
Measurements of electric fields in a plasma by Stark mixing

induced Lyman-α radiation

Master thesis by

Petter Ström
August 2, 2013

Plasma turbulence department, laboratoire PIIM
Aix-Marseille Université

Supervised by
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Abstract

This paper treats a non-intrusive method of measuring electric fields in plasmas and
other sensitive or hostile environments. The method is based on the use of an atomic
hydrogen beam prepared in the metastable fine structure quantum state 2s1/2. Interaction
with the field that is to be measured causes Stark mixing with the closely lying 2p1/2, whose
spontaneous decay rate is much higher than that of 2s1/2. As a result, the total transition
rate to the ground state and consequently the intensity of the Lyman-α line (121.6nm) is
increased. Observations of emitted radiation from a region in which the interaction takes
place are used to draw conclusions about the electric field, effectively providing a way to
measure it.

In the first section, the theory behind the method is described, using time dependent
perturbation theory and taking into account both Lamb shift and hyperfine structure. A
description of the set-up that we have used to test the theoretical predictions follows and
practical aspects related to the operation of the experiment are briefly addressed.

Measurements of the dependence of the Lyman-α intensity on both electric field fre-
quency and amplitude are presented and shown to be in agreement with theory. These
measurements have been performed in vacuum and in an argon plasma, both for static and
RF fields. Two mechanisms, labeled oscillatory and geometrical saturation, that decrease
the emitted intensity for strong fields are identified and described, and both are of impor-
tance for the future implementation of the studied diagnostic in a fusion device or other
plasma experiment. Studies of the field profiles between a pair of electrically polarized
plates have been carried out and algorithms for relating measured data to actual values
of electric field strength have been developed. For static fields in vacuum, collected data
is compensated for geometrical saturation and the resulting profiles are compared to those
calculated with a finite element method. Good correspondence is seen in many cases, and
where it is not, the discrepancies are explained. Static profile measurements in a plasma
show the formation of a sheath whose thickness has been studied while varying discharge
current, pressure and plasma frequency. The qualitative dependence of the sheath thickness
on these parameters is in accordance with well established theory. When it comes to RF
fields, a possible standing wave pattern is detected in the plasma despite problems with low
signal to noise ratio.

In order to optimize the working conditions of the set-up, effects of charge accumulation
due to ions present in the hydrogen beam have been studied as well as errors due to residual
particle fluxes during the off-phase when pulsing the beam (see section on experimental
set-up as well as Appendix C).

A conceptual design suggestion for implementing the method in the edge plasma of a
tokamak or another similar device, based on the collected information, is also given.

Keywords: Plasma diagnostic, electric field measurement, non-intrusive, Stark effect,
Lyman-α, hyperfine structure, H(2s), cesium vapour

I



Contents

1 Introduction and theoretical background 1
1.1 Time dependent perturbations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Lamb shift and hyperfine structure . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.3 Stark mixing induced transitions, analytical approach . . . . . . . . . . . . . . . 3
1.4 Limitations of the analytical treatment - Oscillatory saturation . . . . . . . . . . 7

2 Experimental set-up 9

3 Measurements 12
3.1 Optimization of pressure and cesium cell temperature . . . . . . . . . . . . . . . 12
3.2 Verification of electric field strength dependence . . . . . . . . . . . . . . . . . . . 13
3.3 Charge accumulation effects . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
3.4 Field profile between the plates . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
3.5 Plasma frequency . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.6 Verification of frequency dependence . . . . . . . . . . . . . . . . . . . . . . . . . 22

4 Data analysis and interpretations 24
4.1 Explanation of saturation by the geometry of the electric field . . . . . . . . . . . 24
4.2 Reconstruction of electric field profiles using the geometrical saturation function 28
4.3 Conclusions: Prospects and limitations of our method, possible continuations . . 30

References and suggested reading 31

Appendices

A Numerical treatment of the Stark induced transition rate 32
A.1 Static case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
A.2 Resonant case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

B Field profile measurements - Raw results, reconstructed profiles and comparisons with
FEM calculations 35
B.1 Static field in vacuum, coated plates . . . . . . . . . . . . . . . . . . . . . . . . . 35
B.2 Bare plates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
B.3 Static field in a plasma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
B.4 Some resonant field results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

C Errors due to residual particle flux during the off-phase of the accelerating voltage 46

D Design suggestion for implementation: Field measurement in tokamak edge plasma 48

II



1 Introduction and theoretical background

Measuring electric fields in hostile environments can be a daunting task, and more so if the
measurement is to be non-intrusive. Use of probes in a laboratory plasma often perturbs the
studied system, radically altering the properties one wants to measure. Therefore, a method
using a metastable H(2s1/2) atomic hydrogen beam to measure sinusoidally time varying or
static electric fields is a highly desirable complement to methods involving probes. In this
introductory section, the Stark mixing of the near degenerate 2s1/2 and 2p1/2 levels is described,
and an explanation is offered as to how it can be utilized to probe an electric field.

1.1 Time dependent perturbations

The electric field that is to be measured is considered as a perturbation to the Hamiltonian, H0,
of the hydrogen atoms in the beam. The unperturbed eigenstates and eigenvalues, that is to say
the energy states of the electron in an isolated hydrogen atom, are considered to be fully known:

H0|n〉 = En|n〉.

A general state is written in terms of these eigenstates as1

|α, t〉 =
∑
n

cn(t)e−iEnt/~|n〉 (1.1)

and time evolution is generated, through the Schrödinger equation, by the full Hamiltonian
H0 + V (t) where V (t) denotes the perturbation. Using the framework of time dependent per-
turbation theory, an expression for the time evolution is obtained. The expression is

i~
dcm
dt

=
∑
n

cn(t)e−iωmnt〈m|V |n〉, (1.2)

which on matrix form reads

i~ċ = Mc. (1.3)

The explicit expression for the coefficient matrix is

M =


〈1|V (t)|1〉 eiω12t〈1|V (t)|2〉 . . .

eiω21t〈2|V (t)|1〉 〈2|V (t)|2〉 . . .
. . .
. . .
. . .

 , (1.4)

and the resonant frequencies, ωmn, are given by

ωmn =
Em − En

~

1Sakurai, Napolitani (1), section 5.5: Time dependent potentials: The interaction picture, p.336-339
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The treatment using time dependent perturbation theory only allows for transitions between
states induced by interaction with an external field. Such transitions are usually referred to
as absorptions if they raise the energy of the studied system and stimulated emissions if they
lower the energy. Atoms may of course also undergo spontaneous transitions. The spontaneous
transition rate from |m〉 to a lower lying state |n〉 is obtained by using a first order perturbation
expansion, the dipole approximation and considering detailed balance from a statistical physics
viewpoint. The result is1

Γspom→n =
ω3
mnq

2
e

3ε0~πc3
|〈n|x|m〉|2. (1.5)

The vector operator x is the position operator and its matrix elements, 〈n|x|m〉, which must be
calculated in order to obtain the transition rates are, when multiplied by the elementary charge,
referred to as effective dipole moments for the corresponding transitions.

1.2 Lamb shift and hyperfine structure

A hydrogen atom prepared in the metastable fine structure state 2s1/2 is considered (spectro-
scopic notation nlj is used, where the letters s, p, d, f... correspond to values 0, 1 ,2, 3... of

the orbital angular momentum quantum number, l). The lifetime of this state is 0.14s 2, which
reflects the fact that the transition 2s1/2 → 1s1/2 is forbidden in the dipole approximation (the
corresponding dipole moment which appears in 1.5 is equal to zero due to the odd parity of the
position operator3). On the other hand, the three 2p1/2 states distinguished by their m-quantum

numbers, m = -1, 0, 1 all decay very quickly to the ground state at a rate4

Γspo2p1/2,m→1s1/2
= 6.2693 · 108s−1. (1.6)

In Dirac’s fine structure theory, where the Bohr model of the hydrogen atom is expanded
by taking into account relativistic corrections to the Hamiltonian, spin-orbit coupling and the
so-called Darwin term, 2s1/2 and 2p1/2 are degenerate5,6. However, as initially discovered by
Lamb et al. in the late forties and early fifties, 2s1/2 actually lies higher than 2p1/2 by

ε = 4.374 62 · 10−6 eV.

The discrepancy is due to the Lamb shift, which is theoretically explained in quantum electrody-
namics by radiative corrections related to interactions between the electron and electromagnetic
fluctuations in vacuum7. In addition to the Lamb shift, hyperfine splitting caused by the in-
teraction of the electron with the magnetic moment of the nucleus separates the levels. An
additional quantum number, f , which describes the total angular momentum of the atom (elec-
tron+nucleus) is used to label the hyperfine states. Introducing the total spin of the nucleus, I,
the values of f are limited by

|j − I| ≤ f ≤ |j + I|.

1Bransden, Joachain (9), section 4.3: The dipole approximation p.195-197
2Lejeune, Chérigier, Doveil (3), p.1
3Bransden, Joachain (9), section 4.5: Selection rules and the spectrum of one-electron atoms p.203-212
4Bransden, Joachain (9), section: Spontaneous emission from the 2p level of hydrogenic atoms p.200-201
5See Bransden, Joachain (9), chapter 5: One-electron atoms: fine structure and hyperfine structure as well

as Fitzpatrick (2), section: Time independent perturbation theory - The fine structure of hydrogen for in depth
discussions about the subjects of this section

6Haken, Wolf (8), section 20.3: The Hyperfine Interaction, p.353
7Lejeune, Chérigier, Doveil (4), p.3
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In analogy to the m-quantum number which denotes the z-component of the orbital angular
momentum of the electron, the z-component of the total angular momentum is denoted by mf ,
with the possible values

−f ≤ mf ≤ f.

The correction of the energy for a fine structure state nlj due to hyperfine splitting in a hydrogen-

like ion or hydrogen atom is1

Ec =
me

mp

Z3α2g

n3

f(f + 1)− I(I + 1)− j(j + 1)

j(j + 1)(2l + 1)
ERy, (1.7)

where Z is the atomic number, α is the fine structure constant, g is a dimensionless constant of
the nucleus called the Landé factor and ERy is the Rydberg energy. For a hydrogen atom2:

Z = 1, I =
1

2
and g ≈ 5.5883.

All levels resulting from Lamb shift and hyperfine splitting of 2s1/2 and 2p1/2 are summarized
in table 1.1 with E = 0 corresponding to the energy of 2p1/2 in Dirac theory with Lamb shift
taken into account.

State Energy [eV]

|2s1/2,m = 0, f = 1,mf 〉 ε+ Ec(|2s1/2, f = 1〉) = 4.5584 · 10−6

|2s1/2,m = 0, f = 0,mf = 0〉 ε+ Ec(|2s1/2, f = 0〉) = 3.8233 · 10−6

|2p1/2,m, f = 1,mf 〉 Ec(|2p1/2, f = 1〉) = 0.0613 · 10−6

|2p1/2,m, f = 0,mf = 0〉 Ec(|2p1/2, f = 0〉) = −0.1838 · 10−6

Table 1.1 – Theoretically obtained hyperfine splitting of the 2s1/2 and 2p1/2 levels in hydrogen

1.3 Stark mixing induced transitions, analytical approach

Since there is a third power dependence on energy difference in expression 1.5, the spontaneous
transition rates between the tabulated hyperfine states are completely negligible. The idea behind
our method is that exposing a beam of hydrogen atoms prepared in the 2s1/2 state to a static
or sinusoidally time varying electric field may, as described by 1.2, cause transitions into some
of the 2p1/2 states. This effect is what is known as Stark mixing. The 2p1/2 atoms would then

quickly decay to the ground state, emitting Lyman-α radiation with a wavelength of 121.6nm3.
By measuring the intensity of this radiation we propose that it is possible to reconstruct the
perturbing field, thus providing a way to measure it. In order to analyze the Stark mixing of the
hyperfine states, calculate the transition rate to the ground state and thereby the intensity of the
emitted Lyman-α radiation, a two state system is first considered. In this case a perturbation in
the form of a sinusoidally oscillating potential is described by4

V (t) = K12(eiωt|1〉〈2|+ e−iωt|2〉〈1|). (1.8)

1Bethe, Salpeter (5), section 22: Hyperfine structure splitting, p.107-114
2Bransden, Joachain (9), table 5.1: Values of spin, Landé factor and magnetic moment of the nucleons and

some nuclei, p.257
3Lejeune, Chérigier, Doveil (4), p.4
4Sakurai, Napolitani (1), section: Time-dependent two-state problems, p.340
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By analogy with the classical case, the perturbation can also be written as

V (t) = −qezE(t), (1.9)

where z is the third component of the position operator. Assuming that the electric field is in
the z-direction does not give rise to any loss of generality since we are free to pick the orientation
of our coordinate system. The z operator can be expanded in the basis of the two states as

z = |1〉〈1|z|1〉〈1|+ |2〉〈2|z|1〉〈1|+ |1〉〈1|z|2〉〈2|+ |2〉〈2|z|2〉〈2|. (1.10)

The possibility for the perturbation to cause Stark mixing between two states clearly depends
on the matrix elements of the z operator with respect to said states. Considering more specifically
a pair of two of our studied fine structure states with Lamb shift taken into account but without
hyperfine splitting, the elements are

〈2s1/2,m = 0|z|2s1/2,m = 0〉 = 0

〈2s1/2,m = 0|z|2p1/2,m = 0〉 = −3a0

〈2s1/2,m = 0|z|2p1/2,m = ±1〉 = 0

〈2p1/2,m|z|2p1/2,m〉 = 0,

where a0 denotes the Bohr radius of approximately 5.29·10−11m. Those elements that are
equal to zero can either be explicitly calculated or argued to be zero by properties of the z
operator. Notably, this operator has odd parity which excludes any combination involving states
of the same parity. Furthermore it gives a non-zero contribution only when sandwiched between
states of same m1. As a consequence the perturbation only causes mixing between |2s1/2〉
and |2p1/2,m = 0〉. It is conceptually interesting to note here that if the z-axis was oriented
randomly, instead of parallel to the electric field, the mixing would populate all three 2p1/2
states. The states are redefined by changing the direction of the z-axis, since the m quantum
number corresponds to the projection of the orbital angular momentum on that axis. Of course,
the field strength along each coordinate direction would also have to be considered lower than
the total if one wanted to do the calculation with a randomly oriented z-axis. In the end, such a
calculation would be more cumbersome to go through than the one presented here and the end
result would be the same.

Considering the 2s1/2 state as |1〉 and |2p1/2,m = 0〉 as |2〉, and taking into account the fact

that all wave functions are real and the z operator is hermitian which means that 〈1|z|2〉 = 〈2|z|1〉,
1.10 reduces to

z = −3a0(|2〉〈1|+ |1〉〈2|)

In order to fulfill both 1.8 and 1.9 the electric field must be represented as

E(t) = E0(eiωt|2〉〈2|+ e−iωt|1〉〈1|),

and inserting in 1.4 yields

M = 3a0qeE0

(
0 e−i(ω−ω12)t

ei(ω−ω12)t 0

)
.

1Sakurai, Napolitani (1), section: Linear Stark Effect, p.320
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The system of equations described by the matrix M is solved by oscillating c-coefficients,
corresponding to a state rapidly changing back and forth between |1〉 and |2〉. To take into
account the spontaneous decay of |2〉 it is necessary to add a term describing exponential decay

of the type e−(Γ/2)t. Γ is the spontaneous transition rate given by 1.6 and the use of Γ/2 in the
exponent stems from the fact that the transition rate is given for |c2|2 rather than c2. Inserting
the additional term, the system of equations for the state coefficients is1


dc1
dt

= −3i
a0qeE0

~
e−i(ω−ω12)tc2

dc2
dt

= −3i
a0qeE0

~
ei(ω−ω12)tc1 −

Γ

2
c2.

(1.11a)

(1.11b)

With the ansatz

{
c1(t) = e−γt

c2(t) = ĉ2(t)e−(Γ/2)t

and the initial conditions c1 = 1, c2 = 0 (starting in a pure 2s1/2 state) the solution is

c2(t) = −3i
a0qeE0

~
ei(ω−ω12)te−γt − e−(Γ/2)t

Γ/2− γ + i(ω − ω12)
,

γ = 9

(
a0qeE0

~

)2 1− e−i(ω−ω12)te(γ−(Γ/2))t

Γ/2− γ + i(ω − ω12)
. (1.12)

For the ansatz to make sense γ should be time independent, which by 1.12 it is not. However,
the time dependence can be removed by assuming that <(γ) is much smaller than Γ and =(γ)
is much smaller than (ω − ω12). This is at least true in the weak field limit, since for E equal
to zero, γ is also zero by 1.12 (in reality it should actually not be zero but rather 7.1/s, the
inverse of the state lifetime which is still much smaller than Γ). Apart from removing the γ in
the denominator, the assumption also allows one to state that

e(γ−(Γ/2))t ≈ e−(Γ/2)t ≈ 0,

where the last approximate equality comes from the fact that the decay takes places on time
scales in the order of 1/<(γ). With <(γ) being much smaller than Γ, those time scales are much
larger than 1/Γ and the exponential is thereby close to zero. The result for γ is

γ ≈ 9

(
a0qeE0

~

)2 Γ
2 − i(ω − ω12)(

Γ
2

)2
+ (ω − ω12)2

. (1.13)

1A deeper explanation of the introduction of the decay term is provided in Lamb, Retherford (6),
Appendix II: Quenching of metastable hydrogen atoms by electric fields
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The real part of γ corresponds to the overall exponentially decaying behaviour and therefore
governs the rate at which particles are lost from the initial 2s1/2 state. A factor of two comes in

again due to the fact that |c1|2, not c1, is the relevant quantity for calculating level populations.
Thus, the rate at which particles are lost from the initial state is

γStark ≈ 9

(
a0qeE0

~

)2 Γ(
Γ
2

)2
+ (ω − ω12)2

. (1.14)

Since γStark is, by assumption, much smaller than the rate at which 2p1/2 decays, it can
be viewed as if particles go directly from 2s1/2 to the ground state. Thereby 1.14 gives the

transition rate to the ground state (∼ the intensity of emitted Lyman-α radiation) taking one
hyperfine state pair into account. To include all pairs, it must first be noted that only some
transitions between hyperfine states can be induced by a perturbation in the form of a sinusoidal
or constant electric field1. The pairs of states from table 1.1 that are subject to Stark mixing in
our case are summarized in table 1.2 and figure 1.1 shows a sketch of the energy levels and Stark
induced transitions.

State pair
Energy

difference [eV]
Resonant frequency
f = ∆E/h [MHz]

|2s1/2, f = 1,mf = 0〉,
|2p1/2, f = 0,mf = 0〉 4.7421 · 10−6 1146.6

|2s1/2, f = 1,mf = −1〉,
|2p1/2, f = 1,mf = −1〉 4.4971 · 10−6 1087.4

|2s1/2, f = 1,mf = +1〉,
|2p1/2, f = 1,mf = +1〉 4.4971 · 10−6 1087.4

|2s1/2, f = 0,mf = 0〉,
|2p1/2, f = 1,mf = 0〉 3.7621 · 10−6 909.67

Table 1.2 – Energy differences between pairs of hyperfine states in hydrogen and corresponding
resonant frequencies

Figure 1.1 – Sketch of the hyperfine states and Stark induced transitions between them

1see Bransden, Joachain (9), hyperfine structure and isotope shifts, p.263-265 as well as Lundeen, Jessop,
Pipkin (7), fig. 1 for further information about allowed transitions between hyperfine states
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For the final expression of the transition rate from 2s1/2 to the ground state, all hyperfine
state pairs indicated in figure 1.1 are considered. Summing the rates due to the Stark mixing
of every individual pair and considering all resonance frequencies to be the same (ω12) should
reproduce the rate given by 1.14. It is assumed that all pairs contribute equally to the total rate.
This means that every pair gives one fourth of the expression of 1.14 with ω12 replaced by the
appropriate resonant frequency. Figure 1.2 shows the resulting theoretical frequency dependence
of the total transition rate and the individual pairs in the case E0 = 300V/m.

Figure 1.2 – Plot of the analytically obtained frequency dependence of the total Stark mixing
induced transition rate from 2s1/2 to 1s1/2

The transition rate is expected to be peaked around the resonant frequencies, which is no
surprise since the induced transition from 2s1/2 to 2p1/2 is most likely to occur when photons
of the corresponding energy are abundant. Note however that the lines do have a natural width
and as a result only the hyperfine separation of the 2s level is seen in the plot. The separation
of 2p is smaller than the natural linewidth and it should not be possible to see it without using a
refined method1. In the special case of a static electric field the total transition rate is described
by 1.14 with ω = 0.

1.4 Limitations of the analytical treatment - Oscillatory saturation

We study the assumptions that <(γ) is much smaller than Γ and that =(γ) is much smaller than
(ω − ω12) in more detail to give an estimate of the field strengths for which the analytical solution
of 1.11 is valid. Two special cases are considered for this analysis, namely a static perturbing
electric field (ω = 0) and a resonant field (ω = ω12). Inserting these cases in 1.13 and applying
the restrictions on the real and imaginary parts of γ give the following requirements:


E0 <<

Γ~√
18 a0qe

≈ 1 800V/m, if ω = ω12

E0 <<
~
√(

Γ
2

)2
+ ω2

12

3a0qe
≈ 26 000V/m, if ω = 0.

1Lundeen, Jessop and Pipkin (7) show results obtained with the separated-oscillatory-field technique which
decreases the peak width to approximately 1/3 of the natural linewidth
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In the second case, ω12 ≈ 2π · 1000MHz is assumed (see table 1.2). For larger field strengths,
the analytical solution starts to become inaccurate and the time evolution is quite complex, with
considerable populations of the 2p1/2 state. Solving the system numerically for one resonant

frequency (the Lamb shift frequency 1057.778MHz, see Appendix A) shows that the population
of 2s1/2 decreases exponentially as assumed in the analytical solution only in the weak field limit.
Around the threshold field strength, the transition rate to the ground state starts to saturate
and eventually it can not be increased further by increasing the strength of the electric field. The
phenomenon can be understood conceptually by realizing that the oscillation between 2s1/2 and

2p1/2 caused by interaction with the electric field is very rapid for high field strengths (consider

1.11 without the decay term in the second equation). If it occurs on a time scale that is faster
than the rate at which 2p1/2 decays to the ground state, increasing the field strength further
won’t increase the transition rate to the ground state, and saturation occurs. This oscillatory
saturation is thus related to the field strength dependent ratio between the finite lifetime of the
2p1/2 and the period time of Stark mixing oscillations. As presented later on in this paper,
there is at least one other mechanism that contributes to the saturation of the signal at high
field strengths (see section 4.1 about geometrical saturation). The oscillatory mechanism has
been examined in order to find out how strongly it affects the results as compared to other
mechanisms. We have resolved 1.11 numerically for a range of field strengths and estimated the
transition rate by fitting 1− e−γt to the population of the ground state. Figures A.1a and A.1b
of Appendix A show the field strength dependence of the resulting rates compared to those given
by 1.14 for static and resonant electric fields respectively. It is clear that the numerical result
agrees with the analytical E2

0 -dependence in the weak field limit, but for stronger fields it shows
saturation which is not accounted for in the analytical solution. It also seems like oscillatory
saturation takes effect for much weaker fields in the resonant case than in the static one, just as
expected from the threshold field strengths calculated above.

The validity of the method of studying individual pairs of hyperfine states and adding the
transition rates in the end is related to the same phenomenon as oscillatory saturation. For low
field strengths, when an atom transitions from the initial 2s1/2 state into a 2p1/2 state, it will
instantly decay to the ground state on a time scale much faster than that of the Stark mixing.
Therefore scenarios where an atom transitions via Stark mixing from for example |2s1/2, f = 0〉
to |2p1/2, f = 0〉 and then to |2s1/2, f = 1〉 are very uncommon, and can be neglected. For very
high fields, with fast oscillations between 2s1/2 and 2p1/2, such events are not negligible and the
method becomes inaccurate. The effect is basically a generalization of the oscillatory saturation
mechanism with hyperfine structure accounted for. In the static field case, it is not necessary
to take hyperfine structure into account since the total transition rate far off resonance is not
affected to any measurable extent by introducing small splitting of the peak. In the resonant field
case, one must be aware that at the resonant frequency of one transition, the other transitions
are a little bit off resonance (see figure 1.2). The numerical solution in Appendix A, is done
for only one resonant frequency, taking Lamb shift into account but not hyperfine structure.
This corresponds to assuming that all transitions are resonant at the same frequency, which of
course gives a too large effect. With hyperfine structure, the solution should show the strongest
saturation for the big peak at 1087.4MHz, and not quite as strong an effect as indicated by figure
A.1b.

We must finally address the issue of other states than 2p1/2 being populated by the Stark
mixing. If such population does occur, the two-state approach used in the analytical solution
is not accurate and a more subtle method must be applied. The closest state that comes to
mind is 2p3/2. However, this state is separated from 2s1/2 and 2p1/2 by fine structure and the
separation is ten times larger than the Lamb shift which means that the levels are not mixed to
any noticeable extent1, at least not by fields significantly smaller than 100 000 volts per meter2.

1Bethe, Salpeter (5), p.104 and 239, Stark effect small compared to fine structure
2Bransden, Joachain (9), p. 271
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2 Experimental set-up

Our experiment is designed to verify the theoretically predicted behaviour derived in the previous
section and to show that the measurement of Lyman-α intensity from a H(2s)-beam can be
used to draw conclusions about electric field properties, both in vacuum and in a plasma. A
photograph of the set-up is displayed in figure 2.1 and the subsequent text provides descriptions
of the different parts and their respective functions.

Figure 2.1 – Photograph of our experiment with component designations

A vacuum is maintained inside the entire set-up, and pressure is measured by two gauges (D1

and D2). Before the start of an experiment, the pressure is between 5 · 10−8 and 1 · 10−7mbar at
D1 and around 3 ·10−7mbar at D2 due to the proximity to a pair of moveable rods for measuring
equipment whose entry points into the vacuum vessel allow for a marginal air leakage. To start
an experiment, the preparation chamber (A) is filled with hydrogen gas until a pressure between
1 ·10−5 and 4 ·10−5mbar is measured at D1

1. This pressure, which will be labeled p, is controlled
manually and can be kept to a specified value within a tolerance of ±10%. The vacuum pumps are
running continuously and hydrogen flows through the chamber, maintaining the desired pressure.
A tungsten filament inside A is heated by putting 10V across it, which results in a current of
around 15A. An electrostatic potential, typically close to -80V, with respect to the chamber
wall is then applied to the filament at the point where it connects to the negative pole of the
heating power supply. As a result, the filament ejects electrons which accelerate towards the wall,
ionizing the hydrogen gas and creating a plasma. The applied negative voltage is consequently
referred to as the preparation discharge voltage, UD, and the current between the filament and
the wall as the preparation discharge current, ID. The value of the preparation discharge current
can be controlled within ±0.01A by varying the filament current or the discharge voltage and it

1The optimal pressure with respect to beam properties is in this range, see section 3.1
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is typically set close to 1A. Pages 27-52 of reference 11 contain further information about the
preparation chamber, among other things a description of a set of permanent magnets which
is used to increase particle confinement. When the preparation discharge has been established,
a potential of 500V is applied to the wall of A, accelerating the ionized hydrogen towards the
grounded left part of the set up. Three electrodes placed at 200V, -2kV and 0V with respect to
ground1 form an Einzel lens that focuses the ions into a beam which enters a pipe and continues
towards the cesium cell (B). The ion beam has a diameter between one and two centimeters2 and
contains H+ (protons) as well as H+

2 and H+
3 composite ions3. Inside the cesium cell there is, as

the name suggests, up to 5g of cesium which at room temperature is solid at the bottom of the
cavity. By heating the cell it is possible to get the cesium to evaporate and interact with the beam.
At the beam energy, 500eV, the cross section is maximal for a charge exchange reaction between
an H+ ion and a cesium atom that leaves the resulting hydrogen atom in the desired 2s1/2 state4.

After passing the cesium cell, the particles continue towards the measurement chamber (C). The
distance between the two is 30cm, which for a hydrogen atom at 500eV corresponds to a time of
flight of roughly 10−6s, more than enough for any 2p-hydrogen potentially created by reactions
in the cesium cell to decay long before reaching the measurement chamber. There is however a
possibility that the beam contains some higher metastable states. An example of one such state
is 4s1/2 and in section 3.6 the potential effect of atoms in this state on the results (especially the

frequency spectrum in figure 1.2) are discussed.
In the measurement chamber the beam passes between two plates, 5cm apart. The upper

plate is grounded and the lower plate can be biased either positively or negatively to create
an electric field. It can also be subjected to an RF signal thus generating a field close to the
resonance peaks derived in section 1.3 (see details in the part of section 3.2 where resonant fields
are treated). For the initial experiments, both plates were covered by a ceramic coating, only
exposing a rectangular area of 1.5×8cm at the center. This measure was taken with the intent of
trying to make the electric field more homogenous and localized in space than if the plates had
simply been bare. The effect has been verified, but because the coating also increased problems
with charge accumulation (see sections 3.1, 3.2 and 3.3), it was later removed.

Emitted Lyman-α radiation is detected using a photomultiplier behind an optical filter at E.
To distinguish the part of the measured signal that is due to the beam from background, the
500V that accelerate the hydrogen ions in the beam preparation step are pulsed at a frequency
of 1Hz and a lock-in amplifier is used to detect, average and amplify the difference between the
photomultiplier output with and without beam. Problems with residual particle flux after the
accelerating voltage has been turned off are discussed in Appendix C. Any ion content in the
beam is detected with a Faraday cup behind the two plates, although if the studied electric
field is too strong, the ions are diverted and may miss the cup. The Faraday cup along with an
oscilloscope that is used to visualize the output is henceforth referred to as the beam analyzer.
Both the plates and the Faraday cup can be rotated horizontally and moved vertically. Under
standard conditions the plates are set to extend perpendicularly to the beam path and the height
of the entire plate assembly is given on a scale such that 5cm corresponds to a position where
the upper plate coincides with the center of the beam. Likewise, 10cm corresponds to a position
where the lower plate is is at the center of the beam. In addition to the plates and the Faraday
cup, there is also a filament in the measurement chamber which makes it possible to generate a
plasma by the same method as in the preparation chamber. Discharge voltage and current for
this plasma will be referred to as main discharge voltage and current, U ′D and I ′D, with typical
values within 50-100V and 0.1 - 2A respectively. We use argon at a pressure, p′, in the order
of 2 · 10−4mbar for the measurement chamber plasma, a pressure which is substantially higher
than that in the preparation chamber. A photograph of the coated plates, filament and Faraday
cup before insertion into the measurement chamber is shown in figure 2.2a. Figure 2.2b shows
the plates after the coating was removed.

1Configuration motivated by Lejeune (11), p.58
2Lejeune (11), section: Profils radiaux du faisceau d’ions, p.99-101
3Lejeune, Chérigier, Doveil (3), p.2
4Stated by L. Chérigier. See also Lejeune (11)
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An important note about the set-up is that the two vacuum pumps that are in use are
placed so that the measurement chamber is evacuated at its bottom, whereas the preparation
chamber is evacuated via a pipe connected between the Einzel lens and the cesium cell. This
set-up effectively hinders most diffusion of working gas from the measurement chamber to the
preparation chamber, which is necessary because the much higher pressure in the measurement
chamber would otherwise ruin the conditions for generating the beam. By raising the argon
pressure in the measurement chamber to the standard value of 2 · 10−4mbar, the preparation
chamber gauge at D1 measures 1.5 · 10−6mbar, which is ten times smaller than the working
pressure of hydrogen when preparing the beam. On the contrary, diffusion from the preparation
chamber to the measurement chamber is not hindered. Running under standard conditions
without plasma in the measurement chamber we have observed that the diffusion of hydrogen
makes the pressure in the measurement chamber about 2/3 of that in the preparation chamber.
Therefore, measurements which are labeled as ’in vacuum’ in this report are actually done in
the presence of hydrogen gas at a pressure of about 1 · 10−5mbar. We assume that this is quite
irrelevant, and that results in the case of a perfect vacuum would be very similar to the ones we
have obtained. Even if that was not the case, results in a hydrogen gas environment serve just
as well as results in vacuum to illustrate the basic principles of our method. As for the situation
when an argon plasma is produced in the measurement chamber, the working pressure is more
than ten times that of the diffused hydrogen. Furthermore, the composition of the measurement
chamber plasma is not of any concern for the validity of our results. We could as well be running
in a hydrogen plasma, but argon has been used simply on the premises of safety, simplicity and
availability.

(a) Filament (F), coated plates (G1 and G2)
and Faraday cup (H) before they were in-
serted into the measurement chamber

(b) Field plates after the coating was
removed. The overlaid red rectangles
indicate the area that was exposed
when the coating was present.

Figure 2.2 – Photographs of the equipment in the measurement chamber
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3 Measurements

In this section our measurements are motivated and relevant results are presented. Basic ex-
planations and interpretations are also provided. Continuing analyzes and further discussions
regarding the results are given in section 4.

3.1 Optimization of pressure and cesium cell temperature

In order to verify the statement that interaction with cesium gives rise to an increased content
of atomic hydrogen in the beam and to investigate optimal working conditions of our set-up, an
initial experiment has been carried out in which the output of the lock-in amplifier and the beam
analyzer were measured as functions of cesium cell temperature. The coated field plates were
used, set up so that the beam passed in the middle of the space between them and the potential on
the lower plate was kept constant at 300V. No plasma was created in the measurement chamber.
It was expected that raising the temperature would give an increased amount of cesium in the
beam path. This would in turn decrease the beam analyzer signal and increase the Lyman-α
emission as the conversion of hydrogen ions to hydrogen atoms became more pronounced. The
results are presented in figure 3.1.

(a) Beam analyzer output, or total charge
of the beam

(b) Lock-in output, or Lyman-α intensity

Figure 3.1 – Results of varying cesium cell temperature.
Settings: ID=0.95±0.03A, UD=80V, p=(1.4±0.3)·10−5mbar, Uplate=300V, plate height: 7.6cm

The Lyman-α intensity reaches a maximum when the temperature of the cesium cell is 118oC.
At the peak, the signal is approximately three times as high as it is at 40oC (a temperature at
which the amount of cesium in the beam path is negligible). We have verified that there is a signal
even when the temperature is brought down to 28oC. At that temperature, the cesium is solid and
does not interact with the beam at all. The conclusion is that even when no cesium is present,
there is atomic hydrogen in the beam. It originates from charge exchange reactions between H+

and other particles. Since the production of this hydrogen happens continuously, everywhere in
the beam, some 2p1/2 atoms are produced inside the measurement chamber regardless of the
electric field. This, at least partially, explains the 0-field offset seen in subsequent experiments.
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The peaking of the lock-in output is explained by combining two mechanisms:

1) As expected, increasing the amount of cesium in the beam path gives more charge exchange
reactions and thereby more atomic hydrogen.

2) When the amount of cesium is too high, scattering on cesium atoms diverts most of the
particles in the beam so that they do not reach the measurement chamber.

The optimal relation between the two mechanisms is obtained at 118oC. Note that the beam
analyzer signal is not zero at that temperature, but close to 2/3 of its maximal value. This
means that there are still plenty of ions in the beam at the preferred point of operation of the
experiment. Increasing the temperature further, the two mechanisms both decrease the amount
of ions reaching the measurement chamber and the beam analyzer signal drops to 0. At 135oC
it goes negative, indicating that there are negative ions being produced by some reaction in the
cesium cell. The content of ions in the beam is a source of error because it gives rise to charge
accumulation, especially on the ceramic coating of the field plates which changes the electric field,
interfering with measurements when the coated plates are used. Measurements of this effect are
presented in section 3.3 and the errors it gives rise to in other data are discussed.

Other experiments similar to the temperature optimization, in which the pressure of hydrogen
in the preparation chamber is varied instead have also been done. Together with results from
earlier work1, the optimal pressure with respect to signal strength has been concluded to be
between 10−5 and 2 · 10−5mbar.

3.2 Verification of electric field strength dependence

The theoretical E2-dependence of the transition rate to the ground state has first been tested
in the simple case of a static electric field in vacuum. With the cesium cell heated to the peak
temperature of 118oC and the coated field plates still set up with the beam centred between
them, static voltages between -540V and +540V are applied to the lower plate. A typical
resulting lock-in output is given in figure 3.2 with the x-axis scaled in volts per meter. This scale
is obtained by assuming a homogeneous field between the plates, something that is later proven
false by field profile measurements. For the central plate position, the error of this homogenous
field approximation is about 20% (see for example the numerically calculated field profiles of
Appendix B and compare the value at 2.5cm with the plate voltage divided by 5cm). As a first
approximation, it is used here, bearing in mind that there may be some inaccuracy in the electric
field scale. The two overlaid curves are the analytical result by expression 1.14 (upper, green)
and the numerical result of Appendix A (lower, blue) both scaled by a factor of 4 · 10−8 and
shifted upwards by the positive branch 0-field offset of 0.141mV.

Figure 3.2 – Electric field strength dependence measurement, coated plates.
Settings: ID=0.95±0.01A, UD=80V, p=(2.8±0.2)·10−5mbar, TCs=118oC, plate height: 7.6cm

1Chapon (12), p.10
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The output of our experiments is often observed to oscillate on a time scale of approximately
two and a half minutes, especially for high field strengths. In figure 3.2 as well as in other similar
figures presented in this paper, the upper set of points gives the maximum values over a period
of oscillation, and the lower set gives the minimum values. The amplitude of the oscillation is in
the order of 0.1mV in this case whereas that of random noise is around 0.01mV. By observing
the temperature of the cesium cell during experiments it has been verified that the behaviour is
caused by temperature variations due to the slow response time of the regulator used with the
cell heater.

In the particular case that is displayed here, positive values of the lower plate bias were done
first when the experiment was started, from zero volts and up. Then the negative branch was done
from -540V to zero. When coming back to zero the signal was not exactly the same as at the start
of the experiment (see the small discontinuity in the figure). This is symptomatic for experiments
with the coated plates and is caused by the previously mentioned charge accumulation effects.

The E2-dependence predicted by 1.14 is verified in the weak field limit. We note though, that
strong field saturation occurs much earlier than the numerical treatment in Appendix A suggests,
and even decreases the signal for fields stronger than 8200V/m on the positive side and 7600V/m
on the negative side. Oscillatory saturation is almost completely suppressed as it does not have
a significant impact at these field strengths, so we conclude that another saturation mechanism
is at work (this mechanism has been identified and is described in section 4.1). The asymmetry
in the saturation is, just like the discontinuity at 0V, explained by charge accumulation. In an
effort to reduce the influence of this effect, the experiment has been repeated without coating on
the field plates. Figure 3.3 shows the result and it is clear that it is more symmetrical than in the
previous case, indicating less influence of charging (see section 3.3). There is a price to pay for
this increased quality in data, namely that saturation occurs earlier than when the coated plates
were used, at 6400 V/m and -6800 V/m. This is a direct consequence of the changed geometry
of the electric field due to the removal of the coating and it is discussed further in section 4.1

Figure 3.3 – Electric field strength dependence measurement, bare plates.
Settings: ID=0.95±0.01A, UD=80V, p=(1.8±0.2)·10−5mbar, TCs=118oC, plate height: 7.6cm

With a plasma in the measurement chamber, it is not possible to measure a static electric
field at the central position between the plates. The reason is simply that the plasma reacts
to such a field and cancels it out so that most of the voltage drop in the measurement region
occurs in a thin layer next to the biased plate (The Debye sheath, see section 3.4). The electric
field in the sheath has been detected by setting up the plate assembly so that the center of the
beam passes 2mm from the biased plate. Lock-in output as a function of plate voltage is then
measured as before. Figure 3.4 shows the result. Since there is no way of simply deducing the
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electric field strength from the plate voltage in this case, the x-axis is scaled in volts applied to
the lower plate rather than in V/m.

Figure 3.4 – Electric field strength dependence measurement in the plasma sheath, bare plates.
Settings: ID=0.95±0.01A, UD=80V, p=(1.8±0.2)·10−5mbar, I ′D=0.6±0.1A, U ′D=50V,

p′=2.5·10−4mbar, TCs=118oC, plate height: 9.8cm

Two noteworthy observations that are not visible in the graph have been made during this
type of experiments. Firstly, a current between the plates in the order of 1A is detected (the
power supply providing the plate voltage has to feed a current to maintain that voltage). This
is not very surprising since the plasma should carry current when exposed to a voltage. What is
surprising is that the current is only detected when positive lower plate biases are applied. The
effect is explained by the fact that the role of the lower plate changes from anode to cathode
when the voltage is changed from negative to positive. Consequently, the role of the wall is also
reversed (since it always assumes the same role as the grounded upper plate). When the lower
plate is positively biased it evacuates electrons from the plasma, whereas when it’s negatively
biased the same function is filled by the upper plate and the wall.

Secondly, when the lower plate is connected to the negative output of the power supply (that
is to say when the set-up is prepared for running with negative voltages) a 0V setting at the
supply results in a measurement of a -11V potential difference between the plates. When the
plates are electrically floating, a potential difference of -40V is measured and when the positive
voltage set-up is prepared 0V on the power supply does actually correspond to 0V between the
plates. The potential difference between the floating plates is easily explained by the field from
the nearby filament which is negatively biased at the measurement chamber discharge voltage
and much closer to the upper plate than to the lower one. We do not concern ourselves with
explaining why there is a difference when reversing the connection to the power supply, simply
because it is of little relevance for our results.

The asymmetry between the positive and negative voltage cases, augmented by the probable
deformation of the electric field by the voltage applied to the filament serves to explain the large
discontinuity at 0V.

For the resonant field measurements we have connected an RF oscillator equipped with a
30dBm amplifier to the plates. The output power of this set-up is 36dBm, which in our 50Ω
system corresponds to 14.11V RMS. Two attenuators are placed between the output and the
plates to reduce the power by up to 40dBm or a factor of 100 for the voltage, thereby providing
a minimum signal of 0.1411V RMS. We note that the output signal from the RF power supply
is not the one that is finally applied to the plates, since there is likely some attenuation in the
cables as well as reflections at the plates themselves that decrease the amplitude.
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For the measurements presented here we have used a frequency of 1105MHz. The reason can
be found in figure 3.14b of section 3.6, where the maximum output is obtained at exactly that
frequency. Figures 3.5a and 3.5b show the recorded signal as a function of RMS voltage at
the output of the power supply in vacuum and in a very weak plasma discharge (’weak’ in this
context means that discharge voltage, discharge current and pressure are very low, which has
turned out to be necessary with the current set-up to get at least an acceptable signal to noise
ratio. It is still quite bad though as the figure clearly shows, with a variation in the signal of
about 0.05mV against a background of almost 30mV. Amazingly the E2-dependence is still clear
despite the very small signal). Plate heights have been selected to try and maximize the signal
(see profiles in Appendix B).

It appears as though the highest possible applied voltages are not enough to produce any
significant degree of saturation. Since 14.11V RMS on the plates would correspond roughly to
400V/m peak field in the vacuum between them we can, judging from figure A.1b of Appendix A,
assume that oscillatory saturation should have kicked in if there was no attenuation of the
RF signal between the power supply and the plates. Thus, it seems as though there is some
attenuation but it does not destroy the qualitative behaviour of the results, which still reproduce
the sought E2-dependence. When there is a plasma in the measurement chamber there is a risk
that the frequency we apply through the plate signal is not dominating over natural oscillations
in the plasma. However by using a grid on the Faraday cup, normally intended for repelling
electrons, as a receiving antenna we are able to use a spectrum analyzer to see all frequencies
present in the measurement chamber. A photograph of the output screen of the spectrum
analyzer is shown in figure 3.6 and it is clear that the applied frequency (single big peak) is
strongly dominant. This is not the case for a ’stronger’ discharge (see for example figure 3.11
of section 3.5), which may help explain the problems we have with getting a clear signal in that
case.

(a) ID=1.82±0.03A, UD=100V,
p=(1.1±0.2)·10−5mbar, TCs=118oC,

plate height: 7.4cm

(b) ID=1.73±0.04A, UD=95±5V,
p=(1.3±0.2)·10−5mbar,

I ′D=0.15±0.03A, U ′D=50V,
p′=(2.9±0.2)·10−5mbar, TCs=118oC,

plate height: 8.9cm

Figure 3.5 – Measurements with a resonant electric field, bare plates

Figure 3.6 – Spectrum analyzer screen with applied RF field at 1105MHz in a weak plasma
discharge
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3.3 Charge accumulation effects

The effect of charge accumulation on the ceramic coating of the field plates, which has been
stated to give rise to many complications in the preceding section, has been studied in order to
solidify such statements and provide an argument for the removal of the coating. By setting a
specific plate voltage and recording the lock-in output as a function of time we obtain a clear
indication of the severity of charging in different situations. We have studied the scenarios of
static voltages, 200V and 450V in vacuum with coated and bare plates, all with TCs=118oC,
ID=0.95A and UD=80V. The minimum and maximum lock-in output (upper and lower sets of
points) have been recorded for every period of cesium cell temperature related oscillation and
the results are given in the below figures. The blue lines trace the mean of the two sets.

(a) Uplate=200V, p=(1.6±0.3)·10−5mbar (b) Uplate=450V, p=(1.3±0.2)·10−5mbar

Figure 3.7 – Charge effect measurement with coated plates

(a) Uplate=200V, p=(1.8±0.2)·10−5mbar (b) Uplate=450V, p=(1.8±0.2)·10−5mbar

Figure 3.8 – Charge effect measurement with bare plates
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For the coated plates the signal is increasing by 50% in the weak field case and 100% in
the strong field case over 2 hours of exposure to the beam. We can thus conclude that charge
accumulation effects can have quite devastating implications for our results. We note that the
charging is affected by switching to bare plates, and when the lower plate bias is 200V the
problem is made to disappear completely. At 450V the effect with bare plates is opposite to
that seen with coated plates and in the same order of magnitude. We do not offer a detailed
explanation for this, since it is a very machine-specific problem, we merely state that it can be
concluded to be a major source of the asymmetry seen in the results of the previous section.
As has already been verified by comparing figures 3.2 and 3.3, the elimination of low voltage
charging effects by the removal of plate coating does improve the symmetry of measured data.

In another attempt to study charging, the electric field dependence measurements for a static
field in vacuum has been repeated with coated plates and a neodymium magnet placed on the
pipe connecting the cesium cell to the measurement chamber. This measure was expected to
strongly divert ions in the beam so that they would not hit the plate coating, thus decreasing the
amount of charging. The positive field branch was done first, then the negative branch and finally
the positive branch again, which should reproduce the first set of values if charging is negligible.
The result is given in figure 3.9 with the blue, green and red curves tracing the mean value of
minimum and maximum lock-in output for the first, second and third part of the experiment
respectively.

Figure 3.9 – Measurement of electric field strength dependence and charging with a magnet on
the pipe connecting cesium cell to measurement chamber.

Settings: ID=0.95±0.01A, UD=80V, p=(1.8±0.2)·10−5mbar, TCs=118oC, plate height: 7.5cm

There is a strong asymmetry and the result for the positive branch is not the same for the
third part of the experiment as for the first part. In addition, a beam analyzer signal was
detected, peaking at positive plate voltages around 260V. These results indicate that ions have
not been very strongly diverted by the magnetic field, and that charging still takes place. We
do not want to use this result to discard the possibility of using a magnetic field to remove ions
in a final application of the method discussed in this paper, but rather to state that in our case,
a stronger magnetic field than what we obtain simply by placing a magnet on the beam pipe is
required.
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3.4 Field profile between the plates

In order to fulfill the main goal of this work, and demonstrate that our method can indeed
be used to perform the kind of measurements we claim it can, we have recorded the electric
field profile between the bare plates by moving them vertically with respect to the beam and
measuring the lock-in output at up to 28 points. This has been done for several static voltage
settings from -500V to +500V in vacuum and from -100V to 0V in a set of different plasmas. For
resonant fields the voltage has been varied by using either an unattenuated RF signal directly
from the power supply or one that has been attenuated by 20dBm. Illustrative examples of raw
data are presented in Appendix B. The points around 5cm correspond to the upper (grounded)
plate being lowered into and past the beam, and the points at 10cm give the same for the lower
(biased) plate.

We demonstrate in section 4.2 that it is possible to use collected data to reconstruct sought
profiles in the static case, and the results of this reconstruction are also given in Appendix B.
The electric field profile graphs in vacuum thus produced agree with those obtained via numerical
calculation, apart from explainable differences that are specific for our set-up. Static profiles in
a plasma are measured for a variety of different values of the parameters that we can vary (see
section 2), displaying the expected behaviour with a strong field in the plasma sheath. The
sheath width as measured with our method is presented in figure 3.10 as a function of plasma
frequency (see subsequent section for details about plasma frequency measurements). At the end
of Appendix B, the raw data used to construct this graph is presented in further detail.

Figure 3.10 – Plasma frequency dependence of sheath width. See raw data in Appendix B for
experiment conditions

It is possible to theoretically estimate the thickness of the sheath by considering the Debye
length, which is approximately described by1

λDe ∝∼

√
Te
ne
, (3.1)

where ne and Te are the electron density and temperature in the bulk of the plasma. The sheath
is several Debye lengths thick, but we assume that it displays the same dependence on these two
quantities.

1Lieberman, Lichtenberg (14), p.42
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The electron density in turn depends on the plasma parameters under our control as1

ne ∝ I ′D
(

1− e−n0ξ(U ′D)
)
. (3.2)

In this expression, n0 denotes the particle density resulting from the working pressure of argon
gas in the measurement chamber, which we can of course vary. ξ contains a combination of
parameters and the reader is suggested to consult reference 15 for further details. Its U ′D-
dependence comes through the cross section for ionizing collisions.

Combining 3.1 and 3.2, it follows that an increase in plasma current or pressure should tend
to decrease the Debye length and thereby the sheath thickness. The results in figures B.9 to B.16
are in qualitative agreement with this statement and thereby help to strengthen the statement
that our method is applicable for static fields in a plasma.

As for our resonant field measurements we can not make any very clear statements at present
due to the low signal to noise ratio for the experiments that have been conducted so far. The most
noteworthy observation is the one discussed in connection to figure B.23 of Appendix B, that
there seems to be a standing wave pattern emerging which can be directly used to calculate the
propagation speed of RF waves in the measurement chamber plasma. An interesting continuation
of this work would be to perform multiple such measurements and draw conclusions about
the relation between wave velocity and plasma parameters. Upon doing this and comparing
the results to theoretical predictions, one could prove the usefulness of our method also in the
resonant field case.

3.5 Plasma frequency

Instead of taking the route via 3.2 to get information about electron density one may (as men-
tioned with regard to figure 3.10) use measurements of the plasma frequency. By using the same
spectrum analyzer as we did when detecting the applied RF signal in section 3.2 it is possible
to perform such measurements. We have done so for a range of different settings, especially
looking at the plasma frequency’s dependence on discharge current. When the plasma frequency
in known, the electron density is simply obtained as2

ne =
ω2
pmeε0

e2
(3.3)

In figure 3.11 a photograph of the output screen of the spectrum analyzer is shown for a typical
measurement using the plates as receiving antenna in a pure argon plasma. The fundamental
frequency as well a number of harmonics are detected.

Figure 3.11 – Spectrum analyzer screen during plasma frequency measurement

1Carrère et al. (15), p.4, expression 4 interpreted with the help of Laurence Chérigier
2Lejeune (11), p.176, expression B.1
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Figures 3.12a and 3.12b show the variation in measured plasma frequency as the discharge
current is changed either by means of varying discharge voltage or filament current. In the
log/log-plot, the inclination of the line that best fits the data is close to 1/2 in the case when
discharge voltage is varied. This implies a square root dependence which agrees with expressions
3.2 and 3.3 under the assumption that the U ′D-dependence of the exponent in expression 3.2
is weak. When varying filament current the inclination is considerably smaller than 1/2, most
probably due to the fact that other parameters that affect the plasma frequency (notably pressure
and temperature) have dependencies on the filament current.

(a) Varying filament current.
Fit: ln(fplas) = 0.295 · ln(I ′D) + 5.876

(b) Varying discharge voltage.
Fit: ln(fplas) = 0.464 · ln(I ′D) + 5.526

Figure 3.12 – Dependence of the plasma frequency on discharge current in a pure argon plasma.

Returning to figure 3.10 we see that the sheath width decreases as the plasma frequency
increases. This is qualitatively in accordance with what we would expect from combining expres-
sions 3.1 and 3.3 with constant electron temperature. The drop in sheath width for the point
close to fplas=200MHz is explained by a strong decrease in electron temperature as this point
is very close to the limit at which the discharge is completely lost. To summarize the sheath
width and plasma frequency measurements we may state that the sheath width’s dependence on
plasma frequency as measured by our method agrees qualitatively with well established theory.
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3.6 Verification of frequency dependence

We have performed measurements of lock-in output varying the applied electric field frequency
while keeping a constant amplitude. In addition, the results of similar measurements by A.
Lejeune on the same machine have been analyzed. The graphs in figure 3.13 show results obtained
in the presence of an argon plasma and with the pulsing for the lock-in amplifier performed in the
same way as for our other experiments, namely by turning the beam on and off. In figure 3.14a, it
is instead the plate bias that is being pulsed (in addition to the radiofrequency oscillations from
the power supply generating the electric field) and there is no argon plasma in the measurement
chamber.

(a) Run 1: ID=1.65A, UD=100V,
p=1.2·10−4mbar, TCs=98oC,

p′=1·10−4mbar

(b) Run 2: ID=2.20A, UD=150V,
p=2·10−5mbar, TCs=158oC,

p′=7.2·10−4mbar

Figure 3.13 – Frequency dependence of the Lyman-α intensity measured in an argon plasma.

(a) Run 3: ID=1.97A, UD=100V,
p=2.7·10−5mbar, TCs=177oC

(b) Run 4: ID=1.77±0.05A, UD=100V,
p=(1.4±0.2)·10−5mbar, TCs=118oC,
RF power supply output: 14.11VRMS

Figure 3.14 – Frequency dependence in vacuum
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All these results seem to deviate slightly from the theoretical curve, which is scaled and
overlaid in every graph, but in different ways. With a pulsed beam in argon plasma, the mea-
surements reproduce one of the theoretical peaks while the other is missing. We note that it
is not the same peak that is missing in the two presented cases, so both of the theoretically
predicted peaks have actually been detected. A difference between the experiments, that might
have something to do with this selective appearance of peaks, is that the cesium cell temperature
is very much higher in run 2 as compared to run 1. This would seem to indicate that the H+-Cs
charge exchange reaction has a temperature dependence such that it produces atoms with total
angular momentum f = 0 in the high temperature case and f = 1 in the low temperature case.
The reaction would have to be studied in more detail to draw any clear conclusions.

With pulsed plates in vacuum, both peaks are detected in one single run, but their widths are
much smaller than the natural linewidth. For us this is an unforeseen and potentially problematic
effect, but for the purpose of studying hyperfine structure in hydrogen and potentially also
in other elements, it is necessary to develop linewidth reducing techniques. Further study to
fully understand this phenomenon may therefore be highly interesting for continued research in
that field. In addition to the peak width reductions, there is also an unexpected peak around
1240MHz. A very plausible explanation for this peak (since the resonant frequency matches
exactly up to our resolution) is that Stark mixing of the higher lying states 4s1/2 and 4p3/2

induces a cascade decay to the ground state emitting, among other things, Lyman-α radiation1.
This explanation could be verified by measuring lines corresponding to a transition from n = 4
to n = 3 or from n = 3 to n = 2. If those lines display the same peaking around 1240 MHz as
the Lyman-α line, the explanation is likely valid.

The linewidth reduction is also seen in the case of a pulsed beam in vacuum but the noise
level is higher in that case, making it harder to see the small peaks at 910MHz and 1240MHz
than with pulsed plates.

Despite the above mentioned difficulties, hyperfine structure theory appears to be the correct
approach to explaining the spectrum, since peak positions coincide very well in all cases.

1Lundeen, Jessop, Pipkin (7), p.3(379)
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4 Data analysis and interpretations

4.1 Explanation of saturation by the geometry of the electric field

We explain the strong saturation of the electric field strength dependence curves in vacuum
in section 3.2 by assuming that the field in the measurement chamber is not localized to the
region from which emitted radiation is collected. By interacting with the field before reaching
the measurement region much of the 2s hydrogen can decay without it being detected, thereby
saturating the signal before the theoretically predicted limit. This mechanism is here referred
to as geometrical saturation, and figure 4.1 shows a sketch of the idea. zm and z0 denote the
lengths of the two regions and we have zm=1cm.

Figure 4.1 – Sketch of the cause of geometrical saturation

The number of particles that are left in the beam after passing the region of undetected decay is

n1 = n0e
−γz0/vb ,

and the number left after also passing the measurement region is

n2 = n0e
−γ(z0+zm)/vb .

The parameter vb is the speed of the hydrogen atoms in the beam, which at 500eV is approxi-
mately 309 500m/s. The output, S, is assumed to depend linearly on the number of decays in
the measurement region, giving the expression

S = S′0(n1 − n2) = S0e
−γz0/vb(1− e−γzm/vb). (4.1)

As geometrical saturation dominates over oscillatory saturation, γ can safely be approximated
as correctly described by the theoretical rate of expression 1.14. To simplify the expression, the
following two quantities are introduced1:

A = A(ω) =
9a2

0q
2
e

~2

Γ(
Γ
2

)2
+ (ω − ω12)2

zm
vb

(4.2)

σ =
z0

zm
. (4.3)

1The expression for A(ω) given here is valid far from resonance since it only takes one peak frequency into
account. Close to resonance, A must be separated into four parts, one for each of the four possible transitions
(see section 1.3 as well as the section about resonant fields following the current one)
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With the new quantities, 4.1 simplifies to

S(E) = S0e
−σAE2

(1− e−AE
2
). (4.4)

S0 and σ are undetermined and must be fitted to measured data. Good starting guesses can be
made simply by taking into account the saturation level. It is readily shown that the derivative
of 4.4 with respect to E is zero for

E2 = E2
max = − 1

A
ln

(
σ

σ + 1

)
and consequently the starting guess for σ is

σs =
e−AE

2
max

1− e−AE2
max

. (4.5)

Inserting σs in 4.4 and setting the maximum value of the signal equal to that which is predicted
at E = Emax gives the starting guess for S0:

S0,s =
Smax

e−σsAE2
max(1− e−AE2

max)
. (4.6)

The case of a static field in vacuum is again considered first. In this case, A is given by

A = A(0) ≈ 2.6617 · 10−8
(

V

m

)−2

.

Figure 4.2 shows the result of fitting 4.1 to the data presented in figure 3.2 after subtracting the
0-field offset for the positive and negative branches separately.

Figure 4.2 – Fit of the geometrical saturation
function to offset subtracted data, coated plates.

Fit parameters positive side: σ = 0.24631, S0 = 1.4217
Negative side: σ = 0.28576, S0 = 1.1562

25



The length of the undetected decay region, z0, turns out to be 2.5mm for the positive branch
and 2.9mm for the negative one. This difference is just an expression for the already stated
fact that charge accumulation effects give rise to asymmetries. It is concluded that charge
accumulation does not only change the field strength, but also the geometry of the field (If the
geometry was unaffected by charging, the saturation level would be the same on the positive
and negative side, even if the saturation occurred at different values of the plate voltage). The
conclusion strengthens the argument for removal of plate coating, and the corresponding graph
for the case without coating (fit to figure 3.3) is given in figure 4.3.

Figure 4.3 – Bare plates.
Positive side: σ = 0.49335, S0 = 0.97287
Negative side: σ = 0.41329, S0 = 0.80762

The use of bare plates does indeed reduce the problem with charge accumulation, as stated
repeatedly already, providing a more symmetric figure. On the other hand, the undetected decay
region is almost twice as long as with coated plates (the value of σ is almost doubled). This
verifies the original intent of adding the coating, namely to localize the electric field to the
measurement region. As the problem with charging is expected to increase dramatically in a
plasma the benefits of the coating have, on the basis of data obtained for static fields in vacuum,
been concluded to be too small to make up for the disadvantages.

As for the measurement of a static field in the plasma sheath (figure 3.4), there is too little
data to make a reasonably accurate fit on the positive field side. On the negative side saturation
starts to show up for the highest values of the field strength and the geometrical saturation
function may be fitted to these data. Figure 4.4 gives the result, which should be noted as
still given with plate voltage rather than electric field strength on the x-axis. Therefore the fit
parameters are not given in the same units as for the previous cases and σ can not be used to
deduce the length of the undetected decay region. The fact that the output can be successfully
described by the geometrical saturation function is in any case a good indication of that the
theoretical predictions in section 1.3 are fulfilled also when a plasma is present.

In the resonant field case we take into account the hyperfine splitting of the peak, and the
expression for A is

A(ω) =
9a2

0q
2
eΓzm

4~2vb

 1(
Γ
2

)2
+ (ω − ωA)2

+
2(

Γ
2

)2
+ (ω − ωB)2

+
1(

Γ
2

)2
+ (ω − ωC)2

 (4.7)

with

ωA = 2π · 909.67 MHz, ωB = 2π · 1087.4 MHz and ωC = 2π · 1146.6 MHz.
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Figure 4.4 – Measurement with bare plates in the plasma sheath.
σ = 1878.7, S0 = 1559.2

Inserting the working frequency ω = 2π · 1105MHz into 4.7 gives

A(2π · 1105 · 106) ≈ 7.283 · 10−6
(

V

m

)−2

.

Even though we do not see any saturation for our resonant field measurements, we may still
fit the geometrical saturation function to recorded data and verify that its weak field behaviour
is realized. Figure 4.5 shows the results. Without data for higher field strengths it is hard to
say if geometrical saturation is dominating or if it is actually oscillatory saturation that takes
precedence is the resonant case. We do have reason to believe though, that it should still be
the geometrical mechanism that is most important, since the severeness of both mechanisms is
dependent on the magnitude of the transition rate, regardless of whether that is changed by
varying field strength or frequency.

(a) σ = 140.8, S0 = 46.92 (b) σ = 32.26, S0 = 104.9

Figure 4.5 – Fit of the geometrical saturation function
to offset subtracted data for resonant fields, bare plates.

Note that the values of σ for these fits should not be taken
too seriously, both since the x-axis scale is arbitraty and

since there is no data close to saturation.
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4.2 Reconstruction of electric field profiles using the geometrical saturation function

The raw field profile graphs in Appendix B are affected by geometrical saturation as well as the
influence of one of the plates as it gets close to the beam at the highest and lowest positions. Both
effects should be compensated for in order to reconstruct the electric field profiles and thereby
demonstrate that our diagnostic can actually be used to measure them. The influence of the
plates is taken care of first by studying the data for which the plate voltage is zero, henceforth
referred to as the 0-field profile. Since there is no field (or rather a very small field due to
the charging effects treated earlier) present in this case, only the plate influence is at work. It
in turn consists of two separate effects. Firstly, the plates physically block the beam and/or
emitted Lyman-α radiation when lowered into the measurement region. This effect decreases the
signal close to the plates and is present in all recorded data. Secondly there may occur charge
exchange between the beam and the plates which produces extra atomic hydrogen, giving rise to
an increase of the signal. This is seen especially in figures B.5 and B.7 where there are ’bumps’
on the 0-field profiles close to the biased plate. For static fields in vacuum, the compensation
algorithm first renormalizes the 0-field profile so that its average value between the plates is
unity. All data is then divided by this renormalized profile, point by point, which means that
it’s rescaled close to the plates in a manner inverse to the effects of plate influence. The 0-field
profile is constant after this treatment, and it is subtracted from all data1. The resulting plate
influence- and offset compensated curves are compared to the saturation functions obtained in
section 4.1 in order to account for geometrical saturation and get back the electric field. It’s
important to note here that one can not rule out the possibility that the geometrical saturation
is radically different close to the plates than far away from them. However, we are forced to use
the saturation functions from section 4.1 as calibration curves simply because they are the best
approximation we have of a case where the electric field is known. As a consequence we consider
the geometrical saturation to occur with the same value of z0 for all plate positions. In other
words, we use the homogeneous field approximation to relate the shape of the saturation curve
to an electric field scale in the case where the beam is centered between the plates, and apply the
result as a calibration for all collected data. It is possible, and necessary, to take into account
different saturation levels for different plate voltages and positions. This is done by rescaling the
saturation function so that it peaks at a value which is appropriate for the observed data. In many
cases the saturation level can be considered the same for all plate positions, and dependent only
on plate voltage. An example of a case where it is not so can be seen in figure B.1 of Appendix
B. Here saturation occurs on the right side of the figure, at a low level which is exceeded on the
left side. To properly reconstruct the field profile in this case, different saturation levels must
be considered for the left and right sides. Two typical geometrical saturation functions: the fits
to the positive and negative branches from figure 4.2 (different because of charge accumulation
effects which are illustratively large in this coated plate case) are given in figure 4.6.

(a) Positive plate voltages (b) Negative plate voltages

Figure 4.6 – Shape of the geometrical saturation functions for positive and negative plate voltages
in the case of a static electric field in vacuum, coated plate case

1In some cases, where the signal for a non-zero plate voltage dips below the zero-field profile curve, offset
subtraction is skipped. Otherwise the inversion of the geometrical saturation function would fail. Information is
given in in Appendix B for all experiments in which this is the case.
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The obvious problem with inverting the geometrical saturation functions to obtain informa-
tion about the electric field from experimental data is that they are not one-to-one. Therefore
one must manually separate the recorded points of data into two groups, one for which the left
part of the curve (before saturation) is used and one for which the right part (after saturation)
is used. This is readily done by taking a point for which the recorded profile data reaches a
maximum as a dividing point. All points on one side of the maximum are considered ’before
saturation’ and the ones on the other side ’after saturation’. The electric field is calculated for
every point by inverting the appropriate part of the saturation function.

Using the program Finite Element Method Magnetics1, the field profiles have also been nu-
merically calculated with a finite element method. A two-dimensional graphical representation
of the resulting field for 200V potential difference between the plates is given in figure 4.7. The
color scale in the figure is such that red corresponds to high field strengths and blue to low ones.
Actual numerical values for the field are given in Appendix B, where the field profiles recon-
structed from measurements are compared to those obtained numerically. Close to the edges the
difference between such a pair of curves tends to be very large. This has two explanations. The
first is the invalidity of the approximation that the length, z0 of the undetected decay region
is the same for all plate voltage settings and positions. Because it is not actually so, especially
close to the plates, it is very hard to properly take geometrical saturation into account. The
second explanation is that the compensation for plate influence is not sufficient when a plate is
close to the beam. Both these problems are very specific to our machine and does not present
themselves in a situation where our method is intended to be applied. In conclusion, they can
be disregarded for the purpose of showing the prospective usefulness of the method. Sufficiently
far away from the biased plate the agreement between measured data and numerical results is
in most cases very good, a fact which serves to verify that our diagnostic can indeed be used to
measure electric fields in vacuum.

Figure 4.7 – Static electric field profile in vacuum represented in two dimensions around the plates,
FEM solution. The block on the left simulates the Faraday cup.

In a plasma, the field profile reconstruction can not easily be done as completely as in vacuum,
because there is not a simple calibration available. For the vacuum case such a calibration was
provided by the homogeneous field approximation but due to the formation of the Debye sheath,
this can definitely not be applied to fields in a plasma. Instead, we use a simple approach which
gives an indication about the qualitative shape of the profile. We simply divide the recorded data
with the zero field profile and then subtract offset. The offset is one after the division since if the
field is zero at a point, the output should be equal to that of the zero field profile and thereby
one after being divided by it. Thus, we obtain a result in arbitrary units and uncompensated
for geometrical saturation. As the graphs in Appendix B show, this treatment is sufficient to
get qualitative information about the width of the Debye sheath which is in accordance with the
theoretical predictions in section 3.4.

1See FEMM website (13) for information and documentation of the program
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4.3 Conclusions: Prospects and limitations of our method, possible continuations

As described in the previous sections, the method of measuring electric fields by use of a
metastable atomic hydrogen beam has the potential of becoming useful in a number of situ-
ations. It can be implemented to non-intrusively probe both static and sinusoidally time varying
electric fields in vacuum and in plasma discharges with low enough values of pressure and dis-
charge current. Studying the exact limitations of the region of plasma parameters within which
the method can be used, as well as optimizing it for practical use in a general plasma device are
two topics for continued research. An upper limit to some parameters is set by the fact that in
a very hot and/or dense plasma, a hydrogen atom beam will become completely ionized on time
scales faster than those related to Stark mixing or the spontaneous decay of 2p1/2. Therefore,
we picture the primary usage areas to be the edge plasma of fusion devices and cold laboratory
plasmas in general (Te . 10eV).

So far measurements have been focused towards a single quantity, namely the intensity of
Stark-mixing induced Lyman-α radiation. We know the theoretical expression that relates this
intensity to the frequency and strength of the studied electric field, so if one is known, the
other may be calculated from acquired data. In a laboratory plasma or a fusion device it may be
necessary to measure both frequency and amplitude simultaneously. In such cases our method
should be combined with some other diagnostic for complete information.

Our set-up provides us with a very controlled environment. In particular we have a well-
defined measurement region which is what makes it possible to relatively easily deduce electric
fields, for example after profile measurements in vacuum. In a device that is not specifically
designed for these measurements, electric fields will often be non-localized. The consequence
is that effects similar to the geometrical saturation we observe will occur in many situations.
An accurate algorithm to take these effects into account and provide a way to measure the
electric field at a specific point is something that needs to be developed before or alongside the
implementation of this diagnostic.

The matter of obtaining a proper calibration is another point of concern. As mentioned in
section 4.2 we run into trouble even in our controlled environment when the homogeneous field
approximation can not be applied to produce a calibration curve. It is possible to employ a more
advanced method which will here be described by using the static field profile in a plasma as an
example. Consider figure B.10 of Appendix B. It shows an approximate qualitative shape of the
field profile between the plates. Now, we know that the potential drop in the whole region is
100V, so we could simply rescale the curve to make its integral equal to 100V. After doing so,
an approximate relation between plate voltage and electric field strength at any position could
be obtained simply by picking out the value of the profile at that position. A calibration curve
might then be created by taking a set of data like the one in figure 3.4 of section 3.2 and rescaling
the x-axis according to the aforementioned relation. The geometrical saturation function could
be fitted to the data which is now attached to an electric field strength scale and a calibration
curve is thereby obtained. This calibration curve would be used to reconstruct the field profile
from the initial profile data, as we have demonstrated for static fields in vacuum. One may label
the result a first order reconstruction. If even more accurate results are desired the procedure
could very well be iterated to obtain higher order reconstructions. One problem still persists,
namely that we assume the electric field to have the same sign everywhere between the plates.
That is not actually the case. If the potential on the upper plate is considered 0, and the lower
plate is placed at -100V, most of the plasma between them will still be at a positive potential of
around +10V1. Curves like the one in figure B.10 should therefore actually go to negative values
at their left edge (as the field in that region serves to lower the potential when approaching the
grounded plate). This problem is general and a feature of our method of measuring electric fields
in its current form: the measured Lyman-α intensity does not contain any information about
the direction of the studied field. Theoretically it is possible to get directional information by
taking polarization into account in addition to the intensity. Implementing methods to do that
effectively is another possibility for continued research.

1See for example the section about sheaths in Lieberman, Lichtenberg (14), p.11
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Appendices

A Numerical treatment of the Stark induced transition rate

The system of equations 1.11 has been resolved numerically using the very stable but low order
implicit solver ode23s of Matlab. The solver is based on the Rosenbrock method1. The proba-
bilities to find an atom in states 2s1/2 and 2p1/2 are here denoted by |c2|2 and |c3|2 respectively.
The probability of finding the atom in the ground state is simply given by

|c1|2 = 1− (|c2|2 + |c3|2).

Lamb shift is taken into account for the solution but not hyperfine splitting, something that is
discussed in more detail in section 1.4. For weak fields, both in the resonant and the static case,
the initial 2s1/2 state decays exponentially and the ground state is populated accordingly. For
strong fields, the oscillation between the 2s1/2 and 2p1/2 states occurs on time scales faster than
the decay of 2p1/2 and oscillatory saturation is seen. The transition rate to the ground state is

obtained numerically by fitting 1− e−γt to |c1|2. The result, as well as the analytical one given
by 1.14, is presented in figures A.1a and A.1b below.

(a) Static electric field (b) Resonant electric field

Figure A.1 – Transition rates to the ground state, numerically and analytically obtained. The
figure shows that oscillatory saturation takes effect at lower field strengths in the resonant field case
than in the static one.

On the two pages that follow, typical results of the numerical solution in the low and high field
strength limits for static and resonant fields are displayed.

1MathWorks (10)
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A.1 Static case

(a) In the weak field limit, the initial 2s1/2
state decays exponentially as assumed in the
analytical solution of the problem.

(b) The ground state is populated at the
same rate as the 2s state is depopulated.

Figure A.2 – Low field strength: E = 500V/m

(a) Oscillatory behaviour which leads to sat-
uration is seen here. In the static field case
very strong electric fields are required for this
saturation to be relevant.

(b) Population of the ground state occurs
in a similar manner as for a low field, but
the rate is decreased due to the oscillatory
saturation.

Figure A.3 – High field strength: E = 25 000V/m
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A.2 Resonant case

(a) Just as for static fields, in the weak field
limit the initial state decays exponentially.

(b) The ground state is populated at the
same rate as the 2s state is depopulated.

Figure A.4 – Low field strength: E = 100V/m

(a) In the resonant field case even relatively
weak electric fields can cause oscillatory sat-
uration.

(b) Oscillations are also seen in the time
derivative of the ground state population.
When 2p1/2 is highly populated, the transi-
tion rate to the ground state is high and when
2s1/2 is highly populated the transition rate
is low.

Figure A.5 – High field strength: E = 8000V/m
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B Field profile measurements - Raw results, reconstructed profiles and
comparisons with FEM calculations

Field profile measurements have been conducted by varying the height of the field plate assembly
while keeping other parameters constant and recording the lock-in output. The raw results, as
well as those of the field profile reconstruction and/or compensation procedures described in
section 4.2 are presented here. In the cases where it is possible to do so, the results are compared
to numerical curves obtained by Laurence Chérigier using Finite Element Method Magnetics.
The leftmost part of the graphs correspond to approaching and passing the grounded plate, and
the rightmost part to the biased plate.

B.1 Static field in vacuum, coated plates

All results are given with raw data in the first figure and the results of the reconstruction
algorithm of section 4.2 in the second figure. The x:es connected by colored lines in these graphs
trace the measured or reconstructed data and the solid black lines in the reconstructed profile
figures are the numerical results to which the reconstructed data should be compared. The curves
correspond to plate voltages from 100V (lowest curve) to 500V (highest). See figure captions
for experiment conditions and section 4.2 for explanations of the observed differences between
measured and numerical results.

Figure B.1 – Profile measurement in vacuum, static field case, coated plates, positive lower plate
bias. ID=0.95±0.02A, UD=80V, p=(3±0.2)·10−5mbar, TCs=118oC

Figure B.2 – Reconstruction by the algorithm for static fields in vacuum described in section 4.2
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Figure B.3 – Profile measurement in vacuum, static field case, coated plates, negative lower plate
bias. ID=0.95±0.02A, UD=80V, p=(3±0.2)·10−5mbar, TCs=118oC

Figure B.4 – Reconstruction by the algorithm for static fields in vacuum

Disregarding the problems close to the edges, which are explained in section 4.2, there is
a rather good correspondence between numerical and experimental results in all graphs except
the ones for -400V and -500V. This problem is assumed to be caused by charge accumulation
in conjunction with the errors of assuming that the length z0 of the undetected decay region is
equally long for all plate voltage settings and positions.
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B.2 Bare plates

The measurements presented here are still done with static fields in a vacuum. The only difference
from the previous case is that the bare plates are used instead of the coated ones. Offset
subtraction is skipped for positive voltage run because some signals drop below the zero field
profile close to the biased plate.

Figure B.5 – Profile measurement in vacuum, static field case, bare plates, positive lower plate
bias. ID=0.95±0.02A, UD=80V, p=(1.8±0.2)·10−5mbar, TCs=118oC

Figure B.6 – Reconstruction by the algorithm for static fields in vacuum
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Figure B.7 – Profile measurement in vacuum, static field case, bare plates, negative lower plate
bias. ID=0.95±0.02A, UD=80V, p=(1.8±0.2)·10−5mbar, TCs=118oC

Figure B.8 – Reconstruction by the algorithm for static fields in vacuum

We suppose that the considerable difficulties with reconstructing the electric field close to
the biased plate in these cases are due to large variations in z0 and inadequate plate influence
compensation (see section 4.2).
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B.3 Static field in a plasma

When there is a plasma in the measurement chamber, experimental conditions tend to be quite
unstable. Measurement runs have usually been started with the plate assembly in the highest
position, which puts the upper plate very close to the filament. Gradually moving it away during
the course of the experiment changes geometrical conditions, and for some settings there is a
point where a transition happens quite abruptly. Discharge current drops radically and increased
filament current is required to restore it. In such cases the point at which this correction was
done is given in the figure captions.

There is also a significant risk for arc discharges either between the plates or between the
upper plate and the filament. Initial experiments were done with -100V plate voltage but this
was later reduced to -70V to decrease the probability of arcs.

A comparison between raw data for 0V and a negative bias is given in the first figure of each
set and the result of the compensation process described in section 4.2 in the second figure (for
every case where such a compensation has been performed). It should be noted that discharge
current and pressure are not independent of each other. Changing one often strongly affects
the other, and some combinations of parameters result in very unstable readings. Therefore,
not all desired parameter combinations have been tried. We do however have enough data to
study both pressure- and discharge current dependencies of the sheath width. There is also
a discharge voltage dependence which we do not study. Between measurements that are used
to make statements about the sheath width, the discharge voltage is kept constant, with the
exception of being varied between 50V and 58V for some of the early runs.

Figure B.9 – Profile measurement in plasma, static field case, bare plates.
ID=0.95±0.01A, UD=80V, p=(1.8±0.2)·10−5mbar,
I ′D=0.26±0.05A, U ′D=50V, p′=(5.1±0.2)·10−4mbar, TCs=118oC
Filament current corrected at 9.8cm.

Figure B.10 – Compensation formula: Scomp = S(−100V )
S(0V )

− 1
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Figure B.11 – Profile measurement in plasma, static field case, bare plates.
ID=0.95±0.03A, UD=80V, p=(1.8±0.2)·10−5mbar,
I ′D=1.1±0.1A, U ′D=58V, p′=(8±0.3)·10−4mbar, TCs=118oC

Figure B.12 – Compensation formula: Scomp = S(−70V )
S(0V )

− 1

Comparing figure B.9 to figure B.11 we see that the increase of both pressure and discharge
current strongly decreases the sheath width which is in agreement with the theoretical expressions
in section 3.4. Note that outside the sheath (or to be specific outside the presheath, the distinction
is not very important here), the data with and without voltage at the lower plate coincide almost
exactly, verifying that the field is close to 0 there.
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Keeping the pressure constant and radically decreasing the discharge current as compared to
the previous case increases sheath width as expected. Both in this case and the one presented
on the subsequent page it appears from the compensated profile curves as though the sheath is
separated from the biased plate. This is of course unphysical and due to geometrical saturation
for strong signals which makes the output drop close to the plate.

Figure B.13 – Profile measurement in plasma, static field case, bare plates.
ID=0.95±0.02A, UD=80V, p=(1.8±0.2)·10−5mbar,
I ′D=0.20±0.05A, U ′D=58V, p′=(8±1)·10−4mbar, TCs=118oC

Figure B.14 – Compensation formula: Scomp = S(−70V )
S(0V )

− 1
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Here a higher current but a lower pressure is applied than for the measurement which pro-
duced figures B.9 and B.10. The sheath thickness is about the same as in the case we compare
with, and since it is already concluded that increasing the current narrows the sheath, this mea-
surement indicates that decreasing the pressure widens it, again qualitatively in accordance with
theory.

Figure B.15 – Profile measurement in plasma, static field case, bare plates.
ID=0.95±0.01A, UD=80V, p=(1.8±0.2)·10−5mbar,
I ′D=0.66±0.1A, U ′D=58V, p′=(2±0.2)·10−4mbar, TCs=118oC

Figure B.16 – Compensation formula: Scomp = S(−100V )
S(0V )

− 1
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The data for the plasma frequency dependence of the sheath width in section 3.4 is presented
on this page. All runs have p=(1.8±0.2)e-5mbar, p′=(1.1±0.1)e-3mbar, UD=80V, ID=0.95A
and UD’=100V. Filament current and thereby discharge current in the measurement chamber
is varied. This leads to variations in plasma current and sheath width. The values of varied
parameters are given in the figure captions and the manually determined position at which the
sheath ’ends’ is indicated by an oval figure in the graphs.

(a) I ′D=0.13A, fplas=193MHz (b) I ′D=0.25A, fplas=234MHz

(a) I ′D=0.38A, fplas=248MHz (b) I ′D=0.51A, fplas=303MHz

Figure B.19 – I ′D=0.65A, fplas=326MHz
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B.4 Some resonant field results

We have made profile measurements with an RF field but the results suffer from a very low signal
to noise ratio. We think that the set-up currently in use results in an RF signal on the plates
with too small an amplitude to give a good reading. The results presented here have one graph
(upper) where the output from the power supply is unattenuated to give a maximal amplitude,
and one (lower) where it’s attenuated by 20dBm. This level of attenuation means in practice
that there is no signal at all, so the lower graph can be viewed as a 0-field profile. The difference
between the two is magnified and given in a separate figure.

Figure B.20 – Profile measurement in vacuum, resonant field case, bare plates.
ID=1.80±0.01A, UD=100V, p=(1.2±0.2)·10−5mbar, TCs=118oC

Figure B.21 – Difference between attenuated and non-attenuated signals
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Figure B.22 – Profile measurement in plasma, resonant field case, bare plates.
ID=1.77±0.01A, UD=90V, p=(1.3±0.2)·10−5mbar,
I ′D=0.15±0.03A, U ′D=50V, p′=(2.9±0.2)·10−5mbar TCs=118oC

Figure B.23 – Difference between attenuated and non-attenuated signals

It is interesting to note that in the second case, where the measurement is done in a weak
plasma discharge, a periodic behaviour seems to be present. This could indicate that a standing
wave pattern is forming in the measurement chamber with a wavelength in the order of 2.5cm.
For the applied frequency, 1105MHz, this wavelength corresponds to a propagation speed in the
order of 2.5 · 107m/s for RF waves in the plasma.
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C Errors due to residual particle flux during the off-phase of the
accelerating voltage

Our current method of lock-in amplification, namely pulsing the accelerating voltage for the
hydrogen ion beam, may yield erroneous results if the beam does not turn off sharply with the
lock-in signal. A closer investigation shows that this problem is actually important for our set-up.
We have simply looked at the beam analyzer signal and the square wave that governs the lock-in
amplification at the same time and compared the two. The lock-in amplifier assumes that the
beam is completely off while the lock-in signal is in its low state and completely on during the
high state. The following set of figures shows the recorded beam analyzer signal (lower graph,
yellow) and lock-in signal (upper graph, blue) for a few different pulsing frequencies. Other
settings are p=1.8·10−5mbar, UD=80V, ID=0.95A and TCs=30oC for all cases. There is no
plasma in the measurement chamber.

Figure C.1 – fpuls = 0.3Hz

At 0.3Hz the beam follows the lock-in signal well. There is a small decay phase when the
accelerating voltage is turned off but the beam analyzer output is zero for most of the low state
period.

Figure C.2 – fpuls = 1Hz

In the 1Hz case we are close to the limit of the pulsed beam method. We see that the decay
phase takes up the entire low state period. Note that this is the pulsing frequency we have used
for all experiments in this paper, so we do most likely have a degree of noise present that could
be avoided by decreasing the pulsing frequency. This is a possible parameter that can be tuned
to further increase the performance of the experiment.
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The ability of the beam to follow the lock-in signal gets dramatically worse when the pulsing
frequency is increased above 1Hz as seen in the below figures. For 2Hz the two signals still show
some similarity but for 10Hz it is very clear that we’re outside the operational domain of the
pulsed beam method.

(a) fpuls = 2Hz (b) fpuls = 10Hz

Figure C.3 – Beam analyzer output compared to lock-in signal for relatively high
chopping frequencies
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D Design suggestion for implementation: Field measurement in
tokamak edge plasma

The design presented here is a conceptual idea on how to implement our diagnostic to scan
variations in electric field strength with respect to depth in the edge plasma of a tokamak or
any other similar device. Our set-up, as well as any experiment using an atomic beam to probe
electric fields, can be divided into three independent parts according to figure D.1 below. The
beam generation and detector parts constitute the actual measuring equipment whereas the
measurement region is generally the region of space in which one wants to determine electric
field properties.

Figure D.1 – Schematic of our experiment showing the subdivision into three independent parts,
common to any set-up for using an atomic beam to probe electric fields

By placing the beam generation and detector parts just outside the vessel which contains the
studied plasma and varying the angle between them it is possible to vary the point of intersection
between the beam and the line of sight of the detector. This point is effectively the measurement
region and its size is determined by the width of the beam, the angle of intersection and the
focusing properties of the optics in the detector. Considering said size to be proportional to the
area of the parallelogram in which the beam and line of sight intersect, calculating a factor to
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compensate for it becomes trivial in the suggested set-up. Of course, as noted in section 4.3, the
part of the plasma which the beam passes through before the measurement region will give rise
to undetected decay similar to our geometrical saturation. By scanning the field from the edge
and inwards it should be possible to use data from initial points to take this error into account
for subsequent ones. Figure D.2 shows a sketch of the design.

Figure D.2 – Design concept for implementing our diagnostic in a plasma device
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