a ray at a specific angle.
One notices that the ducting atmosphere results in more variations in angles
and number of rays and that the standard atmosphere gives a quite clear pat-
tern.

Figure 33: Number of rays emitted to locate the direct path between antenna
and target, standard atmosphere and atmosphere with duct.
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Figure 34: Emitting angles from which the rays located the target, this angle
correspond to the θs in Fig. 13 - 15.

A final comment about the ray tracer is that in Flames, where the curva-
ture of the earth is explicitly given by the terrain profile in ECR-coordinates,
the refractive index does not need to account for the curvature. Thus, the
rays will bend toward the ground in the standard case. If this is the case, the
method is changed to only stop the ray if it gets to far. This is due to that
the rays actually can reach the same height as the target and then bend down
again to hit the target in the Flames implementation, e.g. see Fig. 23. The
algorithm is therefore altered to stop the ray if it reaches too far and then
checks if the ray is above or below the target, again see Fig. 23 and 24. An
alternative to these stopping criteria could instead be to let the ray stop if
it hits a circle with center at the antenna and a radius corresponding to the
distance between the antenna and the target, see Fig. 35. This will probably
reduce the computation time since rays hitting the target above will stop its
propagation path a bit earlier. Also, in the Flames implementation the trav-
elled range is computed by the haversine formula [28] which computes the
shortest distance over the earth’s surface. This must be done at each ray step
and will probably slow down the ray tracer algorithm.
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Figure 35: Alternative stopping criterion for the ray tracer.

Varying refractive index might generate lense effects, i.e. rays will focus or
scatter. Lense effects in the atmosphere will generate problems when rays
are focused since this implies that more than one ray might find the target.
This could of course be taken care of by letting the ray tracer return more
than one path connecting the antenna and target. However, if rays are fo-
cused there exists in theory an infinite number of rays connecting the target
and the antenna resulting in an infinite amount of power. Furthermore, is the
assumption that the electromagnetic effect is attenuated spherically true in
lense conditions? Finding the optic distance will probably compensate to give
a more valid result, but is this enough? Here, some more investigations are
needed.

A question that arises regarding the reflection model used in the preparatory
studies are: When should reflection be accounted for? Literature states that
specular reflection occurs at smooth terrain profiles or at sea [24]. On the
other hand, at rough terrain with sharp slopes and thick vegetation, the re-
flection is solely diffuse. This is especially true at higher frequencies where
smaller terrain details affects the reflection. Meaning that diffuse reflection
is most important in radar application over land. The results shows that the
rougher the terrain the more power is received. This could of course be true
up to a limit, to account for around 45% of the total received power, as showed
in Fig. 32, is however unlikely. The over estimation of the reflected power is
probably explained by that there exists some bounds on ∆h and σ where the
Oren-Nayar model is valid.

The reflection model implemented in Matlab is a pure 2D implementation
that works on a 2D terrain cut. A much better model should account for 3D
terrain. This would however vastly increase the computational cost for the ray
tracer since reflected rays may reach the target by paths that will lie in other
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planes than the one defined in Fig. 12.

8 Conclusion

In this report a radar model that uses ray tracing techniques is developed
in Matlab and implemented in Flames. The model finds the optic path con-
necting the radar and the target and computes the corresponding electromag-
netic effect due to reflection. The size of the received power determines if the
radar detects the target or not. The model handles varying refractive index
and ducting phenomena in the atmosphere. The ray tracing technique gives a
more fair descripton of the receieved power than the spatial distance model,
which tends to overestimate the power. The developed model should be con-
sidered as first step towards a ray based radar model which also takes reflec-
tion and diffraction into account.

The ground reflection model developed in this report is not used in the Flames
implementation. Here, more work is needed to verify the correctness of the
model.

8.1 Model improvements

To further improve the accuracy of the radar model, a more extensive investi-
gation can be made. First of all, a better estimate for computing the received
power might be needed. The simple power computations in this report omit
interference properties that might further reduce the received power. A more
accurate model would therefore compute the phase differences, due to ground
reflection and different propagation distances, to produce better results.

A more advanced atmosphere model could also be used to encapsulate ducting
and other effects due to atmospheric in-homogeneities. Additionally, meteoro-
logical properties is known to scatter and attenuate electromagnetic waves, a
good model should therefore consider the meteorological impact on the radar
performance. Since the current model computes the optic path connecting
the antenna with the target a simple meteorological model should be quite
straightforward to implement.

The radar detection process is highly stochastic in nature, this is especially
true when simulating returned signal, internal noise and the MDS. Therefore,
to get a fairer model of a radar, statistical variations in internal noise and re-
ceived power should be implemented.

As mentioned, terrain reflection is omitted in this report. It is known that
reflection at the ground contributes to the received power and should there-
fore be taken into account to further improve the model. The ray tracer could
also be used to model noise due to radar clutter that is noise due to reflection
from ground directly to antenna. This would give a better estimate on MDS
and the its impact on the radar performance in a certain terrain profile.
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To further improve the computation performance of the model, parallelization
techniques could be implemented. One approach could be to send rays to dif-
ferent targets in parallel. A more low-level implementation is to parallelize the
ray tracing algorithm. It is not trivially done in the direct ray implementa-
tion since each emitted ray depends on the previous one. One could of course
use a brute force technique that sends rays at different angles in parallel. The
reflection model is more easily parallelized since many ray paths need to be
found. A parallel implementation could therefore be to emit these rays in par-
allel.
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A Propagation factor

In order to introduce propagation effects due to atmosphere and terrain the
propagation factor, F , is used. It is defined as the ratio between the electro-
magnetic field in the presence of environmental effects, E, to the electrical
field in free space E0,

F =

∣∣∣∣ EE0

∣∣∣∣ . (A.1)

The propagation factor encapsulates all the effects on the propagation at-
tributed to natural environment. These effects are energy absorption from
gasses and liquid water, diffraction, refraction, multipath interference, earth-
surface dielectrics, terrain interference among others. This report considers a
standard atmosphere which is based on the assumption of a linear decrease in
temperature with height up to the tropopause.
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B Main steps in Split-Step Parabolic Equation
derivation

First of all, a second-order uncoupled version of Maxwell’s equations is ob-
tained by taking the curl of (2.12) and (2.11), combining them to get a equa-

tions for ~H and ~E alone,

∇×∇× ~H − ∇ε
ε
×∇× ~H − µεω2 ~H = 0. (B.1)

Since radar waves propagating over the Earth’s surface are investigated it is
natural to describe Maxwell’s equation in spherical coordinates, (r, θ, φ), with
origin at the center of the Earth. Consider a source located at θ = 0, r = rs in
the region above ae, the Earth’s radius. For a linearly polarized transmitter,
the resulting electric field vector may be assumed to be either vertically polar-
ized or horizontally polarized. In the vertically polarized (VP) case the only

nonzero magnetic component is ~H = Hφφ̂ and in the horizontally polarized

case the only nonzero electrical component is ~E = Eφφ̂. By considering the
vertically polarized case and omitting φ dependencies the scalar wave equa-
tion for Hφ is

1

r
∂r

[
1

ε
∂r (rHφ)

]
+

1

r2
∂θ

[
1

ε sin θ
∂θ (sin θ ·Hφ)

]
+ µω2Hφ = 0, (B.2)

where ∂r = ∂
∂r and ∂θ = ∂

∂θ .

Analogously, in the horizontally polarized (HP) case, where Hr, Hθ and Eφ
are the only nonzero components, the scalar wave equations for Eφ is

1

r
∂2
r (rEφ) +

1

r2
∂θ

[
1

sin θ
∂θ (sin θ · Eφ)

]
+ µεω2Eφ = 0. (B.3)

The trick is then to make a smart substitution for Eφ and Hφ to reduce the
complexity of the problem. The substitution used by Dockery et al. [17] is
implemented here, namely that

Hφ =

√
ε

r sin θ
U, (B.4)

Eφ =

√
1

r sin θ
V . (B.5)

Using one of these substitutions yields the following two-dimensional Helmholtz
equation:

(
∂2
r

1

r
∂r +

1

r2
∂2
θ

)
U +

(
g − 1

4r2
+ k2n2

)
U = 0, (B.6)
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where the wave number k = ω
c and

g = −
√
ε sin θ

(
d2
r +

1

r2
∂2
θ

)
1√
ε sin θ

(B.7)

has been introduced.

Imposing the ”Earth-flattening” change of variables,

z ≈ r − ae, (B.8)

x ≈ aeθ, (B.9)

such that rectangular coordinates, z and x corresponding to altitude and range,
are introduced. Notice that this approximation is only valid when

z, x� ae, (B.10)

i.e. range and altitude small compared to the radius of the Earth [5].

For propagation at angles close to the horizontal direction rapid fluctuations
can be factored out by using the substitution

U(x, z) = ejkxu(x, z). (B.11)

This is called the parabolic approximation and reduces the problem to a nu-
merical solution that ”march” in range. The approach is to assume that backscat-
tered field can be neglected, that the field propagation is limited to ”nearly
horizontal” propagation and that u(x, y) varies smoothly with range. These
approximations are valid for frequencies above 100 MHz which should not
generate any problems since this report considers tracking radars that emit
waves with frequencies of the order of GHz.

The final form of the parabolic equation is then obtained:

∂2
zu+ 2jk∂xu+ k2

(
n2 − 1 +

2z

ae

)
u = 0 (B.12)

which can be rewritten as

∂xu =
jk

2

{
1

k2
∂2
z +

(
n2 − 1 +

2z

ae

)}
u (B.13)
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The same result is obtained by applying the same steps to the HP case. The
only difference lies in how to apply the boundary conditions.

By assuming that the refractive index does not depend on x a solution to the
PDE in (B.13) that readily comes to mind is

u(x+ ∆x, z) = e
jk∆x

2 ( 1
k2 ∂

2
z+n2−1+ 2z

ae
) · u(x, z). (B.14)

By splitting the parenthesis in the exponent and reducing the partial differen-
tial equation in (B.14) to an ordinary differential equation using the Fourier
transform we finally obtain a numerical solution

u(x+ ∆x, z) = e
jk(n2−1+ 2z

ae
)∆x

2 F−1

{
e−

jπ2p2∆x
2k Fu(x, z)

}
. (B.15)

Now, assuming that the ground is PEC, u should satisfy the homogeneous
Dirichlet boundary condition at the ground/air interface,

u(x, 0) = 0. (B.16)

In order to satisfy the Dirichlet condition the Fourier sine transform with re-
spect to height is used,

Su(x, z) =

∫ ∞
0

u(x, z)sin(2πpz)dz, (B.17)

where p is the transform variable referred as the vertical wave number or spa-
tial frequency.
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C Comparison of Geometrical Optics results

Figure 36: SSPE and GO on atmosphere with duct between 200 and 400 m,
no terrain.

Figure 37: SSPE and GO on atmosphere with duct between 400 and 700 m,
no terrain.
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Figure 38: SSPE and GO on atmosphere with duct between 400 and 700 m,
with terrain.
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D Algorithms

input : ~xi, ûi, ∆s
output: ~xi+1, ûi+1

// Compute direction and normalize

~ui+1 = ûi × n̂+ ∆s û⊥·∇n(~r)
n2(~r) ûi × n̂

ûi+1 = ~ui+1

|~ui+1|

// Propagate ray one step

~xi+1 = ~xi + ∆s
n ûi

Figure 39: Algorithm for propagating ray one step with step length ∆s
along direction ûi+1.
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input : Antenna position, target position
output: Direct ray path between antenna and target

if antenna height < target height then
max height = antenna height

else
max height = target height

end

while Distance between ray end point and target > minimum distance
do

if Ray gets too high then
if Too high two times in a row then

Triangle method
else

Bisection method
end
Shoot new ray

end

if Ray gets too far then
if Too far two times in a row then

Triangle method
else

Bisection method
end
Shoot new ray

end

if Ray hits terrain then
if Ray hits terrain two times in a row then

Triangle method
else

Bisection method
end
Shoot new ray

end

Propagate ray

end

Figure 40: Algorithm for finding direct ray path between antenna and
target.
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input : Antenna position, target position
output: Reflected ray paths between antenna and target, φinc, θi and θr

while current angle from z-axis θ < π do
if Ray gets too high or Ray gets too far then

// Increment angle and shoot new ray

Delete current ray
θi+1 = θi + ∆θboresight,i
Shoot new ray

end

if Ray hits terrain then
// Terrain is hit, find target and store values

Direct ray between impact point and target
Store ray
θi+1 = θi + ∆θboresight,i
shot new ray

end

Propagate ray

end

Figure 41: Algorithm for finding reflected ray paths between antenna,
ground and target.

input : Antenna position, target position
output: Detection

for All targets in scenario do
Fetch target data Compute received power with ray trace method if
received power ¿ MDS then

Target detected
else

Target not detected
end
I

end

Figure 42: Algorithm for detection process
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E Flames Simulation Result

Figure 43: Ray paths in ECR coordinate system, red dot is antenna positions
and black dots are the airplane positions.
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Figure 44: Ray paths in ECR coordinate system, red dot is antenna positions
and black dots are the airplane positions.
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F Matlab Simulation Results

Figure 45: Ray tracing method finding direct path, red line, and reflected
paths, black lines. Target is placed 37.5 km from the antenna at height 1000
m.

Figure 46: Ray tracing method finding direct path, red line, and reflected
paths, black lines. Target is placed 80 km from the antenna at height 1000
m.
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Figure 47: Ray tracing method finding direct path, red line, and reflected
paths, black lines. Target is placed 80 km from the antenna at height 25000
m.
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Figure 48: Ratio of the reflected power over total power is plotted with vary-
ing σ, ∆h = 1, average ground.
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Figure 49: Ratio of the reflected power over total power is plotted with vary-
ing σ, ∆h = 3, average ground.
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G Ray trace analysis

Figure 50: 2D histogram, shows the probability that at some distance the ray
tracer will find the target at some certain angle, no ducting.
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Figure 51: 2D histogram, shows the probability that at some distance the ray
tracer will find the target at some certain angle, duct between 200 and 400 m.
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