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Abstract
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Despite the growing promise of pharmaceutical research, inferior experimentation or
interpretation of data can inhibit breakthrough molecules from finding their way out of research
institutions and reaching patients. This thesis provides evidence that better characterization
of pre-clinical and clinical data can be accomplished using non-linear mixed effect modeling
(NLMEM) and more effective experiments can be conducted using optimal design (OD).

To demonstrate applicability of NLMEM and OD in pre-clinical applications, in vitro ligand
binding studies were examined. NLMEMs were used to evaluate precision and accuracy of
ligand binding parameter estimation from different ligand binding experiments using sequential
(NLR) and simultaneous non-linear regression (SNLR). SNLR provided superior resolution of
parameter estimation in both precision and accuracy compared to NLR.  OD of these ligand
binding experiments for one and two binding site systems including commonly encountered
experimental errors was performed.  OD was employed using D- and ED-optimality.  OD
demonstrated that reducing the number of samples, measurement times, and separate ligand
concentrations provides robust parameter estimation and more efficient and cost effective
experimentation.

To demonstrate applicability of NLMEM and OD in clinical applications, a phase advanced
sleep study formed the basis of this investigation. A mixed-effect Markov-chain model based
on transition probabilities as multinomial logistic functions using polysomnography data
in phase advanced subjects was developed and compared the sleep architecture between
this population and insomniac patients. The NLMEM was sufficiently robust for describing
the data characteristics in phase advanced subjects, and in contrast to aggregated clinical
endpoints, which provide an overall assessment of sleep behavior over the night, described the
dynamic behavior of the sleep process. OD of a dichotomous, non-homogeneous, Markov-chain
phase advanced sleep NLMEM was performed using D-optimality by computing the Fisher
Information Matrix for each Markov component.  The D-optimal designs improved the precision
of parameter estimates leading to more efficient designs by optimizing the doses and the number
of subjects in each dose group.

This thesis provides examples how studies in drug development can be optimized using
NLMEM and OD. This provides a tool than can lower the cost and increase the overall efficiency
of drug development.
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Abbreviations 

BEV Between experiment variability 
Bmax,r total binding site concentration for receptor r 
BNS non-specific binding 
BP break point 
Deff efficiency calculation 

ED expectation D-optimal design 

FIM Fisher information matrix 
GLM generalized linear model 
IIV  inter-individual variability 

IOV inter-occasion variability 
KD equilibrium dissociation constants 
kon association rate constant 
koff dissociation rate constant 
k-r  rate constant of dissociation for receptor r 
kr the rate constant for association for receptor r 
[L] ligand concentration 
LPS latency to persistent sleep 
MRE mean relative error 
NAD naive average data 
NPD naive pooled data 
NLMEM nonlinear mixed effect modeling 
NLR sequential non-linear regression 
NREM non-rapid eye movement 
OD optimal design 
OFV minimum objective function value 
PD pharmacodynamics 
PK pharmacokinetics 
PSG polysomnography 
r binding site number 
[R] free concentration of receptor 
REM rapid eye movement 
[RL] receptor-ligand complex 
RMSE root mean squared error 
RSE relative standard error 
SNLR simultaneous non-linear regression 



  

sPPC simplified posterior predictive check 
SSE stochastic simulations and re-estimation 
STS standard two-Stage 
SWS slow wave sleep 
TP transition probability 
TST total sleep time 
VPC visual predictive check 
WASO wake after sleep onset 
α  proportional constant relating BNS 
 typical value of the parameter 
 all population parameters 
 residual variability 
 inter-individual variability 
 residual variability standard deviation  
 inter-individual variability standard deviation  
2 inter-individual variability variance  
  variance-covariance matrices for  
  variance-covariance matrices for  
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Introduction 

The drug development process must proceed through several stages to pro-
duce a safe, efficacious product and the cost and time associated with the 
development and market launch of a new drug is exorbitant1.  After discov-
ery of a potential molecule that demonstrates target engagement through a 
chosen biochemical mechanism, rigorous screening processes are performed 
to validate the interaction with the target and characterize the molecule’s 
size, shape, strengths and weaknesses, preferred conditions for maintaining 
function, toxicity, bioactivity, and bioavailability. Some of the early pre-
clinical pharmacology studies help to characterize the underlying mechanism 
of action of the molecule providing crucial information to understanding 
agonist and antagonist selectivity for binding sites, ligand potency, interac-
tions with other molecule, and prediction of in vivo performance.  After a 
molecule has passed performance thresholds and demonstrated acceptable 
regulatory requirements (acute, mutagenic, carcinogenic and reproductive 
toxicology studies, etc.), in vivo clinical studies are conducted in humans. 
These studies are conducted to evaluate the pharmacokinetics, tolerance, 
side-effect profile, safety and efficacy in healthy volunteers and the target 
patient population. In regards to the efficacy measures, the response varia-
bles can include 1) biomarkers, which objectively measure and evaluate 
normal biological processes, pathogenic processes, or pharmacologic re-
sponses to a therapeutic intervention, or 2) clinical endpoints, which can 
characterize how a patient feels, functions, or survives, etc. As drug devel-
opment becomes more costly and time consuming, more efficient parameter 
estimation and study designs becomes vital for the pursuit of disease treating 
molecules.  

Pre-Clinical Study Example: In Vitro Ligand Binding  
In vitro binding techniques provides tools to quantitatively assess the inter-
action of ligands with binding sites2,3.  Extensive research throughout the 
1980s led to the cloning of receptor genes and the identification of their 
structure. Today, three major classes of receptors that are located in cell 
membranes and one class of cytosolic receptors have been identified: 1) G-
protein coupled receptors, integral membrane protein monomers, 2) ligand-
gated ion channels, multimeric protein complexes that form a pore in the 
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membrane, 3) enzymes with a ligand-binding domain that couples to an in-
tracellular membrane-anchored enzyme, and 4) Cytosolic receptors that reg-
ulate transcription in the cell nucleus4. Large numbers of members of each of 
these receptor classes have been studied with in vitro binding techniques for 
hundreds of different molecular targets contributing substantially to the field 
of pharmacology. In vitro binding techniques have revolutionized the field of 
drug discovery and drug profiling allowing the screening of thousands of 
molecules using high throughput, assay automation and super high through-
put assays for potential clinical use. However, in vitro ligand binding studies 
can be quite labor intensive and cost exorbitant.  In addition, many experi-
mental designs employ traceable ligands that incorporate radioactive iso-
topes to increase sensitivity of the assays, are conducted in hazardous tissues 
with limited availability, and are sensitive to time after preparation and must 
be disposed of properly. 

In vitro ligand binding experiments are typically divided into equilibrium, 
non-specific binding and kinetic studies (association and dissociation) to 
identify the specific receptor binding parameters5.  Generally, the kinetic 
binding experiments are used in preliminary phases of the characterization of 
a receptor system and assist in determining the time required to attain equi-
librium. Data from dissociation time courses are also used to calculate the 
dissociation constant(s) and to test whether the data from the dissociation 
kinetic experiment suggest heterogeneity of binding sites.  Equilibrium stud-
ies are generally used to determine maximum binding capacity and equilib-
rium dissociation constants (KD). The simplest case of ligand and receptor 
interaction involves only a single binding site, providing a hyperbola where 
the fraction bound increases with ligand concentration and time until maxi-
mal binding has occurred according to the simple model of law of mass ac-
tion (Equation 1):  

  [ ]  [ ]

    
→  

    
←  

[  ]    (1) 

where [R], [L], and [RL] represent the free concentration of receptor, ligand, 
and receptor-ligand complex, respectively, and where it is assumed that the 
reaction components can freely diffuse within the medium. kon and koff are 
the rate constants for association and dissociation of the ligand-receptor 
complex, respectively.  Once equilibrium is reached, the rate at which lig-
and-receptor complexes are formed and dissociate are equal, and the equilib-
rium dissociation constant, KD, a measure for binding affinity, can be as-
sessed as the ratio of koff/kon. The dissociation rate is measured by blocking 
further binding of ligand to receptors after equilibrium has been reached, and 
measuring how rapidly the ligand falls off the receptors6.  A general problem 
in the interpretation of binding data is the presence of non-specific binding.  
Non-specific binding is the binding of ligand to non-receptor domains7. An 
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estimate of the amount of non-specific binding is generally made by measur-
ing the binding of labeled ligand in the presence of an excess concentration 
of non-labeled ligand.  Incorrect assumptions with respect to the amount of 
non-specific binding will affect the specific binding parameters and could 
indicate the presence of multiple receptor classes. A representative figure of 
total ligand binding (non-specific binding included) with a single binding 
site over time for the equilibrium and kinetic experiments is presented in 
Figure 1. Finally, it is important to realize that there are experimental condi-
tions (temperature, assays, tissues, etc.) and assumptions (selective or non-
selective ligands, first-order approximation, ligand deletion, etc.) to consid-
er; however, appropriately designing and analyzing these studies can lead to 
more robust and efficient experiments. 
 

 
Figure 1. Representative example bound ligand versus time for association, equilib-
rium and dissociation experiments after 100 (●), 200 (○), 300 (▼), 400 (Δ) and 500 
(■) pm ligand administration. 

Analysis of in vitro ligand binding data is typically performed using non-
linear least-squares regression methods together with sequential estimation 
of the association and dissociation rate constants. However, simultaneous 
analysis of all association and dissociation data is better than sequential line-
ar and non-linear regression analysis with respect to the accuracy and preci-
sion of parameter estimates8. The focus of this previous work was concerned with 
detailing the resolution of two binding sites, relative binding densities, receptor 
occupancy and number of data points. The sequential method unavoidably in-
volves making certain assumptions about the error, both in parameter values 
and inter-experimental variability. These assumptions can be minimized 
using a NLMEM approach9. The work included in this thesis compared simulta-
neous non-linear regression to sequential non-linear regression in terms of bias and 
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precision with factors commonly encountered during experimentation, namely, 
measurement error, between experiment variability and non-specific binding.  

The designs for these experiments to elucidate the binding mechanisms 
can be quite labor intensive and at a considerably high cost. However, some-
times these designs do not clearly define the true underlying mechanism of 
binding due to inadequate ligand concentration stratification or measure-
ments not taken at the point of inflection6. As a result, clear indication of the 
existence of two distinct binding sites might not be elucidated or estimates of 
the binding rate constants can exhibit poor precision. The work included in 
this thesis focuses on the simultaneous optimization of equilibrium, non-
specific binding and kinetic in vitro ligand binding studies using NLMEM. 
The design variables optimized were ligand concentration and measurement 
times as well as the number of samples used in these experiments. The sensi-
tivity of an optimized design to various factors was investigated including; 
(1) one and two binding site systems, (2) relative binding rates and relative 
binding capacity of two binding site systems, (3) between experiment varia-
bility of the maximal binding capacity, and (4) non-specific binding. Lastly, 
a general optimized design for a two binding site system, incorporating the 
factors above, was explored using ED-optimality. This general design was 
optimized allowing the binding site capacity and relative binding rates to 
vary between 0–100% and zero to tenfold, respectively.  

Clinical Study Endpoint Example: Sleep Architecture 
Among neurological diseases, sleep disorders are those commonly consid-
ered to be less serious and disabling. However these disturbances have been 
estimated to affect approximately 10% world’s population resulting in im-
paired memory and cognitive functions and compromising both productivity 
and wellness10,11. Sleep disturbances constitute therefore a substantial socio-
economic burden and, for this reason, the appropriate diagnosis and treat-
ment of these pathologies represent great challenges and have required vast 
investments in this research field to develop safer and more effective mole-
cules able to regulate the sleep-wake alternation12,13.  

Sleep is not a homogeneous state of unconsciousness, but characterized 
by different sleep stages based on polysomnography (PSG) which is a multi-
channel diagnostic technique which consists in the simultaneous recording 
every 30-sec over the night (epoch) of electroencephalogram, electrooculo-
gram, electromyogram and other relevant features. Based on the different 
sleep stages and the transitions between them over the night, the “sleep ar-
chitecture” can be described (Figure 2).  The staging criteria were standard-
ized in 1968, establishing the major rules for classifying sleep stages during 
a standardized sleep recording14. Non-rapid eye movement (NREM) sleep 
was divided into four stages (stages 1, 2, 3, 4), with slow-wave sleep or deep 
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sleep comprising stages 3 and 4 and, for contrast, light-sleep comprising 
stages 1 and 2. Rapid eye movement (REM) sleep was sometimes reported 
as stage 5. In 2004, the American Academy of Sleep Medicine proposed 
several changes in the scoring system, the most significant being the combi-
nation of stages 3 and 4 into a unique stage15. It has been demonstrated that 
the maintenance of such architecture with a dynamic balance between wake-
fulness and sleep is fundamental to determine sleep quality and, therefore, 
the physical and mental well-being. However, the regulation of this balance 
is not completely understood but three key mechanisms of the process are 
clearly indicated: (1) the autonomic nervous system, (2) the homeostatic 
system, (3) the circadian rhythm16,17.  

Typically based on these PSG characteristics, clinical endpoints are eval-
uated to assess the severity of the sleep conditions and the effect of drugs for 
the relief of these conditions. These clinical endpoints describing sleep effi-
cacy such as total sleep time (TST), latency to persistent sleep (LPS), wake 
after sleep onset (WASO), number of awakenings and time spent in each 
stage of sleep typically used in clinical practice can be calculated to assess 
each night’s sleep quality. One type of clinical trial conducted for the devel-
opment of new sleep-inducing drugs is phase advanced sleep.  Subjects go to 
sleep several hours before their usual bedtime to induce transient insomnia, 
thus disrupting their normal sleep architecture, and subsequently, a drug’s 
effectiveness on inducing sleep is evaluated by examining the changes in-
curred on the clinical endpoints. Therefore, appropriately designing and ana-
lyzing these studies can make a major impact in reducing the associated 
costs for molecules developed to treat these pathologies and a better under-
standing of the overall sleep architecture. 

Mathematical models that examine the transitions to and from each sleep 
stage as a stochastic process assuming values in a finite discrete set based on 
the 30-sec epochs provide a more granular approach to describe the time 
course of sleep stage architecture.  These mathematical models have previ-
ously been applied using Markov-chain models to describe the probability of 
transitioning from each stage of sleep18-22.  The models provide an opportuni-
ty to better understand the sleep architecture and the dynamic behavior of the 
sleep process in contrast to aggregated clinical endpoints, which provide an 
overall assessment of sleep behavior.  

The work included in this thesis: (1) characterized the sleep stage transi-
tion probabilities in phase advanced subjects over a 13-hr PSG measurement 
period after placebo dosing, (2) compared the first 8-hour PSG measurement 
period in phase advanced subjects to insomniac patients, and (3) investigate 
D-optimal experimental design methodologies, for a dichotomized phase advanced 
sleep NLMEM where the individual likelihood of observing a discrete response was 
non-homogeneous over time.  
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Figure 2. Representative example of sleep stage epochs every 30-sec over the course 
of the night. 

Pharmacometrics 
Pharmacometrics, a relatively new discipline in the area of quantitative 
pharmacology23, is a culmination of pharmacology, pharmacokinet-
ics/pharmacodynamics (PKPD), and statistics to qualitatively and quantita-
tively describe pharmacological responses24.  Mathematical model based 
approaches, empirically or mechanistically, to data analysis for the identifi-
cation and quantification of PKPD relationships holds an important place in 
drug development25. These pharmacometric models can be utilized to make 
statistical inferences, test new trial designs, individualize treatments, or find 
optimal designs26-28. The primary focus of pharmacometric models has been 
the simultaneous29-31 analysis of data in clinical settings32; however, pharma-
cometric models can be employed in drug discovery to analyze data and 
predict a new molecule’s pharmacologic and chemical properties. 

Pharmacometric modeling 
A key objective in pharmacometric modeling is to estimate parameters from 
the collected data to describe the typical population response based on a 
structural model and a statistical model that describes the variability compo-
nents of the model; inter-individual variability (IIV) of responses based on 
model defined distributions, unexplained residual variability, and additional 
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source variability, such as inter-occasion variability (IOV), inter-study vari-
ability or intrinsic variability (serial correlation) between observations, 
where applicable33-35.  Pharmacometrics provides an orderly way of organiz-
ing data and observations of a biological system provides the prospect of 
better understanding and predicting physiological events. Several population 
approaches to analyze these data have been used, such as Naive Average 
Data, Naive Pooled Data, Standard Two-Stage, and Nonlinear Mixed Effects 
Modeling.   

Naive Average Data and Naive Pooled Data 

The simplest methods for analyzing data are the Naive Average Data (NAD) 
and Naive Pooled Data (NPD) approaches, which obtains an estimate,  ̂, of 
the mean population parameter, . These approaches consist of: 1) compu-
ting the average value of the data for each sampling time (NAD) or 2) con-
siders all data as belonging to one unique individual (NPD), but provide no 
information about the differences between subjects or IIV30. These ap-
proaches are easily implementable, but are rather poor in terms of perfor-
mance and can be very misleading30.   

Standard Two-Stage 

The Standard Two-Stage (STS) approach has an advantage in its simplici-
ty and consists of: 1) estimating individual parameters by individually fitting 
each subject data; and 2) computing population mean and covariance as the 
empirical mean and covariance of the individual parameters30,32,36. Moreover, 
population parameters are obtained in the second step, and not influenced by 
the individual estimates. For this reason, individual estimates are not im-
proved with respect to the estimates obtained with the traditional, individual, 
approaches. Furthermore, individual fitting in the first step requires ‘rich 
data’ to provide unbiased parameter estimates; otherwise, it tends to over-
estimate dispersion and provide biased parameter estimates.  A fundamental 
problem with the STS method arises in the way it estimates the IIV parame-
ters. The standard deviation of the individual parameter estimates will, in 
general, overestimate biological parameter variability23,25,29. 

Nonlinear Mixed Effects Modeling  

The nonlinear mixed effect modeling (NLMEM) approach is particularly 
well suited for biological and medical data, which display heterogeneity of 
responses to stimuli and treatments30,36. This approach is based on the as-
sumption that the (unknown) process to be described is characterized by a 
typical behavior which is common to the whole population and by some 
sources of variability that make the individual behaviors differ from the typi-
cal one. The former is determined by the so called ‘fixed effects’, while the 
identified sources of variability are of typically, two different types and are 
called ‘random effects’. The first source of variability is the inherent differ-
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ences that exist among subjects: one individual is obviously different from 
another one (IIV). Understanding the variability between subjects is as im-
portant as understanding the characteristics of the typical individual. The 
second source of variability is the difference between the prediction of the 
model for the individual and individual measured observations (residual 
error). The mixed-effect approach specifies the model in a hierarchical fash-
ion, integrating an ‘individual’ model and a ‘population’ one estimating both 
the vector of population characteristics and the individual parameters. Fur-
thermore, additional sources of variability can also be included as the before 
mentioned IOV, inter-study variability or serial correlation. As NLMEM has 
several advantages over the other approaches discussed, this is the primary 
method utilized for population modeling.  NLMEM can address continuous 
data, such as percent ligand binding, as well as discrete data, such as transi-
tion probabilities. The parameters included in the model and the definition of 
the NLMEM will differ depending on the data, for example, continuous or 
discrete data. 

Population model 
The population NLMEM can be described accordingly by a function,     , 
for an independent sample of n subjects resulting in a vector of individual 
observations,  ⃗ , with the ith subject having ni observations measured at time 
points ti,1, ti,2, . . . ti,ni from the jth response (Equation 2): 
   ⃗⃗      ( ⃗    ⃗⃗  )   (2) 

where  ⃗   is a vector of estimable individual parameters based on the func-
tion       which describes how the response j changes with the independent 
variables,  ⃗  .  Incorporation of residual error, as done with continuous re-
sponses, is given by a function     , transforming the population NLMEM 
to (Equation 3):  
          ⃗⃗      ( ⃗    ⃗⃗  )     ( ⃗    ⃗⃗    ⃗  )   (3) 

where  ⃗   is the vector of residual error terms.  The model parameters for the 
i
th individual are functions of the typical values,  ⃗, in the model, the IIV,  ⃗ , 

of the i
th individual, and the covariates or patient-specific factors for that 

individual,  ⃗ , such that  ⃗   (  ⃗⃗⃗ ⃗  ⃗   ⃗ ).  It is assumed that  ⃗  are inde-
pendent of each other and the residual error,  ⃗  , although not required35,37, 
and have a Gaussian distribution;  ⃗           and  ⃗          , respec-
tively.  The variance-covariance matrices for IIV ( ) and residual error ( ) 
describe the correlations between the individual parameters and between the 
residual error parameters, respectively. 

When the jth response is discrete, the population NLMEM is a probabilis-
tic model describing the individual probability function,      , of observing 
a specific (discrete) value for an individual response,  ⃗ , (Equation 4): 
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       ⃗⃗       ( ⃗    ⃗⃗  )   (4) 

Maximum likelihood estimation and Fisher information matrix  
Maximum likelihood estimation and the Fisher information matrix (FIM) 
play key roles in estimation and identification of the unobservable model 
parameters of the probability distribution function from a set of observed or 
simulated data drawn from that distribution38.  The maximum likelihood 
estimation approach is commonly used in NLMEM and the FIM is a key 
component for optimal experimental design. 

Maximum Likelihood Estimation  

The maximum likelihood method specifies the individual probability density 
function of a continuous stochastic variable (or the individual probability 
function of a discrete stochastic variable) maximizing the likelihood of the 
parameters to describe the independently sampled observations.  The joint 
probability distribution for  ⃗  and  ⃗  is (Equation 5): 

 
    ⃗⃗    |       | ⃗⃗         ⃗⃗ |         |    (5) 

where       is the likelihood for the ith individual given  ⃗⃗  and   ,   is  ⃗ 
and variance-covariance matrices   and/or  ,    ⃗ |      is the conditional 
probability density of the observed data, and     |   is the conditional den-
sity of   . Since    is not observable, the marginal distribution of  ⃗  can be 
written as the integral with respect to    providing the likelihood function 
(Equation 6):  
        ⃗⃗    ∫   ⃗⃗ |    )                (6) 

where    ⃗ |    ) is the conditional density of the observations given the 
random effects and         is the population parameter density of the indi-
vidual random effects..  A metric, FIM, naturally arises in the maximum 
likelihood estimation as a measure of independency between estimated pa-
rameters; which is derived as the determinant of the inverse covariance ma-
trix for the estimation errors of the parameters. 

For a nonlinear mixed effects model, the integral with respect to    cannot 
typically be expressed analytically and the integration must be done by vari-
ous approximation methods.   

Likelihood approximation 

Because the likelihood cannot be maximized with a closed form solution for 
functions that are nonlinear, current inferential methods were developed in 
different software platforms to approximate the maximum likelihood estima-
tion of NLMEM by either approximating the integrand or approximating the 
integral with a finite sum (i.e. a numerical integration). Both strategies result 
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in closed form expressions for    ⃗    with computable values.  NON-
MEM39 was the first software that emerged for the specific purpose of 
NLMEM and remains the most commonly used40.  Over the years, different 
algorithms were developed and more software has emerged40,41.  The meth-
ods discussed here will include First order conditional estimation and La-
place approximations, which are used in NONMEM.  

First-order conditional estimation (FOCE) 

The FOCE method was implemented in NONMEM30,31 by linearizing the 
NLMEM by approximating the integral with a first order Taylor expansion 
of the model around the current estimates of the conditional median of the 
random effects,   

41. A Gaussian distribution is assumed, but not required 
using the Taylor series derivation. As long as they are approximately normal 
with good symmetry, this approximation will be valid.  NLMEMs focused 
on non-continuous, discrete-type responses often require a higher order line-
arization. 

Laplace approximation 

The Laplace method is based on the first order Laplace integral of the exact 
marginal likelihood specified by the nonlinear model and not using direct 
linearization.  Given a complex integral,      is reexpressed,          
     , and the resulting function,       can be approximated by a second-
order Taylor series approximation. 

The mode is used when approximating the marginal likelihood and the 
hessian of the individual likelihood is calculated and a Gaussian distributed 
zero-mean of the random effects is assumed. Theoretically, as higher order 
approximations are used, the result should be a closer to the true marginal 
likelihood. For discrete data, these models are defined as the individual like-
lihood of a stochastic process assuming values in a finite discrete set and 
often require a higher order linearization42. The Laplace method often per-
forms well for these data but some parameter bias has been reported42-45. 

Fisher Information Matrix  

The FIM value is defined as the negative expectation of the second-order 
partial derivatives of the log-likelihood with respect to the estimated parame-
ters (Equation 7):  

       [
     ⃗⃗⃗ 

   ⃗⃗⃗   ⃗⃗⃗ 
]    (7)        

The FIM is an indicator of the amount of information contained in these 
data sets about the unobservable parameters,  ⃗⃗⃗. If the estimates are an unbi-
ased estimator representing the true value of  ⃗⃗⃗, then the inverse of the FIM 
provides lower bound of the covariance matrix (Equation 8): 
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                      (8) 

Thus, maximizing the determinant or the expectation of the determinant 
of the FIM with respect to the design variables, X, will be an optimal lower 
bound for the precision of any unbiased estimator according to the Cramer-
Rao inequality46,47. Some important areas of applications of FIM include 
confidence interval computation of model parameter and configuration of 
optimal experimental design based on the described NLMEM. 

Optimal Experimental Design 
Optimal design (OD) of experiments goes back to the early 1900’s48 and the 
theory is based on the premise that by maximizing the determinant or the 
expectation of the determinant of the FIM with respect to the design varia-
bles, X, will result in the most informative (optimal) study. Despite the wide 
use of NLMEM, very little research has focused on OD for these models 
until relatively recently due to difficulty in obtaining a closed form for the 
likelihood function (see Maximum Likelihood Estimation).  In 1997, Men-
tre’ et al. proposed a method to approximate the FIM49 (using the first order 
approximation) for linear mixed effect models.  However, the variance of the 
residual error parameter was assumed normal or lognormal and known. 
Since then, model components have been extended to include unknown het-
eroscedastic residual parameters with other distributions28,50,51, IOV and co-
variance between the fixed and random effects51-53. 

In order to compute the FIM, different a scalar functions (criterion) have 
been used (A-, D-, ED-, etc). The methods discussed will include D- and 
ED-Optimality. D-Optimality is the most common criterion, which seeks to 
maximize the determinant of the FIM or minimize the joint confidence volume 
of the parameters54.  Maximizing the determinant of the information matrix 
FIM is equivalent to minimizing the determinant of the inverse FIM.   

A disadvantage to the above criterion is that it assumes that the parameter 
estimates for the NLMEM are point estimates without uncertainty. ED-
optimality is an extension of the D-optimality criterion that incorporates 
uncertainty of model parameter values by defining the parameters as distri-
butions instead of point-values.  ED-optimality takes the expected value of 
the determinant given parameter uncertainty distributions but, as a conse-
quence, is computationally expensive55. These types of designs have been 
proven to spread the support points in the OD and hence are more robust 
against different parameter values54. 

Stochastic/Monte Carlo Simulations 
Stochastic/Monte Carlo simulation (simulations) from a model can be used 
to predict future outcomes56,57, perform model validation58-62, compare the 
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performance of estimation methods63, optimize designs of future experi-
ments56,57,64, etc. Simulations are performed by drawing samples from the 
parametric distributions ( ⃗  ⃗  ⃗) from the structural sub-models, e.g.  phar-
macokinetics, pharmacodynamics, disease status and progress, placebo re-
sponses, etc., which can integrate any drug related factor, e.g. dose, infusion 
rate, etc., and provide  ⃗  at  ⃗ .  These data can be used to construct confi-
dence intervals for trial responses, assess of the simulation properties of a 
model, e.g. visual predictive check (VPC), numerical predictive check65,66, 
and provide statistics to evaluate bias, precision or power for the current 
model or optimal experimental designs.  However, these simulations are 
usually computer-intensive, and therefore only a limited number of compo-
nents can be examined. Nevertheless, modeling and simulation provides as a 
means to improve the efficiency of drug development67,68. 
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Aims 

The aim of the thesis was to explore methods, models and optimal design 
methodologies for the pharmacometric analysis of studies conducted in pre-
clinical and clinical studies. 
 

The specific aims contained within this thesis were to: 
 compare simultaneous non-linear regression to non-linear regression of 

data from the combination of equilibrium and kinetic in vitro ligand 
binding experiments; 

 construct optimal experimental designs for equilibrium, non-specific 
binding and kinetic in vitro ligand binding experiments; 

 characterize the sleep stage transition probabilities in phase advanced 
subjects using a multinomial Markov-chain model and compare the 
sleep architecture between populations (phase advanced subjects and in-
somniac patients); 

 construct optimal experimental designs based on a non-homogeneous, 
dichotomous, discrete Markov-chain sleep model. 
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Methods 

Data 
In this thesis, continuous (Papers I and II) and discrete (Papers III and IV) 
types of data were utilized for model estimation methodology, model devel-
opment and OD.  Data were extracted from either real or simulated trials, the 
latter case meaning that the true models from which they were derived were 
known.  

Continuous data (Papers I and II)  
The simulated data used in Papers I and II mimicked in vitro ligand binding 
studies from equilibrium, dissociation, association and non-specific binding 
experiments to compare estimation methods (sequential non-linear regres-
sion, NLR, vs. simultaneous non-linear regression, SNLR) and to evaluate 
optimized designs for SNLR.  Data were simultaneously simulated based on 
the sampling, ligand concentration, and binding parameter value schemes 
using a pseudo first order approximation (Equations 9-12): 
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where r represents the binding site number, n represents the total number of 
binding sites, Bmax,r represents the total binding site concentration for recep-
tor r, k-r is the rate constant of dissociation for receptor r, kr is the rate con-
stant for association for receptor r, L is ligand concentration,  represents the 
time at which association is stopped and dissociation is initiated and α is the 
proportional constant relating non-specific binding (BNS) of ligand. 

Ligand binding included proportional residual variability representing 
measurement error (Equation 13) and/or between-experiment variability 
(BEV), previously referred to as IOV, (Equation 14):  



 23 

                                                (13) 

                                     (14) 

where Yij is the ith sample of the jth binding model, Bj is the jth model predict-
ed binding response (i.e. Beq, Bdis, Bass, BNS), ij is the corresponding residual 
random variability. Pmk is the typical value of parameter m in the population 
for experiment k, and mk represents between experiment differences. ij and 
mk  are assumed to be normally distributed with zero mean and a variance of 
σ2 and 2

m, respectively. 
Different experimental conditions were simulated with the introduction of 

proportional residual error (RE), BEV, and BNS for one binding site in Paper 

I.   The specifics for each simulation for the experimental conditions de-
scribed below are detailed in Table 1 (Paper I).  Simulations performed to 
validate the predicted relative precision of parameter estimates obtained 
from the ED-optimal design (see below) are also detailed in Table 1 (Paper 

II). 

Table 1. Details of experimental conditions. 
Experimental 

condition 
Paper I 

Simulation settings 
Paper I 

Experimental 
condition 
Paper II 

Simulation settings 
Paper IIa 

 
 

RE 
(%) 

 
 

BEV 
(%) 

 
 

BNS 
(%) 

 Relative 
binding 

rates  
(k2/k1)b 

Relative 
binding 
capacity  

(%)c 
1 0-25 -- --d 1 binding site NA 100 
2.a 0-25 0-25e --d 2 binding sites 2, 3, 5, 10 25, 50, 75 
2.b 0-25 0-25e --d    
3.a 0-25 0-25f --d    
3.b 0-25 0-25f --d    
4.a 0-25 -- 0-25    
4.b 0-25 -- 0-25    
4.c 0-25 -- 0-25    
a 25% RE, BEV and BNS were included for all simulations 
b Because the two sites have equal KD; they are characterized by their relative rates, i.e., k2/k1 
(which is equal to k-2/k-1), where k2 and k-2 are 0.000085 and 0.026, respectively.   
c The relative density of binding sites was computed to retain a total of 3.7 pM.  
d  set to zero 
e BEV on RE 
f BEV on Bmax,1 
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Discrete data (Papers III and IV) 
Sleep data from phase advanced subjects (PAS) 

The data used in Paper III were from 27 subjects receiving a single placebo 
dose from two study induced transient insomnia (phase advanced) clinical 
trials at two different sites and consisted of 30-second interval epoch meas-
urement over 13 hours to characterize the sleep stage transition probabilities 
in PAS, and compare sleep architecture in PAS to insomniac patients. The 
non-ordered categorical PSG data was classified as awake (AW), sleep stage 
1 (ST1), sleep stage 2 (ST2), sleep stage 3 (ST3), sleep stage 4 (ST4) or 
REM sleep (REM). Few epochs of sleep stages 3 and 4 were reported and 
were merged into a single sleep stage termed ‘slow wave sleep’ (SWS). To 
validate the predicted relative precision of parameter estimates obtained 
from the fit, 100 datasets were simulated with data structured as described 
above using the parameter values determined by fit to real data.    

Dichotomous sleep data from phase advanced subjects (PAS) 

In Paper IV, the PAS data used in Paper III were considered in a dichoto-
mous fashion (awake and asleep) to form the framework to investigate the 
D-optimal designs of non-homogeneous, discrete data. Both linear and non-
linear dose effects were added to some of the transition probabilities to allow 
modification of the probability of being in either sleep stage. These parame-
ter values were selected to allow dosages of 0.1, 1-, 6-, 10- and 20-mg to 
affect the estimates obtained from fitting the placebo data (Figure 3).  To 
validate the predicted relative precision of parameter estimates obtained 
from the OD, 100 datasets were simulated with data structured as described 
above (30-sec interval epoch measurements over 13 hours using) using op-
timized and non-optimized design variables.  
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Figure 3. Typical transition probabilities for each sub-model and for each sleep 
stage following placebo, 0.1, 1-, 6-, 10- or 20-mg dose administration. 

Modeling analyses 
All data were analyzed with a NLMEM approach. Analyses were performed 
in the software NONMEM versions VI or VII using FOCE estimation algo-
rithm for continuous data and the LAPLACE estimation algorithm for dis-
crete data. Model discrimination between hierarchical models was based on 
the log-likelihood ratio test or Akaike information criterion, when indicated.  

Continuous data (Paper I and Paper II) 
The estimation of ligand binding parameters to receptors in vitro (Paper I) 
was evaluated using NLR and SNLR (Table 2). For NLR, the simulated non-
specific binding data was analyzed first (if present) using the model in Equa-
tion 12.  The  parameter was then introduced as a constant for all subse-
quent analyses.  Next the equilibrium data was analyzed using (Equation 
15): 
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where Kd,r represents the apparent dissociation constant  and estimating both 
Bmax,r  and Kd,r.   Bmax,r  and  were then introduced as a constants for all 
subsequent analyses.   Next the dissociation data was analyzed using Equa-
tion 10, and both kr and k-r were estimated. Subsequently, k-r, Bmax,r  and  
estimates were then used as constants for estimation of kr using the associa-
tion data and Equation 11.  For this technique, BEV cannot be estimated and 
was thus ignored in the estimation step.  One  parameter was estimated per 
step. 

For SNLR, the simulated data from equilibrium, dissociation, association, 
and BNS experiments were fitted simultaneously to Equations 9-14 to esti-
mate binding parameters.  In addition, Equation 12 was introduced to esti-
mate BNS, when indicated.  One overall  parameter was estimated. In exper-
iments where BEV was included, the SNLR estimation method was analyzed 
both with and without this model component to investigate the effect of ig-
noring BEV in estimation.  

Table 2. Details of experimental condition estimations for Paper I. 
Experimental 
condition 
Paper I 

Estimation Eqs. used Comment 
 

NLR 
 

SNLR 
 

1 15,10,11,13a 9,10,11,13  
2.a 15,10,11,13a 9,10,11,13,14a SNLR estimated without BEV on 

RE 
2.b 15,10,11,13a 9,10,11,13 SNLR estimated including BEV on 

RE 
3.a 15,10,11,13a 9,10,11,13,14a SNLR estimated without BEV on 

Bmax,1 
3.b 15,10,11,13a 9,10,11,13 SNLR estimated including BEV on 

Bmax,1 
4.a 15,10,11,13a 9,10,11,13 Subtraction of BNS from total 

binding 
4.b 15,10,11,13 9,10,11,13 Estimation of  without inclusion 

of BNS data 
4.c 12,15,10,11,13 9,10,11,12,13 Estimation of  with inclusion of 

BNS data 
a  set to zero 

To validate the predicted relative precision of parameter estimates ob-
tained from the ED-optimal design, the simulated data from equilibrium, 
dissociation, association, and BNS experiments were fitted simultaneously to 
Equations 9-14. 
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Discrete data (Paper III and Paper IV) 
As illustrated in Figure 2, sleep patterns are a sequence of stochastic varia-
bles with specific dependency among each other on the transitions between 
states. These features can be described by the ‘Markov chain model’, whose 
basic concepts are those of state and state transition. The ‘Markov-chain 
model’ determines the probabilities of transitioning between different states 
based on the recent and the present states or, in the less general case, on the 
present state only.  

Let a random process be a finite sequence   {  }    {       } of 
random variables taking values in a discrete set,  . The elements of   are 
called ‘states’ of the system and thus   the ‘state space’. The index   of    is 
usually thought as a ‘time index’, even though it is not necessarily related to 
the concept of time, but rather expressing the ordered evolution of the pro-
cess. Consequently,    represents the state of the process at  . The sequence 
  {       } of random variables taking values in   is said to have the 
Markov property if (Equation 16): 
           |                                    |         (16) 

for every sequence              of elements of   and for every    . The 
process   {       } is called ‘Markov chain’ if the conditional probabil-
ity between the outcomes at different times satisfies the ‘Markov property’. 
This property states that the probability of an event one step into the future 
conditioned on the entire past up to the present time   is equal to the condi-
tional probability of the future event given just the present one. In particular, 
a sequence of such random variables is said to be a ‘First-order Markov 
chain process’ because each outcome depends exclusively on the previous 
state.  

Such approaches have previously been applied using Markov chain mod-
els to describe the probability of transitioning from each stage of sleep18-22. 
These different models characterized probability of transitioning to the dif-
ferent sleep stages over the course of the night.  These models have been 
refined to include factors that improve the overall performance for estima-
tion of the different sleep stage transition probabilities including the use of 
multinomial logistic functions for data   = AW, ST1, ST2, SWS, REM. For 
each subject i, each starting state  , and each epoch  , the logits for the sleep 
data are defined as (Equation 17) 

          
       

       
,                    (18) 

where   takes all the values representing the different sleep states. In such a 
way, it is possible to define for each triple (     ) 5 different logit functions, 
one of which is equal to zero (when    ). Note that as no correlation is 
assumed between logits with different values of  , the model is divided into 
five different smaller models.  Each sub-model describes the transitions from 
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a specific sleep stage, and its parameters can be identified separately from 
the others. In the model considered here, each individual logit         is 
assumed to be distributed around its typical value according to a multivariate 
normal distribution. When the data is reduced to a binary response (awake 
and asleep) as in Paper IV, the sub-models,   and   are reduced to 2 each. 

As the transition probabilities (TP) depend on time and are considered 
non-homogeneous, the temporal dependence was implemented assuming 
that parameters are piecewise linear functions at certain nighttime epochs.  
TPs and associated IIVs were estimated at the beginning of the night (BPA), 
at the last observation and at additional, estimated, break points.  Inclusion 
of break points was tested for significance using the Akaike information 
criterion and log-likelihood ratio test (p-value < 0.05). All break points were 
assumed to be common to the entire population.  Using piecewise linear 
functions, the TPs between the estimated logits were provided by linear in-
terpolation. Figure 4 provides an illustrative example of the typical logit and 
individual logit at the break points. 

Finally, when the influence of continuous time spent in stage k on the 
probability of moving from or staying in a specific stage sleep k was incor-
porated into the model (Paper III), this ‘stage time’ was introduced in the 
model and modifies the logits at the nighttime break points,        , using 
piecewise linear functions with three break points (BPsa, BPsb, BPsc).  The 
first break point was fixed at the beginning of the stage time and the last 
break point was fixed at the maximum stage time observed in the data with 
respect to the particular stage of departure.  The second break point was es-
timated according to the maximum likelihood principle.  No inter-individual 
variability was assumed, so the stage time influences the whole population in 
the same manner. Figure 4 provides an illustrative example of the stage time 
effect (STE) at the STE break points and the resulting effect on the individu-
al logit (individual logit + STE). When the data is reduced to a binary re-
sponse (awake and asleep) as in Paper IV, the influence of continuous time 
spent in stage k on the probability of moving from or staying in a specific 
stage sleep k was not incorporated into the model. 
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Figure 4. An illustrative example of the typical logit, individual logit, stage time 
effect (STE) and individual logit +STE over the night time.   Break points for  
transition probabilities (BPA, BPB, BPC and BPD) and stage time effect (BPsa, BPsb 
and BPsc) are indicated. 

OD 
All the OD work in this thesis utilized the optimal experimental design soft-
ware PopED53,69,70 exploring both D- and ED-optimality. 

Continuous data (Paper II) 
At the outset of the optimization, precision of the parameter estimates of the 
original experimental design was performed to provide a quantitative refer-
ence to the optimized designs for each experimental condition examined; 
25% RE, 25% BEV and/or 25% BNS.  Comparisons between designs using 
both D- and ED-optimality were done by examining the expected parameter 
precision as predicted by the FIM during simultaneous optimization of lig-
and concentrations, measurement times along with a reduction in the total 
number of samples.  Significant increases in the expected parameter preci-
sions indicate that these parameters were not as robustly estimated.   

D-optimality was initially used to gain insight into how different experi-
mental conditions and the successive reduction in the total number of sam-
ples impacted the expected parameter precision on the optimized experi-
mental designs for both one- and two-binding sites.  Based on the results 
from D-optimality, ED-optimality was used to provide a general optimal 
design for the in vitro ligand binding experiments allowing for a distribution 
of binding site capacity and relative binding rate parameters.  The distribu-
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tions allowed one binding site capacity, Bmax,1, to vary between 0 and 100% 
of the total binding capacity (3.7 pM) and the other binding site, Bmax,2, was 
equal to the total binding capacity minus Bmax,1.  Additionally, the distribu-
tions allowed the relative binding rates for one binding site, k-1 and k1, to 
vary between 2- to 10-fold of k-2 and k2 which had values of 0.026 min-1and 
0.000085 min-1pM, respectively. 

Discrete data (Paper IV) 
The FIM for the ith individual with the vector of design parameters Xi is 

defined as the negative expectation of the second-order partial derivatives of 
the population log-likelihood function (ln L) of a model (Equation 18) 
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where  is the vector of population parameters,  =[1,…,n, 2
1,…,

2
n],  

and Xi is the vector of design parameters.  The FIM above is analytically 
intractable and approximations have been used in this work to compute the 
FIM.  A higher order linearization, as prerequisite for the current work, has 
been described based on an approximation of the likelihood using a second 
order Taylor expansion for generalized linear models by Breslow and Clay-
ton71, Longford72 and Wand73.  Recently, Ogungbenro and Aarons74 and 
Nyberg et al.75,76 have utilized this FIM approximation for discrete response 
GLMMs and NLMEMs.  The proposed FIM74 (Equation 19) yields a block 
diagonal matrix which does not acknowledge direct correlation between the 
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for the probability (P) of Yti when stage is m=0 at epoch= t, given that the preceding 
observation was k (k ≠ m) and 
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for r, s = 1…n and the approximate variance–covariance matrix is given by 
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and for the dichotomous response, Wi is a ti x ti diagonal element matrix 
representing the variance of the binomial distribution, i.e. 

 ),0)(1(),0( 11 kYYPkYYPdiagW
iiii ttittii   .            (25) 

The population FIM can be considered the sum of all individual FIM 
(Equation 26) 

),(),( 1 ii

N

i XFIMgXFIM    ,  (26) 

where gi is the number of individuals in each design group and N is the total 
number of groups. 

Theoretically, the FIM could be based on the covariance matrices associ-
ated with maximum-likelihood estimates for all the model parameters in the 
NLMEM. However, the NLMEM for the dichotomous phase advanced sleep 
data was partitioned into two sub-models and correlation of parameters be-
tween the sub-models are block diagonal.  Therefore, for the current work, 
two separate FIMs (FIMk=0 and FIMk=1) were computed (Equation 27-28) 
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and correlation of parameters between the sub-models are block diagonal. 
Here, these two matrices can be simply added to construct the total FIM, 

FIMtotal. This simple addition implies equal weighting for the two sub-
models; “Equally Weighted FIM”. This method was employed previously 
when computing the FIMtotal for a categorical model with a Markov ele-
ment76. However, the probability of observing a specific TPm|k,t for the phase 
advanced dichotomous sleep data is not equally weighted over the night.  
Therefore, a weighting for FIM0 and FIM1 that corresponds to the probability 
of the response being awake, p(m=0), or asleep, (1-p(m=0)), over the night 
was also included; “Average Probability Weighted FIM”. In order to include 
a weighting but reduce the computational burden, FIM0 and FIM1 were 
weighed according to the average (over time) probability of the response 
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being p(m=0) or (1-p(m=0)) over the night  (Equation 29) based on the typi-
cal individual (η=0) for each design group i 

iiiiitotal FIMmpFIMmpFIM ,1,0, ))0(1()0(  ,         (29) 

which makes )0( mpi time independent. The probabilities directly inherit-
ed from the model were the conditional probabilities, 

)1or  0|1or  0( 1  ii tti YYP , and hence, Bayes theorem was used to calcu-
late the overall probability of being awake, )0( mpi , or being asleep, 

)1( mpi or ))0(1(  mpi . 
By adjusting design parameters, X, one can change the value of the FIMto-

tal and thus, with some metric, optimize a design based on the FIMtotal.    
The expected improvement of one design, X1, versus another, X2, based 

on the FIMtotal was computed via an efficiency calculation, Deff,Pred, 
(Equation 30) 
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where p is the total number of estimated parameters in the NLMEM.  

Initial evaluation of the predicted precision of NLMEM parameter esti-
mates and FIMtotal approximation using both “Average Probability Weighted 
FIM” and “Equally Weighted FIM” was conducted with 27 subjects receiv-
ing a single dose of placebo. This initial evaluation also explored the impact 
of the number of epochs/subject uniformly distributed over the night ranging 
from 100 to 1560.  

The experimental designs considered within the context of this work in-
cluded a 2- to 6-way crossover design (arm) with 6 different dosing groups 
(group). The reference designs consisted of placebo, 0.1-, 1-, 6-, 10-, and 20-
mg and 7 subjects per group.  Evaluation of the FIMtotal of these reference 
designs using both “Average Probability Weighted FIM” and “Equally 
Weighted FIM” was performed to provide a foundation to assess the opti-
mized designs.  Optimization using both “Average Probability Weighted 
FIM” and “Equally Weighted FIM” focused on the dosage (the doses were 
optimized within [0.01] units) and number of subjects per group.  Con-
straints incorporated in the optimization included: 1) at least 1 subject per 
group; 2) maximum total number of subjects was 42; 3) minimum and max-
imum doses were 0.05-mg and 50-mg, respectively and 4) a maximum num-
ber of 1200 samples/subject/arm (due to computer memory limitations). 
Additionally, optimization was performed varying the number of 
epochs/subject/arm over the night in 100 epoch increments from 100 to 1200 
(uniformly distributed). 
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Diagnostics  
Model diagnostics are invaluable to assess model performance, robustness 
and potential model misspecifications to test if the proposed model ade-
quately interprets the underlying process, providing precise predictions for 
the parameters of interest and avoiding biased estimates66.  

Summary statistical methods were computed to compare the PopED pre-
dicted parameter estimate precision (Papers II and IV) to those of the sto-
chastic simulations and re-estimations (SSE) or to compare methodologies 
(Paper I) via SSE (Equations 31-33): 
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where the RSE is the relative standard error, MRE is the mean relative er-
ror, RMSE is the root mean squared error, n is the number of simulated and 
re-estimated datasets, s is the sth simulated data set (s = 1, 2, . . ., N), s is a 
parameter estimate from the sth data set, T is the true parameter value used 
in the simulation, and SD is the standard deviation of the estimate. The RSE 
measures the precision of the parameters, the MRE (%Bias; as referenced in 
Paper I) represents the size of the bias and the RMSE is a combination of 
both bias and precision. For an unbiased estimator, the RSE, according to 
equation x, is asymptotically proportionally linked to the square root of the 
diagonal inverse of the FIM, the MRE is 0 and the RMSE is equal to the 
RSE. 

For the model proposed in Paper III, a simplified posterior predictive 
check (sPPC) was performed for each aggregated clinical endpoints (e.g., 
LSO, WASO, TST) by comparing the median of the individual values for 
each simulated dataset (Sim) to the median value from the observed data 
(Obs) as follows (Equation 31): 

Obs

ObsSim
EndpointMedian

EndpointMedianEndpointMedianDeviationRelative 
          (31) 

For each clinical endpoint, the distribution of relative deviations was 
computed and plotted in a box-whisker plot using the R software package 
(15). For an adequately described model, relative deviations would be dis-
tributed around the zero line.  

Simulation-based diagnostics are the primary choice to evaluate discrete 
models and the computationally intensive simulation-based diagnostic VPC 
were required for the evaluation of the final model (Papers III and IV). The-
se VPCs were performed to test the models’ ability to properly describe the 
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frequencies of sleep stages and transitions throughout the night.  The median 
value and corresponding 95% confidence interval derived from the simulated 
datasets were plotted against the observed median across the night to evalu-
ate the models’ predictive performance.   The first 8 hours were divided into 
10 intervals of equal duration (48 minutes), whereas the final 5 hours were 
divided into 5 intervals of equal duration (60 minutes).  Transition and stage 
frequencies were computed for both the simulated and observed data. 

 
 



 35 

Results 

Continuous data  

Methodological comparison of in vitro binding parameter 
estimation (Paper I) 
For all the experimental conditions examined (Table 1), the greatest contrib-
uting factor to bias and variability for specific binding parameter estimation 
using both SNLR and NLR was attributed to RE.  The precision of parame-
ter estimates decrease with each successive increase in RE (Figure 5).  The 
use of NLR did not allow for the measurement error across experiments to 
be used in determination of these parameters and considered each parameter 
fixed for the subsequent experiment.  Conversely, SNLR utilized data from 
all experiments and did not necessitate treating observations or estimated 
parameters as error free.  This factor was observed more prevalently at high-
er levels of residual variability. 

Two sources of BEV, assay measurements (experimental condition 2; Ta-
ble 1) and intrinsic quantity of receptors contained per experiment (experi-
mental condition 3; Table 1), were included in the SSE to assess their impact 
on binding parameter estimation.  The BEV associated with assay measure-
ments led to cumulatively higher bias and imprecision than from residual 
variability alone and attempts to account for the bias when using the SNLR 
were unsuccessful.  BEV associated with intrinsic quantity of receptors con-
tained per experiment led to estimates approximately equivalent (Figure 6) 
utilizing both NLR and SNLR (when BEV estimation was not included). 
With inclusion of estimating BEV for SNLR, this method proved superior in 
the estimation of the binding parameters.  However, the estimation became 
confounded with increasing RE (Figure 6). 

Ligand binding measurements are usually comprised of both specific and 
non-specific binding (experimental condition 4; Table 1).  A commonly em-
ployed method to estimate specific binding parameters is to subtract the 
amount of non-specific binding from total binding on a time matched basis 
to obtain the ‘specific binding’ data (experimental condition 4a; Table 2) and 
then estimate the parameters77-81. The results demonstrate that this subtrac-
tion method of quantifying the specific binding parameters lead to signifi-
cantly biased estimates of all parameters for both NLR and SNLR (Figure 7).  
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This method of estimation does not appear to be an appropriate method for 
specific ligand binding parameter estimation. 

 
Figure 5. Distribution of Bmax,1, K-1 and K1 estimates using the NLR (gray box) and  
SLNR (white box). Box plots graph data as a box represent statistical values describ-
ing the 5th, 10th, 25th, 50th, 75th, 90th and 95th percentiles. 
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Figure 6. Percent RMSE of Bmax,1, K-1 and K1 estimates using the NLR and SLNR 
with BEV on Bmax,1. 

Alternatively, including estimation of  to the fitted kinetic and equilibri-
um equations that relate the non-specific binding to total binding (experi-
mental condition 4.b and 4.c; Table 1) provided better estimates of the spe-
cific binding parameters than the BNS subtraction method (data not present-
ed).  However, NLR still provided significantly biased and imprecise specif-
ic binding parameters estimates. In contrast, estimation of all of the ligand 
binding parameters utilizing SNLR was relatively unbiased and demonstrat-
ed low variability.  The estimates of  were relatively consistent within each 
level of residual variability.   
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Figure 7. Percent RMSE of Bmax,1, K-1 and K1 estimates using the NLR and SLNR 
with subtraction of BNS. 

Simultaneous optimal experimental design for in vitro binding 
parameter estimation (Paper II) 
Exploring D-optimal experimental design for a one-binding site model  in-
cluding different experimental conditions, 25% RE, 25% BEV and/or 25% 
BNS (Table 1), indicated that reduced separate ligand concentrations and 
number of measurement times provided similar predicted parameter estimate 
precision as the original non-optimized design (Figure 8).  Additionally, with 
a successive reduction in the total number of samples for the individual ex-
periments, the predicted precision of the ligand binding parameter estimates 
decreased as expected, but a reduction in the total sample number by ~50% 
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could be made while retaining relatively high precision on all parameters 
similar to the non-optimized design (Figure 8). 

 
Figure 8. Parameter Estimates (%RSE) for One-Site Binding Model with Decreas-
ing Number of Samples with (a) RE, (b) RE and BNS and (c) RE and BEV. * indi-
cates the predicted precision of the parameter estimates for the original experimental 
design and optimized original experimental design. 

The predicted estimate precision for the ligand binding parameters based 
on the original experimental design for a two-binding site model including 
different experimental conditions, 25% RE, 25% BEV and/or 25% BNS (Ta-
ble 1), were poor when the relative binding site capacity and relative binding 
rates were small, but improved modestly with an increase in relative binding 
site capacity and relative rates (Figure 9). The precision of the parameter 
estimates was further reduced with the introduction of BNS and BEV. 

 
Figure 9. Parameter estimate precision (%RSE) for two binding sites based on rela-
tive rates and (a) 25%, (b) 50% and (c) 75% relative density of binding sites only 
including RE. 

The D-optimal design for the two-binding site model indicated that reduc-
ing the number of separate ligand concentrations and number of measure-
ment times provided similar predicted parameter estimate precision as the 
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original non-optimized design regardless of relative binding site capacity and 
relative rates. Similarly, with a successive reduction in the total number of 
samples for the individual experiments, the predicted precision of the ligand 
binding parameter estimates decreased as expected, but a reduction in the 
total sample number by ~50% could be made while retaining relatively high 
precision on all parameters similar to the non-optimized design.  The opti-
mized number of separate ligand concentrations was consistent with those 
for the optimized original experimental design and the measurement times 
were generally oriented to either side of the inflection point. 

In light of the different sampling times and number of ligand concentra-
tion groups, ED-optimality was implemented for experimental design opti-
mization of in vitro ligand binding to encompass the range (distribution) of 
relative binding site densities and relative binding rates and provide an over-
all general experimental design. These distributions should be interpreted as 
reflecting uncertainty in the binding site density and relative binding rates 
but not uncertainty of the specific parameter estimates. Additionally, a de-
sign was explored with a reduced number of sample for each experiment.  
After optimization, the performance of the designs were evaluated by pre-
dicting the parameter estimate precision for one- and two-binding site mod-
els with different relative binding site densities and relative binding rates. 

ED-optimal design of the original experiment (ED optimized original de-
sign) and the reduced sample design (Reduced ED optimized design) de-
creased the number of separate ligand concentrations and separate time 
points required.  Based on the optimized ligand concentrations and meas-
urement times, the predicted estimate precision for one-binding site and 10-
fold relative binding rates for two-binding sites are shown in Figure 10.  The 
predicted parameter estimates for the reduced ED optimized design were not 
as precise as the ED optimized original design but provide more precise es-
timates than the original design when the additional binding site was consid-
ered.  As the ratio of relative binding rates decreased from 10-fold to 2-fold 
for the two-binding site model, the precision for some of the parameter esti-
mates decreased substantially (data not shown).  Validation of the relative 
precision of the parameter estimates derived from PopED were confirmed 
with SSE and inferences for design optimization using PopED can be made 
with high confidence. 
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Figure 10. Parameter Estimates (%RSE) for One- and Two-Site Binding Model (10-
fold Relative Rate) based on the Original Design, ED Optimized Original Design 
and Reduced ED Optimized Design. 

Discrete data  

Multinomial Markov-chain model of sleep architecture in Phase 
Advanced Subjects (Paper III) 
Development of the non-homogeneous Markov-chain model using multino-
mial logistic functions for describing transition probabilities between sleep 
states for the phase advanced data revealed that some of the 25 possible tran-
sitions between sleep stages varied considerably between studies 1 and 2, 
some transitions occurred infrequently, and an additional breakpoint (BPE) 
between 960 and 1560 epochs was statistical significant for the “From AW” 
sub-model.  In addition, the probability of moving from or remaining in a 
specific stage was affected by the duration of contiguous time spent in that 
sleep stage (stage time).  Figure 11  illustrates the estimated transition prob-
ability profiles for the different sleep stages for both studies with no stage 
time effect (left panel) and including the median stage time effect (right pan-
el).     
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Figure 11. Typical transition probabilities for each sub-model. The profiles are 
computed with no stage time effect (No STE) and with the median stage time ob-
served in the data (Median STE).   

These plots reveal the typical transition probabilities for the different 
sleep stages over the nighttime, the differences between studies and the ef-
fect of STE on these transition probabilities. The inflection at the break 
points indicates a change point in the overall transition state within the sub-
models to approximate a change in the slope for the transition probabilities.  
For example, in the “From AW” sub-model, study 1 demonstrated a shift 
towards increasing the probability of transitioning to ST1 after the inflection 
until the end of the first 8 hours; whereas for study 2, the probability of tran-
sitioning to REM or remaining in AW were approximately equivalent.  Fur-
thermore, a decrease in the stage time effect increases the probability of re-
maining in the current sleep stage and an increase in the stage time effect 
increases the probability of transitioning to the reference sleep stage. 

Based on the final model, VPCs and sPPCs were utilized to cumulatively 
examine the fidelity of the model for both studies. The VPC plots (Figure 
12) show a good agreement between the observed and the simulated statis-
tics, as the observed profiles fall within the confidence intervals obtained 
from the simulations, and sPPC plots (not shown) demonstrate good agree-
ment between simulated and observed clinical endpoints, as none of the me-
dian aggregated parameters fall outside the range of median values comput-
ed from the simulated studies.  
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Figure 12. Visual predictive check on frequency of transitions (first five rows) and 
stage frequencies (last row).  

Finally, comparisons between phase advanced subjects and insomnia pa-
tients were performed on both the typical transition probabilities (not shown) 
and clinical endpoints (Figure 13). Many transition states represented by the 
sub-models indicate that the probability of transitioning over the first 8 hours 
between phase advanced subjects and insomniac patients are approximately 
equivalent.  However, notable differences were observed in the “From AW”, 
“From ST1” and “From REM” sub-models.  Additionally, out of the 24 clin-
ical endpoints examined, 9 showed statistically significant differences.   
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Figure 13. Observed clinical endpoints for phase advanced subjects (PAS) and in-
somnia patients (IP). Statically significant difference indicated by “*”. Aggregated 
clinical endpoints are represented as: latency to sleep onset (LSO); wake after sleep 
onset (WASO); quarter assessed WASO (WASO1, WASO2, WASO3 and 
WASO4); total sleep time (TST); sleep efficiency index (SEI); quarter assessed SEI 
(SEI1, SEI2, SEI3 and SEI4); time spent in sleep stages (tAW, tST1, tST2, tSWS, 
tREM and tNREM); number of transitions to sleep stage (nAW, nST1, nST2, nSWS, 
nREM). 

Optimal clinical trial design based on a dichotomous Markov-
chain mixed-effect sleep model (Paper IV) 
NLMEM for Phase Advanced Subjects  

In the ’From awake’ sub-model, three break points (BPB, BPC and BPD) 
were included and one break point (BPB) was included in the ’From asleep‘ 
sub-model.   The estimated break points, TPs logit values, and IIV on the TP 
logits along with the linear and non-linear dose effect parameter estimates 
added to the TPs for OD are listed in Table 3.  
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Table 3. Logits and break points model parameter values. 
From 
model Parameters 

Parameter estimates for transition to awake  

awake Logits  
TP1a 

 
TP2 

(BPB) 
TP3 

(BPC) 
TP4 

(BPD) 
TP5c 

   

  2.36 2.09 1.96 1.06 2.92   
 

BP 
BPBc BPC BPDd     

 0.462 901 0.536     

 Dose Effect 
D50

e 
(TP1) 

Emax
e 

(TP1) 
D50

e 
(TP2) 

Emax
e 

(TP2) 
D50

e 
(TP3) 

Emax
e 

(TP3) 
Slopef 
(TP5) 

 1.60 -0.311 5.13 -1.83 0.0943 -0.491 -0.186 
 

2g  TP1 TP2 TP3 TP4 TP5   
 0.963 2.09 1.73 1.44 1.89   

asleep Logits  
TP1a 

 
TP2 

(BPB) 
TP3b 

     
  -2.58 -3.71 -3.12     
 BP BPBc       
 0.405       

 Dose Effect 

Slopef 
(TP2) 

D50
e 

(TP3) 
Emax

e 
(TP3)     

 -0.124 0.466 
-

0.0948     
 

2g  TP1 TP2 TP3     
 2.05 0.474 0.495     

Abbreviations: BP – break points, IIV – inter-individual variability; TP – transition probability. 
a refers to the beginning of the night  
b refers to the last observation 
c BPB=(BPC-BPA)·n+BPA 
d BPD=(BPE-BPC)·n+BPC 
e TPn=n·(1+Emax ·Dose/(D50+Dose)); where TPn is the transition probability at a particular break point, n 
is the typical logit 
estimate, and the unit for D50 are mg. 
f TPn=n+Slope ·Dose; where TPn is the transition probability at a particular break point and n is the 
typical logit estimate. 
g variance estimate for IIV. 

 
Figure 14 illustrates the VPC for the frequency of transitions and sleep 

stage frequency.  The VPC plots (Figure 14) show a good agreement be-
tween the observed and the simulated frequency of transitions and sleep 
stages over the night as the observed profiles generally fall within the confi-
dence intervals obtained from the simulations. Overall, the VPC provide 
evidence that the final NLMEM effectively describes the progression of 
sleep transitions along the night for phase advanced subjects after placebo 
dosing. 
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Figure 14. Visual predictive check on frequency of transitions (first two rows) and 
sleep stage frequencies (last row). 

Optimal design 

The predicted precision of parameter estimates after placebo dosing in 27 
subjects generally improved with the successive increase of the number of 
epochs, but there was relatively little difference between the %RSE for the 
parameters with epochs/subject > 1200 (Figure 15).  The %RSE were not 
that dissimilar when using the “Average Probability Weighted FIM” and 
“Equally Weighted FIM” for the ‘From asleep’ sub-model parameters. The 
parameter %RSE were notably decreased when using the “Equally Weighted 
FIM” as opposed to the “Average Probability Weighted FIM” for the ‘From 
awake’ sub-model.  The %RSE resulting from SSE were generally less than 
the predicted %RSE via the FIMtotal based on 1560 epochs/subject (Figure 
15), and the precision of the parameters were reasonably good and relatively 
unbiased. 
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Figure 15. Predicted parameter %RSE via the FIMtotal (400, 800, 1200, and 1560 
epochs/subject) and SSE (1560 epochs/subject) based on placebo dosing in 27 sub-
jects. 

Evaluation of the reference designs demonstrated a relatively small de-
crease in the predicted %RSE of the TPs, break point, IIV parameters, and 
some dose related effect parameters with increase in the number of cross-
over arms.  However, increasing the number cross-over arms markedly de-
creased the predicted %RSE for D50 parameters in both sub-models, Emax 
(TP1) in the ‘From awake’ sub-model and Emax (TP3) ‘From asleep’ sub-
model, and the predicted efficiency.   

The parameter %RSE based on SSE were generally less than or similar to 
the predicted %RSE via the FIMtotal.  However, several dose related effect 
parameter %RSE were greater than predicted via the FIMtotal. The TPs, break 
point, IIV parameters, and all dose related effect parameters except for D50 
(TP1 and TP3) in the ‘From awake’ sub-model and D50 (TP3) in the ‘From 
asleep’ sub-model were relatively unbiased across all crossover designs. As 
the number of crossovers increased, the bias the dose related effect parame-
ters decreased, but some parameters still displayed relatively high bias; D50 
(TP1) in the ‘From awake’ sub-model and D50 (TP3) in the ‘From asleep 
sub-model.  The observed efficiency was more pronounced than predicted 
via FIMtotal with an increase in the number of cross-overs, and the efficiency 
increased with an increase in the number of cross-over similar to the predict-
ed via FIMtotal. 
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The D-optimal designs for the dose and the number of subjects per group 
for the different crossover designs had relatively little effect on the predicted 
%RSE for the TPs, break point and IIV parameters compared to the refer-
ence designs.  However, the optimized designs, despite a few instances for 
the D50 parameters in the ‘From awake’ sub-model and Emax (TP3) in the 
‘From asleep’ sub-model, generally improved the predicted precision of 
parameter estimates for the dose related parameters (Figure 16).  

Figure 16. Predicted difference in parameter %RSE for optimized designs relative to 
the reference designs via the FIMtotal based on “Average Probability Weighted FIM” 
and “Equally Weighted FIM” based on 1200 epochs/subject/arm. 

The TPs, break point and IIV parameters bias and %RSE from SSE based 
upon the D-optimal designs for both weighting schemes were relatively un-
changed compared to the corresponding reference design.  All dose related 
effect parameters except for D50 (TP1 and TP3) in the ‘From awake’ sub-
model and D50 (TP3) in the ‘From asleep’ sub-model were relatively unbi-
ased across all crossover designs.  Generally, the %MRE and %RSE de-
creased for the dose related effect parameters in both sub-models with the D-
optimal designs for both weighting schemes when contrasted to the refer-
ences designs. However, there was a greater decrease in %RSE when using 
the D-optimal designs based on the “Equally Weighted FIM”, and D-optimal 
designs based on the “Equally Weighted FIM” were more efficient than 
based on the “Average Probability Weighted FIM” (Table 5). 
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Table 4. Observed (SSE) efficiency for D-optimal crossover designs relative to the 
reference designs. 
 

Crossover Deff,Obs
a 

(%) 
 D-optimal design for dose D-optimal design for number of  

subject/group 
 “Average Probabil-

ity 
Weighted FIM” 

“Equal 
Weighted 

FIM” 

“Average Probabil-
ity 

Weighted FIM” 

“Equal 
Weighted 

FIM” 
2 122 136 115   122   
3 116 124 111 116   
4 113 119 107 112 
5 109 117 104 108 
6 105 115 -- -- 

a Estimates were determined using Equation 30 where the |COV-1| from SSE replaced |FIM( ⃗⃗⃗, ⃗)| rela-
tive to the corresponding reference crossover design. 
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Discussion 

During drug development, response variables can include biomarkers or 
clinical endpoints and choosing the best modeling approach or experimental 
design according to the types of data encountered should be decided prior to 
study conduct. In effect, this should provide more accurate parameter esti-
mation related to the physiological condition examined, reduce the experi-
mentally associated costs and time, and allow more informed decisions vital 
for the pursuit of better molecular entities in treating diseases. In this thesis, 
examples of pre-clinical (continuous data) and clinical (discrete data) appli-
cations were examined to demonstrate that better data characterization can 
be accomplished using NLMEM and more effective experiments can be 
accomplished using OD. 

Pre-clinical continuous data 
To demonstrate applicability of NLMEM and OD in pre-clinical applica-
tions, in vitro ligand binding studies were examined.  In vitro binding tech-
niques provided tools to quantitatively assess the interaction of ligands with 
binding sites2,3.  Since the introduction of these techniques, many different 
methods of data analysis have been conducted82-83.  These analysis methods 
extend from simple linear regression and weighted least squares regression 
analysis to more complex non-linear methods to obtain more precise unbi-
ased estimates of binding constants. However, many studies have evaluated 
the data provided by various experiments independently and estimated pa-
rameters separately using these analysis methods77-81.  These approaches 
require that parameter estimates from one experiment are indefectible when 
introduced for parameter estimation of subsequent experiments. In vitro lig-
and binding studies can be quite labor intensive and cost exorbitant.  In addi-
tion, many experimental techniques employ traceable ligands that incorpo-
rate radioactive isotopes to increase sensitivity of the assays, the experiments 
are conducted in hazardous tissues with limited availability and are sensitive 
to time after preparation and must be disposed of properly. Therefore, opti-
mizing the experiments themselves while providing robust parameter esti-
mates will provide safer, cost decreasing, efficient experimentation. 

The methods examined in this thesis provided insight into the advantages 
and disadvantages of using sequential non-linear least squares curve fitting 
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(NLR) and simultaneous non-linear curve fitting (SNLR) in in vitro ligand 
binding parameter estimation assuming a pseudo first order approximation 
system.   

The use of NLR provides an advantage of the use of transformed ligand 
binding data used in linear regression for parameter estimation by computing 
variance of measured binding, however, interdependence of parameter esti-
mation is not resolved via this method.  Another disadvantage, NLR does not 
allow for the measurement error across experiments as each parameter is 
considered indefectible for the subsequent experiment. This was particularly 
prevalent when examining data including non-specific binding (BNS) or vari-
ability associated with the intrinsic quantity of receptors contained per ex-
periment (BEV) was included.   

However, estimation of ligand binding parameters by SNLR can reveal 
interdependence between parameters by examining the correlation matrix 
and can further identify variability across experiments.  SNLR utilized data 
from all experiments and did not necessitate treating observations or esti-
mated parameters as error free.  This factor was observed more prevalently 
at higher levels of residual variability but even at lower levels SNLR provid-
ed better parameter estimation.  Additionally, SNLR provides a single resid-
ual variability estimate that allows for statistical discrimination between 
nested models.  Thus, these values describe the distribution of the unex-
plained random variability between the estimated parameters and noise in 
the measurements.  Although a constant coefficient of error proportional to 
the concentration of bound ligand was assumed, additional residual error 
models could be applied and expected to be better resolved using SNLR. 

Other advantages of using SNLR apply to BNS and BEV. Different rela-
tionships for BNS can be incorporated into the equations for to determine 
specific binding parameters whereas it might not be able to be estimated for 
each experiment independently as used in NLR. In addition, SNLR allows 
for inclusion of estimates of BEV, which can be attributed to many factors 
including binding affinity, uniformity of binding, stability on storage, work-
ing temperature and handling procedures84.  Without accounting for these in 
at least a portion can lead to biased estimates as was demonstrated with 
NLR. 

On the whole, each of experimental conditions applied above play an im-
portant role on the estimation of the specific ligand binding parameters, and 
SNLR provided more precise parameter estimation while allowing for a re-
duction in the time and resources required and flexibility of model structure. 
In addition, the results demonstrated the impact that the variability associat-
ed with each experiment can have on parameter precision.  Therefore, the 
conduct of the experiments themselves and the variability associated with 
each experiment needs to be considered.   

The use of optimal experimental design algorithms to optimize the design 
variables has been shown to be an important tool to minimize the predicted 
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uncertainty of parameter estimates for in vitro ligand binding experi-
ments5,6,85-88. The investigation contained in this thesis examined simultane-
ous optimization of equilibrium and kinetic in vitro ligand binding study 
design variables (ligand concentrations, measurement times and total sample 
number) using D- and ED-optimality including commonly encountered fac-
tors during experimentation (residual error, between experiment variability 
and non-specific binding) and to compare the predicted parameter estimates 
to a conventional experimental design.   

Overall, the optimized designs improved parameter estimates while re-
ducing the number of separate ligand concentrations and measurement times 
and in most cases reducing the total number of samples required.  However, 
given the complexities of different ligand binding systems, assuming point 
values of model parameters, as done with D-optimality, for one system may 
not be applicable to another ligand binding system as the designs may not be 
optimal due to uncertainty in parameter values or model misspecification89,90.   

Uncertainty in model parameter values were incorporated by assuming 
distributions around the relative binding site capacity and relative binding 
rates and then optimizing designs using the ED-optimality design criteria 
based on the premise that a general optimal design for the in vitro ligand 
binding experiments could be constructed with relatively high levels of RE, 
BEV and BNS. This optimized general design provided similar parameter 
estimate precision compared to the original design. In some instances, simi-
lar precision could be retained even with a reduction in the number of total 
samples by ~50%.   

The relatively high experimental condition variability (RE, BEV and BNS) 
assumed for this optimization demonstrated inherent problems related to the 
second binding site and yielded high uncertainty for the parameter estimates.  
However, in systems where the experimental conditions are less variable, the 
predicted parameter estimate precision and power to detect the second bind-
ing site were greatly improved regardless of the relative binding capacity and 
relative binding rates. Therefore, the impact of the experimental condition 
variability greatly affects the precision of the parameter estimates and likeli-
hood of identifying a second binding site. 

Cumulatively, the models and experimental conditions examined play an 
important role on the parameter estimation of the specific ligand binding and 
experimental design.  The advantage of using this method of analysis, 
SNLR, in conjugation with optimized designs presented provide superior 
estimation properties, statistical advantages, ease of implementation, and 
ability to include supplementary parameters to account for different levels of 
variability or increased complexity of ligand-receptor interactions.  The gen-
eral optimized designs for in vitro ligand binding studies provided robust 
parameter estimation precision while allowing more efficient and cost effec-
tive experimentation. 
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Clinical discrete data 
To demonstrate applicability of NLMEM and OD in clinical applications, 
phase advanced sleep study formed the basis of this investigation. Inducing 
phase advanced sleep involves moving bedtime 2-5 hours earlier   than the 
subject’s usual bedtime.  These experiments produce reliable sleep disrup-
tion mimicking transient insomnia in subjects with normal sleep patterns91-93. 
Thus, inducing phase advanced sleep is one way to test a drug’s efficacy in 
altering sleep architecture in subjects under a sleep laboratory-based proto-
col.  The ability of a drug to allow a subject to sleep during this otherwise 
normal awake time demonstrates efficacy, and several drugs with sedating 
properties have been evaluated using this methodology92,93.  Typically, quan-
titative aggregated clinical endpoints describing sleep efficacy are calculated 
to assess each night’s sleep quality to provide an overall assessment of sleep 
behavior over the night but provide few insights on the internal structure of 
sleep. However, mathematical models created to describe sleep structure as a 
stochastic process assuming values in a finite discrete set have previously 
been applied to insomnia patients using Markov-chain models to describe 
the probability of transitioning from each stage of sleep18-22.  As sleep dis-
turbances constitute a substantial socio-economic burden and phase ad-
vanced sleep allows testing a drug’s effectiveness on inducing sleep91,92, the 
use of a Markov-chain NLMEM can provide better characterization of the 
sleep architecture for phase advanced sleep studies and provide differentia-
tion between the sleep architecture in other sleep disorders.  In addition, 
optimizing these types of studies will provide more robust parameter esti-
mates and cost decreasing, efficient experimentation. 

The multinomial mixed-effect Markov-chain model presented in this the-
sis was developed with the intent of providing a useful tool for understand-
ing sleep stage transition probabilities in phase advanced subjects after pla-
cebo dosing.  The current model was expanded from that previously de-
scribed in insomnia patients21,22 to allow additional break points to accom-
modate the 13-hour observation period and study-to-study differences in the 
transition probabilities. The analyses allowed quantitative examination of the 
phase advanced subject data to demonstrate differences between the two 
phase advanced sleep studies on stage time effect and transition probabilities 
for particular sub-models.   

The multinomial mixed-effect Markov-chain model in phase advanced 
subjects resulted in a robust estimation of transition probabilities between 
sleep stages and effect of the duration of contiguous sleep after placebo dos-
ing, and was confirmed by the internal validation procedures that predicted 
the sleep stage transitions over the night and aggregated clinical endpoint 
characteristics of PSG data.  

Overall, examination of the clinical endpoints and transition probabilities 
displayed inherent similarities and differences between phase advanced sub-
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jects and insomnia patients, and indicates that phase advanced subjects gen-
erally displayed a lower transition frequency out of the current sleep state 
than insomniac patients, as well as differing total time spent in specific sleep 
stages.  Although the total time spent awake was not that dissimilar, phase 
advanced subjects displayed a higher tendency to awaken during the early 
portions of the night compared to insomniac patients. These results indicated 
that the phase advanced subjects and insomniac patients display different 
sleep architecture for some transition probabilities and clinical endpoints. 

The results demonstrated the inherent differences between populations 
and that the NLMEM adequately described the sleep architecture for phase 
advanced subjects. However, the constructs of the NLMEM model will have 
to be re-examined when the drug effects are incorporated into the data.  
Therefore, the conduct of the clinical studies, subject allocation and dosage 
regimen, and the impact of these components on parameter estimates need to 
be considered. 

Optimization of design variables for homogenous discrete type responses 
has recently been explored74-76, and the work presented here provides a com-
plement by examining non-homogenous discrete type responses. The FIMtotal 
approximation discussed provided an efficient method for design evaluation 
and trial optimization for non-homogeneous discrete type response 
NLMEMs as exemplified by a dichotomous, non-homogeneous, Markov-
chain phase advanced sleep NLMEM.  

By employing the approximate analytic solution and different weighting 
schemes for the FIMtotal, the optimized doses and number of subjects/group 
were more efficient and provided less NLMEM parameter uncertainty than 
the reference designs.  The methods presented provide an opportunity to 
evaluate different designs and optimize design variables to assess the impact 
on parameter uncertainty.  In addition, supplementary design variables can 
be optimized utilizing the methods presented to provide more robust designs, 
including covariates (smoking or alcohol habits, weight, and gender) that 
have demonstrated pronounced effect in sleep22,94,95 patterns.  These consid-
erations can make a major impact in reducing the associated costs for these 
types of trials.   

In theory, the precision for the parameter estimates predicted by the 
FIMtotal should be an asymptotic lower bound of the estimated parameter 
precision due to the Cramer-Rao inequality46,47.  However, this was generally 
not observed for most of the parameters estimated in the sleep model.  The 
analytical approximation of the FIMtotal and the lack of correlation between 
fixed and random effects could account for the higher predicted parameter 
uncertainty obtained via the FIMtotal relative to SSE.  During SSE, the condi-
tional estimates for IIV during the computation of the parameter estimation 
are used and account for the correlation between fixed and random effects 
within each sub-model. Another factor that possibly contributed to higher 
predicted parameter uncertainty obtained via the FIMtotal relative to SSE 
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could be the FIMtotal weighting schemes.  These results demonstrated the 
importance of assigning the weighting scheme to the FIMtotal for design op-
timization.  Finally, the Cramer-Rao inequality holds for an unbiased estima-
tor, which is not always the case for the Laplace methods utilized by NON-
MEM42 and was demonstrated for some of the parameters. 

These optimal design methodologies can be further extended to provide 
more robust trial designs in sleep studies using a non-homogeneous, discrete 
sleep multinomial Markov-chain model21,22. For these type of models, the 
sleep stages evaluated are partitioned into five different sleep states: awake, 
sleep stage 1, sleep stage 2, slow wave sleep and REM sleep employing a 
temporal dependence of transition probabilities via piecewise linear func-
tions.  Implementing this model for optimal design is complicated by the 
implementation of the FIM weighting.  For the five different sleep states, 
Bayes Theorem for multinomial discrete values could be used to compute 
the average probability of each sleep stage and partitioning the FIM into 
smaller segments, e.g. based on each breakpoint within each sub-model, to 
impact the weighting might improve the precision of the parameter esti-
mates.  These implementations may prove more useful as the multinomial 
Markov-chain model21,22 provide a better understanding of the underlying 
sleep architecture. 

The NLMEM and optimal experimental design methodologies examined 
can play an important role on the robust parameter estimation of the transi-
tion probabilities and more efficient and cost effective clinical studies.  The-
se methodologies can be expanded to optimize trial designs for more granu-
lated sleep models or applied to other models that include temporal depend-
ence on event probabilities. 
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Conclusions 

This thesis provides evidence that better characterization of pre-clinical and 
clinical data can be accomplished using non-linear mixed effect modeling 
(NLMEM) and more effective experiments can be conducted using optimal 
design (OD). 

 
Several methodological points in NLMEM were addressed:  

Continuous data 

 Simultaneous estimation of parameters by SNLR provided more precise 
parameter estimation than NLR.  

 SNLR can provide flexibility of the model structure to evaluate different 
relationships and identify other sources of variability than NLR. 

 SNLR allows for a reduction in the time and resources required to esti-
mate parameters. 

Discrete data 

 The multinomial Markov-chain NLMEM developed provided a useful 
tool for understanding sleep stage transition probabilities in phase ad-
vanced subjects.  

 The analyses demonstrated quantitative differences between the two 
phase advanced sleep studies. 

 The multinomial Markov-chain NLMEM demonstrated the inherent 
differences in sleep architecture between phase advanced subjects and 
insomnia patients. 

 
Several methodological points in OD were addressed:  

Continuous data 

 The general optimized designs for in vitro ligand binding studies provid-
ed robust parameter estimation precision. 

 Similar parameter estimate precision could be retained, in some instanc-
es, with a reduction in the number of total samples using the general op-
timized designs for in vitro ligand binding studies.  

 The impact of the experimental condition variability needs consideration 
in deciding which optimized design for in vitro ligand binding studies to 
use. 
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Discrete data 

 The approximation of the FIM provided an efficient method for design 
evaluation and trial optimization for non-homogeneous discrete type re-
sponse NLMEMs.  

 The optimized design variables were more efficient and provided less 
NLMEM parameter uncertainty than the reference designs. 

 The methodologies used can be expanded to optimize trial designs for 
more granulated sleep models or applied to other models that include 
temporal dependence on event probabilities. 

 
“Without continual growth and progress, such words as improvement, 
achievement, and success have no meaning.” Benjamin Franklin.
 

Pharmacometrics continues to evolve as a science and providing evidence 
for better characterization of data and efficiency using non-linear mixed 
effect modeling and optimal design methodologies will further this devel-
opment.  
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