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Abstract
A novel method for embedding a closed polymer network on a 3-sphere
has been outlined which thereby avoids the necessity of using periodic
boundary conditions in simulations of polymer networks. A Brownian
dynamics simulation program has been implemented and the resulting
trajectories have been used to investigate the structure of the network
for different volume fractions and chain stiffness. In this thesis, I also
describe how to generate a network on a subset of the 3-sphere, thereby
enabling the study of swelling and shrinking of a closed network. Some
results for the swelling of such a network are also presented.

Sammanfattning
I denna masteruppsats beskrivs ett nytt förfarande för inbäddning
av ett slutet polymernätverk p̊a en 3-sfär vilket därigenom möjliggör
simuleringar av motsvarande system utan användningen av periodiska
randvillkor. Ett program som använder Brownsk dynamik har im-
plementerats och motsvarande simuleringar har använts för att un-
dersöka strukturen hos det resulterande nätverket för olika volymbr̊ak
och kedjestyvhet. I denna uppsats beskriver jag ocks̊a hur man skapar
ett nätverk p̊a en delmängd av 3-sfären, vilket möjliggör studiet av
svällning och krympning av ett slutet nätverk. Preliminära resultat
för en s̊adan process presenteras ocks̊a.
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Nomenclature

Latin alphabet

a Particle radius
A Asphericity
bi Bond vector i
d Particle diameter
D0 Diffusion coefficient
G Radius of gyration tensor
k Boltzmann constant
kb Bending force constant
ks Stretching force constant
L Contour length
n Number of bonds in a chain
n̂ij Unit vector from particle i to j
N Number of units in a chain
pi Position vector of particle i in S3

P Persistence length
R S3 radius
ri Position vector of particle i in R3

Ree End-to-end vector
Rg Radius of gyration
S Degree of prolateness/oblateness
T Temperature
Ub Bending potential
ULJ Lennard-Jones potential
Us Stretching potential

Greek alphabet

ε Lennard-Jones energy parameter
η Viscosity
θ Angular distance
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1 Introduction

In materials science, what is usually called soft matter or complex fluids is
a rapidly growing area with many important and varying applications [1–5].
These include both biopolymers and synthetic macromolecules, as well as
dispersions of solid (nano) particles, emulsions, foams and liquid crystals.
Due to the wide range in structure and properties of macromolecules, from
naturally occurring polymers such as proteins, cellulose, and silk, to the
enormous range of synthetic polymers, there has been a noticeable growth
in the number of manufactured products made from polymers, such as novel
synthetic fibres, polymer-based paints, lubricants, adhesives, and biomate-
rials [6–9]. Specifically, polymer gels in the form of covalently connected
closed networks have found many important applications, for example in sol-
vent selective absorption, separation techniques, and not least as actuators
reacting specifically to changes in pH, salt concentration, temperature, or
solvent composition [10–15]. These types of responsive gels have already
found important use in drug delivery systems [16,17] and in other biorelated
materials when e.g. the viscoelastic properties are of importance. Polyelec-
trolyte gels are also used as ”superabsorbers” due to their extensive swelling
capacity [18]. Considering their technological importance and the invaluable
impact they have in everyday life, it is not surprising that so much research
has been devoted to the properties and development of polymer materials.
Experimental methods for studying the structure, dynamics, and rheology
of polymers are still advancing and include many general methods such as
scattering techniques (static and dynamic light scattering, neutron scatter-
ing, and X-ray diffraction), NMR, atomic force microscopy, and viscoelastic
characterization, but also many more specialized methods which for polymer
gel materials can include probe diffusion and swelling/shrinking of polymer
networks. Because of the complexity of the structures which can be formed
and the various time scales included in the dynamic processes of importance,
computer simulation is a major tool in polymer science that complements ex-
periments and analytical theory. Due to the complex structure of a polymer
network, it is difficult to experimentally relate the macroscopic properties of
the network to its detailed molecular structure. Using computer simulations
it is possible to construct networks with precise structures and analyse their
behaviour. This enables us to study the relation between polymer chain
properties and network topology and to relate this to macroscopic behaviour
such as swelling properties. Although there have been extensive studies of
polymers in solution [19–23] and also of various aspects of polymers on sur-
faces [24–28], computer based studies of polymer networks are relatively few,
possibly because of the difficulty in constructing a reasonable model for a

1



closed network, but also because they are computationally demanding due
to the slow relaxation times of the polymer segments. Most of this research
has been concentrated on studying the swelling properties of polyelectrolyte
gels [29–33]. For instance, one has looked into the effect of adding or removing
salt from the system [30, 34], and also the effect of chain length polydisper-
sity (i.e. a network composed of chains of different lengths) on the swelling
behaviour, as well as the role of topological defects introduced by removing
chain-node bonds [35]. A problem with highly swollen polyelectrolyte gels is
their poor mechanical properties. One way of overcoming this is by making
a gel composed of a number of inter-penetrating networks. In agreement
with experiments, simulations of two inter-penetrating networks showed in-
creased elastic and mechanical properties [36]. The swelling behaviour for
model networks in contact with different chain-like solvents has also been
investigated [37]. Other simulations have studied the swelling behaviour of
non-ionic gels [38] and nanogels [39]. Essentially all of the computer simula-
tion studies mentioned above have been based on Monte Carlo simulations,
thus giving the equilibrium properties of the particular model used. A few
Molecular Dynamics simulations have also been performed, investigating the
swelling of polyelectrolyte gels. These looked particularly at the effect of the
solvent, using explicit solvent particles [40], and at the dielectric permittivity
of the solvent [41]. In addition to the swelling behaviour, it is also of interest
to study the diffusion of molecules in different types of networks. Computer
simulations have been used to study particle diffusion through model poly-
acrylamide gel networks [42], through different obstacle geometries similar
to a gel network [43], and also the effect of the size of the diffusing parti-
cle, polymer concentration and persistence length [44, 45], and the effect of
electrostatic interactions [46] on diffusion in simplified polymer gel models.

Although various aspects of the equilibrium properties of polymer net-
works have been addressed (and also one or two looking at the dynamic
properties), computer simulations are, in comparison to other polymer sys-
tems of technological importance, rather few, and they have all been carried
out by enclosing the particles in a simulation box and imposing periodic
boundary conditions in order to mimic the properties of a macroscopic sys-
tem. In such a system, the motion of the chains at opposite borders of the
simulation box is constrained since they cannot move independently and still
maintain the connectivity over the periodic boxes. In this thesis, a novel
method for constructing a network avoiding periodic boundary conditions
has been proposed by embedding the system on the surface of a ball in four
dimensions, i.e. a 3-sphere (denoted S3), and allowing the chains to move
along geodesics. Previous simulations of polymer chain molecules in solution
have shown that the results on S3 and in R3 coincide with respect to size and
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shape [47]. I have in this thesis implemented and used Brownian dynamics
in order to be able to simulate a connected network also including the time
dependence. The objective has been to (i) find a way to model a network
without having the constraints of periodicity, (ii) to implement this model in
a computer program, (iii) to study the relaxation and equilibrium structure of
the network, and (iv) to find a method and model to investigate the swelling
behaviour of the network. The major part of this thesis is concerned with a
method for generating such a network on S3 and results for the relaxation
and the equilibrium structure of the network are shown. To further look at
the swelling properties (including the dynamics) of a connected network, a
method to generate a closed network on a subset of S3 is also described and
some results for the swelling of such a network are presented.

2 Polymer Model

When trying to find an appropriate model for a polymer chain molecule, the
choice of model depends on the level of molecular-detail of interest [48]. If
computer simulations are involved, the exact functional form of the different
interaction potentials in the system must also be taken into account. Starting
by looking at the modeling of individual chain molecules, these can go from
almost fully flexible (e.g. polyethylene) to rather stiff chains (e.g. DNA).
Flexible polymers can assume an enormous number of configurations by ro-
tation about the bonds. The simplest model of such a molecule is the ideal
or freely-jointed chain which consists of n links, each of length b (see Fig.
1). The model ignores all non-neighbour interactions and assumes that the
chain is fully flexible between segments, that is, completely free to rotate in
any direction. This simplified model typically serves as a reference for other
models. To characterize the size of a (linear) polymer, we may look at the
contour length or the end-to-end vector. The contour length for the chain is
given by L = nb. The end-to-end vector is the vector from the first to the
last bead given by

Ree = b
n∑
i=1

n̂i (1)

where n̂i is the unit bond vector for bond i. The mean end-to-end vector
over an ensemble of molecules is zero as all orientations are equally likely for
the freely jointed chain. However, the mean square end-to-end vector has a
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Figure 1: Freely jointed chain where Ree is the end-to-end vector and b the bond length.

finite value which we may write as

< R2
ee > = b2

〈
n∑
i=1

n̂i ·
n∑
j=1

n̂j

〉
= b2

n∑
i=1

n∑
j=1

< n̂i · n̂j > (2)

= b2n (3)

which is the same result as for a random walk. This can be understood from
that each segment in the chain is independent and has a random direction.

To model a chain which is not fully flexible, a useful model is the free
rotation model (see Fig. 2), where the i-th bond is connected to the (i-1)-th
bond with a fixed angle θ, but allowed to rotate freely around the bond. If

Figure 2: Free rotation model.

the chain is particularly stiff or if there are, for example, long-range repulsive
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interactions between different segments (e.g. between charged units), the
polymer chain will adopt a locally more stiff conformation and is said to
be worm-like. Examples of such chains are DNA and actin filaments. The
worm-like chain model (also referred to as the Kratky-Porod model) is often
used to describe the behaviour of such semi-flexible polymers. The chain is
envisioned as an isotropic rod that is continuously flexible. The worm-like
chain character can also be included in the free rotation model (called the
discrete worm-like chain model) where the chain consists of a sequence of N
identical spherical units (see Fig. 3). The chain flexibility is described by

Figure 3: Discrete worm-like chain where the flexibility is determined by the persistence
length. Ree is the end-to-end distance.

the persistence length, P , which is a characteristic decay length of the bond
angle correlations of the chain segments. A large persistence length implies a
stiff chain, whereas a small persistence length corresponds to a more flexible
chain. It is defined as the average sum of the projections of all bonds j ≥ i
on bond i and can be experimentally determined by electron microscopy,
light scattering, linear flow birefringence or linear dichroism [49]. Assuming
a bond length b, the persistence length for this model is given by

P = b
1− αn

1− α
(4)

where α = cos(θ), θ being the bond angle, and n is the number of bonds.
To be able to use a polymer chain model in computer simulations, one needs
to introduce a model for the different interaction potentials that would be of
importance. To have a polymer chain at all, one must introduce a stretching
potential between the beads in the chain. If there are no large shearing forces
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included, a harmonic potential usually works well, which is given by

Us =
ks
2

N−1∑
i=1

(|bi| − b)2 (5)

where ks is the stretching force constant, bi is the bond vector from particle
i to i + 1, and N is the number of beads in the chain. The stretching force
acting on unit i can then be calculated from the gradient of the potential.
Chain stiffness may be included by introducing a bending potential, and in
this thesis I have used

Ub =
kb
2

N−2∑
i=1

(cos θi − cos θ0)
2 (6)

where θi is the angle between bond vectors bi and bi+1, and kb is the bending
force constant, which is determined by the given persistence length. The
angle θ0 is the angle at minimum bending potential energy, which, for our
purpose, is typically set to zero. The bending force on unit i is then similarly
calculated from the gradient of the potential. The above expression for the
bending potential has numerical advantages compared to other models such
as a harmonic bending potential Ub = kb

2

∑N−2
i=1 θ2i , as it avoids singularities

in the force when θ → 0. So far we have considered interactions among
adjacent polymer segments. There can also be interactions between non-
neighbour segments. Each segment has a finite volume which cannot be
occupied by another segment. The effect of this interaction, referred to as
an excluded volume interaction, is to swell the polymer, and its absence
would result in an unrealistic compressibility. Excluded volume effects can
be introduced e.g. by ignoring conformations corresponding to overlapping
beads (infinite energy) or by introducing a repulsive potential r−12, which
would increase rapidly for small distances, r. One way to also introduce an
attractive interaction between the segments in the chain would be to include
a Lennard-Jones potential,

ULJ = 4ε
N−1∑
i=1

N∑
j=i+1

[(d/rij)
12 − (d/rij)

6] (7)

which could be used to e.g. model polymers in different solvents. Here ε is
proportional to the depth of the potential well, d is set equal to the sphere
diameter, and rij is the distance between unit i and j.

In the present work, we have used the discrete worm-like chain model
to model chains with varying flexibility. We have included the stretching
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and bending potentials given above and calculated the forces by taking the
gradient on S3 1. In addition, a soft repulsive force [50] has been used to
prevent any large chain overlap,

Fi =
εkT

d2

N−1∑
j=1

(
d

rij
− 1

)
rijn̂ij (8)

where ε is a dimensionless force constant, and n̂ij is the unit vector from
particle j to i.

Calculating all the non-bonded forces between all pairs of units would
be extremely time consuming for such a large system as a polymer network.
For short-range interactions, the largest contribution to the non-neighbour
forces comes from the units closest to the central particle and so the compu-
tational efficiency may be improved by only calculating the forces between
units within a cut-off distance. To further improve the calculation of the num-
ber of pairwise interactions, we have also used a neighbour list. In practice
this means saving a list of the coordinates of all units within the neighbour
distance for each unit in the system [51]. Once a unit has moved a distance
greater than half the distance between the cut-off distance and the neighbour
list distance, the neighbour list is updated. Between updates, the program
checks the units that are in the neighbour list and calculates the forces for
those that are within the cut-off distance.

3 Construction of a closed network

In all previous simulations performed to model the structure of a polymer
network, there has been an underlying periodic structure in the form of a
periodic network, most often a diamond lattice, as shown in Fig. 4. Using
periodic boundary conditions, however, imposes a constraint on the move-
ment of chains at the borders. A possible method to avoid this constraint is
to construct the network on a closed manifold, for instance, a sphere. The
following section outlines the procedure for constructing such a network on
a sphere in R4 (denoted S3). I will further present a method to generate

1The gradient on S3, ∇αf , for function f at point α, is given by the orthogonal
projection of the ordinary R4 derivative, Dαf , onto the tangent space TαS

3 of S3 at
α, i.e.

∇αf = Dαf −
1

R2
(Dαf · α)α

where · denotes scalar product multiplication, and R is the 3-sphere radius.
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Figure 4: Diamond lattice unit cell.

a closed network on a subset of S3. The latter will model a piece of a gel
immersed in a surrounding medium and free to move, as well as to expand
and shrink.

3.1 Distributing the nodes on S3

The construction is such that all nodes or vertices are tetravalent in order to
mimic many cross-linking units used in synthesizing polymer gels. In order
to arrive at the network on a 3-sphere, a number of steps are required where
the network is first created in a cube in R3, denoted I3,

I3 = (x1, x2, x3) : −1 ≤ xj ≤ 1 (9)

The cube is subdivided into smaller cubes C(m1,m2,m3) of side length ε =
1/(2M + 1) where M is an integer provided as an input parameter that
determines the number of boxes per dimension and the total number of cross-
linking nodes. The centre of mass p(m1,m2,m3) of C(m1,m2,m3) lies at

p(m1,m2,m3) = ε

(
(m1,m2,m3) + (

1

2
,
1

2
,
1

2
)

)
, −(2M + 1) ≤ mj ≤ 2M

(10)
where mj are integers. A node is placed at the centre of mass and at each
corner of the small cubes. The nodes are identified by colour such that if
|m1|+ |m2|+ |m3| is an even number then the node at the centre of mass is
coloured black, otherwise white. The same rule is applied for the nodes at
the corners with coordinates ε(n1, n2, n3) (see Fig. 5). The network N ′(ε)
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Figure 5: The cube is divided into smaller cubes where each corner and centre of mass is
occupied by a black or white node. The black centres of mass are connected to the black
corner nodes.

consists of all the black nodes where the centres of mass are connected to the
corners. The properties of N ′(ε) are as follows:

1. The network is connected.

2. The corners of I3 do not belong to the network as these are white nodes.

3. All centre of mass nodes are 4-valent.

4. All nodes lying on a surface of I3 are 2-valent.

5. All nodes lying on the edges of I3 are 1-valent.

As can be seen from above, some operations are required to have all nodes
4-valent. The network on S3 is initially constructed by stitching together two
identical I3-cubes. A network N(ε) can be constructed as an expansion of
N ′(ε) by including the corner and edge white nodes. The operations required
are as follows:

1. Black surface nodes are originally connected to two centres of mass and
are thus 2-valent. By connecting them to the corresponding centres of
mass in the neighbouring cube they become 4-valent.

2. Black edge nodes are only connected to one centre of mass and are
1-valent. These are pushed a small distance into the cube and are
connected to the neighbouring white nodes on the same edge. By also
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connecting them to their mirror image in the neighbouring cube they
become 4-valent. As the same procedure is done for the nodes in the
neighbouring cube, the white edge nodes are also 4-valent.

3. The white nodes in the corners of I3 are now 3-valent. These are pushed
into the cube and connected to their mirror image, thus becoming 4-
valent.

Figure 6 can serve as an illustration of the connections between the nodes
in the bottom layer. The sets of coordinates for the two cubes are identical

Figure 6: Bottom layer of the cube where some of the different connections between
nodes within the cube and between nodes and their mirror images are outlined.

except that the interior points are distinguished by a +/− label (see below).
The boundary points will be identical for both cubes and will later end up
on the equator of the network on S3. This means that we can omit the set
of boundary points for one cube, forming

ΓT (ε) = N(ε) ∪N(ε)/ ∼ (11)

where x ∼ y if x is a boundary point in the first copy and y the same point in
the second copy. The network ΓT (ε) is first mapped to a three-dimensional

10



disk D3 and then further to the northern and southern hemispheres of S3.
This is done by defining a map φ : I3 → D3

φ(x) =

{
0, if x = 0

[max(|x1| , |x2| , |x3|)/ ‖x‖]x, otherwise
(12)

and the maps ψ± : D3 → H3
±

H3
+ = (x1, x2, x3, x4) ∈ S3 : x1 ≥ 0 (13)

H3
− = (x1, x2, x3, x4) ∈ S3 : x1 ≤ 0 (14)

Here

ψ±(x2, x3, x4) =

(
±
√

1− x22 − x23 − x24, x2, x3, x4
)

(15)

3.2 Distributing the nodes on a subset of S3

The network is constructed on the northern hemisphere of S3, and as before,
all nodes or vertices are required to be tetravalent. Similar to the previous
construction, the network is first created in a cube, I3,

I3 = (x1, x2, x3) : −a ≤ xj ≤ a (16)

where the value of a will determine how much of the hemisphere that will
be occupied by the network. The cube is subdivided into smaller cubes
C(m1,m2,m3) of side length ε = 2a/4(M + 1). Due to the symmetry of
the network (see Fig. 7), the number of boxes per dimension, determined
by M , must be a multiple of four. The centre of mass p(m1,m2,m3) of
C(m1,m2,m3) lies at

p(m1,m2,m3) = ε

(
(m1,m2,m3) + (

1

2
,
1

2
,
1

2
)

)
, −2(M+1) ≤ mj ≤ 2M+1

(17)
Nodes are placed at the centre of mass and at the corners of each small cube.
The nodes are identified by colour such that if |m1| + |m2| + |m3| is an odd
number then the node at the centre of mass is coloured black, otherwise
white. The properties of the network are as follows:

1. The network is connected.

2. None of the white nodes in I3 belong to the network.

3. All centres of mass are 4-valent.
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4. All nodes lying on the surface of I3 are 2-valent.

5. All nodes lying on the edges of I3 are 1-valent.

Unlike the previous construction where we stitched together two identical
cubes with the help of white nodes, we will now only use the original cube.
A few operations are still required in order to obtain tetravalency:

1. Black surface nodes are connected to two centres of mass and are 2-
valent. By connecting them to their neighbouring black nodes on the
same surface they become 4-valent.

2. Black edge nodes are originally only connected to one centre of mass
and are 1-valent. After step 1 they become 3-valent. Connecting them
to one of the neighbouring black nodes on the same edge makes them
4-valent.

The effect of these operations is illustrated in Fig. 7. The network is then

Figure 7: Bottom layer of a cube in R3, for the network that will be mapped to a subset
of S3, illustrating the connections between the nodes, where one can see that no white
nodes have been included.

mapped to a three-dimensional disk D3 and then further to the northern
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hemisphere of S3. The mapping is the same as above with the exception
that now we only use

ψ+(x2, x3, x4) =

(√
1− x22 − x23 − x24, x2, x3, x4

)
(18)

3.3 Connecting the nodes

In either of the cases above, i.e. for nodes distributed on the entire S3 or on
a subset of the northern hemisphere, chains consisting of spherical subunits
should be laid out between the nodes to form a closed network of polymer
chains. At this stage we need a way to decide the number of beads which
should be generated for every chain connecting each pair of nodes. This
number will depend on both the distance between the particular pair of
nodes and on the characteristics of the chain molecule. We would like our
system to correspond to a specific polymer model, and for every model it
should be possible to determine the number of beads for a given persistence
length and distance between nodes. To this end we can e.g. use Eq. (4)
together with the end-to-end distance for a chain with a fixed bending angle
and free rotation (see Fig. 2) [52]

< R2
ee >= nb2

[
1 + α

1− α
− 2α

n

1− αn

(1− α)2

]
(19)

where b is as before the bond length, α = cos(θ), and n is the number of
bonds. Given P and < R2

ee >
1/2 (which is taken to be the distance between

the pair of nodes to be connected), we have to determine the number of
beads, N = n+ 1. Rewriting Eq. (4) and (19) as a system of equations{

f1(α, n) = b1−α
n

1−α − P = 0

f2(α, n) = nb2
[
1+α
1−α −

2α
n

1−αn

(1−α)2

]
− < R2

ee >= 0
(20)

the problem is reduced to finding values of x = (α, n) such that F(x) = 0
where F(x) = (f1(α, n), f2(α, n)). This can be done by using an iterative
method such as Newton-Raphson [53]

xi+1 = xi − J−1 · F(xi) (21)

where J is the Jacobian. In order to achieve a good convergence rate, the
initial guess must be sufficiently close to the solution. (There are more so-
phisticated implementations of the Newton-Raphson method which aim to
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improve the poor global convergence that use line searches and backtrack-
ing [54].) An initial guess for the value of α is found from the expression for
the persistence length, Eq. 4, in the long-chain limit, i.e. by neglecting the
term αn. An initial guess for n may be found by inserting this value for α
into Eq. 19, again in the long-chain limit (i.e. neglecting the second term in
the parentheses). A description of the procedure of Newton-Raphson is given
in Appendix A.1. This method has the disadvantage that there may exist
a global minimum outside the physical range for α, thus for better control
it would be necessary to impose constraints. Alternatively we may find the
number of beads by using the relation for the original continuous worm-like
chain model [55]

< R2
ee >= 2LP − 2P 2(1− e−L/P ) (22)

where L is the contour length. This can be solved iteratively using a one-
variable Newton-Raphson in L. Dividing the contour length by the bond
length gives the number of beads. For comparison, both of these methods
have been implemented in the simulations. Once N has been found, the
beads are placed along a geodesic from the first to the second node. Since
the contour length for any reasonably flexible chain is larger than the end-to-
end distance (see e.g. Eqs (2) or (19)), there will be an overlap between the
beads which will be relaxed during the initial stages of a simulation. To also
avoid generating very short chains between any pair of nodes in the network,
we have at this stage also introduced a minimum chain size, Nmin, meaning
that if the obtained N for any chain is smaller than the minimum chain size
then it is reset to N = Nmin.

4 Brownian Dynamics Simulations

Our objective is to find a method to correlate the microscopic properties of
the chains in the material to the structure and dynamics on a larger scale.
We thus want to use a simulation method in which we can use the models
discussed above, without needing to include atomic detail of the polymer
chains and the solvent, but which also should include the time dependence,
at least on a reasonable time scale, for the dynamic processes occurring in
the network. If the structural properties at equilibrium would be our main
interest, then Monte Carlo simulations would be an appropriate alternative,
but to also include dynamic processes, we will use Brownian dynamics sim-
ulations which is the natural choice in soft matter simulations of colloidal or
polymer systems, if atomic detail is not needed. Collisions between solvent
and colloids or polymer molecules result in a random walk denoted Brownian
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motion. The characteristic time and length-scales of interest are much larger
for the polymer chains compared to the solvent molecules. Brownian dynam-
ics simulations model the solvent as a continuum, i.e. the solvent molecules
are replaced with a combination of random forces and frictional forces. In
this section we begin by describing the Brownian dynamics algorithm in R3

and then proceed by outlining the corresponding algorithm in S3.

4.1 Brownian dynamics in R3

The equation of motion for a colloid particle or a polymer bead can be
described by the Langevin equation [56]

m
du

dt
= −ζu + F + B (23)

where m is the particle mass, u the velocity vector, ζ is the friction coefficient,
F is the total direct force, and B is the stochastic force from the solvent.
An expression for the displacement ∆r(t) can be obtained by integrating
this equation twice. Assuming that the Brownian particles are at all times
in thermal equilibrium with their surrounding, i.e. < εkin >= 3

2
kT , εkin

being the kinetic energy of the particle [57], and also assuming that the
stochastic term is characterized by a diffusive motion, i.e. the average random
motion is zero as there is no preferential direction, the final expression for
the displacement of a particle during a small time step, ∆t, becomes [58]

ri(t+ ∆t) = ri(t) +
D0∆tFi

kT
+ Ai (24)

where ri is the position vector of unit i, T is the temperature, Fi is the
vector sum of the direct forces, which can contain different contributions
(e.g. stretching force, bending force, Lennard-Jones force), and D0 is the
diffusion coefficient for a spherical particle given by

D0 =
kT

6πηa
(25)

where η is the viscosity, and a is the particle radius. The final term, Ai,
represents the contribution from the Brownian motion and is usually assumed
to be characterized by {

< Ai >= 0

< Ai ·Aj >= 6D0∆tδij
(26)
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meaning it has a zero mean and a width of
√

2D0∆t for each Cartesian
coordinate. The random numbers used in Eq. (24) are thus drawn from the
solution of the diffusion equation for a point source in R3,

P (r, t) =
1

(4πD0t)3/2
e−r

2/(4D0t) (27)

4.2 A Brownian dynamics algorithm on S3

To find a corresponding expression for a Brownian motion on S3, all the
gradients in the Langevin equation are replaced with the gradient on S3 [59],

m∇tu = −ζu + F + B (28)

The integrated form will in this case become [60]

ri(t+ ∆t) = expri(t)

(
Do∆tFi

kT
+ Ai(∆t)

)
(29)

where expp(V) is the exponential map defined such that it moves a particle
starting at point p in the direction of V a distance |V| along the geodesic
through p. The other variables are the same as in Eq. (24), except that Ai is
the random displacement now determined by the fundamental solution of the
diffusion equation on S3. The explicit form of the equation as implemented in
the simulation program will be given below. In order to find the displacement
on S3 it is necessary to calculate both the total direct inter-particle force,
Fi, and the random displacement, Ai. The potential for bending, stretching,
etc., are the same as before, however, the gradients used for calculating the
forces in Eq. (29) are now along the geodesics. The unit vector describing
the direction of the force is replaced by the tangent vector to the geodesic
connecting positions pi and pj, given by

n̂ij = − rj − (ri · rj)ri/R2

‖rj − (ri · rj)ri/R2‖
(30)

with R being the radius of the 3-sphere. In R3, the random numbers Ai were
sampled from a Gaussian distribution, Eq. (27), representing the fundamen-
tal solution of the diffusion equation in R3. The corresponding probability
density function for a random walk on S3 is also in this case found from the
fundamental solution of the diffusion equation, which is given by [60]

P (θ, β) =
1

m(β) sin(θ)

k=∞∑
k=−∞

(θ + 2πk)e−(θ+2kπ)2/4β (31)
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where θ is the angular distance between two points on S3, m(β) is a normal-
ization factor, and β is a dimensionless variable given by

β =
D0∆t

R2
(32)

Since for all physically relevant combinations of S3-radius, bead radius, tem-
perature, viscosity, and time step, β will be large, we only need to keep the
k = 0 in Eq. (31), which results in the function

f(θ, β) ∝ θ sin θe−θ
2/4β (33)

where the sin θ-term comes from the Jacobian on S3 going from a probability
density to a probability [60]. A method for generating a random number
according to this distribution is briefly described in Appendix A.2. The
length of the displacement is then given by Rθ. In order to find the direction
of this displacement, we generate a random unit vector on S2 [58, 61] (see
Appendix A.2), thus obtaining (0, a, b, c) ∈ TnS3 for a particle positioned on
the north pole of S3 (where TnS

3 is the tangent space at point n). Multiplying
the unit vector with a random number Y generated as above will give ω =
Y · (0, a, b, c), which now has the correct length and a random direction. The
aim is, however, to find a random vector at pi, the position vector of particle i.
To this end we apply a quaternion multiplication [62] by pi = (p1, p2, p3, p4)
which serves to reposition the vector from the north pole to pi. In the
program, the quaternion multiplication is presented as a linear map of R4

with matrix

Q =


p1 −p2 −p3 −p4
p2 p1 −p4 p3
p3 p4 p1 −p2
p4 −p3 p2 p1

 (34)

In other words, multiplying the random vector ω with Q and normalizing by
the radius,R, gives the random displacement,

Ai =
Q · ω
R

(35)

After applying the exponential map (Eq. (29)), the new position pnew of the
particle is given by

pnew = cos(|∆ri| /R)pi +Rsin(|∆ri| /R)∆ri/ |∆ri| (36)

where ∆ri is the size and direction of the displacement in the tangent plane
at pi,

∆ri =
D0∆t

kT
Fi + Ai (37)
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In order to calculate the new position at every time step in the simulation,
we need to specify ∆t. This requires attention as a too large time step could
lead to the unphysical situation where particles might cross through each
other, whereas an unnecessarily small time step would lead to too large cpu-
times to obtain a reasonable change in structure and to reach equilibrium.
An outline of the method used in the present program for determining the
maximum allowable time step is given in Appendix A.4.

5 Trajectory Analysis

To characterize the network, different parameters may be used which de-
scribe e.g. the chain extension and structure of the network. Locally, many
properties will have the same functional form as in R3, except that the dis-
tances are calculated along geodesics. The extension of the chains can be
studied by considering the end-to-end distances (see Fig. 8). The end-to-end
distance, Ree, between a pair of nodes, pi and pj, is on S3 given by

Ree = R arccos(
pi · pj
R2

) (38)

The maximum magnitude of the end-to-end distance, which corresponds to

Figure 8: End-to-end distance, Ree, between the nodes pi and pj .

the contour length, L, is on S3 calculated using

L = R

N−1∑
j=1

arccos
(pj · pj+1

R2

)
(39)
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where N in this case corresponds to the number of beads for the chain in
question. Another measure that can be used to describe both individual
chains as well as the entire network is the radius of gyration, Rg. The radius
of gyration is the average distance from the centre of mass to the different
beads being considered. In R3 it can be written [63]

R2
g =

1

N

N∑
i=1

(ri − rcm)2 =
1

2N2

N∑
i=1

N∑
j=1

(ri − rj)
2 (40)

where rcm denotes the coordinates of the centre of mass. On S3 this becomes

R2
g =

R2

2N2

N∑
i=1

N∑
j=1

[
arccos

(pi · pj
R2

)]2
(41)

The radius of gyration can be determined experimentally by e.g. small angle
neutron scattering or light scattering experiments [64].

A number of descriptors may be also used to characterize the shape or
structure of the individual chains and also the network as a whole. The
asphericity, A, characterizes the average deviation of the conformation from
a spherical symmetry and is given by [65]

A =
(λ1 − λ3)2 + (λ2 − λ3)2 + (λ1 − λ2)2

2(λ1 + λ2 + λ3)2
(42)

where λk are the eigenvalues that describe the shape along the three princi-
pal axes. These eigenvalues are obtained from the radius of gyration tensor
G [66]. The asphericity ranges from zero for spherically symmetric confor-
mations to one for prolate shapes. The degree of prolateness or oblateness,
S is defined by [67]

S =
27 < Π3

i=1(λi − λ̄) >

< (
∑3

i=1 λi)
3 >

(43)

where λ̄ is the average eigenvalue. S has a value 0 < S < 2 for a predomi-
nantly prolate molecule and −1

4
< S < 0 for an oblate chain.

One would also like to, in some way, describe the resulting pore size dis-
tribution. A rather crude measure of the pore size distribution is obtained
through the nearest-neighbour distance (see Fig. 9). This entails generat-
ing a large number of random points on S3 (see Appendix A.2 for a brief
description on how to generate random numbers). The minimum distance
between the generated point and the network is then calculated, and the
results accumulated in a histogram. For the network on a subset of the 3-
sphere, we need to generate random points on the region of the 3-sphere
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occupied by the network. One way to do is to find the centre of mass of the
entire network and to calculate the shortest distance from the centre of mass
to a border node, dcm-b, and to the random point, dcm-r. If dcm-r < dcm-b, the
random point is accepted. In this way the random points can be generated
within the region spanned by the network. A brief outline of the procedure
used in the program on how to find the centre of mass is given in Appendix
A.3. Additional information about the structure is provided by calculating

Figure 9: To obtain a measure of the pore size distribution, it is possible to generate
random points, pr, and find the shortest distance to any unit in the network.

a radial distribution function, g(r). This is calculated in the same was as
in R3 and gives the particle density at a distance r from a given particle.
By normalization, it should go to one at large distances (corresponding to a
bulk density) when the spatial correlations are lost. At short separations the
function is zero due to excluded-volume interactions. The radial distribution
function can be obtained from experiments using e.g. X-ray diffraction [68].
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6 Computational Details

I have performed Brownian dynamics simulations to investigate the effect of
chain length and chain stiffness on the properties of a polymer network. For
the model used in this thesis, each chain consists of a sequence of identical
spherical units with a radius a=5 Å, which is a reasonable choice to resemble
a monomer in a polymer chain. The network is formed according to the steps
outlined above, where we have used a minimum chain size of 8 beads. The
integer M , introduced in section 3, which determines the number of nodes
in the network was set to 1 so as to obtain reasonable CPU times. Although
one would want a configurationally averaged value of the conformational
properties by using a number of independent trajectories, each starting from
a different initial conformation, only one trajectory has been used in this
work, again due to the limitation of computational time. In all the simu-
lations we have used a constant temperature of T=293.15 K and viscosity
1.002·10−3 Pa s. The bond stretching force constant is chosen such that the
second moment of the average equilibrium bond length distribution is a2/25.
The time step has been increased gradually and the different sets of param-
eters have been equilibrated for about 0.5·106 moves. We have generated
networks with different chain lengths by keeping the number of cross-linking
nodes fixed and changing the radius of the 3-sphere (see Appendix A.5 for
a brief description), i.e. by changing the volume fraction. Decreasing the
radius results in a larger volume fraction and shorter chains, whereas in-
creasing the radius gives a smaller volume fraction and longer chains, as the
cross-linking nodes are now more separated. This means that we can expect
the most time-consuming simulations to be the systems with the smaller vol-
ume fractions. Chain stiffness has been varied by changing the persistence
length. The indirect effect of a larger persistence length is to reduce the av-
erage chain length. For convenience, the persistence length, P , is expressed
in terms of the particle diameter to give a dimensionless quantity, P ′, such
that P ′=P/2a. We will also use this scaling for most of the other parameters
in the analysis below.

The results are divided into two parts. In the first part, the network
is generated on the entire 3-sphere and we have investigated the effect of
two different persistence lengths, P ′=5 and P ′=2, and five different volume
fractions, φ=2.5%, 5%, 7.5%, 10%, and 15%. As this thesis represents a
project involving both the implementation of the model and testing of the
resulting program, the choice of volume fraction was such as to investigate
a low and high limit. From the results it is then possible to decide upon
a relevant volume fraction for further studies. For the choice of persistence
length, we wanted to model and compare reasonably flexible and rather stiff
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chains. In the second part, the network is generated on a subset of S3, using a
volume fraction φ=5% and a persistence length P ′=2. Here it is of interest to
study e.g. the swelling and so a small volume fraction and correspondingly a
network consisting of long chains would be a suitable choice, as shorter chains
would have a smaller ability to swell. After equilibration, the persistence
length is switched from P ′=2 to P ′=8, to allow for swelling of the network.

7 Results and Discussion

In this section, the results from the analysis of the trajectories of different
networks are presented. Some preliminary tests were initially performed to
decide between the two methods for determining the number of beads for a
given chain described in section 3.3. For comparison, we implemented both
methods for a network with a volume fraction of 5% and P ′=5. Here, I shall
use NR Method I and NR Method II to denote the method corresponding
to Eqs (20) and (22) respectively. Figure 10 shows the initial distribution
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Figure 10: Distribution of the end-to-end distance (scaled with the particle radius) for
a network with φ=5% and P ′=5. Two methods, NR Method I and NR Method II, for
determining the number of beads between each pair of nodes have been used.

of the end-to-end distance (scaled with the particle radius), and Fig. 11
shows the distribution of the number of beads per chain for the same set
of parameters. Although there are minor discrepancies, the curves coincide
reasonably well, given that they represent slightly different conditions. For
the remainder of this thesis I have used NR Method I (Eq. 20). It may
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Figure 11: Distribution of the number of beads generated for a network with φ=5% and
P ′=5, using two different methods, NR Method I and NR Method II, for determining the
number of beads per chain.

also be noted that we have deliberately used a very detailed subdivision of
the x-axis in Fig. 10 in order to more easily compare the methods. Such
a detailed level is not appropriate for our purpose, as we wish to study
important features, and not small fluctuations, so a less finely divided scale
will be used for the remainder of the analysis. The scaled 3-sphere radius,
R′, used for the different systems and the corresponding number of particles
(nodes and beads) are given in Table 1. It can be seen that the largest system
is the one corresponding to φ=5%, as these chains will have a much larger
average chain length due to the greater distance between the pairs of cross-
linking nodes. It can also be noted that the effect of a larger persistence
length is to reduce the total number of beads between the nodes and thus
in the network. For the simulation of a network on a subset of S3, we

Table 1: The 3-sphere radius, R′, scaled with the particle diameter, and corresponding
total number of particles in the network for various volume fractions. The asterisk (*)
indicates P ′=5, otherwise the chains have P ′=2.

Volume fraction 2.5*% 5*% 5% 7.5% 10% 15%
3-sphere radius (scaled) 27.5 18.9 33.4 22.75 17.5 13.5
Number of particles 19,574 12,278 70,358 33,298 20,502 24,898

used R′=350, with a total of 33,756 particles. An alternative method for
introducing different chain lengths would be to keep R fixed and to instead
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increase the number of cross-linking nodes. However, we found that this
method would lead to a considerably larger total number of particles (over
200,000), as it would introduce a greater number of chains, thus making it
an unnecessarily large system for the purpose of this thesis.

7.1 Results for the network generated on the entire
3-sphere

We will start by looking at the results for the network generated on the en-
tire 3-sphere. As the characteristic features look essentially the same for all
systems, we will use φ = 5% and P ′=2 as a representative to study the relax-
ation from the initial structure to an equilibrated network, and then compare
the equilibrium properties of the various systems. The duration of the sim-
ulation, t, is expressed in terms of the dimensionless quantity τ=D0t/a

2.
Figure 12 shows the distribution of the end-to-end distance at different

times during the relaxation. The most prominent feature is the presence of
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Figure 12: The distribution of the end-to-end distance (scaled with the particle diameter)
for φ=5% and P ′=2.

two broad peaks, meaning that we have primarily two different sets of chain
lengths. This can be understood by looking at Eq. (15), which is valid for
the unit sphere. If we introduce a function corresponding to the value of
x1, f(x2, x3, x4) =

√
1− x22 − x23 − x24, the magnitude of the gradient is then

|∇f | =
√

1− x21/x1, meaning that the rate of increase in the x1 direction is
largest near the equator (where x1 → 0) and smallest near the poles (where
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Figure 13: The end-to-end distance (scaled with the particle diameter) as a function of
chain length for φ=5% and P ′=2.

x1 → 1). This means that the nodes are not evenly spaced after they have
been mapped to the S3-sphere, which leads to a dispersity in the end-to-
end distance, where the longest chains will be located near the equator and
the shortest chains near the poles. We might expect a more homogeneous
distribution if M in Eq. (10) (the value determining the total number of
nodes in the network) is set to a larger value. From Fig. 12 we can also
see that as the network relaxes, the distribution broadens and becomes more
smooth as some chains assume more extended conformations. Looking at the
average end-to-end distance as a function of number of beads per chain in
Fig. 13, the end-to-end distance also increases with increasing chain length
as the longer chains occupy a larger space. The fluctuations should be due to
that the particles are in constant motion and the whole network is connected.
Whereas the average end-to-end distance does not change considerably over
time for the shorter chains, there is a small increase for the longer chains
during the equilibration of the network. The motion of the cross-linking
nodes is rather restricted and unpredictable as they are pushed and pulled
from four directions. We could expect that the end-to-end distance would
not change significantly for most chains. The chains near the equator are,
however, a special case as the cross-linking node on one end will be connected
to three long chains and the other to three shorter chains. It is possible that
the beads in these long chains will favourably push the nodes apart during
the relaxation, while slightly compressing the shorter chains on the other
side.
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The maximum and minimum contour length as a function of chain length
is shown in Fig. 14. The reference curve corresponds to Nb, where N is the

 0

 20

 40

 60

 80

 100

 120

 140

 160

 180

 0  20  40  60  80  100  120  140  160

L’

Number of beads

τ=0.017
τ=0.87
τ=13.7
τ=30.9
τ=48.0
τ=73.7

Reference
τ=0.017

τ=0.87
τ=13.7
τ=30.9
τ=48.0
τ=73.7

Figure 14: The contour length, L′, (scaled with the particle diameter) as a function of
chain length for φ=5% and P ′=2. The curves with unfilled points above the reference
curve in the key correspond to the minimum contour length and those below correspond
to the maximum.

number of beads in the chain and b is the average bond length. Compared
to the reference curve, the contour length is too small for the very first
simulation, due to the initial overlap between the beads. The relaxation goes
much faster compared to the end-to-end distance, and the values rapidly
approach equilibrium as the overlap is reduced.

Next we look at the distribution of the radius of gyration shown in Fig.
15. Again we have two distinct peaks corresponding to the two different sets
of chain lengths in the network. Now the distribution is not only broadened,
but the mean is also shifted to slightly larger values. This increase over time
is more visible in Fig. 16, which shows the radius of gyration as a function
of chain length. This is due to the expansion of the chains from the initially
compressed state which was also seen for the contour length.

The development of the pore size distribution is shown in Fig. 17. The
relaxation of the pore sizes is in agreement with what would be expected
for the method we have used for constructing the network. As the beads
in the chains are laid out along a geodesic between the pair of cross-linking
nodes, we will initially have optimally large pores that will reduce in size
over time as the chains relax from their constrained conformations. This is
what can be seen in Fig. 17 as a narrowing of the distribution over time.
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Figure 15: The distribution of the radius of gyration (scaled with the particle diameter)
for φ=5% and P ′=2.
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Figure 16: The radius of gyration (scaled with the particle diameter) as a function of
chain length for φ=5% and P ′=2.

A striking feature, however, is the presence of only one peak when we have
seen from previous distributions that the system is comprised of both short
and long chains. Although the other characteristics, such as the end-to-end
distance and the radius of gyration, are well-defined, the method we have
used as a measure of pore size is rather crude. The main problem is the low
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Figure 17: The distribution of the pore sizes for φ=5% and P ′=2.

probability of generating random numbers close to the centre of a pore. More
random points will be generated in the (relatively larger) region near the
bounding chains, meaning that the calculated distance to the nearest particle
will give a too small measure of the actual pore size, which would explain
the single peak. For our purpose, which is to study the relaxation and the
resulting equilibrium structure, this simple method for measuring the pore
size distribution is sufficient to show the qualitative differences. An improved
method that could give a more accurate measure would be to calculate the
centre of mass of each pore and to calculate the shortest distance from the
centre. This would, however, require finding the nodes that constitute a
given pore (which might not be trivial or possibly unambiguous). Another
method is to generate a large number of moving bubbles in the network [42].
This would essentially mean introducing bubbles at random coordinates not
overlapping the network and allowing these to move and expand until they
occupy the pore. The final bubble size can then be recorded and averaged.
This was, however, outside the limitations of the present project.

Looking also at the asymmetry, the degree of prolateness/oblateness, S, is
shown in Fig. 18. Initially, the chains are almost perfectly rod-like, with an S
value close to two, in accordance with the method for generating the network.
Over time, however, the chains assume less prolate conformations and we
can see that the shorter chains relax much faster compared to the longer
chains. This is not surprising given the connectivity of the network, and that
there are many more beads that are involved in the long chains finding their
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Figure 18: The distribution of the degree of prolateness/oblateness for φ=5% and P ′=2.

equilibrium shapes. For the final structure, a similar picture emerges with the
longer chains slightly more prone to expanding along their length by pushing
the connecting nodes apart (which we also noted as an increase in the end-to-
end distance). One can notice that S increases again for the shortest chains
compared to the intermediate sized chains, although the end-to-end distance
does not increase much for this range of contour lengths. Observing that
the radius of gyration (Fig. 15) increases during the relaxation for all chain
lengths (and also with chain length), the shortest chains are not long enough
to leave a mainly prolate envelope, with possibly only a small protrusion. The
intermediate sized chains are long enough for the chains to adopt more evenly
distributed, coil-like excursions in three dimensions, while for the longest
chains, again, the end-to-end distance increases relatively more, inducing an
increase in asphericity.

So far we have studied the relaxation and final structures for φ=5% and
P ′=2. Although the relaxation process depends on the way in which we
have chosen to construct the network, we have seen that the results are
consistent, and should work well for a model network in simulations of the
physical properties of gel networks. We will now continue by comparing the
equilibrium properties for different volume fractions and persistence lengths,
beginning with the distribution of the end-to-end distance in Fig. 19. For
clarity, the curves for φ =7.5% and 10% have been omitted here, but they
follow the general trend observed. Decreasing the volume fraction gives a
much wider distribution of chain lengths and shifts the average chain lengths
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Figure 19: The distribution of the end-to-end distance (scaled with the particle diameter)
for φ=5% and 15% for P ′=2, and also φ=2.5% and 5% for P ′=5.
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Figure 20: The end-to-end distance (scaled with the particle diameter) as a function of
number of beads per chain for φ=5%, 7.5%, 10%, and 15% for P ′=2, and also φ=2.5%
and 5% for P ′=5.

to larger values. The division into short and long chains is most prominent
for φ=5% (P ′=2) and 2.5% (P ′=5), where we can observe the largest gap
between the peaks, and least for 15%. Looking at the end-to-end distance as
a function of number of beads per chain in Fig. 20, the effect of increasing
the persistence length is to increase the end-to-end distance for the chains of
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Figure 21: The contour length (scaled with the particle diameter) for φ=5%, 7.5%, 10%,
and 15% for P ′=2, and also φ=2.5% and 5% for P ′=5. In they key, the curves above the
reference represent the maximum contour length and those below represent the minimum
contour length.

corresponding lengths ,which is what can be expected. The contour length,
however, shown in Fig. 21, increases in the same manner linearly with the
chain length as it is independent of chain conformation. The distribution of
the radius of gyration and the radius of gyration as a function of chain length
is shown in Fig. 22 and 23 respectively. These follow the same consistent
pattern as the distribution of the end-to-end distance, where a larger radius
of gyration is obtained for the systems with larger average chain lengths.
Looking at the pore size distribution in Fig. 24, we can see that we do in
fact have an increasingly more porous network with increasing average chain
length. In Fig. 25, the equilibrium distribution of the asymmetry is also
shown and the trends are the same as in Fig. 18, with S going through a
minimum except for the shortest chains, where only the initial decrease can
be observed. One can also notice the sensitivity of the asymmetry, where
small changes in chain structure give rise to noticeable fluctuations in the
main axes describing the molecular shape.
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Figure 22: The distribution of the radius of gyration (scaled with the particle diameter)
for φ=5% and 15% for P ′=2, and also φ=2.5% and 5% for P ′=5.
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Figure 23: The radius of gyration (scaled with the particle diameter) as a function of
chain length for φ=5%, 7.5%, 10%, and 15% for P ′=2, and also φ=2.5% and 5% for P ′=5.
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Figure 24: The pore size distribution (scaled with the particle diameter) for φ=5%,
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for φ=5%, 7.5%, 10%, and 15% for P ′=2, and also φ=2.5% and 5% for P ′=5.
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Finally, we can also look at the radial distribution function for the bead-
bead correlation, Fig. 26, which provides information about the local net-
work structure. The first maximum arises from the spatial correlations of
neighbouring beads and we can also see that for the chains with a larger per-
sistence length, the correlations span over a larger distance. For all systems
though, the radial distribution rapidly approaches the bulk value.
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Figure 26: The radial bead-bead distribution function as a function of scaled distance
for φ=5%, 7.5%, 10%, and 15% for P ′=2, and also φ=2.5% and 5% for P ′=5.

The results above all corroborate that the procedure described in section
3 on how to construct a closed network for computer simulations of gel sys-
tems is correct and that the implementation (including the analysis), which
constitutes a major part of the degree project, has been successful.

7.2 Results for the network generated on a subset of
the 3-sphere

In this section we will study the swelling of a network with φ=5% and an
initial persistence length P ′in=2. Swelling is induced following equilibration
by switching the persistence length to a new value P ′fin=8, which in our case
meant after τ = 99.4.

Figure 27 shows the distribution of the end-to-end distance. The relax-
ation pattern is similar to what we observed in the previous section. A dis-
tinct difference here is that we no longer have two peaks in the distribution,
meaning that we only have one set of chain lengths.
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Figure 27: The distribution of the end-to-end distance (scaled with the particle diameter)
for a network on a subset of S3 with φ=5%, P ′

in=2, and P ′
fin=8. The persistence length

is switched after τ = 99.4.
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Figure 28: The end-to-end distance (scaled with the particle diameter) as a function of
chain length for a network on a subset of S3 with φ=5%, P ′

in=2, and P ′
fin=8.
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Figure 29: The distribution of the radius of gyration (scaled with the particle diameter)
for a network on a subset of S3 with φ=5%, P ′

in=2, and P ′
fin=8.
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Figure 30: The radius of gyration (scaled with the particle diameter) as a function of
chain length for a network on a subset of S3 with φ=5%, P ′

in=2, and P ′
fin=8

36



This would be expected as the chains have in this case not been generated
near the equator. Approaching τ = 99.4, the values seem to converge to-
wards equilibrium. Upon switching the persistence length, the distribution
broadens over time as the average end-to-end distance increases. This can
also be seen in Fig. 28, which corresponds to the end-to-end distance as a
function of chain length. The radius of gyration in Fig. 29 and Fig. 30
similarly increases over time. The pore size distribution shown in Fig. 31
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Figure 31: The distribution of the pore sizes for a network on a subset of S3 with φ=5%,
P ′
in=2, and P ′

fin=8.

is not greatly affected by the increase in persistence length, again due to
the fact that we have not used a well-defined measure for the pore size. For
this purpose, we would need one of the methods suggested above for a more
accurate measure of pore size.
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8 Conclusion

In this thesis I have described a novel procedure for generating a closed poly-
mer network, avoiding periodic boundary conditions, and the implementation
in a Brownian dynamics simulation program. The main objective has been to
implement and test the new algorithm, and to this end I have investigated the
effect of volume fraction and chain stiffness on the properties of the network.
In the second part, I studied the swelling behaviour for a network generated
on a subset of S3, by changing the persistence length. Different parameters
related to the size and shape of the network have been studied. The results
are coherent and give good support for using the method described in future
simulations of the properties of gel networks.

This program may form the basis for a range of further studies. It would,
for example, be possible to study the diffusion of particles in a network, the
binding of charged colloidal particles to polyelectrolyte gels, and to study
volume transitions by changing the solvent properties. As a further extension,
it would be interesting to also introduce topological network defects such as
dangling chains, loops, and entanglements.
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10 General summary

The wide range of material properties of polymers has made them invaluable
in an enormous number of industrial applications. Gels in particular are, for
instance, used in drug delivery, in solvent selective absorption, in separation
techniques, and as actuators reacting to specific changes in the surrounding.
For research and development of new polymeric materials, a great asset is
being able to predict the macroscopic properties from the molecular struc-
ture. It can for this purpose be of importance to use computer simulations
to construct networks with precise structures and analyse their properties
and behaviour under various conditions. The difficulty with these computer
studies arises when trying to find a reasonable model for a closed network.
Also, such simulations can be computationally demanding due to the slow
relaxation times of the chain segments. Nevertheless, there have been many
important contributions in the simulation of polymer networks. Most of
these have looked at the equilibrium properties using Monte Carlo simula-
tions and all have been carried out using periodic boundary conditions. Here,
a novel method is presented for constructing a network which avoids periodic
boundary conditions. This is achieved by embedding the system in a closed
manifold, namely onto the surface of a ball in four dimensions, denoted S3

or 3-sphere. The cross-linking nodes are first distributed in the cube in R3 to
then be mapped to a disk and finally to S3. In order to be able to study the
swelling behaviour, a network is also generated on a subset of S3 using simi-
lar operations. Chains consisting of spherical subunits are subsequently laid
out between the nodes to form a closed network. The polymer chains have
been modeled using the discrete worm-like chain model, where neighbouring
beads interact through a stretching and bending potential. To include ex-
cluded volume interactions, a soft repulsive potential has also been applied.
Having found a way of constructing the network in S3, the next step is to
implement the algorithm. Brownian dynamics has been chosen as the sim-
ulation method, in order to include the time dependence. This essentially
means that rather than treating the solvent molecules explicitly, these are
treated as a continuum, where the effect of individual solvent molecules is
replaced by a combination of random forces. The algorithm for the displace-
ment of particles on S3 is, similar to the case in R3, found by integrating the
Langevin equation twice. In order to have the displacement along geodesics,
it is required to apply an exponential map. Networks with various chain
lengths and chain stiffness have been simulated and the trajectories analysed
by characterizing different properties of the network. In the first part, the dif-
ferent networks are relaxed and the results studied. The first discovery at this
stage was the presence of two peaks for the end-to-end distance and radius
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of gyration, suggesting that the network was comprised of two different sets
of chain lengths. This could be attributed to the method of mapping which
introduced a dispersity in chain lengths. There were also notable fluctuations
in most of the investigated parameters, reflecting the fact that the nodes and
beads are in constant motion. Decreasing the volume fraction resulted in a
wider distribution of chain lengths and shifted the average chain length to
larger values. The different parameters related to the size of the network,
i.e. the end-to-end distance, radius of gyration, and contour length, showed
a consistent incease over time. Meanwhile, the average pore size gradually
decreased over time, while a broader distribution was noted for the smaller
volume fractions, confirming that we have a more porous network. Looking
at the asymmetry, it could be seen that the long and short chains were more
prone to assume more prolate conformations compared to the intermediate
chain lengths. In the second part, where the goal was to study the swelling
behaviour, the parameters related to the size of the network increased over
time also during the swelling. In conclusion, the results were in good agree-
ment with expectations and it would thus seem that the implementation of
the ideas and the algorithm has been successful. The program has promis-
ing prospects and may be used as the basis for a number of further studies,
including diffusion processes and binding of charged colloidal particles.
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A Appendix

A.1 The Newton-Raphson method for a system of non-
linear equations

The Newton-Raphson method can be used to simultaneously solve for F =
(f1, f2, ..., fN) = 0 with fi(x1, x2, ..., xN), i = 1, 2, ..., N , where the unknowns
are x = (x1, x2, ..., xN). The functions fi are expanded in a Taylor series

fi(x + δx) = fi(x) +
N∑
j=1

δfi
δxj

δxj +O(δx2) (44)

which can be rewritten in matrix notation

F(x + δx) = F(x) + J · δx +O(δx2) (45)

where J is the Jacobian matrix, Jij = δFi

δxj
. Neglecting higher order terms and

setting F(x + δx) = 0 we obtain a set of linear equations such that

J · δx = −F (46)

This may be rewritten as δx = −J−1 · F and the correction δx is added to
the solution vector,

xnew = xold + δx (47)

This process is iterated to convergence, which may be checked by calculating
the error in each iteration step.

In our case N = 2 and{
f1(α, n) = b1−α

n

1−α − P = 0

f2(α, n) = nb2
[
1+α
1−α −

2α
n

1−αn

(1−α)2

]
− < R2

ee >= 0
(48)

The Jacobian is given by

J =

(
∂f1/∂α ∂f1/∂n
∂f2/∂α ∂f2/∂n

)
(49)
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where

(
∂f1
∂α

)n = b
1− αn − n(1− α)αn+1

(1− α)2

(
∂f1
∂n

)α = − b

1− α
ln(α)αn

(
∂f2
∂α

)n = 2nb2
{

1

(1− α)2
− 1

n(1− α)3
[
1 + α− (n+ 1)αn + (n− 1)αn+1

]}
(
∂f2
∂n

)α = b2
[

1 + α

1− α
+

2ln(α)αn+1

(1− α)2

]
The inverse of the Jacobian can then be found using(

a b
c d

)−1
=

1

ad− bc

(
d −b
−c a

)
(50)

Given this expression for the inverse, it is now possible to calculate the cor-
rection term δx and find a new approximation.
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A.2 Generating random numbers

In order to calculate the contribution from the Brownian motion on the 3-
sphere to the total displacement in each time step, it was shown in section
4.2 that one has to draw random numbers, θ, from the distribution

f(θ, β) ∝ θ sin(θ)e−θ
2/4β (51)

where β is a constant containing the characteristic parameters for the system.
The procedure was partly described in that section and in ref. [60], but I give
below a summary of the procedure as implemented in the present program,
including a detailed description of the first step.

We begin by first sampling random variates, X, from a gamma distribu-
tion [61]

fX = e−x/2
√
x (52)

The algorithm used for generating these gamma random variates is based on
the Cheng/Feast algorithm [69]. The steps are as follows.

1. Generate random numbers u1, u2 ∈ [0, 1) and set

v =
(α− 1/6α)u1

(α− 1)u2

where α is a shape parameter set to 3/2 in this work;

2. If 2(u2−1)
α−1 + v + 1/v ≤ 2 then

x = (α− 1)v; otherwise

if 2 lnu2
α−1 − ln v + v ≤ 1 then

x = (α− 1)v

3. Go to step 1.

Drawing a random number X from fX has the same probability as drawing
a random number

√
X2β from the distribution

fY = y2e−y
2/4β (53)

This means that once we have X, we can apply a coordinate transformation,
Y =

√
X2D0∆t/R2, which will give us a value from a similar (Eq. (53)) but

not identical distribution compared to Eq. (51). To obtain a random number
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from the desired distribution, we apply an acceptance/rejection algorithm
[61] using the relation

e−Y
2/4βY sinY ≤ Y 2e−Y

2/4β (54)

Drawing a uniform random number u ∈ [0, 1), the random variate Y is
accepted if 0 ≤ Y ≤ π and

u ≤ sinY

Y
(55)

The generated random numbers Y now satisfy the desired distribution (Eq.
(51)).

Having thus obtained the magnitude of the random vector, we also need
to generate a random direction for the Brownian motion. The procedure
for doing this can be most easily understood by an analogy with the similar
problem on a sphere in R3 (which we denote S2). In the latter case, one
would take a random point on a circle in the tangent plane at the point
in question. Similarly, finding a random direction on S3, one generates a
random point on S2, corresponding to a unit vector in a random direction.
The algorithm used for generating random points on a sphere is based on an
algorithm by Marsaglia [70]. It contains the following steps:

1. Generate two uniform random variates, u1, u2 ∈ [0, 1);

2. Calculate ui = 1− 2ui for i = 1, 2;

3. Form the sum u2 = u21 + u22;

4. If u2 < 1 then u = (2u1(1− u2)1/2, 2u2(1− u2)1/2, 1− 2u2);

5. If u2 > 1, reject and return to step 1.

This procedure gives us a random point on the unit sphere. Multiplication
with the sphere radius gives the desired random point. One can also note
that the calculation of the pore size distribution when analysing the resulting
trajectories requires finding random points on S3. The steps in the algorithm
are similar to the above except that to avoid generating a random point over-
lapping a network unit, any distance shorter than a particle radius is rejected
and a new random point is generated. For all random number generators de-
scribed above, the uniform random variates u1,u2 ∈ [0, 1) are obtained using
an algorithm by L’ecuyer [71].
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A.3 Finding the centre of mass

In order to find the radius of gyration tensor and thus the eigenvalues de-
scribing the shape of individual chains or the network, or to find the pore
size distribution for a subset of the network, it is necessary to find the centre
of mass for the units considered. For a collection of point masses, p1, ...,pn,
on S3 (where the radius has for convenience been set to one), this is defined
as the critical point, pcm, of the function

f(x) =
N∑
j=1

arccos2(x · pj) (56)

i.e. ∇f(pcm) = 0, where ∇ is the S3-gradient. Computing the gradient of
the function gives [47]

∇f(x) = −2
n∑
j=1

arccos(x · pj)
(
1− (x · pj)2

)− 1
2 (pj − (x · pj)x) (57)

In order to find the zero of this vector field, we define the map H : S3 →
R3 = T1S

3

H(x) = π1[x
∗ · ∇f(x)] (58)

where x∗ is the quaternion conjugate, and π1 is the orthogonal projection
π1 : T1R4 → T1S

3. The aim is thus to find solutions x ∈ S3 for H(x) = 0.
Finding the zeroes involves using a Newton-Raphson method such that the
new point in an iteration is given by

xj+1 = xj cos(|v|) +
v

|v|
sin(|v|) (59)

where v = v1(xj · i) + v2(xj · j) + v3(xj · k) and (v1, v2, v3) = −[dHxj ]
−1H(xj)

(dH being the differential of H). This will finally give us the centre of mass,
pcm. The details for this procedure have been omitted, but those interested
in the mathematical derivations are referred to ref. [47].
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A.4 Estimating a maximum allowable time step

For a given particle radius, temperature, and viscosity, the probability of
a certain displacement, d, may be calculated for a given time step using a
Gaussian distribution with zero mean and a given variance, which in our case
is
√

2D0∆t,

U(r, t) =
1

(4πD0t)3/2
e−r

2/(4D0t) (60)

The probability of r being in a range [0,d] is given by

P (0 < r < d, t) =
1

(4πD0t)3/2

∫ d

0

e−r
2/(4D0t)dr (61)

The area under the Gaussian curve up to the maximum displacement, d,
(which we wish to find the probability for) may be split into n parts of equal
length and the integral evaluated numerically using Simpson’s rule,∫ b

a

f(x)dx ≈ b− a
6n

n∑
k=1

[
f(xk) + 4f(

xk + xk+1

2
) + f(xk+1)

]
(62)

Thus, for a given displacement, it is possible to vary the time step until the
probability of generating a random displacement with a magnitude ≤ d is
equal to some given value, e.g. 98%.
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A.5 Estimating the volume fraction

For a network covering the 3-sphere, the volume fraction is simple to calculate
and corresponds to the total volume of beads divided by the 3-dimensional
hyperarea of the 3-sphere, i.e.

φ =
4π
3
a3N

2π2R3
(63)

where N is the total number of units, a is the particle radius, and R is
the radius of the 3-sphere. For a subset of the 3-sphere, we need to find
the hyperarea occupied by the network. Due to the construction, after the
network is generated and before the particles are moved, the centre of mass
will be at (R, 0, 0, 0), as the network is symmetric with respect to the north
pole. This means that we can find the geodesic distance between the centre
of mass and a border particle, and the corresponding angle θ of the section
of the northern hemisphere inscribed by the network (where the angle is zero
at the north pole). The volume element dw of a cylindrical region in S3

consisting of the points at angular distance s, θ ≤ s ≤ θ + dθ from a given
point, can be written as [60]

dw = 4πR3 sin θ2dθ (64)

Integrating this equation from 0 to θ gives the hyperarea of this region of the
3-sphere [60]

V = 4πR3

(
θ

2
− sin(2θ)

4

)
(65)

The volume fraction φ can then be calculated using

φ =
4π
3
a3N

V
(66)
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