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Abstract

In this project I will explore thermodynamic properties and the phase diagram
of strongly interacting matter. At first, I discuss quantum chromodynamics,
the quantum field theory of the strong interaction, and its symmetries. In chap-
ter 2, an effective model that incorporates chiral symmetry is introduced. The
main focus of this work lies on learning and understanding the concepts of the
renormalisation group approach towards hot and dense matter and how one
applies the Functional Renormalisation Group (FRG) in order to understand
the phase structure of strongly interacting matter. The central expression one
uses to examine effective models is the flow equation which will be derived in
chapter 3. As a final step in this project I consider the numerical solution of
the flow equation and will give some first results for the vacuum.
For lattice gauge theory where the sign problem impedes direct calculations
at nonvanishing net baryon-chemical potential µ > 0 it can be useful to ap-
proximate the phase transition with orthogonal polynomials. In the upcoming
master’s thesis I want to test the applicability of the polynomial expansion
method for a simple model first in the mean field and afterwards also in the
FRG approach.
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Chapter 1

Introduction

Curiosity and the ceaseless will to search for answers are the main driving forces
for fundamental research and belong to the most delightful qualities of human
nature.

1 QCD - a theory

In the present understanding of nature there are three fundamental forces de-
scribed in the Standard Model of Particle Physics: electromagnetism, the weak
and the strong interaction. The latter is subject of intense research and thus also
topic of this project. Gravity is the fourth fundamental interaction in physics
but cannot at present be described in a quantum field theoretical framework.
Therefore it is not included in the Standard Model.
An intrinsic property of quarks and gluons, the degrees of freedom we use to
describe the physics at the scale of subnuclear strongly interacting matter, is
called the colour charge. It is because of this colour charge that quarks and
gluons are sensitive to the strong interaction. Classified in three families, there
are six types of quarks, named the flavours up and down, charm and strange,
top and bottom:

1 2 3 Q
u c t +2/3
d s b −1/3

all of which can appear in three different colours: red, green and blue. The
quarks in the upper row carry electric charge Q (in units of the positron charge)
2
3 , those in the lower row − 1

3 , as indicated in the table. The relativistic quantum
field theory that has been developed to describe the strong or colour interaction
is called Quantum Chromodynamics (QCD).
The colour interactions between the quarks are mediated by the gluon fields as
denoted in the QCD-Lagrangian [1]

L = −1

4
F aµνF

aµν +

Nf∑
f=1

ψf (iγµDµ −mf )ψf

= −1

4
FF + ψDψ − ψmψ, (1.1)
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where D = iγµDµ. The quark fields ψf with corresponding masses mf carry
Nf = 6 flavour degrees of freedom and can appear in Nc = 3 colours, the gluons
are represented in the covariant derivative as the gauge fields Aaµ

Dµ = ∂µ − ig
λa

2
Aaµ, (1.2)

where a is the colour index, g the QCD coupling constant and λa the eight
Gell-Mann matrices [1]. The field-strength tensor for the gluons reads

F aµν =
i

g
[Dµ, Dν ] = ∂µA

a
ν − ∂νAaµ + igfabcAbµA

c
ν (1.3)

with fabc the antisymmetric structure constant [1].
A striking phenomenon in the subnuclear realm is that the colour carrying
quarks and gluons have never been observed as free particles, but it seems that
in nature only composite objects with an overall vanishing net colour charge
can be seen. This phenomenon is called colour confinement and the composita
with no colour, the colour singlets, are known as hadrons of which there are
two types: quark-antiquark pairs which are called mesons and systems of three
quarks or three antiquarks called the baryons or antibaryons. The proton with
two up- and one down-quark is the most prominent example of a baryon.
Apart from the hadronic phase where quarks are confined there is also another
thermodynamic phase of strongly interacting matter, the quark gluon plasma
(QGP) where quarks and gluons are deconfined within the volume occupied by
the QGP. One expects deconfined matter to have existed in the very early stages
of the universe, about 10−5s after the Big Bang and it is studied today at high-
energy accelerators such as LHC and RHIC [2]. The goal of these sudies is
to understand the physical mechanisms that are involved in the formation of
composite particles from quarks and gluons, the properties of the QGP and the
phase transition between the confined and QGP phases.
Another remarkable feature of QCD is that its running coupling constant is small
at short distances, i.e. large energy scales, but increases for larger distances or
lower energy scales:

α−1
s (Q2) =

33− 2Nf
12π

log

(
Q2

Λ2
QCD

)
, (1.4)

with ΛQCD ≈ 200− 400MeV and Nf is the number of flavours [3, 4].
One consequence of this so called asymptotic freedom is that in the high energy
sector perturbative methods can be applied to study the physics at these scales.
Accordingly, the perturbative treatment fails at low-energy scales and one has
to use either non-perturbative techniques like lattice gauge theory calculations
or construct effective models to study the thermodynamics and phase structure
of strongly interacting matter. In chapter 2 a model will be presented that we
can employ for investigating the phase diagram of QCD matter.

2 Symmetries and Phases

One of the most important concepts of understanding the dynamics of a sys-
tem is its symmetries. According to Noether’s theorem a continuous symmetry
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transformation that leaves the Lagrangian of a system invariant corresponds to
a charge that is conserved. An isolated homogeneous sphere, for instance, is
symmetric under O(3) rotations and the corresponding conserved charge is its
angular momentum.
The breaking of symmetries is also of a deep physical meaning since the Nambu-
Goldstone theorem implies the existence of massless bosonic modes if a contin-
uous symmetry is broken spontaneously.

2.1 Symmetries of QCD

The physics described in the present subsection is taken from [5]. The colour
gauge transformations that leave the QCD Lagrangian (1.1) invariant belong to
the SUc(3) symmetry group.
For a general SU(N) group there are N2 − 1 generators. In the case of SUc(3)
we therefore have 8 generators, which in the fundamental representation are
given by the Gell-Mann matrices, λa2 , and correspondingly the gluons represent
an octet and mediate the colour or strong interaction. It is the non-Abelian
structure of the SUc(3) group that gives rise to the third term igfabcAbµA

c
ν

in (1.3). This term is needed, since the gluons carry colour charge and self-
interact. Photons, the gauge bosons of the electromagnetic force, do not carry
electric charge and cannot self-interact, because the relevant symmetry group
for electromagnetism, U(1), is Abelian.
Another, though not exact symmetry of (1.1) is the chiral symmetry where one
considers fermion fields with definite chirality:

ψR = PRψ =
1 + γ5

2
ψ (1.5)

ψL = PLψ =
1− γ5

2
ψ, (1.6)

where PR and PL are the right- and left-handed projectors, respectively, and γ5

is given by

γ5 =

(
1 0
0 −1

)
. (1.7)

The independent chiral SU(Nf )-transformations of the right- and left-handed
fermion (quark) fields:

ψR → ψ′R = ei
~θR·~TψR (1.8)

ψL → ψ′L = ei
~θL·~TψL (1.9)

where ~θR,L is an angle in flavour space and ~T the generators for the SU(Nf )
symmetry group, leave (1.1) invariant only in the case of zero quark masses, i.e.
in the chiral limit. Otherwise the chiral symmetry is only approximate, for finite
mass fields break this symmetry explicitly. The approximation of the chiral limit
should be good for the two lightest quark flavours with masses mu,d � ΛQCD
and it should be reasonable for the three lightest flavours with ms ≈ ΛQCD.
For charm, bottom and top quarks, however, the chiral limit is far away from
the physical situation.
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In the case of SU(2), the generators in the fundamental representation Ti are
given by the Pauli matrices

Ti =
σi
2
, (1.10)

whereas the Gell-Mann matrices λi yield the fundamental representation of the
generators of SU(3):

Ti =
λi
2
. (1.11)

In the chiral limit the right- and left-handed fermion fields do not mix even in
the interacting theory:

L = ψLDψL + ψRDψR, (1.12)

which in mathematical terms implies that D anticommutes with the chirality
matrix γ5,

{D, γ5} = 0. (1.13)

The invariance of the Lagrangian means that

L′ = Lψ′
R,L,ψ

′
R,L

= LψR,L,ψR,L = L. (1.14)

A finite fermion mass term induces a mixing of the left- and right-handed field
components:

ψmψ = m
(
ψRψL + ψLψR

)
. (1.15)

Thus, a nonzero quark mass explicitly breaks the chiral symmetry of QCD.
But let us take a step back and consider the QCD Lagrangian (1.1) in the chi-
ral limit, that is mf = 0 for all flavours, and in the chiral basis (1.5). Then
the Lagrangian is invariant under (1.8) and (1.9) general global chiral trans-
formations for the left- and right-handed fermions independently, but more-
over it is also invariant under global phase transformations of ψL and ψR,
ψL/R → eiφL/RψL/R. The latter may be subsumed in a so called vector transfor-
mation, where φL = φR, and an axial transformation, where φL = −φR. Hence,
the overall symmetry group is

SU(Nf )L × SU(Nf )R × U(1)V × U(1)A. (1.16)

The U(1)V symmetry implies conservation of baryon number. However, the
axial U(1)A symmetry is broken by quantum effects. Thus, in a path integral
formulation, the measure for integrating the fermion fields does not have this
symmetry. This is the so called axial anomaly, which results in an explicit
symmetry breaking of (1.16) to

SU(Nf )L × SU(Nf )R × U(1)V . (1.17)

A degenerate nonzero mass term M = diag (m,m, . . . ,m) breaks the remaining
symmetry explicitly to

SU(Nf )V × U(1)V , (1.18)

5



where for SU(Nf )V ~θR = ~θL in (1.8) and (1.9). For a nondegenerate M the
surviving symmetry is strictly speaking

U(1)V × U(1)V × · · · × U(1)V (1.19)

withNf factors corresponding to independent phase changes of all quark flavours.
The symmetry (1.19) implies the conservation of each of the Nf quark flavours
in the strong interaction sector. As already mentioned, the symmetry (1.17)
should still be a very good approximate symmetry for Nf = 2.
The chiral condensate

〈
ψψ
〉
, however, defined by〈

ψψ
〉

=
〈
ψLψR

〉
+
〈
ψRψL

〉
(1.20)

is not invariant under the chiral SU(Nf )L×SU(Nf )R transformations, since it
transforms like the mass term (1.15). If (1.20) is sizeable in vacuum, the chiral
symmetry is broken spontaneously. The thermal expectation value of (1.20) is
considered an order parameter for chiral symmetry breaking: If

〈
ψψ
〉

equals

zero, chiral symmetry is restored, for a finite value of
〈
ψψ
〉

chiral symmetry is
broken spontaneously. Of course, due to the nonzero quark masses chiral sym-
metry is always broken explicitly.
In the next chapter we will proceed to construct an effective model that incor-
porates the chiral symmetry aspects of QCD. But before that we may consider
the phase diagram of strongly interacting matter and which role symmetries
and symmetry breaking play in it.

2.2 The QCD Phase Diagram

To illustrate the connection between thermodynamic phases and symmetries of
a system it is convenient to consider, as a simple example, a spin system forming
a ferromagnet (in this subsection I closely follow the presentation of [6] except
where otherwise stated). The Hamiltonian of this system is invariant under
O(3) rotations.
At low temperatures, however, the ground state of the system does not exhibit
this symmetry and when one applies a small external magnetic field, the spins
align in the direction of the external field and the symmetry is broken explicitly.
(The analogue of the external magnetic field for QCD would be a small, but finite
quark mass.) In the thermodynamic limit, the spin alignment remains even after
the external magnetic field is switched off: spontaneous magnetisation occurs
and the original O(3) symmetry is broken to the subgroup O(2). When one
increases temperature the spins experience thermal motion which counteracts
the spontaneous magnetisation. At the critical temperature TC the jittering of
the spins is rapid enough so that the spontaneous magnetisation vanishes and
the original O(3) symmetry is restored.
TC separates two thermodynamic phases, the symmetric phase for temperatures
above TC and the broken symmetry phase below TC . The magnetisation hence
is an order parameter of the phase transition. Thus it is suitable to use as an
indication which of the two phases the system is in. In the case of QCD the
order parameter at hand would be the chiral condensate

〈
ψψ
〉

(1.20) as stated
above.
In the chiral limit (vanishing quark masses) one expects a phase transition
at high temperature and/or baryon density. The two distinct phases are the
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hadronic phase with spontaneously broken chiral symmetry and the QGP phase
where chiral symmetry is restored. The chiral condensate near a second-order
phase transition scales as

〈
ψψ
〉
∼
{

(TC − T )
β

for T < TC
0 for T > TC ,

(1.21)

where in the mean-field approximation the critical exponent β = 1
2 [7].

In figure 1.1 a schematic phase diagram of QCD in the chiral limit is shown.
As stated in [2], it is expected that the line of second-order transitions ends

Figure 1.1: Schematic QCD phase diagram for two flavours in the chiral limit.

in a tricritical point, beyond which the phase transition becomes first order.
In the hadronic phase the chiral symmetry is broken with nonvanishing order
parameter

〈
ψψ
〉
. This symmetry is restored in the high temperature phase.

For T > Ttricrit the phase transition is second order, while for T < Ttricrit
it is first order. For high density, but low temperature one expects a region
with a phase of colour superconducting and a phase of colour-flavour locking
denoted by 2SC/3FL. The phase boundary corresponding to the gas-liquid
phase transition of nuclear matter is drawn as well.
The chiral limit does, of course, not reflect the existence of the small, but finite,
u and d quark masses in nature. As discussed in subsection 2.1, the finite
quark masses act as an explicit breaking of the chiral symmetry. This implies
that the second-order phase transition becomes a smooth crossover, whereas
the first-order phase boundary ends at a critical endpoint TCEP , see figure 1.2.
Owing to the explicit symmetry breaking the chiral condensate remains finite
(but small) also above the phase boundary [2]. With a third quark flavour, the
strange quark added, the critical endpoint moves towards the vertical axis µ = 0
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Figure 1.2: Schematic QCD phase diagram for two flavours with small masses.

in the three-flavour chiral limit.
Finally, there should be a few words concerning the order of the phase transition
in the QCD phase diagram for nonvanishing quark masses and three flavours.
The Columbia plot (figure 1.3) depicts the dependence of the order of the phase
transition as a function of the quark masses for three flavours up, down, strange
[2]. The plot shows the physics at vanishing baryon-chemical potential µ = 0.
The physical point for two very light flavours and one medium light one is
believed to be in the crossover region. The chiral quark meson model (see
chapter 2) incorporates the limit for infinite strange quark mass, ms →∞, and
is therefore a 2-flavour model.

8



?

?
phys.
point

0
0

n  = 2

n  = 3

n  = 1

f

f

f

m s

s
m

Gauge

 m   , mu

1st
order

2nd order
O(4) ?

2nd order
Z(2)

crossover

1st
order

 d 

tric

∞

∞
Pure

Figure 1.3: Columbia plot from [2] and references therein.
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Chapter 2

The chiral quark meson
model

The chiral quark meson model (chiral qm model) is a low-energy effective real-
isation of QCD reflecting the aspect of spontaneously broken chiral symmetry.
Its Lagrangian reads (for further information regarding the qm model the reader
is referred to [2])

LQM =
1

2
(∂µφ)2 + ψ (iγµ∂µ − gM)ψ − U(σ, ~π), (2.1)

where the meson field φ = (σ, ~π) and M = σ+ iγ5~τ ·~π, g is a coupling constant.
~τ are the Pauli matrices, since we are dealing with only Nf = 2 flavours for the
chiral qm model.
The mesonic potential

U(σ, ~π) =
1

2
m2φ2 +

λ

4
φ4 − cσ, (2.2)

is designed to exhibit an explicit symmetry breaking term −cσ.
But let’s have a look on the model itself and try to show that it is chirally
invariant. We need a few abbreviations and relations in the beginning:

π := ~τ · ~π, (2.3)

ψ†Rγ0 = (ψRPR)†γ0 = ψ†RPRγ0 = ψ†Rγ0PL, (2.4)

ψ†Lγ0 = (ψLPL)†γ0 = ψ†LPLγ0 = ψ†Lγ0PR,

PR,Lγ5 = ±PR,L. (2.5)

PR,L are the right- and left-handed projectors defined in the previous chapter.
Now we need to split the quark fields into their chiral parts:

ψ(σ + iγ5π)ψ
(2.4)
= (ψLPR + ψRPL)(σ + iγ5π)(PRψR + PLψL) (2.6)

(2.5)
= ψL(σ + iπ)ψR + ψR(σ − iπ)ψL.
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Thus, if one demands that the chiral transformations for the mesons read

σ + iπ → ei
~θL·~T (σ + iπ)e−i

~θR·~T (2.7)

σ − iπ → ei
~θR·~T (σ − iπ)e−i

~θL·~T , (2.8)

both expressions ψL(σ+ iπ)ψR and ψR(σ− iπ)ψL are chirally symmetric. Here,

the ~T are the generators of SU(2) in the fundamental representation as in (1.10).
The mesonic potential U(σ, ~π) depends on σ and ~π via the effective field variable
φ2 = σ2 + ~π2, which can be rewritten as

σ2 + ~π2 = (σ + iπ)(σ − iπ) = (σ − iπ)(σ + iπ). (2.9)

Proving that this is chirally invariant is achieved by showing that it is invariant
both under left-handed and right-handed transformations:

σ2 + ~π2 = (σ + iπ)(σ − iπ)→ ei
~θL·~T (σ2 + ~π2)e−i

~θL·~T . (2.10)

This does not depend on ~θR, is invariant with respect to right-handed transfor-
mations, whereas

σ2 + ~π2 = (σ − iπ)(σ + iπ)→ ei
~θR·~T (σ2 + ~π2)e−i

~θR·~T (2.11)

is invariant with respect to left-handed transformations.
It has been proven that the chiral qm model indeed exhibits chiral symmetry. An
additional term −cσ in the potential can be chosen such that explicit symmetry
breaking occurs.
From chiral symmetry the Gell-Mann-Oakes-Renner relation follows

m2
πf

2
π = −mcu

〈
ψψ
〉
, (2.12)

which yields the relation between the chiral condensate
〈
ψψ
〉

and the scalar
condensate 〈σ〉 = fπ while mπ ≈ 138MeV and mcu is the flavour averaged
current quark mass. According to the Nambu-Goldstone theorem the case of
spontaneous chiral symmetry breaking leads to massless Goldstone modes iden-
tified with the pions. The small, but nonvanishing pion mass reflects explicit
chiral symmetry breaking by the up- and down-quarks.
With an effective low-energy theory for QCD, the chiral qm model, at hand
we can now contemplate mathematical formalisms that can be employed in the
calculation of thermodynamic quantities such as the grand canonical potential.
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Chapter 3

QCD and the Functional
Renormalisation Group

Various methods like, for example, perturbation theories have been developed
in order to understand the properties of quantum field theories such as QCD. A
problem that can occur with these methods is that they are usually restricted
to weak couplings and to specific length or energy scales. Therefore it is conve-
nient to find a scheme which covers not only a wide range of scales but which
can also be applied in the vicinity of phase transitions where thermodynamic
properties can diverge and all length scales become important. The Renormal-
isation Group (RG) method can cope with that tasks [8].

1 The effective average action

In this section, a particular RG method is discussed, the so called Functional
Renormalisation Group (FRG). The basic concept of renormalising a theory is
based on an important observation made by Wilson: In order to describe the
physics at a certain length or energy scale one may come up with an effective
theory by integrating out all the degrees of freedom connected with high mo-
mentum modes one is not interested in. This then results in a theory that has
a reduced number of degrees of freedom and can therefore be dealt with more
easily. The great feature of this procedure is that one does actually include all
small scale (i.e. high momentum or high energy) contributions but does not
have to perform long and complicated calculations. It is important to stress
that this works because physical theories at one scale decouple from theories at
another scale: one does not have to account for quantum fluctuations in order
to describe the oscillations of a pendulum, for example. The notion of integrat-
ing out high momentum modes whose contribution is implicitly included in the
coupling constants of the models will become clearer in the following.
The central object in the FRG scheme is its flow equation. In order to derive
this flow equation we have to understand the effective average action that ap-
pears in quantum field theories and statistical physics.
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The action of a physical system reads

S[χ] =

∫
dd+1xL (3.1)

with ∫
dd+1x =

∫ −iβ
0

dt

∫
d3x (3.2)

where the χ(x) enter into the Lagrangian L as the fields used to describe a
physical system. The partition function in the presence of external sources then
is written as

Z[J ] =

∫
D[χ]eiS[χ]+

∫
dd+1xχ(x)J(x). (3.3)

Functional derivatives from Z[J ] yield all propagators or Greens functions, even
the disconnected ones. Since the disconnected Greens functions do not con-
tribute to the T-matrix we need to find a generating functional we can derive
only connected Greens functions from. That reads

W [J ] = lnZ[J ] (3.4)

and by taking its functional derivative with respect to the source J(x) we obtain
the following relation:

δ

δJ
W [J ] =

δ

δJ
lnZ[J ]

=
1

Z

δZ[J ]

δJ

=
1

Z

∫
D[χ]eiS[χ]+

∫
dd+1xχ(x)J(x)χ(x)

=

∫
D[χ]eiS[χ]+

∫
dd+1xχ(x)J(x)χ(x)∫

D[χ]eiS[χ]+
∫
dd+1xχ(x)J(x)

= 〈χ(x)〉 ≡ φ(x). (3.5)

And eventually, we arrive at the effective action Γ[φ] via Legendre transforming
the generating functional

Γ[φ] = −W [J ] +

∫
dd+1xφ(x)J(x), (3.6)

which, for a given physical theory, we can exploit to determine the external
sources:

δΓ[φ]

δφ(x)
= −δW [J ]

δφ(x)
+

δ

δφ(x)

∫
dd+1yφ(y)J(y) (3.7)

= −
∫
dd+1y

δW [J ]

δJ(y)

δJ(y)

δφ(x)
+

∫
dd+1yφ(y)

δJ(y)

δφ(x)
+

∫
dd+1y

δφ(y)

δφ(x)
J(y)

= 0 +

∫
dd+1yδd+1(x− y)J(y)

= J(x).
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Another essential feature of the effective action is that any field equations de-
rived from it include all quantum effects and are therefore exact. This is an
important aspect of our motivation to use the RG method for quantum field
theories. In practise, however, in order to solve the resulting flow equations, on
must make approximations. A popular approximation scheme will be discussed
below.
The next step on our way to the flow equation is to generalise the effective
action (3.6) and make it scale dependent. The scale dependent effective action
is called the effective average action. For our goal is to start the flow at a UV
momentum cutoff scale k = Λ, where quantum fluctuations above Λ are un-
der control (either by pertubation theory for asymptotically free theories like
QCD or where there is a known action to start with, like derived from (2.1) for
the chiral qm model). Then we lower the momentum scale k successively and
thereby include all fluctuations with momenta q2 ≥ k2.
We avail ourselves of the same procedure as above to find the k-dependent effec-
tive average action and start with a k-dependent generating functional similar
to (3.3)

Zk[J ] =

∫
D[χ]eiS[χ]+

∫
dd+1xχ(x)J(x)−∆Sk[χ], (3.8)

where a cutoff term ∆Sk[χ] is introduced, which has the following form in mo-
mentum space:

∆Sk[χ] =
1

2

∫
dd+1q

(2π)d+1
χ∗(q)Rk(q)χ(q), χ∗(q) = χ(−q). (3.9)

The central object here is the regulator function Rk(q) by which we can deter-
mine down to what scale momentum modes are to be included because it must
meet the following requirements:

lim
k→Λ

Rk(q) =∞ (3.10)

lim
k2/q2→0

Rk(q) = 0. (3.11)

(3.10) ensures that in the UV limit k → Λ all modes 0 ≤ q2 ≤ Λ2 are suppressed
in (3.8) and do not contribute. Because of (3.11), however, the full quantum
generating functional (3.3) is obtained in the physical limit k → 0:

Z = lim
k→0

Zk (3.12)

and thus

Γ = lim
k→0

Γk, (3.13)

where the momentum scale-dependent effective average action Γk slightly differs
from (3.6) by the cutoff term

Γk[φ] = −Wk[J ] +

∫
dd+1xφ(x)J(x)−∆Sk[φ], (3.14)

with Wk[J ] = lnZk. Thus by lowering the scale k from k = Λ to k = 0 we
include for a given value of k all quantum fluctuations in the momentum range
Λ2 ≥ q2 ≥ k2. For k = 0 one recovers the full quantum effective action.
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2 The flow equation

Having derived the scale dependent effective average action (3.14) in the previ-
ous section we can now take on deriving the flow equation for it. This flow plays
a crucial role in the FRG approach since it tells us how the effective average
action Γk changes at a given momentum scale k while changing this renormali-
sation scale. In this work I will only outline the essential steps as a detailed and
straight-forward derivation can be found in the Ph.D. thesis of Borislav Stokić
[8].
Starting with Γk (3.14) we can take its derivative with respect to the renormal-
isation scale k:

∂kΓk = −
(
∂kWk[J ] +

∫
dd+1x

δWk

δJ(x)
∂kJ(x)

)
+

∫
dd+1xφ(x)∂kJ(x)− ∂k∆Sk[φ]. (3.15)

We note that the derivative with respect to k is a partial derivative, where φ(x)
is kept constant. Therefore there is no term proportional to ∂kφ(x) in (3.15).
And if in φ(x) = δWk

δJ(x) the effective field φ(x) stays fixed, we have to allow for

a changing of J(x) with the scale k and thus must ’readjust’ J(x) (cf. second
term in (3.15)). It follows from (3.5) that the second and third term in (3.15)
actually cancel. Following the argumentation in [8],the expression (3.15) yields

∂kΓk[φ] =
1

2

∫
dd+1(x, y)

δ2W [J ]

δJ(x)δJ(y)
∂kRk, (3.16)

where

δ2W [J ]

δJ(x)δJ(y)
= 〈χ(x)χ(y)〉 − 〈χ(x)〉 〈χ(y)〉

= 〈χ(x)χ(y)〉 − φ(x)φ(y). (3.17)

In order to rewrite the expression (3.16) more conveniently as a functional dif-
ferential equation for Γk[φ], it is useful to consider the variation of Γk[φ] with
respect to the fields φ(x). The goal now is to show that

δ2W [J ]

δJ(x)δJ(y)

!
=

(
Γ

(2)
k [φ] +Rkδ(x− y)

)−1

(3.18)

:=

(
δ2Γk[φ]

δφ(x)δφ(y)
+Rkδ(x− y)

)−1

.

Following the reasoning in [8] we find first

δΓk[φ]

δφ(x)
= J(x)− φ(x)Rk (3.19)

and then

δ2Γk[φ]

δφ(x)δφ(y)
=
δJ(x)

δφ(y)
−Rkδ(x− y). (3.20)

15



The last expression can be reshuffled to

δJ(x)

δφ(y)
=

δ2Γk[φ]

δφ(x)δφ(y)
+Rkδ(x− y) (3.21)

which means that if we can show that

δJ(x)

δφ(y)

!
=

(
δ2W [J ]

δJ(x)δJ(y)

)−1

, (3.22)

we have arrived at our previously set goal (3.18). Starting with the identity [8]

δ(x− y) =
δ

δφ(y)
φ(x)

(3.5)
=

δ

δφ(y)

δW [J ]

δJ(x)
(3.23)

=
δ2W [J ]

δJ(x)δφ(y)
=

∫
dd+1z

(
δ2W [J ]

δJ(x)δJ(z)

δJ(z)

δφ(y)

)
(3.21)

=

∫
dd+1z

δ2W [J ]

δJ(x)δJ(z)

(
δ2Γk[φ]

δφ(z)δφ(y)
+Rkδ(z − y)

)
we prove both (3.22) and (3.18) and thus can insert this into (3.16) which leads
to the exact FRG flow equation

∂kΓk[φ] =
1

2

∫
dd+1x

(
Γ

(2)
k [φ] +Rk

)−1

∂kRk. (3.24)

Up till now we have not used any approximation or truncation scheme to derive
this flow, which is the reason it is often referred to as the exact flow. Solv-
ing this, however, is arbitrarily cumbersome and demands approximations and
truncations.
In the next chapter we will apply the FRG method to the chiral quark meson
model and derive a flow equation for the grand canonical potential in this model.
This includes extending our terms in the flow towards finite temperature and
baryon-chemical potential via the Matsubara formalism and using an adequate
approximation scheme in order to solve the flow equation numerically.
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Chapter 4

The FRG approach for the
chiral quark meson model

In this chapter I will follow the line of reasoning as can be found in the disser-
tation of Boris Stokić [8], unless otherwise referenced.

1 Towards finite temperature and baryon-chemical
potential

The flow equation (3.24) can be separated into its bosonic and fermionic parts

∂kΓk[Φ, ψ] =
1

2
Tr

[(
Γ

(2,Φ)
k [Φ, ψ] +RkB

)−1

∂kRkB

]
−Tr

[(
Γ

(2,ψ)
k [Φ, ψ] +RkF

)−1

∂kRkF

]
. (4.1)

Here Γ
(2)
k denotes the second derivatives of the effective action with respect

to bosonic fields in the first and fermionic fields in the second part. RkB,F
are the bosonic and fermionic cutoff functions, respectively. The trace denotes
both a momentum integration and a summation over all indices as, for instance,
flavour, colour and Dirac indices.
The chiral phase transition in the thermodynamics of QCD cannot be accurately
described without including effects of quantum fluctuations. The effective av-
erage action Γk will eventually contain all these effects after solving the FRG
flow equation (4.1). This goal, however, poses the task of solving an infinite
amount of functional differential equations, which is why at this point we have
to introduce a suitable truncation of the effective action:

Γk =

∫
dd+1x

[
1

2
(∂µφ)2 + ψi/∂ψ + gψ(σ + i~τ · ~πγ5)ψ + Uk(ρ)

]
. (4.2)

Now the only term, that by assumption is still scale dependent, is the mesonic
potential Uk(ρ), where we have the effective field variable

ρ =
1

2
φ2 =

1

2
(σ2 + π2), φ = (σ, ~π). (4.3)
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At this point we introduce finite temperature T and baryon-chemical potential
µ via the Matsubara formalism. In thermal equilibrium the boson fields satisfy
periodic, the fermion fields antiperiodic boundary conditions in the direction of
Euclidean time. The periodicity is 1

T . The Matsubara replacements read∫
dd+1q

(2π)d+1
→ T

n=∞∑
n=−∞

∫
ddq

(2π)d
(4.4)

∂0 → ∂0 + iµ, (4.5)

where the d+ 1-dimensional momentum space integration in (4.1) is replaced
by a d-dimensional one (cf. (4.4)) and a sum over the Matsubara frequencies

q0(n) = 2nπT, q0(n) = (2n+ 1)πT, n ∈ Z, (4.6)

for bosons and fermions, respectively.
It is convenient to rewrite the effective action in terms of the grand canonical
potential

Ωk =
T

V
Γk (4.7)

and consistent with [8] we obtain after performing the Matsubara sums with

RkB = (k2 − q2)θ(k2 − q2) (4.8)

for the Bosonic part of ∂kΩk

∂kΩkB(T, µ; ρ) =
k4

6π2
T

n=∞∑
n=−∞

(
1

q2
0 + E2

σ

+
3

q2
0 + E2

π

)
(4.9)

and with

RkF = (/q + iµγ0)

(√
(q0 + iµ)2 + k2

(q0 + iµ)2 + q2
− 1

)
θ(k2 − q2) (4.10)

for the Fermionic part

∂kΩkF (T, µ; ρ) = −2νq
k4

6π2
T

n=∞∑
n=−∞

1

(q0 + iµ)2 + E2
q

. (4.11)

After some algebra [8] one can assemble all the pieces which yields

∂kΩk(T, µ; ρ) = ∂kΩkB(T, µ; ρ) + ∂kΩkF (T, µ; ρ)

=
k4

12π2

[
3

Eπ
coth

(
Eπ
2T

)
+

1

Eσ
coth

(
Eσ
2T

)
− νq
Eq

(
tanh

(
Eq − µ

2T

)
+ tanh

(
Eq + µ

2T

))]
, (4.12)

where

Eπ,σ =
√
k2 +M2

π,σ (4.13)

Eq =
√
k2 +M2

q . (4.14)
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The meson masses are obtained from the potential

M2
π = Ω

′
k, (4.15)

M2
σ = Ω

′
k + 2ρΩ

′′
k , (4.16)

the primes denoting partial derivatives with respect to ρ, where Ωk = Ω + cσ
(cf. 4.22) and

M2
q = 2ρg2 (4.17)

is the effective quark mass. Here νq is short for νq = 2NcNf , the quark degen-
eracy.
One can, in order to separate the vacuum and thermal contributions to the flow,
rewrite (4.12) in terms of the bosonic and fermionic distribution functions nB
and nF , nF , respectively,

nB(Eπ,σ) =
1

eEπ,σ/T − 1
, (4.18)

nF (Eq) =
1

e(Eq−µ)/T + 1
, (4.19)

nF (Eq) =
1

e(Eq+µ)/T + 1
. (4.20)

This finally leads to the flow equation for the grand canonical potential within
an FRG approach for the chiral quark meson model

∂kΩk(T, µ; ρ) =
k4

12π2

[
3

Eπ
(1 + 2nB(Eπ)) +

1

Eσ
(1 + 2nB(Eσ))

− 2νq
Eq

(1− nF (Eq)− nF (Eq))

]
. (4.21)

2 Expanding the potential and solving the flow
equation numerically

In the literature one usually finds two ways of solving a flow equation like (4.21)
numerically. On the one hand, it is possible to discretise the potential on a
grid. On the other hand, and this is the technique that is applied in this work,
we can also expand the potential Ωk(T, µ; ρ) in powers of the field ρ around its
miminum value ρ0k.

2.1 Taylor expansion of the potential

Having derived the flow (4.21) in the previous section, we make an Ansatz for the
potential as a Taylor expansion around its minimum value ρ0k with an explicit
symmetry breaking term that is proportional to σ. For the sake of simplicity
we here consider the potential in vacuum. In this preliminary version we only
present a numerical solution for this simplest case:

Ωk(π, σ) = Ωk(ρ)− cσ =

N∑
m=0

amk
m!

(ρ− ρ0k)m − cσ, (4.22)
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where

ρ =
1

2
(π2 + σ2) (4.23)

is the effective field variable and Ωk(ρ) denotes the bare potential without a
term for the explicit symmetry breaking

Ωk(ρ) =

N∑
m=0

amk
m!

(ρ− ρ0k)m. (4.24)

It is this bare potential (4.24) that actually enters the calculation of the meson
masses (4.15, 4.16). Although we expand Ωk around ρ0k (cf. (4.22)), the mini-
mum of the potential is determined by the gap equations in the (π − σ)-plane:

∂

∂π
Ωk(π, σ)

∣∣∣∣
π=π0k,σ=σ0k

= 0, (4.25)

∂

∂σ
Ωk(π, σ)

∣∣∣∣
π=π0k,σ=σ0k

= 0. (4.26)

From (4.26) follows

0 =
∂

∂ρ
Ωk(ρ, σ)

∂ρ

∂π

∣∣∣∣
π=π0k,σ=σ0k

=
∂

∂ρ
Ωk(ρ, σ)

∂
(

1
2 (π2 + σ2)

)
∂π

∣∣∣∣∣
π=π0k,σ=σ0k

=
∂

∂ρ
Ωk(ρ, σ)

∣∣∣∣
π=π0k,σ=σ0k

· π0k

⇒ π0k = 0. (4.27)

We can describe everything in the (ρ−σ)-plane now where the potential becomes
only dependent on the effective field variable ρ = 1

2σ
2: Ωk(π, σ) = Ωk(ρ) and

we use this in the second gap equation (4.26)

0 =
∂

∂σ
Ωk

(
1

2
(π2 + σ2), σ

)∣∣∣∣
π=π0k=0,σ=σ0k

(4.27)
=

∂

∂σ
Ωk

(
1

2
σ2, σ

)∣∣∣∣
σ=σ0k

(4.22)
=

d

dρ
Ωk ·

d( 1
2σ

2)

dσ

∣∣∣∣
σ=σ0k

− c

(4.23)
= Ω

′
k

∣∣∣
ρ=ρ0k= 1

2σ
2
0k

· σ0k − c

(4.24)
= a1k · σ0k − c

⇒ σ0k =
c

a1k
. (4.28)
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According to (4.15) the meson masses at the renormalisation scale k are given
by

M2
π(ρ) = Ω

′
k

=

N∑
m=1

amk
(m− 1)!

(ρ− ρ0k)m−1

⇒M2
π(ρ0k) = a1k =

c

σ0k
(4.29)

and

M2
σ(ρ) = Ω

′
k + 2ρΩ

′′
k

=

N∑
m=1

amk
(m− 1)!

(ρ− ρ0k)m−1 + 2ρ

[
N∑
m=2

amk
(m− 2)!

(ρ− ρ0k)m−2

]
⇒M2

σ(ρ0k) = a1k + 2ρ0ka2k =
c

σ0k
+ 2ρ0ka2k. (4.30)

Knowing the minimum of the potential (4.27,4.28) we can use the expansion
scheme (4.22) in order to derive flow equations for the coefficients amk and for
ρ0k rather than dealing with the full and complicated flow equation (4.21).
Starting with ∂kΩk the derivative of the scale dependent potential with respect
to k, we can calculate the flow equations for the coefficients. The derivatives
of the flow equation ∂kΩk with respect to ρ occurring in these flow equations
can then be used to identify the flow equations for the coefficients with the flow
(4.21).
The central idea for deriving the flow equations for the coefficients amk and to
identify them with (4.21) is to calculate the expression

∂n (∂kΩk(ρ))

∂ρn

∣∣∣∣
ρ=ρ0k

. (4.31)

We begin with the derivative of Ωk with respect to the scale k

Ωk =
∑
m

amk
m!

(ρ− ρ0k)m − cσ

⇒ ∂kΩk =
∑
m

dkamk
m!

(ρ− ρ0k)m − amk
(m− 1)!

(ρ− ρ0k)m−1dkρ0k, (4.32)

where we have substituted ∂k with dk := d
dk , when it acted on a term only

dependent on k and not on ρ.
Now we are interested in the derivative of the expression (4.32) with respect to
the effective field variable ρ:

∂kΩ
(n)
k :=

∂n (∂kΩk(ρ))

∂ρn

∣∣∣∣
ρ=ρ0k

= dkank − an+1,kdkρ0k. (4.33)

After reshuffling we find the general expression

dkank = an+1,kdkρ0k + ∂kΩ
(n)
k , (4.34)
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which we truncate here at n = 3. Thus we obtain the four coupled differential
equations for the Taylor coefficients amk (see also [9])

dka0k =
c√

2ρ0k
dkρ0k + ∂kΩk (4.35)

dkρ0k = − ∂kΩ′k
(c/2ρ0k)3/2 + a2k

(4.36)

dka2k = a3kdkρ0k + ∂kΩ′′k (4.37)

dka3k = ∂kΩ′′′k . (4.38)

On the right hand side ∂kΩ
(n)
k has been abbreviated by ∂kΩk with n primes.

These quantities are obtained from the flow equation (4.21).

2.2 Numerical Solution and Preliminary Results

The model Lagrangian

LQM =
1

2
(∂µφ)2 + ψ (iγµ∂µ − g [σ + iγ5~τ · ~π])ψ (4.39)

−1

2
m2φ2 − λ

4
φ4 + cσ

has four parameters g,m2, λ, c. The Yukawa coupling is given by g = 3.6 and
its flow is neglected. The three remaining parameters are fixed by the physical
values of the pion mass mπ, sigma mass mσ and the pion decay constant fπ at
k = 0 where all fluctuations are included [9]:

c = m2
π · fπ (4.40)

m2 =
1

2

(
3m2

π −m2
σ

)
(4.41)

λ =
m2
σ −m2

π

2f2
π

. (4.42)

The coupled differential equations (4.35, 4.36, 4.37, 4.38) for the coefficients
can now be solved numerically using standard techniques. At a cutoff scale
Λ = 950MeV we use the starting parameters [9]

a0Λ = 0.000001MeV4

ρ0Λ = 13.66974MeV2

a2Λ = 35.2

a3Λ = 0.000001MeV−2 (4.43)

which are chosen to reproduce the physical values of mπ, mσ and fπ at k = 0
and the corresponding values within the truncation scheme are given by [9]:
λ = a2Λ

2 , m2 = a1Λ − λσ2
0Λ and c = σ0Λa1Λ at the UV cutoff scale k = Λ.

The value for ρ0Λ = 13.66974MeV2 corresponds to a1Λ = (582MeV)2 via ρ0Λ =
σ2

0Λ

2 = (c/a1Λ)2

2 with c = m2
π · fπ = (138MeV)2 · 93MeV and m2

σ = (670MeV)2.
Now we can integrate the system (4.35, 4.36, 4.37, 4.38) along the scale from
k = Λ down to a chosen value of k. Then one can plug in the values determined
above into our Ansatz (4.22) truncated at m = 3 and plot the potential at
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Figure 4.1: The potential at k = 950MeV.
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Figure 4.2: The potential at k = 300MeV.

different values for k. The figures 4.1, 4.2 and 4.3 show the potential plotted
over σ. At the UV-cutoff scale the potential (see figure 4.1) is symmetrical and
chiral symmetry is restored. While we lower the scale towards k = 0 one can
see that the minimum shifts from σ0 = 0 towards finite values and the potential
is tilted due to explicit symmetry breaking (cf. figure 4.2). Oddly, the potential
finally exhibits a third local minimum at the physical scale k = 0 which should
not occur (see figure 4.3).
This third minimum is definitely unphysical and the reason for it lies within the
approximation scheme (4.22) itself. The potential Ωk is expanded in a Taylor
series around the minimum, therefore the approximation is accurate only in the
vicinity of this minimum. When we look at the truncated potential at k = 0
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Figure 4.3: The potential at k = 0MeV.

and how it is expanded in powers of σ (via ρ = 1
2σ

2) around σ = 0 we find

Ω0 = a00 + a10(ρ− ρ00) +
a20

2
(ρ− ρ00)2 +

a30

6
(ρ− ρ00)3 − cσ (4.44)

= Ξ + σ2

(
a20

2
− a20ρ00

2
+

3a30ρ
2
00

12

)
︸ ︷︷ ︸

>0

+σ4

(
a20

8
− 3a30ρ00

24

)
︸ ︷︷ ︸

<0

+σ6
(a30

48

)
︸ ︷︷ ︸
>0

−cσ

with Ξ an overall constant. Since the coefficient of the σ2-term is positive, there
occurs the third unphysical minimum in figure 4.3. This shows that, although
we can recover the physical pion- and sigma-masses as well as the pion decay
constant, the Taylor expansion of the potential is accurate only close to the
global minimum. Far away from this minimum one can expect pathological
behaviour.
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Chapter 5

Summary and Outlook

The work at hand is a report about what I did during my stay at the university
in Uppsala, Sweden. The main purpose of the stay was to learn the mathe-
matical and theoretical background of the Functional Renormalisation Group
and how it can be applied to an effective model in order to describe the chi-
ral phase diagram. Thus, calculations and numerical considerations serve as
preparation for the upcoming master’s thesis. Since at first I had to acquire a
notion of how the framework and its application to the model behave, all results
are preliminary and will be subject of thorough examination during the thesis.
Nevertheless, for the purpose of preparation and getting familiar with the topic
they are sufficient as presented in this report.
After describing a few key aspects of quantum chromodynamics, thermodynamic
phases and symmetries, I presented a short overview of the effective chiral quark
meson model. The main body of the present work is dedicated to describing
the Functional Renormalisation Group approach and deriving the flow equation
for the chiral quark meson model within this approach. Finally an appropriate
truncation scheme is applied in order to solve the flow equations numerically
and first preliminary results are shown. The truncation scheme is found to ex-
hibit pathologies far away from the global minimum.
As the present work sets the mathematical and theoretical background for fur-
ther treatment of finite temperature and density calculations the basic outline
of the master’s thesis is the following:
The only ab initio method we have at present to calculate thermodynamic prop-
erties of QCD, such as the thermodynamic potential or susceptibilities, is lattice
gauge theory (LGT). Reliable results, however, from LGT are obtained only for
very small values of the net baryon-chemical potential µ ≈ 0. The so called sign
problem which arises at nonvanishing µ > 0 has impeded progress in the under-
standing of QCD thermodynamics at finite baryon density. However, below the
phase boundary, especially at µ = 0, T < TC , the partition function is believed
to be analytic and can therefore be expanded in powers of µ [5].
The convergence of the power series expansions of thermodynamic functions
around µ = 0 can be improved by an analytic continuation from imaginary
chemical potential of the thermodynamic functions with orthogonal polynomi-
als. The final goal for the master’s thesis will be to test the orthogonal poly-
nomial expansion technique and its applicability to critical phenomena within
the FRG framework for a simple model where the properties at nonzero real net
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baryon-chemical potential µ are known.
First of all, though, I will turn to a related model, the Nambu-Jona-Lasinio
(NJL) model, rather than the quark meson model.
Since it is very useful to have reliable results for a given model that one can
cross-check with and use as a reference, I will start by studying the NJL model
in the mean field approximation. I will employ an expansion of thermodynamic
quantities in orthogonal polynomials to explore their analytic structure in the
complex µ plane and thus locate the phase boundary of chiral symmetry break-
ing in the NJL model. As a more advanced step one can include fluctuations by
applying the FRG framework instead of a mean field description to the model.
The polynomial expansion technique can then again be exploited to locate the
phase transition approximately. Within the model we are capable of testing,
how well the polynomial expansion method works, since results at finite µ 6= 0
are known from direct calculations. We need that testing ground for the ulti-
mate goal: using the expansion method for lattice QCD calculations, where the
sign problem hinders direct calculations at real µ.
Finally, the inclusion of the Polyakov loop as an order parameter for the con-
finement/deconfinement phase transition is optional.
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