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Abstract
In this paper we mainly refer to Rambharat and Brockwell (2010) [16]. We adopt
a stochastic volatility model, i.e. the alternative to the standard Black-Scholes
model, which is typically met in practice. We avoid any unnecessary assumptions
and present a full picture of the valuation problem of an American style option,
regardless of a choice of the measure associated with a discount factor. Detailed
description and numerical algorithms are given for both regression and stochastic mesh methods. In addition to this, we briefly present statistical estimation
methodology based on Bayesian inference for model parameters, introduced in
[16]. We also thoroughly follow and replicate all the numerical procedures performed by Brockwell and Rambharat (2010). Their empirical analysis consists of
two parts: model parameter estimation based on historical share and option price
data for three equities, and model predicted options prices reported in terms of
mean-squared errors. We compare and supplement the results, provide insights
and point out the main issues.
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Introduction

The valuation of American-style options, also known as early-exercise derivatives, is an active and progressive area of research in quantitative finance.
Such derivatives, commonly written on stocks, currencies, commodities, interest rates, futures, some indices or even real estate, are extensively traded
on major financial exchanges all over the world. Compared to Europeanstyle options, which can only be exercised at their expiry date, the valuation
procedure is much more challenging. Moreover, in higher dimensions, i.e.
when a derivative is written on multiple assets, the pricing problem becomes
even more complicated. In this case, a preference is typically given to Monte
Carlo methods.
In general, methods for pricing of any options directly depend on the
evolution of the underlying asset described by a probabilistic model. Based
on assumptions, some models are more realistic than others. It is widely
recognized that constant volatility models are commonly at odds with observed data. For instance, volatility smile or smirk, as explained in [16], is
one of empirical findings, when implied volatility, i.e. the volatility needed
to calibrate a constant volatility models to market observed option prices,
all other parameters being equivalent, is different for various strike prices.
Consequently, it induces the approach of stochastic volatility framework.
Based on the fundamental theorem of arbitrage-free pricing, the value of
an American-style option is equal to a supremum over a set of all possible
stopping times of the discounted expectation of the payoff function. Obtaining an approximation of the continuation value can be referred to as the main
challenge here.
Pricing of American style options under stochastic volatility, roughly
speaking, is still at its early stage of development, which enables us to approach this area of research in many different directions. First we describe
a stochastic volatility model. It is followed by a general description of the
pricing problem of an American style option through dynamic programming
algorithm. We next provide a detailed description of two well known and
widely applied simulation-based numerical pricing algorithms, regression and
stochastic mesh methods.
When it comes to statistical estimation of model parameters, we solely
adopt and present methodology introduced by Rambharat and Brockwell
(2010) [16]. We thoroughly follow their numerical procedures, replicate them
and compare the results. In addition, we independently implement regression
and stochastic mesh methods to check the robustness of their procedures.
Detailed comments, remarks, insights and qualitative supplements are given.
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A Risk-Neutral Stochastic Volatility Model

Firstly, it has to be noted that, throughout this section, the equations with
assigned numbers, terminology related to the representation of the ingredients of those equations and the highlighted remarks are exactly adopted
from Rambharat and Brockwell (2010) [16]. The notation is slightly modified in order to meet our specific needs. We supplement the background with
detailed explanations, comments and derivations of the results.
Let (Ω, F, P ) be a probability space and let {S(t)}t≥0 be a stochastic
process defined on (Ω, F, P ), describing the evolution of an asset price over
time.
It is assumed that, under a risk-neutral measure (or equivalent martingale
measure), the asset price S(t) evolves according to the following Itô stochastic
differential equations (SDE’s)
p
(1)
dS(t) = rS(t)dt + σ(Y (t))S(t)[ 1 − ρ2 dW1 (t) + ρdW2 (t)],
σ(Y (t)) = exp(Y (t)),
(2)

 
λγ
− Y (t) dt + γdW2 (t),
(3)
dY (t) = α β −
α
where r is the risk-free interest rate, σ(Y (t)) is volatility, ρ indicates the
measure of the co-dependence between the price of the share and volatility
process, α is refereed as the mean reversion rate of volatility, β denotes the
mean reversion level/value of the volatility and γ is the volatility of volatility.
The quantities α, β, γ are real-valued constants and also α > 0, γ > 0. W1 (t)
and W2 (t) are assumed to be independent standard Brownian motions (BMs),
and λ is a real-valued constant referred to as the market price of volatility
risk or volatility risk premium. If the following notation is applied,
p
dW1∗ (t) = [ 1 − ρ2 dW1 (t) + ρdW2 (t)],
then it can be clearly seen that ρ is the correlation between the Brownian motions dW1∗ (t) and dW2 (t). The parameter ρ quantifies the so-called leverage
effect between share process and their volatility.
Remark 2.1. 1 Under the statistical (real-world) measure, the asset price
evolves on another probability space, where the drift term r in equation (1)
is replaced by the physical drift and the term λγ
does not appear in the drift
α
of equation (3). The change of measure between real-world and risk-neutral
is formalized through a Radon-Nikodym derivative. An excellent summary
of the Girsanov theorem and change of measure is presented in Øksendal
(2003) [14] and Glasserman (2004) [8].
1

As mentioned at the beginning of the section, this remark is exactly taken from [16].
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Remark 2.2. 1 Note that λ is not uniquely determined in (1)-(3). Obviously, volatility is not a traded asset and cannot be perfectly hedged under
stochastic volatility (SV) framework. Therefore, in contrast with the standard Black-Scholes model, markets are said to be incomplete. There are
many risk-neutral measures when pricing under SV models, each one having
a different value of λ. Risk-neutral measures under which λ varies over time
also exist. Usually, for the sake of simplicity, λ is considered to be constant.
Remark 2.3. 1 Equations (1)-(3) cover relatively large set of stochastic
volatility models such as, for instance, the Hull and White and Heston
stochastic volatility models.
Remark 2.4. 1 The above system of SDEs is an example of non-linear,
non-Gaussian state-space model.
It is assumed that the processes stated by (1)-(3) are observed only at the
discrete time points t = t0 , t1 , ..., tm . Time t0 = 0 will be referred to as the
current time, while the expiry time of an option will be denoted as tm = T >
0, with some m ∈ N. Also ti+1 − ti := ∆ for all i = 0, 1, ..., m − 1 and some
constant ∆ ∈ R>0 . Exercise decisions, in case of American style option, are
made immediately after each observation. Naturally the need for derivation
of the discrete-time approximations to the solutions of the equations (1)-(3)
arises. Assume for the rest of this section that σ(Y (u)) := σti+1 = const for
u ∈ (ti , ti+1 ] for all i. Let us divide equation (1) by S(t), and write it in Itô
integral form for some i ∈ {0, 1, ..., m − 1}
Z ti+1
p
dS(u)
= r∆+σti+1 [ 1 − ρ2 (W1 (ti+1 ) − W1 (t))+ρ (W2 (ti+1 ) − W2 (ti ))].
S(u)
ti
St being an Itô process driven by a 2-dimensional2 standard Brownian motion
u
(BM), by Itô formula 3 d(ln Su ) = dS
− 21 σt2i+1 du. It follows, that
Su
St
ln i+1 =
Sti

σt2
r − i+1
2

!

√ p
∆ + σti+1 ∆[ 1 − ρ2 Z1,ti+1 + ρZ2,ti+1 ],

since, for discrete time points,
construction of standard BM
√ random walk 
yields Wj (ti+1 ) − Wj (ti ) = ∆Zi,ti+1 , where Zj,ti+1 , j = 1, 2 is i.i.d. se2

Standard n-dimensional BM is simply a vector consisting of n independent standard
BMs.


2
p
1 2
3
2
u
u
2
−
σ
1
−
ρ
+
ρ
)
du = dS
Detailed derivation gives d(ln Su ) = dS
Su
2 ti+1
Su −
1 2
2 σti+1 du.
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quence of random variables with standard normal distribution N (0, 1). Exponentiation of the above equation gives the following
!
#
"
√ p
σt2i+1
∆ + σti+1 ∆[ 1 − ρ2 Z1,ti+1 + ρZ2,ti+1 ] , (4)
Sti+1 = Sti · exp
r−
2
Obviously, the approximation for St becomes more accurate as ∆ shrinks.
Note that σti+1 was assumed to be constant on successive intervals of length
∆. Also
σti+1 = exp(Yti+1 ),

(5)

Yti+1 = β ∗ + e−α∆ (Yti − β ∗ ) + γ

s


1 − e−2α∆
Z2,ti+1 ,
2α

(6)

where

λγ
.
α
Equation (6), i.e. the well-known Ornstein-Uhlenbeck (OU) process, is obtained directly from the exact solution to equation (3). The OU process
tends to drift towards its long-term mean and is called mean-reverting. This
property along with the intermediate steps of the derivation of equation (6)
are elaborated below. Solution to (3) may be obtained by applying Itô’s
formula to the function f (Y (s), s) = Y (s)eαs . Consequently,
β∗ = β −

df (Y (s), s) = αY (s)eαs ds + eαs dY (s) = αβ ∗ eαs ds + γeαs dW2 (s).
Integrating the above equality from ti to ti+1 and multiplying by e−αti+1 we
get
Z ti+1
∗
∗
−α∆
eα(u−ti+1 ) dW2 (u).
Yti+1 = β + e
(Yti − β ) + γ
ti

Furthermore, since the expectation of Itô integral is equal to zero,
E[Yti+1 ] = β ∗ + e−α∆ (E[Yti ] − β ∗ ).
As ∆ → ∞, independently of a starting value Yti , E[Yti+1 ] → β ∗ . Note that
the convergence rate is exponential. Therefore, as mentioned earlier, β ∗ can
be considered as a long-term equilibrium value for the expectation of the
process Yti+1 (see e.g. Hillebrand (2003) [10]). This mathematical concept is
called mean reversion to (or regression toward) β ∗ . Meanwhile, parameter α
can be interpreted as the mean reversion rate, as also stated in (3).
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Note, that u 7→ eα(u−(ti+1 )) is a deterministic function. Therefore, an
integral, appearing in the above solution to the SDE, based on the theorem about Itô Integral of a Deterministic Integrand, is a normal (Gaussian)
random variable with zero mean and variance
Z ti+1
2
1 − e−2α∆
.
eα(u−ti+1 ) du =
2α
ti
As a consequence,
Z

ti+1
α(u−ti+1 )

e
ti

d

dW2 (u) =

s


1 − e−2α∆
Z2,ti+1 ,
2α

where Z2,ti+1 ∼ N (0, 1) i.i.d. as before. Thus, the result in (6), which allows exact numerical simulation of the Ornstein-Uhlenbeck process, follows.
In case the exact simulation of stochastic volatility models is not feasible,
numerical approximation schemes must be employed.
Equation (4) can be also expressed in terms of the log-returns Rti+1 =
log(Sti+1 /Sti ), as
!
√ p
σt2i+1
(7)
∆ + σti+1 ∆( 1 − ρ2 Z1,ti+1 + ρZ2,ti+1 ).
Rti+1 = r −
2
In order to fully describe the SV framework, a normal distribution is assigned
to Yt0 ,


2
∗ γ
Yt0 ∼ N β ,
.
(8)
2α
As explained in section 2 in [16], this is simply the stationary or limiting
distribution of the first-order autoregressive process {Yt }t≥0 , and, in practice,
this distribution is usually replaced by the conditional distribution of Yt0 ,
given historical price data St−1 , St−2 , ..., or by any other reasonable starting
value.

3

Problem Formulation

In this section, we present the problem of valuation of American-style options.
We enrich the classical (c.f. 10) pricing problem by incorporating a general
discount factor and its related ideas, presented in section 8.1. in Glasserman
(2004) [8]. Afterwards, we adopt the dynamic programming algorithm and its
terminology from section 3.1 in Rambharat and Brockwell (2010) [16], slightly
modify it and combine the results. We avoid any unnecessary assumptions
and present a full picture of the problem, regardless of a choice of the measure
associated with a discount factor.
To be consistent with what was stated earlier, we assume that observations are made only at the discrete time points t = t0 , t1 , ..., tm , i.e. the number of exercise opportunities is finite. Such options are often called Bermudan
options. A finite set of exercise dates can be considered as an approximation to a contract where m tends to infinity, i.e. the contract which allows
continuous exercise. As stated in [5], a control of the error caused by this
restriction to discrete stopping times is generally easy to obtain.
We consider a probability space (Ω, F, P ) equipped with a discrete time
filtration {Fi }i=0,...,m . Positive integer m denotes the finite time horizon and
we assume that F = Fm . Given an adopted payoff process {Ai }i=0,...,m ,
where A0 , A1 , ..., Am are square-integrable (or finite-variance) random variables with respect to a measure associated with a discount factor, the price
of an American-style option is given by
sup E[Aτ ] ≡ sup E[D0,τ g̃(Sτ )]

τ ∈T0,m

(9)

τ ∈T0,m

where τ is a random stopping time at which an exercise decision is made,
Tj,m is the the class of admissible stopping times with values in {j, ..., m} and
D is a discount factor. Obviously, for a call option the payoff function g̃(s) =
max(s − K, 0). Meanwhile, in case of a put option, g̃(s) = max(K − s, 0),
where K denotes the strike price. The function g̃ (S(t)) is often referred to
as the intrinsic value of the option at time t. Note that in order to reduce
notation, S(ti ) will be written as Si . If we assumed risk-neutral measure, the
discount factor Di−1,i from ti−1 to ti could have the form
 Z ti

Di−1,i = exp −
r(u)du
(10)
ti−1

where {r(t), 0 ≤ t ≤ T } is instantaneous short rate process, usually, for sake
of simplicity, assumed to be constant r. However, as stated in [8], ”more
general formulation frees us from reliance on the risk-neutral measure”, since
6
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then ”the expectation is taken with respect to the probability measure consistent with the choice of numeraire implicit in the discount factor”(p. 424).
For instance, if we simulated under the tm -maturity forward measure, the
discount factor Di−1,i could be expressed as Bm (ti−1 )/Bm (ti ), where Bm (t)
denoted the time-t price of a bond maturing at tm (see Chapter 3 and Chapter
8 in [8] for details).
A few natural restrictions are imposed on a discount factor. It is required
that D0,j be non-negative for j = 0, 1, ..., m as well as D0,i−1 · Di−1,i = D0,i
and D0,0 ≡ 1, which can be referred to as the consistency condition. Let
g(Si ) = D0,i · g̃(Si ), i = 0, 1, ..., m ,

(11)

which is the discounted payoff from exercise at ti . Now we are ready to introduce the dynamic programming algorithm (see Bellman (1953) [2] or Ross
(1983) [17] for original formulations). It allows us to construct optimal decision functions recursively, starting at terminal value tm = T . Moreover, the
procedure enables us to compute a (theoretical) solution to stochastic control
problem (which is equivalent to (9)). Let di ∈ {E, H} be the decision made
immediately after observation of Si , where E stands for exercise and H for
hold. Denote the optimal decision as a function of the available observations
as follows
d∗i (s0 , ..., si ) ∈ {E, H}.
Note that Si represents a random variable while si is a realization at time
point ti . Let
(
g(sm ), dm = E
um (s0 , ..., sm , dm ) =
(12)
0,
dm = H
and for i = 0, 1, ..., m−1 let ui (s0 , ..., si , di ) denote the value of the discounted
expected payoff at time ti assuming that decision di is made and that optimal
decisions are also made at times ti+1 , ti+2 , ..., tm . At the expiry date,
d∗m (s0 , ..., sm ) = arg max um (s0 , ..., sm , dm )
dm ∈{E,H}

The optimal decision functions d∗m−1 , ..., d∗0 are then obtained by defining4
u∗i (s0 , ..., si ) = ui (s0 , ..., si , d∗i (s0 , ..., si )) , i = 0, 1, ..., m ,

Note, that u∗i is called the Snell envelope of the process g(Si ), generally defined as
= ess supτ ∈Ti,m E[g(Sτ )|Fi ], i = 0, ..., m.
4

u∗i

(13)
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and using the following recursions
(
g(si ),
di = E
 ∗

ui (s0 , ..., si , di ) =
(14)
E ui+1 (S0 , ..., Si+1 )|S0 = s0 , ..., Si = si , di = H
d∗i (s0 , ..., si ) = arg max ui (s0 , ..., si , di ),

(15)

di ∈{E,H}

for i = m−1, m−2, ..., 0. Consequently, the sequence {d∗j }j=0,...,m is obtained.
We also have5
u∗i (s0 , ..., si ) = E [g(Sνi )|S0 = s0 , ..., Si = si ] ,
for i = 0, 1, ..., m − 1. In particular
u∗0 (s0 ) = E[g(Sν0 )],
where
νi = min({k ∈ {i, ..., m}|dk = E} ∪ {∞}).
If an exercise decision is not made, we adopt the convention that ν = ∞,
{∞} ∈ T and the discounted payoff is then considered to be equal to zero.
But we also know, that 6
E[g(Sν0 )] = sup E[g(Sτ )].
τ ∈T0,m

As a consequence, the algorithm finally gives the option price defined by (9)
u∗0 (s0 ) = E[g(Sν0 )] = sup E[g(Sτ )].

(16)

τ ∈T0,m

If ERN (·) denoted the expectation under the risk-neutral probability measure,
the above equation could have the following form (c.f. 10 and 11)
u∗0 (s0 ) = ERN [e−rν0 g̃(Sν0 )] = sup ERN [e−rτ g̃(Sτ )].
τ ∈T0,m

Remark 3.1. Note that E [g(Sνi )|S0 = s0 , ..., Si = si ] = E[Aνi |Fi ] by (9) and
(11). The dynamic programming principle can be written in terms of optimal
stopping times νi as follows
(
νm = m
(17)
νi = i1{g(Si )≥E[g(Sνi+1 )|Fi ]} + νi+1 1{g(Si )<E[g(Sνi+1 )|Fi ]} , 0 ≤ i ≤ m − 1
5

It follows from the Snell envelope and optimal stopping setting. It can be easily
verified. See e.g. [6], pp. 22-25.
6
See [6], pp. 22-25 as well.
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where 1{·} is an indicator function. This formulation is applied in the least
squares regression method of Longstaff and Schwartz (2001) [13], where conditional expectations in (17) are typically replaced by projections on a finite set of functions taken from a suitable basis. Consequently, the corresponding approximation of the value function can be written as u∗0 (s0 ) =
max (g(s0 ), E [g(Sν1 )]).
Remark 3.2. An alternative formulation of u∗0 (s0 ), applied in the regressionbased method introduced by Tsitsiklis and Van Roy (2001) [20], follows directly from the (13)-(15), i.e. u∗0 (s0 ) = max (g(s0 ), E [u∗1 (S0 , S1 )|S0 = s0 ]).
Remark 3.3. With little loss of generality, dynamic programming algorithm
is often formulated assuming that the asset price process is a Markov process.
In case we assumed m discrete time observations, we would have a Markov
chain on Rm .
Remark 3.4. The process {Yt }t≥0 , defined by (3), is stationary, Gaussian
and Markovian (see e.g.[9]). It is not difficult to notice then that the bivariate
process {(St , Yt )}t≥0 is also Markovian. Consequently, the corresponding
expressions in the algorithm can be rewritten as follows7

(
g(sm ), dm = E
um (sm , ym , dm ) =
0,
dm = H
u∗i (si , yi ) = ui (si , yi , d∗i (si , yi )) ,
(
g(si ),
di = E
 ∗

ui (si , yi , di ) =
E ui+1 (Si+1 , Yi+1 )|Si = si , Yi = yi , di = H
d∗i (si , yi ) = arg max ui (si , yi , di ).

(12*)
(13*)
(14*)
(15*)

di ∈{E,H}

7

Consistently, Yi represents a random variable while yi is a particular possible realization at time point ti .

4

Pricing Algorithms

In general, analytic techniques can be obtained only for a limited number of
problems in derivatives pricing theory8 . Therefore, once a valuation framework has been described, different numerical techniques are typically employed. The most widely applied ones are as follows
 Lattice Methods (e.g. Binomial/Trinomial Tree Method)
 Finite-Difference Methods (e.g. PSOR, Operator Splitting Methods
[11])
 Monte-Carlo Methods (e.g. Regression-Based, Random Tree, Stochastic Mesh [3] Methods)

All the techniques mentioned above present specific strengths and weaknesses. Given one or two state variables, lattice and finite-difference methods work well and typically are more computationally efficient compared
to simulation-based approach. However, in higher dimensions these methods become infeasible since computation costs usually increase exponentially
with respect to the number of state variables. This is so-called curse of dimensionality. Conversely, the convergence rate of Monte Carlo (MC), i.e.
simulation-based, methods is independent of the number of state variables
which makes it appealing when it comes to high-dimensional problems or
complicated valuation framework. Moreover path-dependent derivative contracts can be easily incorporated into the model.
Nonetheless, pricing of American-style options via Monte Carlo simulation has some weaknesses as well. It can be shown by the central limit theorem that the sampling error of the crude MC methods typically converges
to zero with the order O(N −1/2 )9 , which is usually less efficient compared
to other standard methods. Meanwhile the major difficulty is dealing with
early exercise decisions. As explained in [7], standard simulation algorithms
are forward-based, which implies that the paths of state variable are simulated forward in time, but pricing options with early-exercise features, such
as American-style options, generally requires a backward algorithm. Dynamic programming algorithm and backward induction, starting at maturity
date, are then applied in order to estimate optimal exercise strategy and
option price. This results in a slight upward bias in the option value due
8

For instance, analytic approximation for American style options was presented by
Barone-Adesi and Whaley (1987) [1]. However, the technique is not flexible and is not
valid under the assumption of stochastic volatility.
9
N represents the number of trajectories in a simulation.

10
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to Jensen’s inequality10 if a risk-neutral measure is assumed in a valuation
procedure. Conversely, a slight downward bias is obtained in case of applying
sub-optimal stopping rule11 . Nonetheless, this effect can be handled to some
extent. Both estimators are convergent and asymptotically unbiased. Moreover, their combination may be used to obtain a confidence interval of the
true price of an option and use it as a measure of the quality of the chosen
mesh weights or basis functions, in case of stochastic mesh and regressionbased methods respectively.
Based on the problem formulation in the preceding section, we naturally
concentrate on Monte Carlo methods in this paper. As mentioned earlier, a
few different approaches towards this effective and highly flexible tool exist
while arguably the most widely used ones are the regression-based methods
introduced by Longstaff and Schwartz (2001) [13], referred to as the least
squares Monte Carlo (LSM) approach, and the one introduced by Tsitsiklis
and Van Roy (2001) [20]. A thorough analysis of these approaches and
their convergence rates is given by Clément, Lamberton and Protter (2002)
[5]. Another approach, which is highly valuable when it comes to highdimensional American options, is the stochastic mesh methods, introduced by
Broadie and Glasserman (1997) [3]. A sketch of the aforementioned methods
is given in the following sections.

4.1

Regression Methods

As mentioned in the earlier remark, with little loss of generality, we can
assume that the asset price process is a Markov process, i.e. only current
values of the state variable are necessary. For non Markovian problems,
both current and past realizations of the state variables can be included in
basis functions and regressions. For sake of simplicity, the algorithms below
assume Markovian setting. However, note that only slight modifications are
needed to cover a broader range of problems.
Regression-Based Pricing Algorithm (Tsitsiklis and Van Roy)
(n)

(n)

(n)

(n)

(n)

(n)

(a) Simulate {S0 , S1 , ..., Sm } and {Y0 , Y1 , ..., Ym } (N independent
(n)
paths), where n = 1, ..., N and S0 = s0 is known. For this purpose,
equations (4)-(6) and (8) are used.
10

Roughly speaking, E[g(X)] ≥ g(E[X]) if g is convex (and E[g(X)] ≤ g(E[X]) if g
is concave). A detailed explanation on upward bias can be found in Chapter 8 in [19],
Chapter 9 in [15] or pp. 446 in [8].
11
See [8], pp. 447-449 and pp. 462.
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∗(n)

(b) Set ûm

12

(n)

= g(sm ) for n = 1, ..., N .

(c) Apply backward induction for i = m − 1, ..., 1
 For n = 1, ..., N , use suitable basis functions φk to approximate the
following12

h
E

∗(n)
(n)
(n)
(n)
ui+1 (Si+1 , Yi+1 )|Si

=

(n)
(n)
si , Yi

=

(n)
yi

i

≈

p
X

(n)

(n)

βik φk (Si , Yi )

k=0

and set the estimator of the optimal discounted expected payoff at time
ti as
!
p
X
∗(n)
(n)
(n) (n)
ûi = max g(si ),
βik φk (si , yi ) .
k=0

(d) The estimated value of the option at time t0 = 0 is then defined as follows
)
(
N
X
1
∗(n)
û∗0 = max g(s0 ),
û
.
N n=1 1

Step (c) obviously requires more detail explanation. Weighted monomials are an example of suitable basis functions. If the underlying is a GBM,
then φk (x) = xk e−x/2 are a typical choice in practice, for instance. Another
common choice of basis functions is the set of Laguerre polynomials, i.e.
L0 (x) = e−x/2 , L1 (x) = e−x/2 (1 − x), L2 (x) = e−x/2 (1 − 2x + x2 /2) and, in
x dp
p −x
). Other types of classical orthogonal polygeneral, Lp (x) = e−x/2 ep! dx
p (x e
nomials include the Hermite, Jacobi, Legendre, ultraspherical (Gegenbauer)
and Chebyshev polynomials.
The letter p denotes the number of basis functions used in the regression.
Obviously it can vary. However, Longstaff and Schwartz show that three
basis functions are sufficient to obtain effective convergence of the algorithm
in the examples they test. It implies that good results may be achieved using
only a few basis functions and it is straightforward to add additional ones if
needed.
12

Regression-based methods posit this expression for the (discounted) continuation
value. A certain intuitive explanation can be given though. We assumed at the beginning
that we work with the elements of square-integrable functions space, which is a Hilbert
space. Moreover, a Hilbert space contains a countable orthonormal basis and therefore its
elements can be written as a linear function of the components of the basis.

4.2. STOCHASTIC MESH METHODS

13

In our case, the basis functions are dependent on two parameters. One
possible choice would be to use the following basis functions (including a few
(n)
(n)
(n)
(n)
(n)
(n)
(n)
cross-terms): L0 (si ), L0 (yi ), L1 (si ), L1 (yi ), L0 (si )·L0 (yi ), L1 (si )·
(n)
L1 (yi ). The number of terms can be easily varied to match specific needs.
2
2
Weighted monomial-based functions of the form φk (x, y) = Kxa y b e−c(x +y ) ,
for some fixed K and c and non-negative integers a,b such that a + b = k,
could be another potential example. In practice, the choice of basis functions
is usually heuristic and analysis of it is left beyond the scope of this paper.
However, note that these functions play a key role in the accuracy of the
estimate. The flexibility to choose them not only lets us benefit from our
knowledge or intuition about the structure of the problem, but also tells us
that the choice has to be reasonable and may require a lot of experiments.
The form of the approximation of the conditional expectation in step (c)
implies the linear regression method. The coefficients βik in each step of backward induction can be then obtained by solving the quadratic minimization
problem, i.e. applying the least squares method. Let us define



 ∗(1) 

(1) (1)
(1) (1)
βi0
ûi+1
φ0 (si , yi ) · · · φp (si , yi )
 . 




..
..
..
u =  ...  , φ = 
 , β =  ..  .
.
.
.
(N ) (N )
(N ) (N )
∗(N )
βip
φ0 (si , yi ) · · · φp (si , yi )
ûi+1
Then the least squares estimate (or estimator in case of a random sample) is
given by
β = (φT φ)−1 φT u,
provided that the matrix φT φ is non-singular.
The numerical algorithm corresponding to the slightly different approach
introduced by Longstaff and Schwatz (2001) [13] is analogous. The steps (c)
and (d) of the above algorithm are replaced by the formulation mentioned
in (17) (see the whole remark) where the stopping times are estimated recursively. In addition, they use only in-the-money paths. According to the
numerical experiments they have performed, fewer basis functions are then
needed to get the same level of accuracy.
In conclusion, regression methods, as mentioned earlier, are arguably the
most popular simulation-based technique. The efficiency and straightforward
approach can be considered as the main reasons.

4.2

Stochastic Mesh Methods

It is widely known that the purpose of simulation-based methods within
American style options framework is to solve a randomly sampled dynamic

4.2. STOCHASTIC MESH METHODS

14

programming problem that recursively determines the approximate option
value. Obviously, stochastic mesh methods are not an exception. The methods (independently) simulate multiple paths in parallel. In contrast to the
stochastic tree methods, the number of nodes at each time step is fixed and
therefore exponential growth in computational costs is avoided when the
number of exercise dates increases. The continuation value at each node is
equal to the discounted weighted average of the estimated payoff functions
across all the nodes at the next time step.
●
●
●

●
●

●

●
●

S0

●

●

●
●

●

●
●
●

t0 = 0

t1

●

t2

t3

t4 = T

Figure 1: Mesh illustrated for one-dimensional case. The number of both,
nodes and exercise opportunities in the future, is set to four.
The first issue as it will be pointed out is to generate the mesh points. An
incautious choice of the mesh density may result in exponentially increasing
variance of the estimator as the number of exercise dates grows. The average density functions are one way to avoid it, for instance. A computation
of the weights can be undoubtedly referred to as the second issue and the
main challenge of this method. The stochastic mesh methods were originally introduced by Broadie and Glasermann (1997) [3] where the so-called
likelihood-ratio weights were computed invoking the transition densities of
the underlying assets processes. It causes no difficulties as long as the transition density is known, can be estimated numerically or replaced by a suitable
approximation. However, it is usually not the case in practice and eventually Broadie, Glasserman and Ha (2000) [4] developed a strategy for selecting
weights that avoids densities. The underlying idea is to solve an optimization
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problem and, based on either a maximum entropy or least squares criterion,
choose the constrained weights. If the weights justify expectations by showing
accurate results when simple instruments are priced, then they are used to
price more complex derivatives including an American style option. An excellent summary about various types of weights is finally presented in Chapter 8
in Glasserman’s book [8]. All three mentioned references with their contents
will be used throughout the rest of this section so as to give a brief overview.
In connection with the previous section, we should mention that regressionbased methods can be actually viewed as a stochastic mesh method with an
implicit choice of the mesh weights, obtained by the least squares procedure.
One of the distinct features is that regression-based methods do not rely
on a spacing among exercise opportunities. Meanwhile the stochastic mesh
methods do. In addition, computational complexities are O(b2 ) and O(pb) of
the stochastic mesh and regression based methods respectively, where b is a
fixed number of nodes in the mesh and p is a number of the basis functions
used in regression.
In is also necessary to mention that variance reduction techniques, which
are briefly described later on, play a critical role in practical implementations
of the stochastic mesh methods. As stated by Broadie and Glasserman in
[3], their results ”indicate the necessity of using control variates well-suited
to the specific pricing problem”.
4.2.1

Numerical Pricing Algorithm

First of all, we state the basic numerical pricing algorithm. Secondly, we
provide the theoretical background, explanations and examples in order to
justify it.
Stochastic-Mesh Pricing Algorithm (Broadie and Glasserman)
(n)

(n)

(n)

(a) Simulate {X1 , X2 , ..., Xm } (N 13 independent paths) from the mesh
(n̄)
(n̄)
(n̄)
density. In parallel, simulate the asset price process {S1 , S2 , ..., Sm }
by invoking equations (4)-(6) and (8). Note that the initial price of the
(n̄)
asset, S0 = s0 , is known and n̄ = 1, ..., N̄ 14 .
∗(n)

(b) Set ûm

(n)

= g(xm ) for n = 1, ..., N .

(c) Apply backward induction for i = m − 1, ..., 1
13

Note that the number of the nodes at a fixed time point coincides with the number of
simulated paths.
14
An upper case represents a random variable while a lower case is a particular possible
realization.
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 Apply the following approximation in the dynamic programming step
N

 ∗
1 X ∗(k)
(k) ∆
E ui+1 (Si+1 )|Si = z ≈
ûi+1 · w(i, z, xi+1 ) = Ci (z)
N k=1

and set the mesh estimators for n = 1, ..., N ,


∗(n)
(n)
(n)
ûi = max g(xi ), Ci (xi ) .
where w(i, ·, ·) are transition weights (deterministic functions).
(d) The estimated value of the option at time t0 = 0 is then defined as follows
)
(
N
X
1
(n)
∗(n)
û1 w(0, s0 , x1 ) ,
û∗0up = max g(s0 ),
N n=1
or alternatively
(

û∗0do

)
N̄
1 X
= max g(s0 ),
g(s(n̄)
ηn̄ ) ,
N̄ n̄=1
(n̄)

(n̄)

where ηn̄ = min{j ∈ (0, 1, ..., m − 1) : g(sj ) ≥ Cj (sj )} is the stopping
rule along each simulated path. Note that N̄ is not necessarily equal to
N.
The first estimator in (d) is upward biased while the second is downward
biased. Broadie and Glasserman also introduce an interleaving estimator by
blending both techniques. As a result, the latter estimator, as they explain,
has potential to produce more accurate value by avoiding summation of both
sources of bias. For more details, refer to the original papers.
Now we will provide a theoretical background of the mesh weights showing
that the stochastic mesh methods are way more sophisticated compared to
other standard simulation-based methods.
4.2.2

Likelihood Ratio Weights

The shortcomings of this method have already been mentioned. It is the most
general method and the freedom we have forces us to be extremely careful
when it comes to a choice of the mesh and the transition densities. It may
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also require intense experimentation. Let us motivate the approximation in
step (c) by stating the following,
Z
 ∗

Eg ui+1 (Si+1 )|Si = z =
u∗i+1 (y)fi+1 (z, y)dy
ZR
fi+1 (z, y)
=
u∗i+1 (y)
gi+1 (y)dy
gi+1 (y)
R


fi+1 (z, Xi+1 )
∗
= E ui+1 (Xi+1 )
gi+1 (Xi+1 )

 ∗
= E ui+1 (Xi+1 )w(i, z, Xi+1 ) ,
where w(i, z, Xi+1 ) = fi+1 (z, Xi+1 /gi+1 (Xi+1 ) are the mesh weights. Meanwhile fi+1 (z, ·) is the transition density of Si+1 given Si = z, and the density
function of a random variable Xi+1 is gi+1 (·), also referred to as the mesh
density. Given theoretical evidence above, the practical use can be seen from
(k)
the statement below. Since {Xi+1 }k=1,...,N are i.i.d. random variables, based
on the strong law of large numbers (SLLN), as N → ∞,
N


1 X ∗(k)
a.s.
(k)
ui+1 · w(i, z, Xi+1 ) −→ Eg u∗i+1 (Si+1 )|Si = z .
N k=1

4.2.3

Upward and Downward Biased Estimators

The latter observation above allows us to define the upward biased stochastic
mesh estimator, which has already been used in the pricing algorithm above,
in the following way
)
(
N
1 X ∗(k)
(k)
(n)
∗(n)
(n)
û
· w(i, Xi , Xi+1 ) ,
ûi = max g(Xi ),
N k=1 i+1
for times i = m − 1, ..., 1 and n = 1, ..., N . The value at the current time is
set to
)
(
N
X
1
∗(k)
(k)
û∗0up = max g(S0 ),
û
· w(0, S0 , X1 ) ,
N k=1 1
where the weights, also referred to as the likelihood ratios, are as follows,
(n)

(n)

(k)

w(i, Xi , Xi+1 ) =

(k)

fi+1 (Xi , Xi+1 )
(k)
gi+1 (Xi+1 )

∆

= Lin,k .

(18)
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Meanwhile, downward biased estimator, also often referred to as path estimator, of the price of American style option is defined as
)
(
N
X
1
g(Sη(n)
) ,
û∗0do = max g(S0 ),
n
N n=1
(n)

(n)

where ηn = min{j ∈ (0, 1, ..., m) : g(Sj ) ≥ Ci (Sj )} is the stopping rule15
along each simulated path. As one can notice, the main difference compared
to the other estimator is the way how continuation value is computed.
4.2.4

The Mesh Density

Since the mesh construction is assumed to be Markovian 16 , it provides some
qualitative insights. As it was mentioned earlier, if the mesh density is chosen
unadvisedly, it may result in an exponentially increasing variance17 . By
exploring the case of the European option18 , the authors come up with the socalled average density method which eliminates this risk. In fact, it is shown
that the price of the European option is consistent with classical approaches
and is equal to the average of the discounted payoff function at maturity when
the average density method is applied within stochastic mesh framework.
Obviously, different conclusions may be obtained depending on the choice of
the mesh weights. We will shortly discuss this method. Other alternatives
to the mesh densities are not presented and analyzed in this paper. It is left
as a potential area of research.
As it is stated by Broadie and Glasserman [3], the construction of the
mesh by average density method can be illustrated as follows. We uniformly
sample N (the number of nodes in the mesh) times from the nodes at time
i with replacement and generate exactly N nodes at time step i + 1 based
on the transition density fi+1 . Intuitively it means generating N paths and
then randomly permuting all the nodes at each fixed time step. Then, given
the nodes at time step i, the nodes at time step i + 1 are independent and
identically distributed with density
N
1 X
(l)
fi+1 (Xi , ·).
N l=1
15

See the notes on dynamic programming algorithm for justification of the stopping rule.
Actually, this assumption, originally imposed by Broadie and Glasserman, covers most
of the problems of practical interest. See conditions (M1)-(M3) in Chapeter 8 in [8] for
details.
17
Marginal density method is one of such examples.
18
See [3] for details about the average density method.
16
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Consequently, we can define the average density,
( P
(l)
(k)
N
1
fi+1 (Xi , Xi+1 ), i = 1, ..., m − 1,
(k)
gi+1 (Xi+1 ) = N l=1 (k)
f1 (s0 , X1 ),
i = 0.
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(19)

We substitute it into (18) and obtain the mesh weights, which do not depend
on g any longer,

(n)
(k)
fi+1 (Xi , Xi+1 )


, i = 1, ..., m − 1,
PN
(l)
(k)
1
(20)
Lin,k =
f
(X
,
X
)
i+1
i
i+1

 N l=1
1,
i = 0,
for any n and k from {1, ..., N }. If we fix k and sum over n for any i ∈
{0, ..., m − 1}, we get
N
1 X i
L =1
N n=1 n,k

(21)

and this implies that the average weight into the node k at time step i + 1
from the node n at time step i is equal to one.
The average density method may be very useful when it comes to practical implementations since it allows us to simulate N × m mesh nodes, i.e.
(n)
(n)
N independent paths, {X1 , ..., Xm }, where n = 1, ..., N , based on the distribution of the original asset price process (in our case, specified by (4))
and avoid choosing the mesh density, which is typically used to generate the
mesh points. As a result, the problem reduces to finding transition densities
and we will provide a few examples how it can be done in a minute.
To sum up, the stochastic mesh methods have been shown to be remarkably flexible. The above discussed technique enabling us to avoid the mesh
densities is only one of many ways to approach the pricing problem. As for
the mesh weights, note that the constrained weights is another alternative to
the likelihood ratio weights. However, we exclude it from our analysis and
leave it beyond the scope of the paper. It can be only mentioned, that one of
the applied constraints, which are usually discovered when analyzing simple
instruments, such as European options, is equivalent to (21), except that we
fix n and sum over k.
4.2.5

The Transition Density (Examples)

Example 4.1. Transition density of geometric Brownian motion (GBM)
Suppose that the underlying process follows GBM, dXt = µXt dt + σXt dt,
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Xs = x, t ≥ s, µ is a constant, σ is a positive constant, and we want to
calculate the transition density from state x at time s to state y at time t.
Let us make the following observations,
2

)(t − s) + σ(Wt − Ws )) ≤ y] =
(a) P[X
− σ#
2
" t ≤ y|Xs = x] = P[x exp((µ
y
σ2
ln − (µ − 2 )(t − s)
Wt − Ws
√
≡ N [d(y)]
P √
≤ x
t−s
σ t−s
where Wt is a Brownian motion and N [·] is the CDF of standard normal distribution. LHS component of the next-to-last term is obviously
a standard normal random variable N (0, 1), while RHS component is
denoted by d(y). As a result, the equivalence relation holds.
0

(b) d (y) =

1
√
yσ t − s

1
0
(c) N [z] = √ exp(−z 2 /2)
2π
Finally, given the observations above, the transition density is obtained as
follows,
 2 
1
∂
d (y)
P[Xt ≤ y|Xs = x] = p
fGBM (y, t; x, s) =
.
exp −
∂y
2
yσ 2π(t − s)
Example 4.2. Transition density of the asset price process, specified by (1)
Suppose that the underlying process follows stochastic differential equation
with an approximate solution given by (4) and we want to calculate the
transition density from state Sti = x at time ti to state Sti+1 = y at time
ti+1 . Note, that when calculating (4) we assumed σi+1 to be constant on
successive intervals of length ti+1 − ti . Observe the following,
(a) P[Sti+1 ≤ y|Sti = x] =
p
√
σ2
P[x exp((r − i+1
)(t
−
t
)
+
σ
t
−
t
(
1 − ρ2 Z1 + ρZ2 )) ≤ y] =
i+1
i
i+1
i+1
i
2
"
#
2
σi+1
y
p
ln
−
(µ
−
)(t
−
t
)
i+1
i
√ 2
P
1 − ρ2 Z1 + ρZ2 ≤ x
≡ N [c(y)]
σi+1 ti+1 − ti
where N [·] is the CDF of standard normal distribution and {Zi }i=1,2
are i.i.d. standard normal random variables as before. LHS component
of the next-to-last term of the inequality is a standard normal random
variable N (0, 1)19 , while RHS component is denoted by c(y). As a result,
the equivalence relation holds.
19

2
2
It is easy to show that if A ∼ N (µA , σA
) and B ∼ N (µB , σB
) are independent random
2
2
variables, then Z=A+B is also normally distributed with N (µA + µB , σA
+ σB
).
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(b) c (y) =

√
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1

yσ ti+1 − ti

1
0
(c) N [z] = √ exp(−z 2 /2)
2π
Finally, given the observations above, approximation of the transition density
is obtained as follows,
 2 
c (y)
1
∂
p
exp −
N [c(y)] =
.
fSV (y, ti+1 ; x, ti ) =
∂y
2
yσi+1 2π(ti+1 − ti )
It looks very similar to the one obtained for GBM. However, there is one
distinction. The term σi+1 , which was assumed to be constant on successive
intervals of length ti+1 − ti , is updated at each discrete time step by (6) while
it is constant all the time in case of GBM. Note that approximation of the
transition density becomes more accurate as time intervals shrink. Obviously,
we assume that volatility is directly observable at each discrete time point.
Assumption of latent volatility process would be much more realistic but it
yields many additional problems needed to be solved. In contrast to (4),
we assume that the discrete time points are not necessarily equally spaced,
which is quite an important property in the stochastic mesh methods.
4.2.6

Conclusions

In conclusion, not only have we provided a sketch of how to use the stochastic
mesh methods to price an American style option, based on Glasserman’s book
[8], but also suggested the certain potential numerical procedure assuming
stochastic volatility, i.e. we have described theoretical background, stated the
general numerical pricing algorithm, referred to the average density method
in order to avoid choosing the mesh densities and finally approximated transition density of the asset price process given by (1).
Despite the fact that exponential growth in computational costs is avoided
compared to the stochastic tree methods, the time efficiency still remains the
main issue of the stochastic mesh methods. This might be referred to as the
main reason why regression based methods are met in practice way more
often.

4.3

Variance Reduction Techniques

Variance reduction techniques play a significant role in Monte Carlo setting.
Various ideas are invoked to increase the efficiency of MC simulations, i.e. to
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reduce variance of relevant estimates and achieve better convergence rates.
Basically, these tools take advantage of the stochastic formulation and benefit
from specific features of a problem. The main methods20 include antithetic
variates, control variates, stratified sampling, importance sampling, Latin
hyper-cube sampling and moment matching methods.
The underlying idea of antithetic variates method is to introduce at low
computational cost negative dependence between pairs of replications. This
is definitely not the most efficient to reduce variance. However, this method
is obviously one of the easiest to implement numerically. Control variates
method, for instance, is one of the most efficient tools to improve the quality
of estimates. Moreover, it is appealing due to its flexibility and viability in
higher dimensions. The idea here, as explained in [8], is to adjust an estimate
of an unknown quantity given the information about the errors in estimates of
known quantities which requires some knowledge about the simulated model.
Stratified sampling is a sampling technique drawing observations from specific subsets, i.e. strata, of the sample space according to a particular rule
while importance sampling method attempts to improve the accuracy of simulation estimates by changing the probability measure with the intention to
capture more relevant outcomes. The latter method is highly effective and
may provide remarkable results as long as importance sampling distribution
is chosen carefully. Downside of this method is its complexity since it requires
in-depth analysis and specific knowledge.
We do not provide details and mathematical background of those methods
above. However, variance reduction techniques are way too important in
practical simulations to be excluded from the context. Explicit analysis and
description of variance reduction techniques can be found, for example, in
Chapter 4 in Glasserman’s book (2004) [8].

20

(Randomized) quasi Monte Carlo method can be also viewed as a variance reduction
technique. However, quasi-Monte Carlo uses a low-discrepancy sequences such as the
Halton sequence, the Sobol sequence, or the Faure sequence, whereas crude Monte Carlo
uses a pseudorandom sequences. This implies a totally different nature and therefore other
type of analysis is needed.

5

Statistical Estimation of Model Parameters

The stochastic volatility model21 , specified by equations (1)-(3), is an example of nonlinear non-Gaussian state-space model. Kalman filters and
smoothers are typically aimed at linear and Gaussian systems. There exist extensions and generalizations of Kalman filters which also work in case
of nonlinear systems. However, particle filtering, also referred to as sequential Monte Carlo, can be roughly considered as a benchmark for nonlinear
non-Gaussian problems.
In practice many different ways of parameter estimation, especially heuristic methods, are prevailing. However, throughout this section we adopt the
approach stated by Rambharat and Brockwell [16] (and references therein)
and supplement it by details, insights and comments in order to provide a
solid mathematical background. They use a 2-step procedure. Firstly, sequential Monte Carlo is employed to estimate the log-likelihood for the model
parameters under statistical measure, i.e. using share price data only, the
(log) priors are chosen and Markov chain Monte Carlo sampler (more precisely, random-walk Metropolis-Hastings algorithm) is exploited to estimate
the posterior distribution of the model parameters, excluding market price of
volatility risk. Secondly, conditional on the estimates, both share and option
price data are used to estimate market price of volatility risk under risk neutral measure. Although a joint statistical analysis should be implemented,
the authors explain that the problem becomes intractable in the early exercise setting. An explicit justification of their methodology might be desirable
at this point. Nevertheless, it would make us deviate from the main topic
considerably and therefore it is left beyond the scope of this paper.

5.1

Model Parameters under Statistical Measure

The parameter vector is defined as follows,
θ = (ρ, α, β, γ).
Estimation under statistical measure (associated with share price data only)
involves a physical drift 22 in a parameter vector. Since physical drift rate is
not used in a risk neutral pricing, Rambharat and Brockwell do not present
21

Actually, ARCH and GARCH models are partly similar to SV models. However, the
latter models allow a noise in the volatility process while ARCH and GARCH models do
not. The comparison of those models is not straightforward, since they come from different
background.
22
See remarks on equations (1)-(3) in the preceding section.

23

5.1. MODEL PARAMETERS UNDER STATISTICAL MEASURE

24

the results. The posterior distribution of θ is estimated invoking Bayesian
approach. Bayesian inference can be described in three main steps:
 The prior distribution, which reflects our degree of beliefs about a parameter θ, is chosen.
 The statistical model, i.e. the likelihood function, which expresses our
beliefs about r1 , ..., rn given θ, is chosen.
 We adjust our beliefs after observing data R1 , ..., Rn and construct the
posterior distribution.

Actually, the above procedures have to be performed very carefully. There
exist many viable priors (e.g. flat, improper ) and the choice is usually arbitrary. It is not straightforward to choose the statistical model reflecting
our beliefs too, especially in case of complicated problems. One way out is
the approximation of the likelihood function, which can be implemented by
various techniques that are prevailing in practice.
In case of continuous variables (observed at the discrete time points), a
posterior distribution is formulated in terms of density functions. Firstly,
note that we can state a conditional density function in the following way:
pΘ,R1 ,...,Rn (θ, r1 , ..., rn )
pR1 ,...,Rn (r1 , ..., rn )
pΘ,R1 ,...,Rn (θ, r1 , ..., rn ) · pΘ (θ)/pΘ (θ)
=
pR1 ,...,Rn (r1 , ..., rn )
pR ,...,Rn |Θ (r1 , ..., rn |θ) · pΘ (θ)
= 1
pR1 ,...,Rn (r1 , ..., rn )
pR1 ,...,Rn |Θ (r1 , ..., rn |θ) · pΘ (θ)
=R
.
p
(r , ..., rn |θ) · pΘ (θ)dθ
R R1 ,...,Rn |Θ 1

pΘ|R1 ,...,Rn (θ|r1 , ..., rn ) =

To simplify notation, it can be rewritten as:
p(θ|r1 , ..., rn ) = R

p(r1 , ..., rn |θ) · p(θ)
,
p(r1 , ..., rn |θ) · p(θ)dθ

(22)

where r1 , ..., rn are particular possible realizations of a random variable specified by (7). The density function p(θ) is called the prior (probability) distribution of θ, p(θ|r1 , ..., rn ) the posterior (probability) distribution of θ|r1 , ..., rn
and p(r1 , ..., rn |θ) is the so-called likelihood function. Since ρ ∈ [−1, 1], α >
0, γ > 0, β ∈ R, Rambharat and Brockwell suggest to reparameterize the
vector θ so that each component will have its domain in R, which facilitates
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analysis of the parameter space when it comes to MCMC sampler. Hence,
let
 ρπ 
, α̃ = log(α), γ̃ = log(γ).
(23)
ρ̃ = tan
2
Next, standard normal priors are assigned to the components of the vector
θ̃ = (ρ̃, α̃, β, γ̃).
Note that the choice of the priors is arbitrary. However, it can be shown that
the effect of the priors diminishes as number of observations increases23 .
Finally, we can move on towards estimating the log-likelihood for θ̃. Since
the closed form solution is not available, Kitagawa’s algorithm is employed
to approximate the log-likelihood of the chosen SV model for share prices,
i.e. under statistical (physical) measure. The core of the algorithm is based
on original particle filtering (or sequential Monte Carlo) scheme introduced
by Gordon, Salmond and Smith (1993). The version stated by Rambharat
and Brockwell is given below.
Log-Likelihood Approximation24 . (Rambharat - Brockwell)
 Initialization. Input a proposed value of the parameter vector θ for
which a log-likelihood value is needed. Set a number of particles h > 0
(1)
(h)
and draw a sample {ỹt0 , ..., ỹt0 } from the distribution Yt0 , c.f. (8).

For i = 1, ..., m25 perform the following steps:
(j)

 Simulation. For j = 1, ..., h, draw ỹti from the distribution
(j)
p(yti |Yti−1 = ỹti−1 ), specified by (6). It is Gaussian in our case.
 Weighting. For j = 1, ..., h, compute the weights
(j)

(j)

wti = p(rti |Yti = ỹti )
which are directly obtained from (7). Data points rti are given.
(1)

(h)

 Resampling. Draw {yti , ..., yti } by sampling with replacement from
(1)
(h)
(1)
(h)
{ỹti , ..., ỹti }, with probabilities obtained above, i.e. wti , ..., wti .
23

See section 12 in [21] for details.
Kitagawa’s and SMC algorithms given by Rambharat and Brockwell (2010) are slightly
inaccurate. In particular, notation is inconsistent and the approximation of the loglikelihood is mistakenly adopted from Kitagawa’s paper. Nevertheless, their numerical
implementation is error-free.
25
Here m denotes the number of historical returns data points.
24
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Given the results of the above procedures, Kitagawa’s algorithm26 is employed:
 Approximation. Approximate the log-likelihood27 , l(θ), as follows
!
!
h
m
m
h
X
X
X
1 X (j)
(j)
l(θ) ≈
wti
=
log
wti − m log(h).
log
h
j=1
i=1
j=1
i=1

The maximum likelihood estimate of the parameter vector θ̃ can be obtained
by maximizing the log-likelihood. Note that the approximation in the above
algorithm becomes more accurate as the number of particles h increases.
Finally, given both the procedure of log-likelihood estimation and the
(log) priors, a random-walk Metropolis-Hastings (MH) algorithm is applied
to estimate the (log) posterior distribution of θ̃, which is later transformed
to its original scale, i.e. posterior distribution of θ. This algorithm is stated
in detail in Section A.2 of the Appendix in [16]. Note that a proposed input
value of the parameter vector θ̃ for MCMC sampler (based on MH algorithm)
is chosen deliberately. Actually, when it comes to practical implementations,
Rambharat and Brockwell use Cronos, an open source software, available at
http://cronos.codeplex.com, to obtain approximate maximum likelihood
estimates, given share price data, and use them to initialize the components
of the parameter vector. Physical drift rate is initialized using the average
of the returns data and correlation parameter is set to be zero for each case.

5.2

Volatility Risk under Risk Neutral Measure

The statistical inference of the market price of volatility risk, λ, is a challenging task in the early-exercise derivatives framework. Different authors
have made attempts to estimate it, however, mostly for European style options. As mentioned earlier, λ is often set to a prespecified value for sake
of simplicity. Rambharat and Brockwell (2010) suggest their approach to
this problem. Conditional on the approximation of posterior distribution of
θ, both share and option price data are used to estimate market price of
volatility risk under risk neutral measure. Let us set up nonlinear regression
model
Ui = Pθi∗ (λ) + i ,
26
27

The details are available in [12].
l(θ) = log L(θ) = log p(r1 , ..., rn |θ).

(24)
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where both components on the right hand side are dependent on the returns
data Rt , Ui , i = 1, ..., L is the observed American option price, Pθi∗ (λ) is the
model predicted American option price conditional on the mean (or median),
θ∗ , of the posterior distribution in (22) and the error term, i , is assumed
to be an independent sequence of N (0, σ 2 ) random variables. Consequently,
the optimal value of the market price of volatility risk, λ∗ , could be obtained
by minimizing the sum of squared errors, S(λ), as follows
S(λ) =

L
X

(Ui − Pθi∗ (λ))2 ,

i=1

λ∗ = arg min S(λ).
λ

They also explain, that optimizing S(λ) is feasible despite being computationally demanding. Bayesian approach is adopted and the (Gaussian)
likelihood of the introduced nonlinear regression model is given by


L
X
1
i
2
2
2 −L/2
p(u1 , ..., uL |λ, σ ) =(2πσ )
exp − 2 (ui − Pθ∗ (λ))
2σ
i=1


L
X
1
2 −L/2
=(2πσ )
exp − 2 S(λ) .
2σ
i=1
If the (improper)28 prior distribution over (λ, σ 2 ) is set up as follows
p(λ, σ 2 ) ∝

1
,
σ2

then the posterior distribution for (λ, σ 2 ) is29
2

2 −(L/2+1)

p(λ, σ |u1 , ..., uL ) ∝ (σ )



S(λ)
exp − 2 .
2σ

Recognizing the inverse gamma distribution for σ 2 , Inv − Gamma( L2 , S(λ)
),
2
the above equation can be rewritten in the following way
p(λ|u1 , ..., uL ) ∝

Γ(L/2)
∝ (S(λ))−L/2 .
L/2
(S(λ)/2)

(25)

The authors conclude, that the market price of volatility risk, with this particular choice of the prior, is proportional to the component on the right
28

See [21] for more detailed analysis of priors.
of proportionality can be always recovered since we know that
R A constant
p(λ, σ 2 |u1 , ..., uL )dλ = 1.
29
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hand side above and, thus, maximizing posterior distribution corresponds to
minimizing the sum of squared errors.
Under suitable 30 regularity conditions, the posterior distribution in (25)
can be approximated as a normal distribution with certain parameters by
employing Markov Chain Monte Carlo based procedure. The algorithm for
numerical implementation is stated in detail in Section A.3 of the Appendix
in [16].

30

See original paper and references therein.

6

Numerical Analysis

In this section we solely refer to the empirical analysis performed by Rambharat and Brockwell (2010) [16]. We strongly advise to read their paper
first in order to be able to follow this section successfully. To check the
robustness of their results, we replicate all the procedures and numerical
calculations found in the original paper. For this purpose, the computing code written in R and data sets on three equities, which are available
at http://projecteuclid.org/euclid.aoas/1273584454#supplemental,
are invoked. In addition, we apply our own numerical procedures to remain
consistent with the previous sections, e.g. implement the stochastic mesh
method, and supplement the results. Moreover, we assume the standard
Black-Scholes setting31 for comparison purposes and try to find out the numerical advantages of stochastic volatility (SV) model when it comes to real
data. We also point out the main issues and provide a few informative plots.
Without getting deep into the details32 , we will provide a brief description
of what was one of the main objectives in Rambharat and Brockwell (2010)
[16]. While the asset price and volatility processes, specified by (1)-(3),
within SV framework are typically assumed to be directly observable, i.e.
draws of those processes can be obtained, Rambharat and Brockwell assume
that only the asset price process is directly observable. Meanwhile, volatility
is a latent process. Their objective seems to be both highly realistic and in
agreement with what is found in the market. Practical use of this assumption
will be discussed later.
The main idea, given current and past values of the asset price process
at discrete time points, is to use sequential Monte Carlo scheme, i.e. particle
filtering, so as to approximate the conditional distribution of the volatility
process at a given time point. The procedure is equivalent to the one used
to approximate log-likelihood in the previous section. It yields a sample of
size h 33 , which is regarded as an approximation of the respective conditional
distribution. However, it is not straightforward to incorporate these approximations into dynamic programming algorithm. Consequently, the authors
use finite dimensional summary vectors to replace the simulated value of
the solution to the volatility process, specified by (6), at the respective time
point. In particular, in their computations the summary vector consists of
two elements, the mean and the standard deviation of the aforementioned
sample of size h. Obviously, increasing number of elements results in computational costs.
31

The asset price process is simply assumed to follow geometric Brownian motion.
See original paper for mathematical background and details.
33
The number of particles in the algorithm.
32

29
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We divide the numerical analysis into two parts. In the first one, we replicate the pricing results given by Rambharat and Brockwell (2010). We go
through and use the codes attached to the original paper online and the same
parameters are chosen for testing. We supplement it by the results obtained
by our own independently implemented numerical pricing procedures and
compare them. In the second part, we employ the codes and replicate the
statistical estimation of the model parameters based on historical share price
data of three equities. Market price of volatility risk is solely estimated using
both historical share and option price data. Trace plots produced by MCMC
procedure are provided. Given the estimates, we use both Rambahrat’s,
Brockwell’s and our pricing methods to predict the value of a certain number of options and, based on historical option price data, calculate mean
squared errors. We also calculate mean squared errors in case of standard
Black-Scholes setting and check the differences. Basically, the main aim is to
make sure that the procedures suggested by Rambharat and Brockwell give
relatively steady and reliable results.

6.1

Pricing Methods Analysis

To demonstrate their pricing methodology and its efficiency, the authors
apply slightly modified versions 34 of the least squares Monte Carlo method
(LSM) by Longstaff and Schwartz (2001). The advantages as well as technical
details of LSM have already been described in previous sections. Before
the numerical results are given, we will briefly discuss the way the authors
approach the pricing problem. Methods A-C assume that volatility process
is latent. Meanwhile method D (as well as our implemented methods E and
F) assume that the volatility process is directly observable.
 Method A. The bivariate process {Si , Yi }i=1,...,m , specified by (4)-(6) is
simulated. The conditional expectation in the regression step at time
ti is typically approximated as a function of Si and Yi in the Markovian
setting. In this case, Yi is replaced by a few past observations of an
asset price, i.e. {Si−1 , Si−2 , ...}.
 Method B. This time, Yi is replaced by a measure of realized volatility
34

Methods A through D below.
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RVi in the regression step. For i = 1, ..., m it is computed as follows,
i

RVi =
Rj =

1X 2
R ,
i j=1 j

Sj − Sj−1
,
Sj−1

where Rj is the return of an asset at time point tj .
 Method C. This method is exactly what Rambharat and Brockwell
tried to reach. Particle filtering is employed to approximate conditional
distribution of the volatility process. A summary vector Qi is assumed
to catch its main features and, as a result, is used to replace Yi .
 Method D.35 The conditional expectation in the regression step at time
ti is approximated in a typical way as a function of Si and Yi . This is
the case where both the asset price and volatility processes are assumed
to be directly observable.

To check the robustness of the calculations performed by Rambharat and
Brockwell (2010), as mentioned earlier, we replicate the pricing procedure of
an American-style put option with different choices of the model parameters
(given in the original paper). To be consistent with this paper, we additionally use MATLAB and independently implement the following methods:
 Method E. This is the standard LSM approach. The asset price and
volatility processes are assumed to be directly observable and therefore
this method is equivalent to Method D.
 Method F. This is the stochastic mesh method. We implement the
numerical procedure which we proposed earlier, i.e. apply average density method and use approximation of the transition density of the asset
price process. The asset price and volatility processes are assumed to
be directly observable again. Consequently, the results obtained by this
method are directly comparable to Method D and Method E.

In numerical experiments, a fixed number of trajectories (N=15,000) is used
for methods A through E. Number of particles in method C is set to 1000.
The number of the mesh nodes in method F is fixed and equal to 100. No
variance reduction techniques have been applied.
35

All the comments about methods A through D apply for each of the simulated paths
separately.
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Table 1: The description of the inputs used in numerical experiments by
Rambharat and Brockwell comparing methods A-D.
No.
1
2
3
4
5
6
7
8
9

Parameters (ρ, α, β, γ, λ)

Option inputs (K,T,r,S0 , σ0 )

(-0.055, 3.30, log(0.55), 0.50, -0.10)
(-0.035, 0.25, log(0.20), 2.10, -1.0)
(-0.09, 0.95, log(0.25), 3.95, -0.025)
(-0.01, 0.020, log(0.25), 2.95, -0.0215)
(-0.03, 0.015, log(0.35), 3.00, -0.02)
(-0.017, 0.0195, log(0.70), 2.50, -0.0155)
(-0.075, 0.015, log(0.75), 6.25, 0.0)
(-0.025, 0.035, log(0.15), 5.075, -0.015)
(-0.05, 0.025, log(0.25), 4.50, -0.015)

(23, 10, 0.055, 20, 0.50)
(17, 20, 0.0255, 15, 0.35)
(16, 14, 0.0325, 15, 0.30)
(27, 50, 0.03, 25, 0.50)
(100, 50, 0.0225, 90, 0.35)
(95, 55, 0.0325, 85, 0.75)
(16, 17, 0.0325, 15, 0.35)
(18, 15, 0.055, 20, 0.20)
(19, 25, 0.025, 17, 0.35)

Table 2: American put option pricing results (value of an option, standard
error, computational time). Methods A through C.
No.
1
2
3
4
5
6
7
8
9

Method A

Method B

Method C

3.057 (0.0099) (4 sec)
2.150 (0.0094) (8 sec)
1.234 (0.0078) (5 sec)
3.607 (0.0246) (18 sec)
13.234 (0.0762) (18 sec)
18.626 (0.1211) (20 sec)
1.594 (0.0122) (6 sec)
0.102 (0.0040) (5 sec)
2.490 (0.0141) (10 sec)

3.072 (0.0111) (4 sec)
2.176 (0.0104) (8 sec)
1.223 (0.0081) (5 sec)
4.342 (0.0389) (18 sec)
15.085 (0.1182) (18 sec)
21.974 (0.1739) (20 sec)
1.838 (0.0188) (6 sec)
0.158 (0.0062) (6 sec)
2.728 (0.0198) (9 sec)

3.084 (0.0113) (102 sec)
2.156 (0.0100) (194 sec)
1.267 (0.0091) (136 sec)
4.721 (0.0441) (518 sec)
16.048 (0.1338) (517 sec)
23.090 (0.1872) (531 sec)
2.010 (0.0222) (164 sec)
0.195 (0.0076) (147 sec)
2.853 (0.0233) (239 sec)

Table 3: American put option pricing results (value of an option, standard
error, computational time). Methods D through F.
No.
1
2
3
4
5
6
7
8
9

Method D

Method E

Method F

3.052 (0.0101) (4 sec)
2.161 (0.0097) (7 sec)
1.282 (0.0093) (5 sec)
4.769 (0.0438) (18 sec)
16.316 (0.1360) (18 sec)
22.797 (0.1838) (21 sec)
2.037 (0.0224) (6 sec)
0.169 (0.0069) (6 sec)
2.887 (0.0236) (9 sec)

3.051 (0.0135) (1 sec)
2.163 (0.0120) (2 sec)
1.265 (0.0094) (2 sec)
4.860 (0.0490) (1 sec)
16.382 (0.1493) (2 sec)
23.694 (0.2062) (1 sec)
1.972 (0.0210) (2 sec)
0.185 (0.0071) (1 sec)
2.869 (0.0239) (2 sec)

3.137 (0.1561) (8 sec)
2.153 (0.1317) (16 sec)
1.183 (0.0956) (11 sec)
4.365 (0.3966) (38 sec)
15.717 (1.0839) (38 sec)
23.597 (1.9859) (42 sec)
1.976 (0.1888) (13 sec)
0.186 (0.0985) (12 sec)
2.837 (0.2093) (19 sec)

Let us exclude for a moment the methods that have been implemented (E,
F) and stick to the ones given in Rambharat and Brockwell (2010). The
authors suggest that the method (among A, B and C, which assume latent
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volatility) closest to the full information state (Method D) can be considered
as the most accurate. First of all it has to be mentioned that the pricing
results for methods A-D given in Table 2 and Table 3 are clearly consistent
with the results found in [16]. Moreover, we agree and confirm that method
C, introduced by Rambharat and Brockwell, outperform methods A and B.
However, for sake of justice, we have to make a few remarks. Firstly, the
computational costs of method C are extremely high compared to methods
A, B and D. It makes this approach highly impractical considering time
efficiency. Moreover, we are quite skeptical about the practical use of method
C. This method is still directly dependent on the volatility price process, i.e.
particle filtering scheme makes extensive use of the equation (6). Since this
equation is specified, we can always simulate the volatility process and obtain
discrete time observations, i.e. assume the volatility process to be directly
observable. Consequently we can not give any explanation why one should
use any of the methods A, B or C instead of the method D when it comes
to practical applications. Actually, we can not fully understand the real
intentions that Rambharat and Brockwell had.
Based on what was said, we reject methods A through C and stick to
method D. We have independently implemented method E (equivalent to
method D) and method F (directly comparable to methods D and E). We
compute both high and low biased estimates, i.e. obtained by directly applying dynamic programming algorithm and the stopping rule respectively, of an
option price in methods E and F. However, our numerical calculations show
that low biased estimates converge faster to the true value and therefore only
the latter ones are reported. As Table 3 indicates, the differences in results
between methods D and E are negligible. However, the procedure we have
suggested (method E) seems to be significantly faster36 . Method F seems to
work very well as well. Relatively sharp differences in standard errors can
be explained by totally different nature of method F. The accuracy might be
improved by using greater number of the mesh nodes. However, the number
of the mesh nodes is typically much smaller than the number of trajectories
used in regression based methods due to computational costs. Eventually, it
implies larger standard errors in the stochastic mesh methods.
As mentioned earlier, no variance reduction techniques have been applied in any of the above methods. The accuracy of the estimates of an
American-style options can be always improved by greater number of simulations. Nonetheless, variance reduction techniques are no less important
for the quality of an estimate and can not be forgotten when dealing with
36

Our code was written in MATLAB, while Rambharat and Brockwell used R. This
might be the cause.
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pricing problems.
Rambharat and Brockwell stick to method C in their empirical analysis.
However methods D and E are supposed to give even better outcomes and
therefore we use them in the following section.

6.2

Real Data Analysis

Figure 2, Table 4 and Table 5 provide information about historical data used
in empirical analysis by Rambharat and Brockwell (2010) [16]. Risk-free rate
r is set to historical LIBOR rates in January 2004.
Figure 2: Time series plot. Share price data over the period 2002-2003 is
used for model parameter estimation, excluding market price of volatility risk
(λ), in each of the cases.
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Table 4: Description of the share price data. Jan 2nd 2002- Dec 31st 2003.
Equity
Dell
Walt Disney
Xerox

Historical range

Historical mean (sd)

22.33-36.98
13.77-25.00
4.30-13.80

28.95 (3.57)
19.83 (2.87)
9.18 (1.82)

Table 5: Description of the option and share price data. Jan 2004. L is the
number of options in data set.
Equity
Dell
Walt Disney
Xerox

L

Maturity (days)

Strike

Share price

Mean (sd)

120
60
60

15-98
15-135
15-135

32.50-37.50
25.00
14.00

33.44-35.97
23.67-24.96
13.39-15.15

34.89 (0.65)
24.45 (0.40)
13.99 (0.48)
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Firstly, given share price data (2002-2003) we perform the numerical procedures theoretically described in Section 5 and estimate the parameters of
the model. The results are given in Table 6. Secondly, conditional on those
parameters and using option price data from Jan 2004 (Table 5), we estimate
the market price of volatility risk in Table 7. Finally, mean squared errors
are reported in Table 8.
Table 6: Bayesian posterior means and credible intervals (95%) for the parameters of the SV model specified by (1)-(3).
Equity

ρ

α

β

γ

Dell
95% CI
Disney
95% CI
Xerox
95% CI

-0.629
(-0.784, -0.206)
-0.774
(-0.860, -0.307)
0.191
(-0.027, 0.392)

3.077
(0.625, 12.444)
0.247
(0.004, 2.680)
25.165
(10.174, 48.260)

-1.128
(-1.842, -0.715)
-2.908
(-4.736, -0.635)
-0.812
(-1.045, -0.590)

1.048
(0.528, 1.850)
0.706
(0.477, 1.065)
3.462
(2.226, 4.928)

We thoroughly follow and replicate the numerical procedures performed by
Rambharat and Brockwell which yield the results in Table 6. We set the
same parameters for a multivariate Gaussian proposal density in MCMC algorithm. Initial value of vector θ = {ρ, α, β, γ} is also set to the prespecified
value given in [16] for each equity. As mentioned earlier, they use open source
software Cronos to compute approximate maximum likelihood estimates of
the components of vector θ. However, experiments show that it has a negligible effect on the results of MCMC procedure, thus further investigation is not
needed. Moreover, it is known that Metropolis-Hastings algorithm asymptotically converges to the target distribution independently of its starting value.
The number of iterations is set to 50,000 and a burn-in period is chosen to
be 5000. Our numerical results in Table 6 are sufficiently close to what was
reported by Rambharat and Brockwell. They stated that the convergence of
model parameters had been assessed by the trace plots of posterior output in
their paper. We strongly believe that the trace plots might give some qualitative insights about the performance of MCMC procedure and therefore the
plots corresponding to our numerical procedures are given below.
Note that trace plots have to be produced for all parameters, not only for
those that we are interested in. Each trace plot has to show good mixing and
evidence of convergence. Otherwise, accurate posterior inference can not be
obtained. If the Markov chain has reached stationarity, the mean along with
the variance of the trace plot appear to be relatively constant.
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Figure 3: Trace plots for Dell equity.
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Figure 4: Trace plots for Disney equity.
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Figure 5: Trace plots for Xerox equity.
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Figure 3 tends to show weak evidence of convergence towards the target distribution for all parameters. However, we can clearly see that a longer burn-in
period is needed. Moreover, the trace plots shows evidence of marginal/slow
mixing, i.e. the chain takes small steps and does not travel across its distribution quickly. This typically happens when correlation among the samples of
the posterior distribution is strong. It suggests that the number of iterations
in MCMC procedure has to be increased.
Similar conclusions can be made about trace plots in Figure 4. Weak
evidence of convergence towards the target distribution can be noticed for
some parameters. Clearly, a longer burn-in period is needed again. The
trace plots of ρ and α show that the chains are mixing really slowly and
therefore the number of iterations in MCMC procedure has to be increased.
Furthermore, the trace plot of parameter β shows no evidence of convergence
at all.
The results in Figure 3 and Figure 4 indicate that we can not expect
accurate posterior inference for parameters and that the quality of the results
for Dell and Disney equities in Table 6 is arguable. For sake of justice, we
have repeated MCMC procedure a few times and arrived at very similar
conclusions. One way out is to try to improve the mixing of the chains. This
can be achieved, for instance, by changing a multivariate Gaussian proposal
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density or reparameterizing vector θ, currently given by (23).
Figure 5, however, shows relatively good results. The trace plots of all
parameters give strong evidence of convergence towards target distributions.
Mixing of the chains can be considered sufficiently good and quick. A burn-in
period of length 5000 seems to be sufficient as well. In fact, the trace plot
of parameter β can be said to be perfect. In addition, we might assume that
the target distribution could have been reached.
Despite the fact that only the results for Xerox equity seems to be legitimate enough, we adopt all the results in Table 6 for further investigation
and comparison.
Table 7: Posterior mode of market price of volatility risk λ∗ , V ∗ , 95% CI.
Equity

λ∗

V∗

95% credible interval

Dell
Disney
Xerox

6.80
4.25
1.95

0.00913
0.00874
0.00206

(6.619, 6.991)
(4.080, 4.434)
(1.865, 2.033)

Under certain regularity conditions, the posterior distribution of the market price of volatility risk can be approximated as follows: λ|u1 , ..., uL ∼
N (λ∗ , V ∗ ). See [16] for detailed explanations.
In Table 7 we face serious mismatch between the values reported by us
and by Rambharat and Brockwell [16] for the first time. Posterior modes
of the market price of volatility risk they have reported are -6.35, -10.85,
-0.7 for Dell, Disney and Xerox respectively. They state that ”based on the
posterior analysis of λ, all three equities show evidence of a negative value for
this parameter”, which ”signals that investors are willing to pay a premium
for downside protection.” Conversely, we obtain positive values of λ37 and
have a reasonable explanation for this. In contradiction to the quote above,
market price of volatility risk does not necessarily have to be negative to
signal about the willingness of investors to pay an extra premium for adverse
movements in price of an asset. We can clearly see from equation (6) that
λ is inversely proportional to β ∗ (volatility mean reversion level), and the
latter is typically directly proportional to the price of an option. In other
words, the smaller (not necessarily negative) value of λ is, the lower price of
an option we may expect.
Consequently, V ∗ and credible intervals are inconsistent with the results in [16] as
well. Note that λ-grid spacing step needed for posterior analysis of the market price of
volatility risk was set to 0.05, i.e. the number used originally.
37
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Table 8: Comparison of model predicted and market observed option price
data in terms of mean squared errors when λ = 0 and λ = λ∗ . Mean squared
errors SD and SE corresponds to methods D and E respectively.
Equity
Dell
Walt Disney
Xerox

SD (λ = λ∗ )

SD (λ = 0)

SE (λ = λ∗ )

SE (λ = 0)

0.0733
0.0212
0.0148

1.2860
0.3567
0.0347

0.0587
0.0167
0.0134

1.5493
0.4189
0.0399

In practice, it is convenient to set the value of λ to a prespecified value, often
taken to be zero. Hence, the mean squared errors are reported for both zero
and nonzero38 value of market price of volatility risk. In spite of the problems
in reporting correct values of λ in their paper, Rambharat and Brockwell
manage to present the plausible values of mean squared errors for all three
equities. Our results in Table 8 can be considered to be in agreement with
their calculations39 , i.e. the accuracy of the model predicted option values
is significantly improved if the optimal (estimated to be nonzero in all three
cases) value of λ is plugged into the model.
Table 9: Comparison of model predicted and market observed option price
data in terms of mean squared errors within standard Black-Scholes setting.
Equity

Sσmax

σmax

Sσln

σln

Dell
Walt Disney
Xerox

0.0565
0.0255
0.2767

0.277
0.261
0.503

0.1013
0.2052
0.0521

0.292
0.322
0.398

In Table 9, we apply analytical approximation of American put option by
Barone-Adesi and Whaley [1] to compute option prices of interest. Its
numerical implementation can be found at http://www.mathworks.com/
matlabcentral/fileexchange/authors/170997 for instance. Without getting deep into details40 , computation of the volatility term needed for BlackScholes model is briefly described below. Sσmax denotes mean squared error
obtained by substituting σmax into the Black-Scholes equation. The latter
volatility term is computed by taking an absolute value of the difference between maximum and mean over the time series and dividing it by mean value
38

The estimated optimal value of λ, given in Table 7.
Note that they employ Method C, while we are dealing with the pricing methods that
are supposed to give even better results, i.e. Method D and Method E.
40
In practice, there exist a wide range of (heuristic) methods used to compute the
volatility term.
39
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for each equity. We use time series data (2002-2003) depicted in Figure 2 for
this purpose.
Meanwhile Sσln denotes mean squared error obtained by substituting σln .
It is computed by taking standard deviation of natural logarithm of daily
relative prices (ln(St /St−1 )) and multiplying it by the square root of the
number of trading days in a year41 in order to obtain annualized value. In
this particular case we use only partial time series for each equity, i.e. only
share price data of year 2003.
The numbers in Table 9 indicate that good and fairly accurate pricing
(valuation) results, compared to Table 8, may be achieved by a straightforward approach. As a result, the stochastic volatility model, specified by
(1)-(3), can not be said to outperform the standard Black-Scholes model for
this particular option price data chosen for testing (c.f. Table 5). Despite
relatively sophisticated and computationally intensive procedures needed to
estimate model parameters compared to B-S model, the stochastic volatility
model still remains noteworthy. However, further investigation with various
historical share and option price data is needed in order to be able to draw
reliable conclusions.

6.3

Concluding Remarks

The valuation results of American put options for all approaches (methods
A-D) with the various choices of prespecified values of the model parameters
reported by Rambharat and Brockwell (2010) [16] seem to be highly reliable. It has been justified by replicating their experiments and additionally
implementing methods E and F for comparison purposes.
Meanwhile, despite the solid mathematical background, statistical estimation of model parameters reveals quite significant weaknesses. The trace
plots show evidence that accurate posterior inference could not have been
made. Obviously, this problem, as mentioned earlier, might be solved by
reparameterizing the model parameters or changing inputs to a multivariate Gaussian proposal density. Another way would be to try increasing the
number of iterations in MCMC procedure and choose a burn-in period more
carefully. Moreover, considerable discrepancies have been detected in numerical estimation of market price of volatility risk.
Another noticeable weakness is found when it comes to the way how historical data is used for model parameter estimation. Rambharat and Brockwell use share price data of the year 2002 and 2003 to estimate model parameters (excluding λ). Afterwards, share and option price data of January 2004
41

Usually it is assumed to be equal to 252.
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are used to estimate optimal value of market price of volatility risk. Finally,
these parameters are applied and model (SV) predicted values are compared
(in terms of mean squared errors) to historical option price data of January
2004 for each equity (Dell, Disney, Xerox). To the best of our knowledge,
only the usage of any option and share price data up to the year 2004 for
estimation of λ could be justified in this particular case. Otherwise practical
use of such estimation methodology becomes vague.
Finally, our calculations for this particular historical share and option
price data show that similar and relatively good valuation results are obtained within standard Black-Scholes framework42 , which is much easier to
implement and apply compared to the stochastic volatility model. Option
price data over the period January 2004 used by Rambharat and Brockwell
consisted of 120, 60, 60 elements for Dell, Disney and Xerox respectively.
Apparently, the total number of options with different specifications traded
in market over that period exceeds the aforementioned numbers. It would be
comprehensive to explain the selection methodology, e.g. a fixed number of
most actively traded American put options in the period, since it may have
quite significant effects on squared errors.
Overall, the approach provided by Rambharat and Brockwell in [16] seems
to be fairly promising. It also enables many different directions of potential
further analysis. Our comments and remarks above suggest that some aspects
require more detailed and careful investigation as well as more experiments
are needed to draw conclusions about practical usefulness and applicability
of the statistical estimation procedures suggested in their paper.

42

In addition, we have not performed detailed analysis for the volatility term estimation
in B-S model. More carefully chosen values could have yielded even better results.
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APPENDICES
APPENDIX A: MATLAB Implementations
% -------------------------------------------------------------% REGRESSION BASED METHOD FOR AMERICAN PUT OPTION
% IT CALCULATES BOTH LOW AND HIGH BIASED ETIMATES
% -------------------------------------------------------------clear all;clc;
S0=85;
K=95;
r=0.0325;
T=55/252;
M=55;
N=1.5e4;

%
%
%
%
%
%

Inital asset price
Strike price
Interest rate
Maturity time
Number of monitoring dates
Number of trajectories

% Initial values corresponding to experiment no. 6 in this paper
lambda=-0.0155;
rho=-0.017;
alpha=0.0195;
betta=log(0.7);
gamma=2.50;
Y0=log(0.75);
% Simulation of asset pice and volatility processes, eq. [1]-[3]
betastar=betta-lambda*gamma/alpha;
expT=exp(-alpha*(T/M));
S=zeros(M+1,N);
Y=zeros(M+1,N);
sigmavec=zeros(M+1,N);
S(1,:)=S0;
Y(1,:)=Y0;
tic
for j=1:M
Z1(j,:)=randn(1,N);
Z2(j,:)=randn(1,N);
Y(j+1,:) = betastar+expT*(Y(j,:)-betastar)+gamma*...
sqrt((1-expT*expT)/(2*alpha))*Z2(j,:);
sigmavec(j+1,:)=exp(Y(j+1,:));
S(j+1,:) = S(j,:).*exp((r-(sigmavec(j+1,:).ˆ2)/2)*...
(T/M)+sigmavec(j+1,:)*sqrt(T/M).*(sqrt(1-rhoˆ2)*...
Z1(j,:)+rho*Z2(j,:)));
end
% Intrinsic values discounted to time t 0=0
ff=max(K-S,0);
for i=1:M
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ff(i+1,:)=ff(i+1,:)*exp(-r*(T/M)*i);
end
% Initializing matrix U, i.e.
% max[discounted intrinsic value, estimated constinuation value]
U=zeros(N,M+1);
U(:,end)=ff(end,:)';
%Regression step, i.e. least squares method
for k=M:-1:2
% Simple linear transformation/usually helps to avoid ...
singularity
S(k,:)=(S(k,:)-mean(S(k,:)))./std(S(k,:));
% A few Laguerre polynomials
Q(:,1)=exp(-S(k,:)'/2);
Q(:,2)=exp(-S(k,:)'/2).*(1-S(k,:)');
Q(:,3)=exp(-Y(k,:)'/2);
Q(:,4)=exp(-Y(k,:)'/2).*(1-Y(k,:)');
Q(:,5)=exp(-S(k,:)'/2).*exp(-Y(k,:)'/2);
Q(:,6)=exp(-S(k,:)'/2).*(1-S(k,:)').*exp(-Y(k,:)'/2).*(1-Y(k,:)');
%inv(Q'*Q)=(Q'*Q)\eye(length((Q'*Q))) alternative command below
beta(:,k)=inv(Q'*Q)*Q'*U(:,k+1);
U(:,k)=max(ff(k,:)',Q*beta(:,k));
end
% HIGH BIASED ESTIMATE OF AMERICAN PUT OPTION, i.e.
% obained through dynamic programming algorithm directly
HBE=max(K-S0,mean(U(:,2)))
% Find the smallest optimal stopping time
FF=ff';
Indicator=logical(U(:,2:M+1)> FF(:,2:M+1));
for k=1:N
optimal(k,1)=find(Indicator(k,:)==0,1,'first');
end
%Intrinsic values of first opt. stopp. time in each trajectory
for h=1:N
FirstSTOP(h,1)=FF(h,optimal(h,1)+1);
end
% LOW BIASED ESTIMATE OF AMERICAN PUT OPTION, i.e.
% obained through optimal stopping rule
LBE=mean(FirstSTOP)
% Standard error
SE=std(FirstSTOP)/sqrt(N)
% Elapsed time
toc
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% -------------------------------------------------------------% STOCHASTIC MESH METHOD FOR AMERICAN STYLE PUT OPTION
% WITH AVERAGE DENSITY METHOD APPLIED FOR MESH NODES
% IT CALCULATES BOTH LOW AND HIGH BIASED ETIMATES
% -------------------------------------------------------------clear all;clc;
S0=85;
K=95;
r=0.0325;
T=55/252;
M=55;
N=1e2;

%
%
%
%
%
%

Inital asset price
Strike price
Interest rate
Maturity time
Number of monitoring dates
Number of the mesh nodes

% Initial values corresponding to experiment no. 6 in this paper
lambda=-0.0155;
rho=-0.017;
alpha=0.0195;
betta=log(0.7);
gamma=2.50;
Y0=log(0.75);
% Simulation of asset pice and volatility processes, eq. [1]-[3]
betastar=betta-lambda*gamma/alpha;
expT=exp(-alpha*(T/M));
S=zeros(M+1,N);
Y=zeros(M+1,N);
sigmavec=zeros(M+1,N);
S(1,:)=S0;
Y(1,:)=Y0;
tic
for j=1:M
Z1(j,:)=randn(1,N);
Z2(j,:)=randn(1,N);
Y(j+1,:) = betastar+expT*(Y(j,:)-betastar)+gamma*...
sqrt((1-expT*expT)/(2*alpha))*Z2(j,:);
sigmavec(j+1,:)=exp(Y(j+1,:));
S(j+1,:) = S(j,:).*exp((r-(sigmavec(j+1,:).ˆ2)/2)*...
(T/M)+sigmavec(j+1,:)*sqrt(T/M).*(sqrt(1-rhoˆ2)*...
Z1(j,:)+rho*Z2(j,:)));
end
% Intrinsic values discounted to time t 0=0
ff=max(K-S,0);
for i=1:M
ff(i+1,:)=ff(i+1,:)*exp(-r*(T/M)*i);
end
% Initializing matrix U, i.e.
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% max[discounted intrinsic value, estimated constinuation value]
U=zeros(N,M+1);
U(:,end)=ff(end,:)';
%Transition density / average density method
for i=M:-1:2 % loop over time
i
for k=1:N % k th node at time i
for j=1:N % j th node at time i+1
% Average density from node k at time i to j th node at time i+1
numerator=1/(sigmavec(i+1,j)*sqrt(T/M)*S(i+1,j))*...
normpdf((log(S(i+1,j)./S(i,k))-(r-sigmavec(i+1,j)ˆ2/2)*...
(T/M))/(sigmavec(i+1,j)* sqrt(T/M)));
denominator=mean(1/(sigmavec(i+1,j)*sqrt(T/M)*S(i+1,j))*...
normpdf((log(S(i+1,j)./S(i,:))-(r-sigmavec(i+1,j)ˆ2/2)*...
(T/M))/(sigmavec(i+1,j)* sqrt(T/M))));
weight(k,j)=numerator/denominator;
end
% Continuation value at time i for k th node
C(k,i)=(weight(k,:)*U(:,i+1))/N;
end
% At time i, discounted expected estimated payoff
U(:,i)=max(ff(i,:)',C(:,i));
end
% HIGH BIASED ESTIMATE OF AMERICAN PUT OPTION, i.e.
% obained through dynamic programming algorithm directly
HBE=max(K-S0,mean(U(:,2)))
% Find the smallest optimal stopping time
FF=ff';
Indicator=logical(U(:,2:M+1)> FF(:,2:M+1));
for k=1:N
optimal(k,1)=find(Indicator(k,:)==0,1,'first');
end
%Intrinsic values of first opt. stopp. time in each trajectory
for h=1:N
FirstSTOP(h,1)=FF(h,optimal(h,1)+1);
end
% LOW BIASED ESTIMATE OF AMERICAN PUT OPTION (PATH ESTIMATE)
% obained through optimal stopping rule
LBE=mean(FirstSTOP)
% Standard error
SE=std(FirstSTOP)/sqrt(N)
% Elapsed time
toc
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APPENDIX B: R Initializations + Trace Plots
#---------------------------------------------------------------# MODEL PARAMETER ESTIMATION
#---------------------------------------------------------------#rm(list=ls())
rm(list = setdiff(ls(), lsf.str()))
# Read one of the relevant data below (DELL in this case)
dat<-read.table("C:\\Users\\DS\\Desktop\\dellshares DS.txt")
#dat<-read.table("C:\\Users\\DS\\Desktop\\xeroxshares DS.txt")
#dat<-read.table("C:\\Users\\DS\\Desktop\\disneyshares DS.txt")
data<-as.vector(dat[2:length(dat[,2]),2])
datavec<-as.numeric(data)
# Calculate returns based on share price data
returns = diff(datavec)/datavec[1:length(datavec)-1]
# Initialize parameters for prior distribution
priorarr<-matrix(c(0,1,0,1,0,1,0,1,0,1), 2, byrow = T)
# Initialize parameters of the SV process needed for MCMC
# procedure using CRONOS (given) for each equity separately.
rho<-0
#Disney
#alpha<-4.4
#beta<-(-1.2)
#gamma<-1.1
#Dell
alpha<-8.2
beta<-(-1)
gamma<-1.5
#XEROX
#alpha<-17
#beta<-(-0.8)
#gamma<-3
ivalues<-c(mean(returns),tan(rho*pi/2),log(alpha),beta,log(gamma))
vcovarr <- c(var(returns),0.001,0.005,0.0025,0.001)
# For standard normal priors
#ivalues<-c(0,0,0,0,0)
#vcovarr <- c(1,1,1,1,1)
# Number of particles
m<-500
ndim<-5
# Number of MCMC iterations
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nruns<-50000
# Time step
∆<-1/252
# Run Rambharats and Brockwells code
postdistr=equity.mcmc(datavec, ∆, m, nruns, ndim, vcovarr,
priorarr, ivalues)
write.table(postdistr,"C:\\Users\\MrDS\\Desktop\\dellstat.txt")
# Choose a burn-in period of 5000 and calculate posterior means
colMeans(postdistr[5000:nrow(postdistr),])
#---------------------------------------------------------------# ESTIMATION OF THE MARKET PRICE OF VOLATILITY RISK
#---------------------------------------------------------------# ---DELL--rm(list = setdiff(ls(), lsf.str()))
nseed=6550
dat<read.table("C:\\Users\\DS\\Desktop\\delloption.txt",header=TRUE)
# Full observation (Method D)
methodvec = c(0,2)
# Initialize lambda, i.e. grid of trial vol risk premium values
# First one should try something like lambdavec =seq(-20,20,1)
lambdavec =seq(6,8,0.05)
# Substitute posterior means obtained earlier
rho = -0.629; alpha = 3.077;beta = -1.128; gamma = 1.048;
thetavec = c(rho, alpha, beta, gamma)
inputvec = c(0.011, 1/252)
nsimvec = c(1500, 100, 12, 6)
#Y0=rnorm(dim(dat)[1],beta-gamma*lambda/alpha,gamma/sqrt(2*alpha))
# derivmat = matrix of (stock, historical volaltility, maturity,
# strike, and put) data.
derivmat = matrix(c(dat[,6],0.2775*t(rep(1,dim(dat)[1])),dat[,3]
,dat[,5], dat[,4]), nrow = dim(dat)[1], ncol = 5)
# We choose any reasonable value for initial volatility based
# on historical data. The number 0.2775 is obtained by
# (max(datavec)-mean(datavec))/mean(datavec) using data from
# 2002-2003 (24 months) from dellshares DS.txt
# Run Rambharats and Brockwells code
volrisk.fitter(lambdavec, derivmat, nsimvec, inputvec, thetavec,
methodvec, nseed)
# ---XEROX--rm(list = setdiff(ls(), lsf.str()))
nseed=6550
dat<-
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read.table("C:\\Users\\DS\\Desktop\\xeroxoption.txt",header=TRUE)
# Full observation (Method D)
methodvec = c(0,2)
# Initialize lambda, i.e. grid of trial vol risk premium values
# First one should try something like lambdavec =seq(-20,20,1)
lambdavec =seq(1.5,2.5,0.05)
# Substitute posterior means obtained earlier
rho = 0.191; alpha = 25.165 ;beta = -0.812; gamma = 3.462;
thetavec = c(rho, alpha, beta, gamma)
inputvec = c(0.011, 1/252)
nsimvec = c(1500, 100, 12, 6)
#Y0=rnorm(dim(dat)[1],beta-gamma*lambda/alpha,gamma/sqrt(2*alpha))
# derivmat = matrix of (stock, historical volaltility, maturity,
# strike, and put) data.
derivmat = matrix(c(dat[,6],0.5029*t(rep(1,dim(dat)[1])),dat[,3]
,dat[,5], dat[,4]), nrow = dim(dat)[1], ncol = 5)
# We choose any reasonable value for initial volatility based
# on historical data. The number 0.5029 is obtained by
# (max(datavec)-mean(datavec))/mean(datavec) using data from
# 2002-2003 (24 months) from xeroxshares DS.txt
# Run Rambharats and Brockwells code
volrisk.fitter(lambdavec, derivmat, nsimvec, inputvec, thetavec,
methodvec, nseed)
# ---DISNEY--rm(list = setdiff(ls(), lsf.str()))
nseed=6550
dat<read.table("C:\\Users\\DS\\Desktop\\disneyoption.txt",header=TRUE)
# Full observation (Method D)
methodvec = c(0,2)
# Initialize lambda, i.e. grid of trial vol risk premium values
# First one should try something like lambdavec =seq(-20,20,1)
lambdavec =seq(4,4.5,0.05)
# Substitute posterior means obtained earlier
rho = 0.191; alpha = 25.165 ;beta = -0.812; gamma = 3.462;
thetavec = c(rho, alpha, beta, gamma)
inputvec = c(0.011, 1/252)
nsimvec = c(1500, 100, 12, 6)
#Y0=rnorm(dim(dat)[1],beta-gamma*lambda/alpha,gamma/sqrt(2*alpha))
# derivmat = matrix of (stock, historical volaltility, maturity,
# strike, and put) data.
derivmat = matrix(c(dat[,6],0.261*t(rep(1,dim(dat)[1])),dat[,3]
,dat[,5], dat[,4]), nrow = dim(dat)[1], ncol = 5)
# We choose any reasonable value for initial volatility based
# on historical data. The number 0.261 is obtained by
# (max(datavec)-mean(datavec))/mean(datavec) using data from
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# 2002-2003 (24 months) from disneyshares DS.txt
# Run Rambharats and Brockwells code
volrisk.fitter(lambdavec, derivmat, nsimvec, inputvec, thetavec,
methodvec, nseed)
#---------------------------------------------------------------# PLOTTING SHARE PRICE DATA
#---------------------------------------------------------------library(ggplot2)
library(grid)
rm(list = setdiff(ls(), lsf.str()))
X<-read.table("C:\\Users\\DS\\dellshares DS.txt")
Z<-read.table("C:\\Users\\DS\\xeroxshares DS.txt")
Y<-read.table("C:\\Users\\DS\\disneyshares DS.txt")
X1<-as.vector(X[2:length(X[,2]),2])
X2<-as.numeric(X1)
Y1<-as.vector(Y[2:length(Y[,2]),2])
Y2<-as.numeric(Y1)
Z1<-as.vector(Z[2:length(Z[,2]),2])
Z2<-as.numeric(Z1)
setwd("C:/Users/DS/Desktop")
pdf("3eq.pdf",width=8,height=3)
grid.newpage()
pushViewport(viewport(layout = grid.layout(1, 3)))
vplayout <- function(x, y)
viewport(layout.pos.row = x, layout.pos.col = y)
print(qplot(1:length(X2),X2,geom='line',xlab='Time (days)',ylab=
'Share price', main='Dell (2002-2003)'), vp = vplayout(1, 1))
print(qplot(1:length(Y2),Y2,geom='line',xlab='Time (days)',ylab=
'Share price', main='Disney (2002-2003)'), vp = vplayout(1, 2))
print(qplot(1:length(Z2),Z2,geom='line',xlab='Time (days)',ylab=
'Share price', main='Xerox (2002-2003)'), vp = vplayout(1, 3))
dev.off()
#---------------------------------------------------------------# CALCULATING MEAN SQUARED ERRORS
#---------------------------------------------------------------#---DELL--rm(list = setdiff(ls(), lsf.str()))
dat<-read.table('C:\\Users\\DS\\delloption.txt', header=TRUE)
# Test Trial:
lambda.test = 6.80
# lambda.test = 0
rho.test = -0.629; alpha.test = 3.077
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beta.test = -1.128; gamma.test = 1.048
theta.test = c(rho.test, alpha.test, beta.test, gamma.test)
# nPaths, nSMC, ncov.SMC, ncov.rVol
nsimvec.test = c(15000, 1000, 12, 6)
nseed.test = 6550
# Method D
indexvec.testd = c(0,2)
dd = numeric(dim(dat)[1])
for (i in 1:dim(dat)[1])
{
print(i)
initvec.test = c(dat[i,6], log(0.2775)) # S0, ln-sigma0=Y0: GOU
# 0.2775 is obtained by (max(dat)-mean(dat))/mean(dat) using
# data from 2002-2003 (24 months) from dellshares DS.txt
# rf-rate, T (days), dt, K
optionvec.test = c(0.011, dat[i,3], 1/252, dat[i,5])
# D -- Full LSM
set.seed(nseed.test)
lsm.testd = equity.lsm(lambda.test, theta.test, initvec.test,
optionvec.test, nsimvec.test, indexvec.testd)
dd[i]=(lsm.testd[1]-dat[i,4])ˆ2
}
mean(dd)
#---XEROX--rm(list = setdiff(ls(), lsf.str()))
dat<-read.table("C:\\Users\\DS\\xeroxoption.txt", header=TRUE)
# Test Trial:
lambda.test = 1.95
# lambda.test = 0
rho.test = 0.191; alpha.test = 25.165
beta.test = -0.812; gamma.test = 3.462
theta.test = c(rho.test, alpha.test, beta.test, gamma.test)
# nPaths, nSMC, ncov.SMC, ncov.rVol
nsimvec.test = c(1500, 100, 12, 6)
nseed.test = 6550
# Method D
indexvec.testd = c(0,2)
dd = numeric(dim(dat)[1])
for (i in 1:dim(dat)[1])
{
print(i)
initvec.test = c(dat[i,6], log(0.5029)) # S0, ln-sigma0=Y0: GOU
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# 0.5029 is obtained by (max(dat)-mean(dat))/mean(dat) using
# data from 2002-2003 (24 months) from xeroxhares DS.txt
# rf-rate, T (days), dt, K
optionvec.test = c(0.011, dat[i,3], 1/252, dat[i,5])
# D -- Full LSM
set.seed(nseed.test)
lsm.testd = equity.lsm(lambda.test, theta.test, initvec.test,
optionvec.test, nsimvec.test, indexvec.testd)
dd[i]=(lsm.testd[1]-dat[i,4])ˆ2
}
mean(dd)
#---DISNEY--rm(list = setdiff(ls(), lsf.str()))
dat<-read.table("C:\\DS\\disneyoption.txt", header=TRUE)
# Test Trial:
lambda.test = 4.25
# lambda.test = 0
rho.test = -0.774; alpha.test = 0.247
beta.test = -2.908; gamma.test = 0.706
theta.test = c(rho.test, alpha.test, beta.test, gamma.test)
nsimvec.test = c(1500, 100, 12, 6)
nseed.test = 6550
indexvec.testd = c(0,2)
dd = numeric(dim(dat)[1])
for (i in 1:dim(dat)[1])
{
print(i)
initvec.test = c(dat[i,6], log(0.261)) # S0, ln-sigma0=Y0: GOU
# 0.261 is obtained by (max(dat)-mean(dat))/mean(dat) using
# data from 2002-2003 (24 months) from disneyshares DS.txt
# rf-rate, T (days), dt, K
optionvec.test = c(0.011, dat[i,3], 1/252, dat[i,5])
# D -- Full LSM
set.seed(nseed.test)
lsm.testd = equity.lsm(lambda.test, theta.test, initvec.test,
optionvec.test, nsimvec.test, indexvec.testd)
dd[i]=(lsm.testd[1]-dat[i,4])ˆ2
}
mean(dd)
#---------------------------------------------------------------# TRACE PLOTS
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#---------------------------------------------------------------library(ggplot2)
library(grid)
rm(list = setdiff(ls(), lsf.str()))
X=read.table("C:/Users/DS/Desktop/dellstat.txt")
colMeans(X[5000:nrow(X),])
quantile(X[5000:nrow(X),2],c(0.025,0.975))
quantile(X[5000:nrow(X),3],c(0.025,0.975))
quantile(X[5000:nrow(X),4],c(0.025,0.975))
quantile(X[5000:nrow(X),5],c(0.025,0.975))
setwd("C:/Users/MrDS/Desktop")
pdf("dellstat.pdf",width=8,height=5.5)
grid.newpage()
pushViewport(viewport(layout = grid.layout(2, 2)))
vplayout <- function(x, y)
viewport(layout.pos.row = x, layout.pos.col = y)
print(qplot(1:nrow(X),X[,2],geom='line',xlab='',ylab='',
main=bquote(rho)), vp = vplayout(1, 1))
print(qplot(1:nrow(X),X[,3],geom='line',xlab='',ylab='',
main=bquote(alpha)), vp = vplayout(1, 2))
print(qplot(1:nrow(X),X[,4],geom='line',xlab='',ylab='',
main=bquote(beta)), vp = vplayout(2, 1))
print(qplot(1:nrow(X),X[,5],geom='line',xlab='',ylab='',
main=bquote(gamma)), vp = vplayout(2, 2))
dev.off()
rm(list = setdiff(ls(), lsf.str()))
X=read.table("C:/Users/DS/Desktop/disneystat.txt")
colMeans(X[5000:nrow(X),])
quantile(X[5000:nrow(X),2],c(0.025,0.975))
quantile(X[5000:nrow(X),3],c(0.025,0.975))
quantile(X[5000:nrow(X),4],c(0.025,0.975))
quantile(X[5000:nrow(X),5],c(0.025,0.975))
setwd("C:/Users/MrDS/Desktop")
pdf("disneystat.pdf",width=8,height=5.5)
grid.newpage()
pushViewport(viewport(layout = grid.layout(2, 2)))
vplayout <- function(x, y)
viewport(layout.pos.row = x, layout.pos.col = y)
print(qplot(1:nrow(X),X[,2],geom='line',xlab='',ylab='',
main=bquote(rho)), vp = vplayout(1, 1))
print(qplot(1:nrow(X),X[,3],geom='line',xlab='',ylab='',
main=bquote(alpha)), vp = vplayout(1, 2))
print(qplot(1:nrow(X),X[,4],geom='line',xlab='',ylab='',
main=bquote(beta)), vp = vplayout(2, 1))
print(qplot(1:nrow(X),X[,5],geom='line',xlab='',ylab='',
main=bquote(gamma)), vp = vplayout(2, 2))
dev.off()
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rm(list = setdiff(ls(), lsf.str()))
X=read.table("C:/Users/DS/Desktop/xeroxstat.txt")
colMeans(X[5000:nrow(X),])
quantile(X[5000:nrow(X),2],c(0.025,0.975))
quantile(X[5000:nrow(X),3],c(0.025,0.975))
quantile(X[5000:nrow(X),4],c(0.025,0.975))
quantile(X[5000:nrow(X),5],c(0.025,0.975))
setwd("C:/Users/MrDS/Desktop")
pdf("xeroxstat.pdf",width=8,height=5.5)
grid.newpage()
pushViewport(viewport(layout = grid.layout(2, 2)))
vplayout <- function(x, y)
viewport(layout.pos.row = x, layout.pos.col = y)
print(qplot(1:nrow(X),X[,2],geom='line',xlab='',ylab='',
main=bquote(rho)), vp = vplayout(1, 1))
print(qplot(1:nrow(X),X[,3],geom='line',xlab='',ylab='',
main=bquote(alpha)), vp = vplayout(1, 2))
print(qplot(1:nrow(X),X[,4],geom='line',xlab='',ylab='',
main=bquote(beta)), vp = vplayout(2, 1))
print(qplot(1:nrow(X),X[,5],geom='line',xlab='',ylab='',
main=bquote(gamma)), vp = vplayout(2, 2))
dev.off()
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