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In this master’s thesis the width of the η′ meson is studied
as a function of temperature. We consider a background
medium consisting of a pion gas and assume a vanishing
net baryon chemical potential. The width is obtained
in the framework of large Nc chiral perturbation theory
and we consider terms up to next-to-leading order in the
effective Lagrangian. We use a low-density approximation
to calculate the width increase due to scattering with
pions from the heat bath. The results suggest that the
in-medium width for the η′ may become of considerable
size: at a temperature T ≈ 75 MeV we find a width
increase of ∆Γ ≈ 3 − 4 MeV, comparable to the inverse
lifetime of the fireball created in a heavy-ion collision. The
η′ is of particular interested since it is intimately connected
to the U(1)A anomaly of Quantum Chromodynamics
(QCD). It has been speculated that U(1)A may become
a symmetry of QCD at high temperatures and studies of
the η′ could indicate if that is the case. Depending on for
how large temperatures the results from large Nc can be
trusted, they indicate that the η′ may be possible to study
experimentally in heavy-ion collisions due to its sizable
in-medium width.

The outline of this thesis is as follows: chapter 2 contains
a thorough overview of the theoretical background;
chapter 3 consists of the methods and calculations made
in this thesis; chapter 4 presents the results and chapter 5
discusses and summarizes the results of this thesis and
provides an outlook for future studies.
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“It is only slightly overstating the case to say that
physics is the study of symmetry”

-Philip Warren Anderson
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Populärvetenskaplig
sammanfattning på svenska

Inom partikelfysik är det yttersta målet att beskriva universums minsta byggstenar
och hur de växelverkar med varandra. Vid partikelacceleratorer kan dessa partiklar
studeras experimentellt genom att kollidera partiklar med varandra och analysera
resultatet av kollisionen. Likt detektiver som undersöker en brottsplats kan slutsatser
dras om vad som hände vid kollisionen genom att studera vad den resulterat i.

Forskningen inom partikelfysik under nittonhundratalet kulminerade i den så
kallade Standardmodellen. Denna teori beskriver naturens minsta byggstenar och
deras växelverkan genom tre av naturens fyra krafter – elektromagnetismen samt
den starka och svaga kraften. Trots stora ansträngningar har gravitationen ännu
inte kunnat sammanfogas i samma ramverk som de övriga tre krafterna. Den starka
kraften styr växelverkan mellan protonens beståndsdelar, kvarkar och gluoner, medan
den svaga kraften förklarar radioaktivt sönderfall.

Detta examensarbete handlar om olika aspekter av den starka kraften. Det är
den starkaste av naturens krafter men räckvidden är så kort (effekterna av kraften
försvinner efter ca. 10−15 meter) att den trots styrkan inte märks av i vardagen.
Istället måste vi använda partikelacceleratorer som ”mikroskop” för att studera hur
den starka kraften fungerar.

Det huvudsakliga sättet att studera samspelet mellan de elementära partiklarna
är att kollidera partiklar vid enorma hastigheter och energier. Genom att studera
noggrant resultatet av kollisionerna kan slutsatser dras om hur partiklar växelverkar
med varandra.

Vid partikelacceleratorer kan även tunga atomkärnor kollideras för att skapa ex-
trema temperaturer och densiteter. På detta sätt har de högsta temperaturer skapade
av människan uppnåtts vid partikelacceleratorer världen över. I en sådan kollision
slås atomkärnorna och dess beståndsdelar – protoner och neutroner – sönder fullstän-
digt. Energi i enorma mängder koncentreras kring kollisionspunkten och resultatet är
en kortlivad ”eldboll” som innehåller en ”soppa” av kvarkar och gluoner, de partiklar
som bygger upp protoner och neutroner. Eldbollen expanderar och kyls ner mycket
snabbt. Detta tillstånd av kvarkar och gluoner tros ha existerat i ögonblicken efter
universums början 13.7 miljarder år sedan.

I detta heta och tätt packade tillstånd kan vi studera effekten av temperatur och
densitet på den partikelfysik som vi sedan tidigare känner till. Till skillnad från när vi
kolliderar mindre partiklar ser vi nu också hur stora mängder partiklar växelverkar



vi

kollektivt. Partiklar beter sig annorlunda i ett hett medium, egenskaper som till
exempel massa förändras på grund av växelverkan med andra partiklar i mediet.

I detta examensarbete har fokus legat på en speciell partikel: den så kallade
η′-mesonen. En meson är en partikel som består av kvarkar och antikvarkar och
växelverkar genom den starka kraften. Anledningen till att fokusera på just denna
partikel är att den har en direkt koppling till vissa speciella symmetriegenskaper hos
den starka växelverkan.

Symmetri och dess matematik är av högsta vikt inom dagens partikelfysik. Det
är med symmetrins hjälp som teorier om universums naturlagar formuleras och sym-
metrier hjälper oss att första verkligheten omkring oss. I praktiken bestäms partiklars
egenskaper och växelverkan utav de symmetrier som de lyder.

I vissa fall är en symmetri som vi förväntar oss finnas i en teori bruten. En bruten
symmetri kan dock återställas vid höga temperaturer vilket leder till förändrade
egenskaper hos de partiklar som är kopplade till symmetrin.

Det visar sig att η′-mesonen är kopplad till en speciell symmetri hos den star-
ka kraften vilken går under namnet ”axial symmetri”. I vanliga fall är dock denna
symmetri bruten vilket får konsekvenser för de egenskaper vi tillmäter η′-mesonen i
vakuum. När temperaturen blir väldigt hög finns dock en möjlighet att denna ax-
iala symmetri återställs och upphör att vara bruten. Detta skulle få konsekvenser
för vilka egenskaper man uppmäter hos η′-mesonen i ett hett medium. På så sätt
kan vi studera hur den axiala symmetrin beror av temperaturen genom att studera
η′-mesonens egenskaper när den skapats i eftermälet av en kollision mellan tunga
atomkärnor.

Förutom symmetriegenskaperna förandras även den genomsnittliga livstiden för
en partikel när den skapas i ett hett medium. Majoriteten av alla partiklar som
skapas i en partikelkollision är instabila vilket betyder att de lever en kort tid innan
de sönderfaller till andra partiklar. Normalt sett har η′-mesonen en mycket lång
livstid jämfort med den eldboll som skapas i en atomkärnekollision∗ och detta är
en anledning till att den inte studerats i detta sammanhang tidigare – den lever så
pass länge att förändringen av dess egenskaper på grund av det heta mediet inte är
tillräckligt stor för att kunna mätas.

Vad resultatet av detta examensarbete indikerar är dock att denna livstid kan
påverkas i hög grad av temperaturen och att vid de temperaturer som råder i eld-
bollen kan livstiden vara jämförbar med eldbollens livstid. Det innebär att det kan
vara möjligt att studera η′-mesonens och därmed den axiala symmetrins temperatu-
regenskaper i kollisioner mellan tunga atomkärnor.

∗”Mycket lång” betyder i detta sammanhang ca. 2 · 10−20 sekunder, vilket dock är ungefär 600
gånger längre an eldbollens livstid på ca. 3.3 · 10−23 sekunder.



Chapter 1

Introduction

Symmetries govern the fundamental laws of our universe. Throughout the last cen-
tury symmetry arguments have considerably affected the way of thinking in funda-
mental physics. Restricting ourselves to the world of particle physics, the Standard
Model – the theoretical framework which was the pinnacle of the effort of the twen-
tieth century – relies heavily on the use of symmetries.

From the field of condensed matter it is well-known that the symmetry properties
of a system are not static – they will in general change if the system goes through a
phase transition. Applied to particle physics it means that the symmetries that we
use to construct and simplify our theory in vacuum may change if there are phase
transitions at high temperatures.

It is one of the goals of heavy-ion collisions to study such a phase transition in
nuclear matter. When the ions collide an immense amount of energy is concentrated
around the collision point and the result is a so called “fireball” of highly compressed
and heated nuclear matter. This quickly cools down and expands. At the extreme
temperatures and densities in the fireball evidence points to the formation of a new
state of matter dubbed the Quark-Gluon Plasma. This soup of quarks and gluons is
believed to have filled the universe moments after the big bang.

We associate phase transitions with changes in symmetry. In the phase transition
in hot and dense nuclear matter the so called chiral symmetry of the strong interac-
tion changes its behavior. The chiral symmetry is not realized at low temperatures,
it is spontaneously broken, but at the phase transition chiral symmetry is restored,
something that should have effects on the properties of strongly interacting particles.

The spontaneous breaking of the chiral symmetry has the effect that certain
mesons (composite particles consisting of quarks and antiquarks) have low masses.
These mesons are the so called pseudoscalar octet and consist of the pions, the kaons
and the η meson. The same reasoning leads to the conclusion that the η′ meson
should also have low mass, much smaller than e.g. the proton mass. However, due
to the fact that the symmetry connected to the η′ is destroyed by quantization – it
is a so called anomaly – the argument does not apply and the η′ mass is of the order
of the proton mass.

This anomaly, called the axial anomaly, may be restored at high enough tem-
peratures. Then as an effect of this the η′ mass could change. This means that the
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study of the properties of the η′ meson at high temperatures is also a study of the
axial anomaly at high temperatures.

Until now the η′ has not been much studied in heavy-ion collisions, which comes
from the fact that its lifetime in vacuum is much longer∗ than the lifetime of the
thermal medium created in the aftermath of a heavy-ion collision. Hence we might
not see the effects of the medium on the η′ but only the vacuum properties which
we already know very well.

However, something that also changes with temperature is the average lifetime,
the inverse decay width, of a particle. At high temperatures the lifetime becomes
shorter due to interactions with particles in the thermal medium. In this thesis the
change in lifetime, or equivalently decay width, of the η′ meson has been studied as
a function of temperature. The results indicate that the lifetime may become very
short at high temperatures and that it may be comparable to the lifetime of the
fireball created in a heavy-ion collision. This is an indication that the η′ and hence
the axial anomaly is something that can be studied in future experiments.

1.1 Outline

This thesis is structured in the following way: chapter 2 contains an extensive
overview of the theoretical background needed to understand low-energy strong in-
teractions, the η′ and the effects of high temperatures and density. This overview
is divided into three parts. The first part explains the role of chiral symmetry in
low-energy QCD and develops Chiral Perturbation Theory – a successful effective
description of strong interactions at low energies. The second part is concentrated
on the so called axial anomaly and its effects for the η′ meson. The last part of the
theory chapter concentrates on the effects of non-zero temperature and density on
the properties of strongly interacting matter as well as what it implies for the decay
width of a particle.

Chapter 3 contains the calculations made in this thesis. The following two chap-
ters, chapter 4 and chapter 5, present the results, discuss these and give an outlook
for future studies.

∗The vacuum lifetime of the η′ is about 600 times that of the fireball.



Chapter 2

Theory

2.1 Particle physics and Quantum Chromodynamics

Particle physics is the branch of physics that strives to describe the elementary build-
ing blocks of nature and how these interact with each other. Gradually physicists
have looked deeper and deeper into the matter that builds up the world around us
and as the magnification gets larger more and more particles have turned up. Dur-
ing the later half of the twentieth century the so called Standard Model of particle
physics [1, 2, 3] was gradually developed as the framework that describes the elemen-
tary particles and their interactions through all of the fundamental forces in nature
that we know of except for gravity, which is so weak on these scales that its omission
gives no loss of accuracy. The Standard Model consists mainly of two parts: the
electroweak theory – which is the unified description of the electromagnetic and the
weak force – and Quantum Chromodynamics (QCD) – which describes the strong
interaction.

QCD is a quantum field theory that describes the interaction between a collection
of Dirac fermion fields called quarks through the exchange of a number of gauge
bosons called gluons [1, 4, 2]. It builds immediately on the quantized theory of
electromagnetism – Quantum Electrodynamics – but is a case of a more general
gauge theory with a non-abelian gauge group, SU(3). It is a gauge theory and thus
builds on the gauge principle – we take the SU(3) color symmetry that is present in
QCD and propose that the symmetry is local. For the symmetry to be local we need
to introduce eight vector fields – the gluons. These are therefore called gauge fields.

There are three colors (hence the SU(3) and not e.g. SU(2)) and we take the
quarks to be in the simplest possible representation of the gauge group – the three-
dimensional, fundamental representation, denoted 3. SU(3) color transformations
take us between the three color states. The gluon fields transform in the adjoint
representation which for SU(3) has dimension 32 − 1 = 8 and is denoted 8, hence
there are eight gluons.

Except for the three colors, there are six flavors of quarks. We have (in order
of mass) up (denoted u), down (d), strange (s), charm (c), bottom (b) and top (t)
quarks. These can be collected in a six dimensional column vector qi,A, where the
flavor components are written with indices i, j, . . . = 1, . . . , 6 and color components
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have indices A,B, . . . = 1, 2, 3 (there are hence three colors of quarks). The gluon
fields are expanded in terms of the generators Ta of the gauge group SU(3), Aµ =
AaµT

a. Color indices will be denoted by a, b, . . . = 1, . . . , 8 for the gluons (there are
eight different gluons). We will furthermore write the generators as T a = λa/2 where
λa are the so called Gell-Mann matrices, given in appendix A. These serve as a basis
for the eight-dimensional space of traceless 3× 3 matrices, which together with the
non-commutativity of the generators,

[
λa

2
,
λb

2

]
= ifabc

λc

2
(2.1)

make up the Lie algebra su(3) of the gauge group SU(3). Here fabc are the SU(3)
structure constants, given in appendix A.

The kinetic term and the self-interactions for the gluon fields can be conveniently
written in terms of the gluonic field strength tensor

Fµν = ∂µAν − ∂νAµ + ig[Aµ,Aν ] (2.2)

or in component form

F aµν = ∂µA
a
ν − ∂νAaµ − gfabcAbµAcν (2.3)

Note that there is no distinction between upper and lower indices for flavor and color
indices, we will write all color indices and flavor indices down for quarks and color
indices up for gluons.

The QCD Lagrangian is now written as [5]

LQCD = −1

4
F aµνF

aµν +
∑

i

q̄i,A

[
iγµ

(
δAB∂µ − igAaµ

(λa)AB
2

)
− δABM

]
qi,B.

(2.4)

where (λa)AB denotes the matrix elements of a Gell-Mann matrix. Here M =
diag (mu,md,ms,mc,mb,mt) is the quark mass matrix and γµ are the Dirac gamma
matrices. We will usually not write out the quark color and flavor indices explicitly.
By introducing the covariant derivative Dµ = ∂µ − igAaµλa/2, the Feynman slash
notation pµγµ ≡ /p for four vectors and dispensing with the color and flavor indices
for the quarks we can also write the QCD Lagrangian in a concise way as

LQCD = −1

4
F aµνF

aµν + q̄
[
i /D −M

]
q. (2.5)

In the quantized theory, the expectation value of an observable O is given by a
path integral,

〈0|O|0〉 =

∫
Dq̄DqDAµ O exp

(
i

∫
d4xLQCD

)

∫
Dq̄DqDAµ exp

(
i

∫
d4xLQCD

) (2.6)

where the measure means that we should integrate over all field configurations.
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2.1.1 The two faces of QCD

The normal procedure for doing calculations in quantum field theory is to do a
perturbative expansion in terms of the coupling constant, i.e. for an amplitude M
we write

M∼
∑

n

αnMn (2.7)

for coupling α. For this type of expansion to be well-defined we need a small α.
Otherwise, e.g. if α & 1, the series diverges and the method breaks down. In Quan-
tum Electrodynamics (QED) the coupling is given by the fine structure constant,
αe = 1/137. Since this is small the perturbative expansion works very well in the
case of QED [1, p. 198].

What we know from renormalization theory is that the coupling appearing in
the Lagrangian without renormalizing, scaling factors is actually an unphysical, bare
quantity that needs to be renormalized. The renormalized coupling constant will then
depend on an unphysical renormalization scale µ. The beta function determines how
the renormalized coupling depends on µ. Following the standard methods [1, 2, 4], we
can find the beta function by demanding that physical quantities are independent of
µ. The renormalized coupling constant in fact depends on the renormalization scale,
α = α(µ). It is first when we decide on a scale that the coupling is renormalized.

The beta function determines how the coupling depends on the running scale.
The beta function in QCD is given by [5]

β(α) ≡ µ2 d

dµ2
α(µ) = −α2

(
β0 + β1α+ β2α

2 + . . .
)
. (2.8)

where β0 in particular is given by

β0 =

(
11Nc −

2

3
Nf

)
(2.9)

with Nc the number of colors and Nf the number of active quark flavors at energy
scale µ, i.e. quarks that havemq < µ. From this we see that β0 is positive forNf ≤ 16
and Nc = 3. Ignoring all the other βi, i = 1, 2, . . . gives the beta function to one loop
order whereas including higher order terms gives higher order loop corrections to the
beta function. The overall minus sign in the beta function is the reason why QCD
exhibits so called asymptotic freedom, which is the fact that α(µ) is asymptotically
zero for high values of µ which we interpret as free, non-interacting quarks at high
energy scales [6, 7].

Eq. (2.8) defines a nonlinear differential equation for α(µ). This can be solved to
give the well-known one-loop formula for α(µ) as

α(µ) =
1

β0 ln (µ2/Λ2
QCD)

. (2.10)

Here ΛQCD is a constant of integration which is also the only thing that defines the
scale of QCD. The value of ΛQCD depends on the so called renormalization scheme
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9. Quantum chromodynamics 31

Notwithstanding these open issues, a rather stable and well defined world average
value emerges from the compilation of current determinations of !s:

!s(M
2
Z) = 0.1184 ± 0.0007 .

The results also provide a clear signature and proof of the energy dependence of !s, in
full agreement with the QCD prediction of Asymptotic Freedom. This is demonstrated in
Fig. 9.4, where results of !s(Q

2) obtained at discrete energy scales Q, now also including
those based just on NLO QCD, are summarized and plotted.

Figure 9.4: Summary of measurements of !s as a function of the respective energy
scale Q. The respective degree of QCD perturbation theory used in the extraction
of !s is indicated in brackets (NLO: next-to-leading order; NNLO: next-to-next-to
leading order; res. NNLO: NNLO matched with resummed next-to-leading logs;
N3LO: next-to-NNLO).

July 9, 2012 19:53

Figure 2.1 – The running coupling constant of QCD [5] implies that perturbative
calculations are only possible for processes of high energy transfer. This plot com-
bines various determinations of the running coupling. Note that the coupling is not
renormalization-scale independent and hence not an observable, its value can be deter-
mined indirectly but will depend on the renormalization scheme.

used but usually the value is around 250− 300 MeV. This defines approximately the
transition between the perturbative and the non-perturbative regions of QCD. For
µ → ΛQCD the coupling diverges and the perturbative expansion in terms of the
coupling becomes ill-defined.

The functional behavior of α(µ) is depicted in Fig. 2.1. We see that it drops
rapidly for higher values of µ. Since µ should be given a value appropriate for the
energy scale of the process of interest this means that for lower energies the coupling
blows up. Formally the divergence occurs when µ → ΛQCD but α is still large for
values larger than ΛQCD. This means that perturbation theory breaks down. The
divergence in the running coupling does not signal a true divergence of the coupling
constant, it shows merely that the perturbative treatment which was used to get the
expression for α(µ) in the first place does not apply anymore.

What we do find out from this is that perturbation theory cannot be trusted
for energies below about 1 GeV – QCD is non-perturbative for small energies. This
means that we must find some other approach than perturbation theory to do cal-
culations. It turns out that this is not so easy. As of yet no fully satisfying method
exists to treat non-perturbative QCD.

2.1.2 Approaches to non-perturbative QCD

Since we can not use the conventional perturbation theory techniques for QCD at
low energies we need to find other ways to do the calculations. This has proven to be
a difficult task but there are a few successful approaches that have produced results.
Of these the most prominent are Lattice QCD (LQCD) [8] and the use of effective
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theories with a limited range of validity. In this section these two approaches will be
presented in short.

It should be mentioned that there also are some other approaches to non-perturbative
QCD such as so called Dyson-Schwinger methods [9] and the Functional Renormal-
ization Group technique [10, 11]. There are also many phenomenological models.
Neither will however be discussed further in this thesis.

Lattice QCD

In the lattice approach to gauge theories [12] the path integral is calculated numeri-
cally by discretizing space-time into a lattice with some lattice spacing a that specifies
some cutoff 1/a for the momenta. The path integral means that we should consider
all possible field configurations at all points in space-time. The field configurations
are weighted by the eiS factor in the path integral. Lattice calculations are however
performed in Euclidean space with imaginary time τ = it, then the weighting factor
is e−SE where SE is the Euclidean action. This is positive definite and can therefore
be interpreted as a probability measure. By the use of Monte Carlo sampling tech-
niques, where the probability measure e−SE in the path integral is sampled a large
number of times the most probable value of the integral (i.e. the expectation value)
can be obtained.

By performing calculations with this space-time grid instead of full continuum
space-time the number of points is finite and a calculation of the path integral is fea-
sible. In the end one tries to extrapolate the results for a finite number of points into
the continuum limit, which represents the real gauge theory. Lattice calculations are
of course attractive since what we get is a calculation of quantities in the discretized
version of the real theory and not some approximation such as an effective theory.
However, the amount of computer power needed to do the numerical computations
is immense and calculations require the use of supercomputers.

Another problem for lattice calculations is the calculation of dynamic quantities
such as scattering amplitudes and decay rates. At present, these are practically
unreachable by lattice methods. The calculations are limited to static quantities
such as the calculation of masses and thermodynamic quantities.

Despite its shortcomings lattice calculations applied to QCD is one of the most
successful approaches to low energy QCD [13]. For example, it predicts a phase
transition to a Quark-Gluon Plasma at a temperature of about 160 MeV [14] and
has calculated the masses of hadrons to good precision. For example, the mass of
the proton has been calculated to a precision of 2% [15].

Effective theories

The philosophy of an effective field theory (EFT) [16, 17] is to formulate the theory
in terms of the appropriate degrees of freedom – which need not be the most funda-
mental ones. One chooses the most fitting degrees of freedom for the energy scale
one is interested in. Because of this fact EFT:s have a limited range of validity: when
the energy scale becomes such that other degrees of freedom, e.g. more fundamental
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ones, become important the EFT breaks down. Despite this, EFT:s can be very
useful to get a simpler description of a complex theory.

An example of an EFT is the Fermi theory of weak interactions [16], for example
concerning the decay of a muon into an electron, a neutrino and an anti-neutrino.
The interaction between leptons was modelled as a four-point interaction through a
term Lµ ∼ µ̄eν̄ν. This type of description works well because at low energies the
W± boson propagator (which we now know mediates the muon decay) is suppressed
according to

1

p2 −m2
W

p2�m2
W∼ 1

m2
W

. (2.11)

Thus the exchange of a W± boson is approximated for low energies by a four-point
interaction.

What we also note is that the dimension of the four-fermion operator is six, since
the mass dimension of a fermion field is 3/2. Since this exceeds four, we know from
renormalization theory that this type of term leads to a non-renormalizable theory
– to renormalize it would require an ever increasing number of counterterms for
every order. This is also a hallmark of EFT:s – they are typically not renormaliz-
able. This might be seen as a problem since we usually require a predictive theory
to be renormalizable. Loop divergences are normally cured by introducing counter-
terms that absorb the infinities. In a renormalizable theory only a finite number of
counterterms are needed to cure all divergences. In a non-renormalizable theory the
number of counterterms grows for every order in the loop expansion and we thus
need an infinite number of counterterms to fully renormalize the theory. A theory
that requires an infinite number of parameters is not predictive and it appears that
non-renormalizable theories are of no use.

The EFT approach is instead to consider a theory valid up to some cutoff Λ for
all momenta. One makes the assumption that the EFT should have a Lagrangian
that contains all possible terms that are allowed by the supposed symmetries of the
theory. This assumptions comes from a “theorem” by Weinberg which states that
[18]:

“ . . . if one writes down the most general possible Lagrangian, includ-
ing all terms consistent with assumed symmetry principles, and then
calculates matrix elements with this Lagrangian to any given order of
perturbation theory, the result will simply be the most general possi-
ble S-matrix consistent with analyticity, perturbative unitarity, cluster
decomposition and the assumed symmetry principles.”

This results in an effective Lagrangian Leff with an infinite number of terms where
each term respects the fundamental assumptions∗ of Quantum Field Theory and the

∗We require the matrix elements to be unitary for probabilities to be conserved. Cluster de-
composition means that we can write down an amplitude as a product of vertices and propagators
without one factor affecting another. Often we assume certain symmetries to hold, e.g. Lorentz
invariance and gauge invariance. We also want our calculations to result in analytic functions which
behave nicely from a mathematical point of view.
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assumed symmetry. We need some form of ordering of these terms to know which
terms are most important and be able to do calculations. One can show that the
general form of the effective Lagrangian [2, 16, 17] is

Leff =
∑

i,n

cn,i
Λn−4

On,i (2.12)

where On,i denotes a field operator of mass dimension n and cn,i is a dimensionless
coupling constant. All operators consistent with the assumed symmetries should be
included. The sum over i accounts for the fact that there may be several different
operators with the same mass dimension. Each term is suppressed by powers of
the cutoff Λ, with higher dimension operators being more and more suppressed.
This is an important point, since this means that the non-renormalizable terms are
suppressed compared to the renormalizable terms with n ≤ 4.

By making this expansion in inverse powers of the cutoff we obtain a new counting
scheme that allows us to make calculations and measure their importance in terms of
how much they are suppressed by Λ. We then expand in the energy scale of a given
process, E/Λ, and as long as the energy is small higher order terms will be heavily
suppressed. In this sense an EFT can be predictive – by considering terms up to some
finite order in Λ−(4−n) one has only a finite number of non-renormalizable terms. The
resulting amplitudes can then to every order in the coupling be renormalized by a
finite number of terms, the number of such terms will however grow with every new
order in Λ−(4−n).

2.1.3 Chiral Perturbation Theory as an effective theory of QCD

One of the more successful approaches to non-perturbative QCD is Chiral Perturba-
tion Theory (χPT) [19, 20, 18, 21, 22, 23]. This is an EFT that relies on the chiral
symmetry that is approximately realized in the low energy Lagrangian of QCD (dis-
cussed in section 2.1.4 below). This chiral symmetry is not realized in the particle
spectrum, the chiral symmetry is spontaneously broken and the symmetry that is
realized in the particle spectrum is either the isospin SU(2) symmetry for two in-
cluded flavours (up and down quarks) or the Eightfold way SU(3) symmetry for
three included flavors (up, down and strange quarks). With spontaneous breaking
of a symmetry come spinless Goldstone bosons, these are assumed to be the octet
of pseudoscalar mesons shown in Fig. 2.2 on the basis that these have much smaller
masses than all other hadrons. The fact that the chiral symmetry is not exact in
the Lagrangian means that these are pseudo-Goldstone bosons with some nonzero
mass that should still be considered small when the quark masses are considered as
perturbations to the symmetric part of the Lagrangian.

χPT describes the dynamics of the pseudo-Goldstone bosons of chiral symmetry
breaking. As described in [19, 20], it assumes an exact chiral symmetry from the
start and introduces symmetry violations through an expansion in powers of quark
masses. Simultaneously one also makes an expansion in momentum, based on the
assertion that interactions between Goldstone bosons vanish at zero momenta. Since
one makes an expansion in momentum the theory is inevitably an EFT valid only
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Figure 2.2 – The mesons in the pseudoscalar octet with quantum numbers JPC = 0−+.
The horizontal gives the third component of isospin and the vertical the strangeness.
These mesons are assumed to be the pseudo-Goldstone bosons of the spontaneous break-
ing of chiral symmetry in QCD. They have masses that are small on hadronic scales
because the chiral symmetry is explicitly broken by the non-zero quark masses. In the
chiral limit with massless quarks they would be massless and real Goldstone bosons.

for sufficiently low energies: for too high momenta a perturbative series expansion
in terms of momenta breaks down. The effective Lagrangian is written Leff = L2 +
L4 + L6 + . . . where L2n contains terms of order p2n and mn

q where pµ is the meson
momentum and mq the quark mass (which could in principle be the up, down or
strange quark mass). In this sense the effective Lagrangian is not exactly in the
form of Eq. (2.12), the form is a bit more involved. The basic principle still applies
however in the sense that L2 typically gives terms of bigger importance than L4 and
higher.

χPT is constructed using the chiral symmetry that appears in low-energy QCD.
The next sections therefore describe the chiral symmetry in more detail, combining
material from mainly [21], [19], [20], [3], [22], and [23].

2.1.4 Symmetries of QCD

QCD has several symmetries of interest. First of all we have of course the gauge
symmetry SU(3)color which is more or less postulated to hold by the gauge princi-
ple. There is also an approximate so called scaling, or conformal, symmetry which
becomes exact in the absence of quarks. None of these symmetries will be of much
interest in this thesis.

What we will be primarily interested in are instead the symmetries in the flavor
sector. For each flavor we have a U(1) symmetry obtained by multiplying each flavor
in the vector q(x) with a phase factor eiα. In total we thus have a symmetry given
by U(1)Nf where Nf denotes the number of flavors.

Under certain approximations the U(1)Nf symmetry can be enlarged to sym-
metries involving transformations in spaces spanned by more than one flavor. To
find what these approximations are we turn to experimental facts, namely the values
of the quark masses in the quark mass matrix. Approximate values of the quark
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masses can be found in Tab. 2.1 (exact values are difficult to obtain due to the fact
that quarks are always confined within hadrons and can never be pulled out and
“weighed”) . What we see is that we have two light quarks (the up and down), one
with intermediate mass (the strange), two heavy (charm and bottom) and one ex-
tremely heavy (the top). If we consider only low energies such that the three heaviest
quarks have very high masses compared to the average experimental energies we may
approximate the theory by considering the three heavy masses to be infinite. What
then happens is that these three quarks will be too heavy to excite at any time, mak-
ing it possible to ignore these quarks altogether and instead consider a low energy
theory where the quark vector is just q = (u, d, s) andM = diag (mu,md,ms).

mu ' 2 MeV mc ' 1.3 GeV mt ' 173 GeV
md ' 5 MeV ms ' 95 MeV mb ' 4.2− 4.7 GeV

Table 2.1 – Values of the current quark masses from [5]. Note that the values depend
on the method one uses to obtain the masses. Free quarks are not observable states and
hence the naive interpretation of their mass as that of a propagating, physical object
is questionable. The current quark masses are formally well-defined as parameters that
appear in a Lagrangian.

With this approximation we have still not gained any additional symmetry prop-
erties. The only difference is that now Nf = 3 instead of 6. However, if we look
again in Tab. 2.1 we see that the up and down quark masses are very similar. In fact
their difference is negligible compared to the scale of QCD, ΛQCD ∼ 200− 300 MeV.
We may then make the approximation mu = md ≡ m. This results in an SU(2)
symmetry as the up and down quark fields can now be freely rotated into each other
by SU(2) rotations given by

q → eiθ
aτa/2q, q̄ → q̄e−iθ

aτa/2, q =

(
u
d

)
(2.13)

for some real parameters given by the vector ~θ. Here ~τ = (τ1, τ2, τ3) represents the
Pauli matrices, the generators of SU(2). Note that for this symmetry the angle is
the same for quarks and antiquarks.

This SU(2) symmetry between up and down quarks obtained for equal up and
down quark masses is the isospin symmetry of Heisenberg, on the quark level. It
says that the strong interaction can not distinguish between up and down quarks
and is responsible for the very close masses of e.g. the three pions or the neutron
and the proton. The particle spectrum will organize according to the irreducible
representations of SU(2) leading to multiplets labelled by isospin and degenerate in
mass.

The three pions are for example the members of an isospin multiplet and the
three states are obtained from each other by isospin transformations. The masses of
the three pions would be exactly the same, were it not for the fact that the difference
md−mu is after all nonzero in nature and the slight mass differences for the charged
and neutral pions coming from the different electric charges. The fact that isospin



2.1. PARTICLE PHYSICS AND QUANTUM CHROMODYNAMICS 12

symmetry works so well in nature is not surprising given the fact that the up and
down quark mass difference is extremely small.

We can try to further enlarge the symmetry by considering the case where the
strange quark mass is put equal to the up and down quark masses. Obviously this
is not as good an approximation since ms is much larger than mu and md. Despite
this, the difference is still only on a 10% level compared to hadronic scales set by
e.g. the proton mass of ∼ 1 GeV and the symmetry works reasonably well.

By considering such a low energy theory where the three lighter quarks are taken
to have the same mass we obtain an SU(3) symmetry between the three included
flavors. Symmetry transformations are now given by

q → eiθ
aλa/2q, q̄ → q̄e−iθ

aλa/2, q =



u
d
s


 . (2.14)

This is the Eightfold way symmetry of Gell-Mann which is the basis of the quark
model. The composite particles built up by quarks and antiquarks then organize
in multiplets corresponding to the irreducible representations of SU(3). Since the
quarks and antiquarks transform in the fundamental representation 3 and its conju-
gate 3̄ of the SU(3) flavor symmetry we find that when we combine a quark and an
antiquark the resulting states are contained in the tensor product of these represen-
tations, in this case a one-dimensional multiplet and an eight-dimensional one. In
other words the tensor product between the two spaces is given by

3× 3̄ = 1 + 8 (2.15)

and similarly for the baryons (then we consider the product 3× 3× 3).
The SU(Nf ) symmetry obtained by putting Nf quark masses equal is also called

a vector symmetry and is written SU(Nf )V . The reason is that the Noether currents
obtained from this symmetry transform as ordinary vectors under parity transforma-
tions (in this sense it is a vector symmetry as opposed to an axial vector symmetry).
The Noether currents as obtained by the standard methods gives for the SU(3)V
symmetry an octet of currents Jµa , a = 1, . . . , 8. These have divergences given by

∂µJ
µ,a = iq̄[M,

λa

2
]q (2.16)

whereM is the quark mass matrix. We see that the currents are conserved for equal
quark masses since thenM ∝ 13×3 and [λa, 13×3] = 0. For non-equal quark masses
the symmetry is not strictly conserved, but if the difference is small we can still talk
about an approximate symmetry.

In principle there is an additional symmetry present in the QCD flavor sector –
the transformation of all quark fields by the same phase factor eiα. Since the phase is
the same this results in a global U(1)V vector symmetry. This is a symmetry of the
QCD Lagrangian regardless if we put the masses equal or not and regardless of the
number of quarks included. The Noether charge obtained from the zeroth component
of the corresponding Noether current simply counts the number of quarks minus the
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number of antiquarks,

Q =

∫
d3x q†q (2.17)

The symmetry thus accounts for baryon, or quark, number conservation. We can
then write the flavor symmetry from putting Nf quark masses equal as SU(Nf )V ×
U(1)V ' U(Nf )V .

2.1.5 Chiral symmetry

From Eq. (2.16) we note another thing – the vector current is also trivially conserved
for zero quark masses. The up and down quark masses have very small masses so
we have hope that we can to a good approximation consider at least massless up
and down quarks. For the strange quarks the approximation is a bit worse than the
previous approximation ms = m. For massless quarks we can extend the symmetry
further since massless fermions result in a chiral symmetry.

Spin 1/2 fermions live in the spinor representation of the Lorentz group. This is
a combination of two representations, one right-handed and one left-handed. This
means that in general such a fermion is a composition of both left- and right-handed
spinors. For massless fermions these decouple from each other and a massless fermion
becomes either right- or left-handed and there is no Lorentz transformation that takes
a left-handed fermion into a right-handed one and vice versa. We then obtain a so
called chiral symmetry, which means that we can transform left- and right-handed
fermions separately with one transformation different from the other.

This can also be seen on the Lagrangian level. Consider a free Dirac Lagrangian
for some fermion ψ

LD = ψ̄
(
i/∂ −m

)
ψ. (2.18)

We can project a fermion onto its right- or left-handed component by using projection
operators

PLψ ≡
1

2
(1− γ5)ψ = ψL, PRψ ≡

1

2
(1 + γ5)ψ = ψR. (2.19)

The projection operators satisfy the necessary conditions:

PR + PL = 1, P 2
R/L = PR/L, PRPL = PLPR = 0. (2.20)

Inserting unity in form of PR +PL in the Dirac Lagrangian above and remembering
the fact that {γµ, γ5} = 0 we find

LD = ψ̄(PR + PL)
(
i/∂ −m

)
(PR + PL)ψ

= iψ̄PR /∂PLψ + iψ̄PL/∂PRψ −mψ̄PRPRψ −mψ̄PLPLψ
= iψ̄L/∂ψL + iψ̄R /∂ψR −mψ̄LψR −mψ̄RψL. (2.21)

What we see is that the kinetic terms separate into right- and left-handed parts
while the mass terms mix the two chiralities. This means that for a symmetry
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transformation that affects ψL and ψR differently the kinetic terms will be invariant
but the mass terms will not. Thus the mass term spoils the chiral invariance. If the
fermion is massless the Lagrangian has a U(1)L × U(1)R symmetry resulting from
separate U(1) transformations of the left- and right-handed fermions.

The same is true in QCD with Nf massless quarks. The quark part of the La-
grangian then separates into left- and right-handed parts and we obtain a chiral
symmetry given by SU(Nf )L × SU(Nf )R resulting from the SU(Nf )L/R transfor-
mations exp (iθaL/RTa). For Nf = 2 this symmetry is rather exact since the masses
of the up and down quarks are so small on QCD scales. For Nf = 3 the symmetry
is more approximate.

The chiral symmetry leads to two octet Noether currents, one for the right-handed
and one for the left-handed part of the symmetry. These will be denoted by Jµ,aL/R.
We will not be so concerned with these currents but will take linear combinations
according to

Jµ,a ≡ Jµ,aL + Jµ,aR , Jµ,a5 ≡ Jµ,aL − Jµ,aR . (2.22)

For completeness, we here give these Noether currents:

Jµ,a = q̄γµ
λa

2
q,

Jµ,a5 = q̄γµγ5
λa

2
q. (2.23)

The linear combinations transform as a vector and an axial vector respectively under
parity transformations, hence we will call these currents the vector current and axial
vector current respectively.

In principle we can not only perform SU(Nf )L/R transformations. We can also
extend the chiral symmetry to U(Nf )×U(Nf ) by including U(1)L and U(1)R. Con-
sidering again linear combinations as above this gives one vector symmetry U(1)V re-
sponsible for baryon number conservation and another axial vector symmetry U(1)A
that is the result of transforming the quarks and the antiquarks with opposite phase
angles. For three massless flavors the full chiral symmetry then becomes

U(3)V × U(3)A ' SU(3)V × SU(3)A × U(1)V × U(1)A. (2.24)

When we have a symmetry in the theory we look for how this is manifested in
nature. For example the Eightfold way symmetry requires that hadrons organize in
multiplets according to the irreducible representations of SU(3). U(1)V is responsible
for baryon number conservation and it is always a symmetry in QCD as noted above.

What should we expect from a chiral symmetry? Axial transformations result in a
parity change. If it is approximately manifest in the particle spectrum we therefore
expect almost mass degenerate parity partners connected by a parity transforma-
tions. However, when we look at the pseudoscalar octet of mesons (which transform
negatively under parity) we see that the corresponding scalar octet have very dif-
ferent masses [5]. This is also true for other particles, for example the mass of the
nucleon is ∼ 1 GeV whereas the mass of the N∗, which is the parity partner, is about
1.5 GeV. It thus appears that the axial symmetry does not show up in nature.
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When a symmetry that is present on the Lagrangian level fails to show up in
the spectrum of the theory there are in principle two ways out: the symmetry is
anomalous, meaning that it is not present in the quantized theory, or the symmetry is
spontaneously broken. In fact both of these cases are needed to explain the breaking
of the chiral symmetry in QCD.

Symmetries that are present on the Lagrangian level are classical symmetries. A
quantum theory requires that we quantize the classical theory in some way, usually by
canonical quantization or through the path integral formulation. When a theory has
an anomaly it simply means that there is no way to quantize the theory in a proper
way and still keep the full symmetry present at the classical level. Some symmetries
must be sacrificed in order not to spoil the quantization procedure. Anomalies will
be discussed further below.

Spontaneous symmetry breaking means that the ground state of the theory has
a different, lower, symmetry than the action or Lagrangian. Since particles are
excitations around the vacuum state this will inevitably affect the particle spectrum
that we observe. The particle spectrum will reflect the symmetry of the ground state
and not the symmetry of the action – in this sense the full symmetry of the action
is hidden in the spectrum. We can also see this by the following argument, which
is part of the so called Goldstone’s theorem. We consider a theory with vacuum
state |0〉 and Hamiltonian H which is symmetric under some symmetry group with
generators Q. The symmetry means that [H,Q] = 0. Usually we require that Q
annihilate the ground state since a general symmetry transformation can be written
as

eiα·Q|0〉 = (1 + iα ·Q+ . . .) |0〉 (2.25)

and we usually want the ground state to be symmetric under the symmetry operation,
i.e. eiα·Q|0〉 = |0〉. If we however consider a case where the symmetry does not leave
the ground state invariant we see that we can have a situation where Q|0〉 6= 0. The
energy of the state Q|0〉 is then given by

H(Q|0〉) = QH|0〉+ [H,Q]|0〉 = 0 (2.26)

since H annihilates the ground state and we still have [H,Q] = 0. This means that
the symmetry operation takes us to a new state eiα·Q|0〉 6= |0〉 that has the same
energy as the ground state. This can only be true if there are massless particles in
the spectrum. These particles have spin zero and are called Goldstone bosons, and
accompany any spontaneous breaking of a global symmetry.

Let us now turn to low energy QCD with three quarks. What happens to the
chiral U(3)V × U(3)A symmetry that is present in the action? When we look at
the particle spectrum we should see signs of the Goldstone bosons required for a
symmetry to be spontaneously broken. We note that the masses in the pseudoscalar
meson octet consisting of the pions, kaons and the η are, although not zero, small
compared to other hadrons (see Tab. 2.2). Especially the pions have a considerably
smaller mass than most hadrons, which typically have masses from ∼1 GeV and
upwards.
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Meson Mass [MeV]
π 138
K 496
η 548
η′ 958

Table 2.2 – Masses of the mesons in the pseudoscalar octet and the η′ from [5]. The
masses are averaged in each isospin multiplet.

It remains to decide which part of the chiral symmetry that is spontaneously
broken and which part that remains. It is then useful to look at the chiral symmetry
written in the form on the right-hand side of Eq. (2.24). The Goldstone bosons have
the same transformation properties as the broken generators. Since the light particles
are pseudoscalars it is the axial symmetry which is broken (we also see no signs of an
SU(3)A symmetry in experiments). Since we have eight light pseudoscalars and not
nine we make the conclusion that it is the SU(3)A part of the axial symmetry which
is broken, as the number of light pseudoscalars matches the number of generators of
SU(3) which is is 32 − 1 = 8.

Why are the Goldstone bosons not massless – as they should from Goldstone’s
theorem? The reason comes from the small, but nevertheless nonzero values of the
quark masses. These act as perturbations to the symmetry and result in massive
Goldstone bosons. For small quark masses the Goldstone boson masses should still
be small compared to other particles in the theory – which they are. The pions have
smaller masses than the pseudoscalars containing strange quarks since the SU(2)V ×
SU(2)A chiral symmetry is much more precise than the SU(3)V × SU(3)A one.

It thus looks like the symmetry manifest in the particle spectrum should be
SU(3)V × U(1)V × U(1)A. SU(3)V is the Eightfold way symmetry coming from
settingmu = md = ms, this we know is approximately realized in nature. The U(1)V
accounts for conservation of the number of quarks minus the number of antiquarks.
The U(1)A transformations turn a positive parity particle into a negative parity
particle and vice versa. We should then expect mass degenerate parity partners in
the spectrum, something we (as noted above) do not see. Thus the U(1)A is either
spontaneously broken or anomalous.

If we had spontaneous breaking of the U(1)A symmetry we expect a Goldstone
boson that is a pseudoscalar. The best candidate is the η′, but is has a mass of almost
1 GeV and is therefore too heavy to be able to interpret as a Goldstone boson (we
expect a mass of the same order as the other pseudoscalars). We draw the conclusion
that U(1)A should be anomalous and hence not present in the quantized theory.

Indeed this is the case [3, 21]. The divergence of the axial U(1)A current is non-
zero also in the limit of zero quark masses, it contains a term including the gluonic
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field strength tensor [24, 25],

∂µJ
µ
5 =

Nfg
2

32π2
εµνλρF aµνFaλρ

≡ Nfg
2

16π2
F̃ aµνFaλρ (2.27)

where we have defined the dual of the field strength tensor, F̃ aµν ≡ εµνρλF aρλ/2. Note
that this expression is valid for vanishing quark masses, otherwise additional terms
appear proportional to the quark masses.

Obviously the axial U(1)A anomaly plays an important role concerning the η′

meson, which is the main interest in this thesis. Therefore we will devote some space
to how the anomaly and its effects can be better understood. This will be done
in section 2.3 below. For now we will forget about the anomaly and consider the
chiral symmetry SU(3)V × SU(3)A × U(1)V . This symmetry is the basis for χPT.
The pseudoscalar octet of mesons are considered the pseudo-Goldstone bosons of the
spontaneous breaking of the approximate chiral symmetry. The next section looks
closer at the chiral symmetry breaking.

2.1.6 Chiral symmetry breaking and the quark condensate

For a symmetry to be spontaneously broken the ground state can not be symmetric
with respect to the full symmetry group G of the Hamiltonian. Instead, the vacuum
state is invariant only under the subgroup H. This leads to a number of Goldstone
bosons equal to the dimension of the coset space G/H [26]. Indeed, if the number
of generators in G (H) are nG (nH), the dimension of G/H is nG−nH , equal to the
number of broken generators.

As an example we look at the well-known Mexican hat potential with a complex
scalar field where the potential is given by

V (|φ|) = +m2|φ|2 − λ

4
|φ|4 (2.28)

and the mass term has the “wrong” sign compared to a standard theory. The Hamil-
tonian now has a U(1) symmetry resulting from rotations of the “hat” around its
vertical axis. The ground state at the bottom of the potential does not have this
symmetry since rotations around a vertical axis now do no longer give back the same
form of the potential – the ground state is only symmetric under the identity group
1.

The surface which contains the lowest energy state, the minimum of the potential,
is in the form of a circle which is exactly the quotient space U(1)/1 ' U(1) ' S1

(U(1) is isomorphic to the circle). Therefore the Goldstone bosons are states that
are parametrized by the rotations around the circle. In this case the quotient space
is one-dimensional, so there is only one independent Goldstone mode.

For cases with other symmetry groups being broken, the quotient space may be
more than one-dimensional, leading to several Goldstone modes. In the case of chiral
symmetry breaking the symmetry group of the Hamiltonian is SU(3)L × SU(3)R ×
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U(1)V and this is broken down to the vector subgroup SU(3)V ×U(1)V . The quotient
space is then [27]

[SU(3)L × SU(3)R × U(1)V ] / [SU(3)V × U(1)V ] ' SU(3). (2.29)

The dimension of SU(3) is eight, so there will therefore be eight Goldstone bosons
from the chiral symmetry breaking. These are the eight mesons in the pseudoscalar
octet and these are a linearly independent set of fields in the eight-dimensional
Goldstone manifold, or surface, that is here given by SU(3)∗. Equivalently, there
is one Goldstone boson for each broken generator which also gives eight since the
number of generators of an SU(N) group is exactly N2 − 1, giving eight for N = 3.

With the spontaneous symmetry breaking comes an order parameter. The order
parameter is a quantity that is zero in the unbroken phase and nonzero in the broken
phase. Usually it corresponds to a vacuum expectation value of a field or combination
of fields. In the Mexican hat example it is the vacuum expectation value of the field
which is nonzero, 〈0|φ|0〉 6= 0. This means that the minimum of the potential, i.e.
the minimum energy state, is not at the origin but at a slight shift from the origin
where the field has a nonzero value.

The expectation value must be of a Lorentz scalar. Otherwise the vacuum would
not be Lorentz invariant since a Lorentz transformation would induce a shift in the
vacuum. For example, if we had a non-vanishing vector field in vacuum this would
mean that there was a preferred frame and that rotations would give physical effects.
The order parameter should also be invariant under the subgroup of the Hamiltonian
symmetry that is the symmetry of the vacuum state. This is because it is precisely
this subgroup which remains after the breaking of the symmetry which gives the
symmetry of the vacuum state.

In QCD the simplest Lorentz scalars can be produced by combining quark and
antiquark fields to give quark bilinears. In principle one can also construct gluon
bilinears but if we are interested in chiral symmetry we focus on the quark bilinears
since gluon bilinears are invariant under all flavor transformations and thus have
nothing to do with chiral symmetry breaking. With the above requirements there
are not so many possibilities for the simplest Lorentz scalar bilinears. With the
vacuum symmetry SU(3)V × U(1)V we can form scalar and pseudoscalar quark
densities given by

S(0) = q̄q, P (0) = iqγ5q. (2.30)

Of these, it is the scalar density S(0) that develops a non-vanishing expectation
value.† This is then just equal to (writing 〈A〉 for 〈0|A|0〉)

〈S(0)〉 = 〈q̄q〉 = 〈ūu+ d̄d+ s̄s〉 6= 0 (2.31)

Note that there are in principle many operators that meet the above requirements,
i.e. invariance under Lorentz symmetry and the vacuum U(3)V symmetry, like for

∗A Lie group is mathematically a group that is also a smooth manifold.
†A non-vanishing expectation value of the pseudoscalar condensate would imply that the vacuum

is not parity invariant.
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example 〈(q̄q)2〉. In principle these can also serve as order parameters of chiral
symmetry breaking but we choose to use the simplest operator which is the quark
condensate 〈q̄q〉.

From requiring that this should be symmetric under the SU(3)V × U(1)V sym-
metry one obtains [21]

〈ūu〉 = 〈d̄d〉 = 〈s̄s〉 (2.32)

This quantity, called the quark condensate, serves as the order parameter for chiral
symmetry breaking and is non-zero in the broken phase which is realized in vacuum.
The value of the quark condensate is not renormalization scale invariant and thus
depends on the renormalization scheme used. This also means that it is not an
observable quantity.

At higher temperatures or medium densities the quark condensate actually de-
creases and in the chiral limit it vanishes at some critical temperature, signaling the
transition to an unbroken, chirally symmetric phase. In the real world with nonzero
quark masses it drops sharply at the critical temperature but remains non-zero.
Currently we don’t consider medium or temperature effects, then the quark conden-
sate stays at a constant value. In section 2.5 the consequences of the temperature
dependence of the quark condensate will be discussed.

2.2 Chiral Perturbation Theory for mesons

At low energy the particle content of QCD consists of hadrons. An effective the-
ory of the strong interaction should therefore be a theory of hadrons, which are
the appropriate degrees of freedom for low energies where QCD is non-perturbative.
At sufficiently low energies the states that show up in experiment are furthermore
mainly the pseudoscalars that are considered the pseudo-Goldstone bosons of chiral
symmetry breaking. In the chiral limit these are even massless and so for very low
energies these are the only hadrons that show up. This is the reason why the effective
theory we are considering, χPT, is a theory that has as its degrees of freedom the
pseudoscalar mesons in the pseudoscalar octet. In the formulation of the effective
Lagrangian, these are the fields that appear. This section is devoted to the construc-
tion of the effective Lagrangian in χPT and follows closely the presentation in [21],
[3] and [23].

2.2.1 Construction of the effective Lagrangian

From the above discussion we know that χPT should have a Lagrangian invariant
under the chiral symmetry SU(3)L × SU(3)R × U(1)V and describe the Goldstone
fields of the chiral symmetry breaking. Furthermore, the ground state should be
symmetric only under the vector subgroup SU(3)V × U(1)V . The first question
is how to parametrize the fields. The S-matrix and the observable results should
not depend on the specific parametrization we use, a good parametrization should
therefore be found that doesn’t complicate things more than needed. It seems that
the easiest thing to do is to collect the eight mesons in an eight-dimensional column
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vector Φa(x) where a = 1, . . . , 8. It turns out that this is not the best way to do it
when one considers the transformations under chiral symmetry.

The Goldstone bosons transform as an octet under SU(3) and belong to the
quotient space SU(3)L×SU(3)R×U(1)V /SU(3)V ×U(1)V which is given by SU(3).
Therefore they can be parametrized as an element U ∈ SU(3), where the eight fields
denote the eight independent components of this matrix. We also need the fields to
be space-time dependent and so describe them by a space-time dependent element
U(x) ∈ SU(3). A general element of the Lie algebra su(3) can be written as a linear
combination of the Gell-Mann matrices, which are the basis elements of the su(3) Lie
algebra. To get U(x) we exploit the fact that an element in a Lie group can be written
as the exponential of elements in the corresponding Lie algebra. This exponential
mapping is in general not one-to-one, only for elements connected to the identity
element (the Lie algebra is the linearization of the Lie group around the identity).
In the case of a simply connected group like SU(3), all elements are connected to
the identity and we can express any element in SU(3) by exponentiating elements in
su(3). A general element φ ∈ su(3) is expanded in terms of the Gell-Mann matrices,
φ(x) = φa(x)λa since these form a basis for the algebra. Then an SU(3) element can
be written as the exponential of this:

U(x) = exp (iφ(x)) = exp

(
i

8∑

a=1

φa(x)λa

)
(2.33)

The φ(x) matrix is given by

φ =



φ3 + 1√

3
φ8 φ1 − iφ2 φ4 − iφ5

φ1 + iφ2 −φ3 + 1√
3
φ8 φ6 − iφ7

φ4 + iφ5 φ6 + iφ7 − 2√
3
φ8




≡



π0
B + 1√

3
η8

√
2π+

B

√
2K+

B√
2π−B −π0

B + 1√
3
η8

√
2K0

B√
2K−B

√
2K̄0

B − 2√
3
η8


 (2.34)

where the bare meson fields have been defined in the second equality. These fields
are the bare fields and not the physical fields (the physical fields will be defined
below) as indicated by the subscript. There is a subscript 8 on the η8, indicating
that the field appearing in the octet is not actually the physical η meson. The octet
and the singlet η:s mix and linear combinations of η0 and η8 form the physical η and
η′ mesons. In the following we shall let it be understood that a subscript 8 or 0 on
the η fields indicate that these are bare fields and not the physical ones.

The mixing in principle also occurs between the η fields and the π0, which has
the same exact quantum numbers as the η (they have different isospin but isospin
is only an approximate quantum number), but this mixing is proportional to the
difference md −mu and hence very small, it vanishes in the isospin limit mu = md.
We will assume isospin symmetry and ignore the π0η mixing in the following.

The transformation of U(x) under chiral symmetry is simple. For (L,R) ∈
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SU(3)L × SU(3)R we have [21, 3, 19, 20, 23]

U → U ′ = LUR†, (2.35)

i.e. U transforms linearly. This means that the φ field does not transform linearly,
instead the previous equation defines φ′ as a complicated function in terms of φ.

Now we can start to construct the terms in the effective Lagrangian. In the
spirit of effective theories we should include all terms compatible with the under-
lying symmetries, in this case the focus is on chiral symmetry.∗ The Lagrangian
should be a scalar, and to get a scalar from U(x) we take traces. The allowed terms
will be derivatives of U(x), to reproduce the fact that the pseudoscalar interactions
vanish at zero momentum (derivatives correspond to momenta). Terms with only
one U or U † will then contribute since U and U † are not chirally invariant from
Eq. (2.35). Contributions proportional to TrUU † will not appear since this is a
constant, TrUU † = Tr 13×3 = 3.

To keep track of the various terms in the Lagrangian we should introduce a
power-counting scheme. Since we are interested in low energy physics we can make
an energy, or momentum, expansion. Then the leading order terms will be the ones
with the fewest derivatives. From dimensional analysis it follows that a term with
n derivatives will, since derivatives correspond to momenta, go as pn/M (n−4) where
M is some constant with dimension of mass. In the momentum expansion, we write
the effective Lagrangian as

Leff = L2 + L4 + . . . (2.36)

where the subscript indicates the number of derivatives in the term. Only even
subscripts are allowed in a Lorentz invariant theory.

Now we can start to look for terms compatible with the chiral symmetry and
organized according to the momentum expansion. At order O(p2) there is only one
term allowed [22, 23],

L0
2 =

F 2

4
Tr ∂µU∂

µU † (2.37)

where the superscript denotes that this is in the chiral limit. This is chirally invariant
under global SU(3)L × SU(3)R × U(1)V where U → LUR†:

L0
2 →

F 2

4
Tr ∂µ(LUR†)∂µ(RU †L†)

=
F 2

4
TrL(∂µU)R†R(∂µU †)L†

=
F 2

4
Tr ∂µU∂

µU †

= L0
2 (2.38)

∗Of course we also include Lorentz symmetry. Separate invariance under C, P and T will also
be included, although this is not always necessary.
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where we have used that the symmetry is global i.e. ∂µL = ∂µR = 0, R†R = L†L = 1
and the cyclicity of the trace. The remaining part of the symmetry is U(1)V . This is
trivially satisfied since it corresponds to baryon number and mesons in φ have zero
baryon number and transform as φ → φ under U(1)V . Therefore U → U and the
symmetry is trivially satisfied.

The F coefficient in Eq. (2.37) can in principle be absorbed in the field and in
this way be removed but it is included here for the purpose that it will simplify the
treatment at higher order. To get the correct kinetic term for the meson fields we
expand U = exp (iφ) = 1 + iφ+ . . . and obtain (keeping only the relevant terms)

L0
2 =

F 2

4
Tr ∂µ(1 + iφ+ . . .)∂µ(1− iφ+ . . .)

=
F 2

4
Tr ∂µφ∂

µφ+ . . .

= F 2
[1

2
∂µπ

0
B∂

µπ0
B + ∂µπ

+
B∂

µπ−B+

+ ∂µK
0
B∂

µK̄0
B + ∂µK

+
B∂

µK−B +
1

2
∂µη8∂

µη8

]
+ . . . (2.39)

where the last equality follows from the explicit representation of the φ matrix in
Eq. (2.34). The kinetic term should have a factor 1/2 for identical and a factor 1
for non-identical fields in order for the fields to represent physical asymptotic states
in the LSZ formula. We thus see that we should actually absorb the constant F
into the fields to have the physical fields with the correct normalization.∗ As higher
order terms from L4 and higher are taken into account, there will be corrections to
the kinetic terms which mean that we can no longer simply scale all fields by an
equal constant to correctly normalize the fields – we will need to do wave function
renormalization. Then the fields will get different renormalization constants.

The dots in Eq. (2.39) represent self-interactions between the pseudoscalars. Here
we can in principle include all terms in the expansion of U . It seems then that we run
into problem with the momentum expansion, since there will be an infinite number
of terms included at every order. In principle diagrams with arbitrary many loops
seems to be as important as the tree level diagrams.

The way out of this dilemma comes from the fact that loops actually count as
higher order in the momentum expansion due to a result by Weinberg [18]. The result
states that a diagram where all external momenta have been rescaled according to
pi → tpi will have an amplitude

M(tpi) = tDM(pi) (2.40)

where the chiral dimension of the diagram is

D = 2 +
∞∑

n=1

2(n− 1)N2n + 2NL. (2.41)

∗In many references U is defined instead as U = exp (iφ/F ) which then cancels the F in front
of the fields in the expansion to find the kinetic term.
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Here NL denotes the number of loops in the diagram and N2n denotes the number
of vertices that come from L2n.

The rescaling of the momenta is a way to see what the dominant contributions
will be at low momenta, when we consider t to be small. A general diagram will go
as O(pD). For small momenta, the small values of D dominate since high powers of
the momenta are suppressed at low energies. Considering χPT to O(pD) means that
we include all diagrams of order less than or equal to D.

Looking more closely at Eq. (2.41) we see that a general diagram will go at least
as O(p2), and then, for D = 2, the only possibility is that we have one vertex from
L2, i.e. N2 = 1 and N4 = N6 = . . . = 0, NL = 0. No loops can enter at O(p2). At
O(p4), i.e. D = 4, we can either let N2 = 0, N4 = 1 and NL = 0 which corresponds
to a diagram with one vertex from L4 and no loops, or we can let N2 = 2, N4 = 0
and NL = 1 corresponding to a diagram with one loop and two vertices from L2.∗

In this way, the insertion of loops moves the diagram to a higher order in the pD

expansion.

2.2.2 Explicit symmetry breaking and meson masses

One thing to note about the Lagrangian in Eq. (2.39) is that there are no mass
terms for the mesons. This is of course because so far we have only looked at the
chiral limit, where the pseudoscalars are (true) Goldstone bosons of spontaneous
chiral symmetry breaking and therefore massless. When we introduce explicit chiral
symmetry breaking by looking at nonzero quark masses the Goldstone bosons will
acquire masses (and hence can not strictly be viewed as Goldstone bosons anymore).
A useful way to introduce symmetry breaking quark mass terms is to look at a low
energy QCD Lagrangian coupled to external sources [22, 21, 23, 3, 28]. The quark
masses will then be considered external sources to the Lagrangian. The Lagrangian
for QCD with three massless quarks is

L0
QCD = −1

4
F aµνF

µν
a + iq̄ /Dq (2.42)

When we couple this to external sources we write

L(l, r, v(0), s, p) = L0
QCD + Lext

= L0
QCD + q̄Lγ

µ(lµ + v(0)
µ )qL + q̄Rγ

µ(rµ + v(0)
µ )qR−

− q̄L(s+ ip)qR − q̄L(s− ip)qR (2.43)

where lµ, rµ, v
(0)
µ , s, p are 3 × 3 matrices representing external fields, coupled to the

particular combinations of quark and antiquark fields that we are interested in study-
ing. The idea is to take functional derivatives with respect to the external fields to
obtain Green’s functions for the operators coupled to the external fields.† The ex-

∗In principle, there is nothing in Eq. (2.41) which constrains N2 since this is multiplied by zero
in the sum. However, inserting more vertices from L2 into a connected diagram will inevitably
result in the insertion of loops and hence D will change.

†Note that there is no external field a(0)µ coupled to an axial vector. This is because of the U(1)A

anomaly, the axial singlet current is not conserved in QCD. Thus we only include an external v(0)µ
coupled to the (conserved) singlet vector current from the U(1)V symmetry.
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ternal fields are written

lµ = laµλa, rµ = raµλa,

s = s0 + saλa, p = p0 + paλa (2.44)

where a = 1, . . . , 8. Another way to write this is to take linear combinations of left-
and right-handed fields in order to write it in terms of vector and axial currents, then
we can write Eq. (2.43) as

L(v, a, s, p) = L0
QCD + q̄γµ(vµ + v(0)

µ + γ5aµ)q − q̄(s− iγ5p)q (2.45)

In this form we recognize that the external sources are coupled to the nine vector
and eight axial vector currents from the chiral symmetry. Real QCD corresponds to
the case where v = a = p = 0 and s =M.

In the external field method one can easily obtain expectation values of the var-
ious quantities coupled to the external fields. One then takes functional derivatives
of the generating functional defined as

Z[v, a, s, p] = 〈0out|0in〉

=

∫
Dq̄DqDA eiS(v,a,s,p). (2.46)

For example, if we want to find the expectation value of q̄q we look for the external
source that this is coupled to and take a functional derivative:

〈0|q̄q(x)|0〉 = −i δZ

δs0(x)

∣∣∣∣
v=a=p=0,s=M

. (2.47)

To get the expectation value of two axial currents Aµa and Aνb , where A
µ
a = q̄γµ λa2 γ5q,

we take two functional derivatives with respect to the axial external fields:

〈0|Aµa(x)Aνb (y)|0〉 = (−i)2 δ2Z

δaaµ(x)δabν(y)

∣∣∣∣
v=a=p=0,s=M

. (2.48)

Including external fields as above promotes the global chiral symmetry to a local
one provided the external fields transform properly, the external vector fields must
transform as gauge fields under local chiral symmetry:

lµ → LlµL
† + iL∂µL

†, rµ → RrµR
† + iR∂µR

†, v(0)
µ → v(0)

µ − ∂µΘ,

s+ ip→R(s+ ip)L†, s− ip→ L(s− ip)R† (2.49)

where now (L(x), R(x),Θ(x)) are elements of a local SU(3)L × SU(3)R × U(1)V
symmetry and the quark fields transform as

qL(x)→ eiΘ(x)L(x)qL(x), qR(x)→ eiΘ(x)R(x)qR(x) (2.50)

When the symmetry is local and one includes external fields transforming in the
correct way one can also use this to couple the quarks to the gauge fields related
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to the other interactions of the Standard Model. For example, one can model elec-
tromagnetism by coupling a U(1) gauge field to the quarks. This U(1) is then a
subgroup of SU(3)L × SU(3)R and we have for the photon field Aµ

rµ = lµ = −eQAµ (2.51)

and all other external fields zero except s = M when we only consider the electro-
magnetic coupling. Here Q denotes a matrix containing the electric charges of the
quarks, Q = diag (2/3,−1/3,−1/3), and e is the elementary charge. We then find

Lext,QED = −eQq̄LγµAµqL − eQq̄RγµAµqR
= −eQq̄γµAµq

= −eAµ
(

2

3
ūγµu− 1

3
d̄γµd− 1

3
s̄γµs

)
(2.52)

in agreement with the usual electromagnetic coupling between photons and fermions.
Similarly one can describe weak decays by adding gauge fields consistent with the
W± and Z bosons of weak theory.

The fundamental difference between the external fields included above and actual
gauge fields is that the external fields have no dynamics, there is no kinetic term for
the external fields. This means that these are “frozen” and do not propagate [28].

Meson masses

When we go from the quark description to the description in terms of χPT we want to
build a theory that contains the field U(x) and the response to the external sources
discussed above – we want a Lagrangian Leff(U, v, a, s, p). We then imagine that if
the sources are small we can make a perturbative expansion in terms of derivatives
and sources and in the end set the sources to zero [22, 21].

Real QCD corresponds to the case where all external fields are zero except s =M.
We know that the Goldstone bosons, the pseudoscalar octet, have masses so somehow
we should add mass terms to the Lagrangian in Eq. (2.37). However, we know that
the quark mass terms violate chiral symmetry explicitly. This is the reason why we
can’t simply include masses by adding terms

q̄RMqL + q̄LMqR (2.53)

to the Lagrangian if we want to make use of the chiral symmetry. The mass terms
are not chirally invariant if the quark mass matrix is just a constant matrix. If
we instead add the mass terms in terms of the external source s we get a chirally
invariant Lagrangian provided that s transforms as in Eq. (2.49).

To find suitable terms that could act as mass terms we need to find invariant
combinations of U and s ± ip. The lowest order combination that respects parity
symmetry∗ is given by

Ls.b. =
BF 2

2
Tr
[
U(s+ ip) + (s− ip)U †

]
(2.54)

∗A term Tr [U(s+ ip)− U†(s− ip)] is not invariant under parity symmetry, where U → U† and
s+ ip→ s− ip.
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where the constants are the conventional choice. The constant B represents the
effective description of the short-distance physics from QCD that we have ignored
in our effective description. By expanding U = exp (iφ) to second order in φ and
setting s =M, p = 0 this term becomes

Lm =
BF 2

2
Tr

(
−1

2
φ2M−M1

2
φ2

)

= −B
2

TrM(Fφ)2

= −B
[1

2
(mu +md)(π

0
P )2 + (mu +md)π

+
P π
−
P+

+ (md +ms)K
0
P K̄

0
P + (mu +ms)K

+
PK

−
P +

+
2√
3

(mu −md)π
0
P (Fη8) +

1

2

mu +md + 4ms

3
(Fη8)2

]
(2.55)

where we the used the form of the φ matrix according to Eq. (2.34). The constant
F has been absorbed into the fields to give the physical fields πP and KP that have
the correct kinetic term as discussed above. We still do not consider ηη′ mixing (we
have no singlet η0 field included yet) and here give the mass of the field Fη8. If we
consider the case of isospin symmetry, mu = md ≡ m and the mixing between the
η8 and the π0 vanishes. From this we read off the masses for the Goldstone bosons:

M2
π = 2Bm (2.56)

M2
K = B(m+ms) (2.57)

M2
8 =

2

3
(m+ 2ms) (2.58)

Here M8 denotes the mass of the octet η. Due to mixing between the singlet η0 and
η8 the physical states η and η′ are actually a mixture of the octet and the singlet [5].
Correspondingly the masses are different for the pure SU(3) states (η8 and η0) than
for the physical states. In the chiral limit the masses of all Goldstone bosons would
be zero since then there is no explicit symmetry breaking by the quark masses, but
the singlet η0 would still acquire a mass due to the U(1)A anomaly. Note that this
mixing occurs also in the isospin limit and is not due to the difference between mu

and md as for the π0η8 mixing. Instead the η8η0 mixing comes from the difference
ms−m and vanishes in the chiral limit. In this limit the “physical” states are η8 and
η0.∗

When Ls.b. is expanded further than to second order we obtain non-derivative
self interactions, for example a four point interaction of the form

L = (BF 2/2) TrMφ4. (2.59)

How should we count the chiral dimension of contributions from these terms? Look-
ing at the masses of the Goldstone bosons in Eqs. (2.56)-(2.58) we see that the

∗“Physical” is here put in quotation marks since the chiral limit does not correspond to reality,
it is an artificial construction. The real world corresponds to finite quark masses and an explicitly
broken chiral symmetry.
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squared masses are linear in the quark masses. Also we have the on-shell condition
p2 = M2. This leads us to suspect that the squared momenta counts the same as
terms linear in quark masses.

This turns out to be reasonable [21, 19, 20, 23, 22]. The power counting says
that mq ∼ O(p2), ∂ ∼ O(p). This means that if we want to look at χPT to order
O(p2) we should include all tree-level graphs from L2, i.e. graphs which contain two
derivatives or one factor of a quark mass. If we do χPT to O(p4) we should include
tree level graphs with vertices from L4 and also tree level and one-loop diagrams
with vertices from L2. This will give O(p4) corrections to the O(p2) graphs which
go as squared quark masses or derivatives to the fourth power.

All in all, when we include only the external fields that we are here interested,
i.e. quark masses, we end up with an effective Lagrangian at O(p2) that is given by
[19, 20]

L2 =
1

4
F 2 Tr [∂µU∂

µU †] +
1

4
F 2 Tr [Uχ† + χU †] (2.60)

where we have used the notation of [21] and followed the usual convention and defined
χ ≡ 2B(s+ ip).

2.2.3 The effective Lagrangian at O(p4)

The effective Lagrangian at O(p2) is said to give the leading order (LO) contributions
to the processes of interest. To O(p2) the only contributions come from tree level
diagrams from L2. At O(p4) there are contributions from diagrams with L2 vertices
and one loop. One should also include the tree level diagrams with vertices from
L4. Here we present L4, the second term in the effective Lagrangian expansion in
Eq. (2.36), resulting in next-to-leading order (NLO) contributions to amplitudes.

In this thesis we will consider a modification of χPT in order to include the η′,
which is at the moment not included because of the axial anomaly. In real QCD the
number of colors Nc is fixed to Nc = 3 but one can consider the case where Nc is
a free parameter of the theory. The anomaly can be controlled by Nc in the sense
that in the limit Nc → ∞ the anomaly disappears and the η′ can be included as a
Goldstone boson in what is called Large Nc χPT. We will here use Large Nc χPT to
NLO which corresponds to O(p4). A lot of terms in the NLO effective Lagrangian
will be similar to the ones in the O(p4) normal χPT effective Lagrangian. Therefore
we will give here the form of the effective Lagrangian in χPT for mesons to O(p4).
Considering the chiral and discrete symmetries that we require, the most general
form of the effective Lagrangian L4 is [19, 20], ,

L4 = L1

(
Tr [∂µU∂

µU †]
)2

+ L2 Tr [∂µU∂νU
†] Tr [∂µU∂νU †]+

+ L3 Tr [∂µU∂
µU †∂νU∂νU †] + 2BL4 Tr [∂µU∂

µU †] Tr [M(U † + U)]+

+ 2BL5 Tr [∂µU∂
µU †(MU † + UM)] + 4B2L6

(
Tr [MU † + UM]

)2
+

+ 4B2L7

(
Tr [MU † − UM]

)2
+ 4B2L8 Tr [UMUM+MU †MU †] (2.61)
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where we have used the notation of [21] and set all external fields to zero except the
scalar source χ = 2BM.

As we shall see below, this form changes slightly when we consider Large Nc χPT

due to the fact that we also expand in 1/Nc and some of the terms in the O(p4)
Lagrangian are moved to a higher order in the power counting.

The low-energy constants (LEC:s) Li appearing in the O(p4) contain the short-
distance, high-energy physics that we have ignored in the effective description of
QCD. In principle they should be possible to derive from full QCD, but in practice
this is very hard to do and they need to be determined in other ways. They can for
example be determined by empirical input [19, 20]. One can also determine them
through the use of various models inspired by QCD [29, 30], for example by taking
into account the fact that some of the LEC:s are dominated by exchange of resonance
mesons between the pseudoscalars. One can calculate e.g. amplitudes in χPT and
in the resonance exchange model and compare the results [31, 32]. There have also
been attempts to calculate the LEC:s in lattice calculations [33].

2.3 The U(1)A problem and the η′

We know from above that QCD with three massless quarks and three infinitely heavy
(i.e. ignored) quarks is characterized by the Lagrangian

L0
QCD = −1

4
F aµνF

aµν + i
(
q̄L /DqL + q̄R /DqR

)
(2.62)

where qL/R = (dL/R, uL/R, sL/R)T . This theory has in principle, at least on the
classical level, a chiral symmetry coming from separate rotations of left- and right-
handed quarks. This symmetry is given by the group U(3)R×U(3)L, which can also
be written as the product of vector and axial symmetries,

SU(3)V × SU(3)A × U(1)V × U(1)A. (2.63)

by taking linear combinations of the generators in the original group U(3)L×U(3)R.
A symmetry of the theory should manifest itself in what we see in experiments,

e.g. in conservation laws or in the mass spectrum of observable states. We have
previously discussed the fact that this is not entirely true for the chiral U(3)V ×U(3)A
symmetry – only U(3)V shows up in the particle spectrum. Otherwise we would see
pairs of particles degenerate in mass connected by chiral and parity transformations.
In nature the particles with opposite parity have however very different masses. This
indicates that the symmetry of the ground state is broken down to a subgroup. As
discussed above experiments suggest that this subgroup is the diagonal subgroup
U(3)V ' SU(3)V × U(1)V and that the pseudo-Goldstone bosons corresponding to
the generators of the broken axial symmetry are the mesons in the pseudoscalar
octet.

We also expect a ninth pseudo-Goldstone boson corresponding to the broken
U(1)A generator. The best choice for the ninth pseudo-Goldstone boson is the singlet
η′ but this has a much too big mass to be able to be considered as a pseudo-Goldstone
boson. In fact, Weinberg has shown that the ninth Goldstone boson has to have a
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Figure 2.3 – Triangular diagrams such as this are afflicted with anomalies, meaning
that they cannot be renormalized without sacrificing some symmetry properties of the
model.

mass m ≤
√

3Mπ [34]. It should have a mass comparative to the pion mass since the
U(1)A should be spontaneously broken also in U(2)L × U(2)R chiral symmetry.

Thus there is no sign of the U(1)A symmetry being realized in the spectrum,
and also no pseudo-Goldstone boson corresponding to its breaking. This apparent
paradox is called the U(1)A problem.

The short explanation to this problem is that the U(1)A symmetry is anoma-
lously broken, meaning that it is a symmetry of the classically defined theory which
disappears during the quantization procedure. The Noether current corresponding
to the U(1)A symmetry in the action is for massless quarks given by

Jµ5 = q̄γµγ5q (2.64)

and the anomaly means that this is not conserved [25, 24],

∂µJ
µ
5 =

Nfg
2

16π2
F aµνF̃

µν
a (2.65)

where we have defined the dual field strength tensor F̃ aµν = εµνρλF aρλ/2 (the factor
1/2 ensures that the dual of F̃ aµν is again F aµν). We will use Nf = 3.

The result of the anomalous divergence is that the quantized theory has an
SU(3)V × SU(3)A × U(1)V symmetry. Much can be said however about the so
called U(1)A, or axial, anomaly and this section is devoted to different aspects of
this anomaly.

Anomalies can be viewed from several perspectives. They are connected to the
ultraviolet behavior of a theory in the sense that they arise in the impossibility to
regulate certain types of triangular loop diagram such as the one in Fig. 2.3. This
type of diagram can in some theories not be renormalized without sacrificing some
symmetry. In the case of QCD one must choose between the gauge symmetry and
the U(1)A symmetry, and viewing the gauge symmetry as a fundamental part of the
theory one sacrifices the axial U(1)A symmetry [3, 35, 36, 37]. Another complemen-
tary view of anomalies is that they arise because the measure in the path integral is
not invariant under certain symmetry transformations [38]. Classically, a theory is
defined by its action or Lagrangian, but the quantized theory is in the path integral
formulation of QFT defined through its path integral. For QCD we have

Z =

∫
DqDq̄DAaµ eiSQCD . (2.66)
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Usually we assume that we can change variables freely, q → q′, without changing the
measure, e.g. we assume Dq′ = Dq. In a sense, this is a valid assumption since the
measure means that we should integrate over all field values at all space-time points,
which we do also when changing variables. However, for certain transformations this
fails to be true. This is the case for the axial U(1)A transformation.

The QCD action is invariant under the axial phase transformation corresponding
to U(1)A. This transformation is given by

q = qL + qR → q′ = eiθAγ5q, q̄ → eiθAγ5 q̄. (2.67)

The antiquarks transform with −θA, together with the conjugate operation this
means that the transformation is the same as for the quarks.

The measure picks up a Jacobian determinant under this transformation, we have
DqDq̄ → DqDq̄ det J and it can be shown that [3]

det J ∼ det e2iθAγ5 6= 1. (2.68)

This means that the QCD path integral is not invariant under the U(1)A transfor-
mation, even though the action is invariant.

2.3.1 Non-trivial topology and instantons

A complementary perspective on the axial anomaly is given by a particular type
of gluonic field configurations called instantons. These derive from the non-trivial
topological properties of the non-abelian gauge group of QCD.

Instantons are solutions to the Yang-Mills field equations that result in quantum
mechanical tunneling [39]. By going to Euclidean space and thus imaginary time one
can treat the quantum mechanical tunneling in a classical way. Thus we will work
in Euclidean space with a metric δµν = diag (1, 1, 1, 1) throughout this section.

The following section consists mainly of material from [3], [37] and [40].
Non-abelian gauge theory turns out to have an interesting vacuum structure. This

is related to so called large gauge transformations. These can not be continuously
deformed into the identity transformation and are in this way different from the
usual infinitesimal gauge transformations. An explicit example is given by [41]

U1(~x) =
~x2 − ρ2

~x2 + ρ2
+ 2iρ

(~τ · ~x)

~x2 + ρ2
(2.69)

where ~τ are the Pauli matrices in any SU(2) subgroup of the gauge group in question,
e.g. SU(3) for QCD and ~τ · ~x = τixi, i = 1, 2, 3. With the gauge transformation
U1(x) the zero field Aµ = Aaµλa/2 is transformed into

A(1)
i (~x) = − i

g
(∂iU1(~x))U1(~x)†

= − 2ρ

g(~x2 + ρ2)2

[
τi(ρ

2 − ~x2) + 2xi(~τ · ~x)− 2ρ(~x× ~τ)
]

(2.70)

where ~x× ~τ is the three dimensional vector cross product. The above field configu-
ration thus represents a gauge transform of zero that is not possible to continuously
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deform into the zero field configuration – it is topologically distinct from the zero
configuration.

In a non-abelian gauge theory a gauge field has a topological charge called the
winding number, given by an integer

n =
g

24π3

∫
d3xεijk Tr (Ai(x)Aj(x)Ak(x)), n ∈ Z (2.71)

The configuration in Eq. (2.70) has n = 1 and a field that is equal to zero has trivially
n = 0. In general we can obtain a gauge field with any n by acting n times with the
gauge transformation U1(~x), i.e.

Un(~x) = (U1(~x))n (2.72)

We can now imagine some gauge field starting off at t = −∞ as Aµ = 0 and
ending up as the gauge equivalent configuration A(1)

i at t =∞. Then one can show
that

g2

32π2

∫
d4xF aµνF̃

µν
a = 1 (2.73)

where F̃ aµν = εµνρλF aρλ/2. Note the similarity between the integrand and the anoma-
lous divergence of the U(1)A current in Eq. (2.65).

The fact that this integral is nonzero for this case is confusing, for it can be shown
that

g2

32π2
F aµνF̃

µν
a = ∂µK

µ,

Kµ =
1

16π2
εµνρλ

[
Aaν∂ρAλ,a +

1

3
fabcA

a
νA

b
ρA

c
λ

]
(2.74)

and thus the integrand FF̃ is a total divergence,
∫

d4xF aµνF̃
µν
a =

∫
d4x∂µK

µ =

∫
dσµK

µ (2.75)

where σµ is a four-dimensional surface element. Usually we say that such surface
terms give no contribution to the physics and hence ignore them. The non-trivial
topological effects from the winding number however gives a non-zero value to this
integral. We call the current Kµ the Chern-Simons current and the integral of its
divergence, the winding number, is also called the Chern-Simons characteristic or
four-dimensional Pontryagin index.

As an aside, another question that comes up from the observation that FF̃ is a
total divergence is that we should be able to define a new current from Eq. (2.64)
and the Chern-Simons current in Eq. (2.74)

(Jµ5 )′ = Jµ5 −Kµ (2.76)

that is conserved. This would still give axial U(1)A rotations and hence we would no
longer have an anomaly. Then the η′ would be the Goldstone boson corresponding
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to the broken generator. A problem with this is that the Chern-Simons current is
not gauge invariant. Hence it is not clear that there will be a Goldstone boson to
the broken generator of this newly defined current. An analogy is the ghost fields
appearing in Yang-Mills theory which are unphysical fields that do not have any
effect on the gauge invariant observables.

In general, one can generalize the integral in Eq. (2.73) to general values of the
topological charge,

g2

32π2

∫
d4xF aµνF̃

µν
a = n(t =∞)− n(t = −∞), n ∈ Z (2.77)

where n(t = ±∞) represents the topological charge of the gauge field configuration
at time ±∞.

What this means is that the vacuum in a non-abelian gauge theory will consist of
many field configurations connected to the zero configurations by large gauge trans-
formations. These various field configurations fall into topologically distinct classes
labelled by the winding number. Label a state corresponding to a configuration with
winding number n by |n〉. A large gauge transformation goes from one such vacuum
state to another,

Um|n〉 = |n+m〉 (2.78)

In general the vacuum state is a superposition of all such states, we have for the
gauge-invariant vacuum state

|θ〉 =
∑

n

einθ|n〉 (2.79)

for some arbitrary phase θ. The θ vacuum is then gauge invariant up to a phase, for
the gauge transformation U1 in Eq. (2.69)

U1|θ〉 = eiθ|θ〉. (2.80)

The θ parameter is an additional parameter in QCD – we now need to, apart
from the QCD Lagrangian and the coupling constant or ΛQCD, specify the value of
θ to fully specify QCD. The expectation values of some observable O is now given
by (in the Euclidean formulation)

〈O〉 =

∫
Dq̄DqDAµ Oe−SE

= out〈θ|O|θ〉in
=
∑

m,n

ei(m−n)θ
out〈m|O|n〉in. (2.81)

This can be accounted for by adding the term∗

iθg2

32π2
F aµνF̃

µν
a (2.82)

∗In a standard theory with a Minkowski metric there will be no i in the θ term addition to the
QCD Lagrangian
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to the QCD Lagrangian. We then find, from the use of Eq. (2.77),
∫
Dq̄DqDAµ Oe−S

(θ=0)
E +iθ

∫
d4x g2

32π2
Faµν F̃

µν
a =

=
∑

m,n

ei(m−n)θ

∫
Dq̄DqDAµ Oe−S

(θ=0)
E . (2.83)

The additional term thus accounts for the difference in winding number between the
initial and final configurations. We also see that the θ parameter acts like an angle,
under a shift θ → θ + 2π the path integral is invariant.

The θ term has an interesting consequence – it results in CP violation in QCD.
To date, no measurement has shown that CP violation occurs in QCD and hence the
parameter θ must be very small or exactly zero. This fine-tuning problem is called
the strong CP problem and is a question of current research.

2.3.2 The θ vacua and U(1)A

The axial charge corresponding to the U(1)A current is given by

Q5 =

∫
d3xJ0

5 (2.84)

and assuming that the spatial part of the current vanishes sufficiently fast at infinity
we can write for the change in axial charge between t = −∞ to t =∞

∆Q5 =

∫
dt

∫
d3x

∂

∂t
J0

5

=

∫
d4x∂µJ

µ
5 . (2.85)

Integrating the divergence of the U(1)A current or equivalently the Chern-Simons
current and using the definition of the topological charge we further find,

∆Q5 =

∫
d4x∂µJ

µ
5

=

∫
d4x∂µK

µ

=
g2

32π2

∫
d4xF aµνF̃

µν
a

= n(t =∞)− n(t = −∞) (2.86)

and we see that gauge field configurations that change the topological charge also
change the axial charge. In this way the non-trivial topological properties of non-
abelian gauge theories violate the axial charge conservation.

The interest in instantons come from the fact that these are solutions to the
Euclidean Yang-Mills equation that have a non-zero topological charge and thus
result in axial charge violation. The instanton field is localized in space and time,
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hence the name. They are self-dual solutions so that F aµν = ±F̃ aµν . One can show
that in a configuration of n instantons the action is given by [40],

S =
8π2|n|
g2

. (2.87)

Instanton calculus is based on expanding QCD not around a zero action but around
the action with an instanton background. In the field of one instanton n = 1 and
S = 8π2/g2, this then represents the minimum of the action around which the
perturbative expansion is made.

The fluctuations around this finite action represent fields that tunnel between
the different θ vacua and give rise to fluctuating topological charge. In this way the
instantons can be seen as responsible for the violation of axial charge conservation
and hence the U(1)A anomaly.

2.4 Large Nc in gauge theories and Chiral Perturbation
Theory

The major problem with low energy QCD is that it is not possible to perform an
expansion in terms of the strong coupling constant since this becomes too large for
small scales. Therefore the successful perturbative scheme which is the basis of QED
and was for long the primary way of doing calculations in QFT is of no use. It seems
that we must find another way of doing our calculations – as in lattice QCD or χPT

– or find another expansion parameter in which we can organize our calculations.
The following section discusses the expansion of SU(Nc) theories in the parameter
Nc, the number of colors, and consists of material from [3], [37], [42] and [4].

2.4.1 The 1/Nc expansion

As was first suggested by ’t Hooft, we can consider not an SU(3) gauge theory
but instead a SU(Nc) theory where the number of colors Nc is seen as a variable
parameter [43, 44]. We then make an expansion in 1/Nc around the limit Nc → ∞
and attempt to write for amplitudes

M∼
∑

n

(
1

Nc

)n
Mn (2.88)

and hope that this results in a series where successive terms are smaller and smaller.
In QCD Nc = 3 and each term is suppressed by 1/3 compared to the previous one,
it is not obvious that this is a good expansion.

The basis for the 1/Nc expansion is the fact that quarks and gluons have different
number of color degrees of freedom. Gluons carry color and anticolor and there are
N2
c − 1 of them, whereas quarks carry color and there are Nc quarks. If we consider

large Nc, which is the point of the 1/Nc expansion, we can disregard the fact that
the color singlet is not included among the gluons and consider a theory with N2

c

gluons (in a sense we then consider a U(3) gauge theory).
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In a diagram with a loop we must sum over all undetermined color indices, just
as we must integrate over unknown loop momenta. This means that when we have
a diagram with a loop there are N2

c − 1 ≈ N2
c degrees of freedom for a gluon loop

and Nc degrees of freedom for a quark loop. Then the quark loop will be suppressed
by a factor 1/Nc compared to the gluon loop. In other words, since we are summing
over more color states for the gluon loop it is in a sense more important than the
quark loop which as a result is suppressed.

Looking at the formula for the running coupling in Eq. (2.10),

α(µ) =
1(

11Nc − 2
3Nf

)
ln (µ2/Λ2

QCD)
(2.89)

we note that α(µ) and hence g(µ)2 goes as 1/Nc, which goes to zero in the Nc →∞
limit.

One of the contributions to the one-loop beta function comes from the diagram
in Fig. 2.4a. This scales as g2 because of the two vertices. There is also a sum over
color gluon indices in the gluon loop, with this taken into account the diagram scales
as

g2facdfbcd ∼ g2Ncδab = λδab (2.90)

where fabc are SU(Nc) structure constants (note that lowercase a, b, . . . go from 1
to N2

c − 1 ≈ N2
c ). The Nc factor in this expression makes it seem that the vacuum

polarization diverges when Nc → ∞ and we do not have a smooth limit for the
running of the coupling constant. By requiring that the one-loop gluonic vacuum
polarization is finite in the limit where Nc →∞ we should take g2Nc to be constant
[42]. We hence define g2Nc ≡ λ as the ’t Hooft coupling λ and this stays fixed in the
Nc →∞, g → 0 limit.

(a) Standard diagram. (b) Double line diagram.

Figure 2.4 – Corrections to the gluon propagator from a gluon loop. There is a sum
over a free color index in the loop indicated by the free “index loop” in the right-hand
depiction of the process.

(a) Standard diagram. (b) Double line diagram.

Figure 2.5 – The gluon propagator in a standard diagram and a double line diagram.
In the double line diagram the arrows indicate the color flow, a forward flowing arrow
symbolizes color whereas a backwards flowing arrow symbolizes anti-color.

The way that a given diagram scales in terms of Nc can be easily seen using ’t
Hooft’s double line notation. In this notation a gluon is drawn with two lines as a
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quark-antiquark pair (without in any way symbolizing a physical quark-antiquark
state), as shown in Fig. 2.5b. The quark line corresponds to the color index and the
antiquark line to the anticolor index. In this way the arrows show the flow of color
in the diagram. We then draw the correction to the gluon propagator from a gluon
loop as in Fig. 2.4b. What we see is that there is an “index” loop that runs inside the
external lines. Since this index loop has a color index that is undetermined by the
external lines we must sum over it, giving a factor of Nc since the index runs from 1
to Nc. Thus, for each index loop there is an additional factor of Nc associated with
the diagram. The diagram in Fig. 2.4b therefore goes as g2Nc = λ = O(1). Similarly
the double line diagram in Fig. 2.6b shows that this two-loop correction goes as
(g2Nc)

2 = λ2 = O(1). The three-loop gluon correction to the gluon propagator is
shown in Fig. 2.7. There are three loops and six vertices so this goes as g6N3

c = λ3 =
O(1).

(a) Standard diagram. (b) Double line diagram.

Figure 2.6 – Planar diagram representing corrections to the gluon propagator from
two gluon loops. There is a sum over a free color index in both of the loops as indicated
by the free “index loops” in the right-hand depiction of the process.

(a) Standard diagram. (b) Double line diagram.

Figure 2.7 – Planar diagram representing corrections to the gluon propagator from
three gluon loops. There is a sum over a free color index in both of the loops as indicated
by the free “index loops” in the right-hand depiction of the process.

Fig. 2.8 shows the correction from a quark loop. Here there is no index loop and
the diagram therefore scales with one power less of Nc than the gluon loop diagram.
This is one of the fundamental observations of the large Nc expansion – quark loops
are suppressed relative to gluon loops.

(a) Standard diagram. (b) Double line diagram.

Figure 2.8 – Correction to the gluon propagator from a quark loop. Here there is no
free “index loop” with a color index sum and hence the diagram is suppressed compared
to planar diagrams with gluon loops.
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The relative importance of diagrams with gluon loops also differs depending on
the topology of the diagram. The diagrams in Figs. 2.4, 2.6 and 2.7 all have in
common that they are planar diagrams, meaning that they can be drawn in a plane
without any line crossings except where there are interaction vertices. A diagram
with crossed gluon lines as in Fig. 2.9 only has one internal index loop with a color
index that is summed over because the two gluon propagators are crossed. Hence
the Nc-dependence is suppressed and even though there are as many couplings g as
the planar diagram in Fig. 2.7, the non-planar diagram goes as g6Nc = λ3 · 1/N2

c =
O(1/N2

c ) because there are two less index loops than for the diagram in Fig. 2.7.

(a) Standard diagram. (b) Double line diagram.

Figure 2.9 – Non-planar diagram representing gluon loop corrections to the gluon
propagator. There is only one free color index loop in the diagram which can be seen
by following the color lines in the right-hand depiction of the process. The diagram is
non-planar, i.e. it cannot be drawn in a plane without line crossings at other points
than at vertices. Due to this, it is suppressed compared to a planar diagram and goes
as O(1/N2

c ).

From the above discussion we then conclude that non-planar diagrams are sup-
pressed by factors of 1/N2

c relative to planar diagrams because there are less index
loops. This is the second fundamental observation of the large Nc expansion scheme
– planar graphs with gluon loops are more important than the non-planar ones.

In the spirit of distinguishing between planar and non-planar graphs we picture
a given graph as a two-dimensional surface. An index loop corresponds to the face of
a polygon, where the vertices are also vertices where several polygons meet (they are
corners of polygon, connecting the polygon to others). Quark propagators represent
edges of a hole and gluon propagators connect two faces. In the way we have written
the Lagrangian, a propagator goes as 1/Nc, a vertex as Nc and an index loop as Nc.
With this in mind, a given diagram goes as

N−E+V+F
c ≡ Nχ (2.91)

where χ is the so called Euler characteristic of the surface. E represent the number
of edges of the surface, V the number of vertices and F the number of faces.

The interesting thing about the Euler characteristic is that it is a topological
invariant of the surface, meaning that all continuous deformations of the surface will
give a new surface with the same Euler characteristic. Even though flattening out
three faces into one face decreases the number of faces, this is compensated by the
simultaneous decrease in the number of edges and vertices.

The above describes the basic ideas of the power counting in the large Nc scheme.
The single most important fact is that the index loops have indices that are summed
over and therefore contribute a factor of Nc, resulting in the fact that quark loops
are suppressed by 1/Nc relative to gluon loops since there is no index loop, and that
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non-planar gluon loop diagrams are less important than the planar diagrams. The
presence of quark loops and nonplanarities in a diagram will limit the possible colors
internally in the diagram. The result is that planar diagrams involving only gluons
represent the leading terms in the 1/Nc expansion. In this thesis the above is mainly
important as it introduces a new way of organizing the diagrams in terms of their
power of Nc.

2.4.2 Mesons and large Nc

To introduce mesons as bound quark-antiquark states we make first of all the as-
sumption that also the SU(Nc) theory for large Nc exhibits confinement, i.e. that
the mesons (and all other observable states) are color singlets. To obtain a color
singlet we must take a trace in color space and this summing operation introduces
the need to properly normalize states since the sum gives a factor of Nc.

(a) (b)

Figure 2.10 – The diagram for a meson propagator. The dashed lines are meson lines
while the full lines are quark lines. The blobs refer to meson creation and annihilation
and come with factors 1/

√
Nc. Together with the overall quark loop the diagram is then

O(1), so that the meson states are correctly normalized. Arbitrary many planar gluons
can also be inserted without changing the order in 1/Nc, meaning that the propagator
on the quark-gluon level consists of an infinite sum of diagrams.

A meson state is created by the quark bilinear operators J that we can couple to
external sources s in the Lagrangian,

L → L+ sJ (2.92)

and meson correlation functions are obtained by taking functional derivatives of the
generating functional with respect to the source terms. A meson state is created
by J according to J(x)|0〉 ∼ |φa(x)〉. In general we can write J = q̄Γq where
Γ is a combination of Dirac and Gell-Mann matrices that has the correct quantum
numbers for the meson considered, for pseudoscalar mesons we can for example write
Ja = iq̄Aγ5(λa/2)qA, where we have displayed the color indices explicitly. A meson
is a color singlet so we must sum over colors and J must be a color singlet. Consider
the Green’s function that corresponds to a mesonic propagator, this is given by

〈0|J(x)J(y)|0〉 = 〈0|q̄AΓqA(x)q̄BΓqB(y)|0〉
∝ δABδBA = Nc. (2.93)

According to Wick’s theorem we have in the second step contracted the quark fields
at point x and y with each other as we are interested in propagation from x to y
and not disconnected vacuum bubbles.∗ From this we find that the operators Ja

∗Requiring normal ordering of the composite operators would get rid of disconnected diagrams
so that only the connected diagrams survive.
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result in a propagator that is O(Nc) and not O(1), hence the meson fields will not be
normalized in a way such that the LSZ formula works properly. Therefore we need
to scale the operators Ja by a factor 1/

√
Nc to create a properly normalized meson

state, we have |φa(x)〉 = (1/
√
Nc)Ja(x)|0〉. This results in the important fact that

every insertion of a meson field comes with a factor 1/
√
Nc.

Diagrammatically, we draw the meson propagator as in Fig. 2.10. The blob
corresponds to the creation or annihilation of a meson and comes with a factor
1/
√
Nc. Mesons are indicated by dashed lines while quarks correspond to full lines.

The overall quark loop gives a factor Nc while the two meson insertions give a factor
(1/
√
Nc)

2 = 1/Nc, the result is that the diagram is O(1) as required.
We note further that we can insert as many planar gluons as we like in the

meson two-point function without changing the order in 1/Nc since each planar
gluon contributes a factor g2Nc = λ = O(1), an example can be seen in Fig. 2.10b.
Each non-planar gluon however suppresses the diagram by a factor 1/N2

c , moving it
to a higher order in the expansion. The conclusion is that at each order in the 1/Nc

expansion there are an infinite number of diagrams on the quark-gluon level, and the
leading diagrams are those with only planar gluons inserted.

Figure 2.11 – The diagram for a four-body scattering of mesons. The dashed lines are
meson lines while the full lines are quark lines. The blobs refer to meson creation and
annihilation and come with factors 1/

√
Nc. Together with the overall quark loop the

diagram is then O(1/Nc), i.e. meson scattering is suppressed in the large Nc limit and
for Nc →∞ mesons are free and non-interacting particles.

The fact that the insertion of a meson comes with a factor 1/
√
Nc means that

interactions between mesons are suppressed in the large Nc framework. The leading
contribution to the four-point interaction is the diagram in Fig. 2.11 (with arbitrary
many planar gluons inserted). The four mesons give a factor (1/

√
Nc)

4 = 1/N2
c and

the overall quark loop gives a factor Nc, resulting in the diagram being O(1/Nc).
A meson loop would look like the diagram in Fig. 2.12, which is a combina-

tion of two four-point functions. Entering and exiting each meson vertex must be
meson states, therefore there are blobs both exiting the first vertex and entering
the second vertex. In the loop mesons propagate. The meson loop diagram goes
as (1/

√
Nc)

8N2
c = 1/N2

c from the eight meson insertions and the two quark loops.
This is the first result that will prove important in large Nc χPT: meson loops are
suppressed compared to the four-point interaction in Fig. 2.11.

The second result which will be important in large Nc χPT is the OZI rule which
states that certain processes will be suppressed. The suppressed processes cannot
be drawn in a diagram form without the quark lines in the initial and final state
being disconnected from each other (see Fig. 2.13). For example the decay rate of
a φ vector meson, which is predominantly an s̄s state, into K̄K is larger than that



2.4. LARGE NC IN GAUGE THEORIES AND CHIRAL PERTURBATION
THEORY 40

Figure 2.12 – The diagram for a four-body scattering of mesons with a meson loop
inserted. The dashed lines are meson lines while the full lines are quark lines. Each
blob refer to the creation or annihilation of a meson and comes with a factor 1/

√
Nc.

The eight blobs together with the two quark loops the diagram gives the order of the
diagram as O(1/N2

c ), i.e. meson loop diagrams are suppressed compared to a four-point
interaction as in Fig. 2.11.

φ

ρ

π

(a) φ→ 3π.

φ

K̄

K

(b) φ→ K̄K.

Figure 2.13 – The diagrams show the decays of the φ meson into ρπ and K̄K re-
spectively. The decay into ρπ is suppressed relative to the decay into K̄K, something
which can be explained by the large Nc power counting. The left hand diagram goes
as O(1/N

3/2
c ) and the right hand diagram as O(1/N

1/2
c ).

into ρπ despite the K̄K mass being larger than that of ρπ [5]. On grounds of phase
space considerations one would thus instead guess that the decay into ρπ is larger.∗

An OZI violating meson four-body scattering process is shown in Fig. 2.14. This
goes as (1/

√
Nc)

4g4N2
c = (1/N2

c )λ2 = O(1/N2
c ) and is hence suppressed by 1/Nc

compared to the leading contribution to the four-point scattering.

2.4.3 Large Nc and the axial anomaly

What is of central importance here is the fact that the large Nc limit is connected
to the axial anomaly. What we did above was to consider QCD as an expansion in
terms of the ’t Hooft coupling λ ≡ g2Nc which stays constant in the Nc →∞ limit.
In terms of the ’t Hooft coupling we can now write the non-conservation of the axial
U(1)A current as

∂µJ
µ
5 =

1

Nc

Nfλ

16π2
F aµνF̃

µν
a (2.94)

and it thus represents a term of O(1/Nc) which is suppressed in the large Nc limit.
For Nc → ∞ it vanishes. This is the observation that is at the basis of large Nc

χPT which will be introduced below. It thus appears that in the large Nc limit
the anomaly is no more and the axial current is conserved. The chiral symmetry is

∗Note however, that the ρ is so short-lived that one in practice only sees its decay products,
which are almost exclusively two pions. The decay φ→ 3π is further OZI-suppressed and together
the branching ratios BR(φ→ ρπ) and BR(φ→ 3π) are still much smaller than BR(φ→ K̄K).
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(a) (b)

Figure 2.14 – The diagram shows an OZI-suppressed meson scattering process in
standard (left) and double-line (right) notation. The dashed lines are meson lines while
the full lines are quark lines. The two quark loops are connected by gluons. The blobs
refer to meson creation and annihilation and come with factors 1/

√
Nc. Together with

the overall quark loop, the index loop from the gluons and the quark-gluon vertices the
diagram then goes as (1/

√
Nc)

4g4N2
c = (1/N2

c )λ2 = O(1/N2
c ). It is thus suppressed

compared to the standard four-point interaction in Fig. 2.11.

then promoted to U(3)L × U(3)R and this should be spontaneously broken down to
the vector subgroup U(3)V since the quark condensate is not invariant under U(1)A
transformations. We then expect now nine (pseudo-)Goldstone bosons instead of
eight as previously. The ninth Goldstone boson is of course nothing else than the
singlet η0, with the same quantum numbers as the generator of the U(1)A symmetry
[45, 46, 47]. This then mixes with the octet field η8 (and in principle the neutral
pion without isospin symmetry) to form the physical states η and η′. In the large
Nc limit we can thus treat the η′ as a Goldstone boson, which is what one does in
the framework of large Nc χPT [48, 49].

Since the anomaly vanishes in the large Nc limit and the η′ then becomes a
Goldstone boson we expect that the mass of the η′ is connected to the large Nc

limit. More precisely it should vanish in the Nc → ∞ limit. Witten among others
[50, 51, 52] analyzed this problem in the context of the 1/Nc expansion and found a
mass formula for the η′, valid in the absence of quark masses at leading order,

M2
0 =

2Nfτgd

F 2
π

(2.95)

which is called the Witten-Veneziano relation after its discoverers. Here we writeM0

for the mass, this is the mass of the singlet η0. In the real world with nonzero quark
masses this mixes with the octet η8 into the η and the η′, but in the chiral limit
η′ = η0 and the above is then a formula for the η′ mass. The pion decay constant
appears because Fπ = Fη′ to leading order. Since Fπ = O(

√
Nc) and τ = O(1) the

result is that Mη′ is suppressed, Mη′ = O(1/Nc).
In the Witten-Veneziano formula the quantity τ is the so called topological sus-

ceptibility of gluodynamics, given by∗ [48, 40]

τgd =

∫
dx〈0|T{ω(x)ω(0)}|0〉gd (2.96)

∗Gluodynamics refers to QCD without any quark fields, i.e. a so called pure Yang-Mills theory
with only gluon fields. As it stands, this formula is as customary defined in Euclidean space. To
obtain the Minkowski space expression it should be multiplied with a factor −i.
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where the subscript indicates that this is the vacuum of gluodynamics and ω(x) is
the winding number density in the sense that

ω(x) =
g2

32π2
F aµν(x)F̃ aµν(x) (2.97)

and its integral therefore gives the winding number,
∫

d4xω(x) = n. A susceptibility
represents fluctuations of some sort and in this case we have

τgd =
〈n2〉
V

(2.98)

where n is the topological charge of Eq. (2.77). Hence τgd gives the fluctuations of
the winding number or topological charge per unit volume.

It is rather surprising that one can relate the mass of the η′ to the topological
susceptibility of gluodynamics, a theory where no quarks and hence no η′ is even
present. The two sides of Eq. (2.95) represent quantities defined in different theories.
An explanation is that in the large Nc counting rules the topological susceptibility
of full QCD is to leading order given by that of gluodynamics [48],

τqcd = τgd +O(1/Nc). (2.99)

The term M2
0F

2
π is a term of O(1) and can thus be compared to the leading order

term τgd.

2.4.4 Large Nc Chiral Perturbation Theory

In standard χPT we make an expansion around a symmetric theory with a SU(3)L×
SU(3)R invariance. To incorporate symmetry breaking and finite meson masses we
have the quark masses at our disposal. These can be tuned to go from a symmetric
theory to an explicitly broken one. In this sense the way between chiral symmetry
and the real world is well-defined. Now we want to extend the chiral symmetry to
U(3)L × U(3)R and incorporate the U(1)A anomaly in order to describe also the η′

dynamics. Analogous to ordinary χPT we would like to have a parameter to tune in
order to go between the U(3)L×U(3)R symmetric theory to the case where the U(1)A
is anomalous [50]. For an SU(Nc) gauge theory where Nc is the number of colors the
parameter Nc is just this parameter. In the large Nc limit the anomaly goes away.
The basic idea of large Nc χPT is thus to expand around a chirally symmetric theory
where the number of colors is large [45, 53, 46, 47]. We use 1/Nc as an expansion
parameter with the same function as the quark masses – to account for the fact that
nature does not exhibit the full U(3)L × U(3)R symmetry. The theory is developed
in [48], from which the following material comes.

In accordance with the large Nc expansion we extend the chiral symmetry to
U(3)L × U(3)R since the U(1)A anomaly goes away as Nc → ∞. The Goldstone
bosons will still consist of an octet and a singlet since the irreducible representations
of U(3) don’t include a nine-dimensional one.

We describe the mesons in terms of the field U(x) = exp (iφ(x)) where φ = λaφ
a

is the 3× 3 matrix containing the meson fields. In standard, SU(3), χPT the matrix
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U(x) belongs to the group SU(3) and is thus unitary and has determinant one. The
fact that we use an SU(3) matrix comes from the fact that the Goldstone bosons are
described by the coset space G/H ' SU(3) where G = SU(3)L×SU(3)R×U(1)V is
the full chiral symmetry and H = SU(3)V ×U(1)V is subgroup that is the symmetry
of the ground state. For Nc large G changes to GN = U(3)L × U(3)R and the
Goldstone bosons are described by the manifold GN/H ' U(3). This means that in
large Nc the matrix describing the meson fields should belong to U(3).

The difference between SU(3) and U(3) is the fact that a matrix in U(3) does not
have to have unit determinant. The determinant is now allowed to be any complex
number with modulus one. The latter requirement comes from the fact that we still
require the matrix to be unitary. Thus we can write for U ∈ U(3)

U = eiψ/3Ũ (2.100)

where Ũ ∈ SU(3) and the exponential describes a complex phase. The determinant
of U is now

detU = eiTr (ψ/3) det Ũ = eiψ. (2.101)

where the trace is Tr (ψ/3) = ψ since ψ = ψ13×3. The ninth Goldstone boson
in U(3) χPT is therefore described exactly by the determinant of the U(3) matrix
[45, 53, 46, 47].

We therefore write U(x) ∈ U(3) as

U(x) = exp (iλaφ
a), a = 0, 1, . . . , 8 (2.102)

where we now extend the Gell-Mann matrices∗ with λ0 =
√

2/3 · 13×3. The η0 is the
same as the φ0 field and is related to the phase in the determinant as ψ =

√
6η0, i.e.

we have

φU(3) = φSU(3) + 13×3

√
2

3
η0. (2.103)

Previously we introduced external fields for a number of reasons, among them
to be able to take care of symmetry breaking terms (e.g. nonzero quark masses),
to couple the mesons to e.g. weak bosons or photons etc. On the quark level we
coupled the external fields to the quark bilinear operators representating mesons.
Now we want to do the same for the U(1)A which was previously left out due to the
anomaly. Apart from the external field a(0)

µ coupled to q̄γµγ5q which was not included
previously, we can use the θ term in Eq. (2.82) as an external field – we then promote
θ to a space-time dependent field θ(x). This then transforms in an appropriate way
to leave the effective Lagrangian invariant under the U(1)A symmetry. Derivatives
with respect to the source θ(x) then give correlation functions with the η′ and in the
end we put θ = 0 or θ = θ0 depending on if we want to take into account a non-zero
θ in or not (strictly speaking we should since there is no explanation why θ = 0 but
in practice a nonzero θ will not have any effect in the following considerations).

∗This extension must be made consistently so that we still satisfy the normalization condition
Trλaλb = 2δab, hence the factor

√
2/3 in front of the unit matrix.
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Effective Lagrangians at leading and next-to-leading order

With regards to the power-counting the large Nc framework introduces a new ex-
pansion parameter – 1/Nc. The full expansion is thus in powers of p2, m and 1/Nc.
This is combined in a single power-counting parameter δ where

p2 = O(δ), mq = O(δ), 1/Nc = O(δ) (2.104)

and the expansion of the effective Lagrangian goes as

Leff =
∞∑

i=0

L(i). (2.105)

so that for example the leading order contribution comes from L(0).
In terms of the U(x) field the leading order large Nc χPT Lagrangian is given by

the same expression as for standard SU(3) χPT with an additional term containing
the singlet field η0. We have in the notation of [48]

L(0) =
F 2

4
Tr (∂µU

†∂µU) +
F 2B

2
Tr (U †M+MU)− 3τ(η0)2 (2.106)

This is order O(1) because the decay constant has anNc-dependence, F = O(
√
Nc) =

O(1/
√
δ). The mass of the singlet field is from above given partly by the topological

susceptibility τ which is O(1).
The difference for the first two terms compared to SU(3) χPT is now that the

singlet field is included in the matrix φ and hence in U according to Eq. (2.102).
Therefore there is no difference in the masses for the π and K fields (as long as
we ignore mixing between π0 and the η fields). The singlet field will now have
a part that comes from the nonzero quark masses and one part that comes from
the topological susceptibility, the former representing the contribution from explicit
breaking of U(1)A by nonzero quark masses and the latter representing the mass
contribution from the breaking of the U(1)A by the anomaly. In addition the η0 and
η8 fields mix to form the physical η and η′ fields with the physical masses Mη and
Mη′ .

At next to leading order there are some terms which are not included from the
O(p4) SU(3) χPT Lagrangian since they are suppressed by 1/Nc compared to the
other terms and therefore moved to the next order in the expansion [3, 48]. These
terms are the ones containing two traces in Eq. (2.61). Such terms will contribute to
processes suppressed according to the OZI rule such as the one depicted in Fig. 2.14.
The traces are over flavor indices implying that each trace gives a quark loop, the
two loops are the two disconnected loops in the figure (connected by gluon lines).

Because of the OZI rule the terms in the SU(3) O(p4) Lagrangians with two
traces, i.e. the ones with coefficients L4, L6 and L7, are suppressed by a factor 1/Nc

compared to the other terms and are therefore moved to the O(δ2) Lagrangian. Due
to some subtleties the combination 2L1 − L2 is suppressed and the combination
2L2 + L3 remains. Taking this into account and adding the contribution from the
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singlet field we have the following Lagrangian [48]

L(1) = L2 Tr (∂µU
†∂νU∂µU †∂νU) + (2L2 + L3) Tr (∂µU

†∂µU∂νU †∂νU)+

+ 2BL5 Tr (∂µU
†∂µU(U †M+MU)) + 4B2L8 Tr (U †MU †M+MUMU)+

+
1

2
F 2Λ1∂µη0∂

µη0 −
i√
6
BF 2Λ2η0 Tr (U †M−MU)

(2.107)

where the numbering for the constants Li is the same as in L4 of ordinary SU(3) χPT

in Eq. (2.61). We have put all external sources to zero except the quark mass term
in χ = 2BM. The terms proportional to L5, L8 and the particular combinations
above of L2 and L3 represent the terms in L4 that are not 1/Nc-suppressed.

From the above discussion we also know that meson loops are suppressed in the
1/Nc expansion[3, 48], meson loops come in first at O(1/N2

c ) = O(δ2). This means
that at O(δ) in large Nc χPT there are no loop diagrams, since the loop diagrams
with vertices from L(0) are moved one step up in the power counting. Considering
large Nc χPT to O(δ) we therefore include only tree level diagrams from L(0) and
L(1).

2.5 Strongly interacting matter at high temperature and
density

When heated up to high temperatures or compressed to high densities strongly in-
teracting matter has interesting properties. Most notably there is a phase transition
into a deconfined state of matter, the Quark-Gluon Plasma (QGP), at high temper-
ature and density. In the QGP quarks and gluons are no longer bound in hadrons
but behave as more or less free particles.

The interesting structure of hot and dense strongly interacting matter has created
an experimental and a theoretical interest in pinning down its characteristics. Theo-
retically the research combines various approaches to QCD based on the framework
of finite-temperature field theory which is a way of treating the thermodynamics
of a field theory. To study hot and dense nuclear matter experimentally collisions
between heavy ions have proven most successful. Studying how particle properties
change with temperature gives hints on what the phase structure looks like, some-
thing which is summarized in the phase diagram of QCD.

In this section we present a summary of the present state of knowledge concerning
hot and dense strongly interacting matter. After a general overview, mostly based
on [54], we discuss specifically the role of the η′, and why it is interesting to make a
calculation of how its decay width changes with temperature.

2.5.1 Finite-temperature field theory

The general framework for treating quantum field theory at nonzero temperature and
density is finite-temperature field theory. By considering a complex time variable
one can introduce temperature as a variable. Density is introduced in a similar
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way. Within finite-temperature field theory a QFT as we usually know it then
represents a vacuum (zero temperature and density) theory but can be carried to
higher temperature and density. A quantum field theory at nonzero temperature and
density thus in a sense does not represent a different theory, it is merely a generalized
version of the vacuum theory which includes a thermodynamical description of the
fields and their interactions as functions of e.g. temperature or chemical potential.

The starting point is the similarity between the path integral formulation of a
QFT and the partition function of quantum statistics. The former relates the time
evolution of a system to a functional integral and we can write for a generic quantum
field variable φ

〈φ(t1, ~x1)|φ(t2, ~x2)〉 = 〈φ1|e−iH(t1−t2)|φ2〉 ∝
∫
Dφ eiS (2.108)

with some proportionality constant that is not relevant here. The functional integral
integrates over all paths satisfying φ(t1, ~x1) = φ1 and φ(t2, ~x2) = φ2 (these endpoints
are held fixed under the integration). The action is

S =

∫ t2

t1

dt

∫
d3x L (2.109)

where L is the Lagrangian for the system.
For QCD the transition amplitude is then written as (with quark and antiquark

fields q and q̄ and gluon fields Aaµ)

〈φ1|e−iHQCD(t2−t1)|φ2〉 ∝
∫
DqDq̄DAaµ eiSQCD (2.110)

The path integral can be calculated in a diagram expansion, where the series of
diagrams represent a Taylor expansion of the exponential around the free field theory
case, where interaction terms are considered perturbations to the calculable free field
case. Interactions are in this way taken into account perturbatively.

In statistical physics the partition function is the central object from which we
can obtain the various thermodynamical quantities of a system. It can be written as
the trace of the density matrix, which is defined as

ρ = e−β(H−µN). (2.111)

for a conserved number operator N (this can in general be a sum
∑

i µiNi), chemical
potential µ and Hamiltonian H. A chemical potential is used if there is a conserved
particle number in the system, e.g. baryon number, and N corresponds to the
Noether charge. As is usual in statistical physics, we have written β = 1/T where T
is the temperature.∗

∗We use units where Boltzmann’s constant kB = ~ = c = 1 so that temperature can be written
in electronvolts. We have then that 1 K = 0.086 meV, or (which will be more useful) 1 MeV= 1.16
1010 K. A temperature of 1 MeV is thus a very high temperature relative to room temperature,
which corresponds to about 0.025 eV.
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We have then for the partition function

Z = Tr ρ =
∑

n

〈n|e−β(H−µN)|n〉 (2.112)

where we have inserted a complete set of eigenstates |n〉. If we instead consider a
statistical field theory, describing the thermodynamics of fields, we can write the
partition function in terms of a complete set of field eigenstates:

Z =

∫
dφ1〈φ1|e−β(H−µN)|φ1〉 (2.113)

Here |φ1〉 is the initial state at t = t1. We are interested in the case where the system
returns to this state at t = t2 and integrate over all states |φ1〉.

From the partition function we can find different thermodynamic properties of a
system, for example pressure, average particle number and free energy are given by

P = T
∂

∂V

(
lnZ

)
, 〈N〉 = T

∂

∂µ

(
lnZ

)
, F = − 1

β
lnZ. (2.114)

Comparing the middle expression in Eq. (2.108) with the right hand side of
Eq. (2.113) we observe that the expressions are very alike. If we switch to an imagi-
nary time variable τ = it in Eq. (2.108) and identify τ1 = it1 = 0, τ2 = it2 = β we
can write for the partition function

Z = 〈φ(t1 = 0, ~x1)|φ(t2 = −iβ, ~x2)〉

∝
∫
Dφ e−SE−iβµN (2.115)

where the imaginary time, or Euclidean, action is given by

SE =

∫ β

0
dτ

∫
d3x LE . (2.116)

In the finite-temperature theory the field variables φ1 are (anti-)periodic in the
imaginary time variable,

φ(0, ~x) = ±φ(β, ~x) (2.117)

where the plus is for bosons and the minus for fermions. This follows from Eq. (2.115)
and the cyclicity of the trace operation in Z which requires initial and final state to
be the same.

Green’s functions are now obtained by adding external sources, taking functional
derivatives with respect to these and in the end putting the sources to zero, i.e.

〈0|T{φ(x1)φ(x2) . . . φ(xn)}|0〉 = (−i)n δ

δJ(x1)

δ

δJ(x2)
. . .

δ

δJ(xn)
Z[J ]

∣∣∣∣
J=0

. (2.118)

For QCD this means that the partition function can be written as

ZQCD ∝
∫
DqDq̄DAaµ e−S

E
QCD exp

(
i

∫ β

0
dt

∫
d3xµq†q

)
(2.119)
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where we have inserted the expression for the number operator, N =
∫

d4xq†q, so
that we have a chemical potential connected to baryon number conservation. We
note that now the time integration in SEQCD runs over an imaginary time variable τ .

The possibility to write the partition function as a path integral enables us to do
statistical field theory with a diagrammatic expansion as in standard zero tempera-
ture QFT. One can thus obtain Green’s functions as functions of temperature.

What we have described above, where an imaginary time coordinate replaces the
normal time coordinate, is called the Matsubara or simply imaginary time formalism
for finite-temperature field theory. It is well suited for equilibrium calculations since
we have essentially replaced time dependence by a temperature dependence. To
describe (real) time evolution and non-equilibrium, non-static quantities one can
analytically continue the time variable or use another formalism. Much more can be
said about finite-temperature field theory but this will not be needed in this thesis.
See e.g. [55, 56, 57] for some textbooks on the subject.

2.5.2 Order parameters, phase transitions and symmetry

Phase transitions are well-known from ordinary life. The melting of substances and
the transition into vapor at the boiling temperature are probably the most familiar
examples. Thermodynamically a phase transition occurs when there is a discontinu-
ity in the free energy or one of its derivatives. We can also define an order parameter
for the system which defines the phase of the system and experiences a rapid change
at the critical temperature where the phase transition occurs. This order parameter
is a parameter that has different values in the two phases, it is typically non-zero in
one phase and zero in another (using the order parameter to distinguish the phase is
the basis for so called Landau theory, see [58, ch. 1XIV] where the order parameter
goes under the name “degree of ordering”) . For the phase transition when ice melts
into liquid the density can serve as an order parameter, this changes discontinuously
at the phase transition (although in this case the order parameter is not zero in the
liquid phase).

Phase transitions are closely connected to the change of symmetry properties in
a system when the phase changes [54, 58]. A common example is of a spontaneously
broken symmetry. In the low temperature phase the symmetry is broken, meaning
that there is typically some non-vanishing vacuum expectation value which serves
as the order parameter. Thermal corrections will change the value of the order pa-
rameter as the temperature increases and at some point the phase transition occurs.
The way in which the order parameter then goes to zero determines the order of the
transition. In a first order transition the order parameter changes discontinuously
at the phase transition whereas in a second order transition it goes continuously
to zero at the phase transition (the derivative of the order parameter can still be
discontinuous at the critical temperature).

The symmetry properties of the system change at the phase transition and the
order parameter thus distinguishes between phases where the degree of order is dif-
ferent. One useful example is provided by the spin model of a ferromagnet, which
contains a phase transition at low temperatures. In the two-dimensional case, the
model describes a solid as a two-dimensional lattice where each point contains a spin
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(a) Low temperatures. (b) High temperatures.

Figure 2.15 – In the Ising model a ferromagnet is modeled as a spin lattice. At low
temperatures almost all the spins align, resulting in a net magnetization and a broken
rotational symmetry whereas at high temperature the spin directions are randomly
distributed due to thermal fluctuations and there is a rotational symmetry.

vector (see Fig. 2.15). The Hamiltonian is given by the spin-spin interaction between
the lattice points,

H ∝
∑

i,j

~si~sj (2.120)

where the sum is over neighboring lattice sites. In the simplest case, the Ising model,
the spins can only point up or down and the dot product is ~si~sj = ±|si||sj |. In this
case the Hamiltonian has a Z2 symmetry resulting from the change of spin direction.
In the Heisenberg model, the spins are allowed to point in any direction, and the
symmetry is in this case the two-dimensional rotational symmetry O(2). To find the
equilibrium state we should minimize the free energy

F = E − TS (2.121)

where E is the average energy, T the temperature and S the entropy of the system.
At zero temperature we should thus minimize the energy. Looking at the form of
the Hamiltonian in Eq. (2.120) we note that this is minimized when the spins are
aligned. We conclude that at zero temperature the spins in the lattice are aligned.
At higher temperature thermal fluctuations will shift the spin directions so that they
are no longer perfectly aligned, i.e. the entropy increases. From Eq. (2.121) we see
that the free energy is minimized for maximum entropy. This means that at high
temperatures the system will be in disorder and the spins not aligned.

When the spins align it creates a net magnetization 〈M〉 6= 0 of the solid in the
direction the spins are pointing. This choice of a preferred direction in the solid
breaks the rotational symmetry in the Hamiltonian – the symmetry is spontaneously
broken. In the high temperature phase 〈M〉 = 0 and the system again exhibits the
rotational symmetry of the Hamiltonian. In this way we see that the net magneti-
zation can serve as an order parameter of the system that distinguishes the ordered
phase with aligned spins from the disordered phase.
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M

T
Tc

ordered phase disordered phase

Figure 2.16 – The net magnetization of a ferromagnet in the Ising model with a spin
lattice. The red, dashed curve denote the case with zero external magnetic field and
the blue, full curve denotes the case with a small external magnetic field applied. In
the case without external magnetic field, the magnetization goes to zero at the critical
temperature Tc, marking the phase transition between the ordered, low-temperature
phase and the disordered, high-temperature phase. With an external field applied the
phase transition is washed out into a smooth crossover.

Schematically the order parameter as a function of temperature will behave as
shown in Fig. 2.16. At the critical temperature Tc there is a phase transition between
the low temperature, ordered, phase and the high temperature, disordered, phase.
The phase transition is second order since the magnetization goes continuously to
zero. For a first order transition there would be a discontinuous jump in the magne-
tization at Tc. Because of the kink in the curve at Tc the derivative will still behave
discontinuously at Tc.

If the solid is put in an external magnetic field ~m there will be some net magne-
tization present also at low temperatures from the interaction between the spin and
the external magnetic field,

Hext ∝
∑

i

~si · ~m. (2.122)

This has the effect that the phase transition is no longer a real phase transition –
it becomes a crossover. In a crossover the system goes smoothly from one phase
to another and every thermodynamical quantity behaves in a smooth way. The
magnetization will drop around Tc but never reach zero as the temperature increases,
as shown in Fig. 2.16.

2.5.3 Phase structure of strongly interacting matter

The following section discuss the properties regarding phase transitions in strongly
interacting matter. Unless otherwise stated, the main reference is [54].

Chiral symmetry restoration

The situation concerning the chiral symmetry in QCD is similar to that of the fer-
romagnet discussed above. The order parameter for chiral symmetry breaking is the
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quark condensate 〈q̄q〉 and the fact that this has a non-zero value in vacuum shows
that chiral symmetry is spontaneously broken. The behavior of the quark condensate
resembles that of the magnetization of a ferromagnet, as discussed above, [54] and
since it is not invariant under the full chiral symmetry of massless low-energy QCD
a preferred direction in the space defined by the chiral symmetry group is picked
out in vacuum. Calculations show that the quark condensate like the magnetization
decreases as a function of temperature and chemical potential [13, 14, 59, 60]. When
it goes to zero there is a phase transition into a phase where the chiral symmetry is
restored.

In the real world the chiral symmetry is broken by the non-zero quark masses.
This has the same effect as an external magnetic field in the example of the fer-
romagnet – the phase transition is washed out into a crossover transition. For the
quark condensate this means that it does not decrease sharply to zero at the tran-
sition, instead it behaves like the net magnetization with an external magnetic field
in Fig. 2.16 and decreases sharply around the critical temperature but never quite
reaches zero. Note that this is then strictly not a real phase transition so a critical
temperature Tc can not be uniquely defined.

In Fig. 2.17 the temperature dependence of the quark condensate is shown as
functions of temperature for zero chemical potential. The results are from lattice
calculations performed by the Wuppertal-Budapest collaboration [59] and the Hot
QCD collaboration [60]. At the chiral phase transition the quark condensate drops
significantly, indicative a crossover transition.

In a chirally symmetric phase the spectrum of hadrons organizes according to the
chiral symmetry SU(3)L×SU(3)R for three massless quarks instead of the Eightfold
way symmetry SU(3)V as in the chirally broken phase. The organization of hadrons
would then be in degenerate multiplets corresponding to irreducible representations
of the full chiral symmetry group and for T ≈ Tc we therefore expect the masses
of the hadrons connected by chiral transformations, e.g. parity, to approach each
other. For example the pion mass should approch the mass of the σ meson, its
chiral partner. These types of mass shifts would result in significant changes to the
experimental results concerning the hadrons from heavy-ion collisions compared to
standard vacuum results. In the latter case, the hadron properties are affected by
the presence of the hot medium formed in the heavy-ion collision.

The deconfinement transition

As already mentioned, in analogy with the ferromagnet phase transition, there is
a phase transition in strongly interacting matter from a chirally broken phase to a
chirally symmetric one. Apart from this there are also strong indications that there
is a phase transition from a confined phase, where due to confinement the degrees
of freedom are the hadrons, to a deconfined phase where the degrees of freedom
are instead quarks and gluons. This transition is more involved than the chiral
transition and there is nothing a priori that connects the two. Interestingly however,
calculations show that the critical temperature for the two phase transitions appear
to be very close to each other suggesting that they may be connected.

Confinement means that quarks and gluons are confined within hadrons and
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Figure 4: Left: renormalized chiral condensate �ψ̄ψ�R defined in Eq. (4.3). Right: subtracted

chiral condensate ∆l,s defined in Eq. (4.4). In both figures, the different symbols correspond to

different Nt. The gray band is our continuum estimate.

just a cross-over. The chiral condensate can still be taken as an indicator for the remnant

of the chiral transition, since it rapidly changes in the transition region.

In the present paper, the following definition of the renormalized chiral condensate is

used:

�ψ̄ψ�R = −
�
�ψ̄ψ�l,T − �ψ̄ψ�l,0

� ml

X4
l = u, d. (4.3)

In the above equation, X can be any quantity which has a dimension of mass. Since we

are working with non-vanishing quark masses, mπ is a reasonable choice. This quantity

is properly renormalized and the continuum limit can be safely taken [9]. The individual

results and the continuum extrapolation are shown in Figure 4.

In order to compare our results to those of the hotQCD collaboration, we also calculate

the quantity ∆l,s, which is defined as

∆l,s =
�ψ̄ψ�l,T − ml

ms
�ψ̄ψ�s,T

�ψ̄ψ�l,0 − ml
ms

�ψ̄ψ�s,0
l = u, d. (4.4)

Since the results at different lattice spacings are essentially on top of each other, we connect

them to lead the eye and use this band in later comparisons (c.f. Fig. 4).

In this section we presented our primary results, the temperature dependence of various

observables the same way as we did in our previous works [7, 8]. We found a complete

agreement. For the readers’ convenience we tabulate the results in the Table of Appendix

B. These curves contain the complete information on the observables. Nevertheless, it is

usual to determine some characteristic points of these curves (inflection points or peaks).

Since the transition is a broad cross-over, these Tc values scatter within the transition range

(c.f. Table 2, where we also review the results of our previous analyses for comparison).

For completeness we discuss the trace anomaly too (see next section) and give the

transition temperature obtained from it and from the energy density in Table 2 (the details

of the equation of state at Nt = 6, 8, 10 and 12 will be given in a subsequent publication
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(a) Wuppertal-Budapest [59].
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FIG. 12: (color online) The subtracted chiral condensate normalized to the corresponding zero temperature value (right). In
the right hand figure data for N! = 6 calculations have been shifted by !7 MeV (asqtad) and !5 MeV (p4),

calculated at the same value of the lattice cuto!, i.e.,

"l,s(T ) =
!!̄!"l,T # ml

ms
!!̄!"s,T

!!̄!"l,0 # ml

ms
!!̄!"s,0

. (16)

This observable has a sensible chiral limit and is an order parameter for chiral symmetry breaking. It is unity at low
temperatures and vanishes at Tc for ml = 0. For the quark mass values used in our study of bulk thermodynamics,
i.e., ml = 0.1ms, its temperature dependence is shown in Fig. 12. It is evident that "l,s(T ) varies rapidly in the same
temperature range as the bulk thermodynamic observables and the light quark number susceptibility. Based on this
agreement we conclude that the onset of liberation of light quark and gluon degrees of freedom (deconfinement) and
chiral symmetry restoration occur in the same temperature range in QCD with almost physical values of the quark
masses, i.e., in a region of the QCD phase diagram where the transition is not a true phase transition but rather a
rapid crossover.

Cuto! e!ects in the chiral condensate as well as in bulk thermodynamic observables are visible when comparing
calculations performed with a given action at two di!erent values of the lattice cuto!, e.g., N! = 6 and 8. These
cuto! e!ects can to a large extent be absorbed in a common shift of the temperature scale. This is easily seen by
comparing the left and right panels in Fig. 12. A global shift of the temperature scale used for the N! = 6 data sets
by 5 MeV for the p4 and by 7 MeV for the asqtad action makes the N! = 6 and 8 data sets coincide almost perfectly.
This is similar in magnitude to the cuto! dependence observed in (" # 3p)/T 4 and again seems to reflect the cuto!
dependence of the transition temperature as well as residual cuto! dependencies of the zero temperature observables
used to determine the temperature scale.

As can be seen from Fig. 12(right), even after the shift of temperature scales the chiral condensates calculated
with asqtad and p4 actions show significant di!erences. This reflects cuto! e!ects arising from the use of di!erent
discretization schemes and to some extent is also due to the somewhat di!erent physical quark mass values on the
LCPs for the asqtad and p4 actions. The di!erences are most significant at low temperatures where the lattice spacing
is quite large. Here, cuto! e!ects that arise from the explicit breaking of flavor symmetry in the staggered fermion
formulations may become important. At temperatures larger than the crossover temperature, the chiral condensate
obtained from calculations with the asqtad action is systematically larger than that obtained with the p4 action. This
is consistent with the fact that the quark masses used on the asqtad LCP are somewhat larger than those on the p4
LCP.

We note that at finite temperatures the chiral condensate as well as "l,s(T ) are quite sensitive to the quark mass.
In the chiral symmetry broken phase, in both cases the leading order quark mass correction is proportional to the
square root of the light quark mass [22]. Small di!erences in the actual quark mass values used in p4 and asqtad
calculations on lattices with temporal extent N! = 6 and 8 will thus be enhanced in the transition region. This makes
it important to have good control of the line of constant physics. We will discuss the quark mass dependence of the
chiral condensate and quark number susceptibilities as well as the cuto! dependence of pseudo-critical temperatures
extracted from them in more detail in a forthcoming publication [23].

(b) Hot QCD [60].

Figure 2.17 – The quark condensate as a function of temperature from lattice calcu-
lations by two collaborations, the Wuppertal-Budapest collaboration (left) and the Hot
QCD collaboration (right). What is shown is a modification of the condensate, it is
renormalized in a specific way and normalized to its vacuum value. The different points
correspond to different lattice calculations (with different points in the lattice). Both
show a significant decrease in the quark condensate as the temperature increases. The
differences in critical temperature have been discussed in [59].

that all physical states are color singlets. Thus no objects with a net color charge
are observable. Furthermore confinement means that it is impossible to pull out
a quark from a hadron. In terms of hot and dense nuclear matter a measure of
confinement is provided by the so called Polyakov loop, given by an integral over the
time component of the gluon field in Euclidean space A4 = iA0 (i.e. in the inverse
temperature direction τ = it):

L(~x) = TrP exp

(
g

∫ 1/T

0
dτA4(τ, ~x)

)
(2.123)

where P denotes path-ordering. For a system of gluons in the background of an
infinitely heavy quark the partition function can be written

Zq =

∫
DAµ L(~x)e−S

YM
E (2.124)

where SYME is the Euclidean action of pure Yang-Mills theory or gluodynamics (the
Euclidean action of QCD without the quark fields). From this we see that the thermal
expectation value of L(~x) is

〈L(~x)〉 =
1

ZYM

∫
DAµL(~x)e−S

YM
E =

Zq
ZYM

(2.125)

where ZYM is the gluonic partition function without the quark in the background.
From thermodynamics we know that the free energy is related to the partition func-
tion as F = − 1

β lnZ, hence the free energy of the system with an infinitely heavy
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quark is given by

Fq = − 1

β
ln

Zq
ZYM

= − 1

β
ln 〈L(~x)〉 (2.126)

The Polyakov loop is related to confinement from our knowledge that for an
isolated quark in the confined phase of QCD, the free energy should be infinite (i.e.
it takes an infinite amount of energy to isolate the quark). For a isolated quark in
the deconfined phase the free energy is finite. From Eq. (2.126) we then see that this
implies

〈L(~x)〉
{

= 0 , confined phase
6= 0 , deconfined phase (2.127)

In this sense the Polyakov loop is an order parameter for confinement. Lattice
calculations indicate that 〈L(~x)〉 6= 0 for high temperatures, signaling the transition
into a deconfined state of matter.

The deconfinement transition is also connected to a change in symmetry proper-
ties. In the approximation of infinitely heavy quarks (this corresponds to gluodynam-
ics since the quark degrees of freedom are then frozen), QCD has a so called center
symmetry given by the permutation group Z3. In reality this is only approximately
realized as the quark masses are finite in nature. The Polyakov loop is not invariant
under the Z3 symmetry, gL(~x) 6= L(~x), g ∈ Z3. In vacuum where 〈L(~x)〉 = 0 this
is irrelevant and the center symmetry is approximately realized. In the deconfined
phase where 〈L(~x)〉 6= 0 the center symmetry is spontaneously broken.

width of this band and those for other observables indicate the statistical and systematic

uncertainties of the continuum extrapolation).

The Polyakov loop is the order parameter related to the deconfinement phase tran-

sition of QCD in the pure gauge sector. In this case, the Z3 symmetry is exact at small

temperatures, where the Polyakov loop expectation value is zero. In the deconfined phase,

this symmetry is spontaneously broken by the expectation value of the Polyakov loop,

which jumps to a finite value. When quarks are included in the system, the Z3 symmetry

is explicitly broken by their presence. In this case, the Polyakov loop is no longer a real

order parameter. Nevertheless, it is still considered as an indicator for the transition, since

it exhibits a rise in the transition region. This is evident from the right panel of Fig. 3,

where we plot the renormalized Polyakov loop as a function of the temperature. The need

to renormalize it comes from the fact that there are self-energy contributions to the static

quark free energy that need to be eliminated. To that end, we use our renormalization

procedure of [7]. In order to compare our results with those obtained by the hotQCD

collaboration [5] (which will be done in the next Section), the renormalization constant is

obtained slightly differently from the condition V (1.5r0) = Vstring(1.5r0) where V is the

zero temperature quark-antiquark potential and Vstring(r) = −π/12r + σr. In addition, we

included the factor 1
3 in the trace definition.

The right panel of Figure 3 shows the different Nt data sets together with the continuum

extrapolated result, for which we give numerical data in the Table of Appendix B. As it is

expected from a broad cross-over the rise of the Polyakov loop is pretty slow as we increase

the temperature (c.f. [5, 7, 8]).
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Figure 3: Left: strange quark number susceptibility as a function of the temperature. Right:

renormalized Polyakov loop as a function of the temperature. In both figures, the different symbols

correspond to different Nt. The gray band is the continuum extrapolated result.

The chiral condensate is defined in the following way:

�ψ̄ψ�q =
T

V

∂ ln Z

∂mq
, q = u, d, s. (4.2)

In the case of a real chiral phase transition, the chiral condensate is the corresponding

order parameter. However, with physical quark masses there is no real phase transition,
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(a) Wuppertal-Budapest [59].
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FIG. 13: (color online) The renormalized Polyakov loop obtained with the asqtad and p4 actions from simulations on lattices
with temporal extent N! = 6 and 8. Open symbols for the N! = 6, asqtad data set denote data obtained with the R algorithm.
All other data have been obtained with an RHMC algorithm.

C. The Polyakov loop

The logarithm of the Polyakov loop is related to the change in free energy induced by a static quark source. It is a
genuine order parameter for deconfinement only for the pure gauge theory, i.e., all quark masses taken to infinity. At
finite quark masses it is nonzero at all values of the temperature but changes rapidly at the transition. The Polyakov
loop operator is not present in the QCD action but can be added to it as an external source. Its expectation value
is then given by the derivative of the logarithm of the modified partition function with respect to the corresponding
coupling, evaluated at zero coupling. As far as we know, the Polyakov loop is not directly sensitive to the singular
structure of the partition function in the chiral limit. Therefore, its susceptibility will not diverge at m̄ = 0 nor
is its slope in the transition region related to any of the critical exponents of the chiral transition. Nonetheless,
the Polyakov loop is observed to vary rapidly in the transition region indicating that the screening of static quarks
suddenly becomes more e!ective. This in turn leads to a reduction of the free energy of static quarks in the high
temperature phase of QCD.

The Polyakov loop needs to be renormalized in order to eliminate self-energy contributions to the static quark
free energy. For the p4 action, this renormalization factor is obtained from the renormalization of the heavy quark
potential as outlined in Ref. [4]. In calculations with the asqtad action, we apply the same renormalization procedure
and details of this calculation are given in Appendix B. The results for the renormalized operator for both actions
are shown in Fig. 13. Similar to other observables discussed in this paper, we also observe for the Polyakov loop
expectation value that results obtained on lattices with temporal extent N! = 6 are shifted relative to data obtained
on the N! = 8 lattices by about 5 MeV. The renormalized Polyakov loop rises significantly in the transition region.
The change in slope, however, occurs in a rather broad temperature interval. Similar to the strange quark number
susceptibility the Polyakov loop does not seem to be well suited for a quantitative characterization of the QCD
transition, as it is not directly related to any derivatives of the singular part of the QCD partition function. In fact,
even in the chiral limit we do not expect that Lren or its susceptibility will show pronounced critical behavior.

V. CONCLUSIONS

We have presented new results on the equation of state of QCD with a strange quark mass chosen close to its phys-
ical value and two degenerate light quarks with one tenth of the strange quark mass. A comparison of calculations

(b) Hot QCD [60].

Figure 2.18 – The renormalized Polyakov loop as a function of temperature from
lattice calculations by two collaborations, the Wuppertal-Budapest collaboration (left)
and the Hot QCD collaboration (right). In both calculations the Polyakov loop increases
sharply around the critical temperature. Different points correspond to different lattice
calculations (with different number of lattice points). As for the quark condensate,
there is a difference for the critical temperature between the two calculations [59].

Fig. 2.18 shows the Polyakov loop as a function of temperature at vanishing
chemical potential. At almost the same temperature as when the quark condensate
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goes to zero the Polyakov loop rises to a non-zero value which is a signal of the
deconfinement transition.

2.5.4 The QCD phase diagram

The results in Figs. 2.17 and 2.18 give information on the transition temperature
at vanishing chemical potential. We can imagine doing the same for a range of
values of the chemical potential. Extracting the transition temperature gives then
the phase diagram of strongly interacting matter (Fig. 2.19). This shows how the
phase structure depends on the values of T and µ. As before, the main reference is
in this section [54] unless otherwise stated.42 1 Introduction

MeV
170~

few times nuclear
matter density

µµ

T

o

color
superconductor

hadron gas
confined,
!-SB

quark-gluon
plasma

deconfined,
!-symmetric

Fig. 1.1 Sketch of our present-day understanding of the QCD phase diagram at finite
temperature T and non-zero quark chemical potential µ. It shows a crossover region at
low µ (dashed) which turns to a true phase transition at a non-zero critical value of the
quark chemical potential. The phase transition line starts with a 2nd order phase transition
point as an end-point of a line of 1st order transitions. The latter extend to higher chemical
potentials and lower temperatures until the region of color superconductivity is reached.
(The line at smaller T and smaller µ which also ends in a critical point is the liquid-gas
phase transition of nuclear matter).

the transition temperature. Because the pressure contributes strongly to the
rate of the expansion of the Universe, it may a!ect the evolution of vari-
ous cosmological relics: so far, the spectrum of the primordial gravitational
waves [3, 4] and the relic densities of various dark matter candidates [5–9]
have been studied in this context. The knowledge of the pressure to better
than ! 1% level is necessary for precise quantitative analysis. Neutron stars
are macroscopic objects where the stability is guaranteed by the Pauli princi-
ple of nucleons (together with a repulsive short-range interaction). Therefore
the structure of a neutron star is dictated by the strong interaction (and,
of course, gravity). The key ingredient that enters the stability condition is
precisely the equation of state.

It is important to understand which regions of the phase diagram de-
picted in Fig. 1.1 are accessed by nature or accessible by experiment: The
early Universe traversed the phase diagram essentially downward along the
temperature axis, i.e. for vanishing chemical potential. Neutron stars, on the
other hand, probe the strong interaction at very small temperatures, but
high chemical potential. The question whether the interior of a neutron star
is already in a (superconducting) quark phase constitutes an active field of
research. Ultrarelativistic heavy-ion reactions reach the transition region be-
tween hadronic and quark-gluon matter. It should be noted, however, that
one has to evaluate for each reaction to what extent the hot system created
in the center of a heavy-ion collision reaches local equilibrium. In that sense
it might be somewhat oversimplified to attribute a position in the phase dia-

Figure 2.19 – The above phase diagram of strongly interacting matter [54] summarizes
our present state of knowledge regarding the phase structure and how it depends on T
and µ. At low temperatures and densities there is a hadronic gas phase with broken
chiral symmetry. At high temperature this turns into a Quark-Gluon Plasma (QGP)
with deconfined quarks and gluons. In the high temperature phase chiral symmetry is
also restored. For high densities and low temperatures a color superconducting phase
is believed to exist. In the figure a full line corresponds to a first order transition while
the dashed line indicates a crossover.

One usually considers nuclear matter at different density by introducing the
baryon number chemical potential µ. Chemical potential represents the amount
of energy needed to add another particle to the system and thus it is analogous to
density for fermions since additional fermions will fill up states at increasing energy
levels. When many fermions are present in the system it will cost more energy to
add another one. For equal amounts of baryons and antibaryons µ = 0 but as soon
as there is a net surplus of baryon compared to antibaryons (as in ordinary nuclear
matter) µ will be larger than zero.

At low T and µ (corresponding to low density), strongly interacting matter is in
a hadronic phase consisting of a hot gas of hadrons. As this gas is further heated
to higher T there is a crossover into the deconfined and chirally symmetric phase.
Increasing instead the density of the hadron gas first leads to a phase transition
from a hadronic gas to atomic nuclei when the favored equilibrium state is a bound
nucleus rather than a gas of hadrons. This transition is indicated by the shorter full
line in the lower left part of the diagram. When the density is increased further the
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nucleons will at some point come so close that they overlap and the identity of a
single nucleon is lost. Instead there is a highly packed exotic phase of quark matter,
which might to exist in the interior of neutron stars. In this phase quarks form a
type of Cooper pairs similar to electrons in a superconductor, hence the phase is said
to be color superconducting.

In Fig. 2.19 a full line indicates a first order phase transition, the dashed line
indicates a crossover. The specifics of the phase transition at high µ are difficult to
obtain as lattice calculations have very limited applicability in this region due to the
sign problem (see below). Available studies indicate a first order transition at µ.

2.5.5 Approaches at T 6= 0 and µ 6= 0

We describe here the main methods to describe strongly interacting matter at high
temperature and density with the material coming mainly from [54].

At the high temperatures around the phase transition one might naively think
that QCD is in a perturbative region and hence that one can use techniques from
perturbative QCD to obtain phase properties. This is not the case however, pertur-
bative calculations fail to describe experiments and perturbative methods can only
be used at very high temperatures where the running coupling is small enough.

Instead the main approaches for calculating the properties of hot and dense nu-
clear matter are lattice QCD (LQCD), effective models of the strong interaction and
systematic, effective descriptions of QCD. We distinguish here between systematic,
effective descriptions of QCD such as χPT and phenomenological models that are not
systematic in their approach. These approaches have different regions of validity in
the phase diagram as shown in Fig. 2.20. Where the various approaches overlap one
can make consistency checks and compare the results.

44 1 Introduction

of freedom with properties based on phenomenology or degrees of freedom
closer related to the basic ingredients of QCD, like dressed quarks, quark
bound states or Wilson lines. The respective region of applicability of the
various approaches is illustrated in Fig. 1.2. In this figure the main empha-

Fig. 1.2 Regions of applicability of various approaches to the phase diagram of QCD.
For simplicity only the phase line between hadronic matter and the quark-gluon plasma is
displayed (the full line which terminates in a critical end point), while the color supercon-
ducting phase and the liquid-gas transition are not shown. The label “!PT” denotes chiral
perturbation theory, “LQCD” lattice QCD, “PQCD” perturbative QCD, “HM” hadronic
models and “QM” quark models. Recent developments in lattice QCD aim at the extension
of this first principle method to larger chemical potentials. This is indicated by the arrows.
See main text for details.

sis lies on the transition from hadronic matter to the quark-gluon plasma.
(The corresponding transition line is the full line which ends in the critical
point discussed above.) Therefore, the other transition lines depicted in Fig.
1.1 are left out here for simplicity. As already discussed, perturbative QCD
(labeled by “PQCD” in Fig. 1.2) is only applicable where the temperature
T and/or the chemical potential is large. The applicability region of Lattice
QCD (LQCD) is depicted by the full line. Lattice QCD can deal in principle
with arbitrary temperatures, but only with small chemical potentials. Recent
progress in lattice QCD pushes the reachable chemical potentials to larger
values. This is indicated in Fig. 1.2 by the arrows. At very low temperatures
the bulk properties are determined by the lightest hadrons, the pions. Since
their mass is determined by the very light up and down quark masses, the
pions are typically too heavy in present-day lattice QCD calculations. There-
fore, the applicability region of lattice QCD roughly ends at the domain of
chiral perturbation theory (!PT) – the dashed line. Obviously, there are re-
gions in the phase diagram depicted in Fig. 1.2 where none of the systematic
approaches (PQCD, LQCD, !PT) works. There one has to rely on models
to get qualitative or semi-quantitative insights. Of course, hadronic models
(HM) work only in the hadronic phase, i.e. their border (dotted line) is be-

Figure 2.20 – The regions of validity in the phase diagram are different for the various
approaches to strongly interacting matter at T 6= 0 and µ 6= 0. At low T and µ one
can use χPT as an effective description of QCD but this fails for higher T and µ when
effects not included such as hadronic resonances become important. At low µ one can
use lattice QCD (LQCD) successfully but this fails for high µ due to the sign problem.
One must then resort to quark model (QM) or hadronic model (HM) descriptions of
strongly interacting matter. Perturbative QCD (PQCD) can only be used at very high
temperatures. The plot comes from [54].



2.5. STRONGLY INTERACTING MATTER AT HIGH TEMPERATURE AND
DENSITY 56

Lattice QCD

Lattice QCD (LQCD) attempts to calculate the QCD partition function in Eq. (2.119)
numerically by approximating space-time by a discrete grid, or lattice, and calcu-
lating the value of the path integral at each point of the grid. To do this one uses
numerical Monte-Carlo sampling methods. In the end one wants to extrapolate the
discrete lattice results to the full continuum theory. This is done by doing the cal-
culations for different grid sizes with different lattice spacing and then extrapolating
these results to a vanishing lattice spacing and infinite volume, corresponding to the
real, continuum theory.

The Monte-Carlo sampling methods work well as long as the measure is positive
definite and can be interpreted as a probability measure. This means that we have
to set µ = 0 since only then the integrand in Eq. (2.119) is positive definite. The
fact that the Monte-Carlo methods do not work for µ 6= 0 is called the sign problem
and is a severe shortcoming of LQCD. There are ways to partly circumvent the sign
problem [61] but in principle these are limited to small values of µ.

Another difficulty in LQCD is the size of the quark masses. The calculations
become harder and harder for smaller masses and only recently it has been possible
to do calculations with physical values of the quark masses. What one does in
practice is therefore to do the calculations for different values of the masses and in
the end extrapolate to the physical values, much like the continuum extrapolation.

LQCD works well for static quantities, including for example hadronic masses and
thermodynamic equilibrium properties. This does not include dynamic properties
such as decay rates or cross sections. There is not yet any prescription to calculate
e.g. decay rates using LQCD, which is why the calculation of the η′ width in a
medium is not possible to perform in LQCD. This provides a motivation for using
χPT to do this calculation in this thesis.

Despite its shortcomings LQCD provides some of the most reliable predictions
for the phase structure and the thermodynamical properties of QCD, for example it
predicts that the phase transition into chirally symmetric, deconfined matter occurs
at a temperature of about 160 MeV [14]. It is attractive as it gives us results from
almost real QCD.∗

Chiral perturbation theory

χPT is an effective, systematic description of low-energy QCD. The limitation to
low-energy processes means that a finite-temperature treatment of χPT is limited
to low temperatures, also the hadronic resonances that become important at higher
temperatures are not accounted for. In any case the degrees of freedom in χPT

are hadrons and therefore it can not account for the temperature range around the
deconfinement transition.

At low temperatures light particles are dominant in a thermal medium since
heavier particles of massM are suppressed by thermal distribution factors ∼ e−M/T .
This suppression has the effect that at low temperatures the hadronic gas phase

∗The transition between the lattice theory and the continuum theory is not always entirely
understood, hence the “almost”.
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of strongly interacting matter will consist of the lightest hadrons, i.e. the pseudo-
Goldstone bosons of chiral symmetry breaking. Since χPT describes exactly these
particles it gives results valid for the low temperature phase. Furthermore, since the
pions are so much lighter than the other hadrons, the hadronic gas will to a good
approximation consist of pions only.

χPT is a systematic approach since we make a perturbative expansion in momenta
and quark masses (and 1/Nc in Large Nc χPT) and thus have control over the degree
symmetry breaking. Unlike the non-systematic phenomenological models described
below we can quantify in a systematic way the effect of higher order corrections
that are not included. The behavior at these temperatures and densities can give
indications on what happens at higher temperatures and densities such as for example
the onset of chiral symmetry restoration.

Phenomenological models

At high values of the chemical potential and temperature around the phase transition
it is notoriously difficult to make predictions since this is a non-perturbative region
where LQCD is hard to apply due to the sign problem and χPT cannot be used since
the temperature and density is too high. In practice this means that we must resort
to phenomenological model descriptions of strongly interacting matter. Such models
are not real QCD but try to imitate it as well as possible by fixing parameters to real
values. These models typically include both quark and hadronic degrees of freedom.
Some common models including quarks are the Nambu-Jona-Lasinio model and the
Quark-Meson model. A hadronic model that is much used in the region below the
phase transition is the Hadron Resonance Gas model, which models the hadronic gas
as predominantly consisting of non-interacting hadronic resonances.

Despite the fact that they do not represent real QCD the phenomenological mod-
els can still give important hints about what is really happening around the phase
transition as they have similar phase structure to real QCD. Furthermore the relative
simplicity of these models make the study of hot and dense nuclear matter easier.

Other approaches

There are also other approaches to QCD at T 6= 0 and µ 6= 0. These include the
use of Dyson-Schwinger methods [9] and Functional Renormalization Group (FRG)
methods[10, 11]. We will not discuss these further here.

2.5.6 Heavy-ion collisions

Collisions between heavy ions make it possible to study the properties of hot and
dense nuclear matter experimentally. Such experiments are currently being done
for example at the Large Hadron Collider at CERN and at the Relativistic Heavy
Ion Collider at BNL in the US. Previous experiments include for example the SPS
experiment at CERN. In this section we give a general picture of a collision between
two heavy ions, mainly using material from [54] and [55].

When the two heavily Lorentz-contracted heavy ions collide at nearly light speed
huge amounts of energy are released. The result is a high-temperature, densely
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Fig. 1.1 Time evolution of a central gold–gold collision as obtained with the 3-fluid model
[1] (Sect. 5.3.1). Left: Contours of the total energy density in the reaction plane, for a
bombarding energy of 20 A GeV. The light coloured outer halo indicates the matter that
has already undergone chemical freeze-out. The flow velocities of the baryon-rich projectile-
like and target-like fluids are indicated by the arrows (open and solid, respectively). Right:
The associated time evolution of the net baryon density !(0, 0, 0, t) and the total energy
density "(0, 0, 0, t) in the centre of the system, as well as the corresponding trajectory in
the ! ! " phase plane, with results for bombarding energies of 10 and 5 A GeV also shown
[2]. The expected phase coexistence region is indicated schematically (yellow), while the
chemical freeze-out (green) is based on fits to data [3].

nately, as of yet, it has not been possible to derive such treatments directly
from the underlying QCD quantum field theory. Extensive phenomenological
modelling is therefore required.

After an introductory discussion of the general physical features of the
nuclear collision dynamics, we discuss the range of conceptual approaches.
Starting with cascade models (Chap. 2), we continue with treatments build-
ing on the one-body approximation level that have been so successful for nu-
clear dynamics at lower energies (Chap. 3). Besides kinetic transport, detailed
conceptual developments in the treatment of “unstable” particles such as res-

Figure 2.21 – (Left) A schematic view of the time evolution of a heavy-ion collision.
First two Lorentz contracted nuclei collide, creating a very large energy density and
temperature at the collision. As this “fireball” expands the energy density and tem-
perature decreases. At a time 9 fm/c interactions have almost ceased in the medium
and we are almost at the “freeze-out” transition, where there is no interaction among
the particles any more. (Right) The two upper plots shows the net baryon density and
energy density respectively as a function of time in fm/c in a simulated collision with
20 GeV per nucleus. The lowest diagram indicates what parts of the phase diagram
are reached in the simulated collision with energy density plotted against net baryon
density. The figure comes from [54].
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packed so called fireball. The fireball rapidly expands and cools down. In Fig. 2.21
the time evolution of the fireball is shown. We will in the following describe this in
more detail.

The collision results in a high energy density around the collision point. The
remnants of the nuclei continue along the beam direction, taking with them the
most part of the net electric charge and net baryon number and leaving a hot and
dense fireball of approximately zero electric charge. The baryon density will depend
on the collision energy, higher collision energy typically results in smaller densities
and higher temperatures and vice versa for lower energies. In this way different
regions of the phase diagram are probed by different collision energies, in some cases
it is more attractive to use a smaller and in some cases a higher collision energy.

After an initial distinctly non-equilibrium evolution the fireball reaches equilib-
rium and continues expanding rapidly while simultaneously cooling down. At some
point the temperature and density has decreased to the point where the transition
into confined matter occurs, resulting in the formation of hadrons. This is called
the “hadronic freeze-out”. The fireball continues expanding and cooling down until
the medium is sufficiently dilute that hadronic interactions cease, this is dubbed the
“kinetic freeze-out”. What remains is a non-interacting, dilute gas of hadrons.

The modeling of the fireball evolution is complicated due to the short time-
scales and non-equilibrium evolution. After the fireball has reached equilibrium one
generally uses hydrodynamics to describe the fireball evolution. Before equilibrium
one can use a type of non-equilibrium description called transport theory. In general
the treatment of the fireball needs to be done by phenomenological models and
simulations. These should in principle be possible to derive from the underlying
theory, i.e. QCD, but in practice this proves difficult.

The time until kinetic freeze-out usually lies between 10-20 fm/c, meaning that
a particle traveling at the speed of light travels a distance of 10-20 fm. It also means
that a particle created in the fireball will be dominated by its in-medium properties
if the in-medium width is such that (ΓT 6=0)−1 ∼ 10− 20 fm/c ∼ (10− 20 MeV)−1.

A particle in a thermal medium will have changed properties compared to vac-
uum. Most notably the mass and width will change as a result of thermal effects. A
width increase, corresponding to a lifetime decrease, is expected due to the medium
interaction – this is therefore dubbed “collisional broadening”. This means that the
in-medium life-time will in general be different (typically shorter) compared to the
vacuum life-time.

A particle with an in-medium decay width corresponding to less than the fireball
lifetime will be created and decay in the medium. This means that if one collects its
decay products and plots an invariant mass spectrum one will obtain the in-medium
properties of the particle. For example, a mass shift will mean that the peak center is
shifted along the horizontal axis and a width increase will widen the peak compared
to the vacuum spectrum. Useful but rare decay products are dilepton pairs as these
escape the fireball more or less unaffected since they do not interact strongly.

Usually measurements of the dilepton spectra look for in-medium changes of light
vector mesons such as ρ, ω and φ since these have relatively large widths in vacuum
and hence are expected to be most affected by the presence of the medium. Mea-
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surements of the dilepton invariant mass spectrum have been performed by several
experiments. The results are not entirely consistent [62] but report broadening of the
ρ peak and in some cases a small mass shift. For the ω meson some results indicate
mass shift and broadening but results are inconclusive. A mass shift and broadening
has been reported for the φ meson.

2.5.7 The axial anomaly at finite temperature

As described above, the chiral SU(3)L×SU(3)R symmetry is believed to be restored
at a temperature of about Tc ∼ 160 − 170 MeV. What happens to the anomalous
U(1)A is less clear. Since this is anomalous it is not really a symmetry in QCD but
the effects of the anomaly may still change with the temperature.

The η′ acquires a mass M0 from its interactions with the instantons, and we can
write

M2
η′ = M2

0 +M2
expl. (2.128)

where M0 is the anomaly contribution to the mass and Mexpl. is the contribution
from the explicit breaking of chiral symmetry. The latter vanishes in the chiral limit
with zero u, d and s quark masses, then the mass of the η′ is equal to the singlet
mass and comes only from the anomaly.

The instanton effect on the U(1)A symmetry can be quantified with the topolog-
ical susceptibility τ defined in Eq. (2.96). The topological susceptibility measures
fluctuations in the topological charge and acts as an effective order parameter for
the U(1)A symmetry.∗
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Figure 3: !(T )/!(T = 0) versus T/Tc for Nf = 4, Nf = 2 and Nf = 0.

4 Full QCD with Nf = 2

Full QCD with two flavours of quarks has been simulated by using staggered fermions
of bare mass am = 0.0125 and the usual Wilson action for the pure gauge sector. The
updating has been performed with the R–type HMC algorithm [13], each trajectory con-
sisting in 120 steps of !! = 0.004 units of molecular dynamics time. We have simulated
at "=5.40, 5.50, 5.55, 5.60 and 5.70 both at zero and finite temperature.

The lattice volume was 323 !8 for finite T and 164 for T = 0. According to Ref. [17] at
this temporal size the deconfinement transition occurs at "c = 5.54(2). We have checked
this number by studying the Polyakov loop in a similar way as in section 3.

We have checked that the sets of configurations produced during the simulation are
well decorrelated and the distribution of topological charge is well sampled. For the case of
" = 5.70 we needed a longer simulation to obtain a well sampled distribution of topological
charge.

Table 2: #, T/Tc and a versus " for Nf = 2 on a 323 ! 8 lattice.

" a/fm T/Tc 10!8 ! #/MeV4

5.40 0.1742(50) 0.73 5.16(1.65)
5.50 0.1343(72) 0.94 6.21(1.74)
5.55 0.1249(15) 1.02 4.75(1.69)
5.60 0.1076(27) 1.18 2.27(0.72)
5.70 0.0858(35) 1.48 1.75(1.01)

In Table 2 we report the data obtained from the simulation at finite T . From the
value extrapolated at "c = 5.54, we infer the critical temperature to be Tc = 194(10)(15)

5

Figure 2.22 – The topological susceptibility decreases with increasing temperature
and around the deconfinement transition at Tc it vanishes according to this lattice
calculation in [63].

Instanton calculus predicts that τ is more or less constant below the temperature
of deconfinement but that it vanishes at high temperatures. However, it is not clear

∗We call it “effective” since this symmetry is not in fact there but the change of the topo-
logical susceptibility with temperature can mimic that of the change of an order parameter for a
spontaneously broken symmetry.
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from instanton calculus what this temperature for the vanishing of τ is, since instan-
ton calculus from first principles is only straightforward for very high temperatures
[64, 40, 65] and requires additional model-building at low temperatures [40].

Lattice studies [66, 63] indicate that τ decreases significantly at T ∼ Tc, around
the deconfinement transition (Fig. 2.22). Large Nc arguments have also been used
to argue that the topological susceptibility should vanish at the deconfinement tran-
sition [67] or that Mη′ should drop sharply around Tc [68], suggesting an effective
restoration of the U(1)A symmetry. Other results include a generalization of the
Witten-Veneziano relation in Eq. (2.95) between the singlet mass M0 and the topo-
logical susceptibility to non-zero temperatures, which also indicates a decrease in the
η′ mass above the phase transition [69].

To conclude, there are many indications that the topological susceptibility, which
is responsible for the major part of Mη′ , decreases at high T and may even vanish
around the phase transition. This would change the experimental signatures of the
η′ drastically. There are indirect analyses of dilepton spectra from the PHENIX
experiment at RHIC in Brookhaven showing a significant decrease in the in-medium
η′ mass [70, 71, 72].

Evidently, the change in properties of the η′ meson in a hot and dense medium
are of great interest. This provides a motivation for calculating the in-medium width
of the η′, as is the goal here. If the width does not change significantly, the life-time
of the η′ is much longer than that of the fireball and hence in-medium properties
will be very hard to study in a heavy-ion collision. A collisional broadening of the η′

that is very large, Γη′,T 6=0 ∼ Mη′ , on the other hand, also renders it tough to study
since the η′ is then not a well-defined resonance anymore. Ideally one would like
1/τfireball . Γη′,T 6=0 < Mη′ – this would make in-medium studies of the η′ and hence
the U(1)A anomaly possible in the future.

2.6 Width of a particle

An unstable particle is characterized by a finite lifetime. The lifetime is the inverse
of the decay width of the particle. We shall here discuss how the width can be found
from the imaginary part of the self-energy of the particle and how the width can
be seen as a damping factor for the wave that represents the unstable particle. The
main references used for this section are [2, 4] and for the discussion of in-medium
changes [55].

Let us first look at non-relativistic quantum mechanics. In an atom, an electron
that is in a high energy state will eventually emit a photon and jump to a lower
energy state. To describe this one can assign the unstable electron a complex energy,

E → E − iΓ/2 (2.129)

and the probability amplitude evolves in time as

|ψ(t)|2 ∼ |e−i(E−iΓ/2)|2 = e−Γt. (2.130)

The imaginary part of the energy thus acts as a damping factor for the probability for
the electron to stay in the high energy orbital. The lifetime of the state is determined
by the inverse of Γ.
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Similarly, in a scattering experiment the unstable state will be described as a
resonance by the non-relativistic Breit-Wigner distribution. This describes the scat-
tering amplitude of a resonance near the resonance energy E0 as

f(E) ∝ 1

E − E0 + iΓ/2
. (2.131)

The cross section will go as the modulus squared of the scattering amplitude:

σ ∝ 1

(E − E0)2 + Γ2/4
(2.132)

In a relativistic theory the Breit-Wigner distribution can be generalized to

f(k) ∝ 1

k2 −m2 + imΓ
(2.133)

where k is the four-momentum of a particle with mass m. The cross section will
then go as

σ ∝ 1

(k2 −m2)2 +m2Γ2/4
. (2.134)

Near the resonance energy we can write

1

k2 −m2 + imΓ
≈ 1

2Ek(k0 − Ek + i(m/Ek)Γ/2)
(2.135)

and we see that the decay rate for the unstable state is now (m/Ek)Γ = Γ/γ where
γ is the Lorentz boost factor. In other words time dilation is correctly accounted for
in the decay rate.

Let us now turn to field theory. We follow the presentation in [2, ch. 25]. Normally
we require in- and outgoing states to be stable states. This seems to be in conflict
with the concept of a decaying particle. However, we shall see that if the self-energy
has an imaginary part this gives a decay rate for the particle. The exact propagator
for a scalar particle is∗

D̃F (k) =
1

k2 −m2 −Π(k)
(2.136)

where Π(k) denotes the self-energy – the sum of all one-particle irreducible diagrams
that cannot be cut in half and produce two separate diagrams. The self-energy
represents the addition to the energy of the particle that comes from its interaction
with the system it is in. In thermal field theory the self-energy is understood as the
effect on the particle from interactions with the medium.

If the self-energy is purely real it represents a shift in the mass of the particle.
The presence of a medium can induce a shift in the apparent mass of the particle, for
example a photon in a medium such as a plasma can be seen as having a thermal,
nonzero mass.

∗We will not have any need to look at vector bosons or fermions here.
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Now consider the case where the self-energy is purely imaginary. Then we have

D̃F (k) =
1

k2 −m2 − i Im Π(k)
. (2.137)

Let us now consider a theory where the interaction part of the Lagrangian is Lint ∼
gχφ2 and mχ > 2mφ so that a χ particle can decay into two φ particles. The
amplitude for φφ → φφ scattering at tree level is then given by a sum of an s-
channel, a t-channel and a u-channel diagram. If the incoming momenta are p1 and
p2 so that s = (p1 + p2)2 we know that kinematically the point s = m2

χ is possible
to reach since mχ > 2mφ. Near this point this pole will dominate the scattering
amplitude so that we can neglect the t- and u-channel diagrams. Then we have,
using an exact χ propagator,

M(φφ→ φφ) ' g2

s−m2
χ −Πχ(s)

. (2.138)

Let us now assume that Πχ is purely imaginary, then

M' g2

s−m2
χ − i Im Πχ(s)

(2.139)

If Im Πχ(s) is small compared to mχ we can make the approximation Im Πχ(s) ≈
Im Πχ(m2

χ) near s = m2
χ. Comparing with the relativistic Breit-Wigner distribution

in Eq. (2.133) we see that this describes a resonance if we make the identification

mχΓχ = − Im Πχ(m2
χ). (2.140)

2.6.1 Increase of width in a thermal medium

The presence of a background medium means that a probe particle in the medium will
on average live a different time before it decays as compared to vacuum. This gives
an in-medium modification to the decay rate of the particle. The major difference
between the in-medium and the vacuum decay rate is the presence of real particles
in the medium.

Consider a theory with a Yukawa interaction Lint ∼ gχφ2. In vacuum a χ particle
can only decay to two φ particles if mχ > 2mφ. In vacuum there are no φ particles
to form an on-shell χ particle. In a medium consisting of a φ gas this is no longer
true. The medium consists of on-shell φ particles with thermal energy according to
the Bose-Einstein distribution (we are here talking about scalar particles). Because
of this two φ particles can in a medium form a real χ particle.

We should therefore in a medium see the decay rate as a loss rate minus a gain
rate in the sense that if we count the χ particles lost from “normal” decays χ→ φφ
as in vacuum minus the number of χ particles formed by thermally distributed real
φ particles we get the in-medium decay rate. The in-medium decay rate is a loss
rate minus a gain rate for the χ, in accordance with the reasoning in [55, ch. 4].
Every particle from the medium comes with a weighting factor nB(E) so the process
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where two thermal φ particles combine into a χ, contributing to the gain rate, will
be multiplied by a factor nB(E1)nB(E2)

There are also other modifications from the medium. One is the so called Bose
enhancement of decay products from χ → φφ decays. The outgoing φ particles
will in a medium be accompanied by a factor 1 + nB(Eφ) where Eφ is the energy
of the outgoing φ particle. The case with fermions is easy to understand, then we
have instead so called Pauli blocking which gives a factor 1−nF (E) to the outgoing
fermions. This comes from the fact that the presence of the thermal medium means
that the lowest lying energy levels are already filled by fermions from the medium,
therefore the outgoing particle will obtain a suppression factor since it must have an
energy that is larger than the Fermi energy (the largest energy up to which all states
are filled). For bosons we have the opposite behavior, there is an enhancement factor
of the available density of states.

The in-medium decay rate gets mainly two contributions: a contribution from in-
teractions with medium particles called “collisional broadening”, and a Bose enhanced
decay rate given by the product of the vacuum decay rate with (1+nB(Ei, T )) factors
for each final state particle, where Ei is the energy of the decay particles.

The increase in width due to collisional broadening can in a classical approxima-
tion be found by using equations from classical kinetic theory. The mean free path
λ of a particle is the average distance it travels before it interacts with a medium
particle. With particle velocity v one can then write the lifetime of the probe in the
medium as

τp =
λ

v
. (2.141)

One can also write the mean free path in another way. For density ρ of the medium
particles one finds

λ =
1

σn
. (2.142)

Here σ is the cross section for the probe to interact with a particle in the medium
and n is the density of the medium particles, given by

n =

∫
d3p

(2π)3
nB(Ep). (2.143)

nB(Ep) is a Bose-Einstein distribution, given by

nB(Ep) =
1

eEp/T − 1
. (2.144)

We use here Bose-Einstein statistics since we are dealing with a bosonic gas (for
fermions we would use Fermi-Dirac statistics). In accordance with intuition the
mean free path decreases for a high cross section and medium density. This gives

τp =
1

nσv
(2.145)
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and, since the width Γ is the inverse of the lifetime, the width is

Γ = nσv. (2.146)

What we are interested in is in fact the average of the probe lifetime or width in the
medium, this is given by

Γ = n〈σv〉 (2.147)

Since an average in a boson gas for some observable O can be written in momentum
space as

〈O〉 =

∫
d3p

(2π)3
OnB(Ep)

∫
d3p

(2π)3
nB(Ep)

=
1

n

∫
d3p

(2π)3
OnB(Ep) (2.148)

this gives the width as

Γ =

∫
d3p

(2π)3
vσ(Ep)nB(Ep). (2.149)

This is the contribution from collisional broadening to the width.
This result can also be found using field theory. Then one starts from the assertion

that the width of the probe in the medium is the imaginary part of the in-medium self-
energy. The self-energy is found by looking at corrections to the propagator. We will
be concerned with the imaginary part of the self-energy with two-loop corrections.
The relevant diagrams are shown in Fig. 2.23. We will do the calculation in vacuum
and then do a transition from vacuum to nonzero temperature in the end. To go from
vacuum to nonzero temperature requires some modifications to propagators which
come from the presence of real particles in the medium. We will provide an intuitive
reasoning for the modifications that are needed for an in-medium expression.

The goal is to arrive at an expression similar to that in [57, p. 189], but with
four particles involved instead of three (the cited expression gives the imaginary part
of the in-medium self-energy for a χ particle in a theory with a Yukawa interaction
χφ2). This will be the basis for the linear density approximation which is used in
this thesis. It turns out that this approximation is easy to understand with this
expression for the in-medium width.

We consider now a φ4 theory with four-point interaction given by

Lint = − λ
4!
φ4 (2.150)

where the field has mass m. In χPT we should strictly speaking also consider terms
with derivatives of the fields, giving an energy dependence in the matrix elements.
This will not affect the calculations done below and we will obtain the same general
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(a) (b) (c)

Figure 2.23 – The relevant diagrams for calculating the self-energy to two-loop order
in φ4 theory.

result in χPT. We will do the calculation with the above interaction only but can
with minor changes apply the result also to χPT in the end.

The self-energy is defined as the sum of one-particle irreducible diagrams. In
our theory the self-energy will be the sum of three amplitudes corresponding to the
diagrams in Fig. 2.23,

−iΠ = iMa + iMb + iMc (2.151)

Note that the self-energy is defined with an extra minus sign compared to the am-
plitudes if we write the full propagator as in the usual convention:

D̃F (k) =
1

k2 −m2 −Π(k) + iε
. (2.152)

In fact we can show that the one loop correction to the propagator has no imaginary
part. If the one loop correction has amplitude M1 and the loop momentum is
denoted by k we have

iMa =
(−iλ)

4!S

∫
d4k

(2π)4
iDF (k) (2.153)

where DF (k) denotes the Feynman propagator, here defined as

DF (k) =
1

k2 −m2 + iε
(2.154)

where ε is a small, positive number. S denotes the (here uninteresting) symmetry
factor of the diagram. We can write the amplitude as

Ma = − λ

4!S
F (2.155)

where

F = i

∫
d4k

(2π)4
iDF (k) (2.156)

The imaginary part of the amplitude is thus given by

ImMa ∝ ReF

=

∫
d4k

(2π)4
ReDF (k) (2.157)
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The real and imaginary parts of the Feynman propagator are

ReDF (k) = Re
k2 −m2 − iε

(k2 −m2) + ε2

=
k2 −m2

(k2 −m2)2 + ε2
(2.158)

ImDF (k) = Im
k2 −m2 − iε

(k2 −m2)2 + ε2

= − ε

(k2 −m2)2 + ε2

= −iπδ(k2 −m2) (2.159)

where the imaginary part comes from the representation of the delta function given
by

lim
ε→0

ε

x2 + ε2
= iπδ(x) (2.160)

The poles of the Feynman propagator are found at

k0 = ±(Ek − iε). (2.161)

where as usual Ek =
√
~k2 +m2. We thus have one pole in the lower half and one in

the upper half of the complex k0 plane.
The real part of F turns into a Cauchy principal value when integrated over k0:

ReF =

∫
d4k

(2π)4

k2 −m2

(k2 −m2)2 + ε2

=

∫
d3k

(2π)3
p.v.

(∫
dk0

2π

1

(k0)2 − ~k2 −m2

)

= 0. (2.162)

The Cauchy principal value is zero which from Eqs. (2.155) and (2.157) gives a zero
imaginary part forMa.

This is the only diagram at one loop and so there is no contribution to the
imaginary part at one loop. At the two-loop level there are two 1PI diagrams, shown
in Fig. 2.23. The “double snail” diagram (the first two-loop diagram in Fig. 2.23)
also has a zero imaginary part, ImMb = 0. This can be shown using knowledge of
the position of the poles of the propagator.

Label the loop momenta as in Fig. 2.24. Then the amplitude for this diagram is
given by

iMb =
(−iλ)2

(4!)2S

∫
d4k

(2π)4

∫
d4`

(2π)4
iDF (k)iDF (`)iDF (k)

= i
λ2

(4!)2S

∫
d4k

(2π)4

∫
d4`

(2π)4
DF (k)DF (`)DF (k). (2.163)
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Here S is the symmetry factor of the diagram. This will not be of any importance
here. We begin with the ` integration. Note that DF (`) has two poles, one in the
upper and one in the lower half-plane at `0 = ±(E` − iε). The `0 gives

∫
d`0

2π
DF (`) =

∮

C

d`0

2π

1

(`0 + E` − iε)(`0 − E` + iε)

= −iRes [DF (`), E` − iε] (2.164)

where the contour C describes a semi-circle in the lower half-plane and the overall
minus sign comes from the fact that the contour is defined anti-clockwise for the
integration along the real axis to go from −∞ to +∞. Since DF (`) has a pole in the
lower half-plane, this is picked up by the contour integration. The residue is given
by

Res [DF (`), E` − iε] = lim
`0→E`−iε

(`0 − E` + iε)
1

(`0 + E` − iε)(`0 − E` + iε)

=
1

2(E` − iε)
=

1

2E`
(2.165)

where in the last step we have put ε to zero since the `0 integration is now done and
ε has now played out its role. The ` contribution to the amplitudeMb is therefore

−i
∫

d3`

(2π)3

1

2E`
(2.166)

which is purely imaginary.
Now look at the k integration. Since there are two DF (k) in the amplitude the

integrand will now have two double-poles at k0 = ±(Ek − iε). The k0 integration
gives

∫
dk0

2π
DF (k)DF (k) =

∮

C

dk0

2π

1

(k0 + Ek − iε)2(k0 − Ek + iε)2

= −iRes [(DF (k))2, Ek − iε] (2.167)

where C is the same contour as for the `0 integration, a semi-circle in the lower half-
plane (again, C is negatively oriented, hence the minus sign). For an integrand f(z)
with a nth order pole at z0, the residue is given by

Res (f, z0) =
1

(n− 1)!
lim
z→z0

dn−1

dzn−1

[
(z − z0)nf(z)

]
. (2.168)

This gives for the double-pole above

Res [(DF (k))2, Ek − iε] = lim
k0→Ek−iε

d

dk0

1

(k0 + Ek − iε)2

= − 2

23(Ek − iε)3

= − 1

4E3
k

(2.169)
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k k

`

P P

Figure 2.24 – The “double-snail” diagram contributing to the self-energy at the two-
loop level in φ4 theory. Conservation of energy and momentum gives that the loop
momentum k in the inner loop is the same on both sides of the vertex. It can be shown
that this diagram does not have an imaginary part and so does not contribute to the
imaginary part of the self-energy.

p1

p3

p2P P

Figure 2.25 – The only diagram contributing to the imaginary part of the self-energy
at the two-loop level in φ4 theory. Conservation of energy and momentum gives the
constraint P = p1 + p2 + p3.

where in the last step we have put ε to zero since it has played out its role in the k0

integration. The k integration thus gives a total of

i

∫
d3k

(2π)3

1

4E3
k

. (2.170)

This gives the amplitudeMb as

Mb =
λ2

(4!)2S

(
−i
∫

d3`

(2π)3

1

2E`

)
·
(
i

∫
d3k

(2π)3

1

4E3
k

)

=
λ2

(4!)2S

∫
d3`

(2π)3

1

2E`

∫
d3k

(2π)3

1

4E3
k

∈ R (2.171)

This is a real number, hence the amplitude does not have an imaginary part and
does not contribute to the imaginary part of the self-energy.

The only contribution to the imaginary part of the self-energy to a two-loop
level then comes from the “sunset” diagram in Fig. 2.23c. This is shown again in
Fig. 2.25 with the definition of the flow of momenta included. The momenta flow in
the direction of the arrows. Denoting the incoming momentum by P and the loop
momenta by p1, p2 and p3 from top to bottom we have for the two-loop amplitude

iMc =
(−iλ)2

(4!)2S

∫
d4p1

(2π)4

∫
d4p2

(2π)4

∫
d4p3

(2π)4
(2π)4δ(P − p1 − p2 − p3)×

× iDF (p1)iDF (p2)iDF (p3) (2.172)
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C

Re k0

Im k0

poles

Figure 2.26 – The poles of the retarded propagator are both in the lower half-plane
which means that the integral over the real axis is zero by using the contour C indicated
in the figure.

where S is the symmetry factor for the diagram. This is not interesting to us currently
so we will leave it for later. The overall energy-momentum conserving delta function
is included above, this way of writing will be useful later (note here that the pi flow
outwards from the vertex while P flows into the vertex, giving different signs in the
delta function). We can write the amplitude as

Mc =
λ2

(4!)2S
F (P ) (2.173)

where

F (P ) =

∫
d4p1

(2π)4

∫
d4p2

(2π)4

∫
d4p3

(2π)4
(2π)4δ(P − p1 − p2 − p3)×

×DF (p1)DF (p2)DF (p3) (2.174)

and the imaginary part of M2 is the imaginary part of F (P ) multiplied by λ2/S.
To find the imaginary part of F (P ) we rewrite the Feynman propagators in terms of
retarded propagators, defined by

Dret(k) =
1

k2 −m2 + iεk0
, ε→ 0+. (2.175)

The poles of the retarded propagator are found at

k0 = ±Ek − iε (2.176)

and so are both in the lower half in the complex k0-plane. This means that the
integral over Dret(k) along the real axis is zero since we can use a contour that is a
semi-circle only in the upper half-plane as shown in Fig. 2.26. The poles of Dret(−k)
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therefore both lie in the upper half-plane∗ , and Dret(l − k) has poles at

k0 = l0 ∓ El−k + iε (2.177)

A product Dret(−k)Dret(l− k) will therefore also only have poles in the upper half-
plane, which will be useful in the following.

Taking the real and imaginary part of the retarded propagator we find

ReDret(k) = Re
k2 −m2 − iεk0

(k2 −m2)2 + ε2(k0)2

=
k2 −m2

(k2 −m2)2 + ε2
(2.178)

ImDret(k) = Im
k2 −m2 − iεk0

(k2 −m2)2 + ε2

= − sgn (k0)
ε

(k2 −m2)2 + ε2

= −iπ sgn (k0)δ(k2 −m2) (2.179)

Here sgnx denotes the signum or sign function, giving +1 if x > 0 and −1 if x < 0
(with sgn (x = 0) = 0). A useful way of writing this is sgnx = x/|x|. The real parts
of the Feynman and retarded propagators are the same but the imaginary parts are
not. The difference between the Feynman and the retarded propagator can now be
written

DF (k)−Dret(k) = Re [DF (k)−Dret(k)] + i Im [DF (k)−Dret(k)]

= 0− iπδ(k2 −m2)(1− sgn (k0))

= −2iπΘ(−k0)δ(k2 −m2) (2.180)

where we have used 1 − sgnx = 2Θ(−x) for the Heaviside step function Θ(x). In
this way we can rewrite the Feynman propagator in terms of a retarded propagator
according to

DF (k) = Dret(k)− 2iπΘ(−k0)δ(k2 −m2). (2.181)

The Feynman propagator is symmetric in its argument, DF (k) = DF (−k). Using
this along with Eq. (2.181) enables us to write

Dret(−k) = DF (−k) + 2iπΘ(+k0)δ(k2 −m2)

= DF (+k) + 2iπΘ(k0)δ(k2 −m2)

=
[
Dret(k)− 2iπΘ(−k0)δ(k2 −m2)

]
+ 2iπΘ(k0)δ(k2 −m2)

= Dret(k) + 2iπ sgn (k0)δ(k2 −m2) (2.182)

∗The advanced propagator is defined in the same way as the retarded but with a denominator
k2 −m2 − iεk0, i.e. we have Dadv(k) = Dret(−k). The minus sign in front of the iεk0 term means
that the poles of the advanced propagator both lie in the upper half of the complex plane as for
Dret(−k). It will not be necessary to introduce the advanced propagator, we can stick to Dret(−k).
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where in the last equality we used sgnx = Θ(x)−Θ(−x).
Using the four-momentum conserving delta function gives F (P ) as

F (P ) =

∫
d4p1

(2π)4

∫
d4p2

(2π)4
DF (p1)DF (p2)DF (P − p1 − p2)

=

∫
d4p1

(2π)4

∫
d4p2

(2π)4
DF (−p1)DF (p2)DF (P − p1 − p2). (2.183)

Now begin by looking at the p1 integration in F (P ). We can use the expression for
DF (k) in terms of the retarded propagator in Eq. (2.181) to replace the Feynman
propagators. The fact that the product Dret(−p1)Dret(P − p1 − p2) only has poles
in the lower half-plane means that the integral over the zeroth component gives zero
for this product. All in all, the p1 integration gives

∫
d4p1

(2π)4
DF (−p1)DF (P − p1 − p2) =

=

∫
d4p1

(2π)4

[
Dret(−p1)− 2iπΘ(p0

1)δ(p2
1 −m2)

]
×

×
[
Dret(P − p1 − p2)− 2iπΘ(−P 0 + p0

1 + p0
2)δ((P − p1 − p2)2 −m2)

]

=

∫
d4p1

(2π)4

[
Dret(−p1)Dret(P − p1 − p2)+

+ (−2iπ)2Θ(p0
1)δ(p2

1 −m2)Θ(−P 0 + p0
1 + p0

2)δ((P − p1 − p2)2 −m2)−
− 2iπΘ(p0

1)δ(p2
1 −m2)Dret(P − p1 − p2)−

− 2iπΘ(−P 0 + p0
1 + p0

2)δ((P − p1 − p2)2 −m2)Dret(−p1)
]

=

∫
d4p1

(2π)4

∫
d4p3

(2π)4
(2π)4δ(P − p1 − p2 − p3)×

×
[
− 2iπΘ(p0

1)δ(p2
1 −m2)Dret(p3)−

− 2iπΘ(−p0
3)δ(p2

3 −m2)Dret(−p1)

+ (−2iπ)2Θ(p0
1)Θ(−p0

3)δ(p2
1 −m2)δ(p2

3 −m2)
]

(2.184)

where in the last step we have used that the DretDret product integrates to zero since
all poles lie in the upper half-plane. We also reinserted the overall energy-momentum
conserving delta function. The three terms from the last expression means that we
can divide F (P ) in three parts,

F (P ) = F1(P ) + F2(P ) + F3(P ), (2.185)
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with

F1(P ) =

∫
d4p1

(2π)4

∫
d4p2

(2π)4

∫
d4p3

(2π)4
(2π)4δ(P − p1 − p2 − p3)×

×
[
DF (p2)(−2iπ)Θ(−p0

3)δ(p2
3 −m2)Dret(−p1)

]
(2.186)

F2(P ) =

∫
d4p1

(2π)4

∫
d4p2

(2π)4

∫
d4p3

(2π)4
(2π)4δ(P − p1 − p2 − p3)×

×
[
DF (p2)(−2iπ)Θ(p0

1)δ(p2
1 −m2)Dret(p3)

]
(2.187)

F3(P ) =

∫
d4p1

(2π)4

∫
d4p2

(2π)4

∫
d4p3

(2π)4
(2π)4δ(P − p1 − p2 − p3)×

×
[
DF (p2)(−2iπ)2Θ(p0

1)Θ(−p0
3)δ(p2

1 −m2)δ(p2
3 −m2)

]
(2.188)

Let us calculate these one at a time. The goal is to find an expression that does not
contain any products of propagators, then the imaginary part can be taken using
Eqs. (2.159) and (2.179). F3(P ) already contains only one propagator. F1(P ) and
F2(P ) can be turned into expressions with only one propagator by using a similar
reasoning as for the p1 integration above.

Using the overall four-momentum conserving delta function in F1(P ) to elimi-
nate p2 this time and inserting the expression for DF (p2) in terms of Dret(p2) from
Eq. (2.181) gives us

F1(P ) =

∫
d4p3

(2π)4
(−2iπ)Θ(−p0

3)δ(p2
3 −m2)×

×
∫

d4p1

(2π)4
Dret(−p1)×

×
(
Dret(P − p1 − p3)− 2iπΘ(−P 0 + p0

1 + p0
2)δ((P − p1 − p3)2 −m2)

)

=

∫
d4p1

(2π)4

∫
d4p2

(2π)4

∫
d4p3

(2π)4
(2π)4δ(P − p1 − p2 − p3)×

× (−2iπ)2Θ(−p0
2)Θ(−p0

3)δ(p2
2 −m2)δ(p2

3 −m2)Dret(−p1) (2.189)

where we have thrown away the DretDret product as above and also reinserted the
overall momentum conserving delta function.

For F2(P ) we do exactly the same as for F1(P ) except that we eliminate in-
stead p3 by the overall delta function and look at the p2 integration of the product
DF (p2)Dret(p3). This results in (note that some signs are different for the momenta)

F2(P ) =

∫
d4p1

(2π)4

∫
d4p2

(2π)4

∫
d4p3

(2π)4
(2π)4δ(P − p1 − p2 − p3)×

× (−2iπ)2Θ(p0
1)Θ(p0

2)δ(p2
1 −m2)δ(p2

2 −m2)Dret(p3) (2.190)

Now we can take the imaginary parts of F (P ) using Eqs. (2.159) and (2.179)
saying that ImDF (k) = −πδ(k2−m2) and ImDret(k) = −π sgn (k0)δ(k2−m2). We
take the imaginary part of F3(P ) in Eq. (2.188) and of F1(P ) and F2(P ) expressed
as in Eqs. (2.189) and (2.190). We note that the product of the three delta functions
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will occur in all three terms, as well as a factor (−π)(−2iπ)2. The result for ImF (P )
is

ImF (P ) =

∫
d4p1

(2π)4

∫
d4p2

(2π)4

∫
d4p3

(2π)4
(2π)4δ(P − p1 − p2 − p3)×

× (−π)(−2iπ)2δ(p2
1 −m2)δ(p2

2 −m2)δ(p2
3 −m2)×

×
[

sgn (−p0
1)Θ(−p0

2)Θ(−p0
3) + Θ(p0

1)Θ(p0
2) sgn (p0

3)+

+ Θ(p0
1) · 1 ·Θ(−p0

3)
]

(2.191)

Using sgnx = Θ(x)−Θ(−x) and 1 = Θ(x) + Θ(−x) the terms in brackets becomes
[
. . .
]

=
[
Θ(−p0

1)−Θ(p0
1)
]

Θ(−p0
2)Θ(−p0

3)+

+ Θ(p0
1)Θ(p0

2)
[
Θ(p0

3)−Θ(−p0
3)
]

+

+ Θ(p0
1)
[
Θ(p0

2) + Θ(−p0
2)
]

Θ(−p0
3)

= Θ(p0
1)Θ(p0

2)Θ(p0
3) + Θ(−p0

1)Θ(−p0
2)Θ(−p0

3) (2.192)

We arrive at the following expression for ImF (P ):

ImF (P ) = 4π3

∫
d4p1

(2π)4

∫
d4p2

(2π)4

∫
d4p3

(2π)4
(2π)4δ(P − p1 − p2 − p3)×

× δ(p2
1 −m2)δ(p2

2 −m2)δ(p2
3 −m2)×

×
[
Θ(p0

1)Θ(p0
2)Θ(p0

3) + Θ(−p0
1)Θ(−p0

2)Θ(−p0
3)
]

(2.193)

We note that this is symmetric in P ,

ImF (−P ) = 4π3

∫
d4p1

(2π)4

∫
d4p2

(2π)4

∫
d4p3

(2π)4
(2π)4δ(−P − p1 − p2 − p3)×

× δ(p2
1 −m2)δ(p2

2 −m2)δ(p2
3 −m2)×

×
[
Θ(−p0

1)Θ(−p0
2)Θ(−p0

3) + Θ(p0
1)Θ(p0

2)Θ(p0
3)
]

= 4π3

∫
d4p1

(2π)4

∫
d4p2

(2π)4

∫
d4p3

(2π)4
(2π)4δ(−P + p1 + p2 + p3)×

× δ(p2
1 −m2)δ(p2

2 −m2)δ(p2
3 −m2)×

×
[
Θ(p0

1)Θ(p0
2)Θ(p0

3) + Θ(−p0
1)Θ(−p0

2)Θ(−p0
3)
]

= ImF (P ) (2.194)

where in the second step we changed integrations to pi → −pi for i = 1, 2, 3. The
fact that ImF (P ) is even in P means that we can look only at the case where
P 0 ≥ 0. This is physically more appealing since it is interpreted to the case where
the incoming particle has a positive energy. In this case we can omit the second term
with step functions, we have

δ(P − p1 − p2 − p3)Θ(−p0
1)Θ(−p0

2)Θ(−p0
3) = 0, P 0 ≥ 0. (2.195)
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This is because the delta function is only nonzero when 0 ≤ P 0 = p0
1 + p0

2 + p0
3 which

means that we must have p0
1 + p0

2 + p0
3 ≥ 0. The product of step functions is however

nonzero only for negative p0
i , therefore the product of the delta function with the

theta functions is always zero. This gives us then for P 0 ≥ 0 that the imaginary
part of the self-energy is (note that there is an extra minus sign for the self-energy
as compared to the amplitudes, −Π(P ) =Mc)

Im Π(P ) = − 4π3λ2

(4!)2S

∫
d4p1

(2π)4

∫
d4p2

(2π)4

∫
d4p3

(2π)4
(2π)4δ(P − p1 − p2 − p3)×

× δ(p2
1 −m2)δ(p2

2 −m2)δ(p2
3 −m2)Θ(p0

1)Θ(p0
2)Θ(p0

3)

(2.196)

We can rewrite the delta and step functions using

Θ(p0
i )δ(p

2 −m2) = Θ(p0
i )δ((p

0)2 − E2
p)

= Θ(p0
i )
δ(p0 − Ep)

2Ep
. (2.197)

with E2
p = ~p 2 + m2. With this we find, doing the p0

i integrations with help of the
above,

Im Π(P ) = − λ2

2(4!)2S

∫
d3p1

(2π)32E1

∫
d3p2

(2π)32E2

∫
d3p3

(2π)32E3
×

× (2π)4δ(−P − p1 − p2 − p3)

(2.198)

But this is the amplitude squared times Lorentz invariant phase space for a decay
of one particle into three outgoing particles (see Eq. 4.80 in [1] with three final state
particles). The delta functions in Eq. (2.196) insure that the outgoing particles are
on-shell. The step functions mean that according to our labeling of the momenta as
in Fig. 2.25, with pi flowing out of the vertex and P flowing into the vertex, we look
at the case where the energy of the outgoing particles is positive in agreement with
our physical intuition.

We can thus write, with
∫

dΠ3 denoting the phase space for three outgoing par-
ticles,

Im Π(P ) = −|M|
2

2S

∫
dΠ3. (2.199)

This is precisely −m times the formula for the decay rate of a particle decaying into
three particles (Eq. 4.86 in [1]).

Im Π(P ) = −m 1

S

∫
dΓ3

= −mΓ. (2.200)

We have thus been able to show that in the case of φ4 theory the imaginary part of
the self-energy is exactly −mΓ as we also found previously with our reasoning using
the Breit-Wigner distribution.
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η′ G2

G1

G3

η′

Figure 2.27 – The self-energy of the η′ meson. The particles in the loop are all the
Goldstone bosons from chiral symmetry breaking in large Nc χPT, Gi ∈ {π,K, η, η′}.

We now want to generalize this expression to χPT at nonzero temperature. There
is no difference when it comes to χPT. The difference is that we have different fields
in the theory and that the vertices will carry a momentum dependence. This will
not however spoil the analyticity properties and the reasoning with the retarded
propagators will hold also in χPT. The matrix elements from χPT will be polynomials
in momenta and polynomials can not destroy the pole structure of the propagators.
So the result that holds also in vacuum χPT.

In fact the result is a specific case of the Cutkosky rules [57, 4] which makes
it possible to calculate the imaginary part of any Feynman diagram in a general
QFT. The rule is then to replace the internal propagators in the diagram by delta
functions, i.e. one puts the loop particles on-shell and calculates the amplitude
for a “cut” diagram instead of the full diagram in order to get the imaginary part.
Here we cut the diagram in Fig 2.25 vertically through each propagator and put the
corresponding particle on-shell, giving the expression in Eq. (2.196).

What we are interested in calculating in the end is the η′ self-energy, as shown
in Fig. 2.27. The full self-energy is obtained by summing the diagrams with all
Goldstone bosons appearing in the loops, i.e. Gi ∈ {π,K, η, η′}.

When we go to nonzero temperature the result does not directly apply. This is
because of the major difference between vacuum and in-medium field theory that
there are real particles present in the medium. In vacuum we were able to throw
away the step functions with negative arguments in Eq. (2.193) by looking at only
positive energies, in agreement with what we physically expect (we expect energies
to have positive values). Still it is true also at nonzero temperature that only the
diagram in Fig. 2.25 contributes to the imaginary part of the self-energy, as is stated
in [73, p. 92], summing up tadpole diagrams does not give a contribution to the
width, also in a finite-temperature theory.

An outgoing particle with negative energy, corresponding to step functions with
negative arguments, could however also be interpreted as an incoming antiparticle
with positive energy. In vacuum such a situation, with the final states being instead
incoming antiparticles, would not be possible since we can not pick out a real, on-shell
particle from the vacuum. For energy-momentum conservation to hold, it would have
to be off-shell but only internal particles can be off-shell. In a medium this ceases to
be true since there are real particles present in the medium. This means that when
we cut the propagators in the diagram in Fig. 2.25 and calculate the imaginary part
as above, not only the case where the incoming particle decays into three (outgoing)
particles contributes. Also the cases where one, two or all three of the outgoing lines
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is an incoming, thermally distributed antiparticle contributes. In the following we
will be a bit sloppy and sometimes refer to incoming particles instead of antiparticles
but strictly an outgoing particle with negative energy should be interpreted as an
incoming antiparticle with positive energy.

An incoming thermal particle is weighted by a Bose-Einstein distribution and
corresponds to a step function with negative argument. It therefore comes with a
factor nB(|p0|)Θ(−p0). When a particle is outgoing we have the vacuum contribu-
tion, giving just a step function with positive argument as in Eq. (2.196), but there is
also a Bose enhancement factor which comes from the fact that the outgoing particle
can also be thermally distributed. The result is that outgoing particles give terms
(1+nB(|p0|))Θ(p0) where 1 represents the vacuum, and nB(|p0|) represents the ther-
mal contribution. Overall, the step functions with positive argument in Eq. (2.196)
should be replaced according to

Θ(p0)
T 6=0−−−→ nB(|p0|)Θ(−p0) + (1 + nB(|p0|))Θ(p0) (2.201)

When we do this replacement in Eq. (2.193) the result contains a lot of different
terms, which can be interpreted as the different process contributing to the imagi-
nary part of the self-energy at nonzero temperature. If we introduce the shorthand
notation ni ≡ nB(|p0

i |) and Θi,± ≡ Θ(±p0
i ) we get that the product of theta functions

become

Θ1,+Θ2,+Θ3,+
T 6=0−−−→ Θ1,−Θ2,−Θ3,− × n1n2n3 +

+Θ1,+Θ2,+Θ3,+ × (1 + n1)(1 + n2)(1 + n3) +

+Θ1,−Θ2,−Θ3,+ × n1n2(1 + n3) +

+Θ1,−Θ2,+Θ3,− × n1(1 + n2)n3 +

+Θ1,+Θ2,−Θ3,− × (1 + n1)n2n3 +

+Θ1,−Θ2,+Θ3,+ × n1(1 + n2)(1 + n3) +

+Θ1,+Θ2,+Θ3,− × (1 + n1)(1 + n2)n3 +

+Θ1,+Θ2,−Θ3,+ × (1 + n1)n2(1 + n3) (2.202)

We thus have eight different terms corresponding to different types of diagrams. For
example, the first corresponds to the case where we have three particles from the
medium combining with the probe particle into nothing. A more physical interpre-
tation is given for negative incoming energy, then this term is seen as three thermal
particles combining into one probe particle (this thus gives a contribution to the net
gain of probes in the medium). The second term represents the standard decay of
the probe into three particles, now the decay products are however Bose enhanced
and carry (1 + ni) weighting factors.

The terms with two ni factors and one (1+ni) factor correspond to two particles
from the medium combining with the probe to give one final state particle that is
Bose enhanced. Lastly, the terms with one ni and two (1 + ni) correspond to the
case where one thermal particle combines with the probe into two outgoing particles.

We will not consider the full expression for the imaginary part of thermal self-
energy in this thesis but will use a linear density approximation. We will neglect all
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terms which are products of more than one thermal distribution and consider only
terms which are linear in the ni. This should be a good approximation as long as
the density is not too high. There are then two cases:

1. The case with one incoming thermal particle combining with the probe to two
outgoing particles that are not Bose enhanced (the (1+ni) factor becomes just
one for the two outgoing particles)

2. The case with three outgoing particles with the ninj products discarded, i.e.
(1 + n1)(1 + n2)(1 + n3) ≈ (1 + n1 + n2 + n3)

Applying this to Eq. (2.202) we arrive at the much simpler expression

Θ1,+Θ2,+Θ3,+
T 6=0, linear density−−−−−−−−−−−−→ Θ1,+Θ2,+Θ3,+(1 + n1 + n2 + n3) +

+ Θ1,−Θ2,+Θ3,+ n1 +

+ Θ1,+Θ2,−Θ3,+ n2 +

+ Θ1,+Θ2,+Θ3,− n3

(2.203)

We then find that the imaginary part of the in-medium self-energy in φ4-theory is in
the linear density approximation given by

Im Π(P )T 6=0,lin. dens. = − 4π3λ2

(4!)2S

∫
d4p1

(2π)4

∫
d4p2

(2π)4

∫
d4p3

(2π)4
(2π)4×

× δ(P − p1 − p2 − p3)δ(p2
1 −m2)δ(p2

2 −m2)δ(p2
3 −m2)

×
[
Θ1,−Θ2,+Θ3,+ n1 + Θ1,+Θ2,−Θ3,+ n2 +

+ Θ1,+Θ2,+Θ3,− n3 + Θ1,+Θ2,+Θ3,+(1 + n1 + n2 + n3)
]

(2.204)

To get a better understanding for this we change the integration from pi to −pi in
the first three terms (with i = 1, 2, 3 in turn) so that all four terms have products
of step functions all three with positive argument. We must then change the overall
four-momentum conserving delta function in the first three terms. We find

Im Π(P )T 6=0, lin. dens. = − 4π3λ2

(4!)2S

∫
d4p1

(2π)4

∫
d4p2

(2π)4

∫
d4p3

(2π)4
(2π)4×

× δ(p2
1 −m2)δ(p2

2 −m2)δ(p2
3 −m2)Θ1,+Θ2,+Θ3,+×

×
[
n1δ(P + p1 − p2 − p3) + n2δ(P − p1 + p2 − p3)+

+ n3δ(P − p1 − p2 + p3) + (1 + n1 + n2 + n3)δ(P − p1 − p2 − p3)
]

= − λ2

2(4!)2S

∫
d3p1

(2π)32E1

∫
d3p2

(2π)32E2

∫
d3p3

(2π)32E3
(2π)4×

×
[
n1δ(P + p1 − p2 − p3) + n2δ(P − p1 + p2 − p3)+

+ n3δ(P − p1 − p2 + p3) + (1 + n1 + n2 + n3)δ(P − p1 − p2 − p3)
]

(2.205)

We now see that in accordance with the above reasoning we should, from the appear-
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probe

n1 1 + n2 ≈ 1

1 + n3 ≈ 1

(a) Inelastic scattering.

probe
≈ 1 + n1 + n2 + n3

1 + n1

1 + n2

1 + n3

(b) Bose enhanced decay.

Figure 2.28 – The two types of diagrams contributing to the in-medium width of the
probe in the linear density approximation. The inelastic collisions contribute to the so
called collisional broadening of the probe. The right diagram gives the Bose enhanced
decay width. Also shown are the thermal weighting factors of the different particles.

ance of the overall momentum-conserving delta functions, view the terms with only
one ni as a process where one particle is picked out from the medium and interacts
with the probe to form two outgoing particles as shown in Fig. 2.28a.

The last term corresponds to the linear density approximation of a Bose enhanced
decay as shown in Fig. 2.28b, we have for this term

− λ2

2(4!)2S

∫
d3p1

(2π)32E1

∫
d3p2

(2π)32E2

∫
d3p3

(2π)32E3
(2π)4δ(P − p1 − p2 − p3)×

× (1 + n1 + n2 + n3)

= −m 1

S

∫
(1 + n1 + n2 + n3)|M|2dΓ3

≡ −mΓBE (2.206)

where M is the amplitude for the probe to decay into three particles and we have
defined ΓBE as the Bose enhanced decay rate. The decay width at T = 0 is given
by the above expression with all ni = 0 (for T = 0 the Bose-Einstein distribution
vanishes), so the expression naturally separates into a vacuum part ΓT=0 and a
nonzero temperature part ∆ΓBE where ΓBE = ΓT=0 + ∆ΓBE. Note that the ni are
functions of the momenta of the outgoing particles and must therefore be included
in the phase space integration.

Let us look at the remaining terms in Eq. (2.205) with one incoming thermal
particle. The three terms are very similar, they only differ in which particle is
incoming and outgoing. We will look at the first term, the other terms are then
obtained by permuting the particles 1, 2 and 3.

We now make use of the fact that the first term looks very much like the cross
section for particle 1 interacting with the probe into particles 2 and 3. The cross
section σ(1, probe→ 2, 3) is given by (Eq. 4.79 in [1])

σ(1, probe→ 2, 3) =
1

4EPE1|vrel|

∫
|M(1, probe→ 2, 3)|2dΠ2. (2.207)

where the phase space is

dΠ2 =

∫
d3p2

(2π)32E2

∫
d3p3

(2π)32E3
(2π)4δ(P + p1 − p2 − p3) (2.208)
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Here vrel is the relative velocity between the probe and the incoming medium particle.
We will now specialize to the case where the probe is at rest relative to the heat
bath. In this frame the energy of the probe is simply EP = mP , the mass of the
probe. The relative velocity is given by the velocity of the incoming medium particle,
|vrel| = |~p1|/E1. Then we can rewrite the denominator in front of the phase space
integral as

4mPE1
|~p1|
E1

= 4mP |~p1| (2.209)

With this in mind, the first term in Eq. (2.205) is given by (writing M for the
amplitude of the four-point interaction where particle 1 interacts with the probe to
form particles 2 and 3)

−
∫

d3p1

(2π)3
n1

∫
d3p2

(2π)32E2

∫
d3p3

(2π)32E3

λ2

2(4!)2S2E1
(2π)4δ(P + p1 − p2 − p3) =

= −
∫

d3p1

(2π)3
n1

1

4SE1

∫
|M|2dΠ2

= −
∫

d3p1

(2π)3
n1

1

4E1
· 4mP |~p1| · σ(1, probe→ 2, 3)

= −mP

∫
d3p1

(2π)3
n1
|~p1|
E1

σ(1, probe→ 2, 3)

≡ −mPΓcoll,1. (2.210)

In the spirit of the width being the imaginary part of the self-energy we have defined
a collisional width for the probe colliding with particle 1.

In total we can now write for the imaginary part of the in-medium self-energy

Im ΠT 6=0, lin. dens. ≡ −mPΓtot,T 6=0

= −mP

(
ΓBE +

3∑

i=1

Γcoll,i

)
. (2.211)

The goal in this thesis is to find the width of the η′ in a pion gas. Then the probe
will be the η′ and particle 1 in the collisional broadening will be a pion. We can then
write

Γtot,T6=0
η′ = ΓBE

η′ + Γcoll
η′ (2.212)

where the collisional width is now given by

Γcoll
η′ =

∫
d3p

(2π)3
nB(Ep)

|~p|
Ep

∑

i

σi(Ep) (2.213)

where
∑

i σi is the sum of all inelastic collisions η′π → anything and the integration
is over the momentum of the incoming pion from the pion gas, thermally distributed
according to nB(Ep). We note that Eq. (2.213) agrees with Eq. (2.149) that was
obtained from kinetic theory.
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The formula in Eq. (2.213) applies to the case where the η′ is at rest relative to
the heat bath. This is the physically most interesting case concerning a heavy-ion
collision which results in a “heat bath” with a finite extension. If the probe, i.e. the
η′, is at rest relative to the heat bath it stays in the heat bath the longest time.



Chapter 3

Methods and calculations

The goal of this thesis was to calculate the in-medium width of the η′ meson when
placed in a hadronic gas. This section provides a summary of the used methods and
approximations.

The starting point for calculating the width was the expression for the thermal
width of a probe particle in a hot medium as given by

ΓT 6=0 = ΓBE + Γcoll (3.1)

where ΓBE = ΓT=0 +∆ΓBE is the Bose enhanced decay width consisting of a vacuum
part ΓT=0 (the ordinary vacuum decay width) and an in-medium addition ∆ΓBE.
Γcoll is the addition from collisional broadening. This broadening is given by

Γcoll =

∫
d3p

(2π)3
nB(Ep)

|~p|
Ep

∑

i

σi(Ep) (3.2)

where ~p is the spatial momentum of the incoming medium particle of mass m, σi(Ep)
is the cross section for inelastic scattering of an η′ and a medium particle, and

nB(Ep) =
1

eEp/T + 1
(3.3)

is a Bose-Einstein distribution for the medium particle.
Collisional broadening accounts for the loss rate of probe particles (i.e. η′:s) from

inelastic scatterings with the medium particles, as the diagram shown in Fig. 3.1a. In
this diagram an η′ scatters with a medium particle (a pion) into two other particles.
In this way this contributes to the loss rate of the number of η′:s in the medium.

Vacuum decays η′ → πG1G2 for all allowed hadrons G1 and G2 contribute to
the total width of the η′ as the zero temperature (hadronic) part ΓT=0.∗ At nonzero
temperature the decay products can also be Bose enhanced, meaning that they can
be thermally distributed. We then get the contribution ΓBE to the total in-medium
width. The addition from Bose enhanced decays is given by

ΓBE =
1

2Mη′

∫
|Mη′→1 2 3|2 (1 + nB(E1) + nB(E2) + nB(E3)) dΠ3. (3.4)

∗We here neglect leptonic decays and consider only decays into the hadrons included in large
Nc χPT. In that case there are no decays that do not involve pions.
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Here Mη′→1 2 3 is the matrix element for an η′ going into three hadrons labeled
1,2 and 3. The decay gets an enhancement from the possibility that the final state
particles are thermal, given by the three Bose-Einstein distributions. The Lorentz
invariant phase space for three outgoing particles is given by

dΠ3 =
d3p1

(2π)32E1

d3p2

(2π)32E2

d3p3

(2π)32E3
(2π)4δ(P − p1 − p2 − p3) (3.5)

where P is the momentum of the incoming η′. This can also be written in terms
of the frame invariant quantities m2

12,m2
13 and m2

23 where m2
ij = (pi + pj)

2 (the m2
ij

are thus the analogue of the Mandelstam variables but for a three-body decay). In
terms of these, the decay width is given by

ΓBE =
1

(2π)3

1

32M3
η′

∫
dm2

12dm2
23|M(m2

12,m
2
23)|2×

×
[
1 + nB(E1(m2

12,m
2
23)) + nB(E2(m2

12,m
2
23)) + nB(E3(m2

12,m
2
23))

]
(3.6)

where we should now express the energies of the decay products in terms of m2
12 and

m2
23. Note that in the T = 0 limit the Bose-Einstein distributions go to zero and one

obtains the standard formula for the width of a particle decaying into three particles
[5, 1].

From Eq. (3.1) we note that we can write the change of the width in the medium
as

∆Γ = ∆ΓBE + Γcoll (3.7)

3.1 η′ in a pion gas

In this thesis we approximate the hadronic gas by a gas of pions. At low temperatures
this is a very good approximation since heavier particles with mass M are thermally
suppressed as e−M/T from the thermal distribution. Thus the lightest particles are
abundant, and pions are significantly lighter than all other hadrons.

The fact that the η′ is placed in a pion gas constrains the number of diagrams
needed for calculating the width, in particular for the collisional broadening. The
different diagrams that need to be calculated are shown in Fig. 3.1.

3.1.1 Collisional broadening in a pion gas

In a spherically symmetric gas of pions we can write the collisional broadening from
Eq. (3.2) as

Γcoll =
1

2π2

∫
dEp

[
E2
p −M2

π

]
nB(Ep)

∑

i

σi(Ep) (3.8)

and the cross section sums over all processes with an η′ and a pion in the initial
state.
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η′

π, nB(Ep) η/K̄, 1 + nB(E2) ≈ 1

π/K, 1 + nB(E3) ≈ 1

(a) Inelastic scattering.

η′
≈ 1 + nB(E2) + nB(E3)

η, 1 + nB(E1)

π, 1 + nB(E2)

π, 1 + nB(E3)

(b) Bose enhanced decay.

Figure 3.1 – The two types of diagrams contributing to the in-medium width of the η′
in the linear density approximation. The inelastic collisions contribute to the so called
collisional broadening of the probe. The lower diagram gives the Bose enhanced decay
width. Also shown are the weighting factors of the different particles.

The following processes contribute to the η′ width:

η′π0 → ηπ0, η′π+ → ηπ+, η′π− → ηπ−,
η′π0 → K0K̄0, η′π+ → K+K̄0, η′π− → K0K−,
η′π0 → K+K−

However, many are related through isospin symmetry, which we assume to be exact.
Then the three pions and the kaons are different isospin states of an isospin triplet
and two doublets respectively, and the amplitudes can be related by Clebsch-Gordan
coefficients.

We can define the multiplets according to

π =



π+

π0

π−


 , K =

(
K+

K0

)
, K̄ =

(
K̄0

K−

)
. (3.9)

Then there are two processes that need to be calculated: η′π → ηπ and η′π → K̄K.
M(η′π → ηπ) is then to be thought of as the amplitude when one of the pion fields
in the multiplet is inserted (and not the sum for the three pion fields). Since the
charged pions only have two final states we choose to calculate these instead of the
π0 processes.

The effective Lagrangian will give terms

L ∼ g
(
π+π− +

1

2
π0π0

)
η′η (3.10)



3.1. η′ IN A PION GAS 85

where g represents the vertex factor. In general we will also have terms with two
or four derivatives distributed over the fields, but the reasoning for these terms is
the same. It seems that the amplitude should differ by a factor 1/2 between the two
processes η′π0 → ηπ0 and η′π+ → ηπ+. However, since the two π0:s in the first
process are identical there is an extra symmetry factor that cancels this factor. The
result is that the amplitudes and hence the cross sections are the same

M(η′π0 → ηπ0) =M(η′π− → ηπ−) =M(η′π+ → ηπ+). (3.11)

Since there are three processes (η′ scattering with π0, π+ or π− from the medium)
and the cross sections are the same, the part of the collisional width coming from
pionic final states is obtained by calculating one of the cross sections and multiplying
by three to get

∑
i σi(Ep) in the formula for Γcoll in Eq. (3.2).

The result is the same for the kaon final states, i.e. we have

M(η′π+ → K+K̄0) =M(η′π− → K0K−) (3.12)

and the two kaonic final states for the π0 scattering adds up to one of these. For the
amplitudes squared we will have

|M(η′π+ → K+K̄0)|2 = |M(η′π− → K0K−)|2

= |M(η′π0 → K0K̄0)|2 + |M(η′π0 → K+K−)|2 (3.13)

Since the kaon masses are the same in the isospin limit there is no difference in the
phase spaces for the different final states, and so this relation holds also for the cross
sections. In total for Γcoll the result is the same as for the pions, the sum of cross
sections is three times that of one of the charged pion processes. Therefore we have
for the sum of the cross sections in the formula for the collisional width

∑

i

σi = 3
[
σ(η′π+ → ηπ+) + σ(η′π+ → K+K̄0)

]
(3.14)

where we have chosen the positive pion processes for convenience. Wee could equally
well have chosen the negative pion processes, or the neutral. In case we would
have chosen the neutral pion processes there would be more final states to consider
however, so we choose one of the charged pion processes.

When we write the sum of the cross sections as in Eq. (3.14) we see that we can
divide the collisional broadening in two parts, one for the two different final states.
Therefore we have

Γcoll = Γcoll,ηπ + Γcoll,K̄K (3.15)

and the total change of the width is then

∆Γ = ∆ΓBE + Γcoll,ηπ + Γcoll,K̄K (3.16)
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3.1.2 Calculation of cross sections

From the large Nc χPT effective Lagrangian we obtain matrix elements for the pro-
cesses of interest.∗ We express these in terms of frame invariant variables, the Man-
delstam variables s,t and u. By integrating over phase space and solid angle we then
find the cross sections. This is done through standard calculations [2, 1, 5] and with
two incoming particles with momenta p1 and p2 we have for the differential cross
section

dσ =
|M|2

4
√

(p1 · p2)2 −m2
1m

2
2

dΠ2 (3.17)

This can also be written as

dσ =
|M|2

4E1E2|vrel|
dΠ2 (3.18)

where E1 and E2 are the energies of the incoming particles and vrel is the relative
velocity between the two.

We have specified to a two-body final state, then the phase space is given by

dΠ2 = (2π)4δ(p1 + p2 − p3 − p4)

∫
d3p3

(2π)3

∫
d3p4

(2π)3
(3.19)

The differential cross section can also be written in terms of the Mandelstam variables
s = (p1 + p2)2, t = (p1 − p3)2:

dσ

dt
=

1

64π2s

1

|~p1,cm|2
|M(s, t)|2 (3.20)

By integrating this with respect to t from t1 to t0 we then obtain the total cross
section as a function of s

σ(s) =

∫ t0

t1

dσ

dt
dt (3.21)

where the limits t0 and t1 are given by

t0(t1) =

(
m2

1 −m2
3 −m2

2 +m2
4

2
√
s

)2

− (p1,cm ∓ p3,cm)2 (3.22)

with the minus sign for t0 and the plus sign for t1. In fact t1 < t0, hence the
integration goes from t1 to t0 and not vice versa. The center-of-mass frame momenta
are given by

p1,cm =
√
E2

1,cm −m2
1 =

√(
s+m2

1 −m2
2

2
√
s

)2

−m2
1 (3.23)

p3,cm =
√
E2

3,cm −m2
3 =

√(
s+m2

3 −m2
4

2
√
s

)2

−m2
3 (3.24)

∗The detailed calculation of the matrix elements will be done below, in this section we only
discuss the kinematics of the reactions.



3.1. η′ IN A PION GAS 87

In our processes we have m1 = Mη′ and m2 = Mπ. Depending on the final state
either m3 = Mη and m4 = Mπ or m3 = m4 = MK .

Note that the momenta and energies in Eq. (3.2) concern the frame where the
medium and by construction the probe, i.e. the η′, are at rest. This is the lab frame
of the πη′ reaction. The cross section is however invariant when changing from the
center-of-mass to the lab frame. In the lab frame, s is given by

s = (Mη′ + Ep)
2 − ~p2 = M2

η′ +M2
π + 2Mη′Ep (3.25)

where Ep is the pion energy in the lab frame. This should be inserted for s in the
cross section in Eq. (3.2).

The effective Lagrangian contains terms with two or four derivatives (terms with
four derivatives are O(p4) and thus from the NLO Lagrangian). These are of the
type

L ∼ ∂µφa∂µφbφcφd, L ∼ ∂µφa∂µφb∂νφc∂νφd. (3.26)

The matrix elements will therefore be functions of dot products of the momenta of
the particles since derivatives correspond to momenta according to ∂µ → ±ipµ with
a positive sign for outgoing particles and a negative sign for incoming particles. A
term ∂µφa∂

µφb then translates to ∼ pa · pb in the matrix element (the sign depends
on whether the fields with derivatives are incoming or outgoing). The dot products
between the momenta can be turned into expressions containing the Mandelstam
variables according to

(pi + pj)
2 = m2

i +m2
j + 2pi · pj (3.27)

From this together with the definitions of the Mandelstam variables we obtain the
following relations for the six possible scalar products of the momenta p1, p2, p3 and
p4:

p1 · p2 =
1

2
(s−m2

1 −m2
2), p1 · p3 = −1

2
(t−m2

1 −m2
3),

p1 · p4 = −1

2
(u−m2

1 −m2
4), p2 · p3 = −1

2
(u−m2

2 −m2
3),

p2 · p4 = −1

2
(t−m2

2 −m2
4), p3 · p4 =

1

2
(s−m2

3 −m2
4). (3.28)

Since a derivative translates to −ipµ for an outgoing particle there are overall minus
signs for all terms involving one outgoing and one incoming particle. The minus
signs cancel for the last term involving two outgoing particles.

3.1.3 Bose enhanced three-body decays in a pion gas

When we consider only the strong interaction together with exact isospin symmetry,
the only possible decays for the η′ are η′ → ηππ, 4π, 6π. The two latter are however
very small [74] and suppressed in large Nc χPT. This leaves us with the decay
η′ → ηππ. In the linear density approximation the weighting factor for the decay
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products is 1 + nB(Eη) + nB(E2) + nB(E3) where E2,3 are the energies of the two
pions. The energies are taken in the rest frame of the heat bath, which we here have
taken to be the same as the η′ rest frame. We consider a pion heat bath, hence there
are no thermal η:s and nB(Eη). This is a reasonable approximation since the η is so
much heavier than the pions and is hence suppressed by a factor e−Mη/T .

We need to express the thermal distributions in terms of the m2
ij variables used

for the phase space integral. We will call the incoming momentum of the η′ P and the
outgoing particles’ momenta p1, p2 and p3 for the η and the two pions, respectively.
Conservation of four-momentum thus demands

P = p1 + p2 + p3 (3.29)

In terms of the outgoing momenta the m2
ij are defined by

m2
ij = (pi + pj)

2 (3.30)

The sum of the m2
ij satisfy a condition similar to that of the Mandelstam variables,

we have

m2
12 +m2

13 +m2
23 = M2 +m2

1 +m2
2 +m2

3 = M2
η′ +M2

η + 2M2
π (3.31)

This enables us to solve for one of the m2
ij in terms of the two others.

We will here consider the η′ to be at rest relative to the heat bath (in which the
nB(E) are defined). In the rest frame of the η′ we have ~pη′ = ~0 and Eη′ = Mη′ . This
gives us

m2
12 = (p1 + p2)2

= (P − p3)2

= M2
η′ +M2

π − 2P · p3

= M2
η′ +M2

π − 2Mη′E3 (3.32)

and

m2
13 = (p1 + p3)2

= (P − p2)2

= M2
η′ +M2

π − 2P · p2

= M2
η′ +M2

π − 2Mη′E2 (3.33)

which means that we can write for the pion energies E2 and E3 (using the sum
condition for the m2

ij in Eq. (3.31))

E2 =
m2

12 +m2
23 −M2

η −M2
π

2Mη′
, E3 =

M2
η′ +M2

π −m2
12

2Mη′
(3.34)

The matrix elements also need to be expressed in terms of the m2
ij . In the same

way as above in Eqs. (3.27) and (3.28) we can express the dot products from the
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derivative terms in the effective Lagrangian in terms of now m2
12 and m2

23. Following
the same method we have then the correspondence

P · p1 = −1

2
(m2

23 −M2 −m2
1), P · p2 = −1

2
(m2

13 −M2 −m2
2),

P · p3 = −1

2
(m2

12 −M2 −m2
3), p1 · p2 =

1

2
(m2

12 −m2
1 −m2

2),

p1 · p3 =
1

2
(m2

13 −m2
1 −m2

3), p2 · p3 =
1

2
(m2

23 −m2
2 −m2

3). (3.35)

Note that the numbering of the particle masses and momenta is here different than
for the 2→ 2 scattering. For the decay we haveM = Mη′ , m1 = Mη andm2 = m3 =
Mπ. From Eq. (3.6) we therefore find that if we neglect the thermal distribution for
the outgoing η the Bose enhanced decays give a contribution to the width of

ΓBE =
1

(2π)3

1

32M3
η′

∫
dm2

12dm2
23|M(η′ → ηππ)|2×

×
[
1 + nB(E2(m2

12,m
2
23)) + nB(E3(m2

12,m
2
23))

]
(3.36)

where the matrix element and E2 and E3 are expressed in terms of m2
12 and m2

23

according to the substitutions in Eq. (3.35) and Eq. (3.34). The vacuum part is given
by the term proportional to the 1 in the square brackets, so the change at T 6= 0 is
given by the rest i.e. the terms with the two thermal distributions.

The integration over m2
23 is performed first and has integration limits given by

(m2
23)max = (E∗2 + E∗3)2 −

(√
(E∗2)2 −m2

2 −
√

(E∗3)2 −m2
3

)2

(m2
23)min = (E∗2 + E∗3)2 −

(√
(E∗2)2 −m2

2 +
√

(E∗3)2 −m2
3

)2

(3.37)

where E∗2 and E∗3 are the energies of particles 2 and 3 in the rest frame of the 12
pair, i.e. where ~p1 + ~p2 = 0. Here, with m2 = m3 = mπ we obtain limits

(m2
23)max = (E∗2 + E∗3)2 −

(√
(E∗2)2 −M2

π −
√

(E∗3)2 −M2
π

)2

(m2
23)min = (E∗2 + E∗3)2 −

(√
(E∗2)2 −M2

π +
√

(E∗3)2 −M2
π

)2

(3.38)

where

E∗2 =
m2

12 −M2
η +M2

π

2m12

E∗3 =
M2
η′ −m2

12 +M2
π

2m12
(3.39)

are the energies of particles 2 and 3 in the m12 rest frame – the frame where the sum
of the spatial momenta of particle 1 and 2 is zero (in a sense the “center-of-mass”
frame for particle 1 and 2).
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Figure 3.2 – The Bose-Einstein distribution times a factor of two as a function of
temperature for three fixed values of the pion energy: the minimum energy, Ep = Mπ,
Ep = 200 MeV and Ep = 250 MeV. As can be seen the distribution never exceeds 0.5
except for the highest temperatures for the nB(Mπ, T ) graph.

After the integration over m2
23 is done one integrates over m2

12 with the limits

(m2
12)max = (M2

η′ −mπ)2,

(m2
12)min = (Mη +mπ)2. (3.40)

The limits come from the fact that the minimum invariant mass of the 1-2 pair m12

is given when particle 3 has maximal momentum and particles 1 and 2 are at rest
after the reaction (in the rest frame of the decaying particle). Then m12 is simply
given by the sum of the rest masses of particle 1 and 2. The maximum value of m12

is given when instead the decaying particle and particle 3 have minimum momenta,
from conservation of momentum m2

12 = (p1 + p2)2 = (P − p3)2 where P is the four-
momentum of the decaying particle. This gives the maximum of m2

12 as (M −m3)2.
We include the Bose enhanced decays in our calculations of the in-medium width

since it is included in the linear density approximation. It can be shown however
that the contribution to the in-medium width that comes from the Bose enhanced
decays will mostly be smaller than the vacuum decay width because of the behavior
of the Bose-Einstein distributions.

From Eq. (3.36) we can write the total contribution to the width from three-body
decays as

ΓBE = ΓBE =
1

(2π)3

1

32M3
η′

∫
dm2

12dm2
23 (1 +X) |M(η′ → ηππ)|2 (3.41)

where X ≡ nB(E2, T ) + nB(E3, T ). X = 0 corresponds to the T = 0 result for the
decay width. We shall now show that X . 1 here.

The Bose-Einstein distributions are approximately e−Ep/T ≤ e−Mπ/T ≤ 1 for
T ≤ Mπ. That is, the largest contributions come from low pion energies, higher
energies are exponentially suppressed. In Fig. 3.2 the Bose-Einstein distribution is
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plotted as a function of temperature for three values of the temperature. In the
temperature range we are interested in the graph practically never exceeds 0.5. This
means that

X ≤ 2e−Mπ/T . 1 (3.42)

for almost all values in the range 0 ≤ T ≤ 150 MeV. Only for the highest values
X > 1 by a small amount. From this we expect an addition to the width from the
Bose enhanced decays that is at most equal to the vacuum decay width.

3.2 Effective Lagrangian of large Nc χPT

The effective Lagrangian of large Nc χPT is to O(δ) from Eq. (2.105) equal to

Leff = L(0) + L(1) (3.43)

where the leading order (LO) part is from Eq. (2.106)

L(0) =
F 2

4
Tr (∂µU

†∂µU) +
F 2B

2
Tr (U †M+MU)− 3τ(η0)2 (3.44)

and the next-to-leading (NLO) part is from Eq. (2.107)

L(1) = L2 Tr (∂µU
†∂νU∂µU †∂νU) + (2L2 + L3) Tr (∂µU

†∂µU∂νU †∂νU)+

+ 2BL5 Tr (∂µU
†∂µU(U †M+MU)) + 4B2L8 Tr (U †MU †M+MUMU)+

+
1

2
F 2Λ1∂µη0∂

µη0 −
i√
6
BF 2Λ2η0 Tr (U †M−MU).

(3.45)

The field U(x) is given by

U = exp (iφ) (3.46)

where the meson matrix is in terms of the bare meson fields

φ =




π0
B + 1√

3
η8 +

√
2
3η0

√
2π+

B

√
2K+

B√
2π−B −π0

B + 1√
3
η8 +

√
2
3η0

√
2K0

B√
2K−B

√
2K̄0

B − 2√
3
η8 +

√
2
3η0




= φSU(3) + 13×3

√
2

3
η0 (3.47)

which is the same as for SU(3) χPT except for the addition of
√

2
3η0 where η0 is the

singlet that in the absence of the anomaly would be the pseudo-Goldstone boson of
U(1)A. This addition represents the extension to U(3) χPT – the generators of U(3)
are the same as for SU(3) plus the identity matrix (which is not traceless and hence
does not belong to the generators of SU(3)).
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3.2.1 The low-energy constants

The coupling constants in the effective Lagrangian are referred to as low-energy
constants (LEC:s). By calculating some experimental quantity such as a cross section
or a decay rate the LEC:s can be determined numerically, which is needed for the
theory to be able to make quantitive predictions. The philosophy is then that one
fixes the LEC:s to a number of experimental results and uses the resulting theory
to make quantitative predictions for other experimental quantities. In this way the
theory remains predictive as long as there are more experimental quantities than
there are LEC:s.

At LO, at O(δ0) = O(1), the constant F is equal to the pion decay constant Fπ,
which is usually determined by the weak decay of the pion. F is the same for all
pseudoscalars at tree level, a fact which does not agree with reality since we know
that FK ≈ 1.22Fπ [49]. This is a consequence of the fact that SU(3) symmetry is
quite far from being exactly realized in nature.

The coupling τ is at O(δ0) the same as τgd, the topological susceptibility of
gluodynamics,

τgd =

∫
dx〈0|T{ω(x)ω(0)}|0〉gd (3.48)

where ω(x) = (1/16π2)F aµνF aµν(x) and |0〉gd represents the vacuum of gluodynamics.
The combination BM is related to the meson masses. In the isospin limit (mu =

md ≡ m) we haveM = diag (m,m,ms) and at LO for example

M2
π = 2Bm, M2

K = B(m+ms). (3.49)

None of the above relations for the couplings remain true when NLO effects
are taken into account. The meson decay constants then become different for the
pseudoscalars and we get an FK , an Fπ etc. (they are still the same within the
isospin multiplets as long as isospin symmetry is assumed). The constant τ is no
longer equal to the topological susceptibility of gluodynamics, and for the meson
masses higher order corrections enter proportional to the quark masses squared.

In a sense the differences appear because of renormalization. The NLO La-
grangian adds terms which look like kinetic terms ∼ ∂µφ∂

µφ and terms which look
like mass terms ∼ φ2. For the kinetic terms this means that in order to get exactly
terms (1/2)∂µφ∂

µφ and not some other coefficient in front, φ needs to be renormal-
ized. This along with the extra terms from the NLO Lagrangian also affects the
mass terms, resulting in new expressions for the meson masses.

3.2.2 Traces in Leff

To find the interaction terms and free part of the effective Lagrangian we need to
expand the traces – which as they stand are in terms of the unphysical field U(x)
– in terms of the meson fields in φ. For the free Lagrangian we need to account
for all terms of second order in φ. For the interactions up to O(δ) we need to take
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NLO = +0 1

Figure 3.3 – Relevant diagrams when doing calculations of 2→ 2 processes to O(δ) in
large Nc χPT. At NLO the amplitude is the sum of tree level contributions from L(0)

and L(1), indicated by a zero and a one respectively in the vertices. Unlike standard
χPT loops do not enter until O(δ2) (corresponding to O(p6)) since diagrams with quark
loops are suppressed by a factor 1/Nc compared to diagrams without loops.

into account all terms of fourth order∗ in φ. Because of the order counting in large
Nc loops will not enter at O(δ), they come in at O(δ2). This means that, unlike
standard χPT, there are no loop contributions from the LO Lagrangian when doing
NLO calculations. 2 → 2 processes are to O(δ) given by the sum of tree level
diagrams from L(0) and L(1) as shown in Fig. 3.3.

Traces are found by Taylor expanding U = exp (iφ) up to the relevant power of
φ in order to get all contributions to the the desired term (terms ∼ φ2 contribute
to the free part of the Lagrangian, higher power terms to the interactions). One
term in Leff can therefore contribute to both the free part and the interaction part
of the resulting Lagrangian. To get the Lagrangian in the terms of the meson fields
the resulting traces involving the φ matrix are expanded, usually resulting in a very
large number of terms.

Free part of the Lagrangian

For the free part of the Lagrangian all three terms in L(0) contribute. For the four-
point interactions however, only the first two terms contribute.

For the kinetic terms only the first term in L(0) contributes. From L(1) the terms
proportional to L5 and Λ1 contribute to the kinetic terms. The traces become

Tr (∂µU
†∂µU) = . . .+ Tr (∂µφ∂

µφ) + . . . (3.50)

Tr (∂µU
†∂µU(U †M+MU)) = . . .+ 2 Tr (M∂µφ∂

µφ) + . . . (3.51)

and the kinetic part is to O(δ) given by

Lkin =
1

4
F 2 Tr (∂µφ∂

µφ) + 4BL5 Tr (M∂µφ∂
µφ) +

1

2
F 2Λ1∂µη0∂

µη0 (3.52)

The mass terms come from the two last terms in L(0) and the terms proportional to

∗Due to parity conservation third order terms do not show up (under parity φ → −φ). Fifth
order terms describing 2 → 3 processes can be included with the so called Wess-Zumino-Witten
term [75, 76].
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L8 and Λ2 in L(1). We find that these traces become

Tr (U †M+MU) = . . .− Tr (Mφ2) + . . . (3.53)

Tr (U †MU †M+MUMU) = . . .− 2 Tr (φ{M, φ}M) + . . . (3.54)

η0 Tr (U †M−MU) = . . .− 2iη0 Tr (Mφ) + . . . (3.55)

where {, } is the anticommutator. The resulting mass terms to O(δ) are

Lmass =− 1

2
BF 2 Tr (Mφ2)− 3τ(η0)2−

− 8B2L8 Tr (φ{M, φ}M)−
√

2

3
F 2BΛ2η0 Tr (Mφ)

(3.56)

The first, third and last term would appear also in standard χPT and contribute to
the masses of all the mesons. Unlike the mesons in the pseudoscalar octet, the η0

also gets a mass contribution from the topological susceptibility in the second term.

Interactions

In L(0) the first two terms will give rise to interactions. The interactions from L(1)

come from the terms proportional to L2, (2L2 + L3), L5, L8 and Λ2.
From L(0) we get the contributions

Tr (∂µU
†∂µU) = . . .+

1

6
Tr (∂µφ[φ, ∂µφ]φ) + . . . (3.57)

Tr (M(U † + U)) = . . .+
1

12
Tr (Mφ4) + . . . (3.58)

whereas from L(1) we get contributions

Tr (∂µU
†∂νU∂µU †∂νU) = . . .+ Tr (∂µφ∂νφ∂

µφ∂νφ) + . . . (3.59)

Tr (∂µU
†∂µU∂νU †∂νU) = . . .+ Tr (∂µφ∂

µφ∂νφ∂
νφ) + . . . (3.60)

Tr (∂µU
†∂µU(U †M+MU)) = . . .+ Tr

{(
−1

3
{∂µφ∂µφ, φ2}+

+
1

6
(φ∂µφφ∂

µφ+ ∂µφφ[∂µφ, φ])−

− 1

2
φ∂µφ∂

µφφ
)
M
}

+ . . . (3.61)

Tr (U †MU †M+MUMU) = . . .+ Tr

{
1

6
M2φ4 +

2

3
MφMφ3+

+
1

2
Mφ2Mφ2

}
+ . . . (3.62)

η0 Tr (U †M−MU) = . . .+
i

3
η0 Tr

(
φ3M

)
+ . . . (3.63)

and the interaction terms are obtained by multiplying these by the appropriate cou-
plings found in Eqs. (2.106) and (2.107)
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3.3 Determination of the LEC:s, wave function renormal-
ization and ηη′ mixing

The above definitions of U and φ are in terms of the bare, unphysical fields. We
want to instead expand the traces in Leff in terms of the physical fields in order
to get expressions for scattering amplitudes in terms of the physical fields. We will
also need to take care of the fact that the η8 and the η0 mix together to form the
physical fields η and η′. We can also use this renormalization of the fields in order
to determine the LEC:s and mixing parameters.

What we find is therefore that when expanded to next-to-leading order (NLO),
the effective Lagrangian L(0) + L(1) contains meson fields which

1. are bare fields and thus not properly normalized, they must be “renormalized”,

2. mix the octet and the singlet η fields.

In this section we follow the procedure in [49] in order to determine the LEC:s and
the mixing parameters numerically by using meson masses and decay constants as
input.

3.3.1 Wave function renormalization

Usually renormalization deals with the taming of infinite quantities, e.g. divergent
loop integrals. These divergences are then systematically accounted for by introduc-
ing counterterms which are also divergent (they absorb the divergences in the loop
integrals). Here the renormalisation is not performed on infinite quantities. Still,
when both LO and NLO effects are taken into account in this effective theory, there
are terms in the NLO Lagrangian that give corrections to the kinetic and mass terms
which means that the fields must be rescaled and the masses changed by an additive
constant in order to get correct normalization for external states and matrix elements
in the LSZ formula.

The physical, real, fields are related to the unphysical, bare, ones in the effective
Lagrangian through a multiplicative factor Fa, where a = π,K, . . ., we have φP,a =
FaφB,a where φP (φB) denotes the physical (bare) field. This constant is needed to
make sure that the kinetic terms are really 1

2 times the derivatives and not a constant
multiplying the derivatives. If this is not done the external states will not be the
real, physical fields and the LSZ formula that relates scattering amplitudes to matrix
elements will be invalid.

Note that due to isospin symmetry being assumed (i.e. mu = md) the multiplica-
tive constants are the same for all pions (Fπ) and also for the kaons (FK). If instead
an Eightfold way symmetry is assumed (mu = md = ms) the F is the same for
all the mesons in the pseudoscalar octet. For the η fields there are however further
complications due to mixing between the octet η8 and the singlet η0.

3.3.2 ηη′ mixing

The η8 field from the octet and the η0 field from the singlet will mix so that the
physical η and η′ fields are linear combinations of η8 and η0. On top of the mixing
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the η fields must also be renormalized to give correct kinetic terms. In the ηη′ sector
the physical fields are related to the bare fields as

η = F 8
η η8 + F 0

η η0, η′ = F 8
η′η8 + F 0

η′η0 (3.64)

and the F aP can also be parametrized by mixing angles according to:

η = F8 cos θ8η8 − F0 sin θ0η0, η′ = F8 sin θ8η8 + F0 cos θ0η0. (3.65)

We will by η8 and η0 refer to bare fields, whereas η and η′ refer to physical fields.
Note that these two sets of fields have different mass dimensions (they differ by a
combination of the dimensionful decay constants F aP ), the bare fields are dimension-
less whereas the physical fields have units of mass. The two parametrizations are
related in the following way:

tan θ8 = F 8
η′/F

8
η , tan θ0 = −F 0

η /F
0
η′ ,

F8 =
√

(F 8
η )2 + (F 8

η′)
2, F0 =

√
(F 0

η )2 + (F 0
η′)

2. (3.66)

In principle the η0 and η8 also mix with the neutral pion since these have the
same quantum numbers, but the mixing is proportional to (mu −md) and vanishes
in the isospin symmetric limit.

3.3.3 Determining the low energy constants

Assuming isospin symmetry, the free part of the effective Lagrangian in terms of the
bare fields contains kinetic terms and mass terms for all the pseudoscalar meson fields
as well as a mixing term between η8 and η0. In terms of physical fields the mixing
terms should not appear and the free part of the Lagrangian has the appearance

Leff, free =
∑

P

∂µφP∂
µφP −

∑

P

M2
Pφ

2 (3.67)

where for example the pionic part is

Lπeff, free =
1

2
∂µπ

0
P∂

µπ0
P + ∂µπ

+
P ∂

µπ−P −M2
π

(
1

2
(π0
P )2 + π+

P π
−
P

)
(3.68)

and so on for the other fields. To compare this with the effective Lagrangian ob-
tained by expanding the traces in Eqs. (3.52) and (3.56), the physical fields must be
expanded in terms of the bare fields, since the effective Lagrangian there is expressed
in the bare fields. This gives explicitly (using φP = FPφB and the relation above for
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the ηη′ mixing)

Leff, free =F 2
π

(1

2
∂µπ

0
B∂

µπ0
B + ∂µπ

+
B∂

µπ−B
)
−M2

πF
2
π

(1

2
(π0
B)2 + π+

Bπ
−
B

)
+

+ F 2
K

(
∂µK

0
B∂

µK̄0
B + ∂µK

+
B∂

µK−B
)
−M2

KF
2
K

(
K0
BK̄

0 +K+
BK

−
B

)
+

+
1

2

[
(F 8

η )2 + (F 8
η′)

2
]
∂µη8∂

µη8 +
1

2

[
(F 8

η )2M2
η + (F 8

η′)
2M2

η′
]

(η8)2+

+
1

2

[
(F 0

η )2 + (F 0
η′)

2
]
∂µη0∂

µη0 +
1

2

[
(F 0

η )2M2
η + (F 0

η′)
2M2

η′
]

(η0)2+

+
1

2

[
F 8
ηF

0
η + F 8

η′F
0
η′
]
∂µη8∂

µη0 +
1

2

[
F 8
ηF

0
ηM

2
η + F 8

η′F
0
η′M

2
η′
]
η8η0.

(3.69)

By comparing term by term the coefficients in front of the bare fields in the expression
above and coefficients in front of the fields in the free part of L(0) +L(1) expressed in
terms of the expanded traces one therefore gets expressions in terms of the unknown
low energy constants for every coefficient in front of the terms above, i.e. for F 2

π ,
F 2
K , F 2

πM
2
π , F 2

KM
2
K , (F 8

η )2 + (F 8
η′)

2 etc. In total there will be ten expressions: one
for the kinetic terms from each isospin symmetric group of fields (π,K, η8, η0) giving
four terms, equally many from the mass terms, and two from the terms that mix η8

and η0.
As an example we look at the pion fields. The term in L(1) proportional to L5

will give a contribution to the kinetic terms and therefore renormalize the pion decay
constant. Similarly the L8 term will give a contribution to the mass term. Expanding
the traces in Eqs. (3.52) and (3.56) and looking only at the pion terms we find that
L(0) + L(1) gives

Lπ,free = (F 2 + 16BmL5)

(
1

2
∂µπ

0
B∂

µπ0
B + ∂µπ

+
B∂

µπ−B

)
−

− (2F 2Bm+ 64(Bm)2L8)

(
1

2
(π0
B)2 + π+

Bπ
−
B

)
(3.70)

and we can from Eq. (3.69) identify

F 2
π = F 2 + 16BmL5 +O(δ2),

F 2
πM

2
π = 2F 2Bm+ 64(Bm)2L8 +O(δ2) (3.71)

We want to express the mixing in terms of the mixing angles and thus use Eq. (3.66)
to rewrite the Lagrangian in terms of F0, F8 and the two mixing angles θ0 and θ8
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instead of the F aP . The full set of relations are then:

F 2
π = F 2 + 16BmL5, (3.72)

F 2
K = F 2 + 8BmL5(1 + S), (3.73)

3F 2
8 = 3F 2 + 16BmL5(1 + 2S), (3.74)

3F 2
0 = 3F 2 + 3Λ1F

2 + 16BmL5(2 + S), (3.75)

3F0F8 sin (θ8 − θ0) = 32
√

2BmL5(1− S), (3.76)

F 2
πM

2
π = 2F 2Bm+ 64(Bm)2L8, (3.77)

F 2
KM

2
K = F 2Bm(1 + S) + 16(Bm)2L8(1 + S)2, (3.78)

3F 2
8

[
M2
η cos2 θ8 +M2

η′ sin
2 θ8

]
= 2F 2Bm(1 + 2S)+

+ 64(Bm)2L8(1 + 2S2), (3.79)

3F 2
0

[
M2
η sin2 θ0 +M2

η′ cos2 θ0

]
= 2F 2Bm(2 + S) + 4F 2BmΛ2(2 + S)+

+ 64(Bm)2L8(2 + S2) + 18τ, (3.80)

3F0F8

[
−M2

η sin θ0 cos θ8 +M2
η′ cos θ0 sin θ8

]
=

√
2
[
F 2Bm(1− S) + F 2BmΛ2(1− S) + 32(Bm)2L8(1 + 2S2)

]
. (3.81)

These relations are valid to O(δ). Note that we see Bm as one parameter and not
two. It is not possible to determine the magnitude of the quark masses directly,
only B times the quark mass along with the quark mass ratio defined as S ≡ ms/m.
From the above relations one can obtain new relations between the various decay
constants and masses similar to the Gell-Mann–Okubo mass relation for the pseu-
doscalar mesons. For example, by comparing relations (3.72), (3.73), (3.74) one finds

3F 2
8 = 3

[
(F 8

η )2 + (F 8
η′)

2
]

= 4F 2
K − F 2

π (3.82)

and similarly from relations (3.77), (3.78), (3.79)

3F 2
8

[
M2
η cos2 θ8 +M2

η′ sin
2 θ8

]
= 3

[
(F 8

η )2M2
η + (F 8

η′)
2M2

η′
]

= 4F 2
KM

2
K

2S

S + 1
− F 2

πM
2
π(2S − 1). (3.83)

We will use the above relations to determine the unknown LEC:s which we take
to be the twelve parameters

F, S, Bm, θ0, θ8, F0, F8, L5, L8, Λ1, Λ2 and τ. (3.84)

The remaining parameters are used as input with the following values:

Mπ = 138.0 MeV, MK = 495.6 MeV,
Mη = 547.9 MeV, Mη′ = 957.8 MeV,
Fπ = 93 MeV, FK = 1.22Fπ = 113.5 MeV (3.85)

Here the masses come from [5] (with Mπ and MK being the average of the masses
in the isospin multiplet) and the values of the decay constants come from [49].
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There are twelve unknown parameters in (3.84) but only ten relations between
them. It is therefore not possible to determine all unknowns without some additional
input. In accordance with [49] we use the electromagnetic interactions of the η and
η′ to obtain two more relations. Specifically we look at the anomalous decays η → γγ
and η′ → γγ. Then we need to add a term to the effective Lagrangian called the
Wess-Zumino-Witten term∗ [75, 76]. At leading order this is given by [49, 21]

LWZW = −Ncα

4π
FµνF̃

µν Tr (Q2φ) (3.86)

where Fµν is the electromagnetic field strength tensor (and not the gluonic one),
α the electromagnetic fine-structure constant and Q = diag (2/3,−1/3,−1/3) is a
matrix containing the electric charges of the quarks. This leads to a decay rate

ΓP→γγ =
α2N2

c

576π3F 2
π

M3
P c

2
P (3.87)

where P = π0, η, η′. The cP are constants specific to the decaying meson and are
normalized with Fπ (cπ0 = 1 at leading order). Experimentally [77] we have the
values cπ0 = 1.001± 0.036, cη = 0.944± 0.040 and cη′ = 1.242± 0.027.

When we take into account the mixing between the η and η′ we get relations
between the photonic decay rates. We find then

√
3(F 8

η cη + F 8
η′cη′) =

√
3F8(cη cos θ8 + cη′ sin θ8) = Fπ (3.88)

√
3(F 0

η cη + F 0
η′cη′) =

√
3F0(−cη sin θ0 + cη′ cos θ0) =

√
8Fπ(1 + Λ3) (3.89)

The factor (1 + Λ3) on the right hand side of Eq. (3.89) includes a coupling con-
stant Λ3 from the next-to-next-to leading order Lagrangian L(2), which represents a
renormalization of the Wess-Zumino-Witten term in L(1). The Wess-Zumino-Witten
term is not renormalization scale independent beyond O(δ) and we need to add a
term from L(2) in order to get rid of the scale dependence,

L(2)
WZW = −NcαΛ3

18π
FµνF̃

µν
√

6η0. (3.90)

Because of this the numbers obtained for some of the LEC:s will not be scale indepen-
dent and thus not observable, but for all observable quantities the scale dependence
should drop out in the final results for the observables.

3.3.4 Numerical values of the LEC:s

We can solve Eqs. (3.72)-(3.81) together with Eqs. (3.89) and (3.88) for the unknown
constants in (3.84). We use as input the masses Mπ, MK , Mη and Mη′ and the two

∗The effective Lagrangian is symmetric under the internal parity transformation φ→ −φ. This
symmetry means that only processes with an even number of mesons are allowed. In nature, this
is not a real symmetry however, for example the process K+K− → π+π−π0 can not be accounted
for by the above prescription. To account for the violation of this internal parity symmetry we
need to add the Wess-Zumino-Witten term. The decay of a pion into two photons also violate this
symmetry and come from an anomaly in the electromagnetic sector.
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decay constants Fπ and FK with values according to Eq. (3.85). We will solve for
the ηη′ decay constants expressed in terms of F0, F8 and the two mixing angles θ0

and θ8. We first use the seven relations in Eqs. (3.72), (3.73), (3.74), (3.77), (3.78),
(3.79) and (3.88) to determine the seven unknowns F , Bm, S, L5, L8, F8 and θ8.

Eqs. (3.72), (3.73) and (3.74) give Eq. (3.82) which can be solved for F8. θ8

can then be obtained from Eq. (3.88). (3.77), (3.78), (3.79) combine into Eq. (3.83)
which can now be solved for S. Eqs. (3.72), (3.73),(3.77) and (3.78) are then solved
for F , Bm, L5 and L8. This results in

F = 91.1 MeV, Bm = (97.78 MeV)2, S = 25.5,

L5 = 2.25 · 10−3, L8 = 1.03 · 10−3,

F8 = 119.5 MeV, θ8 = −20.5◦. (3.91)

We can determine F0 and θ0 by using Eq. (3.89) together with the relation

3
[
F 8
ηF

0
η + F 8

η′F
0
η′
]

= −2
√

2(F 2
K − F 2

π ) (3.92)

which is obtained by comparing Eqs. (3.72), (3.73) and (3.76) and is valid to order
O(δ). Writing this in terms of mixing angles gives instead (here we use that F8 =
F0(1 +O(δ)))

sin (θ0 − θ8) =
2
√

2(F 2
K − F 2

π )

3F 2
8

(1 +O(δ)) (3.93)

Using Eq. (3.93) now gives us θ0 and (3.89) gives us F0. Strictly speaking the scale-
dependent coupling Λ3 enters in the solution for F0. Numerically,

F0

1 + Λ3
= 116.0 MeV, θ0 = 4.3◦. (3.94)

The remaining unused relations Eqs. (3.75), (3.81) and (3.80) are now used to
determine Λ1, Λ2 and τ . All of these three depend on the renormalization scale and
thus do not represent observable quantities. The scale dependence drops out of any
observable. Scale independent quantities can be formed with Λ1, Λ2, Λ3 and τ by
analyzing the Λ3 content of Eqs. (3.75), (3.81) and (3.80). Working to O(δ) we find
the three scale invariant combinations

Λ1 − 2Λ3 = 0.239, Λ2 − Λ3 = 0.255,
τ

(1 + Λ3)2
= (195 MeV)4. (3.95)

3.3.5 The remaining LEC:s – L2 and L3

In Leff there are some more LEC:s appearing than what was numerically determined
in the previous section. Out of the Li only L5 and L8 were determined as these are
the only ones that enter in the renormalization of the kinetic and mass terms. The
two constants L2 and L3 still remain to be determined. We can use the fact that in
the partial decay width Γ(η′ → ηππ) the combination 3L2 + L3 ≡ L23 appears in
order to determine this particular combination of L2 and L3.
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This means that if one calculates the decay width using the effective Lagrangian
one will end up with an amplitude divided in two parts where one is proportional to
3L2 + L3 and the other part comes from other terms in the effective Lagrangian,

M(η′ → ηππ) =M1(m12,m23,m13) + (3L2 + L3)M2(m12,m23,m13). (3.96)

Here m12,m23 and m13 are the relevant kinematical variables for three-body decays
(the analogue of the Mandelstam variables) as defined above.

By calculating the corresponding decay width for this amplitude and comparing
this to the experimental value one can obtain a value for the combination L23. To
obtain the amplitude, the effective Lagrangian L(0) + L(1) from large Nc χPT is
expanded in terms of the meson fields. The amplitude is given below in Eq. (3.107)
in terms of the Mandelstam variable s, t and u. These can be related to the m2

ij

variables by comparing the definitions of the two sets of variables and remembering
that outgoing momenta have negative signs whereas incoming have positive. Picking
out the terms contributing to the process η′ → ηππ gives the amplitude.

From the amplitude we obtain a decay width by integrating over phase space, we
have

Γ(η′ → ηππ) =
1

(2π)3

1

32m3
η′

∫
dm2

12dm2
23|M(m2

12,m
2
23)|2. (3.97)

The variable m2
13 is expressed in terms of m2

12 and m2
23 by using Eq. (3.31). Sepa-

rating the amplitude in two parts where one is proportional to L23 as in Eq. (3.96),
the decay width can be written

Γ(η′ → ηππ) =
1

(2π)3

1

32m3
η′

∫
dm2

12dm2
23

[
|M1(m2

12,m
2
23)|2+

+ 2L23M∗1(m2
12,m

2
23)M2(m2

12,m
2
23)+

+ L2
23|M2(m2

12,m
2
23)|2

]
. (3.98)

The integration over m2
23 is performed first and has integration limits given by

Eq. (3.38). After the integration over m2
23 is done one integrates over m2

12 with the
limits in Eq. (3.40). Performing the integration over phase space as described, the
decay width from Eq. (3.98) becomes

Γ(η′ → ηππ) =
(
3.50 · 10−5 − 3.24 · L23 + 7.52 · 104 · L2

23

)
MeV. (3.99)

This represents the decay rate for the charged pion decay, for η′ → ηπ0π0 there is
an additional symmetry factor 1/2 multiplying the expression since there are two
identical particles in the final state. By comparing the above decay rate to the
experimental value of the partial decay rate from [5]

Γ(η′ → ηπ+π−)exp = 86.366 keV (3.100)

and solving the resulting equation for L23 we find that the two allowed values of L23

are

L23 = −1.05 · 10−3, L23 = 1.09 · 10−3 (3.101)
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The above method fixes the NLO result for the η′ → ηππ decay rate to the
experimental value. It does not determine L2 or L3 separately. In some cases, when
the amplitude is not proportional to the combination in L23 we will need to know
both L23 and one of L2 or L3. Then we will use the numerical values presented in [78]
coming originally from [28] and [79] shown in Tab. 3.1. The Li are there determined
by other means than the above (e.g. looking at resonance exchange). Looking at the
values presented there we conclude that the negative solution for L23 above does not
come close to other determinations of L23. Therefore we pick the positive solution
L23 = 1.09 · 10−3 in our calculations.

set1 [28] set3 [79] Used here
L2 · 103 1.2 1.8 1.8

(3L2 + L3) · 103 0.6 1.1 1.09
L5 · 103 1.4 2.1 2.25
L8 · 103 0.9 0.8 1.03

Table 3.1 – The two discussed sets of values for the Li in [78], set1 and set3, along
with the values used here.

In the cases where also one of L2 or L3 is needed we fix L3 = L23−3L2 as function
of L2 from our determination of L23 and use L2 from the sets presented in [78]. We
performed our calculations with the two values for L2 that are most different in [78],
L2 = 1.2 · 10−3 and L2 = 1.8 · 10−3. In this way we can see the effect on the value
of L2 on our calculations. It turned out that the difference in the values for L2 had
very little effect on the end result and so we picked the value L2 = 1.8 · 10−3 from
set3 as our main value since the values in this set are closest to the values obtained
here for the other Li:s (L5, L8 and L23). The difference in the results for the two
choices of L2 are presented in the results below.

3.4 Finding the matrix elements

From the effective Lagrangian we want to find the relevant amplitudes in order to
calculate cross sections and decay rates. The effective Lagrangian as it stands is
formulated in terms of the bare, unphysical fields. We want to express the matrix
elements in terms of the physical fields.

3.4.1 Relating bare and physical fields

What we then need to do is to express the bare fields in terms of the physical fields.
The above expansion of the physical fields in terms of the bare fields in section 3.3.1
can as above be used to determine the LEC:s but is also needed to get the factors
which relate the physical and bare fields.

In principle, one can collect all the meson fields in a nine-dimensional column
vector ~φP/B and express the relation between physical and bare fields as

~φP = F~φB (3.102)
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where F is a block-diagonal matrix given as

F =




FπK 0

0 Fη



. (3.103)

FπK is a diagonal matrix containing the Fπ and the FK and Fη is a non-diagonal
matrix which gives the mixing in the η sector. The bare fields are then obtained by
inverting F, ~φB = F−1~φP . For the pions and kaons it is trivial to express the bare
fields in terms of the physical fields. Since FπK is diagonal we have for the pions
simply πB = πP /Fπ and similar for the kaons.

For the ηη′ system there is still the mixing to take care of. This has the effect
that Fη is non-diagonal. At NLO, one mixing angle is no longer sufficient but two
are needed, as well as two decay constants. Alternatively one can use four different
decay constants. The physical fields η and η′ are related to the unphysical η8 and
η0 through the multiplication of the matrix Fη, ~ηP = Fη~ηB where ~ηP = (η, η′),
~ηB = (η8, η0). From the above discussion in section 3.3.2 the matrix F is

Fη =

(
F 8
η F 0

η

F 8
η′ F 0

η′

)
. (3.104)

or in terms of the two mixing angles and decay constants

Fη =

(
F8 cos θ8 −F0 sin θ0

F8 sin θ8 F0 cos θ0

)
. (3.105)

The mixing angles and decay constants are related as in Eq. (3.66).
Through this we can relate the bare fields to the physical fields as ~ηB = F−1η ~ηP ,

we have in the formulation with mixing angles
(
η8

η0

)
= F−1η

(
η
η′

)
=

1

F8F0 cos (θ8 − θ0)

(
F0 cos θ0 F0 sin θ0

−F8 sin θ8 F8 cos θ8

)(
η
η′

)
. (3.106)

To summarize, the bare fields are for the pions and kaons given by the physical
field divided by the corresponding decay constant e.g. πB = πP /Fπ. The bare η8

and η0 are related to the physical η and η′ fields by the inverse of the mixing matrix,
as seen in Eq. (3.106).

3.4.2 Matrix elements Mη′π→ηπ and Mη′π→K̄K

Expressing the trace calculations for the interaction terms in section 3.2.2 in terms
of the physical fields according to the above, we can find the two matrix elements
of interest. Squared and integrated over phase space these will then result in the
two cross sections used in the formula for the collisional broadening according to
Eq. (3.14).
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Following this method we find the matrix elements

Mη′π→ηπ(s, t, u) =
c1

F 2

{
M2
π

2
+

2(3L2 + L3)

F 2
π

(s2 + t2 + u2 −M4
η′ −M4

η − 2M4
π)−

− 2L5

F 2
π

(M2
η′ +M2

η + 2M2
π)M2

π +
24L8

F 2
π

M4
π +

2

3
Λ2M

2
π

}
+

+
c2

F 2

√
2

3
Λ2M

2
π ,

(3.107)

where in accordance with [78] we have defined

c1 = − F 2

3F 2
8F

2
0 cos2 (θ8 − θ0)

[
2F 2

8 sin (2θ8)−

− F 2
0 sin (2θ0)− 2

√
2F8F0 cos (θ8 + θ0)

]
, (3.108)

c2 = − F 2

3F 2
8F

2
0 cos2 (θ8 − θ0)

[√
2F 2

8 sin (2θ8)+

+
√

2F 2
0 sin (2θ0) + F8F0 cos (θ8 + θ0)

]
, (3.109)

and

Mη′π→K̄K(s, t, u) =
c3F8 cos θ8

3F 2
KFπF

2

{
F 2(2M2

K +M2
π)+

+ 12(3L2 + L3)(s2 + t2 + u2 −M4
η′ −M4

π − 2M4
K)−

− 4L5

[
2M2

π(M2
η′ + 3M2

K) +M2
K(M2

η′ + 3M2
π)+

+ 3s(M2
K −M2

π) + 8(2M4
K +M4

π)
]
−

− 16L8(2M4
K −M4

π + 8M2
KM

2
π)+

+ Λ2(F 2
πM

2
π + 2F 2

KM
2
K)

}
+

+
c3

√
2F0 sin θ0

3F 2
KFπF

2

{
F 2

4
(3M2

η′ + 8M2
K +M2

π − 9s)+

+
3

2
(3L2 + 2L3)(s2 + t2 + u2 −M4

η′ −M4
π − 2M4

K)−
− 9L3(M4

K +M2
η′M

2
π − tu)−

− 2L5

[
M2
K(7M2

η′ + 6M2
K + 3M2

π) +M2
π(−M2

η′ + 6M2
K + 3M2

π)−
− 3s(M2

π +M2
K) + 16(M4

K −M4
π)
]
−

− 16L8(2M4
K −M4

π −M2
KM

2
π)

}

(3.110)

where

c3 =
F 2

√
3F0F8 cos (θ8 − θ0)

. (3.111)
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As we can see the matrix element is more complicated for the kaonic final state.
Also this is not proportional to the combination (3L2 + L3) = L23 while the matrix
element with the pionic final state is. This means that apart from L23 one needs a
numerical estimate of either L2 or L3 in order to make numerical calculations. As
discussed above, we will choose to use our estimate of L23 fixed by the decay rate
Γ(η′ → ηππ) and the value of L2 in set3 of [78], L2 = 1.8 · 10−3, as this set agrees
best with our numerical determinations of the other Li:s.

Taking only the leading order expression forMη′π→ηπ we find

(Mη′π→ηπ)LO =
c1M

2
π

2F 2

=
M2
π

6F 2

(
2
√

2 cos (2θ)− sin (2θ)
)

(3.112)

where we have used that θ8 = θ0 ≡ θ and F0 = F8 = F at LO. There is thus only
one mixing angle at LO which from [49] has the approximate value −20◦. We can
calculate the decay width η′ → ηππ with the above matrix element. There is no
energy dependence so we do not have to worry about translating from {s, t, u} to
the m2

ij . The resulting partial decay width becomes [80, 78]

Γ(η′ → ηππ)LO ≈ 2.2 keV. (3.113)

This is the decay width for the decay with the charged pions, for neutral pions there
is an additional symmetry factor of 1/2 multiplying the number. The partial decay
width Γ(η′ → ηπ+π−) is experimentally

Γ(η′ → ηπ+π−)exp ≈ 86 keV (3.114)

so the leading order contribution to the decay accounts for only about 3 % of the
experimental value. This is an indication that NLO results should be important in
our calculations. Here we fixed our LEC:s numerically to the experimental value
of this decay and so we can not obtain an independent estimate of the NLO decay
width.

For later use we give here the LO expression for the kaonic matrix element:

(Mη′π→K̄K)LO =
1

6
√

6F 2

(
2
√

2
(
2M2

K +m2
π

)
cos θ+

+
(
3M2

η′ + 8M2
K +M2

π − 9s
)

sin θ
)
. (3.115)

3.4.3 Scale independence of matrix elements

In our determination of the numerical values of the LEC:s we noted that out of these,
Λ1, Λ2, F0 and τ have a renormalization scale dependence through the parameter
Λ3. In Eq. (3.95) the scale invariant combinations are shown. We note that we can
write F0 = F̃0(1 + Λ3) and τ = τ̃(1 + Λ3)2, where F̃0 and τ̃ are scale independent
numbers. We want to ensure that only scale invariant combinations appear in the
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matrix elements. Beginning withMη′π→ηπ from above we note that out of the scale
dependent LEC:s only F0 and Λ2 appear. The part proportional to Λ2 is given by

Λ2

√
2M2

π

3F 2

(√
2c1 + c2

)
=

= −Λ2

√
2M2

π

3 cos2 (θ8 − θ0)

(√
2

F 2
0

sin (2θ8)− 1

F8F0
cos (θ8 + θ0)

)
. (3.116)

Since F0 appears in c1 and c2 in principle the whole matrix element carries a
Λ3 dependence since every term in the expression is multiplied by either c1 or c2.
However, up to corrections of O(δ2) we only need to consider the Λ3 dependence of
the LO contribution. In the NLO parts, which are already at O(δ), we can write
F0 ≈ F̃0 and there the scale dependence from Λ3 is moved to the next order in δ.
This means that the part proportional to Λ2 can be written up to corrections of
O(δ2) as

−Λ2

√
2M2

π

3 cos2 (θ8 − θ0)

(√
2

F̃ 2
0

sin (2θ8)− 1

F8F̃0

cos (θ8 + θ0)

)
. (3.117)

The LO contribution inMη′π→ηπ is given by

c1

F 2

M2
π

2
= −M

2
π

2

1

3 cos2 (θ8 − θ0)

(
2

F 2
0

sin (2θ8)− 1

F 2
8

sin (2θ0)− 2
√

2

F8F0
cos (θ8 + θ0)

)
.

(3.118)

Expanding 1/F0 ≈ (1/F̃0)(1− Λ3) and 1/F 2
0 ≈ (1/F̃ 2

0 )(1− 2Λ3) gives

−M
2
π

2

1

3 cos2 (θ8 − θ0)

(
2(1− 2Λ3)

F̃ 2
0

sin (2θ8)− 1

F 2
8

sin (2θ0)−

− 2
√

2(1− Λ3)

F8F̃0

cos (θ8 + θ0)

)
. (3.119)

The part proportional to Λ3 in the LO contribution is therefore

−Λ3

√
2M2

π

3 cos2 (θ8 − θ0)

(
−
√

2

F̃ 2
0

sin (2θ8) +
1

F8F̃0

cos (θ8 + θ0)

)
. (3.120)

and we see that this is exactly the negative of (3.117) so that only the combination
Λ2 − Λ3 appears in the matrix element, up to corrections of O(δ2).

The matrix elementMη′π→K̄K has a more complicated appearance but the analy-
sis is in that case simpler. First of all, the part proportional to sin θ0 is not dependent
on Λ3 in any way, either from F0, Λ2 or any other term (note that the F0 dependence
cancels out in the product c3F0). The LO part along with the Λ2 dependent part is
given by

c3F8 cos θ8

3F 2
KFπF

2

(
F 2(2M2

K +M2
π) + Λ2(2F 2

KM
2
K + F 2

πM
2
π)
)
. (3.121)
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Since both Fπ = F (1+O(δ)) and FK = F (1+O(δ)) the latter part of the expression
can be written as

F 2(2M2
K +M2

π) [1 + Λ2(1 +O(δ)] (3.122)

From the definition of c3 in Eq. (3.111) and by expanding 1/F0 the prefactor in
(3.121) can approximately be written

cos θ8

3
√

3F 2
KFπ cos (θ8 − θ0)

1

F0
≈ cos θ8

3
√

3F 2
KFπ cos (θ8 − θ0)

1

F̃0

(1− Λ3). (3.123)

(3.123) together with the expression in (3.122) gives the overall Λ2 and Λ3 de-
pendence in (3.121) as

(1− Λ3)(1 + Λ2) = 1 + Λ2 − Λ3 +O(δ2). (3.124)

Also here only the scale invariant combination Λ2−Λ3 appears, up to corrections of
O(δ2).

We conclude from the above analysis that in the physical quantities that we are
interested in (cross sections and decay rates) only scale invariant combinations of the
LEC:s appear, the physical quantities will therefore be scale independent.

3.5 Calculations in the chiral limit

In some cases it is interesting to consider the chiral limit, where the quarks are taken
to be massless and chiral symmetry of the action is an exact symmetry. Then the
Goldstone bosons of the spontaneous breaking of chiral symmetry are real Goldstone
bosons with zero mass. The η8 and the η0 decouple in the chiral limit and both
mixing angles are then zero. Therefore the η′ meson is now the same as the singlet
η0 and the η meson is the η8. The η8 will be massless since it is a Goldstone boson,
the η0 will however still have a mass that comes from the anomaly. At LO, in the
O(1) effective Lagrangian all decay constants are the same for the octet and the
singlet fields. At NLO they will decouple as shown below.

In the chiral limit the source term χ = 2BM = 0, and the octet meson masses
become zero. Therefore a lot of terms in the effective Lagrangian vanish. The
effective Lagrangian to zeroth order in δ becomes in the chiral limit

L(0)
0 =

1

4
F 2 Tr (∂µU

†∂µU)− 3τ(η0)2. (3.125)

The O(δ) Lagrangian is in the chiral limit

L(1)
0 = L2 Tr (∂µU

†∂νU∂µU †∂νU)+

+ (2L2 + L3) Tr (∂µU
†∂µU∂νU †∂νU)+

+
1

2
F 2Λ1∂µη0∂

µη0

(3.126)
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and by expanding L(0) +L(1) to second order in the meson fields we obtain that the
free part of the Lagrangian is

L0,free =
1

2
F 2(1 + Λ1)∂µη0∂

µη0 − 3τ(η0)2+

+ F 2

(
1

2
∂µη8∂

µη8 +
1

2
∂µπ

0∂µπ0 + ∂µπ
−∂µπ++

+ ∂µK̄
0∂µK0 + ∂µK

−∂µK+

)
.

(3.127)

We note that there is a mass term only for the η0 field. From the free Lagrangian
we find that the bare and physical fields are related as

η0,P = F
√

1 + Λ1η0,B ⇔ η0,B =
η0,P

F
√

1 + Λ1
, (3.128)

φi,P = Fφi,B, φi = π,K, K̄, η8. (3.129)

We note that there is no renormalization of F for the octet fields when O(δ) terms
are included, it represents the octet decay constant at all orders in the expansion.
At O(δ) the F0 splits from the octet F8 however, as F8 = F and F0 = F

√
1 + Λ1.

Inserting the wave function renormalization of the singlet field into the mass term
gives that the mass of the η0 field is

1

2
M2

0 (η0,P )2 = 3τ
1

F 2(1 + Λ1)
(η0,P )2

⇔ M2
0 =

6τ

F 2(1 + Λ1)
(3.130)

which to leading order (Λ1 ≈ 0) is equal to theWitten-Veneziano relation in Eq. (2.95).
The expression for the singlet mass involves Λ1 and τ which are both scale de-

pendent. With τ = τ̃(1 + Λ3)2 ≈ τ̃(1 + 2Λ3) where τ̃ is a scale invariant number, we
can write the mass as

M2
0 =

6τ̃

F 2(1 + Λ1)
(1 + 2Λ3) +O(δ2)

≈ 6τ̃

F 2
(1 + 2Λ3 − Λ1) +O(δ2) (3.131)

where only the scale invariant combination Λ1 − 2Λ3 appears (see Eq. (3.95)).

3.5.1 The matrix elements (Mη′π→ηπ)0 and (Mη′π→K̄K)0

The terms in the effective Lagrangian give rise to four point interactions in terms of
the meson matrix φ when U is expanded in terms of φ. Using the formulae for the
traces in Eqs. (3.57), (3.59) and (3.60) we find the four point interactions

1

6
Tr (∂µφ[φ, ∂µφ]φ), Tr (∂µφ∂νφ∂

µφ∂νφ), Tr (∂µφ∂
µφ∂νφ∂

νφ) (3.132)
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Using these we find that the matrix elementMη′π→ηπ in the chiral limit, (Mη′π→ηπ)0,
becomes

(Mη′π→ηπ)0 = (3L2 + L3)
4
√

2
(
s2 + t2 + u2 −M4

0

)

3F 4
√

1 + Λ1
(3.133)

which is in agreement with the chiral limit of the NLO matrix element Mη′π→ηπ in
Eq. (3.107) (i.e. taking all masses exceptMη′ = M2

0 to zero), except for the
√

1 + Λ1

which appears here in the denominator. However, when expanded the square root
becomes

1√
1 + Λ1

≈ 1− 1

2
Λ1 = 1 +O(δ) (3.134)

and since the expression without the
√

1 + Λ1 in the denominator is already of O(δ2)
because of the 1/F 4 factor∗ we should strictly approximate

√
1 + Λ1 ≈ 1 in the

denominator. Doing that, Eq. (3.133) yields the same expression as the chiral limit
of Eq. (3.107). This expansion also guarantees the scale independence of the matrix
element up to O(δ).

The matrix element with kaonic final states is very similar. We find

(Mη′π→K̄K)0 = (3L2 + L3)
4
√

3
(
s2 + t2 + u2 −M4

0

)

3F 4
√

1 + Λ1
(3.135)

in agreement with the chiral limit of the NLO matrix element in Eq. (3.110) above
(the same reasoning applies to the

√
1 + Λ1 factor as for the matrix element with

final state ηπ, also concerning the scale independence).

3.5.2 Calculation of η′ → ηππ in the chiral limit

The η′, or η0, has a much higher decay rate in the chiral limit. This can be understood
from the fact that all final states are massless, giving a much larger available phase
space to decay into. To have something to compare the in-medium width we can
calculate the vacuum decay rate in the chiral limit. Following the procedure in
section 3.1.3 with the distributions put to zero we find that the decay rate becomes

Γ0(η0 → η8ππ) ≈ 29 MeV (3.136)

which is approximately 147 times the total vacuum decay rate without exact chiral
symmetry.

Note that the above is the partial decay rate for the η0 decaying into one par-
ticular combination of Goldstone bosons, here η8ππ. The total decay rate for all
final states is many times larger than this number. In the real world, without chiral
symmetry, the ηππ accounts for about two thirds of the total decay rate for the
η′. Because of the particular values of the pseudoscalar masses only η′ → ηππ is
possible kinematically, decays into e.g. kaons are prohibited due to the fact that the
kaon masses are larger than the pion masses. Decays with a K̄K pair and one η for

∗F goes as
√
Nc so 1/F 4 ∼ 1/N2

c = O(δ2).
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example are therefore not possible since 2MK +Mη > Mη′ . Decays of the type Kππ
are not allowed due to strangeness conservation.

In the chiral limit however, there are no such kinematical constraints for the
possible decay products since all pseudoscalars are then massless. Then the η0, or
η′, can decay into all possible combinations of Goldstone bosons, be it ηππ, K̄Kη or
any other combination. This results in a much larger decay rate than without exact
chiral symmetry.



Chapter 4

Results

This section contains the results of the calculations performed. The section is divided
into three parts – section 4.1 contains the LO results, section 4.2 the NLO results
and section 4.3 the results in the chiral limit. The main results of this thesis are the
NLO results in section 4.2.

4.1 Leading order results

Fig. 4.1 shows the two cross sections of interest for the calculation of the collisional
broadening. Fig. 4.1a shows the cross sections as functions of the center of mass
energy

√
s while Fig. 4.1b them as functions of the incoming pion energy in the

frame where the η′ is at rest. Since s = M2
η′ +M2

π + 2Mη′Ep, zero pion momentum
(Ep = Mπ) corresponds to

√
s = Mη′ +Mπ.

There are a number of things to take note of in these plots. First of all we see
that all cross sections diverge at some low energy. For the center of mass energy, the
divergence occurs at

√
s ∼ 1150 MeV whereas the divergence is at about 140 MeV

in the pion energy plot.
Secondly, we note that the cross section with kaonic final states σ(η′π → K̄K)

is much larger than the one with an η and a pion in the final state.
In Fig. 4.2 the addition to the width in a pion gas is shown. We see that the

kaonic contribution to the collisional broadening dominates entirely over the ηπ-
contribution and the Bose enhanced decays. At T = 100 MeV the contribution from
the latter two represents only about 0.01/0.5 = 2.5 % of the total width increase.
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Figure 4.1 – LO cross sections for the reactions η′π → ηπ and η′π → K̄K as a function
of center of mass energy

√
s (left) and incoming pion energy EP (right).
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Figure 4.2 – Addition to the η′ width in a leading order calculation. The kaonic
collisional broadening contribution dominates.
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4.2 Next to leading order results

The cross sections for the two processes of interest for the collisional broadening
are shown in Fig. 4.3, in Fig 4.3a as functions of center of mass energy

√
s and in

Fig. 4.3b as functions of the incoming pion energy in the rest frame of the η′.
We see that there are divergences at the same places as for the leading order

results. We note here however that the relative sizes for the two final states are
opposite compared to the leading order results – now instead the ηπ final state has
a higher cross section than the K̄K final state.

The sum of the two cross sections is now above 100 mb for Ep ∼ 700 MeV,
corresponding to

√
s ∼ 1500 MeV.

Fig. 4.4 shows the main result of this thesis – the increase of the η′ width at
NLO in a pion gas. The full line (blue) shows the sum of the width increase from
Bose enhanced decays and collisional broadening with both K̄K and ηπ final states
considered. The dotted line (red) shows the contribution from Bose enhanced decays
together with collisional broadening where only the ηπ final state is included. The
dashed-dotted (green) line shows the contribution from Bose enhanced decays only.

Collisional broadening completely dominates over the contribution from Bose
enhanced decays. Furthermore, the collisional broadening from η′π → ηπ reactions
is much larger than that from η′π → K̄K reactions.

As a comparison, the inverse lifetime of the fireball corresponds to a width of
∼ 20 MeV for a fireball lifetime τfb = 10 fm/c. Thus, the in-medium lifetime of the
η′ becomes comparable to that of the fireball at temperatures T ∼ 100 MeV.

The kaonic final state requires a numerical value of the parameters L2 and L23 ≡
3L2 + L3 separately, whereas for the ηπ final state it is sufficient with the value of
L23. The value used for L23 is the same in all calculations, L23 = 1.09 · 10−3, as
discussed above in chapter 3. The value for L2 is taken to be L2 = 1.8 ·10−3. Fig. 4.5
shows the kaonic contribution to the collisional broadening for the two most different
values of L2 provided in [78], L2 = 1.2 · 10−3 and L2 = 1.8 · 10−3. As can be seen
in the figure, the difference is very small for the two values compared to the total
width increase.

The integrand in the collisional broadening integral in Eq. (3.8) is

f(Ep, T ) =
[
E2
p −M2

π

]
nB(Ep, T ) [σηπ(Ep) + σK̄K(Ep)] , (4.1)

where nB(Ep, T ) is the Bose-Einstein distribution and σφaφb(Ep) denotes the cross
section σ(η′π → φ1φ2). The integrand is shown as a function of pion energy Ep
in Fig. 4.6 for three values of the temperature – 50, 100 and 150 MeV. We see that
f(Ep, T ) is considerably larger for higher temperature. Also the area under the graph
that comes from high pion energies is larger for higher temperatures – the integral
gets a larger contribution from high pion energies for higher temperatures. The plot
of the integrand will be useful in order to determine the accuracy of the results for
the width.
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Figure 4.3 – NLO cross sections for the reactions η′π → ηπ and η′π → K̄K as
a function of center of mass energy

√
s (left) and incoming pion energy EP (right).

Unlike the LO cross sections, here the value of σ increase with energy. This is because
the energy dependence of the matrix elements from derivative couplings overtake the
suppression 1/|~p| in the cross section formula.
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Figure 4.4 – Addition to the η′ width in a next to leading order calculation. The in-
crease in the width is considerable for high temperatures, both compared to the vacuum
width ∼ 200 keV and compared to the inverse of the fireball lifetime 1/τfb ∼ 20 MeV
(with τfb ∼ 10 fm/c). The contribution from Bose enhanced decays is approximately
three orders of magnitude smaller than the contribution from collisional broadening.
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4.3 Chiral limit results

This section gives the results of calculations in the chiral limit. See section 3.5 for
the relevant equations. In Fig. 4.7 the cross section for the process η′φ1 → φ2φ3

is shown, where the φi can be any of the mesons in the pseudoscalar octet, i.e.
φi ∈ {π,K, K̄, η}. Because of chiral symmetry, the cross section is the same for all
such processes. As seen in the plot, the numbers for the cross section are much larger
than the previous numbers above.

Fig. 4.8 shows the collisional broadening increase of the η′ width in a gas con-
sisting of the eight Goldstone bosons of chiral symmetry breaking. The Goldstone
bosons are here real Goldstone bosons since we are looking at the chiral limit, where
chiral symmetry is exact. There are eight Goldstone bosons and therefore eight dif-
ferent cross sections that contribute to the collisional broadening, one for each initial
state η′φi, i = 1, . . . 8, so the sum of cross sections in the integrand is now eight times
σ(η′φ1 → φjφk) for all final states φjφk.

The increase of the width in the chiral limit is very large, even compared to the
vacuum decay width of the η′ in the chiral limit, which from Eq. (3.136) is about 29
MeV.

The Bose enhanced decay is not included since it is much smaller than the colli-
sional broadening.
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Figure 4.7 – Sum of NLO cross sections for the reactions η′φ1 → φ2φ3 in the chiral
limit where the quark masses are set to zero. The φi can be any of the pseudo-Goldstone
bosons from the pseudoscalar octet. Plots show cross sections as a function of center of
mass energy

√
s (left) and incoming pion energy EP (right).
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Chapter 5

Discussion and outlook

The previous section presented the results of this thesis – the main result being the
NLO addition to the width. This section is devoted to a discussion of these results
and how to interpret them. Following the discussion, section 5.2 summarizes this
thesis and presents an outlook for future studies.

5.1 Discussion

5.1.1 Cross sections

Starting with the LO calculations of the cross section shown as functions of
√
s and

pion energy Ep in Fig. 4.1 we note primarily two things: there is a divergence at
low pion energies and the cross section σ(η′π → K̄K) is much larger than the cross
section with ηπ final state, σ(η′π → ηπ), particularly at high pion energies.

The divergence at low Ep comes from the fact that we divide by the incoming
flux to obtain the cross section from the matrix element. This gives the prefactor
1/(4EpEη′ |vrel|) in the cross section formula (Eq. (3.18)). In the rest frame of the η′

this factor becomes

1

4EpEη′ |vrel|
rest frame η′

=
1

4Mη′ |~p|
(5.1)

If the matrix element is constant this gives the overall energy dependence of the cross
section. Regardless, the above factor accounts for the divergence at low pion energies
– the cross section will diverge at ~p = ~0, or Ep = Mπ. In the center of mass frame
the divergence occurs at the minimum of

√
s which is given by (

√
s)min = Mη′+Mπ.

Physically the divergence is not a problem however, since it occurs only at the
point |~p| = 0. A scattering experiment requires the pion momentum to be larger
than zero, hence

√
s > (

√
s)min and the reaction rate is finite.

The matrix element Mη′π→ηπ is constant at LO (see Eq (3.112)) and therefore
gives a cross section with an energy dependence characterized by the 1/|~p| factor.
This then accounts for the initial divergence and decrease with pion energy.

The matrix element Mη′π→K̄K does have an energy dependence at LO (see
Eq. (3.115)), but this vanishes in the chiral limit and can therefore be seen as weak
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(see discussion below). The energy dependence of the LO part of Mη′π→K̄K at
some point becomes more important than the divergence at low pion energies, this
accounts for the rising behavior of the corresponding cross section.

The relative sizes of the two cross sections at LO can be explained by the energy
dependence of Mη′π→K̄K . From phase space considerations one might think that
σ(η′π → ηπ) should be larger than σ(η′π → K̄K) (indeed it is at NLO) since the ηπ
has a larger phase space than the K̄K final state due to the small mass of the pion.
However, the matrix elementMη′π→K̄K has an energy dependence which means that
the corresponding cross section will increase with pion energy, resulting in a larger
cross section than with final state ηπ. In addition the constant terms are for the final
state ηπ proportional to M2

π whereas they are proportional to M2
K for K̄K which

means that the latter constant terms are bigger since M2
K �M2

π .
When we compare the LO cross sections with the NLO cross sections in Fig. 4.3

we see that the contribution from NLO terms is much larger than the one from
LO terms, in contradiction with the usual philosophy in perturbation theory, where
higher order terms should be seen as corrections to the leading terms.

This can be explained by chiral symmetry considerations. In the chiral limit
the LO part of the two matrix elements both vanish, as we can see by taking the
chiral limit of Eqs. (3.107) and (3.110). We can also look immediately at the chiral
limit expressions in Eqs. (3.133) and (3.135), and note that the only contribution
comes from terms in the NLO part of the effective Lagrangian. In this sense the
LO matrix elements are “protected” by chiral symmetry from becoming large which
results in small LO cross sections. This means that the first big contribution comes
at NLO instead, making this much larger than the LO contribution. Without the
protection of the symmetry the LO contribution might be big making the current
NLO contribution small in comparison. Now the NLO contribution is the major
contribution.

The fact that the difference is smaller between the NLO and LO cross sections
for the K̄K final states compared to the ηπ final state (or equivalently, that the
LO cross section is larger for K̄K final states) depends on the fact that the SU(2)
isospin symmetry with up and down, but not strange, quark masses put to zero is
a much better approximation of nature than the SU(3) symmetry. Therefore, even
though both MK and Mπ vanish in the SU(3) chiral limit, MK is in a sense not “as
small” as Mπ since Mπ also vanishes in SU(2) chiral symmetry which MK does not.

Focusing now on the NLO cross section only we note that the sizes vary from
around 1-10 mb at Ep ≈ 200 MeV up to about 170 mb (for final state ηπ) at
Ep ≈ 1000 MeV. The cross sections continue to rise for higher Ep, as a result of
the energy dependence of the matrix elements. Figs. 46.9 and onwards in [5, “Plots
of cross sections and related quantities” (rev.)] display measured cross sections as
functions of energy for various hadronic reactions such as pp→ anything, elastic pp
scattering, pπ scattering etc. What we see there is that typically the hadronic cross
sections range up to 100 mb. We should therefore consider 100 mb as a large cross
section in this context. The cross section for the ηπ final state increases above 100
mb at Ep ≈ 800 MeV.

How should we then interpret the values of several hundreds of mb for higher
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values of pion energies? The cross sections in principle keep increasing more and
more for higher pion energies. At some point however, χPT breaks down since effects
not included start to become important. The continuing rising of the cross section
is a signal of this breakdown.

At least at pion energies Ep ∼ 1 GeV we can no longer trust χPT calculations.
We should then include effects from other hadronic resonance particles, such as the
ρ or K∗ for example. These give rise to exchange processes where pseudoscalars
interact through resonance exchange. In a sense the four point vertex of ordinary
χPT is stretched out into a propagator. Since the propagator looks like 1/(k2 −m2)
for a resonance of mass m with momentum k the energy dependence of the matrix
elements will be suppressed by two factors of momentum for each propagator. This
will push down the values of the cross sections.

In general one has to note that in the large Nc framework there are two mass
scales that are separated formally but not separated in the real world. The mass
of the η′ (equal to the singlet mass M0 in the large Nc limit) scales as 1/

√
N c on

account of the Witten-Veneziano relation in Eq. (2.95), i.e. this is small for large
Nc. In nature we have Mη′ ∼ 1 GeV. The masses of the hadronic resonances do not
scale with Nc, they are O(N0

c ) = O(1), i.e. MR = O(δ0). Thus in the large Nc-limit
MR �Mη′ whereas in the real world MR ≈Mη′ [5].

To summarize: for high pion energies we have reason to believe that the cross
sections here calculated are unreasonably high. Probably we should not trust values
over 100 mb. Looking at the cross sections plots we see that this gives us a range
of pion energies 0 ≤ Ep . 700 − 800 MeV or center of mass energies Mπ + Mη′ ≤√
s . 1500 MeV. Probably this is still an optimistic view concerning the validity of

a low-energy theory that includes the not so light η′.

5.1.2 Widths

Turning to the results for the in-medium width of the η′, the main results of this
thesis, we see in Fig. 4.2 that at LO, the addition to the width is at most a few
MeV for the highest temperatures. Mainly the addition comes from the collisional
broadening into K̄K final states. Without the kaonic contribution, the addition is
only about 20 keV at most.

We find that since the width increases by about a factor of ten compared to
the total vacuum decay width, which is about 0.2 MeV, we get a corresponding
decrease in the lifetime by a factor ten. A fireball lifetime (time until freeze-out) of
10 fm/c corresponds to a width ≈ 20 MeV which means that the in-medium lifetime
at LO is still about ten times larger than the fireball lifetime. Consequently the
decay is dominated by the vacuum properties and thermal effects will be small. We
know however from the cross sections that the NLO contribution to the collisional
broadening in particular should be bigger than the LO contribution since the cross
sections are then not protected from large values by chiral symmetry.

The major part of the width addition at LO comes from the kaonic collisional
broadening. The fact that the ηπ final state barely contributes for the collisional
broadening compared to the kaonic final state comes from the fact that the cross
section σ(η′π → ηπ) has no energy dependence. Also the protection from large
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values from chiral symmetry is stronger for this cross section (it vanishes at LO both
in the SU(2) and SU(3) chiral limit).

The Bose enhanced decays give the smallest contribution to the width, with a
size of only a few keV:s. This is not surprising since we know from earlier discussions
in section 3.1.3 that the addition at T 6= 0 from Bose enhanced decays is typically
smaller than the vacuum decay width. The relevant vacuum partial decay width
Γ(η′ → ηππ) is at LO furthermore much smaller than the actual value in nature,
we have from Eq. (3.113) Γ(η′ → ηππ)LO ≈ 2.2 keV. Therefore the Bose enhanced
decays will only contribute one or two keV to the width.

From the cross section results we suspect that the LO contribution is a lot smaller
than the NLO contribution. Indeed the addition to the width from L(1) is much larger
than that from L(0), as seen in Fig. 4.4. The numbers now show a significant addition
to the width of up to 150 MeV for the highest temperatures considered. As the cross
sections indicate, now the ηπ final state proves to be more dominant than the K̄K
one, providing about 80 % of the total width addition (note the logarithmic scale).

As expected the Bose enhanced decays give a very small addition to the width
compared to the collisional broadening. The values are at most about the same as
the sum of the partial decay widths Γ(η′ → ηπ0π0) and Γ(η′ → ηπ+π−) (experimen-
tally the sum is about 0.13 MeV), which is very small compared to the collisional
broadening.

The NLO results indicate a very big increase compared to the vacuum decay
width. The corresponding in-medium lifetime is consequently now for temperatures
above ∼100 MeV shorter than the fireball lifetime of τfb ∼ (20 MeV)−1. This indi-
cates that the η′ may “melt” into the background at high temperatures, making it
very hard to detect. If the U(1)A anomaly is effectively restored due to a decreasing
topological susceptibility at a temperature around Tc ∼ 160− 170 MeV the η′ could
experience a mass shift. If the width becomes as large as indicated here the mass
shift may not be possible to examine experimentally.

Note however that the approximation of the medium by a pion gas definitely
becomes questionable for high temperatures near the phase transition into the quark-
gluon plasma, which happens at Tc ∼ 160 − 170 MeV. The approximation of the
medium by a pion gas is best for lower temperatures, in the hadronic gas phase
where heavier hadrons are thermally suppressed. If we consider temperatures below
100 MeV the width increase is . 10 MeV, giving an in-medium lifetime on the order
of the fireball lifetime, indicates that the η′ may be possible to study experimentally.

There are reasons to suspect that the numbers for the width are somewhat too
large however. The plot of the integrand in the collisional width integral in Fig. 4.6
shows the integrand sampled at three values of the temperature as a function of the
pion energy. We see that the collisional width, which for a given temperature is the
area under the graph, gets big contributions from large pionic energies for higher
temperatures.

A rough approximation is that the integral gets about half its value from pion
energies above 800 MeV for the highest temperature 150 MeV. At 100 MeV most
of the integral comes from values under 800 MeV. From our discussion of the cross
sections above we know that we should be skeptical of pion energies above 700-800
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Temperature [MeV] 75 100 125 150
Γcoll, cutoff/Γcoll 0.97 0.87 0.71 0.55

Table 5.1 – Ratio of the collisional width obtained by integrating up to a cutoff for the
pion energy of Ep = 800 MeV compared to the collisional width obtained by integrating
over all pion energies.

MeV if we impose a cutoff of 100 mb for what we consider to be unphysical values
of the cross sections. Since the cross sections enter in the integral for the collisional
broadening we can translate this into a statement that we should be skeptical of the
collisional width when the integral gets most of its value from pion energies above
∼ 800 MeV.

Therefore it is interesting to compare the value that comes from integrating over
all pion energies to an integration with a cutoff imposed for the pion energy. In
Tab. 5.1 the ratio of the width that is obtained by integrating only up to Ep = 800
MeV in the collisional width integral to the full integral (i.e. integrating up to
Ep → ∞) is shown for temperatures 75, 100, 125 and 150 MeV. As can be seen
in the table, for all values of temperature the majority of the collisional broadening
comes from pion energies below the cutoff, but for the highest temperatures the ratio
is about one half. Still all this implies a relatively large in-medium width for the η′.

As discussed above, probably a cutoff at Ep = 800 MeV is still optimistic consid-
ering the validity of a theory where the η′ mass is considered light. On the other hand
previous studies of large Nc χPT [49, 48] have produced results that are meaningful
at least on a qualitative or semi-quantitative level. In this sense the main message of
these calculations is that the cross sections and hence the collisional width becomes
rather large.

Finally we should comment on the effect of the choice of the parameter L2 on
the final results. The only place where we need L2 separately from the combination
L23 ≡ 3L2 + L3 is for the collisional broadening with K̄K final state. As seen in
Fig. 4.5 the difference in the addition to the width is very small for the two choices
of L2, L2 = 1.2 · 10−3 and L2 = 1.8 · 10−3. Instead the major addition to the width
comes from L23. We have chosen to work mainly with L2 = 1.8 · 10−3 as the values
of the other Li in the same set shown in [78] lie closer to the values obtained here.
We conclude from Fig. 4.5 that we could as well have worked with L2 = 1.2 · 10−3

without much effects on the final results.

5.1.3 Chiral limit results

We have not yet discussed the chiral limit results. The cross sections are here very
large, with sizes up to several hundreds of mb. The explanation lies most likely in
the fact that the available phase space is now much larger since all final states are
massless. The effect of explicit chiral symmetry breaking from nonzero quark masses
gives a modification of the matrix elements from the chirally symmetric case, but it
is not clear whether this modification results in a larger or smaller cross section.

Since the cross sections are so large it is no surprise that the collisional width
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addition becomes very large. The width becomes several hundred MeV, with a width
of 100 MeV already at ∼ 90 MeV temperature. The question is whether the large
cross sections can really be trusted and hence whether the values for the width can
be trusted. Instead, the main result in this case seems to be that the chiral limit is
far away from reality.

5.2 Summary and outlook

In the limit of massless quarks, low-energy QCD has a chiral symmetry that governs
the dynamics of the particles in the low-energy particle spectrum – the pseudoscalar
mesons. The pseudoscalars are believed to be the pseudo-Goldstone bosons of the
spontaneous breaking of the chiral symmetry. The fact that the pseudoscalars are not
massless is attributed to the nonzero quark masses which violate chiral symmetry.

On the classical level, the chiral symmetry is U(3)L × U(3)R and this is broken
down to the diagonal vector subgroup U(3)V . From this we expect nine Goldstone
bosons corresponding to the nine generators of the broken axial group U(3)A. In
nature we see eight light pseudoscalar mesons – the pions, the kaons and the η that
we interpret as the pseudo-Goldstone bosons. The candidate for the ninth Goldstone
boson corresponding to the broken U(1)A generator – the η′ – does not a priori fit
in this scheme however, since it is too heavy to be considered a pseudo-Goldstone
boson. This is because one of the broken symmetries is not present in the quantized
theory – the U(1)A in U(3)A = SU(3)A×U(1)A is anomalous – and is called the axial
anomaly. The result is that the QCD Hamiltonian has an SU(3)L×SU(3)R×U(1)V
symmetry whereas the vacuum is invariant only under the vector subgroup U(3)V .

The possibility to collide heavy ions and investigate the hot thermal medium
produced has made it possible to connect theoretical studies of the in-medium prop-
erties of QCD and hadrons with experiment. When placed in a medium, fundamental
properties of particles such as mass and lifetime change as a result of interactions
with the particles in the thermal medium. Symmetry properties also change – a
spontaneously broken symmetry is typically restored at some critical temperature
Tc. This is believed to be true also for the spontaneously broken chiral symme-
try and above some critical temperature we expect a phase transition into a chi-
rally symmetric phase where the symmetry group of the vacuum state is restored to
SU(3)L × SU(3)R × U(1)V .

As a result of the restoration of chiral symmetry the mass spectra of the particles
related by the full chiral symmetry (particle pairs with opposite parity, π and f0 or ρ
and a1 for example) should become degenerate. Thermal field theory calculations also
give mass shifts as a result of medium interactions. Accompanied with mass shifts
are also changes in lifetime – a particle typically lives a shorter time in a medium
than in vacuum due to medium interactions. We speak of collisional broadening,
coming from scatterings with medium particles, and Bose enhanced decays, which
come from an additional thermal weight for the decay products of a particle.

What happens to the axial anomaly at higher temperatures is less clear. There
are indications that the anomaly may be “effectively restored” at about the same
temperature as chiral symmetry restoration. The axial anomaly is related to non-
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trivial topology of QCD. Theoretical arguments and lattice studies indicate that these
topological effects should vanish at high temperatures, resulting in a decrease of the
η′ mass. At what temperature this “effective restoration” of the U(1)A symmetry
occurs is not known, some results point to a temperature around the QCD phase
transition into chirally symmetric, deconfined matter.

In this thesis the in-medium addition to the width of the η′ meson has been
studied. The properties of the η′ in a medium are particularly interesting to study
since the η′ is directly related to the chiral U(1)A anomaly. Studying the η′ in a
thermal medium gives us information on the behavior of the anomaly as a function
of temperature and density. In vacuum the η′ has a narrow decay width of about
0.2 MeV. If this were to remain narrow also at higher temperatures the prospects of
seeing thermal effects on the η′ are very bleak since then the timescale of the η′ decays
are several orders of magnitude away from the average lifetime τfb of the hadronic
fireball created in a heavy-ion collision. The η′ decays would then be dominated by
the vacuum properties and thermal effects would be very small.

In particular the focus in this thesis is on the properties of the η′ at low tem-
peratures in a heat bath of pions. Pions are by far the lightest hadrons and are
therefore most abundant in any hadronic gas (heavier particles are suppressed by a
factor e−M/T from the thermal distributions). If the temperature is high enough, a
heavy-ion collision results in the formation of a quark-gluon plasma – a hot phase of
QCD where quarks and gluons are not confined in hadrons. When this phase cools
down one enters instead a hadronic gas phase. We can approximate the hadronic
gas by a gas of pions if the temperature is not too high.

We have used large Nc chiral perturbation theory (χPT) to calculate the addition
to the width of the η′ when placed in a pionic gas. In the large Nc framework
one considers the number of colors Nc to be large and expands about the limit
Nc → ∞. This allows to include the η′ in χPT since the anomaly goes as 1/Nc and
thus vanishes in the large Nc limit, making the η′ a Goldstone boson along with the
other pseudoscalars. By expanding in powers of derivatives, quark masses and 1/Nc

one can obtain a systematic treatment of quantities involving the η′. In this thesis
we have used large Nc χPT at next-to-leading order, i.e. up to O(δ) in the counting
scheme of [48].

The results indicate that the thermal addition to the η′ width may be very large,
with a total width corresponding to a lifetime shorter than the lifetime τfb of the
fireball created in a heayy-ion collision for temperatures above ∼100 MeV. Such a
large width would make it tougher to investigate possible mass shifts of the η′ since
the signal from the η′ would “melt” into the background. At the same time, a width
on the order of 1/τfb would mean that it is possible to study the thermal properties
of the η′ and the axial anomaly.

The addition to the width is suspected to be smaller than what the results show
however, since for high temperatures a large portion of the width increase from
collisional broadening comes from integrating over large pion energies, where the
effective treatment of large Nc χPT breaks down and can not be trusted. Imposing
a cutoff for the pion energy of 800 MeV leads to cross section values below 100 mb
for the included processes. Above this value we consider the cross sections to be
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definitely unphysical, signaling the breakdown of χPT. With the cutoff at 800 MeV
we see from Tab. 5.1 that up to temperatures of ∼75-100 MeV the most part (& 90%)
of the collisional broadening comes from pion energies below 800 MeV. Still the total
width increase is on the order of 1/τfb at T = 100 MeV.

The results thus suggest that the η′ in-medium width may become very large,
something that further studies should investigate more thoroughly. Probably a more
accurate treatment needs to include effects of e.g. resonance exchange. The inverse
momentum dependence of the propagators then included in the diagrams decrease the
energy dependence of the cross sections, resulting in smaller values in particular for
high energy. This would then decrease the collisional broadening contribution to the
width addition at high temperatures, and since collisional broadening is the dominant
contribution this would decrease the total width addition at high temperatures by
the corresponding amount.

More generally the validity of large Nc should be investigated – in the real world
Nc = 3 and it is not obvious that a large Nc expansion works. As it stands, it
seemingly works well in some cases and less well in others. On the other hand, large
Nc allows for an at least systematic approach to the properties of the η′.

A relatively simple extension of this study is to include all kinds of Goldstone
bosons in the gas. However, as mentioned above the pions are dominant in the gas
because of their small mass and including the other, heavier, pseudoscalars is not
expected to bring along big changes.

Due to time constraints a proper error estimation has not been performed here,
this is something to include in a future study. One can then for example also examine
the LEC:s, in particular the Li, and the effect of their uncertainty on the results.

The results presented here indicate that the η′ may be an interesting object of
study also in the context of heavy-ion collisions. The width may become very large
in a thermal medium. It is up to future studies to pin down the quantitative nature
of the width increase but if, as hinted here, the width turns out to be on the order
of the fireball lifetime the thermal properties of the U(1)A anomaly may be possible
to be studied in heavy-ion experiments.
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Appendix A

SU(3)

An element of the group SU(3) can be written

U = exp (θaTa) (A.1)

where the θa are real parameters and a = 1, . . . , 8. The generators Ta span the Lie
algebra of the group. The generators satisfy

[Ta, Tb] = fabcTc (A.2)

where the structure constants fabc are totally antisymmetric in all indices and are
given in Tab. A.1. We can define an inner product between the generators as
Tr (TaTb) = δab.

We usually write the generators as Ta = λa/2 where λa are the Gell-Mann ma-
trices. In terms of these the inner product becomes Tr (λaλb) = 2δab. In the usual
representation the Gell-Mann matrices are given by

λ1 =




0 1 0
1 0 0
0 0 0


 , λ2 =




0 −i 0
i 0 0
0 0 0


 , λ3 =




1 0 0
0 −1 0
0 0 0


 ,

λ4 =




0 0 1
0 0 0
1 0 0


 , λ5 =




0 0 −i
0 0 0
i 0 0


 , λ6 =




0 0 0
0 0 1
0 1 0


 ,

λ7 =




0 0 0
0 0 −i
0 i 0


 , λ8 =

1√
3




1 0 0
0 1 0
0 0 −2


 (A.3)

Together with the 3× 3 unit matrix these span the space of all 3× 3-matrices with
complex entries.

abc fabc abc fabc abc fabc
123 1 246 1/2 367 −1/2

147 1/2 257 1/2 458
√

3/2

156 −1/2 345 1/2 678
√

3/2

Table A.1 – The structure constants of SU(3).



Bibliography

[1] M. E. Peskin and D. V. Schroeder, An Introduction to quantum field theory
(Westview Press, 1995).

[2] M. Srednicki, Quantum field theory (Cambridge University Press, 2007).

[3] J. F. Donoghue, E. Golowich, and B. R. Holstein, Dynamics of the Standard
Model, Cambridge Monographs on Particle Physics, Nuclear Physics and Cos-
mology (Cambridge University Press, 1994).

[4] A. Zee, Quantum Field Theory in a Nutshell (Princeton University Press, 2010),
2nd ed.

[5] J. Beringer et al. (Particle Data Group), Phys.Rev. D86, 010001 (2012).

[6] D. Gross and F. Wilczek, Phys.Rev.Lett. 30, 1343 (1973).

[7] H. D. Politzer, Phys.Rev.Lett. 30, 1346 (1973).

[8] C. Gattringer and C. B. Lang, Lect.Notes Phys. 788, 1 (2010).

[9] R. Alkofer and L. von Smekal, Phys.Rept. 353, 281 (2001), hep-ph/0007355.

[10] J. Berges, N. Tetradis, and C. Wetterich, Phys.Rept. 363, 223 (2002), hep-ph/
0005122.

[11] H. Gies, Lect.Notes Phys. 852, 287 (2012), hep-ph/0611146.

[12] K. G. Wilson, Phys.Rev. D10, 2445 (1974).

[13] F. Karsch, Lect.Notes Phys. 583, 209 (2002), hep-lat/0106019.

[14] S. Borsanyi, Nucl.Phys.A 904-905, 270c (2013), hep-lat/1210.6901.

[15] S. Durr, Z. Fodor, J. Frison, C. Hoelbling, R. Hoffmann, et al., Science 322,
1224 (2008), hep-lat/0906.3599.

[16] D. B. Kaplan (2005), nucl-th/0510023.

[17] H. Georgi, Ann.Rev.Nucl.Part.Sci. 43, 209 (1993).

[18] S. Weinberg, Physica A96, 327 (1979).

128

hep-ph/0007355
hep-ph/0005122
hep-ph/0005122
hep-ph/0611146
hep-lat/0106019
hep-lat/1210.6901
hep-lat/0906.3599
nucl-th/0510023


BIBLIOGRAPHY 129

[19] J. Gasser and H. Leutwyler, Annals Phys. 158, 142 (1984).

[20] J. Gasser and H. Leutwyler, Nucl.Phys. B250, 465 (1985).

[21] S. Scherer, Adv.Nucl.Phys. 27, 277 (2003), hep-ph/0210398.

[22] H. Georgi, Weak Interactions and Modern Particle Theory (Dover Publications,
2009).

[23] H. Leutwyler, Published in “Varenna 1995, Selected topics in nonperturbative
QCD” 1-50 (1994), hep-ph/9406283.

[24] S. L. Adler, Phys.Rev. 177, 2426 (1969).

[25] J. Bell and R. Jackiw, Nuovo Cim. A60, 47 (1969).

[26] C. Burgess, Phys.Rept. 330, 193 (2000), hep-th/9808176.

[27] H. Leutwyler, Annals Phys. 235, 165 (1994), hep-ph/9311274.

[28] G. Ecker, Prog.Part.Nucl.Phys. 35, 1 (1995), hep-ph/9501357.

[29] D. Ebert and H. Reinhardt, Nucl.Phys. B271, 188 (1986).

[30] J. Bijnens, C. Bruno, and E. de Rafael, Nucl.Phys. B390, 501 (1993), hep-ph/
9206236.

[31] G. Ecker, J. Gasser, A. Pich, and E. de Rafael, Nucl.Phys. B321, 311 (1989).

[32] G. Ecker, J. Gasser, H. Leutwyler, A. Pich, and E. de Rafael, Phys.Lett. B223,
425 (1989).

[33] S. Myint and C. Rebbi, Nucl.Phys.Proc.Suppl. 34, 213 (1994).

[34] S. Weinberg, Phys.Rev. D11, 3583 (1975).

[35] A. V. Smilga, Lectures on Quantum Chromodynamics (World Scientific, 2001).

[36] M. A. Nowak, M. Rho, and I. Zahed, Chiral Nuclear Dynamics (World Scientific,
1996).

[37] S. R. Coleman, Aspects of Symmetry: Selected Erice Lectures (Cambridge Uni-
versity Press, 1988).

[38] K. Fujikawa, Phys.Rev.Lett. 42, 1195 (1979).

[39] A. Belavin, A. M. Polyakov, A. Schwartz, and Y. Tyupkin, Phys.Lett. B59, 85
(1975).

[40] T. Schäfer and E. V. Shuryak, Rev.Mod.Phys. 70, 323 (1998), hep-ph/9610451.

[41] R. Jackiw and C. Rebbi, Phys.Rev.Lett. 37, 172 (1976).

[42] E. Witten, Nucl.Phys. B160, 57 (1979).

hep-ph/0210398
hep-ph/9406283
hep-th/9808176
hep-ph/9311274
hep-ph/9501357
hep-ph/9206236
hep-ph/9206236
hep-ph/9610451


BIBLIOGRAPHY 130

[43] G. ’t Hooft, Nucl.Phys. B72, 461 (1974).

[44] G. ’t Hooft, Nucl.Phys. B75, 461 (1974).

[45] P. Di Vecchia, F. Nicodemi, R. Pettorino, and G. Veneziano, Nucl.Phys. B181,
318 (1981).

[46] E. Witten, Annals Phys. 128, 363 (1980).

[47] C. Rosenzweig, J. Schechter, and C. Trahern, Phys.Rev. D21, 3388 (1980).

[48] R. Kaiser and H. Leutwyler, Eur.Phys.J. C17, 623 (2000), hep-ph/0007101.

[49] H. Leutwyler, Nucl.Phys.Proc.Suppl. 64, 223 (1998), hep-ph/9709408.

[50] E. Witten, Nucl.Phys. B156, 269 (1979).

[51] G. Veneziano, Nucl.Phys. B159, 213 (1979).

[52] G. Veneziano, Phys.Lett. B95, 90 (1980).

[53] P. Di Vecchia and G. Veneziano, Nucl.Phys. B171, 253 (1980).

[54] B. Friman, C. Hohne, J. Knoll, S. Leupold, J. Randrup, and others (editors),
The CBM physics book: Compressed baryonic matter in laboratory experiments,
vol. 814 of Lecture Notes in Physics (Springer, 2011).

[55] M. Le Bellac, Thermal Field Theory (Cambridge University Press, 2000).

[56] J. I. Kapusta, Finite-Temperature Field Theory (Cambridge University Press,
2006), 2nd ed.

[57] A. Das, Finite-Temperature Field Theory (World Scientific, 1997).

[58] L. D. Landau and E. M. Lifshitz, Statistical physics, vol. 5 of Course of theoret-
ical physics (Butterworth-Heinemann, 1980), 3rd ed.

[59] S. Borsanyi et al. (Wuppertal-Budapest Collaboration), JHEP 1009, 073 (2010),
hep-lat/1005.3508.

[60] A. Bazavov, T. Bhattacharya, M. Cheng, N. Christ, C. DeTar, et al., Phys.Rev.
D80, 014504 (2009), hep-lat/0903.4379.

[61] O. Philipsen, PoS CONFINEMENT8, 011 (2008).

[62] S. Leupold, V. Metag, and U. Mosel, Int.J.Mod.Phys. E19, 147 (2010),
nucl-th/0907.2388.

[63] B. Alles, M. D’Elia, and A. Di Giacomo, Phys.Lett.B483, 139 (2000), hep-lat/
0004020.

[64] D. J. Gross, R. D. Pisarski, and L. G. Yaffe, Rev.Mod.Phys. 53, 43 (1981).

hep-ph/0007101
hep-ph/9709408
hep-lat/1005.3508
hep-lat/0903.4379
nucl-th/0907.2388
hep-lat/0004020
hep-lat/0004020


[65] R. D. Pisarski and F. Wilczek, Phys.Rev. D29, 338 (1984).

[66] P. de Forcrand, M. Garcia Perez, J. E. Hetrick, and I.-O. Stamatescu, Pub-
lished in In “Theory of elementary particles”. Proceedings, 31st International
Symposium Ahrenshoop, Buckow, Germany, September 2-6, 1997 (1997),
hep-lat/9802017.

[67] D. Kharzeev, R. Pisarski, and M. H. Tytgat, Phys.Rev.Lett. 81, 512 (1998),
hep-ph/9804221.

[68] R. Escribano, F. Ling, and M. Tytgat, Phys.Rev. D62, 056004 (2000), hep-ph/
0003052.

[69] Y. Kwon, S. H. Lee, K. Morita, and G. Wolf, Phys.Rev. D86, 034014 (2012),
nucl-th/1203.6740.

[70] T. Csorgo, R. Vertesi, and J. Sziklai, Phys.Rev.Lett. 105, 182301 (2010),
nucl-ex/0912.5526.

[71] M. Vargyas, T. Csörgö, and R. Vertesi, Central Eur.J.Phys. 11, 553 (2013),
nucl-th/1211.1166.

[72] R. Vertesi, T. Csorgo, and J. Sziklai, Phys.Rev. C83, 054903 (2011), nucl-ex/
0912.0258.

[73] R. Mattuck, A Guide to Feynman Diagrams in the Many-body Problem,
Dover Books on Physics Series (Dover Publications, 1976), 2nd ed., ISBN
9780486670478.

[74] F.-K. Guo, B. Kubis, and A. Wirzba, Phys.Rev. D85, 014014 (2012), hep-ph/
1111.5949.

[75] J. Wess and B. Zumino, Phys.Lett. B37, 95 (1971).

[76] E. Witten, Nucl.Phys. B223, 422 (1983).

[77] R. M. Barnett et al. (Particle Data Group), Phys.Rev. D54, 1 (1996).

[78] R. Escribano, P. Masjuan, and J. J. Sanz-Cillero, JHEP 1105, 094 (2011),
hep-ph/1011.5884.

[79] A. Pich, PoS CONFINEMENT8, 026 (2008), hep-ph/0812.2631.

[80] J. Bijnens, Acta Phys.Slov. 56, 305 (2006), hep-ph/0511076.

hep-lat/9802017
hep-ph/9804221
hep-ph/0003052
hep-ph/0003052
nucl-th/1203.6740
nucl-ex/0912.5526
nucl-th/1211.1166
nucl-ex/0912.0258
nucl-ex/0912.0258
hep-ph/1111.5949
hep-ph/1111.5949
hep-ph/1011.5884
hep-ph/0812.2631
hep-ph/0511076

	Introduction
	Outline

	Theory
	Particle physics and Quantum Chromodynamics
	The two faces of QCD
	Approaches to non-perturbative QCD
	Chiral Perturbation Theory as an effective theory of QCD
	Symmetries of QCD
	Chiral symmetry
	Chiral symmetry breaking and the quark condensate

	Chiral Perturbation Theory for mesons
	Construction of the effective Lagrangian
	Explicit symmetry breaking and meson masses
	The effective Lagrangian at O(p4)

	The U(1)A problem and the '
	Non-trivial topology and instantons
	The  vacua and U(1)A

	Large Nc in gauge theories and Chiral Perturbation Theory
	The 1/Nc expansion
	Mesons and large Nc
	Large Nc and the axial anomaly
	Large Nc Chiral Perturbation Theory 

	Strongly interacting matter at high temperature and density
	Finite-temperature field theory
	Order parameters, phase transitions and symmetry
	Phase structure of strongly interacting matter
	The QCD phase diagram
	Approaches at T=0 and =0
	Heavy-ion collisions
	The axial anomaly at finite temperature

	Width of a particle
	Increase of width in a thermal medium


	Methods and calculations
	' in a pion gas
	Collisional broadening in a pion gas
	Calculation of cross sections
	Bose enhanced three-body decays in a pion gas

	Effective Lagrangian of large Nc PT 
	The low-energy constants
	Traces in Leff

	Determination of the LEC:s, wave function renormalization and ' mixing
	Wave function renormalization
	' mixing
	Determining the low energy constants
	Numerical values of the LEC:s
	The remaining LEC:s – L2 and L3

	Finding the matrix elements
	Relating bare and physical fields
	Matrix elements M' and M' K
	Scale independence of matrix elements

	Calculations in the chiral limit
	The matrix elements (M')0 and (M'K)0
	Calculation of ' in the chiral limit


	Results
	Leading order results
	Next to leading order results
	Chiral limit results

	Discussion and outlook
	Discussion
	Cross sections
	Widths
	Chiral limit results

	Summary and outlook

	SU(3)

