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Abstract

UO-2 vs MOX: Propagated nuclear data uncertainty
with burnup using Fast Total Monte Carlo

Petter Helgesson

Precise assessment of propagated nuclear data uncertainties in integral reactor
quantities is necessary for the development of new reactors as well as for modified
use, e.g. when replacing UO-2 fuel by MOX fuel in conventional thermal reactors. 

The Fast Total Monte Carlo method (Fast TMC) is a further development of Total
Monte Carlo - a reliable, general and flexible way to study how uncertainties
propagate from differential nuclear data to integral results. The main idea is not new
or unique for the field: integral quantities of interest are computed multiple times
using differential data which is randomly sampled from distributions that quantify the
uncertainty of the differential data; the spread in the results is then used in the
quantification of the propagated uncertainties.

This text compares UO-2 fuel to two types of MOX fuel with respect to propagated
nuclear data uncertainty, primarily in the neutron multiplication factor k-eff, by
applying Fast TMC to a typical PWR pin cell model in the Monte Carlo transport code
SERPENT, including burnup. An extensive amount of nuclear data uncertainties is
taken into account, including transport and activation data for 105 isotopes, fission
yields for 13 actinides and thermal scattering data for hydrogen in water.

There is indeed a significant difference in propagated nuclear data uncertainty in k-eff;
at 0 burnup the uncertainty is 0.6 % for UO-2 and about 1 % for the MOX fuels. The
difference decreases with burnup. Uncertainties in fissile fuel isotopes and thermal
scattering are the most important for the difference and the reasons for this are
understood and explained.

This work thus suggests that there can be an important difference between UO-2 and
MOX for the determination of uncertainty margins. However, the effects of the
simplified model are difficult to overview; uncertainties should be propagated in more
complicated models of any considered system. Fast TMC however allows for this.
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Sammanfattning

Noggranna uppskattningar av propagerad osäkerhet hos kärndata i beräk-
nade reaktorstorheter är nödvändig för utveckling av nya reaktortyper s̊aväl
som för modiferad användning, som till exempel när uo2 delvis ersätts av
mox som bränsle i konventionella reaktorer.

“Fast Total Monte Carlo” (Fast tmc) är en vidareutveckling av “Total
Monte Carlo” vilket är en p̊alitlig, generell och flexibel metod för att studera
hur osäkerheter propagerar fr̊an differentiell kärndata till storheter p̊a reak-
torniv̊a. Huvudprincipen är inte ny eller unik för tillämpningen: storheter
av intresse beräknas flera g̊anger med data som är slumpvis genererad fr̊an
fördelningar som beskriver osäkerheten i den differentiella datan. Sedan an-
vänds fördelningen hos resultaten för att uppskatta den propagerade osäker-
heten.

Detta arbete jämför uo2-bränsle med tv̊a typer av mox-bränsle med
avseende p̊a propagerade osäkerheter i kärndatan, huvudsakligen i keff , genom
att applicera Fast tmc p̊a en modell av en typisk bränslestav fr̊an en tryck-
vattenreaktor i reaktorkoden serpent, inklusive utarmning. En stor mängd
kärndata är inkluderad i studien, inklusive tvärsnittsdata för 105 isotoper,
fissionsyield för 13 aktinider och termisk spridningsdata för väte i vatten.

Det är en tydlig skillnad i propagerade kärndataosäkerheter hos keff :
för färskt bränsle är osäkerheten 0.6% för uo2 och ungefär 1% för mox.
Skillnaden minskar med ökande utarmning. Osäkerheter hos fissila isotoper
i bränslet är tillsammans med termisk spridningsdata viktigast för skill-
naderna, skillnader som är förklarade och först̊adda.

Den här studien pekar p̊a att det kan finnas en viktig skillnad mellan
uo2 och mox för bestämningen av felmarginaler. Effekterna av den fören-
klade modellen är emellertid sv̊aröversk̊adliga och osäkerheter bör propageras
genom mer avancerade modeller av varje system som betraktas. Fast tmc
möjliggör detta.
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Chapter 1

Introduction

1.1 Background

The Generation IV International Forum has stated that the next generation
of nuclear reactors shall fulfill four general goals [1]:

• Highly economical

• Enhanced Safety

• Minimal Waste

• Proliferation Resistant.

Two of these goals are directly related to knowledge on how precise reac-
tor calculations are, namely economy and safety. The latter of these may
be considered obvious – if we don’t know how reliable our predictions of a
reactor’s performance are but still use these predictions to dimension the
safety systems, we cannot know how safe we are. The connection between
uncertainties and economy is partially related to the safety; bad knowledge
of the uncertainties may lead to vastly oversized safety margins and control
systems which leads to additional costs.

One can however say that the two latter goals, concerning waste and pro-
liferation, highly depend on the two former; without enhanced safety and
good economics, the reactors are unlikely to become reality at all due to
the lack of acceptance and economical incitement. Another point with good
knowledge of uncertainties is that this by itself should increase the accep-
tance.

Thus, knowledge on how e.g. nuclear data uncertainties propagate through
reactor computations is essential for the development of new reactors.
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Amore near term development than Generation IV is the increasing usage
of mox fuel (mixed oxide), which has both advantages and disadvantages,
one advantage being related to proliferation – mox usage can be a way to get
rid of weapon grade plutonium. mox has been used since the 1980’s but to a
much smaller extent than the more conventional uo2 why the experience is
much less for mox, and the usage is still under considerable development. A
relevant question is: how much of this experience can be translated into mox
usage? Differently put, is there a significant difference in the uncertainties
for mox compared to uo2?

Total Monte Carlo (tmc) was presented by Koning et al. in 2008 [2],
primarily as a reliable, general and flexible way to study how data uncertain-
ties (not necessarily nuclear data uncertainties) propagate through reactor
computations. With Fast tmc, presented by Rochman et al. in 2013 [3], this
can now be done almost without adding any computational time, as seen in
Section 2.4.4.

1.2 Aim of the study: is there a significant

difference in the nuclear data uncertain-

ties for MOX compared to UO2?

The aim is to use Fast tmc to compare how nuclear data uncertainties propa-
gate through reactor simulations with burnup in serpent when uo2 fuel and
mox fuel is used. Also, found differences shall be understood and described
comprehensibly.

Since two main types of mox occur, with weapon grade and reactor grade
plutonium, both are included in the comparison and they will inevitably be
compared to each other as well. Primarily, uncertainty in the neutron multi-
plication factor keff will be studied but other quantities and their uncertainties
are available and can be used to explain these results.

1.3 Overview of the text

Chapter 2, Theory, begins with an overview of important reactor physics
terminology followed by sections on statistics and the main tool used in this
work, i.e. the nuclear reactor code serpent. These first three sections are
included to make the rest of the text comprehensible for a reader with limited
knowledge in any of these fields. Further, they enable easily found references

7



to certain details and ensure that the author and reader agree regarding some
definitions.

In the last section of Chapter 2, Section 2.4, the method used in this work
to study uncertainty propagation, Fast Total Monte Carlo is presented, with
starting point in Total Monte Carlo (tmc, without “Fast”). The difference
between tmc and the faster version is in principle not big why this approach
is chosen (in practice however, the difference is important).

In Chapter 3, Method, the details of the method in this particular work are
presented. This includes details on the model in serpent, what particular
data is considered in the tmc procedure and choices of sample sizes etc.

After this follows Chapter 4, Results and Analysis of results. As the
name suggests, the most important results are presented and analyzed in
this chapter. This begins with what is considered the main result, namely a
comparison of the data uncertainty in the neutron multiplication factor keff
for the fuel types, showing that there is a significant difference, especially for
low burnup. The subsequent sections show results that are used to explain
this main result.

The conclusions drawn in Chapter 4 are summarized in Chapter 5, Con-
clusions, and a discussion on the results and conclusions follows in Chapter
6, Discussion.

In appendix, results for other quantities than keff are found as well as
input files to serpent and some mathematical details. It may be worth to
note that an index and a list of symbols are found after the appendix.
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Chapter 2

Theory

2.1 Reactor physics – the very basics and ter-

minology

To make the study comprehensible for a reader without knowledge in reactor
physics, the very basics of this field are described here. The emphasis will be
on introducing necessary terminology and most details are left out.

2.1.1 The nucleus

To no surprise, nuclei play an important part in nuclear reactors.
A nucleus with atomic number Z and mass number A consists of Z pro-

tons and Z−A neutrons, summing up to A nucleons. Although the Coulomb
force between the positively charged protons make them repel each other, the
nucleus can stay intact due to mainly one other force, the strong force. This
force is attractive and much stronger than the Coulomb force – within its
range of about 10−15m [4, p. 15], that is. This range can be compared to the
radius of a nucleus, which is approximately 10−14m [5, p. 25].

2.1.2 Fission

As of today, all nuclear reactors producing usable energy rely on fission, which
is a nuclear reaction where a nucleus splits into two daughter nuclei (from
now on referred to as fission products), typically a few neutrons, γ-photons
and neutrinos.

The reason why such a reaction can be used for energy production is that
the binding energy per nucleon is different from one nucleus to another, as is
illustrated in Figure 2.1. In the figure, the binding energy Eb per nucleon is
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plotted for such A and Z that experimental values are available1. As one can
see, the binding energy per nucleon reaches a maximum for medium-heavy
nuclei (Ni-62 has the greatest value), in practice meaning that the fissioning
of heavy nuclei results in an excess of binding energy. This energy becomes
distributed on the fission products, the resulting neutrons, gamma photons
and neutrinos released in the fission event, the majority of which can be
transferred to the coolant in a power plant and thereby be used for power
production.
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Figure 2.1: Binding energy per nucleon plotted as a function of the mass number A. The
data concerns ground states of all isotopes where experimental data is available. Efission

denotes the energy per fission and Afuel denotes the mass number of a fissioning nucleus.
Data from Ref. [6].

2.1.3 Sustaining a chain reaction: criticality and keff

Most fissions in a nuclear reactor come about because a nucleus reacts with
a neutron and thus, there must be neutrons present. As briefly mentioned in
Section 2.1.2, one of the resulting particles from a fission event is normally
a number of neutrons, too, and therefore there is a possibility for a self-
sustaining chain reaction. “Typically”, the number of neutrons from a fission
is2 2-3, why it may seem simple to reach such a chain reaction. However, not

1The term binding energy is often a source of confusion, since it may lead the thoughts
to the energy necessary for binding, which is wrong. In fact, a group of nucleons demand
less energy if they are bound together than if they are not, and this gain of energy is what
is referred to as the binding energy.

2For e.g. thermal (slow) neutrons reacting with U-235, the average number of emitted
neutrons per fission is ν̄ = 2.43 [7].
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all neutrons will cause fission; some will leak out of the reactor and some will
be captured in present nuclei without causing fission.

For a chain reaction to be sustained, one neutron must on average cause
exactly one new neutron, and such a situation is referred to as critical . If
less or more neutrons are produced, the situation is denominated subcritical
and supercritical, respectively.

Whether or not a chain reaction is sustained is very important and thus
the neutron multiplication factor,

keff := expected number of fission neutrons resulting from one neutron,

is of high importance (the symbol “:=” means defined by throughout this
text) With this definition,

• If keff = 1, the reactor is critical , i.e. a chain reaction is sustained

• If keff > 1, the reactor is supercritical , i.e. the number of neutrons
increases

• If keff < 1, the reactor is subcritical , i.e. the number of neutrons
decreases.

If the aim is to run a reactor at constant power, keff = 1 is desirable. At bol
or eol, keff > 1 respective keff < 1 is desired, the former only for a limited
period of time - otherwise a “never-ending” exponential increase of the power
would take place.

The neutron multiplication factor without leakage, i.e. disregarding that
neutrons leave the reactor, is normally referred to as k∞

It is worth noting that in a steady state without leakage, the above defi-
nition of keff is equivalent to

keff = k∞ =

〈
neutron production rate

neutron absorption rate

〉

, (2.1)

where 〈·〉 denotes the expected value.

2.1.4 Cross sections

2.1.4.1 Definition

First a word on notation: To distinguish microscopic cross sections from
standard deviations, the somewhat unusual variant of sigma, ς, is used for
microscopic cross sections in this text.

11



It was mentioned above that some neutrons will be captured and some
will cause fission, but it is of importance how likely one or the other reaction
is and this is quantified by the concept of cross sections.

Consider a neutron which travels a distance dx through a medium where
the atomic density of an isotope X is NX (measured in e.g. cm−3). The
microscopic cross section ςR,X for a reaction R with X is then defined such
that

P (reaction R between this neutron and X) = NXςR,X dx,

where P denotes probability. In other words, ςR,X can be viewed as an effec-
tive area of the nucleus, with respect to the reaction R. Normally, one uses the
unit barn for microscopic cross sections, defined such that 1 barn := 10−28m2

(this is approximately the area of a nucleus [5, p. 25]).
As above, it is indeed often the product ofNX and ςR,X which is of practical

importance, why the macroscopic cross section

ΣR,X := NXςR,X

is what often is used. Often, this quantity is not divided on different isotopes
but instead one uses the total macroscopic cross section for the reaction R,
i.e.,

ΣR :=
I∑

i=1

NXi
ςR,Xi

,

where Xi is the i
th isotope and I is the number of isotopes of any importance.

Both types of cross sections have an importance, since one could say
that data is given in microscopic cross sections which, together with the
material composition, give the macroscopic cross sections from which reaction
probabilities are computed.

2.1.4.2 Classification of cross sections

There are numerous possible reactions between a nucleus and a neutron,
which one can classify in more or less detail – above, fission and capture are
mentioned which together are referred to as absorption. One other group of
reactions will be mentioned in this text, namely scattering.

In Figure 2.2, the reactions that will be referred to in this text are sum-
marized and also stated in terms of macroscopic cross sections. The total
cross section can be divided into two groups, namely scattering and absorp-
tion. Absorption can then further be divided into fission and capture. The
capture and scattering cross sections can be further classified, but this is not
done here.

12



All reactions (Σtot)

Scattering (Σs)

· · · · · ·

Absorption (Σa)

Fission (Σf) Capture (Σc)

· · · · · · · · ·
Figure 2.2: The classification of reactions and cross sections used in this text.

2.1.4.3 Energy dependence: an important example

Now, all cross sections depend both on which nuclide we consider and the
kinetic energy of the approaching neutron (only reactions where neutrons are
involved are discussed in this text). In this section this is illustrated with an
example.

In Figure 2.3 we see the capture and fission cross sections, ςc respective
ςf , as functions of energy for two practically important nuclides: U-235 and
U-238. Three energy regions, which can be used for at least a qualitative
description of the energy dependence of the cross sections, are marked out in
the figure:

• Thermal region3, E < 1 eV

• Resonance region, 1 eV ≤ E < 0.1MeV

• Fast region, E > 0.1MeV.

3The name thermal region is explained in Section 2.1.7.
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Figure 2.3: Fission and capture cross sections for U-235 and U-238. Data from ENDF/B-
VII.1 [7].

Several things can be observed from the figure, e.g.:

• The overall trend is a decrease in all cross sections except ςf,U-238, which
is very small (10−10− 10−2 barns) for energies less than ∼ 1MeV. This
is since U-238 is not fissile, meaning that fission is almost impossible
for energies less than some threshold energy.

• In the resonance region, the viewed cross sections behave very non-
regularly, with high and narrow peaks at some energies. This is, as one
may suspect from the name, due to resonances which can increase the
probability for absorption with a factor of as much as 106 [4, p. 66]. In
the figure, the resonance peaks for U-235 is on the order of 102 and for
U-238 103 − 104.

• In the thermal region, ςf,U-235 > ςc,U-235 > ςc,U-238 > ςf,U-238. Note the
log-log-axes, meaning that the differences are significant indeed. In
fact, ςf,U-238 < 107ςf,U-235 in this region.

• The above sequence of inequalities remain valid even for large parts of
the resonance region. However, the differences generally decreases, and
since the resonance peaks for U-238 in general are greater, ςc,U-238 is
significantly greater than both ςf,U-235 and ςc,U-235 for many energies.

• In the fast region, the picture changes somewhat. At approximately
1MeV, fission of U-238 becomes “possible” with the result that ςf,U-238

becomes greater than both ςc,U-238 and ςc,U-235 and comparable with
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ςf,U-235. As the neutron energy increases, the difference between the fis-
sion cross sections and the capture cross sections increases, approaching
a relative difference of approximately 10−4.

The fresh fuel in conventional reactors is UO2, where the uranium content
mainly consists of U-238 (∼ 95%) and U-235 (∼ 3 − 5%). Neutrons in the
resonance region are likely to get captured in U-238, why this energy region
is unfavorable for fission – if a neutron is captured it cannot give rise to a
fission and is in this sense lost. The fast region is hard to make good use of
due to technological issues, leaving us with the thermal region in conventional
reactors. Conventional reactors are therefore run in such a way (see Section
2.1.7) that one is making use of thermal neutrons.

2.1.5 Flux, neutron energy spectrum

Let n be the neutron density, that is the expected number of neutrons per
volume (measured in e.g. cm−3), and let v be the expected value of the
speed of these neutrons4. Repeatedly, one is often interested in the product
nv which can be interpreted as the total distance the neutrons travel per
volume and time. Therefore, we define the neutron flux φ as this product [4,
p. 57]

φ := nv.

The neutrons in a system will not all have the same energy, and since
the cross sections have been seen to depend strongly on energy this must
be taken into account somehow. Normally, the energy spectrum is included
in the description of the flux, i.e. φ(E) dE is the flux with neutrons in the
energy range [E,E + dE]. This has the awkward consequence that φ and
φ(E) have different dimensions if one means that the former is the flux in all
energy regions.

2.1.6 Reaction rate density, grouped cross sections

Given the flux including its energy distribution, φ(E), and the macroscopic
cross section for some reaction R, the reaction rate density (R-reactions per
time and volume) in the energy range [E,E + dE] becomes

FR(E) dE = ΣR(E)φ(E) dE,

4The expected values are used to adapt a continuous picture – the actual number of
neutrons at a point is discrete and the flux would, to be strict, be a superposition of
three-dimensional Dirac distributions if the word expected is left out of the definition.
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since φ(E) dE is the neutrons’ traveled distance per time and volume. Inte-
grating this over all energies, one obtains the total reaction rate density:

FR =

∫ ∞

0

ΣR(E)φ(E) dE. (2.2)

The grouped cross section for the reaction R and the energy region [Ej , Ej+1)
is defined as

Σj
R :=

∫ Ej+1

Ej
ΣR(E)φ(E) dE

∫ Ej+1

Ej
φ(E) dE

,

i.e. as the reaction rate density in that region divided by the flux in that
region. Then, one can formally write the reaction rate density in that region
as a product:

F j
R = Σj

Rφ
j,

where φj is the flux in the energy region [Ej , Ej+1). This is of course a some-
what circular argument, but it can help the understanding. An important
special case is the one-group cross section, where the energy region stretches
over all energies:

ΣR =

∫∞

0
ΣR(E)φ(E) dE
∫∞

0
φ(E) dE

. (2.3)

2.1.7 Neutron moderation

As noted in Section 2.1.4.3, conventional reactors use neutrons in the thermal
energy region, in short thermal neutrons . The majority of the available neu-
trons in the reactor are however results of earlier fissions, which are initially
released with average energy of about 2MeV [4, p. 33], i.e. most of them are
released in the fast energy region. So, how do a large enough fraction of the
neutrons end up in the thermal region?

The answer is that the neutrons are moderated , i.e. they are made to
loose kinetic energy in scattering events. We will not go into any details
here, but the energy loss is in general greater if the the scatterer is light (as
a simple consequence of momentum and energy conservation). Further, the
scattering nuclei must not have a too large absorption cross section, or too
many neutrons would be lost instead of moderated. Hydrogen nuclei fulfill
these criteria why it is practical to have a lot of hydrogen atoms present, and
in practice one often let water surround the fuel rods working as both moder-
ator and coolant (e.g. graphite and heavy water are also used as moderators).
The absorption cross section for H2O as a whole is of some importance (∼ 1%
of the scattering cross section [4, p. 140]), but it is still low enough to be used.
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In a scattering event between a neutron above the thermal energy region
and an hydrogen nuclei (a proton), the neutron will be down-scattered, i.e.
it indeed looses kinetic energy to the proton, since the proton have almost
no kinetic energy in relation to the neutron. However, in the thermal region,
the neutron energy is of the same order of magnitude as that of the proton,
why the energy exchange can go either way and the neutrons can in other
words also be up-scattered. The neutrons thus reach a thermal equilibrium,
why they are called thermal – giving the commonly used name for the whole
reactor type.

2.1.8 Fission products, fission yield and delayed neu-

trons

Each fission event has numerous possible outcomes, i.e. there are many
possible fission products. The probability for the fission of some nuclide to
yield a certain nuclide is referred to as the fission yield , and in Figure 2.4 the
fission yields for thermal fission of U-235 are viewed. Each dot represents a
nucleus, why there are several dots for each mass number A. As one can see,
there are indeed many possibilities. Also, from the low fission yields about
A = 232/2 = 116 (say that three neutrons are emitted separately), one can
tell that it is much more likely that the fission products have unequal mass.
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Figure 2.4: Fission yield for U-235 for neutrons with energy E = 0.0253 eV, representing
thermal neutrons. The fission yields sum up to 200%, since each fission yields two fission
products. Data from ENDF/B-VII.1 [7].

In general, stable or long-lived nuclides consist of a larger fraction of
neutrons the larger they are. Because of this, most fission products have a
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too large fraction of neutrons to be stable. Therefore, they normally β−-
decay or possibly emit neutrons, leading to a delayed release of energy in the
form of γ and β-radiation and a release of delayed neutrons. The delayed
energy release is an important issue, since

1. The energy is released as ionizing radiation, hazardous to biological
tissue if not shielded properly

2. Used fuel must be cooled for some time even if the reactor is shut down.
Failure to do so may lead to meltdown of containing materials, in turn
leading to leakage of radioactive material.

The delayed neutrons make up a small fraction of the delayed energy release,
typically less than 1% [4, p. 29]. However, they are very important for the
ability to control a reactor, since a part of the “next neutron generation”
(about 0.65% in a conventional reactor [4, p. 31]) will consist of neutrons
that give their contribution to keff with a delay on a time scale which is
possible to actively regulate, in contrast to the prompt neutrons5. In fact, one
designs reactors to rely on the delayed neutrons to reach criticality. Prompt
criticality, i.e. criticality disregarding delayed neutrons, should preferably be
impossible to reach by design [4, p. 216].

2.1.9 Fuel depletion and burnup

Because of fission, capture and decay of fission products or actinides6, the
inventory (the composition of fuel) in a reactor will start to change as soon
as the reactor is started. It is of importance to know how the inventory varies
since it certainly affects the properties of the reactor. Normally, one studies
this variation as a function of burnup, i.e. the amount of energy extracted
from the fuel per mass and measured in e.g. megawattdays per kilogram
heavy metal (MWd/kgHM).

An analytical model to describe this is in principle quite straightforward.
Consider a situation where initially the full inventory is known, and prop-
erly energy-averaged cross sections (one-group cross sections) for fission and
capture are known for each isotope as well as their fission yields and decay
properties. Then, we can compute the rate of change of the concentration

5The delayed neutrons are emitted from decaying isotopes with halflives on the order
of seconds [4, p. 212].

6Actinides are nuclides with Z ≥ 89. In a reactor, the fuel is made up of actinides (e.g.
U-235) and other actinides are originally achieved from capture in and decay of these fuel
isotopes.
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Ni of some generic isotope Xi according to [8, p. 88]

dNi

dt
=

=
∑

j 6=i

(ςf,j→iNj ν̄φ
︸ ︷︷ ︸

fission into Xi

+ λj→iNj
︸ ︷︷ ︸

decay into Xi

+ ςj→iNjφ
︸ ︷︷ ︸

transm. into Xi

)− ςa,iNiφ
︸ ︷︷ ︸

abs. in Xi

− λiNi
︸︷︷︸

decay of Xi

,
(2.4)

where ςf,j→i, λj→i and ςf,j→i are the cross section for fission from isotope j
into isotope i (i.e. including fission yield), the decay constant for decay from
isotope j into isotope i and the cross section for transmutation from isotope
j into isotope i (e.g. U-238 + neutron → Np-239 + electron; later Np-239
can β-decay into Pu-239), respectively.

Now, this is just one equation in a system of equations, with in princi-
ple as many equations as there are isotopes involved. Moreover, it assumes
knowledge of the flux φ and the proper one-group cross sections – which de-
pend on the energy distribution of the flux. In other words, the resulting
computations become involved.

2.1.10 Thermal reactors “in practice”

2.1.10.1 Conventional reactor – UO2 fuel

Today, the world’s nuclear fleet for energy production consists to the vast
majority of thermal reactors. There are several different types; the two most
frequently occurring are Pressurized Water Reactors (pwr) and Boiling Wa-
ter Reactors (bwr)7. Common for all types is that water is somehow heated
to produce steam which drives turbines, and common for these two types is
that water is also used as moderator. Below follows a brief sketch of some
features that are common for bwr and pwr, with some emphasis on the
fuel.

The majority of the reactors run on uo2 fuel since U-235 is the only
reasonably abundant fissile8 isotope in nature [5, p. 44]. However, only 0.7%
of naturally occurring uranium is U-235; the rest is almost only U-238 [7]. For
thermal reactors to reach criticality, an higher fraction of U-235 is needed,
why an important step in the production of uo2 fuel is enrichment . Normally,
one uses uo2 fuel with an enrichment of 3 − 5%, which refers to the weight
fraction disregarding the oxygen weight.

The uo2 fuel is compressed into pellets (about 1 cm in diameter [10,
p. 635]) which are stacked on top of each other and encapsulated into a

7405 out of 437 operating reactors are pwr or bwr as of April 12, 2013 (if heavy-water
moderated pwr’s are included in pwr) [9].

8Meaning that neutrons with any energy can cause it to fission.
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metal tube, often a Zirconium alloy [4, p. 506], and this makes up what is
called a pin cell . A typical pin cell is 3− 4m long [10, p. 634].

In a reactor, the pin cells are gathered in groups which are called fuel
assemblies , and a number of assemblies (200 is a typical number [10, p. 634])
make up the full core. The pin cells in an assembly make up a lattice, often
square shaped and on the order of 10 × 10 (bwr) or 17 × 17 (pwr) [10,
p. 634].

Some positions in the assembly lattice are not occupied by a fuel pin cell
but by guide tubes, where control rods can be more or less inserted (this is
normally the case for pwr while the control rods usually are inserted between
the assemblies in a bwr). Control rods, one of the important tools used to
actively control a reactor, contains B-10 (boron) since it has a particularly
large neutron absorption cross section [4, p. 252]. Control is essential since
keff must equal 1 to sustain a chain reaction but if keff > 1, the flux and
thereby also the power increase exponentially and this can only be allowed
for short periods of time.

With increasing burnup, the fuel content changes. U-235 nuclei will
mainly undergo fission, which decreases the U-235 content but increases the
presence of fission products. Also, neutron capture in U-238 play a major
role; this leads to a production of (most importantly) Pu-239 which just as
U-235 is a fissile isotope. As soon as Pu-239 is present in the fuel, it will
start to contribute to the energy production by fissioning, and the increase
of Pu-239 will be damped. This process will further contribute to the pro-
duction of fission products. Also, further capture in Pu-239 will cause an
accumulation of minor actinides9.

Some of the fission products and minor actinides are troublesome, since
they have a large absorption cross section, making it harder to reach critical-
ity (later they also cause troubles in the waste management, together with
the minor actinides). Further, the fissile fuel content decreases. Eventually,
the fuel is depleted to such a degree that the fuel must be replaced, even if
material stability often limits the lifetime even earlier (the neutron flux is
exhausting) [10, p. 591]. Normally, one replaces a fraction of the assemblies
each year in such a way that each assembly stays in the reactor for about
five years. In this way, the “average” fuel is fresh enough to keep criticality
but less fuel is wasted (compared to if all fuel would be replaced at once in
which case the lifetime would be shorter).

9Isotopes with atomic number Z ≥ 89 are called actinides; actinium has Z = 89. All
actinides except U-235, U-238 and Pu-239 (most important in conventional reactors) are
referred to as minor actinides in this chapter.
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When an assembly is removed from the reactor, it has to be cooled for
some time even though the fission chain reaction has stopped. This is since
the radioactivity of primarily the fission products cause a substantial heat
generation, referred to as decay heat . After this, the challenging and polit-
ically sensitive question on how to handle the waste comes into play – the
radioactivity from (in the long run) some of the minor actinides is dangerous
for up to about 100 000 years. It is however not necessary to see all the used
fuel as waste; an alternative is to produce mox fuel as is briefly described in
the next section (in fast reactors, minor actinides can be burned, too, which
can play a major role in future commercial reactors).

2.1.10.2 MOX fuel

When an assembly is removed from a reactor there is still a significant amount
of fissile content left in the fuel, mainly Pu-239 and some Pu-24110. There-
fore, one can be interested to recycle this part of the fuel for more energy
production. The plutonium content is separated from the rest by chemical
processing and then it is mixed with uranium to produce “Mixed Oxide” fuel
(mox). The content of Pu-fissile (Pu-239 and Pu-241) then replaces U-235
in normal uo2 fuel. In most reactors running on mox today, only a part
(20− 50% [11]) of the pin cells are mox pin cells – a higher fraction of mox
makes the reactor harder to control.

Another, very important, source of Pu-239 is weapon grade plutonium

which, after disarmament agreements at the end of the cold war, have become
less attractive. mox usage is therefore, to a large extent, a way to get rid
of weapon grade plutonium. This plutonium is purer than the reactor grade
plutonium in the sense that it contains a substantially greater fraction of
Pu-239.

Commercial usage of mox began in the 1980’s [11] and today 32 out of
the 435 thermal reactors worldwide partially run on mox (31 Dec. 2011[12]).

Further reprocessing and reuse of used mox occurs but it is more usual
to only recycle the fuel once.

A downside with mox is that the accumulation of the most problematic
minor actinides becomes greater per produced energy unit compared to a
once-through fuel cycle.

10Some U-235 is also left in the fuel and the re-enrichment of the uranium content also
occurs, giving so called RepU. Since RepU is not considered in this work, we only mention
that its usage is complicated by the presence of U-232 and U-236 (both are hard to separate
from U-235 and are strong γ-emitters and the latter has a high capture cross section).
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2.2 Some statistical terminology

In the everyday world, the expression uncertainty can be rather imprecisely
defined. However, in a study on how uncertainties propagate through com-
putations, the expression needs to be quantified somehow. To this end, we
borrow terminology from the field of statistics, i.e. we view a computed quan-
tity as a stochastic variable and its standard deviation is used as a measure
of the uncertainty in the knowledge of that quantity, see Section 2.4.3.

To treat this quantification properly, some statistical theory should be
used.

2.2.1 Expected value, variance, standard deviation and
(asymptotically) unbiased estimates of these

We remind the reader that if X is a continuous11 stochastic variable the
probability for a < X < b is

P(a < X < b) =

∫ b

a

fX(x) dx,

where fX(x) is the probability density function for X . The expected value
of X is defined as

〈X〉 :=
∫ ∞

−∞

xfX(x) dx,

and can be interpreted as the mean value of infinitely many observations of
X .12

Assume that we are given a random sample x of X := (X1, X2, ..., Xn),
that is x := (x1, x2, ..., xn), where xi is an observation of Xi, where in turn
all Xi have the same distribution as X and are mutually independent. The
recently mentioned interpretation of 〈X〉 leads to a natural estimate of the
expected value, namely the mean value of x:

〈X〉∗ (x) = x̄ :=
1

n

n∑

i=1

xi. (2.5)

As in this case, estimates will in this text be denoted with an asterisk. To
study the properties of an estimate, one should study the corresponding

11If X would be a discrete stochastic variable, we could let fX(x) be a sum of Dirac
δ-distributions. In practice, this leads to a replacement of all integrals by sums.

12Formally, 〈X〉 = limn→∞

1
n

∑n

i=1 xi, where the xi are independent observations of X .
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estimator , which is the stochastic variable we get if we replace x by X in the
expression for the estimate. In this case, the estimator becomes

〈X〉∗ (X) = X̄ =
1

n

n∑

i=1

Xi.

In the following, the arguments x and X will be omitted, why estimates and
estimators will have the same notation, following convention. This may be
considered a bad convention, but it will be clear from the context which of
the two is being considered – remember that the estimator is a stochastic
variable while the estimate is not, instead it is an observation of the former.

Now, let’s turn to the study of the estimator 〈X〉∗. An important, always
desired (but not always achieved) property of estimators is unbiasedness. An
estimator is unbiased if and only if its expected value equals the quantity
one wishes to estimate. Intuitively speaking, as the sample size approaches
infinity, an unbiased estimate approaches the sought value. If the estimator
is unbiased, one says that the estimate is unbiased, too. In this case,

〈〈X〉∗〉 =
〈

1

n

n∑

i=1

Xi

〉

=
1

n

n∑

i=1

〈Xi〉

=
1

n
n 〈X〉

= 〈X〉 ,

where we used that the expected value is a linear function [13, Theorem 3.34]
and that all Xi are distributed as X . Thus, 〈X〉∗ is an unbiased estimate of
〈X〉. It may be of interest to note that it is not necessary that the Xi are
mutually independent in this case, even though this is normally included in
the definition of a random sample.

The variance of X is the expected value of the squared deviation from
the expected value of X , i.e.,

D2 (X) :=
〈
(X − 〈X〉)2

〉

=
〈
X2
〉
− 2 〈X〉 〈X〉+ 〈X〉2

=
〈
X2
〉
− 〈X〉2 ,

again using the linearity of the expected value. Through this definition,
D2 (X) quantifies the spread in the distribution of X . An unbiased [13,
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Theorem 7.4] estimate of the variance is the sample variance, defined as

σ2 (x) :=
1

n− 1

n∑

i=1

(xi − x̄)2. (2.6)

In this case, the mutual independence of theXi is used to prove unbiasedness.
An annoying feature of the variance is its dimensions. If X would be

measured in e.g. meters, the variance would be measured in square meters,
making it a bit hard to interpret and making it scale in an unintuitive way.
Therefore, our most important measure of uncertainty will be the standard
deviation, simply defined as the square root of the variance, i.e.,

D (X) :=
√

D2 (X).

The standard deviation is estimated using the sample standard deviation,
straightforwardly defined as

σ (x) :=
√

σ2 (x) =

√
√
√
√

1

n− 1

n∑

i=1

(xi − x̄)2, (2.7)

that is as the square root of the variance of a random sample. This is actually
not an unbiased estimate. However, it is asymptotically unbiased [13, p. 278],
meaning that

lim
n→∞

〈σ (X)〉 = D (X) .

In other words, the perhaps most important property associated with unbi-
asedness, that a larger sample leads to a better estimate, remains valid for
asymptotically unbiased estimates, such as σ.

In our case, we cannot claim that we know the exact probability density
function of the underlying stochastic variables. Therefore, we will be forced
to use the estimate of the standard deviation in Equation (2.7) and we will
simply refer to this as the standard deviation or uncertainty in the following.

However, as σ is an estimate of the standard deviation of a stochastic
variable, we will make use of theory for such standard deviation. Being
simply the square root of the variance, one might as well study the properties
of the variance which proves to be simpler due to the lack of square roots.

2.2.2 Covariance and variance of a sum

Consider two stochastic variables X and Y . A generalization of variance is
the covariance C, defined as [13, p. 121]

C (X, Y ) := 〈(X − 〈X〉)(Y − 〈Y 〉)〉
= 〈XY 〉 − 〈X〉 〈Y 〉 . (2.8)
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Intuitively speaking, C (X, Y ) is positive if X and Y tend to vary “in the
same direction”, and it is negative if it is the other way around. C (X, Y ) = 0
if X and Y are independent (because if so, 〈XY 〉 = 〈X〉 〈Y 〉 [13, p. 126]).
X and Y may however be uncorrelated , i.e. C (X, Y ) = 0, even if they are
dependent.

Given random samples x = (x1, ..., xn) and y = (y1, ..., yn) from X and Y ,
respectively, an unbiased estimate of the covariance is the sample covariance

c(x,y) :=
1

n− 1

n∑

i=1

(xi − x)(yi − y)

We may be interested in the variance of the sum of X and Y , and this
becomes [13, p. 127]

D2 (X + Y ) = D2 (X) +D2 (Y ) + 2C (X, Y ) . (2.9)

Further, if X and Y are uncorrelated,

D2 (X + Y ) = D2 (X) +D2 (Y ) .

By induction, this can be generalized to

D2

(
n∑

i=1

aiXi

)

=

n∑

i=1

a2iD2 (Xi) , (2.10)

where the ai are constants and we also made use of D2 (aX) = a2D2 (X)
which follows directly from the definition and the linearity of the expected
value. Observe that Equation (2.10) assumes that all Xi are uncorrelated
which e.g. mutually independent variables are.

2.2.3 Variance of a function: the δ-method

Assume that a stochastic variable can be written as a function of other
stochastic variables, i.e. Y := f(X1, X2, ..., Xn), and that we want to relate
the variance of Y to the Xi. This can be done using the so called δ-method,
which rely on a Taylor expansion of f about the expected values 〈Xi〉 and the
variance for a sum above. Therefore, the formula is approximative but often
accurate if the deviations from 〈Xi〉 is small. To be specific, the δ-method
states [13, p. 157]

D2 (Y ) =

n∑

i=1

[(
∂Y

∂Xi

)2

D2 (Xi) + 2
∑

i<j≤n

∂Y

∂Xi

∂Y

∂Xj
C (Xi, Xj)

]

. (2.11)

The derivatives are evaluated at the expected values.

25



2.3 SERPENT

serpent is a Monte Carlo neutron transport code developed at the Tech-
nical Research Centre of Finland, vtt, and can be used for reactor physics
computations including burnup. First, one may ask: what is a Monte Carlo
neutron transport code? A brief introduction to this matter is found in Sec-
tion 2.3.1. In Section 2.3.2, a few features of serpent which will be referred
to later are presented.

2.3.1 The basic principle of a Monte Carlo transport
code in “k-mode”

Monte Carlo methods got their name from the casino-dense city with the
same name in Monaco. Ironically enough, this did not happen by chance
– Monte Carlo methods got their name from being computational methods
where random numbers are used to yield the result, whether or not the con-
sidered model itself is stochastic.

Neutron transport is by nature stochastic and the use of Monte Carlo
methods is therefore not only practical but also very natural. Below follows
a sketch of the procedure of a Monte Carlo neutron transport code using a
“k-eigenvalue criticality source method” (such as serpent [14, p. 21]13).

Consider a situation with a properly defined reactor geometry consist-
ing of a finite number of homogeneous sub-geometries, where all densities
and cross sections as function of energy for all involved materials are known.
In principle, one can let M1 neutrons start at more or less random posi-
tions, preferably in the fuel, with more or less random directions and energies
(sampled14 from an appropriate energy distribution). In each homogeneous
sub-geometry, one can use an exponential distribution, i.e.

ff.p.l.(x) = Σtote
−Σtotx,

to sample the free path length, i.e. the distance until the next interaction
for each neutron15[14, pp. 97]. When this distance is sampled, the position
of the neutron’s first interaction is known and now one can sample the type

of interaction, where the probability of a certain reaction R is given by [14,

13From serpent 1.1.11, external sources are also possible and if this is used, another
procedure is followed [8, p. 125].

14to sample = to randomly generate.
15If a material boundary is crossed before an reaction occurs, another cross section must

be used from this boundary on. A solution to this will be presented in Section 2.3.2.1.
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p. 104]

P (reaction R) =
ΣR

Σtot
. (2.12)

If the reaction is a scattering event, the new neutron energy and direction
are sampled from the energy and angular distributions of the cross sections,
respectively, after which the next interaction position is sampled in the same
way as the first. This procedure will continue until an absorption event is
encountered or the neutron leaks out of the reactor. In any of these two latter
cases, the neutron is considered dead. However, it is of course recorded what
kind of interaction occurred, i.e. if it was fission or capture.

When all M1 neutrons are dead, another generation of neutrons is gener-
ated, using the positions of fission events in the former generation as starting
positions. The number of neutrons starting from each such position is based
on ν̄, the average number of neutrons produced in a fission event, and their
energies are sampled from the energy distribution of the fission neutrons.

This is repeated K times, making up K generations. For each generation,
one can e.g. estimate keff using

k∗
eff ,j =

Mj+1

Mj

,

that is the ratio of the number of neutrons in one generation and the preced-
ing. Finally, a better estimate of keff is achieved by taking the mean of the
estimates from each generation:

k∗
eff =

1

K

K∑

j=1

k∗
eff,j .

This is what is called the analog estimate of keff in serpent. Another esti-
mate of keff and estimates of other quantities are briefly discussed in Section
2.3.2.2.

2.3.2 Some features of SERPENT

Above, the basic principles of a Monte Carlo neutron transport code was con-
sidered. To perform the computations in practice, some tricks and practical
solutions are used. A few of these, all used in serpent, are briefly described
below.
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2.3.2.1 δ-tracking

In Footnote 15 on page 26, a problem was briefly mentioned without sug-
gesting a solution. When sampling the free path length, a material boundary
may be crossed, why Σtot may change.

One way to solve this is to compute the distance to the next material
boundary along the ray where the neutron travels. There is a risk that this
may become complicated, since there either must be some way of knowing
which boundary is closest or the distance to all boundaries in the whole
geometry must be computed, after which the shortest distance is chosen.

Another way to solve this is called δ-tracking, which makes use of a simple
but smart trick called virtual interactions . A virtual interaction is an inter-
action which does not really occur, and therefore does not change neither the
neutron’s energy nor direction. In the δ-tracking method, one chooses the
cross section of the virtual interaction in material M to be

Σv,M := Σm − Σtot,M,

where Σm is the maximum cross section in the system, referred to as the
majorant. In this way, the total cross section, including the virtual cross
section, is equal to Σm in the whole system. Therefore, one can sample the
free path length disregarding the material boundaries!

When the position of the next interaction is determined, the material is
determined easily, and the type of interaction is sampled according to the
following modification of Equation (2.12):

P (reaction R) =
ΣR

Σm
,

which holds for the virtual interactions as well. If the interaction happens
to be virtual, the procedure continues as if the interaction was a scattering
event which did not cause any change in direction nor energy16.

A somewhat extended version of δ-tracking is used in serpent [8, p. 68],
[14, pp. 151]. In this work, the extension does not come into play.

2.3.2.2 Collision estimate of the flux, implicit estimates

A downside of δ-tracking is that crossings of material boundaries are not
recorded, why the distance traveled through different materials cannot be
used in estimates, which would have been natural in many cases – e.g. when

16The δ-tracking method got its name from the introduction of a Dirac δ-distribution
added to the angular distribution of the elastic scattering cross section.
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estimating the flux. Instead, serpent uses what is called the collision es-

timate for the flux which works as follows. Below, φ denotes the total flux
while φ(E) dE denotes the flux with energies in [E,E + dE).

Equation (2.2) gives

φ(E) =
Ftot(E)

Σtot(E)
,

where Ftot(E) dE is the total reaction rate density in [E,E+dE) and Σtot(E)
is the total macroscopic cross section. In other words, given Ftot(E), the
flux is inversely proportional to Σtot(E). Ftot is in turn proportional to the
expected number of interactions, so if I is the recorded number of interactions
in some region in space and energy, φ in that region can be estimated by

φ∗ = C

I∑

n=1

1

Σtot(xn, En)
,

where C is some normalizing constant and xn and En are the position and the
energy of the nth interaction, respectively. In serpent, the normalization
constant is derived from a user defined value of e.g. the total power of the
system [14, p. 170], [8, p. 62].

Now, a number of quantities can be implicitly estimated using the collision
estimate for the flux17. For example, the reaction rate for reaction R, RR,
can be estimated using [14, p. 121]

R∗
R = C

I∑

n=1

ΣR(xn, En)

Σtot(xn, En)
, (2.13)

since

RR =

∫

V

∫ ∞

0

ΣRφ(E) dE d3x.

In fact, keff can also be estimated using an implicit estimate, which is
given as an alternative estimate by serpent. Disregarding multiplicative
scattering and assuming a model without leakage18, Equation (2.1) gives

keff =

〈
Rf ν̄

Ra

〉

,

17As opposed to analog estimates, achieved directly from the simulations through count-
ing the number of interactions etc., without taking the detour via the flux. It turns out
that implicit estimators often are more efficient, i.e. they are associated with less variance
[14, p. 118].

18Since the model considered in this work is without leakage, keff = k∞, where the latter
generally is the value for keff disregarding leakage (∞ stands for infinite geometry).
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where Rf and Ra are the fission and absorption reaction rates, respectively,
and ν̄ is the average number of neutrons produced in one fission event. But
these reaction rates can be estimated according to Equation (2.13), giving an
implicit estimate of keff where the normalization constant cancels, namely

k∗
eff =

∑I
n=1

ν̄Σf (xn,En)
Σtot(xn,En)

∑I
n=1

Σa(xn,En)
Σtot(xn,En)

.

Before ending this section, it should be noted that all estimates done
by serpent are done generation-wise, after which the mean value of these
estimates is taken as the final estimate [14, p. 122].

2.3.2.3 Estimates of statistical uncertainty

As mentioned in the previous section, all estimates are done generation-
wise in serpent and when the simulation is finished, a better estimate is
achieved by taking the mean of all the generation-wise estimates. Further,
the statistical uncertainty in the generation-wise estimates is estimated by
computing the sample standard deviation in accordance with Equation (2.7),
that is

σgen. =

√
√
√
√

1

M − 1

M∑

j=1

(q∗j − q∗)2,

where q∗j is the estimate of some generic quantity q from generation j and M
is the number of generations. This is, as noted in Section 2.2.1, an asymptot-
ically unbiased estimate of the statistical uncertainty assuming the genera-

tions to be independent. Proceeding, the uncertainty in the mean is achieved
from dividing by

√
M , i.e.

σmean =

√
√
√
√

1

M(M − 1)

M∑

j=1

(q∗j − q∗)2, (2.14)

which can be motivated by Equation (2.10), again assuming the generations
to be independent (which yields that they are uncorrelated). In any case,

σmean,rel. :=
σmean

q∗
(2.15)

is given as the uncertainty in the output produced by serpent [14, p. 122],[8,
p. 78].

An important consequence of Equation (2.14) is that Dmean ∝ 1/
√
M ,

meaning that we can make the statistical uncertainty arbitrarily small by
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choosing a large enough number of generations. Observe however the rate of
convergence: to reduce the statistical uncertainty with a factor 10, one needs
100 times more generations.

2.3.2.4 Steady state assumption

Partially because the neutrons in a generation will have different lifetimes,
the way of studying one generation at a time actually assumes a steady state
[14, p. 114], i.e. keff = 1. One can see the elimination or duplication of
neutrons used to keep the number of neutrons constant as a modification
of physical quantities, e.g. ν̄, unphysically forcing the system into a steady
state.

If the reactor would be far from criticality, there should in reality be a
large difference between the number of recently born neutrons (generally lo-
cated in the fuel with high energy) and older neutrons (distributed differently
in energy, primarily due to moderation, and in space since they have had time
to move). With the steady state assumption, these differences are not taken
into account, and this should be kept in mind when receiving results far from
keff = 1.

2.3.2.5 Inactive generations

The properties of neutrons in the first generation are hopefully chosen in a
way which is close to realistic birth properties of a real generation. However,
these properties should in reality be affected by the previous generation,
which is not simulated (some generation must be the first in the simulations),
why we end up in a catch 22.

To reduce the effects of this, one preferably starts a simulation with a
number Minactive of inactive generations, that is generations where no results
are recorded. The effect of the guessed initial conditions will be reduced with
the number of generations, and after Minactive generations, recording begins.

2.3.2.6 Burnup calculations

In principle, one can find the inventory as a function of burnup by solving
the system of equations in Equation (2.4) at each point in in the considered
system. However, as remarked following the equation, the computations
become involved since the system is large and since one-group cross sections
of all isotopes are assumed to be known (in continuous time), as well as the
flux. Therefore, some practical measures are taken by serpent, two of which
are
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• The one-group cross sections are, of course, not computed continuously,
since this would imply an infinite number of simulations. Instead, the
user gives a number of burnup intervals, and the code solves Equation
(2.4) using constant inventory and cross sections for each interval [14,
p. 89]. At the beginning of each interval, the neutronic simulation is
run again (with the new inventory), giving a new set of cross sections.
This discretization of time (expressed in burnup) introduces an error,
and therefore the time steps cannot be too long. This is especially im-
portant for low burnup, since the reactor poisons19 have not reached
their equilibria yet [14, p. 89]. To reduce the discretization error, ser-
pent by default uses a predictor-corrector method, meaning that the
neutronic code is run twice per burnup step. In the corrector step, the
inventories at both ends of the interval (where the predictor step is used
for the latter) are taken into account in the estimates of the one-group
cross sections.

• As default, the approximate cram method is used to solve the resulting
system of equations [8, p. 113], which reduces the computational time
with little error [15].

2.3.3 serpent in practice

2.3.3.1 Input

To run serpent, one needs an input file following a syntax described in
Ref. [8]. Here, the geometry including material compositions are defined,
the number of active and inactive neutron generations and neutrons per gen-
eration are set, as well as the burnup steps, boundary conditions and the
normalizing quantity (e.g. total power), etc. Also, the paths to a number of
other files are used, one of which is the directory file, with the file extension
.xsdata.

The directory file must include paths to .ace-files for all isotopes that
occur in the simulation (including burnup). The .ace-files are computer-
readable files with “transport and activation data”, e.g. cross sections in-
cluding well-resolved energy and angular distributions, are found.

Other files whose paths must be given in the input file holds the fission
yield data (.nfy) and the decay data for the burnup calculations (.dec).

19Reactor poisons are isotopes with a large neutron capture cross section and which
therefore have a large impact on the neutron economy.
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2.3.3.2 Output

The most important output is given in two files, < input file >_res.m
and < input file >_dep.m, which are Matlab m-files. The latter holds the
computed inventory for all burnup steps. The former includes estimated
quantities for all other estimated quantities, in most cases including relative
standard deviations according to Section 2.3.2.3.

2.4 Total Monte Carlo (TMC)

2.4.1 Why TMC?

To perform e.g. a serpent simulation, one must give the program a large
amount of in-data, as briefly described in Section 2.3.3. Not only the ge-
ometry of the reactor model including the composition of all components is
needed, but also all cross sections (including angular distributions and energy
distributions), ν̄, fission yields, etc., as functions of neutron energy.

The data used in serpent is found in so called evaluated nuclear data
libraries. These libraries thoroughly takes both theoretical models and avail-
able experimental data into account [14, pp. 129] but nonetheless, they cannot
claim to be perfect; in fact all values in such a library are associated with
some uncertainty. As Koning et al. states it regarding theoretical models in
Ref. [2]: “as long as: [...], we know that model-predicted nuclear data have
only one certainty: they are wrong.”. At the same time, experimental data
have two large limitations, namely that there always will be a finite number of
experiments made and that they, too, are associated with some uncertainty.

Assuming that these uncertainties in the data are estimated in a qualified
way, a large problem still remains: How do these uncertainties propagate

through e.g. a serpent simulation? This question (not involving serpent)
has been addressed for more than fifty years (e.g. by Usachev, 1955). The
conventional method, using perturbation theory, sensitivity coefficients and
covariance matrices, has some disadvantages pointed out in Ref. [2]:

• A linear relation between input and output is assumed

• A Gaussian distribution for nuclear data uncertainties is assumed (ex-
amples of when this is not a good assumption can also be found in Ref.
[2])

• The handling of covariances between different uncertainties become
complicated and can introduce unnecessary errors.
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Further, the method can be considered rather inflexible – an illustration of
this is that the covariance matrices for e.g. thermal scattering data is not
included in the leading data format endf-6 [16].

2.4.2 Overview of the TMC concept

Another approach, which is more straightforward, more flexible and uses less
dubious assumptions is Total Monte Carlo (tmc), presented in a dedicated
paper in 2008 [2]. The name describes the main idea, namely to use a Monte
Carlo method to estimate how the uncertainties propagate through, normally,
Monte Carlo reactor simulations20.

The basic idea is to estimate the uncertainties in integral quantities (de-
rived quantities, e.g. keff) by randomly varying the in-data in accordance
with estimated uncertainties in these. Thereby one obtains a spread in the
resulting quantity which quantifies the propagated uncertainties.

Apart from the basic idea, there are practical details and other points
included in the tmc concept, and an attempt to illustrate this concept is
viewed in Figure 2.5. The following steps are taken:

• First, a code21 that generates an evaluated data library d = (d1, ..., ds)
given a set of nuclear model parameters p = (p1, ..., pr) is run a number
of times, each time with a different (see next item) set of parameters
p(k), giving different libraries d(k).

• One set of parameters, p(0), is on beforehand considered the best, and
this set can be used in a binary accept/reject method: An uncertainty
is introduced about the values in d(0) such that it reflects deviations
in experimental data22. The p

(k)
i are then sampled from a normal dis-

tribution centered about p
(0)
i and with a standard deviation such that

approximately half of the d(k) has values outside the uncertainty band
[17, p. 37]. All libraries with too large uncertainties are rejected and
are not used in the following steps. In this way, correlations between
different entries in d(k) are introduced – only libraries with a sufficiently
consistent set of data survive.

20The method can equally well be applied to deterministic reactor codes. Also, there is
no reason why tmc could not be used in studies of data uncertainty propagation outside
the nuclear field (and similar methods are used in other applications).

21Such a code can e.g. be talys, developed at nrg. Actually, talys is the main part
of a group of codes, together generating cross sections (including resonance parameters),
fission neutron spectra ν̄ data, etc., which is processed and printed into an endf-format
[17].

22The uncertainty about d(0) is “such that the available scattered experimental data
falls more or less inside this uncertainty band” [17, p. 37].
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• The n surviving libraries are used in n runs of a reactor code, with
otherwise identical setup23. The results will vary between the runs, and
the observed standard deviation in some resulting quantity q is used to
quantify the propagated data uncertainty in this quantity. The work
presented in this text is dedicated to this step, why a more thorough
description on how this is done is found in Section 2.4.3.

• The found uncertainties can be used as they are – they make up es-
sential information on how much the results from reactor calculations
are to trust. This can e.g. be a basis for determining necessary safety
margins which in turn can be a foundation for economical or political
decisions. An alternative use is to vary one part of the nuclear data
at a time to see which parts the integral quantities are most sensitive
to. In this way, one can give feedback to experimentalists and nuclear
data evaluators on which data should be studied further to reduce the
integral uncertainties in the most efficient way.

Another application of tmc is to apply it to thoroughly studied benchmarks .
In this case, the true result q is known with good precision but computed
results will in general deviate from this. However, the n different results
q(d(k)) from a tmc run will deviate with different magnitude, and the one
with the least deviation, q(d(kleast)), may deviate less than q(d(0)). In this
case, one may consider to replace d(0) with d(kleast) and in this way improve
the nuclear data libraries with respect to integral experiments. This is done
in e.g. Ref. [18].

23The pseudo-random number generator seed may or may not be varied. In the original
formulation of tmc, the seed was fixed in an attempt to only change the data. In Fast
tmc it is however important to vary the seed, see Section 2.4.4, and in this work the seed
is always varied from run to run.
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Figure 2.5: An illustration of the tmc concept, explained in the bullet list in Section
2.4.2.

2.4.3 The resulting uncertainties

2.4.3.1 Modeling the uncertainties

In a Monte Carlo run you estimate a number of quantities, one of which
could be e.g. keff . Being only an estimate, it is associated with uncertainty
partly because of the non-deterministic computation and partly because of
the previously mentioned uncertainties in data. If q∗i is the estimate of some
generic quantity q in run i, we model the uncertainty according to

q∗i = q + δi + εi, (2.16)

where δi is the deviation between estimate and true value due to data and εi is
the statistical deviation from the true value, caused by the non-deterministic
reactor code. Any modeling bias is thus disregarded. To study the properties
of q∗i , we consider the corresponding estimator , achieved by modeling δi and
εi as stochastic variables. As in Section 2.2.1, asterisks (∗) denote estimates
or estimators.

Since we cannot fully know the distribution of δi (if we did, there would be
no uncertainty), we quantify the data uncertainty by estimating the standard
deviation D (δi). How is this done?
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In the original formulation of tmc, one used so many Monte Carlo par-
ticle histories that the uncertainty in εi became negligible compared to the
uncertainty in δi, why D (q∗i ) ≈ D (δi) and εi became unimportant (one did

however estimate D (εi)). The downside of this large number of runs is that
it of course demands a lot of computer power. Fast tmc, which is presented
in Section 2.4.4, uses fewer histories and is therefore faster, as the name sug-
gests. However, the statistical uncertainty can then become significant and
the method therefore demands knowledge on how D (εi) affects D (q∗i ).

At this point, we make the assumption that δi and εi are uncorrelated. If
so, we can use Equation (2.10) to express the uncertainty in q∗i as

D (q∗i ) =
√

D2 (δi) +D2 (εi), (2.17)

noting that D (q) = 0 since this is the true value (unknown, but still a
constant). Seen as stochastic variables, they are equally distributed since
nothing on beforehand differs between the runs. Thus, we have

D (q∗1) = D (q∗2) = ... = D (q∗n) =: Dtot,

and to estimate Dtot, we can repeat the simulation n times, each time using
a different set of data, and observe its sample variance, i.e.,

(
D2

tot

)∗
= σ2

observed :=
1

n− 1

n∑

i=1

(q∗i − q∗)
2
. (2.18)

This is unbiased since all q∗i are mutually independent if a unique seed is used
in each run. Using the same reasoning as for Dtot,

D (δ1) = D (δ2) = ... = D (δn) =: Ddata,

and
D (ε1) = D (ε2) = ... = D (εn) =: Dstat.

Since we are interested in Ddata, we rearrange Equation (2.17) and introduce
the above definitions to get

D2
data = D2

tot −D2
stat. (2.19)

2.4.3.2 Estimating Dstat

But how do we know Dstat? In fact, serpent gives an estimate σstat,i of this
uncertainty as output for each run, as mentioned in Section 2.3.2.324, and
hence we have n estimates of this quantity.

24In Section 2.3.2.3, σstat,i is referred to as σmean to distinguish it from the standard
deviation in one generation, σgen..
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However, we would like to make the best possible estimate of Dstat given
these estimates, and this is done using

σ2
stat :=

1

n

n∑

i=1

σ2
stat,i. (2.20)

This is an unbiased estimate of Dstat under the assumption that each σstat,i is
an unbiased estimate of Dstat, proved in Appendix C.1. There it is also shown
that this is the most efficient25 estimate in a class of estimates. Another
estimate of Dstat, not using the assumption that the σstat,i are unbiased, is
presented in Section 2.4.3.4.

Even though Equation (2.19) holds if δi and εi are uncorrelated, one
needs to assume independence between δi and εi for σstat,i to really estimate
Dstat – this is however taken into account by studying the “uncertainty of
uncertainty” in Section 2.4.5.

To be precise, serpent gives relative uncertainties σstat,rel.,i, see Equation
(2.15). Therefore, given these values,

σstat,i = q∗i σstat,rel.,i (2.21)

is inserted into Equation (2.20).

2.4.3.3 Summing up

Finally, we can estimate the data uncertainty by replacing the variances in
Equation (2.19) by their respective estimates, which yields

(
D2

data

)∗
= σ2

data := σ2
observed − σ2

stat. (2.22)

2.4.3.4 Solving the additional problem that serpent’s uncertaintiy
estimates can be biased

In Section 2.3.2.3 it was noted that the estimate of the statistical uncertainty
σstat,i relied upon an assumption that the estimates from different generations
were independent from each other. In fact, there is a true risk that this
estimate is significantly biased [19], which gives rise to the risk of an error in
σdata, see Equation (2.22).

A workaround to this problem would be to estimate σstat in some other
way, ignoring the estimates given by the code. To be specific, this can be
done by repeating the tmc procedure but with fixed data, as presented in

25The most efficient estimate is the one with the least variance.
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Ref. [3] on Fast tmc. With fixed data, Ddata = 0 which gives Dtot = Dstat,
so that

(Dstat)
∗ = σunb.

stat := σobserved.

The drawback with this estimate is that it increases the computational time
– if one uses as many runs with fixed data as with varying data, the increase
will be approximately of a factor 2. However, not as many runs need to be
performed as seen in Appendix C.3.

This way of estimating Dstat also relies on the assumption that δi and εi
are independent, otherwise εi could be affected by the fact that δi is constant.

2.4.4 Fast TMC – achieve data uncertainties (almost)
without extra computational time

2.4.4.1 Main idea: Use less histories per run

Fast tmc, presented by Rochman et al. in Ref. [3], has up to now been
mentioned a couple of times in this text without much further explanation.
Conceptually, the only new feature of this faster version is that the pseudo-
random number generator seed is varied; this has theoretical consequences
as seen in Section 2.4.3 and Section 2.4.4.2. Aside from this, Fast tmc can
be described as original tmc with an engineering approach – pushed to the
limits where the uncertainties are achieved fast but still with uncertainty
estimates that are reliable enough.

The main point is to use less neutron histories to reduce the computational
time, i.e. to really make use of Equation (2.22) instead of spending a lot of
computer power to make Dstat negligible.

Two main questions may arise, both caused by the fact that Dstat now
becomes greater than in the original formulation:

• Do we trust the estimate of Dstat enough?

• Is the statistical uncertainty small enough for the end user?

The latter question is formulated more precisely and answered in Section
2.4.4.2.

The former question is partially treated in Section 2.4.5, where the uncer-
tainty in σstat, σobserved and σdata themselves are studied, i.e. “uncertainties of
uncertainties”. Another matter is the unbiasedness of the estimate of the sta-
tistical uncertainty, which can be ensured by using σunb.

stat presented in Section
2.4.3.4.

Further, Ref. [3] reviews how Fast tmc has been compared to original
tmc in a large number of test cases. It is concluded that as long as σstat .
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0.5σobserved, the two methods agree within ±15%. This rule of thumb can
equivalently be stated as

σstat .
1√
3
σdata ≈ 0.6σdata. (2.23)

Another conclusion drawn in Ref. [3] is that n = 300 is an appropriate
choice for the number of reactor code runs.

2.4.4.2 Making sure that the statistical uncertainty is small enough

The end user of the Fast tmc concept is probably not only interested in the
uncertainty of a quantity q but also by the estimated value itself. Therefore,
one may suspect that there is a risk that the statistical uncertainty becomes
unacceptably large. However, even if the number of neutron histories is too
small in one serpent run, the total number may still be large enough – and
this reasoning leads to interesting consequences.

With some fixed number of neutrons per generation26, we therefore let m
be the number of generations that yield a small enough statistical uncertainty
in one single serpent run, and denote this uncertainty Dstat,goal. Using Fast
tmc, we then let the number of generations per serpent run be m/n, where
n is the number of serpent runs. Because of Equation (2.14), the statistical
uncertainty in one such run becomes

Dstat,i =
√
m
Dstat,goal
√

m/n
=

√
nDstat,goal,

using the same assumption of independence between generations that ser-
pent uses in its estimates of the statistical uncertainty.

Finally, we estimate a quantity q using the mean of the n estimates, i.e.

q∗ =
1

n

n∑

i=1

q∗i

and using the model in Equation (2.16), this can be written as

q∗ = q +
1

n

n∑

i=1

(δi + εi)

26In Ref. [3], histories are considered rather than generations. Considering how ser-
pent estimates Dstat, see Section 2.3.2.3, it is however more straightforward to consider
generations. If the number of neutrons per generation is fixed, the two ways of reasoning
are trivially equivalent.
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Now, considering the estimator q∗, the variance of this becomes

D2 (q∗) =
1

n2

n∑

i=1

(D2 (δi) +D2 (εi))

=
1

n2

n∑

i=1

(D2
data +D2

stat,i)

=
1

n
(D2

data + nD2
stat,goal)

=
D2

data

n
+D2

stat,goal,

(2.24)

using the independence between runs and the assumed independence between
δi and εi together with Equation (2.10). Observe that the independence be-
tween runs rely on the variation of the seed. Thus, the statistical uncertainty
in the estimate of q from Fast tmc with m/n exactly equals the acceptable
statistical uncertainty Dstat,goal. The total number of generations in Fast tmc
is as many as in the case of the single run, meaning that the computational
time is the same in both cases – i.e. one can get a good estimate of the
data uncertainty without adding computational time! This only includes the
computational time for the active generations in the reactor code. In reality,
some extra time will arise from inactive generations and the handling (and
possibly the generation) of random nuclear data files. Further, if σunb.

stat is
used, more time is added.

A suspicious feature of Equation (2.24) is that it may seem as if the data
uncertainty can be reduced by increasing the number of runs, because of the
division by n. However, since the error due to data uncertainty is by nature
systematical, this only manifests that q∗ will converge to what we would get
if we used central values and the actual uncertainty due to nuclear data in
this limiting value will remain the same.

2.4.5 Uncertainties of uncertainties

Being aware of uncertainties, it is natural to discuss how certain the estimates
of these uncertainties are. Of course, this could make us end up in an infinite
loop (estimates of uncertainties in estimates of uncertainties in estimates
of uncertainties...), but some quantification of how well σstat and σobserved

converge is becoming.
To be specific, what we are interested in is finally an estimate of D (σdata),

which relies on D2 (σ2
stat) and D2 (σ2

observed) (first assuming that σstat is used
and not σunb.

stat ). The former is naturally achieved using that σ2
stat is formed as
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the root mean square of run-wise estimates, see Equation (2.20). This gives

D2
(
σ2
stat

)
=

1

n2

n∑

i=1

D2
(
{σ2

stat,i}ni=1

)
=

1

n
D2
(
{σ2

stat,i}ni=1

)
.

Thus, an estimate of D2 (σ2
stat) is

(
D2
(
σ2
stat

))∗
=

1

n
σ2
(
{σ2

stat,i}ni=1

)
. (2.25)

A slightly more synthetic but very similar approach can be applied to
D2 (σ2

observed) by grouping the n runs into 2 groups, with n/2 runs in each
group(if n is odd, one run is discarded). Thereafter, one computes the vari-
ance σ2

observed,l of each group and estimates D2 (σ2
observed) using

(
D2
(
σ2
observed

))∗
=

1

2
σ2
(
{σ2

observed,l}2l=1

)
, (2.26)

motivated more thoroughly in Appendix C.2 assuming n ≫ 1. The esti-
mate can be improved by using several (more or less) randomly chosen group
divisions and taking the mean. Now,

D2
(
σ2
data

)
= D2

(
σ2
observed − σ2

stat

)

= D2
(
σ2
observed

)
+D2

(
σ2
stat

)
− 2C

(
σ2
observed, σ

2
stat

)
.

Since σ2
observed partially consists of the statistical uncertainty and since δi and

εi are assumed to be uncorrelated, the covariance is positive. Therefore we
can limit the uncertainty in the data uncertainty using

D2
(
σ2
data

)
≤ D2

(
σ2
observed

)
+D2

(
σ2
stat

)
.

But what we really want is the uncertainty in σdata and to this end, we resign
to the approximate δ-method, see Equation (2.11). This gives

D2 (σdata) = D2

(√

σ2
data

)

≈




d
√

σ2
data

d (σ2
data)

∣
∣
∣
∣
∣
σ2
data

=〈σ2
data〉





2

· D2
(
σ2
data

)

=
D2 (σ2

data)
(

2
√

〈σ2
data〉

)2

=
D2 (σ2

data)

4D2
data

.
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Hence, an estimate of an upper limit for D (σdata) is

(D (σdata))
∗
max :=

√

(D2 (σ2
observed))

∗
+ (D2 (σ2

stat))
∗

2σdata
, (2.27)

where (D2 (σ2
observed))

∗
and (D2 (σ2

stat))
∗
are found in Equations (2.26) and

(2.25), respectively. It is worth to note that the overall behavior is 1/
√
n.

If σunb.
stat is used to estimate the statistical uncertainty, D2

(

σunb.
stat

2
)

can

be estimated according to Equation (2.26) just as σobserved. In this case,
the correspondence to Equation (2.27) does not estimate an upper limit but
rather the true value of D (σdata), since the two estimates σobserved and σunb.

stat

are independent (it is still an estimate, however).
If one assumes that δi and εi are normally distributed, D2 (σobserved) and

D2 (σstat) can be expressed as

D2
(
σ2
observed

)
=

D4
tot

n− 1
.

and

D2
(
σ2
stat,i

)
=

D4
stat

m− 1
,

where m is the number of neutron generations, further giving

D2
(
σ2
stat

)
=

D4
stat

n(m− 1)
.

This could in a straightforward way be used to estimate D2 (σobserved) and
D2 (σstat) in an alternative way, as suggested in [20]. This is not done in this
work, but one may nevertheless draw the conclusion that

D2
(
σ2
stat

)
≪ D2

(
σ2
observed

)
, (2.28)

keeping the rule of thumb σstat < 0.5σobserved in mind.
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Chapter 3

Method

A number of cases have been studied using Fast tmc on a two-dimensional
pin cell model in serpent. Common for all cases is that n = 300 is the
number of serpent runs. Further, the geometry is the same in all cases as
well as the involved materials, except for the fuel. Three fuel compositions
are used which will be referred to as uo2, mox-w and mox-r, where the two
latter include weapon grade Pu and reactor grade Pu, respectively. The aim
is to study differences in the propagated uncertainty between the three fuel
types.

Below, the details of the method is described.

3.1 Pin cell model used in SERPENT

3.1.1 Geometry

In Figure 3.1, the geometry used in serpent is viewed and detailed dimen-
sions are found in Table 3.1. The model is two-dimensional, which can be
seen as if the pin cell is infinitely long.

The outer boundary of the geometry is a square, and in the center of this
square we find a disc, surrounded by concentric rings. The disc contains the
fuel, i.e. uo2, mox-w or mox-r (the exact material compositions are found
in Section 3.1.2.1). The thin (black) ring next to the fuel is void, i.e. it is
empty, and the outer ring (light blue) consists of a Zirconium alloy “clad”.
The rest of the square is filled with water.

The origin of the geometry is Ref. [21], where uo2 is used.
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4.7mm

7.2mm

uo2 or mox

H2O

Zr +...

Figure 3.1: The geometry in serpent.

Table 3.1: Details of the geometry, where r is the distance from the center of the square.

region content
r < 4.6955mm fuel

4.6955mm < r < 4.7910mm void
4.7910mm < r < 5.4640mm clad

5.4640mm < r water
square side length = 14.4270mm

3.1.2 Material specifications

3.1.2.1 Fuel

In Table 3.2, the compositions of the different fuel types (at bol) is viewed.
The origin of this data is as follows:

• uo2: The mass density and isotopic composition are taken directly from
Ref. [21]. The enrichment is 4.85w/o.
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• mox-w: The mass density and the Pu- and U-vectors1 are taken from
Ref. [22]. In Ref. [22], pin cells with several different levels of fissile
content occur. However, in the interior parts of the assembly where the
infinite-lattice model (see Section 3.2.1) can be assumed most suitable,
the fissile content is either 4.5w/o or 5.0w/o Pu-fissile (Pu-239 and Pu-
241). Since the amount of fissile material in the case of uo2 is 4.85w/o,
this is chosen as the amount of Pu-fissile to simplify the comparison.
The isotopic content of Pu, U and O was then normalized with respect
to this fissile content, with the assumption that each actinide atom
is bound to two oxygen atoms (using the atomic mass numbers as the
atomic masses which is equivalent to rounding to three significant digits
in this case).

• mox-r: Following the same procedure as for mox-w, U- and Pu-vectors
are taken from Ref. [23]. The fissile content is again 4.85w/o Pu-fissile
and the mass density is the same as for mox-w.

Additional runs, with 3.45w/o U-235 in uo2 and 4.10w/o Pu-fissile in
mox-w are also performed. With this modification, the lifetime average of
keff is approximately equal for all fuels. This is done only for the case when
“all” nuclear data is varied, see Section 3.3.

Table 3.2: The relative isotopic composition used in serpent for the different fuel types.

isotope \fuel uo2 [weight %] mox-w [weight %] mox-r [weight %]
U-234 0.0440734 1.67204 · 10−3 9.69776 · 10−4

U-235 4.27512 0.167204 0.203735
U-236 8.36021 · 10−4

U-238 83.8276 83.4324 81.2891
Pu-238 0.166489
Pu-239 4.25710 3.64278
Pu-240 0.268343 1.73815
Pu-241 1.81927 · 10−2 0.632658
Pu-242 4.54818 · 10−3 0.479488
O-16 11.8532 11.8497 11.8467

mass density [g/cm3] 10.283 10.41 10.41

1The fractions of different isotopes of an element X is referred to as the X-vector.
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3.1.2.2 Non-fuel materials

The composition and mass densities used in serpent for the non-fuel ma-
terials, i.e. the clad and water, are found in Table 3.3 and the values are
directly taken from Ref. [21].

Table 3.3: The compositions used in serpent for the non-fuel materials clad and water
for all three fuel types. Z-nat means naturally occuring isotope mix of element Z.

constituent clad [weight %] water [weight %]
Zr-nat 98.23
Sn-nat 1.45
Fe-nat 0.21
Cr-nat 0.10
Hf-nat 0.010
H-1 11.1909
O-16 88.8091

mass density

3.2 Other input to serpent

3.2.1 Boundary conditions

All sides of the square shaped geometry are subject to reflecting boundary
conditions, meaning that a neutron reaching the boundary is reflected back
towards the geometry. In an average sense, this would be the result if the pin
cell had identical neighbors on each side, in turn having identical neighbors,
etc. Thus, the model can be seen as an infinite lattice of equal pin cells.

3.2.2 Neutron population

In each serpent run in all cases, 20 inactive neutron generations are used
followed by 40 active generations. Two different numbers of neutrons per
generation is used, 1000 or 4000, where the latter number is used to reduce
statistical uncertainty in cases when the data uncertainty is expected to be
less, see Section 3.3.

The choice of 20 inactive generations is taken directly from Ref. [21],
which is the origin of the geometry (and the material composition in the
uo2 case). Further, the serpent manual states that source convergence
“typically [is] reached well within 20 cycles” [8, p. 54]. 40 · 1000 = 4 · 105
active neutron histories is chosen since m = 106 histories are used in Ref.

47



[21], why it is assumed that this yields an acceptable statistical uncertainty,
and since n = 300, givingm/n = 3.3·105 (see Section 2.4.4), coarsely rounded
upwards to 4 · 105.

3.2.3 Burnup steps

The burnup steps are

(0, 0.1, 0.5, 1, ..., 3, 4, ..., 15, 20, ..., 60, 61.28)MWd/kgHM.

In total, this makes up 30 steps. In the following, zero burnup will be re-
ferred to as bol while the last burnup step, i.e. 61.28MWd/kgHM, will be
denominated eol.

3.2.4 Energy groups

For most runs, the serpent default of two energy groups (above and below
0.625 eV) is used. To obtain a more detailed spectrum, an extra run using
fixed data is performed with 17 energy groups with the following interior
boundaries:

(
0.1, 0.2, ..., 0.5, 0.625, 0.8, 1.0, 1.5, 2, 3, 4, 10, 102, 103, 104, 105

)
eV.

3.2.5 Other details

For other details of the serpent input except for the nuclear data, the
reader is referred to the input files. The full input file for the uo2 case with
4000 neutrons per generation is included in Appendix B, and the necessary
replacements to do for other cases are described there, too.

3.3 Varied data

The following nuclear data is varied in different cases:

• 4000 neutrons per generation:

◦ Transport and activation data for

· U-235

· U-238

· Pu-239

· Minor actinides according to Table 3.4
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· Fission products according to Table 3.5

◦ Thermal scattering properties of H in H2O

◦ Fission yield data for the isotopes in Table 3.6

◦ Nothing

◦ Only for mox-r:

· Transport and activation data for Pu-241 (separately, other-
wise included in minor actinides)

· Fission yield data for Pu-241 (separately)

• 1000 neutrons per generation:

◦ All the above, simultaneously (in the following referred to as all
data)

◦ Nothing.

The data uncertainty can be assumed to be greater in the All case than in
other cases why the rule of thumb σstat < 0.5σobserved is easier to fulfill and
thus 1000 neutrons can be enough (this choice demonstrates Fast tmc in a
more orthodox way, see Section 3.2.2). The Nothing case is included for both
the considered neutron populations to be able to make another estimate of
Dstat than σstat, namely σunb.

stat found in Section 2.4.3.4.
Below, the isotopes included when varying minor actinides, fission prod-

ucts and fission yields are presented.

3.3.1 Minor actinides

Table 3.4 shows the 13 isotopes which are referred to as minor actinides in
this work. The isotopes U-239, Cm-243 and Cm-244 are left out because of
erroneous data files. Further, no random data files where available for the
metastable isotope Am-242m, which actually has longer halflife than Am-242
(141 years compared to 16 h [7]).

Table 3.4: Isotopes included when varying nuclear data for minor actinides.

element A
U 234, 236, 237

Np 237
Pu 238, 240, 241, 242
Am 241, 242, 243
Cm 242, 245
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3.3.2 Fission products

In Table 3.5, the reader finds the 89 isotopes which are referred to as fission
products in this text.

Table 3.5: Isotopes included when varying nuclear data for fission products.

element A
Ge 72, 73, 74, 76
As 75
Se 77, 78, 80, 82
Br 79, 81
Kr 83, 84, 86
Rb 85, 87
Sr 88
Y 89
Zr 90, 91, 92, 94, 96
Nb 93
Mo 95, 97, 98, 100
Tc 99
Ru 101, 102, 104
Rh 103
Pd 105, 106, 107, 108, 110
Ag 109
Cd 111, 112, 113, 114, 116
In 115
Sn 117, 118, 119, 120, 121, 122
Sb 123
Te 125, 126, 128, 130
I 127, 129

Xe 131, 132, 134, 135, 136
Cs 133, 135
Ba 135, 137, 138
La 138, 139
Ce 140, 142
Pr 141
Nd 143, 144, 145, 146, 148, 150
Sm 147, 152, 154
Eu 151, 153
Gd 155, 156, 157, 158, 160
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3.3.3 Fission yield

The 13 isotopes for which the fission yield data is varied are listed in Table
3.6.

Table 3.6: Isotopes included when varying fission yield data.

element A
U 234, 235, 238, 236

Np 237
Pu 238, 239, 240, 241, 242
Am 241, 243
Cm 245

3.4 Origin of nuclear data

3.4.1 Random data

This section briefly reviews the origins of the nuclear data which is varied
according to Section 3.3. To a majority, it is a description on where infor-
mation regarding this data can be found. The basic principles are described
in Section 2.4.2.

3.4.1.1 Transport and activation data

Random files of ace-format have previously been produced using talys and
a group of programs connected to talys, as described in Ref. [17]. The files
for the major actinides – i.e. U-235, U-238 and Pu-239 – and fission products
have previously been used in Ref. [24].

For the major actinides more than 300 random files are available – they
are numbered from 1 to 700 but a few files are missing. For the rest, 300 or
almost 300 random files are available – they are numbered from 1 to 300 but
again, some files are missing. How the missing files are handled is treated in
Section 3.5.1.

3.4.1.2 Thermal scattering data for H in H2O

The generation of the random thermal scattering data is described in Ref.
[16], where it is also used. More than 300 files are available.
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3.4.1.3 Fission yield data

The random fission yield data was not available on beforehand, so tafis,
described in Ref. [17], was used in each case, as in Ref. [24].

3.4.2 Fixed data

For data subsets that are not varied in a certain run, jeff-3.1.1 is used for
transport and activation data as well as for fission yield data and endf/b-
vi-8 is used for the thermal scattering data for H in H2O.

For the decay data, jeff-3.1.1 is used.

3.5 Execution of the Fast TMC procedure

The n = 300 serpent runs are handled by a bash2 script that before run i
does the following3:

• The directory file is modified such that the .ace files for the isotopes
to be varied are the random files with number i (with some exceptions,
see Section 3.5.1)

• If the fission yield data should be varied, the .nfy file is modified such
that the parts considering the isotopes in Table 3.6 is replaced by the
content of random file i created by tafis (see Section 3.4.1.3) for that
isotope.

• serpent’s random number seed is set to a random number using the
random number generator $RANDOM in bash.

3.5.1 Treatment of missing nuclear data files

For reproducibility, the same file numbers are used for each varied data sub-
set, when more than one subset are varied simultaneously. However, some
data files are missing and this must be treated in some way. Two approaches
are used:

2bash stands for bourne again shell and is a command language interpreter used in
e.g. Linux. It is suitable for automatic handling of files.

3A lot of practical/administrative details are omitted here, such as finding appropriate
cpu’s and submitting the job there, copying and moving files with the following modifica-
tion of paths in a number of files, etc.
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• If file number n is missing for one or more isotopes, all files with number
n is skipped. This approach is used if and only if the varied subset of
data have more than 300 available data files (i.e. almost 700), i.e. for
U-235, U-238, Pu-239 or thermal scattering.

• For other subsets of data, and when all data is varied simultaneously,
an alternative approach is used. If file number n is missing for an
isotope, a new number is randomly chosen for this isotope only. This
is used since the other procedure would lead to less runs than 300. The
random number generator $RANDOM in bash is used to generate the new
number.

3.5.2 Treatment of crashing serpent runs

A small number of serpent runs turn out to crash, presumably due to
temporary memory problems on the used disks. This is ignored in the sense
that no new runs are performed, but all computations are of course modified
in accordance to this, i.e. n = 298 is used instead of n = 300 if only 298 runs
succeed.

3.6 Processing of data

3.6.1 Studied quantities

The study primarily concerns the propagated uncertainty in the implicit es-
timate of keff , see 2.3.2.2, even though any data in serpent’s output files
_res.m and _dep.m can be obtained with uncertainties. Some other quanti-
ties are also studied to help analyzing the uncertainties in keff .

3.6.2 Basic operations

For studied quantities, the properties in the leftmost column in Table 3.7
are estimated according to the equations rightmost in the same table4. The
computations are done using Matlab 2012a.

The computation of (D2 (σ2
observed))

∗
is repeated for 100 randomly chosen

divisions of the n runs into two groups, after which the mean is taken.

4The five latter estimates in Table 3.7 demand statistical uncertainty estimates from
serpent, why they are only performed for quantities for which such estimates are available
(they are available for keff and grouped cross sections but not for the inventories).
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Table 3.7: A summary of which properties for the studied quantities are estimated and
how. A general quantity is denoted q when necessary.

property estimate def. equation
q mean, q∗ (2.5)

Dtot σobserved (2.18)
Dstat σstat (2.20)

Ddata σdata =
√

σ2
observed − σ2

stat (2.22)
D2 (σ2

stat) (D2 (σ2
stat))

∗
(2.25)

D2 (σ2
observed) (D2 (σ2

observed))
∗

(2.26)
max (D (σdata)) (D (σdata))

∗

max (2.27)

3.6.3 Summing uncertainties

If the error due to data can be seen as a sum of the errors from different
subsets of the data, and if these terms are uncorrelated, the variance due to
all data is the sum of the variances from individually varying data, i.e.,

Ddata,all data =

√
√
√
√

K∑

k=1

D2
data,k, (3.1)

where Ddata,k is the uncertainty due to the kth data subset and K is the
number of subsets. This will be referred to as the 2-norm of uncertainties.

The 2-norm of all individual uncertainties is compared to the result when
all data is varied simultaneously in Section 4.3.1. The uncertainty of the
uncertainty estimate is in this case computed using a root-mean-square of
the individual values for (D (σdata))

∗
max .

3.6.4 Statistical tests

3.6.4.1 Test for normal distribution

A χ2 goodness-of-fit test according to Ref. [13, p. 368] is performed for all
observed values for keff (i.e. at all burnup steps for all Fast tmc-runs), testing
for normal distributions. To be precise, a normal distribution with unknown
expected value and variance is assumed and the test states whether the set
of observations is unlikely under that assumption.

Matlab’s function chi2gof is used, meaning that the results are binned
into 10 equally large bins exactly spanning the observations. Bins at the tails
are pooled together until each bin includes at least five observations.
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3.6.4.2 Test of homogeneity

A crucial step when separating the statistical uncertainty from the data un-
certainty was when assuming that the errors δi and εi where uncorrelated.
We do not have access to direct observations of the statistical error εi but
only to estimates of its standard deviation, i.e. σstat,i. Further, this is the
only feature of εi that we really make use of. Therefore, it is interesting to
consider whether the σstat,i can be said to come from the same distribution,
no matter what δi is. A simple way to test this to some extent is to perform
a test of homogeneity according to Ref. [13, pp. 374], testing whether the
σstat,i are likely to come from the same distribution no matter which subsets
of nuclear data is varied.

The homogeneity test is carried out for each fuel and burnup step by
binning the observations of the σstat,i from each tmc-run into 20 equally
large bins, spanning over all the observed σstat,i. Bins at the tail are pooled
if more than 10% of the runs have less than 5 counts there or if any of the
runs have less than 2 counts.
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Chapter 4

Results and analysis of results

This chapter begins with what is considered the main result, namely a com-
parison of the propagated uncertainty in keff for the three fuel types (the
implicit estimate of keff). It turns out that there is indeed a significant dif-
ference between uo2 and mox.

As a first step in analyzing these uncertainties, a few results that are not
uncertainties but rather background information are presented, namely the
values of keff and some inventories as functions of burnup using central values
for the data (i.e. without varying any data). Also, the energy spectra in the
three systems are described.

Thereafter follows a division of the uncertainty in keff into components
where the different subsets of the data are varied individually. Here we can
identify the major contributors to the total uncertainty and also the major
contributors to the difference between the fuel types, which turn out to be
the fissile fuel content and thermal scattering properties. We can also note
that the 2-norm summing of uncertainties, see Section 3.6.3, gives a result
which differs insignificantly from what is achieved when all data is varied
simultaneously. This is used in the further analysis.

After this, the differences in the major contributors are explained, par-
tially by studying the uncertainties in other quantities. It is, among several
other things, found that the combination of the fission cross section of Pu-239
and the capture cross section of Pu-240 has important consequences for the
uncertainty due to thermal scattering for mox-r.

A few results which concern the method rather than uncertainty prop-
agation as such follow, e.g. a comparison between the two suggested ways
of estimating the statistical uncertainty, the unbiased way and the possibly
biased way using the uncertainty estimates from serpent. It turns out that
they in all studied cases agree very well, why the serpent estimates are used
in all results.
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The chapter ends with the results from the statistical tests described in
Sections 3.6.4.1 and 3.6.4.2. It is found that most observations follow normal
distributions but that the statistical uncertainty estimates cannot be said to
be from the same distribution for all subsets of varied data.

4.1 Uncertainty in keff varying all data

Figure 4.1 shows the relative uncertainty in keff when all data is varied as
a function of burnup, for all three fuel types. At zero burnup, σdata (keff) =
0.62% for uo2 while σdata (keff) = 0.98% and σdata (keff) = 1.10% for mox-w
and mox-r, respectively. The differences are significant between uo2 and
mox but only slightly significant between the two mox types1.

As the burnup increases, the most dramatic change is for uo2, for which
the uncertainty increases, finally almost reaching 0.9%. The curves for mox
cross each other, mox-r decreases somewhat while mox-w increases just to
decrease again. At the end of burnup, the differences between the fuel types
are within the error margins.

For all fuels and at all burnup steps, σstat . 0.3% and hence the rule of
thumb in Equation (2.23) is fulfilled.
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Figure 4.1: Propagated data uncertainty in keff for uo2 and the two types of mox fuel
as functions of burnup when all data is varied.

1The term significant will henceforth be used when uncertainty bars do not overlap.
Analogously, insignificant will be used in the opposite situation.
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4.2 Non-uncertainty results – background in-

formation

The results in this section does not directly concern uncertainty propagation,
but gives some information that can be useful for the interpretation of the
results presented later. First, the reader finds keff as a function of burnup
for all three fuel types. This is followed by summarizing descriptions of the
inventories and the energy spectra.

4.2.1 keff

As one can see from Figure 4.2, the curves for keff differs somewhat between
the fuels, especially for low burnup. For uo2, keff decreases from 1.43 to
0.85, for mox-w the decrease is from 1.35 to 0.88 and for mox-r, it starts
at 1.19 and ends at 0.88. In all cases, the decrease between the first and
second burnup steps is the most dramatic, about 0.05 in just 0.1MWd/kgHM
burnup, followed by a smooth decrease.

The mean values of keff over the full burnup range (using the trapezoid
rule) are 1.067, 1.045 and 0.999 for uo2, mox-w and mox-r, respectively.

0.8

1.0

1.2

1.4

0 20 40 60

Burnup [MWd/kgHM]

k
eff

C
olu

m
n

uo2

mox-w
mox-r

Figure 4.2: The neutron multiplication factor keff as a function of burnup for all three
fuel types. The uncertainty bars show data uncertainty (statistical uncertainty negligible
in comparison).
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4.2.2 Inventories

Figures 4.3 to 4.5 show the mass densities of U-235, Pu-239, minor actinides
and fission products for the three fuel types. For uo2, almost only U-235
(of these) is present at the beginning of burnup (4.85w/o) while the other
quantities increase with increasing burnup. Especially the fission products
increase, ending up at more than 5w/o. The increase of Pu-239 (mainly due
to capture in U-238 followed by β−-decay) slows down and does not increase
much after 20MWd/kgHM of burnup – an equilibrium is approached where
as much Pu-239 undergoes fission as is being produced.

For mox-w, the situation is almost the same but with U-235 replaced by
Pu-239 (and U-235 does not increase).

Formox-r, almost as much minor actinides as Pu-239 is present already at
bol, since it includes substantial amounts of Pu-240 and Pu-241. The minor
actinides increase less, they even decrease at the end, and the content of
Pu-239 decreases less than the fissile content in the other fuels, since Pu-241
contributes to an important part of the burnup.
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Figure 4.3: Fractions of U-235, Pu-239, fission products and minor actinides with respect
to fuel mass without oxygen in UO2 fuel as functions of burnup. The majority of the rest
is U-238, see Figure 4.7.
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Figure 4.4: Fractions of U-235, Pu-239, fission products and minor actinides with respect
to fuel mass without oxygen in MOX-w as functions of burnup. The majority of the rest
is U-238, see Figure 4.7.
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Figure 4.5: Fractions of U-235, Pu-239, fission products and minor actinides with respect
to fuel mass without oxygen in MOX-r as functions of burnup. The majority of the rest
is U-238, see Figure 4.7.

To simplify the comparison of the fuels, the content of the major fissile
isotopes U-235 and Pu-239 in uo2 and Pu-239 and Pu-241 in mox are added
up and compared for the three fuel types in Figure 4.6. As expected, these
values start at 4.85w/o in all cases and decrease – fastest for uo2, closely
followed by mox-w, at the end of burnup they have reached 1.6w/o and
2.0w/o, respectively. The difference can partially be explained by that there
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actually is a bit of U-235 in the mox fuels, too. For mox-r, the content
of Pu-239 and Pu-241 decreases somewhat slower and ends at 2.8w/o which
can be explained by that the cross section for (fast) fission in Pu-240 and Pu-
242 is substantially greater than for U-238 [7] making fast fission contribute
more to the burnup (also, the spectrum turns out to be hardest for mox-r,
increasing the fast fission rate even more).

Since the content of U-238 is much higher than that of all other isotopes
in all three fuels, this content is viewed in Figure 4.7 for all fuel types. Note
that the y-axis starts at 88% – the difference is in relative measures smaller
than it might appear, it is especially small between uo2 and mox-w. The
decrease, mainly caused by capture (some fast fission, too), is very similar
between the fuel types.
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Figure 4.6: Fractions of the major fissile isotopes in the three fuel types.
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Figure 4.7: Fractions of U-238 in the three fuel types.

4.2.3 Energy spectra

An extremely simplified overview of the energy spectra for the tree fuel types
is shown in Figure 4.8. More specifically, the figure shows the fraction of
neutrons with energy greater than 1 eV as a function of burnup for the three
fuel types. At bol, this fraction is more than twice as large for mox-w than
for uo2 and even greater for mox-r. With burnup, the fraction first increases
somewhat for uo2 but then starts decreasing, finally changing from 11.9%
to 12.4%. For the mox fuels the trend is more clear: mox-w decreases from
25% to 19% and mox-r from 28% to 24%.
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Figure 4.8: A simple illustration of the energy spectra for the three fuel types.
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4.3 Uncertainty in keff for individually vary-

ing subsets of the data

Before proceeding with comparing the uncertainty contributions from differ-
ent subsets of the nuclear data, the 2-norm of individual uncertainties are
compared to the uncertainty due to all data.

4.3.1 Comparing simultaneous variation of all data and

2-norm

In Figures 4.9 to 4.11, the uncertainty due to all data obtained from simul-
taneous variation of all data in Section 3.3 is compared to the 2-norm (see
Equation (3.1)) of the uncertainties that are obtained when varying each data
subset individually.

It is seen from the three figures that the difference between the 2-norm
is insignificant in each data point except one2. In the following analysis it is
therefore assumed that a 2-norm of individual uncertainties gives the total
uncertainty to a good approximation. An alternative view is that the total
variance can be assumed to be the sum of the individual variances.

As a consequence of the validity of Equation (3.1), the variance – rather
than the standard deviation – should be considered when comparing the
contributions from different subsets of the data (if standard deviations are
compared, the importance of small contributors is exaggerated). This is done
in Section 4.3.2.

2A trend of slightly higher uncertainty for the simultaneous variation is indicated, at
least for uo2 (indicating a positive, but weak, correlation between isotopes).
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Figure 4.9: Propagated nuclear data uncertainty in keff as a function of burnup for UO2

due to “all” nuclear data obtained in two ways: simultaneous variation of all data and
the 2-norm of individually varied data, see Equation (3.1). The uncertainty bars for the
2-norm curve are the 2-norm of the individual estimates of D (σdata), all obtained using
Equation (2.27).
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Figure 4.10: Propagated nuclear data uncertainty in keff as a function of burnup for
MOX-w due to “all” nuclear data obtained in two ways: simultaneous variation of all
data and the 2-norm of individually varied data, see Equation (3.1). The uncertainty bars
for the 2-norm curve are the 2-norm of the individual estimates of D (σdata), all obtained
using Equation (2.27).
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Figure 4.11: Propagated nuclear data uncertainty in keff as a function of burnup for
MOX-r due to “all” nuclear data obtained in two ways: simultaneous variation of all
data and the 2-norm of individually varied data, see Equation (3.1). The uncertainty bars
for the 2-norm curve are the 2-norm of the individual estimates of D (σdata), all obtained
using Equation (2.27).

4.3.2 Comparing variances from individually varying
data

In an attempt to identify which parts are the most important, Figures 4.12
to 4.14 show the fractions of the total variance σ2

data (keff) which is due to the
different subsets.

For uo2, see Figure 4.12, the transport and activation data of U-235 con-
tributes to more than half of the uncertainty for low burnup. The importance
of U-235 however decreases, since the U-235 content decreases at the same
time as other parts become more significant. U-238 is also quite important
for low burnup, contributing to approximately 30% of the variance. As the
burnup increases, Pu-239 increases in importance and at eol it clearly con-
stitutes the most important data subset, with almost 40% of the variance.

The transport and activation data of Pu-239 is the most important data
subset during the full burnup range in both mox fuels. For mox-w, it con-
tributes to almost 70% of the variance at bol, decreasing to a little less
than 40% at eol. The only other subset being comparable in importance to
Pu-239 for mox-w is the fission yield data, which contributes to more than
30% at eol.

For mox-r, Pu-239 contributes to about 40% of the variance for low
burnup, decreasing to about 35% for high burnup. For low burnup, the

65



thermal scattering data of H in H2O also has a great importance; at bol it
contributes to 40% of the uncertainty, just as Pu-239, but the contribution
decreases more rapidly for thermal scattering, ending up well below 10% of
the total variance.

To investigate the difference between the fuel types with respect to prop-
agated nuclear data uncertainty, the subsets of the data which contribute
substantially to the uncertainty are of primary interest. Therefore, Sections
4.4.2 to 4.4.5 compare the fuel types with respect to the uncertainty due to
the subsets of the data contributing to more than 15% for at least one fuel
type at one or more burnup steps, namely

• U-235

• Pu-239

• Thermal scattering

• U-238

• Fission yield

• Minor actinides

Since U-235 and Pu-239 in uo2 and Pu-fissile (Pu-239 and Pu-241) in mox
serve the same purpose, that is they constitute the fissile fuel content, their
aggregate uncertainty is compared in Section 4.4.2.

Before proceeding, we note that the statistical uncertainty in the cases we
now turn to is less than before, since more neutrons per generation are used
when subsets of the data are varied. In this case, σstat . 0.15%, such that
data uncertainties below approximately 0.25% violate the rule of thumb in
Equation (2.23).
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Figure 4.12: Contributions to total variance in keff from variance of individually varied
data, for UO2. “Other” stands for transport and activation data of fission products and
minor actinides.
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Figure 4.13: Contributions to total variance in keff from variance of individually varied
data, for MOX-w. “Other” stands for transport and activation data of U-235, fission
products and minor actinides.
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Figure 4.14: Contributions to total variance in keff from variance of individually varied
data, for MOX-r. “Other” stands for transport and activation data of U-235 and fission
products.

4.4 Studying differences between major con-

tributors

In Section 4.3.2, one can see which subsets of the data that cause are most
important for the total uncertainty for the different fuel types. In this sec-
tion, the uncertainties due to the most important contributors are compared
between the fuels and the found differences are provided with further expla-
nations.

First, we start by crossing out one part of the data, i.e. U-238, and then
we proceed with the most important contributors to the difference, starting
with the most important, namely the fissile material followed by thermal
scattering, fission yields and minor actinides, with decreasing importance.

4.4.1 U-238 does not contribute to the difference

In Figure 4.15, the uncertainty in keff due to U-238 is compared for the three
fuel types. The difference is clearly insignificant in most burnup steps, and
in any case very small – note that the σdata-axis spans between 0.31% and
0.39%. Thus, although U-238 is important for the uncertainty in all fuels,
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it is not important for the difference between the fuel types and will not be
considered further.
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Figure 4.15: Propagated data uncertainty in keff for uo2 and the two types of mox fuel
as functions of burnup when nuclear data for U-238 is varied.

4.4.2 Fissile fuel content

In this section, the most important conclusions are:

• Different uncertainties due to the fissile fuel content explains a large
part of the differences in total uncertainty between the three fuel types

• A large part of the behavior of these differences are in turn explained
by

◦ Better knowledge of the fission cross section for U-235 than for
Pu-239 at thermal energies (less uncertainty in used data)

◦ More flux in resonance region for mox

◦ Different absorption reaction rates in considered isotopes as a con-
sequence of different energy spectra

◦ Different uncertainty in inventories

• mox-w is more sensitive to Pu-fissile than mox-r because of a relative
“spreading of risks” in mox-r by effectively replacing a part of the Pu-
239 content in mox-w by Pu-241.
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4.4.2.1 Simply comparing uncertainties

For all fuel types, the fissile content has a large impact on the uncertainty.
However, the fissile content is not the same – in uo2 it consists of only U-235
at bol and Pu-239 is produced with burnup while in mox, the fissile content
is mainly Pu-fissile during the full burnup range. Since the fissile content also
has the same function in the systems, a difference between the uncertainty
due to U-235 + Pu-239 in uo2 and due to Pu-239 + Pu-241 in mox will
cause a difference in the total uncertainty.

Therefore, the uncertainties due to U-235 + Pu-239 in uo2, Pu-239 in
mox-w and Pu-fissile in mox-r are compared in Figure 4.163. In the figure
we also find the uncertainty for the individual parts. Since Equation (3.1) has
been seen to be reasonable in Section 4.3.1, the uncertainty of two isotopes
is considered to be the 2-norm of the individual uncertainties.
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Figure 4.16: Propagated data uncertainty in keff for all three fuel types varying the most
important fissile isotopes in each case, as functions of burnup. Also, individual parts are
included.

By comparing Figure 4.16 to Figure 4.1, we see that this part of the data
really is a major contributor for the resulting difference between uo2 and
mox. At bol, there is a significant difference between the uncertainty in
uo2 due to U-235 and in mox due to Pu-fissile – for uo2 we have σdata =
0.5% while for mox-w and mox-r we find σdata = 0.8% and σdata = 0.7%,

3Since the contribution from Pu-241 is seen to be small for mox-r and the content of
Pu-241 in mox-w is even less (less than 0.6% in mox-w and greater than 0.7% in mox-r
during the whole burnup range), no individual variation of Pu-241 data is done for mox-w
is done and the effect of this is assumed to be negligible.
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respectively. In this case, the difference between mox-w and mox-r is also
significant. The differences then decrease with burnup due to a slight decrease
in the uncertainties in the mox fuels and a slight increase for uo2 (after a
small dip in the beginning of burnup), ending with insignificant differences
and uncertainties at about σdata = 0.55%.

4.4.2.2 Relating the uncertainties to inventories

The decrease for mox is explained by that the content of Pu-239 decreases
and further, the difference between the two mox fuels is explained by that
the content of Pu-239 is less for mox-r (as is seen by comparing Figures
4.4 and 4.5). These two statements may surprise the reader. The Pu-239
content in mox-w is basically replaced by Pu-241 in mox-r and similarly the
generally decreasing Pu-239 content is replaced by fission products and minor
actinides. What may be surprising is that Pu-239 is replaced by less known
isotopes (i.e. its data is associated with greater uncertainties) – shouldn’t
the uncertainty be greater for mox-r and with increasing burnup?

However, because 2-norm addition of uncertainties is a good approxima-
tion, a large uncertainty of one single isotope can have greater impact than
a greater total uncertainty (seen as a linear sum) shared by several isotopes.
This may be counterintuitive at first, but it can be seen as a spreading of
risks similar to what a stockbroker does if investing in several different stock
shares instead of in only one company. One company may meet great success
or run bankrupt, but the overall stock market is more predictable (not saying
that it is predictable in an absolute sense; also, there are definitely strong
correlations in this case).

The same phenomenon explains the (barely significant) dip in the un-
certainty for uo2– even though the uncertainty due to Pu-239 has increased
more than that due to U-235 has decreased, the contribution from Pu-239 to
the 2-norm is so small that the resulting uncertainty decreases. Later, the
uncertainty due to Pu-239 starts to dominate and finally it even grows larger
than the uncertainty from U-235 at bol.

There are however two main things left to explain, one of which being
that the uncertainty due to Pu-239 is greater than that for U-235, both
when comparing uo2 and mox-w at bol (where the mass fractions are the
same) and when comparing uo2 at bol and eol (where the mass fraction of
Pu-239 at the end of burnup is 0.68% compared to 4.85% for U-235 at bol).
Related to this, one can also ask: how come the uncertainty due to Pu-239
is as great for uo2 as for mox at eol, even though the mox fuels contain
twice as much Pu-239 at that point?
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We begin with quantifying these two questions a bit. In Figure 4.17, the
uncertainties due to U-235 in uo2 and due to Pu-239 in all fuel types are
compared again, but this time normalized by the content of the respective
isotopes (computed using central values). As one can see, the overall trend is
an increased uncertainty per mass for both isotopes, which can be explained
by that the inventory is known with an increasing uncertainty, see Section
4.4.2.3. Further, we can see that there is a large difference in the uncertainty
per mass Pu-239 in uo2 compared to mox (approximately by a factor 2),
and that U-235 gives rise to a smaller uncertainty per mass for low burnup
but then increases faster and finally reaches a higher value than for Pu-239
in mox. Note that the values for Pu-239 in uo2 are very uncertain for low
burnup, since they are divided by such small values.
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Figure 4.17: Propagated data uncertainty in keff for all three fuel types varying the most
important fissile isotopes in each case normalized by their respective mass density

ρ, as functions of burnup. Uncertainty in the inventories is not included in the uncertainty
bars.

But is really normalizing by mass density the most reasonable thing? In
fact, the mass density is only indirectly connected to how large importance
an isotope has. More directly connected to the importance is the one-group
absorption cross section for the considered isotope, since this really relates to
the absorption rate in this particular isotope, also taking the spectrum into
account. In Figure 4.18, the comparison in Figure 4.17 is therefore redone
but this time normalizing with the absorption cross section. As one can see,
the differences between the values for Pu-239 decrease substantially; now the
maximal relative difference is 29/23 and just barely outside the uncertainty
bars (when the curve for uo2 has stabilized). Thus, the difference for Pu-
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239 per mass density in different fuels can to a large extent be explained by
different fission rates in Pu-239, in turn explained by different spectra.
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Figure 4.18: Propagated data uncertainty in keff for all three fuel types varying the
most important fissile isotopes in each case normalized by the respective isotope’s

absorption cross section Σa,X, as functions of burnup. Uncertainty in the inventories
is not included in the uncertainty bars.

There is, even when normalized by isotope-wise absorption cross sections,
a difference between U-235 in uo2 and Pu-239 in all fuels. At bol, the value
is less for U-235, 10%/cm−1 compared to 16%/cm−1 and 19%/cm−1 for Pu-
239 in mox-w and mox-r, respectively4 (no value for uo2 in this case). With
burnup, the values for U-235 in uo2 are increasing faster than for Pu-239 in
all fuels, and the same comparison at eol gives 39%/cm−1 for U-235 in uo2

compared to 23%/cm−1 to 29%/cm−1 for Pu-239. That the value is less for
low burnup can partially be explained by that the used uncertainty in the
(microscopic) fission cross section is less for U-235 than for Pu-239 in the
thermal energy range [24, p. 4], reflecting different knowledge of the isotopes.

Also, the spectrum is harder for the mox fuels, meaning that more ab-
sorptions occur in the resonance region, where the uncertainties are greater
[24, p. 4]. That the increase is faster for uo2 than for mox can be explained
by the hardening spectrum for uo2 but softening for mox, and further, the
uncertainty in the inventories increases faster for uo2 at the end of burnup,
see Section 4.4.2.3.

4The reader is asked to excuse the author for the awkward unit %/cm−1.
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4.4.2.3 Uncertainties of inventories of varied isotopes

Let ΣR,X and ςR,X be the macroscopic and microscopic one group cross section
for some reaction R in isotope X, respectively, and let further NX be the
atomic density of the same isotope. Since

ΣR,X = NXςR,X,

an uncertainty in NX will give rise to an uncertainty in ΣR,X, approximately
as

D2 (ΣR,X) = D2 (NX) ς
2
R,X +N2

XD2 (ςR,X) + 2NXςR,XC (NX, ςR,X) ,

where the δ-method is used, see Equation (2.11). This will in turn give rise
to uncertainties in keff , especially if the studied cross section is the fission
or capture cross section, see Section 4.4.3.3. Therefore, to understand the
uncertainty in keff due to a certain isotope, it is of interest to know the
uncertainty in the density of this isotope.

To this end, the uncertainties in the atomic density of U-235 in uo2 when
U-235 is varied is found in Figure 4.19, as well as that of Pu-239 in all fuels
when Pu-239 is varied. It can be seen that in all cases, the uncertainty
increases with burnup which is to be expected since the difference to the
original inventory increases. Further, the figure shows that the uncertainty
at maximum burnup is greatest for U-235 in uo2 which can be explained
by that the change in the U-235 content is almost only due to absorptions
i U-235 (directly depending on U-235 data) while Pu-239 is both consumed
(directly depending on Pu-239 data) and produced (depending primarily on
data of other isotopes, e.g. U-238). That the uncertainty for Pu-239 in uo2

is greater than that in mox can be explained by that all Pu-239 in uo2 is
produced and that the viewed uncertainty is relative. As soon as Pu-239 is
present, it starts to fission, and the absolute uncertainty is divided by a small
value relative to the others. This also explains the decreasing rate of increase
in this case.

These uncertainties where used in Section 4.4.2.2 to help explain the over-
all increase in the uncertainties due to the fissile fuel content and especially
the faster increase for U-235 in uo2.
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Figure 4.19: Propagated data uncertainty in the atomic densities of U-235 in uo2

and Pu-239 in all three fuel types varying the same isotope.

4.4.3 Thermal scattering

In this section, it is noted that thermal scattering properties of H in H2O have
very different impact on the different fuel types and that this has substantial
importance for the differences in the total uncertainty. Further, this different
impact is explained. As a first step, the energy spectra and the cross sections
for the different inventories are compared, qualitatively explaining a part of
the differences. In Section 4.4.3.3, it also turns out that the involved cross
sections combine in such a way that significant correlations between one-
group fission and capture cross sections are introduced, resulting in enhanced
differences.

4.4.3.1 Simply comparing uncertainties

In Figure 4.20 the uncertainties due to thermal scattering are compared and
for mox-r, it is as much as 0.7% (meaning that it contributes to almost half
the total uncertainty in mox-r!) at bol while it is only 0.4% and 0.1% for
mox-w and uo2, respectively.

As burnup increases, the uncertainty in uo2 increases until 25MWd/kgHM,
where it reaches a value above 0.3%, and then it decreases again, with a fi-
nal value of about 0.2%. For the mox fuels and especially for mox-r, the
uncertainty decreases, with the result that the difference decreases – the un-
certainty ends up close to 0.2% for all fuels. Thus, thermal scattering has
only a substantial impact on the difference for low burnup.
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Figure 4.20: Propagated data uncertainty in keff for uo2 and the two types of mox fuel
as functions of burnup when thermal scattering data is varied.

4.4.3.2 Relating uncertainties to inventories, cross sections and
neutron energy spectra

The thermal scattering properties of H in H2O affect the energy distribution
of neutrons with energy less than 4 eV [7], where a majority of the absorption
reactions occur. Since all cross sections are energy dependent, this will affect
the reaction rates which in turn affects keff ; in this way, uncertainties in
thermal scattering properties give rise to uncertainties in keff .

Now, if the cross sections’ dependence on energy is large, the uncertainty
in keff will be large and vice versa. Therefore, the fission and capture cross
sections for U-235, Pu-239 and Pu-241 as well as the capture cross sections for
Pu-240 and Pu-242 are compared in Figure 4.21 for energies between 0.1 eV
and 4 eV (below these energies, all considered cross sections are very regular
and all have the same “slope” to a good approximation (1/

√
E) and above

these energies, thermal scattering does not apply). As one can see, there
are major resonances in the fission and absorption cross sections for both
Pu-239 and Pu-241 close to 0.4 eV. Further, the capture cross sections for
Pu-240 and Pu-242 have large5 resonances at 1.1 eV and 2.7 eV, respectively.
It is therefore reasonable that the Pu-isotopes involved are more sensitive to
thermal scattering uncertainties than U-235. Since mox-r contains more Pu
than mox-w which in turn contains much more Pu than uo2, it is therefore
not a surprise that the uncertainty due to thermal scattering is greatest for

5Large compared to all other viewed cross sections.
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mox-r followed by mox-w. But why is the trend a decrease for mox and an
increase followed by a decrease for uo2?
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Figure 4.21: Important cross sections for U-235, U-238 and a number of Pu-isotopes
for neutron energies E between 0.1 eV and 4 eV. Note the resonances for Pu-239 and
Pu-241 close to 0.4 eV and the resonances for Pu-240 and Pu-242 at 1.1 eV and 2.7 eV,
respectively, since they make uncertainties in thermal scattering properties important.
Data from endf/b-vii.1 [7].

Figure 4.22 illustrates the fractions of neutrons with energies in [0.2 eV, 0.5 eV]
and [0.8 eV, 4 eV], respectively, for the three fuel types, representing neutrons
close to the resonances mentioned above. The former region includes the res-
onances in Pu-239 and Pu-241 while the latter contains the resonances in
Pu-240 and Pu-242. As one can see, the flux in the second of these regions
decreases for both mox-w and mox-r, from more than 14% in both cases
down to less than 10% and 12%, respectively. In the former energy region,
i.e. about the resonance in Pu-239 and Pu-241, the neutron fraction is al-
most constant. The decrease for mox can thus be partially explained by the
decreasing flux about the resonances in Pu-240 and Pu-242, but also by the
decreasing Pu content, see Figures 4.4 and 4.5.

The increasing uncertainty in uo2 can be explained by an increasing Pu-
239 content. For high enough burnup, the Pu-239 content is relatively con-
stant (see Figure 4.3) while the fraction of neutrons about the resonance in
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Pu-239 decreases, as is seen in Figure 4.22, giving rise to the decrease at the
end of burnup.
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Figure 4.22: Neutron fractions in regions about the resonances in Pu-239, Pu-241, Pu-
240 and Pu-242 for all three fuel types, as functions of burnup.

4.4.3.3 Relating keff uncertainty to one-group fission and capture
cross sections – finding important correlations

Even if the reader qualitatively agrees with the above reasoning on how res-
onances in the involved Pu-isotopes cause the differences in the uncertainties
in keff , one may question the size of the differences. Above all, considering the
relatively low densities of Pu-240 and Pu-242, should really the resonances
in these isotopes have such large effects, giving the substantial gap between
the two mox types? And only 0.1% for uo2?

A way to answer these questions is by studying the uncertainty in the
homogenized macroscopic one-group fission and capture cross sections (see
Equation (2.3)), and the covariance C (Σf ,Σc) between these quantities (with
respect to varying thermal scattering data). It turns out that a large part of
the difference can be explained by that

• C (Σf ,Σc) > 0 for uo2 for low burnup

• C (Σf ,Σc) < 0 for mox-r.

It shall be noted that these covariances arise from physics and reflect that

• mox-r indeed is more sensitive to thermal scattering properties since
the cross sections of (mainly) Pu-239 and Pu-240 combine such that if
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the spectrum is shifted so that the fission cross section increases, the
capture cross section is likely to decrease, and vice versa

• In the same manner, uo2 is less sensitive to thermal scattering at low
burnup because U-235 alone dominates both the fission cross section
and capture cross section at thermal energies; since the peaks for fission
and capture are at the same energies for U-235, the capture cross section
will increase if the fission cross section does.

The details follow below. It is important to remind the reader that the one-
group cross sections take both the inventory and the full neutron spectrum
into account, which reflects on the items above.

Assuming multiplicative scattering to be negligible, and since the consid-
ered model does not include leakage, the implicit estimate of keff is equivalent
to

keff =
ν̄Σf

Σf + Σc

,

see Section 2.3.2.2. Since ν̄ can be considered constant for energies in the
thermal region6, we assume that D2 (ν̄) = 0, and then the δ-method (Equa-
tion (2.11)) gives

D2 (keff) ≈
(
∂keff
∂Σf

)2

D2 (Σf) +

(
∂keff
∂Σc

)2

D2 (Σc) +
∂keff
∂Σf

∂keff
∂Σc

C (Σf ,Σc)

=
ν̄2 [Σ2

cD2 (Σf) + Σ2
fD2 (Σc)− 2ΣfΣcC (Σf ,Σc)]

(Σf + Σc)
4 .

In terms of observable quantities, this becomes

σdata (keff) =

√

ν̄2 [Σ2
cσ

2
data (Σf) + Σ2

f σ
2
data (Σc)− 2ΣfΣcc (Σf ,Σc)]

(Σf + Σc)
4 , (4.1)

where c denotes the sample covariance, see Section 2.2.2. Thus, one can relate
the uncertainty in keff to the uncertainties in Σf and Σc and the correlation
between these two quantities. Using this expression we get the solid curves
in Figure 4.23 for σdata (keff). A comparison with the dashed curves in the
same figure, which are the directly achieved values for σdata (keff), suggests
that the expression in Equation (4.1) certainly is a valid approximation – a
closer investigation shows that the mean relative difference between the two
ways to achieve σdata (keff) is less than 7%.

6In the case of U-235, ν̄ = 2.4367 is found endf/b-vii.1 for all energies below 4 eV.
For Pu-241, ν̄ is constant, too. For Pu-239, the values vary between 2.86 and 2.88 [7].
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Figure 4.23: A comparison between directly obtained values and Equation (4.1) (making
use of σdata (Σf) and σdata (Σc)) for σdata (keff) due to uncertainties in thermal scattering
properties. The mean relative difference between the two ways of obtaining σdata (keff) is
in this case less than 7%. For low burnup, it can be hard to distinguish the two curves
for mox-r.

Since we have noted that Equation (4.1) makes good sense, one can ask
how large impact, if any, the correlations between the cross sections have.
To this end, we add the covariance term to both sides of Equation (4.1)
(squared) to see what the uncertainty would be if the covariance was zero,
giving

σdata (keff)|C(Σf ,Σc)=0 =

√

σ2
data (keff) +

2ν̄2ΣfΣcc (Σf ,Σc)

(Σf + Σc)
4

=

√

σ2
data (keff) +

2k2
effΣcc (Σf ,Σc)

Σf (Σf + Σc)
2 .

(4.2)

The result from this expression is seen in Figure 4.24 for all three fuel types, as
functions of burnup. The overall behavior is similar to that when covariances
are included but as is seen, the differences are substantially smaller between
these values; the greatest difference is that between 0.25% and 0.55% for uo2

and mox-r at zero burnup (instead of 0.1% and 0.7%). The values are of
course fictive, but this shows that the correlations between one-group fission
and capture cross sections have an importance for the differences.
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Figure 4.24: Fictive values for keff from Equation (4.2), showing what σdata (keff) would

be without covariance between Σf and Σc.

The covariances themselves are plotted in Figure 4.25, and it is clear why
the differences in σdata (keff) are increased by these: for uo2, the covariance is
positive, above all for low burnup, and for mox-r the covariance is negative,
also more clearly for low burnup.
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Figure 4.25: Observed covariance between Σf and Σc due to thermal scattering uncer-
tainties.

Now, what is the reason for these differently behaving covariance curves?
The answer is hidden in the inventories and in Figure 4.21, viewing the
microscopic cross sections for the isotopes of importance in the energy region
of interest. Figures 4.26 to 4.28 show the contributions from specific isotopes
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to the one-group macroscopic fission and capture cross sections for uo2, mox-
r and mox-w, respectively (not only for the thermal region since multi-group
cross sections for each isotope is not included in the serpent output).

For low burnup in uo2, we see in Figure 4.26 that U-235 completely
dominates the fission cross section (starting at 94%), and together with U-
238 it makes up the capture cross section. Since the cross section for U-238
for energies below 4 eV is much less than for U-235 (on the order of percent,
see Figures 4.21 and 2.3) and since the energy dependence in this region is
much more regular (this must also be said since the U-238 content is much
greater than that for U-238), the one-group cross section in U-238 will not
be affected much by thermal scattering uncertainties. Therefore, U-235 will
dominate both σdata (Σf) and σdata (Σc) for low burnup. Finally, it is clear
from Figure 4.21 that the peaks of the fission and capture cross sections for
U-235 are located about the same energies. Thus, the fact that U-235 alone
dominate both σdata (Σf) and σdata (Σc) means that if the energy spectrum is

shifted so that Σf increases, then Σc is highly likely to increase, too. In other
words, the two cross sections are positively correlated.
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Figure 4.26: Relative contribution from various isotopes to the one-group macroscopic
fission and capture cross sections for UO2

When it comes to mox-r, Figure 4.27 shows that Pu-239 and Pu-241
make up the majority (approximately 90%) of the fission cross section while
the capture cross section have two other important contributors (except U-
238 which is unimportant, see the preceding paragraph): Pu-240 (decreasing
from 26% to 22%) and Pu-242 (∼ 4%). This is not surprising considering
the fuel composition, the continuous-energy cross sections in Figure 4.21 and
the energy distribution of the neutrons as described in Figure 4.22. The
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contribution from Pu-239 decrease from 28% to 20% and Pu-241 increases
from 4% to 6%. Now, Figure 4.21 tells us that a shift upwards in energy from
the resonance in Pu-239 gives rise to a rapidly decreasing fission cross section

and at the same time a rapidly increasing capture cross section due to the
resonance in Pu-240 (and to some extent Pu-242). This leads to the negative
correlation and thus explains a large part of the propagated uncertainty in
keff due to thermal scattering.
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Figure 4.27: Relative contribution from various isotopes to the one-group macroscopic
fission and capture cross sections for MOX-r.

In Figure 4.28, we see that for mox-w, the one-group macroscopic cross
sections are mainly due to the same isotopes as in mox-r, but with somewhat
different proportions, especially for capture; Pu-240 makes up less than 20%
of the capture cross section and Pu-239 more than 40% at start, decreasing
to less than 20%. This difference in proportions can explain the much less
significant correlation in this case – at some point the positive correlation due
to Pu-239 (similar to that for U-235) cancels out the negative correlation due
to the combination of Pu-239 and Pu-240.
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Figure 4.28: Relative contribution from various isotopes to the one-group macroscopic
fission and capture cross sections for MOX-w.

On top of the reasons for the decreasing difference in the uncertainties
that are already mentioned in Section 4.4.3.2, the covariances decrease since
more fission products and minor actinides accumulate, blurring up the effects
described in this section.

We conclude this section by noting that the spreading of risks that ex-
plained the smaller uncertainty due to Pu-fissile in mox-r compared to that
due to Pu-239 in mox-w (described in Section 4.4.2.2) does not necessarily
apply to thermal scattering uncertainty. We have rather seen the opposite
– the domination of one isotope (U-235) introduces a positive correlation
which decreases the uncertainty and a combination of isotopes (Pu-239 and
Pu-240) does the opposite. This is since it is not the nuclear data which is
varied in this case, but rather the spectrum.

4.4.4 Fission yield

4.4.4.1 Comparing uncertainties and explaining overall behavior

When comparing the uncertainties from different contributors in Section
4.3.2, one can note that fission yield data also matters for the total un-
certainty at eol, especially for mox-w.

In Figure 4.29 we see the uncertainties in keff due to fission yield data for
all three fuel types for the full burnup range. For all fuels, the uncertainty
is zero at bol which is expected since no fission products are yet taken
into account. The increase of the uncertainty is thereafter sudden in the
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beginning, already for 0.1MWd/kgHM the uncertainty is more than 0.1%,
which can be explained by the important role of reactor poisons. During the
full burnup range, the trend is clearly an increase in all cases and this is also
easily explained by the increasing accumulation of fission products.

Now, the possibly most interesting observation from Figure 4.29 is that
the uncertainty in mox-w at an early stage becomes greater than in the
other fuels and this difference of about 0.1% (absolute difference) is then
conserved for the full burnup range, with a slightly increasing trend. The
difference between uo2 and mox-r is small and even insignificant in most
burnup steps. The uncertainties at eol are 0.38%, 0.55% and 0.42% for
uo2, mox-w and mox-r, respectively.
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Figure 4.29: Propagated data uncertainty in keff for uo2 and the two types of mox fuel
as functions of burnup when fission yield data is varied.

4.4.4.2 Explaining the differences

The difference between mox-w and mox-r can be explained by the “spread-
ing of risks” that also explained their difference when varying Pu-fissile; the
majority of the fissions occur in both cases in Pu-239, but in mox-r a greater
part is made up by Pu-241, see Figures 4.27 and 4.28. This reasoning is
confirmed by Figure 4.30, where the uncertainty due to fission yield data
without Pu-241 (assuming 2-norm addition of uncertainties) is compared to
that including Pu-241. As one can see, the difference is insignificant for most
burnup steps. The figure also shows what the uncertainty due to fission yield
data would be if the uncertainty due to Pu-241 would be linearly added to the
other fission yield uncertainties, giving a result which is close to the fission
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yield uncertainty for mox-w (insignificant for most burnup steps), confirming
that the “spreading of risks” really is involved.
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Figure 4.30: Propagated data uncertainty in keff for the two types of mox fuel as
functions of burnup when fission yield data is varied. Further, the figure shows what
this uncertainty would be for MOX-r if Pu-241 was not included and if Pu-241

was added linearly.

The difference between uo2 and mox-w can at the end of burnup partially
be explained by the same phenomenon; Pu-239 in uo2 make up a larger
part of the accumulated fissions than Pu-241 in mox-w. Since a difference
in the uncertainty occurs already for low burnup, this cannot be the full
story. However, if one compares the uncertainties in the fission yield data,
one finds that the uncertainties for fissions caused by thermal neutrons are
greater for Pu-239 than for U-235: a simple measure is to take the 2-norm of
all the absolute values of these uncertainties (relative values would give too
large weight on unimportant isotopes), and this results in 3.1% for U-235
and 4.9% for Pu-239. The used uncertainties are for a neutron energy of
0.0253 eV, taken from endf/b-vii.1 [7], upon which the uncertainties in the
fission yield data are based [17]. This difference can explain the majority of
the difference between uo2 and mox-w.

With this reasoning, it is a “coincidence” that the curves for uo2 and
mox-r are so similar.

4.4.5 Minor actinides

In Figure 4.31, the uncertainty in keff due to the minor actinides in Table
3.4 is viewed. For uo2 and mox-w, the uncertainty is about 0.05% for zero
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burnup, increasing towards about 0.2% after full burnup while for mox-r,
the uncertainty increases from 0.3% to almost 0.4%. This difference also
has some impact on the difference in the total uncertainty, even though the
importance shouldn’t be exaggerated – the 2-norm addition means that the
contribution from the minor actinides to the total uncertainty is less than
20% even for mox-r, see Figure 4.14.

The difference between mox-r and the other fuel types is explained by
that the content of minor actinides is substantially greater in mox-r from the
start. That the uncertainty curves are increasing is expected, too, since the
amount of minor actinides increases in all fuels (not for the full burnup range
for mox-r, to be precise), see Figures 4.3 to 4.5, and since the uncertainties
in the inventories generally increase.
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Figure 4.31: Propagated data uncertainty in keff for uo2 and the two types of mox fuel
as functions of burnup when nuclear data for the minor actinides in Table 3.4 is varied.

4.5 Other fractions of fissile material

The uncertainty due to all nuclear data is considered also for other concentra-
tions of fissile material, as mentioned at the end of Section 3.3. With 3.45w/o
U-235 in uo2 and 4.10w/o Pu-fissile in mox-w, the lifetime average of keff
becomes 0.988 and 1.016, respectively. The corresponding value for mox-r is
0.999. In other words, the difference in average keff between the three fuels is
considerably less than for the previously considered concentrations, cf. 4.2.1.

The result is viewed in Figure 4.32, and it is also compared to the cor-
responding uncertainties for the original concentrations of fissile material
(4.85w/o). As is seen, the overall behavior is similar. For low burnup, the
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Figure 4.32: Propagated data uncertainty in keff due to all data for the three fuel
types with alternative concentrations of fissile material for uo2 and mox-w. The
corresponding curves for the original concentration (4.85w/o) are also included.

difference between the fuels remain almost the same as with 4.85w/o but
the difference decreases somewhat faster in this case. However, for most bur-
nup steps the difference between these results is less than the length of the
uncertainty bars and can therefore be said to be small.

To adjust the concentrations of fissile material such that the lifetime av-
erage keff is the same for all fuels ensures that the fuels are interchangeable
if only average reactivity is taken into account. However, this approach de-
pends on the chosen burnup range and is thus ambiguous for a general choice
of maximum burnup. It is therefore satisfying to observe that two different
normalizations give similar results.

4.6 Method-related results

In this section, a couple of results that concern the method rather than the
uncertainty propagation as such are presented.

First, the reader finds a comparison between the two suggested estimates
of the statistical uncertainty: by weighing serpent’s estimates or by fixing
the data in a separate Fast tmc run. It turns out that the difference is almost
insignificant in all studied cases and therefore, serpent’s estimates are used
above.
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After this follows a couple of examples showing the convergence of σdata

and that the estimate of an upper limit of D (σdata) (giving the uncertainty
bars) is reasonable.

4.6.1 Comparison of statistical uncertainty estimates

In Sections 2.4.3 and 2.4.3.4 two different estimates of the statistical uncer-
tainty were suggested, namely

σstat =

√
√
√
√

1

n

n∑

i=1

σstat,i,

where σstat,i are the estimates form Sepent, and σunb.
stat = (σobserved)fixed data.

The former is obtained without extra computational time but suffers the risk
of being erroneous due to a bias, while the second is unbiased but need extra
computational time.

The two estimates have been compared for the implicit estimate of keff in
all runs performed in this work and the comparison shows that in all cases,
σstat lies within the uncertainty bars of σunb.

stat for most burnup steps and close
in all others. An example of this is shown in Figure 4.33, where σstat for
all runs with 4000 neutrons per generation in mox-r are compared with the
σunb.
stat , achieved when the data is fixed. This is actually the case where the

agreement is the worst observed, according to ocular inspection.
The black, solid curve shows σunb.

stat . As can be seen, the fluctuations are
greater for σunb.

stat than for all other curves, which of course is connected to the
longer uncertainty bars (which are given by Equation (2.27) with σstat = 0
and σobserved = 0 for σunb.

stat and σstat, respectively). For most burnup steps,
all or most values for σstat are within the uncertainty bars of σunb.

stat and when
not, the difference is small – note that the y-axis spans from 0.13% to 0.17%.
It is worth to remember that the uncertainty bars only show one standard
deviation and that deviations greater than this are likely.

One can possibly suspect that σunb.
stat is a bit greater than σstat, but the

difference is small compared to the uncertainty bars.
Another observation from Figure 4.33 is that the uncertainty bars are

substantially longer for σunb.
stat than for σstat. This confirms the observation

made at the end of Section 2.4.5 – that D2 (σ2
stat) ≪ D2 (σ2

observed) (remember
that σunb.

stat is obtained just as σobserved).
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Figure 4.33: A comparison of the two suggested estimates of the statistical uncertainty,
for all runs with MOX-r where 4000 neutrons per generation are used.

4.6.2 Convergence

The number of serpent runs n shall be large enough so that the achieved
values for σdata can be trusted, which is partially ensured by the estimate
(D (σdata))

∗
max manifested as uncertainty bars in plots of σdata in this text.

However, these uncertainty bars are also subject to convergence, i.e. they
should approach the correct value with increasing n, but have they converged
enough at n = 300? That this holds for σdata itself should be the case
according to Ref. [3], but it can nevertheless be of interest to give this matter
a brief glance since the method is new. The convergence behavior for a large
number of burnup steps for a majority of the Fast tmc runs in this work
have been inspected, and in all these cases both σdata and (D (σdata))

∗

max

seem converged, similarly to the examples below.
In Figures 4.34 to 4.36, a few examples of σdata (keff) is plotted as a func-

tion of the number of completed serpent runs n, where n ranges from 4 to
nfinal which equals 300 or slightly less (because of a few crashed runs). Also,
the curves are accompanied by uncertainty bars showing D (σdata) estimated
using (D (σdata))

∗
max in Equation (2.27) with the group size n adapted to the

number of completed runs, see Section 3.6.2. Further, the black dotted curves
show the “expected convergence” interval, namely

I :=

(

σdata,final ± (D (σdata))
∗
max ,final

√
nfinal

n

)

, (4.3)

where the subscript final means that the quantities are computed for n =
nfinal. In other words, the curves approach the best values we know for the
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data uncertainty ± the best values we know for the standard deviation of this
uncertainty and does so as 1/

√
n (which is the convergence rate of D (σdata)

according to the note at the very end of Section 2.4.5). Observe that this
gives the result that the final value always make up the center of I, which
can give the impression that the true value is reached. However, the true
value is of course not known, why the “true” correspondence to I can be
shifted somewhat downwards or upwards, and the final observed σdata (keff)
may even be outside this interval. Assuming a normal distribution and that
the width of I really equals one standard deviation, this should happen in
32% of the cases.

Figure 4.34 shows σdata (keff) due to Pu-239 in uo2 and this case is chosen
to represent a situation where the uncertainty is small – it finally reaches
0.08%. For very low n, the uncertainty is estimated to be zero, but this
is not much outside the expected convergence interval I and is therefore
nothing strange. At about n = 50, the curve starts fluctuating about the
finally obtained value, with decreasing magnitude of the fluctuations. For
low n (but where σdata (keff) is non-zero), the uncertainty bars are quite a bit
larger than the width of I (about 2-fold). As the curve starts stabilizing,
the widths agree well - better and better with increasing n. The 2-fold
longer uncertainty bars than expected are explained by that σdata (keff) here
is estimated to about half the final value and that σdata (keff) occurs in the
denominator of (D (σdata))

∗

max .
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Figure 4.34: Data uncertainty estimate for keff as a function of runs in serpent, for UO2

at a burnup of 5MWd/kgHM when transport and activation data for Pu-239 is varied.
The uncertainty bars show one standard deviation D (σdata) as estimated by Equation
(2.27) (with adapted size of n). The dotted curves show the expected convergence interval,
defined in Equation (4.3).
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In Figure 4.35, σdata (keff) due to fission yield data at eol is shown. This
is one of the observed cases which show the most values outside I. Again,
these values are however within reasonable distance from I. Also, the length
of the uncertainty bars converge towards the width of I by definition.

The convergence for one of the more important results in this work,
namely σdata (keff) for mox-r at bol due to thermal scattering properties
of H in H2O, is depicted in Figure 4.36. The curve stays close to the upper
boundary of I for low n but starts fluctuating about the center of I when n
has reached about 200. The uncertainty bars converge once again.
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Figure 4.35: Data uncertainty estimate for keff as a function of runs in serpent, for
MOX-w at eol when fission yield data is varied. The uncertainty bars show one standard
deviation D (σdata) as estimated by Equation (2.27) (with adapted size of n). The dotted
curves show the expected convergence interval, defined in Equation (4.3).
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Figure 4.36: Data uncertainty estimate for keff as a function of runs in serpent, for
MOX-r at bol when thermal scattering properties are varied. The uncertainty bars
show one standard deviation D (σdata) as estimated by Equation (2.27) (with adapted size
of n). The dotted curves show the expected convergence interval, defined in Equation
(4.3).

4.6.3 Convergence of uncertainty of uncertainty with
respect to number of group divisions

As described in Sections 2.4.5 and 3.6.2, the estimate of D2 (σ2
observed) is per-

formed by using Equation (2.26) M times and then taking the mean of the
obtained estimates. For some cases the convergence of the estimates with re-
spect to M has been studied, and M = 100 is chosen for the used estimates
since the values are observed to be reasonably converged for this choice –
the maximal fluctuations are of about 10%. By increasing M further, the
fluctuations do not decrease very much – presumably since the same data
is reused (even if not nearly all possible group divisions are used, which is
(
300
150

)
≫ 2150 > 1045).

To illustrate this, Figures 4.37 to 4.38 show (D2 (σ2
data))

∗
plotted as a

function of M in a few cases, namely the same cases as in Section 4.6.2, for
M from 1 to 300. The results are also compared to the result one would
get assuming that δi is normally distributed and that D2 (σ2

stat) is negligible
compared to D2 (σ2

observed) (in 2.4.5 it was noted that this is the case if n is
large and the rule of thumb σstat < 0.5σobserved holds). This would give

D2
(
σ2
data

)
≈ D2

(
σ2
observed

)
=

2D4
tot

n− 1
,
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cf. Section 2.4.5. Thus, using Equation (2.27), one finds that an alternative
estimate for D (σdata) is

(D (σdata))
† =

σ2
observed

√

2(n− 1)σdata

. (4.4)

This value is viewed as the dashed horizontal lines in the figures.
The overall behavior is the same in all cases – large fluctuations for small

M which decrease rapidly. One can suspect a further decrease of the fluctu-
ations for the full range of M but the decrease is slow for M > 100.

One can note that for the case of Pu-239 data for uo2 and fission yield
for mox-w, the agreement between the result using Equation (4.4) (assuming
a normal distribution) and using Equation (2.27) is good, but that this is
not the case for thermal scattering data for mox-r. This indicates that the
normal distribution assumption is less valid in this case, which is confirmed
in Section 4.7.1, where a normal distribution test is performed for all runs
and it is observed that a normal distribution assumption is reasonable for all
subsets of data except thermal scattering.
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Figure 4.37: Uncertainty of uncertainty in keff according to Equation (2.27) as a
function of number of group divisions M compared to the value obtained if a normal
distribution is assumed; for UO2 at a burnup of 5MWd/kgHM when transport and
activation data for Pu-239 is varied.
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Figure 4.38: Uncertainty of uncertainty in keff according to Equation (2.27) as a
function of number of group divisions M compared to the value obtained if a normal
distribution is assumed; for MOX-w at eol when fission yield data is varied.
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Figure 4.39: Uncertainty of uncertainty in keff according to Equation (2.27) as a
function of number of group divisions M compared to the value obtained if a normal
distribution is assumed; for MOX-r at bol when thermal scattering properties are
varied.
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4.7 Statistical tests

4.7.1 Test for normal distribution

A test for normal distributions is performed as described in Section 3.6.4.1
For three different significance levels, 5%, 1% and 0.01%, the number of
burnup steps for which the normal distribution hypothesis is rejected for each
tmc-run is presented in Table 4.1. Many of the significant deviations from a
normal distribution can be considered coincidences (with a significance level
of 5%, 5% of the samples are expected to get rejected even if they all come
from normal distributions; 30 burnup steps mean that a few rejected steps is
likely). A histogram for a typical case, when all data is varied for mox-r at
9MWd/kgHM, is shown in Figure 4.40 together with a normal distribution
fit.

However, one subset of the data stands out, namely thermal scattering,
especially for the mox fuels. The normal distribution hypothesis is rejected
for more than two thirds of the burnup steps even if the significance level is
as low as 0.01% – it is extremely unlikely that this is a coincidence. In Figure
4.41 we see the histogram for an example of such a case, namely mox-w at
a burnup of 7MWd/kgHM since this had the lowest observed p-value (the
probability for an observation at least as extreme as the observed under the
hypothesis), 1.4 · 10−12. A normal distribution fit is included in this figure,
too.

In Ref. [16], where the origin of the random thermal scattering data is
described, the effects of generating the input parameters from a normal dis-
tribution or from a uniform distribution are discussed briefly; when uniform
distributions are used, non-normal distributions are often observed when the
uncertainty is large enough. This agrees well with what is observed for ther-
mal scattering here – for uo2 where the uncertainty is small, the distributions
agree better with a normal distribution.

The author has not been able to find clear statements regarding for which
subsets of the used data normal respective uniform distributions are used (one
of these two is used however [17]). The deviations from a normal distribution
observed for thermal scattering, together with the results in Ref. [16] strongly
suggests that a uniform distribution is used in this case. For the other subsets,
it is probable that normal distributions are used which can explain why strong
deviations from a normal distribution are not observed. Of course, even if
the input parameters would not be normal distributed it would be possible
(or even likely) to find normal distributions because of the Central Limit
Theorem [13].
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Table 4.1: The number of burnup steps for which the normal distribution hypothesis is
rejected for different significance levels

varied data \significance level 5% 1% 0.01%

uo2

All 0 0 0
U-235 0 0 0
U-238 0 0 0
Pu-239 0 0 0

Th. scatt. 19 12 2
Fission yield 1 0 0

Fission products 1 1 0
Minor actinides 1 1 0

Nothing (1000 hist.) 1 0 0
Nothing (4000 hist.) 1 0 0

mox-w

All 2 0 0
U-235 2 0 0
U-238 1 0 0
Pu-239 0 0 0

Th. scatt. 27 26 20
Fission yield 2 1 0

Fission products 4 0 0
Minor actinides 1 0 0

Nothing (1000 hist.) 3 1 0
Nothing (4000 hist.) 0 0 0

mox-r

All 4 0 0
U-235 2 0 0
U-238 2 0 0
Pu-239 1 0 0
Pu-241 1 1 0

Th. scatt. 29 27 24
Fission yield 2 0 0

Fission products 1 0 0
Minor actinides 4 2 0

Nothing (1000 hist.) 2 1 0
Nothing (4000 hist.) 4 1 0
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Figure 4.40: The observed distribution of keff at a burnup of 9MWd/kgHM for mox-r
when all data is varied, together with a normal distribution fit. The p-value equals 0.55 in
this case, i.e. the normal distribution hypothesis cannot be rejected with any reasonable
significance level.
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Figure 4.41: The observed distribution of keff at a burnup of 7MWd/kgHM for mox-
r when thermal scattering data is varied, together with a normal distribution fit. The
p-value equals 1.4 · 10−12, i.e. the normal distribution hypothesis is rejected with any

reasonable significance level.

4.7.2 Test of homogeneity for σstat,i when different data
subsets are varied

In Section 3.6.4.2, it is described how a test of homogeneity is performed to see
whether one can state that σstat,i can be said to be from the same distribution
no matter which subset of the data is varied, which would indicate that δi
and εi, see Section 2.4.3, are independent and thereby uncorrelated.

Table 4.2 shows the number of burnup steps for which the homogeneity
assumption is rejected for three different significance levels. As can be seen,
the hypothesis is rejected for quite many burnup steps, and most of all for
uo2. For uo2 it is rejected for more than half of the burnup steps even if the
significance level is 1%. Even if the numbers are somewhat lower for the mox
fuels, it is hard to justify a general assumption that σstat,i is independent of
δi.

However, even if σdata,i cannot be said to independent of the varied data,
it is still possible that the deviations due to data and statistics (δi and εi, see
Section 2.4.3) are uncorrelated, which is enough for Equation (2.19) to hold.
This is the case if εi is symmetrically distributed about zero – even if the
variance of εi depends on δi! This is seen from the definition of covariance
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in Equation (2.8), if one notes that the symmetry about zero yields that
〈δiεi〉 = 0 and 〈εi〉 = 0. The former of these observations may need some
further explanation: let therefore fδi,εi(x, y) be the joint distribution of δi
and εi. Then, by definition,

〈δiεi〉 =
∫

R2

xyfδi,εi(x, y) dx dy

which equals zero since fδi,εi(x, y) is an odd function in y.
To summarize: the magnitude of εi is dependent of δi but C (δi, εi) may

still be zero since the sign of ε can be independent on δi.

Table 4.2: The number of burnup steps for which the homogeneity hypothesis is rejected
for different significance levels

fuel \significance level 5% 1% 0.01%
uo2 22 16 6

mox-w 17 13 1
mox-r 10 8 3
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Chapter 5

Conclusions

5.1 Main conclusion: significant difference

The most important conclusion is that there is a significant difference between
uo2 and mox in propagated nuclear data uncertainty in keff for the studied
case. The difference is greatest at bol, 0.62% for uo2 compared to 0.98%
and 1.10% for mox-w and mox-r, respectively. At eol, the difference is
insignificant.

5.2 Most important reasons for the difference

5.2.1 Fissile fuel content

A large part of the difference between uo2 and mox at low burnup is because
the uncertainties due to U-235 (and Pu-239) in uo2 is less than for Pu-fissile
in mox. This is since

• More flux in resonance region for mox

• Better knowledge of the fission cross section for U-235 than for Pu-239
at thermal energies (less uncertainty in used data).

The differences decrease with increasing burnup, since the uncertainty in
uo2 increases and the uncertainty in mox decreases. The decrease for mox
is mainly because

• The content of the dominating isotope Pu-239 decreases, leading to a
“spreading of risks”

• Softening spectra gives less neutrons in resonance range
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The increase for uo2 is mainly because

• The Pu-239 content increases and the uncertainty due to Pu-239 per
mass Pu-239 is greater for uo2 than for mox because of a greater
reaction rate in Pu-239 for uo2 (softer spectrum in uo2)

• Uncertainty in U-235 inventory due to U-235 in uo2 is greater than
uncertainty in Pu-239 inventory due to Pu-239 in mox since the U-235
content depends directly on U-235 data.

5.2.2 Thermal scattering properties of H in H2O

The second most important reason for the difference at low burnup is the
different sensitivity to thermal scattering data. mox-r is most sensitive, with
σdata (keff) = 0.7% compared to 0.4% for mox-w and 0.1% for uo2 at bol.
Note that 0.7% alone is greater than the total uncertainty for uo2. The
difference is explained by

• The plutonium isotopes present in mox have large1 resonances in the
thermal region (both in fission and capture cross sections)

• The fission and capture one-group cross sections are negatively cor-
related for mox-r and positively correlated for uo2 (for low burnup),
since

◦ Fission cross section of Pu-239 + Pu-241 and capture cross section
of Pu-240 + Pu-242 combine in such a way that shifts in the ther-
mal neutron spectrum are likely to cause the fission and capture
cross sections to vary in “different directions”

◦ For uo2 at low burnup, U-235 dominates the uncertainties in both
the fission and capture cross section; since the peaks for these cross
sections in U-235 are located at the same energies, shifts in the
thermal neutron spectrum are likely to cause the two cross sections
to vary in “the same direction”.

The differences decrease with increasing burnup since the isotopes mentioned
above more or less loose their dominating roles with changing inventory.

1Large compared to U-235.
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5.3 Other observations

• mox-w is more sensitive to Pu-fissile than mox-r because of a relative
“spreading of risks” in mox-r by effectively replacing a part of the Pu-
239 content in mox-w by Pu-241

• In all studied cases, no bias of importance is observed in the statistical
uncertainty estimates from serpent.
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Chapter 6

Discussion

6.1 Correlations between fission and capture

one-group cross sections for other data

types than thermal scattering?

As concluded above, a large part of the difference between uo2 and mox-r
due to thermal scattering is caused by a substantial difference in how the
fission and capture one-group cross sections are correlated. This was in turn
explained by that differences in the thermal spectrum made the respective
cross sections to vary in such a way.

Since any variation of data to some extent should lead to a variation of
the spectrum, this effect should have some impact for all types of data and
can therefore have a larger impact than that through thermal scattering and
this may very well be studied further. If the effect is of importance should
depend on whether or not the variation of the spectrum plays an important
role or not; presumably, the effect is greatest for thermal scattering since this
only affects keff through a change of the spectrum. A change in e.g. cross
section data for Pu-239 will affect keff directly, too, i.e. even if one would
force the spectrum to be fixed.

6.2 Choice of statistical uncertainty estima-

tor

To estimate the statistical uncertainty using the estimates from the reactor
code, σstat, have two advantages compared to the unbiased estimate σunb.

stat ,
namely that it is faster and that it is associated with less variance (also
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affecting the time consumption, indirectly). In this work, no significant bias
could be observed showing that there are cases when σstat could be used. It
is somewhat hard to tell in which situations this is possible on beforehand,
why it may be better to use σunb.

stat . However, attempts are made to determine
in which situation the bias is most problematic1, and maybe a criterion for
when the uncertainties from the reactor code are reliable enough can be
established.

6.3 Effects of the simplified model

The model used in serpent is simplified to a quite large degree, being two-
dimensional and restricted to one pin cell. Further, no control mechanisms
such as burnable absorbers, control rods nor soluble absorbers are included.
This absence of control mechanisms does not only lead to that certain ma-
terials (and their cross sections including uncertainties) are absent; it also
contributes to that keff deviates from 1 with quite some margin – at bol
keff = 1.43 in uo2 (this is also caused by the fact that the model is leakage-
free and that all fuel has the same burnup). This can cause an erroneous
result since serpent “forces” the system into an unphysical steady state, as
noted in Section 2.3.2.4. In theory, this could also affect the propagated un-
certainties. To some extent, this is treated by the alternative normalization
in 6.3. Since it is observed that the uncertainties are similar even if keff is
closer to one at bol, this indicates that the error from the the forced steady
state is small.

To study only one pin cell is a simplification for all fuels, but in one way
it is even more so for mox, since only a part of the assemblies normally are
mox assemblies (the rest being uo2). The effect of this could simply be that
the uncertainty is somewhere between the uncertainty for mox and for uo2.
However, we have also seen that the uncertainty can be lowered by involving
more isotopes (“spreading of risks”, see Sections 4.4.2.2 and 4.4.4.2) and the
same effect could come into play when having different types of fuel in the
same reactor, making the uncertainty“surprisingly” small. Other effects from
combining different fuels may also have importance; for example, how would
the harder spectrum arising from mox combine with U-235? Or the softer
spectrum from uo2 with Pu-239 and Pu-240? Since the mean free paths are
on the order of several centimeters and the assemblies are, too, they may very
well affect each other. The safest way to take these issues into account is to
study the uncertainties in the full system under consideration. Since Fast

1In Ref. [25], criteria for getting an underprediction of “less than a factor 2 in most
cases” (of their studied cases) are set up. Source convergence is important.
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tmc allows for obtaining propagated data uncertainties without much added
computational time compared to the same simulation without uncertainty
assessment, there is however no real hinder for this.
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Appendix A

Results for other quantities
than (the implicit estimate of)
keff

In this section, the propagated nuclear data uncertainty for a large number
of quantities are briefly presented, only for the case when all nuclear data is
varied simultaneously (see Section 3.3). For all quantities except the moder-
ator density coefficient Cmd, the results are obtained just as for the implicit
estimate of keff , with the exception that σunb.

stat is used for inventories and decay
heat instead of σstat. How Cmd is obtained is described in connection with
the results for Cmd in Section A.7.

The results are, with few exceptions, given without comments or analysis.
Disclaimer : Since the results are not analyzed with much detail, they

should be considered preliminary – especially the inventories and Cmd, since
these results are obtained with substantially different operations than keff .

A.1 Inventories

Three values for the relative propagated nuclear data uncertainty due to all
data for the mass densities of 46 isotopes are given in Table A.1, namely the
mean value, maximum value and at eol. The values range from less than
0.03% for U-238 to more than 50% for U-233, a difference which can be
explained by that a certain, large, amount of U-238 is present at bol while
the concentration of U-233 is small even at eol.

The values are provided with uncertainties according to Equation (2.27).
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Table A.1: Propagated nuclear data uncertainty in % for the mass densities of various actinides and fission products. The mean values
are computed using the trapezoid rule.

mean max at eol
uo2 mox-w mox-r uo2 mox-w mox-r uo2 mox-w mox-r

U-233 37 ± 2 36± 2 29± 2 54 ± 3 44± 2 43± 3 27 ± 1 30± 2 25 ± 1
U-234 5.3± 0.2 3.8± 0.1 2.8± 0.1 12± 0.4 7.2± 0.3 5.6± 0.2 12± 0.4 7.2± 0.3 5.6± 0.2
U-235 1.1± 0.04 1.4± 0.07 1.2± 0.06 3.2± 0.1 3.2± 0.1 2.6± 0.1 3.2± 0.1 3.2± 0.1 2.6± 0.1
U-236 1.9± 0.08 2.6± 0.1 3± 0.2 2± 0.08 3± 0.2 3.5± 0.2 1.8± 0.07 2.3± 0.1 2.5± 0.1
U-238 0.024± 0.0009 0.03± 0.001 0.03± 0.001 0.046± 0.002 0.059± 0.002 0.06 ± 0.002 0.046 ± 0.002 0.059± 0.002 0.06± 0.002
Np-237 7.6± 0.3 20± 0.8 17 ± 0.8 34 ± 1 26± 1 22± 1 5.1± 0.2 16± 0.6 15± 0.7
Pu-238 11± 0.4 13± 0.6 4.2± 0.1 34 ± 1 24± 1 7.9± 0.2 10± 0.3 8.5± 0.3 7.9± 0.2
Pu-239 1.9± 0.1 1.1± 0.04 1± 0.04 2.5± 0.1 2.6± 0.1 2.2± 0.09 2.5± 0.1 2.6± 0.1 2.2± 0.09
Pu-240 2.7± 0.1 2.1± 0.07 1.4± 0.05 3.9± 0.2 3.2± 0.1 2.7± 0.1 3.9± 0.2 3.2± 0.1 2.7± 0.1
Pu-241 3.9± 0.1 2.7± 0.07 1.7± 0.05 7.4± 0.3 3.3± 0.09 2.1± 0.06 2.6± 0.1 2.2± 0.06 2.1± 0.06
Pu-242 4.5± 0.2 2.7± 0.1 2.3± 0.09 8.9± 0.4 3.2± 0.1 4.2± 0.2 2.7± 0.1 3± 0.1 4.2± 0.2
Am-241 5.7± 0.2 3.7± 0.1 2.8± 0.09 8.1± 0.3 6.3± 0.2 5.4± 0.2 8.1± 0.3 6.3± 0.2 5.4± 0.2
Am-243 9.9± 0.4 6.9± 0.3 7.6± 0.3 15± 0.6 7.7± 0.3 8.9± 0.4 6.4± 0.3 6± 0.3 7.1± 0.3
Cm-244 15± 0.5 11± 0.3 10 ± 0.4 20± 0.7 13 ± 0.4 12± 0.5 11± 0.4 9.5± 0.3 8.6± 0.3
Cm-246 35 ± 1 36± 2 36± 2 36 ± 1 37± 2 38± 2 36 ± 1 36± 2 36 ± 2
Mo-95 6± 0.2 19± 0.7 16 ± 0.7 7.6± 0.3 21 ± 0.8 17± 0.7 7.6± 0.3 18± 0.7 15± 0.6
Tc-99 9.7± 0.5 13± 0.6 12 ± 0.5 12± 0.6 14 ± 0.7 13± 0.5 8.7± 0.5 12± 0.6 11± 0.5
Ru-101 3.8± 0.2 9.2± 0.4 8.5± 0.4 5.2± 0.2 10 ± 0.4 8.6± 0.4 5.2± 0.2 8.8± 0.3 8.6± 0.4
Ru-106 13± 0.5 18± 0.6 14 ± 0.6 14± 0.5 21 ± 0.7 15± 0.6 14± 0.5 16± 0.6 13± 0.6
Rh-103 11± 0.5 17± 0.7 13 ± 0.6 12± 0.5 19 ± 0.8 14± 0.6 11± 0.5 16± 0.7 13± 0.5
Ag-109 22± 0.9 23± 0.9 18 ± 0.8 35 ± 1 32± 1 24± 1 17± 0.8 15± 0.6 14± 0.7
Cs-133 3.8± 0.2 7± 0.3 6.8± 0.3 5.3± 0.2 7.9± 0.4 8± 0.4 5.3± 0.2 7.9± 0.4 8± 0.4
Cs-134 9± 0.5 11± 0.5 12 ± 0.6 15± 0.7 41± 2 38± 2 7.5± 0.4 9.4± 0.4 10± 0.5
Cs-137 2.4± 0.09 3.2± 0.1 3.1± 0.1 2.7± 0.1 3.3± 0.2 3.2± 0.1 2.3± 0.09 3.1± 0.2 3.2± 0.1
La-139 2.6± 0.1 7.3± 0.3 5.8± 0.3 3.3± 0.1 8± 0.3 6.3± 0.3 3.3± 0.1 6.6± 0.2 5.5± 0.2
Ce-140 2.7± 0.1 6.6± 0.3 5.6± 0.3 3.1± 0.1 7.2± 0.3 5.9± 0.3 3.1± 0.1 6.1± 0.2 5.4± 0.2
Ce-142 3.3± 0.1 9.1± 0.4 7.7± 0.4 3.9± 0.2 10 ± 0.5 7.9± 0.4 3.9± 0.2 8.4± 0.4 7.6± 0.4
Ce-144 4.4± 0.2 15± 0.6 12 ± 0.4 7.4± 0.3 17 ± 0.7 13± 0.4 7.4± 0.3 13± 0.5 11± 0.4
Nd-142 13± 0.6 19± 0.8 20± 1 13± 0.6 21 ± 0.9 21± 1 13± 0.6 18± 0.8 20± 0.9
Nd-143 5.3± 0.2 12± 0.5 11 ± 0.5 7.5± 0.4 14 ± 0.6 12± 0.5 7.5± 0.4 11± 0.5 11± 0.5
Nd-145 6.6± 0.3 16± 0.6 14 ± 0.5 10± 0.4 17 ± 0.7 14± 0.5 10± 0.4 16± 0.6 14± 0.5
Sm-147 15± 0.5 21± 0.8 17 ± 0.7 23± 0.7 26± 1 23± 0.8 23± 0.7 26± 1 23± 0.8
Sm-148 8.8± 0.3 17± 0.6 13 ± 0.5 9.5± 0.4 19 ± 0.7 13± 0.5 8.1± 0.3 16± 0.6 12± 0.4
Sm-149 9.6± 0.3 18± 0.7 15 ± 0.6 12± 0.4 26 ± 0.9 20± 0.8 10± 0.4 14± 0.5 13± 0.5
Sm-150 9.3± 0.3 20± 0.7 16 ± 0.7 12± 0.4 26 ± 0.9 19± 0.8 8.6± 0.3 16± 0.6 14± 0.5
Sm-151 15± 0.6 20± 0.9 16 ± 0.6 30 ± 1 29± 1 20± 0.8 9.7± 0.4 13± 0.7 12± 0.5
Sm-152 14± 0.5 16± 0.6 13 ± 0.5 28 ± 1 22 ± 0.8 17± 0.7 10± 0.4 14± 0.5 12± 0.6
Sm-154 22 ± 1 24± 0.9 19 ± 0.8 39 ± 1 28± 1 21± 0.9 18± 0.8 21± 0.8 18± 0.8
Eu-151 16± 0.6 21± 1 16 ± 0.6 30 ± 1 29± 1 20± 0.8 11± 0.4 15± 0.7 13± 0.5
Eu-153 12± 0.5 15± 0.6 13 ± 0.5 25 ± 1 29± 1 24± 1 9.4± 0.4 12± 0.5 10± 0.4
Eu-154 12± 0.5 16± 0.8 13 ± 0.5 27 ± 1 30± 1 25± 1 8.3± 0.3 11± 0.5 9.5± 0.3
Eu-155 12± 0.5 15± 0.6 12 ± 0.5 30 ± 1 30± 1 22± 1 8± 0.3 10± 0.5 8.9± 0.4
Gd-154 14± 0.6 17± 0.8 15 ± 0.6 27 ± 1 29± 1 24± 0.9 9.5± 0.3 12± 0.6 10± 0.4
Gd-155 12± 0.5 15± 0.7 13 ± 0.5 30 ± 1 30± 1 22± 1 9± 0.4 12± 0.6 10± 0.4
Gd-156 11± 0.4 14± 0.6 12 ± 0.5 27 ± 1 28± 1 23± 0.9 8.6± 0.3 10± 0.4 9.3± 0.4
Gd-158 15± 0.6 16± 0.6 13 ± 0.5 27 ± 1 27± 1 20± 0.8 15± 0.7 14± 0.6 13± 0.5
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A.2 Analog estimate of keff
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Figure A.1: Propagated data uncertainty in the analog estimate of keff for uo2 and
the two types of mox fuel as functions of burnup when all data is varied.

A.3 Reaction rates
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Figure A.2: Propagated data uncertainty in the absorption reaction rate for uo2

and the two types of mox fuel as functions of burnup when all data is varied.
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Figure A.3: Propagated data uncertainty in the total reaction rate for uo2 and the
two types of mox fuel as functions of burnup when all data is varied.

A.4 Decay heat
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Figure A.4: Propagated data uncertainty in total decay heat for uo2 and the two
types of mox fuel as functions of burnup when all data is varied.
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Figure A.5: Propagated data uncertainty in the decay heat due to fission products

for uo2 and the two types of mox fuel as functions of burnup when all data is varied.
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Figure A.6: Propagated data uncertainty in decay heat due to actinides for uo2 and
the two types of mox fuel as functions of burnup when all data is varied.

A.5 One- and two-group macroscopic cross

sections

The cut-off between “fast” and “thermal” energies is 0.625 eV in this section.
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Figure A.7: Propagated data uncertainty in the one-group macroscopic fission cross

section for uo2 and the two types of mox fuel as functions of burnup when all data is
varied.
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Figure A.8: Propagated data uncertainty in the grouped macroscopic fission cross

section for energies below 0.625 eV for uo2 and the two types of mox fuel as functions
of burnup when all data is varied.
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Figure A.9: Propagated data uncertainty in the grouped macroscopic fission cross

section for energies above 0.625 eV for uo2 and the two types of mox fuel as functions
of burnup when all data is varied.
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Figure A.10: Propagated data uncertainty in the one-group capture cross section

for uo2 and the two types of mox fuel as functions of burnup when all data is varied.
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Figure A.11: Propagated data uncertainty in the grouped macroscopic capture

cross section for energies below 0.625 eV for uo2 and the two types of mox fuel as
functions of burnup when all data is varied.
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Figure A.12: Propagated data uncertainty in the grouped macroscopic capture

cross section for energies above 0.625 eV for uo2 and the two types of mox fuel as
functions of burnup when all data is varied.
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Figure A.13: Propagated data uncertainty in the one-group macroscopic scattering

cross section for uo2 and the two types of mox fuel as functions of burnup when all data
is varied.
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Figure A.14: Propagated data uncertainty in the grouped macroscopic scattering

cross section for energies below 0.625 eV for uo2 and the two types of mox fuel as
functions of burnup when all data is varied.
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Figure A.15: Propagated data uncertainty in the grouped macroscopic scattering

cross section for energies above 0.625 eV for uo2 and the two types of mox fuel as
functions of burnup when all data is varied.

A.6 Six (or four) factor formula quantities
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Figure A.16: Propagated data uncertainty in the thermal fission factor η of the six factor
formula for uo2 and the two types of mox fuel as functions of burnup when all data is
varied.
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Figure A.17: Propagated data uncertainty in the thermal utilization factor f of the six
factor formula for uo2 and the two types of mox fuel as functions of burnup when all data
is varied.
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Figure A.18: Propagated data uncertainty in the resonance escape probability p of the
six factor formula for uo2 and the two types of mox fuel as functions of burnup when all
data is varied.
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Figure A.19: Propagated data uncertainty in the fast fission factor ǫ of the six factor
formula for uo2 and the two types of mox fuel as functions of burnup when all data is
varied.

A.7 The moderator density coefficient Cmd

The moderator density coefficient Cmd is a safety parameter closely related
to the moderator temperature coefficient, especially in a pwr where a tem-
perature change directly translates into a density change. It is defined as the
change in reactivity per density change, i.e.,

Cmd =
dρ

d̺
, (A.1)

where ρ is the reactivity and ̺ is the moderator density.
Cmd is not included in the serpent output and is in this study computed

using a simple approximation valid close to the nominal density, namely by
reducing the density by 10% and computing

Cmd ≈
∆ρ

∆̺
=

keff,0−1

keff,0
− keff,90%−1

keff,90%

0.1̺
, (A.2)

where ∆ denotes the difference between values before and after the density
reduction while keff,0 and keff,90% is the values of keff at the nominal moderator
density and 90% of the nominal density, respectively.

The moderator density coefficient and its uncertainty is computed using
the same procedure as for keff . The only modification is that the statistical
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uncertainty in each run is not given directly by serpent; therefore it is
estimated using

σ2
stat,i (Cmd) =

1

(0.1̺)2

(

σ2
stat,i (keff,0)

k4
eff,0

+
σ2
stat,i (keff,90%)

k4
eff,90%

)

(A.3)

which assumes that the statistical uncertainties of keff,0 and keff,90% are un-
correlated (different seeds are used; the random data is however exactly the
same in the two cases, why the corresponding equation for the data uncer-
tainty cannot be used). The statistical uncertainty using this expression is
also compared to the unbiased estimate σunb.

stat .
The computation is only performed at bol and eol. Only two Fast tmc

runs are performed, one where all the considered nuclear data (see Section
3.3) except fission yield and decay data is varied simultaneously, and one
where the data is fixed to obtain σunb.

stat . At eol, the fuel content is taken
from the resulting inventories at the last burnup step in the case when all
data is varied, i.e. each run has a fuel content which depends on random
nuclear data (the same file numbers); thus fission yields and decay data is
included in this way. Although all data is varied, 4000 neutron histories per
generation and 125 generations are used since the statistical uncertainty is
expected to be somewhat greater than for keff .

The results are viewed in Table A.2, both using σstat and σunb.
stat to estimate

the statistical uncertainty. The values of σunb.
stat itself are also shown in the

table. As seen, the statistical uncertainty is in most cases too great for the
rule of thumb in Equation (2.23) to be fulfilled, why the values should be
interpreted with care.

Aside from that, the values are substantially higher than for keff , reason-
ably explained by the fact that the difference of two similar values are taken.
Also, one may note that the uncertainty is more or less the same for all fuels
at bol– about 4% – but that the uncertainty is greater for mox at bol; the
difference’s dependence on burnup is in other words quite the opposite than
for keff .

However, the results should be interpreted with care as noted above; for
a deeper analysis of these values to be meaningful, better statistics should
be used.
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Table A.2: Propagated nuclear data uncertainty in the moderator density coefficient
Cmd in % at bol and eol, along with statistical uncertainties. The uncertainty on each
value (±) is computed according to Section 2.4.5.

bol eol
σdata σunb.

data σunb.
stat σdata σunb.

data σunb.
stat

uo2 3.7± 0.5 3.9± 0.8 6.0± 0.2 5.1± 0.8 2.5± 0.4 7.3± 0.3
mox-w 4.3± 1.0 4.4± 1.1 6.0± 0.2 12.7± 2.2 12.2± 2.1 6.7± 0.3
mox-r 4.0± 0.6 3.5± 0.7 7.1± 0.2 9.2± 1.7 9.1± 1.7 7.0± 0.3
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Appendix B

Input files

Below, the reader can find the full input file for the case with uo2 fuel and
4000 neutrons per generation, except the burnup steps and the inventory list
(this is superfluous information, given in Chapter 3, which demands a lot of
space). To use 1000 neutrons per generation, replace 4000 in

set pop 4000 40 20

by 1000.
To change fuel type, replace the block between % -- START OF FUEL

BLOCK -- and % -- END OF FUEL BLOCK -- with the alternative blocks given
in Sections B.2.1 and B.2.2 (% is used for comments in serpent input).

DIRFILEPATH, DECFILEPATH and NFYFILEPATH shall be replaced by the
directory file, decay data file and the fission yield data file, respectively.

B.1 UO2 fuel, 4000 neutrons per generation

% --- Pin-cell burnup calculation ----------------------------

set title "Pin-cell burnup calculation"

% --- Pin definition:

pin 1

fuel 0.469550

void 0.479100

clad 0.546400

water

% --- Geometry:

surf 1 sqc 0.0 0.0 0.721350
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cell 1 0 fill 1 -1

cell 2 0 outside 1

% --- Fuel (composition given in mass densities):

% --- START OF FUEL BLOCK ---

mat fuel -10.283 burn 1

92234.09c -4.40734E-04

92235.09c -4.27512E-02

92238.09c -8.38276E-01

8016.09c -1.18532E-01

% --- END OF FUEL BLOCK ---

% --- Zircalloy cladding:

mat clad -6.560

40000.06c -0.9823

50000.06c -0.0145

26000.06c -0.0021

24000.06c -0.0010

72000.06c -0.0001

% --- Water (composition given in atomic densities):

mat water -0.7484 moder lwtr 1001

1001.06c -1.11909E-01

8016.06c -8.88091E-01

% --- Thermal scattering data for light water:

therm lwtr lwj3.11t

% --- Cross section library file path:

set acelib "DIRFILEPATH"

% --- Periodic boundary condition:

set bc 3

% --- Group constant generation:

% universe = 0 (homogenization over all space)

% symmetry = 12

% 2-group structure (group boundary at 0.625 eV)

set gcu 0

set sym 12
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set nfg 2 0.625E-6

% --- Neutron population and criticality cycles:

set pop 4000 40 20

% --- Geometry and mesh plots:

/*

plot 3 500 500

mesh 3 500 500

*/

% --- Decay and fission yield libraries:

set declib "DECFILEPATH"

set nfylib "NFYFILEPATH"

% --- Reduce energy grid size:

set egrid 5E-5 1E-9 15.0

% --- Cut-offs:

set fpcut 1E-6

set stabcut 1E-12

% --- Options for burnup calculation:

set bumode 2 % CRAM method

set pcc 1 % Predictor-corrector calculation on

set xscalc 2 % Cross sections from spectrum

set printm 0 % No material compositions

% --- Depletion steps:

% Cycle 1

set powdens 33.58E-3

dep butot

B.2 Alternative fuel blocks

B.2.1 MOX-w

mat fuel -10.41 burn 1

92234.09c -1.67204e-05

92235.09c -0.00167204
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92236.09c -8.36021e-06

92238.09c -0.834324

94239.09c -0.042571

94240.09c -0.00268343

94241.09c -0.000181927

94242.09c -4.54818e-05

8016.09c -0.118497

B.2.2 MOX-r

mat fuel -10.41 burn 1

92234.09c -9.69776e-06

92235.09c -0.00203735

92238.09c -0.812891

94238.09c -0.00166489

94239.09c -0.0364278

94240.09c -0.0173815

94241.09c -0.00632658

94242.09c -0.00479488

8016.09c -0.118467
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Appendix C

Mathematical details

C.1 Regarding σstat

Assume that σ2
stat,i is an unbiased estimator of D2

stat for i ∈
{1, 2, ..., n}(this is the case if the generations can be assumed to be inde-
pendenta). Then

σ2
stat :=

1

n

n∑

i=1

σ2
stat,i (C.1)

is an unbiased estimator of D2
stat.

aThis is what serpent uses for its uncertainty estimates, so if serpent’s estimates
are to be used we have to live with this anyway. In Section 2.4.3.4, it is mentioned that
there is a risk that this assumption is not good. Further, a solution to this problem
is proposed.
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Proof

The proof is simple, why we include it. Using that the expectation value 〈·〉
is a linear function,

〈
σ2
stat

〉
=

〈

1

n

n∑

i=1

σ2
stat,i

〉

=
1

n

n∑

i=1

〈
σ2
stat,i

〉

=
1

n

n∑

i=1

D2
stat

=
1

n
nD2

stat

= D2
stat,

q.e.d.

Now, two questions may arise:

1. Couldn’t the same argument hold for σ̄ :=
1

n

n∑

i=1

σstat,i? The answer

is, in fact, no. This is since the standard deviation of a random sam-
ple σ(X), defined in Equation (2.7), is not an unbiased estimator of
D(X), as remarked in Section 2.2.1 (or [13, p. 278]). This fact can
be explained by that the square root is not a linear function. σ(X)
is however asymptotically unbiased, meaning (in this case) that if the
number of generations M in each run grows large, σstat,i will approach
unbiasedness (this does however not result in σ̄ being asymptotically
unbiased, since n and M are different things). This can result in rea-
sonably accurate results if σ̄ is used, but σstat is preferred.

2. Why choose this estimator of D2
stat? The very alert reader might have

noticed that any linear combination of the form

σ2
a :=

n−1∑

i=1

aiσ
2
stat,i +

(

1−
n−1∑

i=1

ai

)

σ2
stat,n (C.2)
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is an unbiased estimate of D2
stat, since

〈
σ2
a

〉
=

〈
n−1∑

i=1

aiσ
2
stat,i +

(

1−
n−1∑

i=1

ai

)

σ2
stat,n

〉

=
n−1∑

i=1

ai
〈
σ2
stat,i

〉
+

(

1−
n−1∑

i=1

ai

)

〈
σ2
stat,n

〉

=

(
n−1∑

i=1

ai + 1−
n−1∑

i=1

ai

)

〈
σ2
stat,i

〉

=
〈
σ2
stat,i

〉

= D2
stat.

However, this question is answered by the following result.

Assume the same as for Equation (C.1). Then, of all the (unbiased)
estimators of the form presented in Equation (C.2),

σstat =
1

n

n∑

i=1

σ2
stat,i

is the most efficient.

Proof

Using the independence between runs and that the σstat,i are from the same
distribution (remember that estimators, distinguished from estimates, are
stochastic variables)

D2
(
σ2
a

)
:= D2

(
n−1∑

i=1

aiσ
2
stat,i +

(

1−
n−1∑

i=1

ai

)

σ2
stat,n

)

=
n−1∑

i=1

a2iD2
(
σ2
stat,i

)
+

(

1−
n−1∑

i=1

ai

)2

D2
(
σ2
stat,n

)

=





n−1∑

i=1

a2i +

(

1−
n−1∑

i=1

ai

)2


D2
(
σ2
stat,i

)
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We are now interested in minimizing the part within brackets, since nothing
can be done to decrease D2

(
σ2
stat,i

)
. We look for critical points by solving

∂

∂aj





n−1∑

i=1

a2i +

(

1−
n−1∑

i=1

ai

)2


 = 0 ∀j ∈ {1, 2, ..., n− 1},

which is equivalent to

2aj − 2

(

1−
n−1∑

i=1

ai

)

= 0 ∀j ∈ {1, 2, ..., n− 1}, (C.3)

By subtracting the kth equation from the jth equation we get

2aj − 2ak = 0,

and this holds for any j and k. Thus, the only possible critical point is

a1 = a2 = ... = an−1 =: a,

but then Equation (C.3) gives

a +

n−1∑

i=1

a = 1,

or equivalently

a =
1

n
.

Since the Hessian matrix H is diagonal with the value 4 on each diagonal
entry, H is positive definite (all eigenvalues of the Hessian matrix are 4 >
0) and the point is indeed a minimum [26, p. 710]. Thus, of all unbiased
estimates of D2

stat that can be written as a linear combination of the σ2
stat,i,

σ2
stat =

1

n

n∑

i=1

σ2
stat,i

is the most efficient.
q.e.d.
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C.2 Motivating that Equation (2.26) estimates

D2
(
σ2
observed

)

The total variance D2
tot is estimated by the sample variance according to

Equation (2.18), which can be rewritten as

σ2
observed =

1

n− 1

(
n∑

i=1

q∗i
2 − (

∑n
i=1 q

∗
i )

2

n

)

.

An alternative, albeit far-fetched, estimate σ̂2
observed is obtained by dividing

the runs into two groups, taking the sample variance σobserved,l of each and
then finally taking the mean of the two obtained values:

σ̂2
observed =

1

2

2∑

l=1

σobserved,l

=
1

2

2∑

l=1






1

n/2− 1






n/2
∑

j=1

q∗(l−1)2+j
2 −

(
∑n/2

j=1 q
∗
(l−1)2+j

)2

n/2











=
1

n− 2






n∑

i=1

q∗i
2 −

∑2
l=1

(
∑n/2

j=1 q
∗
(l−1)2+j

)2

n/2






=
1

n− 2

(
n∑

i=1

q∗i
2 − (

∑n
i=1 q

∗
i )

2

n
+

(
∑n

i=1 q
∗
i )

2

n
− n

2

2∑

l=1

(q∗l)
2

)

=
n− 1

n− 2
σ2
observed −

n

2(n− 2)

(
2∑

l=1

(q∗l)
2 −

(∑2
l=1 q

∗
l

)2

2

)

=
n− 1

n− 2
σ2
observed −

n

2(n− 2)
σ2
(
{q∗l}2l=1

)
.

σ2 ({q∗l}2l=1) is an unbiased estimate of D2 ({q∗l}2l=1) ∝ 1/n, giving that if
n ≫ 1, then

σ̂2
observed ≈ σ2

observed.

Thus, D2 (σ2
observed) ≈ D2 (σ̂2

observed), where the latter is possible to estimate
analogously to how σstat is estimated, since it is the mean value of more than

132



one estimate:

(
D2
(
σ̂2
observed

))∗
=

1

4

2∑

l=1

(
D2
(
σ2
observed,l

))∗

=
1

2
σ2
({

σ2
observed,l

}2

l=1

)

.

To enhance this estimate, one can repeat the estimate several times with
different (randomly chosen) group divisions, and take the mean.

C.3 Finding optimal number of runs for ob-

taining σunb.
stat

This section uses the same notation as in Section 2.4.3 where it is possible.
Assume that δi and εi are normally distributed. If K is the total number

of reactor code runs, it follows that K−n is the number of reactor code runs
with fixed data, and

D2
(

σunb.
stat

2
)

=
2D4

stat

K − n− 1

and

D2
(
σ2
observed

)
=

2D4
tot

n− 1
,

cf. Section 2.4.5. Assume further that Dstat = 1
2
Dtot is fulfilled, which is

intimately related to the rule of thumb σunb.
stat < 1

2
σobserved (in a conservative

way). Since the runs are independent,

D2
(
σ2
data

)
= D2

(

σunb.
stat

2
)

+D2
(
σ2
observed

)

=
2D4

tot

n− 1
+

2D4
tot

16(K − n− 1)
.

Assuming K, n ≫ 1,

D2
(
σ2
data

)
= 2

(D4
tot

n
+

D4
tot

16(K − n)

)

.
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This has critical points (w.r.t. n) where

0 =
d

dn

(
1

n
+

1

16(K − n)

)

= − 1

n2
+

1

16(K − n)2

=
16(K − n)2 − n2

16n2(K − n)2

= −15n2 − 32Kn+ 16K2

16n2(K − n)2

or, equivalently,

n =
16

15
K ±

√

256K2

225
− 240K2

225

=
16

15
K ± 4

15
K

Since n ≤ K,

n =
12

15
K =

4

5
K.

Since there is only one critical point for n ∈ (1, K) and since D2 (σdata)
approaches +∞ at both endpoints of this interval (from inside the interval),
this is indeed a minimum. Thus, the optimal relationship between n and the
number of runs with fixed data, nunb., is

nunb. =
K

5
=

n

4
. (C.4)

One should not misinterpret this. For a fixed n, D (σdata) will still decrease
if nunb. increases above n/4. What Equation (C.4) says is that it is more
efficient to increase n, under the above assumptions. Further, since we made
the transition from an inequality to an equality, the optimal value in reality
is some value less than n/4.

C.4 A more general optimization, also using

σunb.
stat

The same notation as in Section C.3 is used where possible.
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In this section, the assumption Dstat = 0.5Dtot related to the rule of
thumb σstat < 0.5σtot is deserted – instead it is included to find an optimal
relation between Dstat and Dtot. In other words, we wish to find an optimal
combination of n and the number of neutron generations m (assuming the
number of neutrons per generation is fixed).

Assume D2
stat = C0/m, where C0 is some constant, which is the case

if the generations can be assumed to be mutually independent. Assume
further that Km, the total number of generations, is proportional to the
total time consumption which is fixed. Thus, D2

stat = D2
dataCK where C is

a constant (D2
data does not depend on m and is therefore constant in these

considerations).
We again assume that δi and εi are normally distributed, giving

D2
(
σ2
data

)
=

2D4
tot

n
+

2D4
stat

K − n

= 2

(

(D2
data +D2

stat)
2

n
+

D4
stat

K − n

)

= 2D4
data

(

(1 + CK)2

n
+

C2K2

K − n

)

if K, n ≫ 1. Now we would like to optimize this w.r.t. both n and K for
a given C (an increased K will yield a decreased m and thus there is a
trade-off). Therefore, we look for solutions to







∂
∂n

(
(1+CK)2

n
+ C2K2

K−n

)

= 0

∂
∂K

(
(1+CK)2

n
+ C2K2

K−n

)

= 0
. (C.5)

The former of these equations is equivalent to

0 = −(1 + CK)2

n2
+

C2K2

(K − n)2

=
C2K2n2 − (K − n)2 (1 + CK)2

n2 (K − n)2

giving
(K − n)2 (1 + CK)2 = C2K2n2. (C.6)

A special case of this is for C = 1/3K which corresponds toDstat = 0.5Dobserved,
giving n = 4K/5, as seen in Section C.3. However, this is not what we are
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interested in here, why we include also the latter equation in Equation (C.5),
which is equivalent to

0 =
2C (1 + CK)

n
+

2C2K (K − n)− C2K2

(K − n)2

=
2C (1 + CK) (K − n)2 + 2C2Kn (K − n)− C2K2n

n (K − n)2

=
2C (1 + CK) (K − n)2 − 2C2Kn2 + C2K2n

n (K − n)2

=
2C (1 + CK)2 (K − n)2 − 2C2Kn2 (1 + CK) + C2K2n (1 + CK)

n (K − n)2 (1 + CK)

The first term in the numerator can be substituted using Equation (C.6),
giving

0 = 2C3K2n2 − 2C2Kn2 (1 + CK) + C2K2n (1 + CK)

= C2Kn (2CKn− 2n (1 + CK) +K (1 + CK))

= C2Kn (−2n +K (1 + CK))

Since C,K, n 6= 0, the only critical points of interest are such that

n =
K(1 + CK)

2
.

Inserting this into Equation (C.6) gives

(

K − K(1 + CK)

2

)2

(1 + CK)2 = C2K2

(
K(1 + CK)

2

)2

.

Since K 6= 0 this can be simplified to

(2− (1 + CK))2 (1 + CK)2 = C2K2 (1 + CK)2 ,

or, equivalently,
[
(CK − 1)2 − C2K2

]
(1 + CK)2 = 0,

which is equivalent to

(1− 2CK) (1 + CK) = 0.

Since C,K > 0, the only interesting critical points are such that

K =
1

2C
, (C.7)
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giving

n =
K(1 + 1/2)

2
=

3

4
K. (C.8)

Equation (C.7) means, together with the definition of C, that the optimal
choice of K (and m ∝ 1/K for a fixed time consumption) is such that

D2
stat =

1

2
D2

data.

To reformulate this in terms related to the rule of thumb σstat < 0.5σobserved,
we have

D2
stat =

1

2

(
D2

tot −D2
tot

)
,

giving

Dstat =
1√
3
Dtot = 0.58Dtot. (C.9)

It is also seen, from Equation (C.8), that if this relation between statistical
and total uncertainty holds, the optimal choice for the number of runs with
fixed data is

nunb. =
n

3
.

In a sense, Equation (C.9) violates the rule of thumb σstat < 0.5σobserved;
however not by much. Also, the “loading time” is not considered here; if
this would be included, the optimal trade-off between n and m would be
a smaller n and a greater m (and thus a smaller Dstat). Another aspect
which is disregarded in this optimization is that we cannot really know the
relationship between Dstat and Dtot and the consequences of exceeding the
statistical uncertainty in Equation (C.9) are not considered. As long as this
is not taken into account, it can be good to have some margin to this value;
this is achieved by using the rule of thumb.

Before closing this section, the reader should be reminded that this whole
procedure of optimization relies on the assumption of normal distributions.
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bol, 48
eol, 48

absorption, 12
actinide, 18
analog estimates, 29
assembly, 20
asymptotically unbiased, 24
atomic number, Z, 9

barn, 12
bash, 52
bechmark, 35
binding energy, 9
burnup, 18

chain reaction, 10
collision estimate, 29
control rod, 20
Coulomb force, 9
covariance, 24

of random samples, 25
critical, 11
criticality, 11

prompt, 18
cross section

absorption, 12
capture, 12
classification, 12
definition, 11
energy dependence, 13
fission, 12
for U-235 and U-238, 13
grouped, 16
macroscopic, 12
microscopic, 12
one-group, 16

decay heat, 21

delayed neutrons, see neutron
δ-method, 25
down-scattering, 17

endf-6, 34
energy spectrum, 15
enrichment, 19
estimator, 23, 36

difference to estimate, 23
evaluated nuclear data library, 33
expected value, 22

fast region, 13
fission, 9
fission product, 9
fission products

as defined in this work, 50
fission yield, 17
flux, 15
free path length, 26
fuel

assembly, 20
fuel compositions

names, 44
full core, 20

grouped cross section, 16

implicit estimate of keff , 29
implicit estimates, 29
inactive generations, 31
infinite lattice, 47
insignificance, 57
integral quantity, 34
inventory, 18

majorant, 28
mass number, A, 9
mean value, 22
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minor actinide, 20
minor actinides

as defined in this work, 49
moderation, see neutron
Monte Carlo

Methods, 26
mox, 21

neutron
delayed, 18
moderation, 16

neutron flux, see flux
neutron multiplication factor keff ,

11
nuclear reactions, 12
nucleon, 9
nucleus, 9

observation, 22
one-group cross section, 16

pin cell, 20
poison, 32
probability density function, 22
Pu-fissile, 21, 46
Pu-vector, 46

random sample, 22
reactor poison, 32
resonance region, 13

sample covariance, 25
sample standard deviation, 24
sample variance, 24
sampling, 26
seed, 39
sensitivity feedback, 35
significance, 57
spreading of risks, 71
standard deviation, 22, 24

of a random sample, 24
of a stochastic variable, 24

stockbroker comparison, 71
strong force, 9
subcritical, 11
supercritical, 11

thermal
energy region, 13, 14, 16
neutron, 16
reactor, 17

U-vector, 46
unbiased, 23

asymptotically, 24
uncertainty, 22, 24
uncorrelated, 25
up-scattering, 17

variance
of a random sample, 24
of a stochastic variable, 23

virtual interaction, 28

weapon grade plutonium, 21
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List of symbols

A mass number, 9
·∗ estimate of ·, 22

C (X, Y ) covariance of stochastic
variables X and Y , 24

c(x,y) sample covariance of ran-
dom samples x and y, 25

:= “defined by”, 11

D standard deviation of stochas-
tic variable (theoretical), 24

D2 variance of stochastic variable
(theoretical), 23

Ddata theoretical uncertainty due
to data (Ddata = D (δi)), 37

δi stochastic variable describing
the deviation between esti-
mate and true value due to

data, 36
Dstat theoretical uncertainty due

to statistics (Dstat = D (εi)),
37

Dtot theoretical total uncertainty
(Dtot = D (q∗i )), 37

Eb binding energy, 9
εi stochastic variable describing

the deviation between esti-
mate and true due to non-
deterministic reactor code,
36

keff neutron multiplication factor,
11

k∞ keff without leakage; in this
work keff = k∞, 29

M number of generations in one
serpent run, 30

n neutron density, 15
n Number of reactor code runs

(serpent) in tmc proce-
dure, 35

ng group size for estimatingD (σobserved),
42

ν̄ average number of emitted neu-
trons per fission, 10, 27

φ neutron flux, 15
φ(E) Energy distribution of flux,

15

q generic quantity, 36
q∗i the estimate of q in run i, 36

σ sample standard deviation, 24
Σ macroscopic cross section, 12
σ2 sample variance (can be ob-

served), 24
ς microscopic cross section, 11
σdata estimate of Ddata, 38
σgen. generation-wise standard de-

viation, 30
σmean,rel. relative standard devi-

ation for mean of genera-
tions, 30

σobserved observed sample standard
deviation, estimate of Dtot,
37

σstat estimate of Dstat using σstat,i

from serpent, 38
σunb.
stat alternative estimate of Dstat

(unbiased), 39

X generic stochastic variable, 22
X list of stochastic variables (X1, X2, ..., Xn),

22
x random sample of X , 22
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Z atomic number, 9
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