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Abstract

The aim of this bachelor’s thesis has been to investigate a type of
surfaces that correspond to the greatest contributions of a scattering
amplitude in a type of string theory. These are constant mean cur-
vature surfaces in hyperbolic 3-space, H3. Classically the way to find
such surfaces has been to solve a non-linear partial differential equa-
tion. In many spaces constant mean curvature surfaces are intimately
connected to certain harmonic maps, known as the Gauss maps. In
1995 Dorfmeister, Pedit and Wu established a method for constructing
harmonic maps into so-called symmetric spaces. I investigate a gen-
eralization of this method that can be applied to find constant mean
curvature surfaces in H3 by using the intimate connection between
these surfaces and harmonic maps. This method relies on a factoriza-
tion of a Lie-group valued map. I show an explicit method for finding
the factorization in terms of what is known as the Birkhoff factoriza-
tion. Because approximation methods for the Birkhoff factorization
are known, this allowed me to use the method constructively to find
constant mean curvature surfaces in H3.
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1 Introduction

1.1 Preface

In this thesis we will begin by briefly discussing the connection be-
tween a type of string theories and constant mean curvature (CMC)
surfaces. Then we will explain what is known as the Dorfmeister-Pedit-
Wu (DPW) method for finding such surfaces. Since we at several points
will go into technical details which may lie well beyond the interest of
most readers, we would like to begin by explaining the appeal and basic
result of this method. In essence, it replaces the problem of solving a
non-linear partial differential equation (3) with the problem of solving
an ordinary differential equation and performing a matrix-type factor-
ization. The factorization we are interested in is somewhat analogous
to the QR-factorization of linear algebra, but is in general substantially
more difficult to find. Once found however, the factorization immedi-
ately allows us to construct a CMC surface, that is, without directly
solving the non-linear partial differential equation.

To be specific, I will summarize the key elements of the DPW-
method for harmonic maps into symmetric spaces and how this in
some cases can be applied to find constant mean curvature surfaces
in suitable spaces. Moreover, I will mention how such surfaces can
be of interest in a certain string theory context. The subject of CMC
surfaces and the DPW-method in its entirety encompasses a wide range
of ideas which are beyond the scope of this thesis, so many interesting
details will be left out. However, to give a fair perspective of what
the main ideas of the DPW-method are and how the method can be
applied, it is necessary to include a wider range of the theory than
might be necessary to understand and use the recipe-type result at the
end of the text. In short my aims are summarized in three points:

1. Very briefly introduce a string theory context in which CMC
surfaces are of importance.

2. Summarize, in simple terms, the main ingredients and arguments
of the DPW-method for harmonic maps, and how it is used to
find CMC surfaces.

3. Outline a DPW-type method which produces CMC surfaces in
hyperbolic space (H3) from holomorphic data using the Birkhoff
factorization.

The second and third points are addressed by discussing the origi-
nal paper authored by Dorfmeister, Pedit, and Wu [1] in a way which
relates to the later modification due to Dorfmeister, Inoguchi, and
Kobayashi [2]. The DPW-method as originally formulated is not im-
mediately applicable to the case of any CMC surfaces of H3, but as
shown in [2] a very similar approach can be used for these surfaces. The
latter method is in a sense less general, as it applies only to a specific
case, but on the other hand, it also demonstrates that the ideas behind
the original approach can be used in more general settings than those
in which they were originally formulated. For this reason there will
be two parallel lines of argument throughout parts of this text - one
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examining the general method, the DPW-method for harmonic maps,
and one focused on the explicit application of the modified theory to
H3.

For the theorems that are proven in one of the referenced sources
I will often discuss the proof structure or line of reasoning. To keep
the text as easily accessible as possible these will be relatively sim-
ple outlines of the proofs just to convey the structure of the general
theory. To use the method constructively and find surfaces, we show
(Proposition 1) that the Iwasawa factorizations can be found explicitly
using a Birkhoff factorization, for which we are aware of approximation
schemes. Because proposition 1 is an original statement to this thesis
we will make a full proof. However, the proof is very simple and ex-
plicit and the basic idea behind it can be found in the proof of theorem
9.4 of [2], which is substantially more involved. At the point of writing
this, I am not aware of any other method or algorithm for determining
the τ4-Iwasawa decomposition, unlike the τ3-Iwasawa decomposition,
for which Pressely and Segal have given a method in [4]. A description
of this method can also be found in [9].

Finally, I’d like to express my gratitude to my supervisor, Dr.
Thomas Klose. I could simply not have asked for a more engaging
and helpful supervisor.
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2 Preliminaries

2.1 String theory context

String theory can be thought of as a mathematical framework for
formulating physical theories, incorporating ideas from geometry and
topology. The most basic object in a string theory of one kind or an-
other is the eponymous string, a 1-dimensional object travelling in an
ambient space M , which is commonly referred to as the target space.
As the string moves along it sweeps out a 2-dimensional surface X
know as the worldsheet, which can be thought of as an immersion into
M . There are essentially two philosophies with regard to the role of
string theory in physics: First as a unified theory of gravitation and the
Standard Model, in which strings of one kind or another serve as the
building blocks of the universe. However, string theories often suffer
from ”dimensional issues”. For example, the relatively simple bosonic
string theory requires the target space to be 26-dimensional - other
more refined examples require ten or eleven dimensions - whereas all
experiments so far only indicate the existence of 4-dimensions of space-
time. The proposed solution to this so far has been to consider spaces
with compact ”extra” dimensions of such a geometry that they remain
beyond current experimental detection.

A different way to think of string theory is as a framework to refor-
mulate quantum field theories (QFTs), such as the Standard Model.
In a sense then, the string formulation is not considered to be in any
sense fundamental, but is rather thought of as a tool for investigating
QFTs. However, finding a string theory ”dual” to a certain QFT is
not simple - it has to be tailored to give the right results. What makes
this type of dualities especially interesting is that they often can be
used to make approximations in domains where the QFTs are difficult
to approximate, e.g. at strong coupling. Perhaps the most well known
example of a class of dual string theories is provided by the AdS/CFT
correspondence: A duality between string theories on a target space
having an anti-de Sitter subspace, and (Lorentzian) conformal field
theories. If we instead were to consider a Euclidean conformal field
theory, then the dual string theory formulation is defined on a space
with a hyperbolic subspace, Hn.

To outline an example of a string theory and how scattering am-
plitudes are found we consider the simplest of string theories: That
of a closed orientable Polyakov string in a Euclidean spacetime1. The
action is given by

S =
1

2

∫
Σ

d2σ
√
hhij∂

iXα∂
jXβg

αβ +
φ0

4π

∫
Σ

d2σ
√
hR

=
1

2

∫
Σ

d2σ
√
hhij∂

iXα∂
jXβg

αβ + φ0χ.

1It is common to consider this to be ”the Wick-rotated” version of a string theory on
a Minkowski space. The Wick rotation trick may be less mathematically rigorous than
desirable, so we will not discuss this any further here.
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Here g and h are the metrics on N and Σ respectively, R is the Ricci
scalar on Σ. In two dimensions the last term is topological: χ is
the Euler characteristic of the surface Σ. As in QFT we determine a
scattering amplitude A of a process by something similar to a path
integral. We have external states specified by vertex operators Vi =
V (pi,Λi), i ∈ J , depending on momentum and possibly some other
labels Λi. Then

A(pJ ,ΛJ) =

∫
Σ×...×Σ

m∏
i=1

d2σi〈
m∏
i=1

Vi〉,

where the expectation value is given by the path integral

〈. . .〉 ∼
∑

”topologies”

g−χs

∫
DXDh(. . . e−S(X))

and gs = e−φ0 is the string coupling constant. This example2 provides
the basic motivation needed to understand why we take an interest in
CMC surfaces: In some string theories it can be shown that the greatest
contribution to the expectation value is provided by worldsheets X
having vanishing constant mean curvature H.

There is another reason to study CMC surfaces in H3 and other
spaces in low dimensions. Over the years there have been shown to ex-
ist correspondences between CMC surfaces in several of the well known
low-dimensional spaces, such as E3 and S3. An example of this is the
Lawson correspondence, which is stated in the appendix. Another cor-
respondence is demonstrated in [2], between CMC surfaces in H3 and
spacelike immersions into de Sitter space S1,2. Such relations between
CMC surfaces provide a very useful tool for simultaneously finding sur-
faces in several of the low-dimensional spaces. From the perspective
of string theory then, if one is interested in CMC worldsheets, such
surfaces can be investigated in various geometries simultaneously.

2.2 Surfaces in space forms

In this section, various concepts from classical geometry that are of
relevance when studying surface theory in R3,S3 and H3 are discussed.
By space form, we will mean either one of these three.3

By a surface we mean a smooth immersion f of a Riemann surface M

f : M →Mc

2Bosonic string theory is discussed along the same lines as here at some length in e.g.
[10]. A notable issue with this type of theory is the existence of a tachyon in the spectrum.

3 Although there are other three dimensional space forms, R3, S3 and H3 are the only
simply connected, complete space forms in three dimensions. Here we consider the space
forms with sectional curvature c = 1 (spherical space, S3), c = 0, (euclidean space, E3) and
c = −1 (hyperbolic space, H3). Later we will also briefly be concerned with hyperbolic
spaces H3(c) for general negative sectional curvatures c < 0.
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where Mc is a space form determined by its sectional curvature c.
Associated to such immersions is a normal map, known as the Gauss
map, which we for the moment denote by n

n : M → Sc.

Here the space Sc depends on Mc and is essentially the collection of
possible normal vectors of a surface. It should be noted that the name
”Gauss map” can refer to many different types of maps even when
applied to the same Mc, cf. Appendix D of [2] for a discussion of
some different notions in the case of M−1 = H3. However, given n and
f we may construct the fundamental forms which convey some basic
geometric information about the immersed surface. Let (x, y) ∈ V be
some local coordinates of M . To begin with, the first fundamental
form, or induced metric, is given by

I = 〈fx, fx〉dx2 + 2〈fy, fx〉dydx+ 〈fy, fy〉dy2.

It can be shown (Theorem 1.4.3, [5]) that we may assume that the
coordinates are conformal, i.e. that (x, y) are such that

I = eû(x,y)(〈fx, fx〉dx2 + 〈fy, fy〉dy2)

where û : V → R. Continuing, we have the second fundamental form

II = 〈fxx, n〉dx2 + 2〈fyx, n〉dydx+ 〈fyy, n〉dy2.

It is useful to introduce complex coordinates (z, z) ∈ U where z =
x + iy and z = x − iy when studying Riemann surfaces. Assuming
that (x, y) ∈ V are conformal coordinates we find that the complex
description of the above fundamental forms are

I = eu(z,z)dzdz (1)

and

II = Q(z, z)dz2 +H(z, z)eu(z,z)dzdz +Q(z, z)dz2. (2)

The differential Qdz2 is called the Hopf differential4, and H : U → R
is the mean curvature. By choosing an appropriate complex structure
on M we may assume that the surface is immersed so that H ≥ 0.
Note that H is not necessarily constant for general surfaces.

The triplet (u,Q,H) is not completely independent - in fact there
are several relations between u,Q and H which are well known in the
classical theory of surfaces. There are the Weingarten equations (which
will not be given here) and also the Gauss-Codazzi equations which are
also known as the compatibility conditions of the triplet (u,Q,H). For
the space form Mc they are

uzz +
1

2
(H2 + c)eu − 2QQe−u = 0, Qz = Hze

u. (3)

Moreover, the following holds:

4When working in a fixed chart, Q : U → C is sometimes, in abuse of language, called
the Hopf differential.
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Theorem 1. Let M be a simply connected Riemann surface and sup-
pose that a triplet (u,Q,H) of smooth maps of the type

u : M → R Q : M → C H : M → [0,∞) ⊂ R (4)

is given, and suppose that (u,Q,H) satisfies (3) for c = 0 or c = ±1.
Then the triplet (u,Q,H) determines a surface in Mc, that is, there
exists an immersion of M into Mc with fundamental forms determined
by (u,Q,H).

At this point it is appropriate to make a few remarks. First we
note that if H is constant, the surface given by (u,Q,H) is a constant
mean curvature (CMC) surface, and in particular when H vanishes
identically we say that the surface is minimal. Note that, according to
equation (3), when a surface is of constant mean curvature, the Hopf
differential is holomorphic. This is a first characterization of CMC
surfaces. Secondly, CMC surfaces provide solutions of (3) which remain
solutions under the transformation Q 7→ λQ for λ ∈ S1 ⊂ C. Hence,
for each CMC solution (u,Q,H) there’s a S1-collection of solutions
(u, λQ,H), which often is called the associated family.

There is a striking similarity between the compatibility conditions
for CMC surfaces in the space forms. This observation can be for-
malized as a result known as the Lawson correspondence. Informally
stated, it gives a simple method for finding solutions of the Gauss-
Codazzi equations in each space form given that a solution is known
in just one. The exact statement of the Lawson correspondence can
be found in Appendix A. An interesting property of CMC surfaces in
H3 of mean curvature H < 1 is that they do not correspond to CMC
surfaces in the other space forms via the Lawson correspondence. For
such surfaces however, there are correspondences to surfaces in other
hyperbolic spaces H3(c), as discussed in section 6.2 of [2].

Much geometric data is contained in the triplet (u,Q,H), so if we
are trying to construct a surface, directly solving the Gauss-Codazzi
equations gives a good sense of what type of surface we will construct.
On the other hand, it should be clear that this type of partial differen-
tial equation is not easily solved in general. In a sense then, if one is
interested in constructing CMC surfaces it can be more helpful to use
a different method for finding such surfaces.

A result in classical geometry discovered by Karl Weierstrass and
Alfred Enneper states that a minimal surface in Euclidean space can be
represented by some holomorphic maps. This is known as the Weier-
strass representation. In 1987 Bryant found a similar result, the Bryant
representation, for the case of H = 1 surfaces in H3 - such surfaces are
sometimes called Bryant surfaces. Considering the result stated in
appendix it becomes clear that minimal surfaces in E3 are the Law-
son correspondents of Bryant surfaces. In fact, the Bryant surfaces
are quite special and are relatively well understood, and we will not
be concerned with them in this presentation. The idea of using holo-
morphic data to represent harmonic maps (and CMC surfaces) was
investigated and discussed by Dorfmeister, Pedit and Wu in [1] and we
will call such representations generalized Weierstrass representations.
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2.3 Groups and homogeneous spaces

2.3.1 Notation and conventions

We now fix some notation to separate the two parallel lines of argument
that runs through the sections ahead. It will be assumed that any Lie
group is a linear group over the fields C or R. For the remainder of this
text , as in [1], G denotes a compact, connected semi-simple Lie group
with Lie algebra g. We let κ : G→ G be an involutary automorphism
of G with fixed point set H = Gκ. Fix HC = HK to be a (Lie group)
Iwasawa decomposition, with K ⊂ HC as a solvable subgroup. Most
importantly the symbol G is never used to refer to SL2(C) - indeed,
this contradicts our assumptions as SL2(C) is non-compact. Lie groups
which are not assumed to satisfy any particular properties will usually
be denoted by A, B, and so on. Following [2], we will in general use
the same symbol to denote corresponding Lie algebra and Lie group
automorphisms, as it will be obvious from context which one is referred
to.

We use σ : SL2(C)→ SL2(C) to refer to a particular involutary au-
tomorphism of SL2(C), which we now fix to be defined in the following
way:

σ : SL2(C)→ SL2(C)

g 7→ σ3gσ
−1
3 (5)

where σµ denotes the matrices

σ0 = 1 σ1 =

(
0 1
1 0

)
σ2 =

(
0 −i
i 0

)
σ3 =

(
1 0
0 −1

)
.

At the Lie algebra level then, σ = Adσ3 .

2.3.2 Homogeneous and n-symmetric spaces

Let A be a semi-simple Lie group, and S : M×A→M a smooth action
on a connected manifold M such that S is transitive on M , acting on
M through the diffeomorphisms

Sa : x 7→ Sa(x) = S(x, a). (6)

Then M is a homogeneous space. Let B ⊂ A be the isotropy group of
S at x0 ∈M , that is,

B = {a ∈ A|Sa(x0) = x0}.

The choice of basepoint does not matter - the isotropy groups are
mutally conjugate. The following map is a diffeomorphism5

φ : A/B→M

[a] 7→Sa(x0). (7)

5More precisely, φ is a diffeomorphism exactly when an appropriate smooth structure
is chosen on A/B, cf. Helgason [11], chapter 2. This structure has the property that the
canonical projection πB : A→ A/B everywhere admits smooth local lifts.
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Here we used the notation [x] ∈ A/B defined by x ∈ A and [x] = πB(x)
where πB : A→ A/B is the canonical projection. Suppose that the Lie
algebra a of A splits a = b⊕m, where b is the Lie algebra of B and m is
invariant under AdB . Then M is said to be a reductive homogeneous
space. For reductive homogeneous spaces the tangent space T[e]A/B
is isomorphic to m through the projection d(πB)e : TeA → T[e]A/B
when it is restricted to m

s : m→ T[e]A/B

v 7→ d(πB)e
∣∣
m

(v). (8)

If b is non-degenerate with respect to anA-invariant (semi-Riemannian)
metric γ on A/B induced from the Killing form on A, it follows that m
is non-degenerate as well, and we say that the space (A/B, γ) is a nor-
mal semi-Riemannian homogeneous space. In particular normal semi-
Riemannian homogeneous spaces are reductive. For a more detailed
discussion of invariant metrics on homogeneous spaces see chapter 10
of [12].

For homogeneous spaces A/B we may consider πB : A → A/B to
be a principal B-bundle over A/B, which we denote by PB , and this
gives a simple description of the tangent bundle TA/B, namely as an
associated bundle of PB . Assume for simplicity that A/B is reductive,
so that T[e]A/B ∼= m, and let Q : (G × m) × G → G × m be the right
B-action determined by

Qb : (a, v) 7→ (ab−1, Adb(v)).

Then the space of orbits under Q which we denote by A ×B m, is
isomorphic (as a vector bundle over A/B) to the tangent bundle TA/B.
The isomorphism is given by

ϕ : A×B m→ TA/B

[a, v] 7→ d(πB ◦ La)e(v) (9)

where e ∈ A is the identity is the left multiplication by a on A. Later
we will need the inverse: Let V ∈ T[x]A/B where

ϕ−1 : TA/B → A×B m

V 7→ [x, s−1 ◦ d(Lx−1)[x]V ]. (10)

where s is defined as in (8), La([x]) = L([x], a) and L is the left A-
action on A/B such that the following diagram commutes

A×A L−−−−→ A

(πB ,id)

y yπB

A/B ×A L−−−−→ A/B

The expression for ϕ−1 is very similar to that of the (left) Maurer-
Cartan form α on A. Indeed, suppose that V = d(πB)x(v). Then it
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follows from the commutativity of the above diagram that

s−1 ◦ d(Lx−1)[x]V = s−1 ◦ d(Lx−1 ◦ πB)xv

= s−1 ◦ d(πB ◦ Lx−1)xv = projm ◦ α(v). (11)

Now assume that we have an automorphism τ : A → A of order
n ≥ 2, and let Aτ be the collection of τ -invariant elements of A. Lastly,
let Aoτ be the identity component of Aτ . Then (A/B, τ) is said to be a
n-symmetric space if Aoτ ⊂ B ⊂ Aτ , and if n = 2 we simply say that it
is a symmetric space. Let τ̂ be the automorphism induced on a. Then
we have

aC =

n−1⊕
m=0

aCm (12)

where aCm is the (complex) eigenspace of τ̂ corresponding to the eigen-

value e2πi/m. In particular aC0 = bC and aC−1 = aC1 . For symmetric
spaces, we have a decomposition into real eigenspaces with eigenvalues
±1: a = a0 ⊕ a1, which gives (A/B, τ) the structure of a reductive
homogeneous space as above, with a0 = b.

2.3.3 Loop groups

Loop groups are in a sense the simplest extension of the notion of
Lie groups, and constitute a cornerstone of the DPW-method. Loop
groups have been investigated by Pressley and Segal in [4]. Their
treatment is concerned mostly with non-twisted loop groups, whereas
we will consider twisted loop groups in our discussion of the DPW-
method6. As one might expect several results regarding loop groups
are established by considering properties of the corresponding loop al-
gebras, and in several instances the theorems discussed in this section
correspond more or less directly to an ”algebra-level” theorem. Al-
though ubiquitous in the study of the loop groups, the theory of loop
algebras will not be necessary for us to discuss and understand the
upcoming results. For this reason they are omitted from most of the
discussion ahead, and the interested reader is referred instead to sec-
tion 2 of [1] or section 9 of [2] for quick reviews of loop algebras and
their application in the DPW-method.

In the context of this thesis we will assume that the loop groups in
question are somewhat more well-behaved than the most general type
of loop groups and can be thought of as continuous maps from the
circle to A:

ΛA=C0[S1, A] (13)

together with pointwise multiplication, that is, for a, b ∈ ΛA

a(λ)b(λ) = (ab)(λ) ∀λ ∈ S1. (14)

6It is remarked in [4] that the theory of twisted loops is essentially the same as for the
regular loops.
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However, as mentioned above, we will assume more here - for a loop
a ∈ ΛA ⊂ ΛGLn(V ) we will assume that the coefficients satisfy

1. Each coefficient has a Fourier expansion aij =
∑
n∈Z(aij)nλ

n .

2. The series
∑
n∈Z |(aij)n| converges.

Similarly we think of the loop algebra Λa as a collection of maps from
S1 to a with ”well behaved” Fourier expansions.

2.3.4 Loop subgroups

For the involutary automorphism κ of ΛG we define

ΛGκ = {g ∈ ΛG|g(−λ) = (κg)(λ) ∀λ ∈ S1}. (15)

The group ΛGκ is known as the twisted loop group (with respect to
κ). We could also have constructed twisted loop groups from auto-
morphism of any finite order m, but it would inevitably lead to a more
involved notation and would not provide any significantly different view
of the results in the following sections.

In an exactly analogous manner we define the twisted loop group
ΛSL2(C)σ. A direct calculation shows that the elements of ΛSL2(C)σ
with σ defined as in (5) satisfy

σ(g)(λ) =

(
g11(λ) −g12(λ)
−g21(λ) g22(λ)

)
= g(−λ). (16)

The diagonal elements are even in λ and the off-diagonal elements are
odd in λ, however, λ ∈ S1. In the following we will almost exclusively
deal with twisted loop groups. In many instances it will be useful to
consider the loops as being the restrictions of maps defined on subsets
of the complex plane.

Although the twisting can seem relatively innocent it does change
the structure of the group somewhat. Note that A forms a subgroup
of ΛA as the collection of all constant maps. However, take SL2(C)
for example and consider the twisted loop group ΛSL2(C)σ. Clearly,
SL2(C) is not contained in ΛSL2(C)σ as a collection of constant maps,
simply because the twist excludes a number of maps, e.g.

ω1 =

(
0 λ−1

−λ 0

)
. (17)

Direct calculation shows that ω1 ∈ ΛSL2(C)σ, but e.g. ω1(1) /∈
ΛSL2(C)σ. In fact the only constant elements of ΛSL2(C)σ are di-
agonal. In general, evaluation of an element of a twisted loop group
is not a map into the twisted group, because the twisting condition
really requires a type of periodicity. This is a feature of the twisted
loop groups that can cause some confusion. When twisted loop group
decompositions are discussed later one should keep in mind that eval-
uating the loops ruins the group structure and thus any evaluation has
to be done with care.

Of great importance in the study of loop groups ΛGC are plus and
minus groups, Λ±GC

κ . They are defined as the collection of twisted
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loops such that any element of the plus (minus) group admits a holo-
morphic extension to the inside (outside) of the unit circle in the ex-
tended complex plane. If g ∈ Λ±GC

κ then we use g also to denote the
extension. We also consider the normalized plus (minus) loop groups,
taking values in the subgroup N ⊂ GC at λ = 0 (λ = ∞), which we
denote by Λ+

NG
C (Λ−NG

C) . When N is the trivial group, we use the
notation Λ±∗ G

C.
Two automorphisms of ΛSL2(C)σ are of particular interest when

considering CMC surfaces in hyperbolic space. The first, which we
denote by τ3 was used in [1] in the first example of loop groups methods
for CMC surfaces. This class of loop group methods constructs CMC
surfaces in Euclidean space, and by the Lawson correspondence, we can
find CMC surfaces of mean curvature H > 1 in H3 using this. As an
automorphism it is induced by the real form G = SU2 = (SL2(C))R.
It is defined by

τ3 : ΛSL2(C)σ → ΛSL2(C)σ

g(λ) 7→ (g(λ−1))†−1. (18)

It is not difficult to see that the invariant subgroup of τ3 is in fact
the collection of loops that take values in SU2 on the unit circle, i.e.
ΛSL2(C)σ,τ3 = Λ(SU2)σ. Note that the Lie group SU2 = G as above,
i.e. SU2 is compact, semi-simple etcetera. The next automorphism we
will consider is not induced by such a real form of SL2(C). We denote
it by τ4, and

τ4 : ΛSL2(C)σ → ΛSL2(C)σ

g(λ) 7→ AdR
[(
g(iλ−1)

)†−1]
= R

(
g(iλ−1)

)†−1
R−1, (19)

where

R =
√
i

(
−i 0
0 1

)
. (20)

The invariant subgroup ΛSL2(C)σ,τ4 under τ4 is in a way more compli-
cated than the corresponding group for τ3. Indeed, invariance under τ4
really requires a certain type of periodicity, which can be attributed to
the factor i appearing in front of λ−1. We cannot think of ΛSL2(C)σ,τ4
as being a collection of maps taking values in a real form of SL2(C),
but rather we have to think of it in terms of the loop structure.

Both τi have the property that

τi(Λ
±SL2(C)σ) ⊆ Λ∓SL2(C)σ.

Such automorphisms are called almost compact. The reason that we
take particular interest in these automorphisms is that a type of ”ex-
tended frames” for the CMC surfaces in H3 is invariant under τ3 resp.
τ4.

2.3.5 Decompositions of loop groups

There are several decompositions that can be useful when studying
loop groups. However, there are two essential decompositions that
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come to use when applying the DPW-method. The first is the Birkhoff
decomposition, which we will state in a weak form. For a Lie group G
as in section 2.3.1 it can be defined in terms of the following theorem

Theorem 2 (Right Birkhoff factorization). Let

ρ : Λ+GC
κ × Λ−∗ G

C
κ → ΛGC

κ

(g+, g−) 7→ g+g−. (21)

The image of ρ is known as the right big cell, denoted by rBC, and it
is an open and dense subset of ΛGC

κ onto which ρ is a diffeomorphism.

As stated in the previous section SL2(C) = (SU2)C so gives a
decomposition theorem for ΛSL2(C)σ, when setting κ = σ. It should
also be mentioned here that there is also a factorization theorem for the
reverse order (i.e. mapping (g+, g−) 7→ g−g+), known as left Birkhoff
factorization in the left big cell, lBC. For a general discussion of
Birkhoff-type factorizations of compact groups see [4], section 8.

The next type of decompositions that are of interest are somewhat
misleadingly called Iwasawa decompositions. Since the Lie group de-
compositions of the same name will not be mentioned anywhere in
the following, this should not cause any confusion, and in the text I
will stick to calling these loop group-type decompositions Iwasawa de-
compositions although they are really not the same as their Lie group
namesake. For a group G as defined earlier, we have that

Theorem 3 (Iwasawa decomposition).

I : ΛGκ × Λ+
KG

C
κ → ΛGC

κ

(Φ, P ) 7→ ΦP. (22)

is a diffeomorphism onto ΛGC
κ.

Sometimes one considers this map without normalizing the plus
loops to L at λ = 0 - this is referred to as a ”non-unique” Iwasawa
decomposition. As a very important example of the previous theorem
we have that if we take G = SU2 and κ = σ as in (5) (considered
as a map defined on SU2) then we get that (Gκ)C = UC

1 = C∗, which
decomposes in the usual way as C∗ = U1·R+ so K = R+ in the notation
of section 2.3.1. Naturally, we consider U1 and R+ as subgroups of SU2

in this scenario. We find that according to theorem 3

I3 : Λ(SU2)σ × Λ+
R+
SL2(C)σ → ΛSL2(C)σ

(Φ, P ) 7→ ΦP. (23)

I3 is a diffeomorphism onto ΛSL2(C)σ.
In particular, there exists, for any g ∈ ΛSL2(C)σ a pair (Φ, P ) ∈

Λ(SU2)σ × Λ+
R+
SL2(C)σ such that g = ΦP . This decomposition has

been extensively used to construct CMC surfaces in Euclidean space,
but, as mentioned previously, is also used to construct CMC surfaces
of mean curvature H > 1 in H3. For surfaces of mean curvature H < 1
one has to consider another Iwasawa decomposition theorem, which
does not follow from theorem 3:
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Theorem 4 (τ4-Iwasawa decomposition). Let Ω = {1, ω1} where

ω1 =

(
0 λ−1

−λ 0

)
= −ω−1

1 , (24)

and define

I4 : ΛSL2(C)σ,τ4 × Ω× Λ+
R+
SL2(C)σ → ΛSL2(C)σ

(Φ, ω, P ) 7→ ΦωP. (25)

Then I4 is a diffeomorphism onto an open and dense subset IC ⊂
ΛSL2(C)σ known as the Iwasawa core with two open cells.

Therefore there exists, for any g ∈ IC a triplet (Φ, ω, P ) ∈ ΛSL2(C)σ,τ4×
Ω × Λ+

R+
SL2(C)σ such that g = ΦωP . The proof of theorem can be

found in section 9 of [2].

3 DPW-method for harmonic maps

In this section I will briefly describe the steps of the DPW method as
it is established in [1]. Some arguments are made in a slightly more
general form than provided in [1]. We assume that M is some Riemann
surface which is not S2.

3.1 Harmonic maps into homogeneous spaces

It could be said that the most basic ideas behind the DPW-method are,
first, that for symmetric spaces it is possible to identify harmonic maps
with a loop of flat connection 1-forms. Moreover, for simply connected
surfaces this loop of 1-forms can be integrated to find a S1-family of
maps, which conversely are lifts of harmonic maps. This is known as
the zero curvature representation. Secondly, such families of maps can
be found by integrating an ordinary differential equation determined
by a holomorphic potential and Iwasawa factorizing the solution. We
think of this procedure as a generalized Weierstrass representation.

3.1.1 Zero curvature representation

Let f : M → A/B be a map into the normal semi-Riemannian ho-
mogeneous space N = A/B. If F : M → A is a lift of f , the 1-form
α = F−1dF satisfies the Maurer-Cartan equation

dα+
1

2
[α ∧ α] = 0. (26)

Now following the lines from section 2.3.2 we may split α into a sum
according to the reductive decomposition a = m⊕ b

α = αm + αb. (27)

However, as a 1-form on a complex manifoldM we also have the decom-
position Ω1 = Ω(1,0) ⊕ Ω(0,1) into holomorphic and anti-holomorphic
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parts. We split αm = α′m +α′′m in this fashion: Here α′m and α′′m are the
holomorphic and anti-holomorphic parts respectively, and note that
α′m and α′′m take values in mC. It can be shown (see e.g. [7], section
3.2.) that f is harmonic if and only if α satisfies

d ? αm + [α ∧ ?αm] = 0. (28)

Here ? is the Hodge dual on the Riemann surface. It can be shown
that ?αm = −iα′m + iα′′m, so (28) is equivalent to

dα′m + [αb ∧ α′m] = dα′′m + [αb ∧ α′′m].

Combining this expression with the Maurer-Cartan equation (split into
its b and m parts) we find

dα′m + [αb ∧ α′m] = dα′′m + [αb ∧ α′′m] = −1

2
[α′m ∧ α′′m]m, (29)

dαb +
1

2
[αb ∧ αb] + [α′m ∧ α′′m]b = 0. (30)

These equations admit a very compact description if the following ad-
missibility condition is satisfied

[α′m ∧ α′′m]m = 0. (31)

For symmetric spaces the validity of this condition is easy to verify,
since for such spaces it holds that [m,m] ⊂ b. The original DPW paper
[1] deals exclusively with such spaces. We will later see that there are
other situations where (31) is satified. When this condition is satisfied
we have the following simple description: If for all λ ∈ S1 ⊂ C we
define

αλ = αb + λ−1α′m + λα′′m (32)

it can be seen (by comparing the different powers of λ) that αλ satisfies
the Maurer-Cartan equation for all λ ∈ S1 if and only if both (29) and
(30) are satified, as

dαλ +
1

2
[αλ ∧ αλ] = λ−1(dα′m + [αb ∧ α′m])+

+ (dα′b +
1

2
[αb ∧ αb] + [α′m ∧ α′′m]b)+ (33)

+ λ(dα′′m + [αb ∧ α′′m]).

If M is simply connected we can integrate αλ to find a S1 family of
maps Φλ : M → A such that Φ−1

λ dΦλ = αλ. Summarizing the above
we have

Theorem 5 (Zero curvature representation). Let f : M → A/B be a
harmonic map from a Riemann surface M , and assume that f is such
that for any lift F it holds that α = F−1dF satisfies (31). Then, with
αλ determined from α as in (32), the connection d+ αλ is flat, i.e.

dαλ +
1

2
[αλ ∧ αλ] = 0 (34)
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for all λ ∈ S1. Conversely, assume M is simply connected and that αλ
is of the form (32) and satisfies the Maurer-Cartan equation (34) for all
λ ∈ S1. Then there exists a 1-parameter family of maps Fλ : M → A
such that

αλ = F−1
λ dFλ and

fλ = Fλ(mod B) : M → A/B is harmonic.

Thus we have a correspondence between harmonic maps f : M →
A/B and a S1-family of a-valued 1-forms satisfying the Maurer-Cartan
equation. As a corollary of this we have proposition 3.3 of [1], which
is the above theorem applied to simply connected M and symmetric
spaces G/H, with G and H satisfying the conditions stated in 2.3.1.

3.1.2 The generalized Weierstrass representation

Assume that G/H is a symmetric space (with reductive decomposition
g = m⊕h) and let η be a ΛgCκ-valued holomorphic 1-form over a simply
connected Riemann surface M and assume that

η =

[ ∞∑
n=−1

ηnλ
n

]
dz, (35)

where ηn is independent of the loop parameter λ. In particular, η takes
values in

Λ−1,∞ = {ξ ∈ ΛgCκ |ξ =

∞∑
n=−1

ξnλ
n}, (36)

where ξeven ∈ hC and ξodd ∈ mC. We call such maps holomorphic
potentials, and denote the space of all such maps by P. Then the
Maurer-Cartan equation holds for η, i.e.

dη +
1

2
[η ∧ η] = 0

and so there exists a gη taking values in ΛGC
κ such that for some z0 ∈M

η = g−1
η dgη gη(z0) = 1.

Performing an Iwasawa decomposition (of the type in theorem 3) of
gη gives gη = ΦηPη, and moreover it can be shown that there exists
1-forms αh, αm such that Φ−1

η dΦη = λ−1α′m + αh + λα′′m. Since we
have assumed that G/H is a symmetric space, it follows from theorem
5 that this is sufficient for [Φη] = Φη mod H : M → G/H to be a
harmonic map. Hence any map obtained by following these steps is
harmonic. To summarize, the above steps can be thought of as a map

Φ : P → Harm(M,G/H)

η 7→ [Φη]. (37)

This is known as the generalized Weierstrass representation of har-
monic maps from M into G/H, as it represents such maps in terms of
some holomorphic data. Moreover, the following can be shown
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Theorem 6. For any simply connected Riemann surface M 6= S2,
and any symmetric space G/H with G and H as defined in 2.3.1 the
Weierstrass representation map is surjective.

Hence any harmonic map f between such spaces admits a potential
η such that Φ(η) = f .

Suppose now that we want to find all Gauss maps corresponding to
simply connected CMC surfaces in E3. We consider the surfaces to be
immersions f : M → E3 and the Gauss maps to be maps F : M → S2.
By the Ruh-Vilms property of E3, we know that these maps form a
subset of Harm(M,S2). Take G = SU2, and let H = U1. There ex-
ists a transitive smooth G-action on S2 with H as isotropy group, and
G/H ∼= S2 is a symmetric space. Hence, for each Gauss map there
exists a potential η ∈ P such that Φ(η) = F . However, at this point it
is not clear exactly which potentials yield actual Gauss maps - no all
harmonic maps are automatically Gauss maps. A condition for these
maps is formulated in e.g. section 5 of [2]. Another method for con-
structing these surfaces using the Lawson correspondence is presented
in chapter 5 of [5].

4 Surfaces in H3

In this section we will begin to consider surfaces in H3. We will first
discuss some results about the geometry of H3 and then move on to
frames and the generalized Weierstrass representation of CMC surfaces
with 0 ≤ H < 1. In [2] the case H > 1 is also considered along similar
lines as the ones followed here, but since this case has been studied by
use of the Lawson correspondence already, we will not consider such
surfaces here. A similar remark applies to the special case of Bryant
surfaces (i.e. H = 1) and these will also be left out of the discussion
to follow. Lastly, for simplicity, we consider only simply connected
surfaces M from now on unless the converse is explicitly stated.

4.1 Geometry of hyperbolic space

This section condenses much of the discussion in chapters 2, 4 and 7
of [2].

4.1.1 H3 and UH3 as homogeneous spaces

A way to explicitly realize H3 in a straightforward manner is as a
collection of points x ∈ E1,3 (Minkowski 4-space) such that x0 > 0 and
〈x, x〉 = −1. We will consider Minkowski 4-space as the collection of
hermitian 2× 2 matrices using the map

(x0, x1, x2, x3) 7→ x0σ0 + x1σ3 + x2σ2 + x3σ1

=

(
x0 + x1 x3 − ix2

x3 + ix2 x0 − x1

)
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under which we find that the metric on E1,3 is given by

〈A,B〉 = −1

2
tr(Aσ2B

tσ2). (38)

In this model we have

det(A) = −〈A,A〉, (39)

so for X ∈ H3 we find det(X) = 1, and so it follows that

H3 = {X ∈ Her2(C)|det(X) = 1 tr(X) > 0}.

Thus we think of H3 as a subset of Her2(C) ∩ SL2(C).
The main interest in this section is to provide a few definitions

which will equip us with the necessary tools to discuss Gauss maps. In
general, all possible Gauss maps of surfaces in H3 share the property
that we may think of them as maps giving a unit vector of H3 at each
point of our Riemann surface. With this in mind we define the unit
tangent bundle UH3 as the following collection of points in E1,3×E1,3 ⊂
H3 ×Her2(C)

UH3={(X,V ) ∈ H3 ×Her2(C)|〈X,V 〉 = 0 det(V ) = −1}

which corresponds to the collection of unit tangent vectors of H3. On
UH3 we define an action S : SL2(C)× UH3 → UH3:

Sa : (X,V ) 7→ (aXa†, aV a†),

and on H3 let
S′a : X 7→ aXa†.

The actions S and S′ both act transitively and isometrically7 on the
respective spaces, and for H3 we have that the isotropy subgroup at
σ0 = 1, G1 = SU2, so we find a diffeomorphism:

α : SL2(C)/SU2 → H3

[a] 7→ aa†. (40)

Similarly, for UH3 we have that the isotropy subgroup at (σ0, σ1),
G(σ0,σ1) = U1 ⊂ SL2(C), as the collection

U1 = {a ∈ SL2(C)|a = diag(eiφ, e−iφ) φ ∈ R}

and so we find a diffeomorphism

β : SL2(C)/U1 → UH3

[a] 7→ (aa†, aσ3a
†). (41)

A remark on the identification H3 ∼= SL2(C)/SU2 (which also applies
to UH3 ∼= SL2(C)/U1) is in order at this point. It is possible - and in a
sense more natural - to define a (transitive) SO+

1,3-action on H3, under

7The metric of UH3 (and H3) is defined in section 2 in [2].
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which we have H3 ∼= SO+
1,3/SO3 (resp. UH3 ∼= SO+

1,3/SO2). As in [2]
we consider SL2(C) as a real Lie group and the double cover of the
special Lorentz group, SO+

1,3, and also sl2(C) as the real Lie algebra
spanned by

σ1, σ2, σ3, iσ1, iσ2, iσ3.

For the sake of brevity, we only take an interest in the SL2(C) descrip-
tion, although some results would appear more natural if formulated
in terms of the Lorentz group action. Lastly, as mentioned in section
2.3.2, at o = (σ0, σ1) we have a (vector space) isomorphism s pro-
vided by a restricition of d(πU1

)o : sl2(C)→ ToUH3. We now fix some
notation for these vector spaces:

ToUH3 ∼= p = R(σ1)⊕ R(σ2)⊕ R(σ3)⊕ R(iσ1)⊕ R(iσ2). (42)

Similarly, at e = (σ0) ∈ H3, we have

TeH3 ∼= m = R(σ1)⊕ R(σ2)⊕ R(σ3). (43)

4.1.2 The unit tangent sphere bundle, UH3

In this section we introduce an argument made in [2] which will help in
showing that Gauss maps of conformal immersions in fact satisfy the
admissibility condition. We will be brief as the details concerning the
proofs are of limited importance to the understanding of the DPW-
method. The following presentation reflects section 7 of [2], and to
complement the discussion there we provide a slightly more explicit
view of the contact geometric structure of UH3. In this section we
will keep our notation simple and put A = SL2(C), a = sl2(C) and
similarly, U1 = B and u1 = b, so in this notation we have e.g. UH3 ∼=
A/B.

To begin, τ4 is used to determine a map on a, which then is extended
to a (complex) linear map, τ , on the complexified space aC = a × a.
The real Lie algebra a is contained in aC as the image of the injective
homomorphism

ι : a→ aC

X 7→ (X,X).

On a we have

τ̂ : a→ a

X 7→ −AdR(X†).

which is an automorphism (of order 4) and the differential of the map
τ̂ : g 7→ AdR(g†−1). It can be checked that τ̂ determines a 4-symmetric
space structure on SL2(C)/U1 and it follows that the complexified Lie
algebra decomposes into eigenspaces

aC = aC0 ⊕ aC1 ⊕ aC2 ⊕ aC3
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where bC = aC0 . Now let τ : (X,Y ) 7→ (τ̂(Y ), τ̂(X)) on aC. It is
straightforward to check that τ is an automorphism of order 4, and it
follows that

[aCi , a
C
j ] = aCi+j mod 4. (44)

Aside from the structure of UH3 as a homogeneous space, it admits
a (canonical) structure: on UH3 we may determine a (global) contact
structure D ⊂ TUH3. Here we may think of D as a distribution over
UH3 such that for the contact 1-form ζ : TUH3 → R, ker(ζ) = D. The
1-form ζ is given by

ζu(v) = gπ(u)(u, (dπ)uv) u ∈ UH3 v ∈ TUH3, (45)

where g is the metric on H3, and π : UH3 → H3 is the tangent bundle
projection restricted to UH3. A map F : M → UH3 is said to be
Legendre if F ∗ζ(X) = 0 for all X ∈ TM , that is, if dF (TM) ⊂ D.
If we return to considering UH3 as a homogeneous space A/B we can
simplify the description of the Legendre maps. Let

d = R(σ3),

c = R(σ1)⊕ R(σ2)⊕ R(iσ1)⊕ R(iσ2).

A direct calculation shows that p = d ⊕ c is a stable decomposition
under the representation AdB on p, that is

AdB(d) ⊂ d AdB(c) ⊂ c. (46)

Thus AdB restricts to representations on d and c independently. Thus
p = d⊕ c provides a splitting of the tangent bundle

TA/B ∼= Ed ⊕ Ec, (47)

where

Ec = SL2(C)×B c,

Ed = SL2(C)×B d. (48)

Here Ec (resp. Ed) is constructed as the associated bundle of PB with
typical fibre c (resp. d) and the restriction of AdB as the represen-
tation of B.8 The crucial observation (made in [2]) which makes this
identification extremely helpful is the fact that D ∼= Ec, where the
isomorphism is provided by the suitable restriction of ϕ. This will
provide us with a more algebraic description of Legendre maps. For a
map F : M → A/B assume that Φ is a lift of F to A, and let α be
the pullback of the Maurer-Cartan form by Φ, α = Φ−1dΦ : M → a.
Then for a tangent vector Xp of TpM we have (cf. equation (11)):

ϕ−1 ◦ dF (Xp) = [Φ(p), αp(Xp)]. (49)

8It is also worth mentioning that the representation is trivial on d, so the bundle Ed is
trivial.
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It follows that dF (Xp) ∈ D if and only if αd(Xp) = 0. In terms of
the 4-symmetric space structure however, aC2 = dC and so we have a
”new” characterisation of Legendre maps, namely as maps for which
the associated 1-form α satisfies αC

2 = 0. In summary:

Theorem 7. A smooth map F : M → SL2(C)/U1 is a Legendre map if
and only if for any lift Φ : M → SL2(C) of F the pullback α = Φ−1dΦ
of the Maurer-Cartan form satisfies

αC
2 = 0.

With its clear connection to the 4-symmetric structure this result,
together with (44), is sufficient to show that for Legendre maps F :
M → UH3 the admissibility condition is satisfied. The following result
can then be established for harmonic maps.

Theorem 8 (Zero curvature representation for Legendre maps). Let
F : M → SL2(C)/U1 be a Legendre map with a lift Φ : M → SL2(C),
and let α = Φ−1dΦ = αh + α′p + α′′p . If we let

αλ = αh + λ−1α′p + λα′′p ∀λ ∈ C× (50)

then αλ satisfies the Maurer-Cartan equation for all λ ∈ C× if and
only if F is harmonic.

Note that for λ outside the unit circle in C the 1-form αλ takes
values in aC as opposed to just the real form induced by ι.

4.2 CMC surfaces in H3

4.2.1 Frames and the Gauss map

Let f : M → H3 be a conformal immersion and let n be a unit normal
vector field of f . Then we consider F = (f, n) : M → UH3 to be the
Gauss map of f . For the moment let π : UH3 → H3 be the tangent
bundle projection restricted to UH3, let g again be the metric of H3,
and let X be a vector in TpM . We utilize now what we saw in the
previous section:

F ∗ζ(X) = ζF (p)(d(Fp)X) = gπ◦F (p)(n(p), d(π)F (p) · d(F )p(X))

= gf(p)(n(p), d(π ◦ F )p(X))

= gf(p)(n(p), d(f)p(X)) = 0 (51)

as n(p) is normal to the surface at f(p) = π ◦F (p). Thus, Gauss maps
of conformal immersions are Legendre maps. As we soon shall see the
Gauss maps of CMC immersions are also harmonic, that is, the Ruh-
Vilms property holds. In particular then, Gauss maps of CMC surfaces
admit a zero curvature representation.

The following discussion provides a peek at the connection between
a family of frames of our surfaces and the loop groups. In essence, the
loop parameter arises when considering frames of the associated family
of an immersion. Let F = (f, n) be the Gauss map of a conformal CMC
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immersion of a simply connected surface M . At a point f(p) ∈ H3 we
call the map

Ψ(p) = (f, n, e−u/2fy, e
−u/2fx)(p) (52)

the coordinate frame, which we consider as a map into SO+
1,3. In

practice we could establish and investigate the Weingarten and Gauss-
Codazzi equations in terms of Ψ, however it is convenient to consider
instead the lift Φ̂ of Ψ to SL2(C). Up to a sign this lift is unique, and
in terms of the lift we have a more compact description

Φ̂−1Φ̂z = U =
1

4

(
uz 2(H + 1)eu/2

−4Qe−u/2 −uz

)
Φ̂−1Φ̂z = V =

1

4

(
−uz −4Qe−u/2

2(H − 1)eu/2 uz

)
(53)

for the triplet (u,Q,H) defined as in section 2.2. This can be in-
terpreted as the Weingarten equations, and in fact the integrability
of α̂ = Udz + Vdz is equivalent to the Gauss-Codazzi equations for
(u,Q,H). The pair (U ,V) is sometimes referred to as a Lax pair. Now
let fλ be the associated family, and let Φ̂λ be the S1 collection of frames
Φ̂λ for fλ. Under the transformation Φ̂λ 7→ Φ̃λ, where

Φ̃λ = Φ̂λ2

(√
λ 0

0 1/
√
λ

)
(54)

the map Φ̃ takes values in Λsl2(C)σ, where σ is defined as in section
2.3.1. Now considering the Gauss map in terms of this frame one finds
that the harmonicity condition (28) can be expressed as

d ? αm + [α ∧ ?αm] = −ieu/2
(

0 Hz

−Hz 0

)
dz ∧ dz = 0. (55)

Clearly then, a CMC surface, for which Hz = Hz = 0, corresponds to
a map satisfying (28), i.e. a harmonic map.

Under the assumption H ≤ 1 we may perform another transfor-
mation Φ̃λ 7→ Φν : For the sake of simplicity put H = tanh(q), where
q ∈ [0,∞), and define H = ie−q(H + 1). Moreover, let ν = e−q/2λ
and Q = −iQ. In particular the triplet (u,Q,H) is identified with
(u, iQ, tanh(q)). Then let

Φ = Φ̃λ(ν)

(
e(q+iπ)/4 0

0 e−(q+iπ)/4

)
. (56)

We call Φ the extended frame of the surface determined by f , and it can
be shown by a direct calculation that Φ takes values in ΛSL2(C)σ,τ4 .
Each CMC surface with H < 1 determines such a map and conversely
we have proposition 6.1 of [2]:

Theorem 9. Let ν be a complex parameter and (u,Q,H) a triplet such
that H is an imaginary constant, Q is a holomorphic function and u
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is a real function on a simply connected surface M . Moreover, assume
that the 1-form

α = Udz + V dz,

U =
1

4

(
uz −2ν−1Heu/2

4ν−1Qe−u/2 −uz

)
(57)

V =
1

4

(
−uz −2νQeu/2

4νHe−u/2 uz

)
is integrable. Then any Φ such that Φ−1dΦ = α determines a CMC of
mean curvature 0 ≤ H = tanh(q) < 1 through the Sym formula

fλ = Φ

(
e−q/2 0

0 eq/2

)
Φ†
∣∣∣∣
|ν|=e−q/2

(58)

The associated normal map is given by

nλ = Φ

(
e−q/2 0

0 −eq/2
)

Φ†
∣∣∣∣
|ν|=e−q/2

. (59)

The use of this theorem is that it gives us a way of distinguishing
the extended frames of CMC surfaces from lifts of general harmonic
maps. Moreover, the theorem can be used to show that the recipe
given in the next section indeed constructs CMC surfaces.

4.2.2 The generalized Weierstrass representation

In [2], two observations are cited as the reasons for the applicability of
the DPW-method to CMC surfaces in H3. The first is, in the words
of [2], the ”fortunate accident” that we may consider the extended
frames of a CMC immersion in H3 to take values in some real form of
ΛSL2(C) × ΛSL2(C). Indeed, we considered previously the complex-
ification of sl2(C) as sl2(C) × sl2(C) and in this view the 1-forms αλ
are of the form (α1(λ), α2(λ)) where

α1(λ) = α2(λ−1) λ ∈ C×. (60)

Following a similar line of argument as for the DPW-method presented
in section 3.1.2 one can then find a type of Weierstrass representation
for the frames.

The second observation is in terms of a Lawson-type correspon-
dence between CMC surfaces with H < 1 in H3(−1) and minimal
surfaces in H3(c), c = H2 − 1 < 0. In [2] such a correspondence is es-
tablished. Moreover it is shown (Proposition 7.3 of [2]) that the Gauss
map F of a minimal surface in H3(c) for any lift Φ the pullback of the
Maurer-Cartan form α = Φ−1dΦ satisfies

α′p ∈ aC−1. (61)

Such maps are called primitive maps and one finds that they in fact
satisfy the admissibility condition (31). Therefore primitive maps ad-
mit a type of zero curvature representation which is discussed in [3]
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and [8]. We will not be concerned with the details of either of these
observations.

To serve as the potentials of our surfaces we take something very
similar to the general harmonic potentials - essentially we only make
one reservation associated to the condition that our maps f : M → H3

have to be immersions.

Theorem 10 (Existence of holomorphic potential). Let Φ : M →
ΛSL2(C)σ,τ4 be the extended frame of a CMC surface. Then there
exists a P : M → Λ+SL2(C)σ such that the Λsl2(C)σ-valued 1-form η

η = (ΦP )−1d(ΦP ) =

∞∑
n=−1

λnηn (62)

is holomorphic, and the ηn are λ-independent holomorphic 1-forms.
Moreover, for odd n, ηn is off-diagonal, and for even n ηn is diagonal.
Lastly, the upper right entry of η−1, (η−1)12, is non-vanishing.

We suggestively call η a holomorphic potential of the surface. It
should be noted that the holomorphic potentials are not unique; if
C : M → Λ+SL2(C)σ is holomorphic then η̃ = C−1ηC + C−1dC is
again a holomorphic potential. There also exists a so called normal-
ized potential - a meromorphic potential over M such that the Fourier
expansion only contains a λ−1 term. The proof of the existence of a
potential can be found in [2]. The idea here is the same as in the gen-
eral DPW-recipe for harmonic maps although in the last step instead
of a Gauss map we take the extended frame and find the associated
immersion, cf. theorem 9.

Theorem 11 (Construction recipe for CMC immersions).

1. Take a potential η, holomorphic or otherwise.

2. Integrate dg = gη subject to the condition g(z0) = 1 for some
z0 ∈M .

3. Perform a τ4-Iwasawa factorization of g, so that g = ΦωP .

4. The surface determined by

F = Φω

(
eq/2 0

0 e−q/2

)
ω†Φ†

∣∣∣∣
|λ|=e−q/2

(63)

is a CMC immersion with mean curvature H = tanh(q) into H3.9

The proof of this is that every Φ thus constructed is of a form
satisfying the assumptions in theorem 9. It can be found in section 9
of [2].

9In some cases it is in a sense more natural to include a minus sign on the right
hand side of the last formula. We will do so for the formula obtained using the Birkhoff
factorization, equation (75).
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4.2.3 In terms of the Birkhoff decomposition

The above method very neatly construct minimal surfaces given that
we are able to do τ4-Iwasawa decomposition. The following theorem
was found by the author in the pursuit of an algorithm for determining
the τ4-Iwasawa decomposition. It is formulated in terms of a Birkhoff
factorization, for which approximation schemes are known, cf. [9].
Note that it is possible to use similar methods to find τ3-Iwasawa fac-
torizations, although such can be found in other, more direct ways as
well.

Let

U : ΛSL2(C)σ → ΛSL2(C)σ

g 7→ g−1τ4(g). (64)

Obviously, ker(U) = ΛSL2(C)σ,τ4 . In order to simplify the notation
for the following discussion, define

πω =

{
1 if ω = 1

−1 if ω = ω1

= ω2. (65)

It follows that πωω = ω−1, and it is easily seen that τ4(πω) = πω.
To show how the map U can be used to ”figure out” the τ4-Iwasawa
factorization for a general element g ∈ IC we consider the following:
Let g = ΦωP be the Iwasawa decomposition of g. Then

U(g) = (ΦωP )−1τ4(ΦωP ) = (ωP )−1U(Φ)τ4(ωP )

= P−1ω−1τ4(ω)τ4(P ) = πωP
−1τ4(P ) (66)

since τ4(ω) = ω−1 = πωω. However, since τ4 is almost compact we
have that τ4(P ) ∈ Λ−SL2(C)σ and so the last expression is up to a
normalization at λ → ∞ the right Birkhoff factorization of U(g). By
considering the value of τ4(P )(∞) we can find the normalization factor
N such that the right Birkhoff factorization U(g) = U+

g U
−
g is U(g) is

of the form

U+
g = πωP

−1N−1 U−g = Nτ4(P ).

We find N by computing τ4(P )(∞):

τ4(P )(∞) = AdR(P †−1(iλ
−1

))

∣∣∣∣
λ=∞

= AdR

[ ∞∑
n=0

Pn(iλ
−1

)n
∣∣∣∣
λ=∞

]†−1

= AdR

[ ∞∑
n=0

Pn(iλ
−1

)n
∣∣∣∣
λ=∞

]†−1

= AdR(P †−1
0 ) = P †−1

0

but by considering our normalization condition on P we find that P0 ∈
R+ so τ4(P )(∞) = P−1

0 . It follows that N = P0, and so the right
Birkhoff factorization of U(g) is

U+
g = πωP

−1P−1
0 U−g = P0τ4(P ). (67)
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So up to some constant factors U+
g ∼ P−1, and in particular gU+

g =

Φω−1P−1
0 . Moreover this shows that g ∈ IC only if U(g) ∈ rBC.

Later it will be shown that the converse holds, and thus that g ∈ IC ⇔
U(g)U(g) ∈ rBC. To find P from U+

g and g we use

U(gU+
g ) = P0ω

2P †0 = πωP
2
0 . (68)

Since P0 ∈ R+ this relation determines both P0 and ω uniquely: ω
is determined from the sign (or trace), and P0 is the ”square root” of
πωU(gU+

g ) . Knowing ω, P and g we easily determine Φ.
To show that Ug ∈ rBC ⇒ g ∈ IC, take any g such that Ug =

U+
g U
−
g ∈ rBC. Then

U(gU+
g ) = (gU+

g )−1τ4(gU+
g ) = (U+)−1

g U(g)τ4(U+
g )

= U−g τ4(U+
g ). (69)

Again using the fact that τ4 is almost compact we find that U(gU+
g ) ∈

Λ−SL2(C)σ. However, for any C ∈ ΛSL2(C)σ it holds that τ4(U(C)) =
(U(C))−1. In particular then for U(C) ∈ Λ−SL2(C)σ it holds that
U(C) ∈ Λ+SL2(C)σ so such U(C) are constant. Thus U(gU+

g ) is con-
stant. Moreover, since U(gU+

g ) is constant τ4(U(gU+
g )) = U(gU+

g )†−1,
but also τ4(U(gU+

g )) = (U(gU+
g ))−1, and so U(gU+

g ) must in fact have
only real components, but it is not necessarily in R+. However, we
may assume that there exists a unique pair (ν,D) where ν ∈ {±1}
and D ∈ R+ such that

U(gU+
g ) = νD2. (70)

Moreover, if we let

V = νD−1(U+
g )−1,

ξ =

{
1 if ν = 1

ω1 if ν = −1
, (71)

Ψ = gV −1ξ−1 = gU+
g Dξ,

then

U(Ψ) = (U+
g Dξ)

−1U(g)τ4(U+
g Dξ)

= (Dξ)−1U−g τ4(U+
g )τ4(Dξ) = (Dξ)−1U(gU+

g )τ4(Dξ)

= (Dξ)−1νD2τ4(Dξ) = ξD(D−1ξ−1) = 1 (72)

so Ψ ∈ ΛSL2(C)σ,τ4 . Additionally, since U−g τ4(U+
g ) = νD2 and since

U−g is normalized at λ =∞ we find

U+
g

∣∣∣∣
λ=0

= τ4(νD2(U−g )−1)

∣∣∣∣
λ=0

= νD−2 ⇒ V

∣∣∣∣
λ=0

= D (73)

and thus g = ΨξV is a τ4-Iwasawa factorization of g.
In short then the following results has been established:
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Proposition 1. Let g ∈ ΛSL2(C)σ, and let U(g) = g−1τ4(g). Then
g ∈ IC if and only if U(g) ∈ rBC, and the Iwasawa factorization of g
can be determined from U+

g and g using equations (67) and (68).

It is worth mentioning here that in [1] a holomorphic map p is
defined10 p : ΛGC

κ → Gr(H), where H = L2[S1,C]. This map has the
property that p(g−1) 6= 0 is equivalent to g ∈ rBC. Letting G = SU2

and κ = σ we have a map from our loop group ΛSL2(C)σ, which may
be used to study the τ4-Iwasawa factorizability of g.

We now have a reformulation of the above recipe. To keep our
notation simple, let

Eq =

(
eq/2 0

0 e−q/2

)
. (74)

Then the following holds:

Proposition 2. (Alternate recipe for CMC surfaces in H3)

1. Let η be a potential, holomorphic or meromorphic.

2. Let g : M → ΛSL2(C)σ be a solution of the ODE g−1dg = η,
subject to the initial condition g(z0) = 1, and let Ug = g−1τ4(g).

3. Find the right Birkhoff factorization of Ug, i.e. the pair (U+
g , U

−
g ) ∈

Λ+SL2(C)σ × Λ−∗ SL2(C)σ such that Ug = U+
g U
−
g .

4. The map fλ is for |λ| = e−q/2 a CMC immersion11 of mean
curvature H = tanh(q)

fλ = gU+
g Eq(gU

+
g )−1τ4(gU+

g )(gU+
g )†, (75)

and in particular for minimal surfaces we have

fλ = τ4(gU+
g )(gU+

g )†. (76)

The only advantage this holds over the recipe with the Iwasawa
factorization is that the Birkhoff factorization has well known approx-
imation schemes, see for example [9]. While this may appear to be a
small advantage it enabled us to use the DPW-method constructively,
and produce the graphics in the last section.

4.2.4 Punctured surfaces and the ideal boundary

Before we conclude with some examples of surfaces we have gener-
ated using this method, we will comment on some properties of the
factorization and general method.

10Strictly speaking, p(g) corresponds to τ(Ag ·H+) in the notation of [1]. This ”Grass-
mannian setting” is also discussed in chapter 7 of [4].

11If one carefully works through the calculations here it will become obvious that we have
not actually used the Sym formula for decompositions taking values outside the identity
component of the Iwasawa core. In fact when g = Φω1P we have used the ”negative” of
the Sym formula. In light of the discussion in section 9.4 of DIK this is in a way more
natural than the alternative. Interestingly it also simplifies the otherwise awkward Sym
formula in terms of the Birkhoff factorization.
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To begin with, unlike the case with the τ3-Iwasawa factorization,
we end up with the possibility that for z ∈M the factorization is non-
existent, i.e. g(z) /∈ IC. From the examples we thus far have studied it
would appear as for z approaching the singular set S = M\g−1(IC) the
immersion determined by g approaches the ideal boundary of H3. If it
indeed is the case that this behaviour is general, i.e. that an immersion
F , determined from the potential g−1dg = η, reaches the ideal bound-
ary exactly as g /∈ IC, then we may use the previously established
correspondence between the Birkhoff and Iwasawa decompositions to
find the points where the ideal boundary is reached by considering the
zeros of Vg : z 7→ p((U(g(z))−1). This is potentially an interesting way
of determining the intersection of the ideal boundary and the surface
corresponding to a η = g−1dg without directly computing the Iwasawa
factorization of g (or the Birkhoff factorization of U(g)).

Secondly, the DPW-method can be used to find surfaces with non-
trivial fundamental group. The issue arises then that the integration
is not unique, that is, not defined on the surface M but only on its
universal cover. In [6] Kobayashi outlines some results regarding the
use of the DPW-method (for CMC surfaces in H3) in such situations.
The examples displayed in the next section are of non-trivial topology,
so for completeness we state a result that helps when constructing
immersions of punctured surfaces. Consider the ODE dg = gη where η
is a holomorphic potential defined on a Riemann surface M . In general,
a solution g cannot be considered to be defined on the surface M but
rather on its universal cover. Let γ ∈ π1(M) and let Mγ = (γ∗g)g−1 be
the monodromy matrix corresponding to γ. Here γ denotes the ”deck
transformation” associated to the loop γ.

Theorem 12. Let Mγ be the monodromy matrix corresponding to a
certain solution g of η = g−1dg and a deck transformation γ. Assume
that the closing conditions

Mγ ∈ ΛSL2(C)σ,τ4 ,

Mγ

∣∣
|λ|=e−q/2 = ±1, (77)

are satisfied. Then the immersion F obtained from η = g−1dg is
invariant under the deck transformation corresponding to γ, that is,
γ∗F = F .

We may consider the monodromy of a solution as a map χ : γ 7→
Mγ . Suppose now that we were to choose a different initial condition
than g(z0) = 1, say a general g(z0) = C ∈ ΛGC

σ . The monodromy of
the ”new” solution is given by conjugation of the old: χ̂γ = CχγC

−1.
To fix the monodromy then we consider a triplet (η, z0, C). Moreover,
our discussion above would still be valid, that is, following the steps
above we would still end up with an extended frame. In the general
case however, two frames resulting from different initial conditions will
be related in a non-trivial way. The key idea when studying punctured
surfaces is that there may be a (η, z0, C) such that the monodromy
satisfies the requirements of theorem 12, and so the associated g−1dg =
η with g(z0) = C. The extended frame corresponding to such a g then
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closes on the surface M , and we say that the monodromy is realizable if
such a C exists. For multiply punctured surfaces the problem becomes
more involved: One has to find a choice of initial condition such that
C simultaneously realizes the separate monodromies arising from the
potential η and each puncture of the surface.

5 Results, discussion and examples

5.1 Discussion

In the first section we discussed how CMC surfaces H3 can correspond
to the greatest contributions to a string process in some string theories.
In the subsequent sections we went on to present the DPW-method in
a general form for harmonic maps into symmetric spaces. It would be
extremely interesting to see in what way these methods can be applied
to e.g. AdS or other Lorentzian spaces - whether through a Lawson-
type correspondence or a direct application of the DPW-method for
the frames of immersions. As an example of the former, we mentioned
earlier that we can find spacelike immersions into S1,2 space using the
generalized Weierstrass representation for CMC surfaces with H < 1
in H3, see Appendix E of [2] for further discussion of this fact.

The later sections discuss explicitly the geometry of H3 and consider
frames of immersions of Riemann surfaces into H3. The key differences
between the setting of harmonic maps into symmetric spaces G/H ver-
sus UH3 ∼= SL2(C)/U1 are that SL2(C) is non-compact, and that UH3

is only a 4-symmetric space. The latter problem had previously been
considered for compact groups A in [3]. The former issue however is
first solved in [2] by providing a Iwasawa-type decomposition which
- as a result of the non-compactness - is defined in two cells. These
cells form an open and dense subset of ΛSL2(C)σ. Although we follow
[2] closely in this section, a more explicit discussion of some of the
geometrical arguments made in [2] is provided. We noted that these
results are sufficient for proving the existence of a generalized Weier-
strass representation of frames and the construction recipe 11. Lastly,
it was mentioned that our results can be used to find frames of punc-
tured surfaces, but that there’s an associated non-trivial problem of
closing conditions.

In the investigation of this method we discovered an explicit and
simple result, a method for finding the Iwasawa decomposition using
Birkhoff factorization. This (Proposition 1) is the main theoretical re-
sult of our independent investigations. It allowed us to constructively
apply the DPW-metod by means of a reformulation (Proposition 2) of
the ”recipe” established by Dorfmeister, Inoguchi and Kobayashi. Ex-
amples of surfaces we have constructed using proposition 2 are shown
in the next section.

From the perspective of string theory, the DPW-method may ap-
pear to be very cumbersome to apply, and it does indeed have some
drawbacks. First, it is very difficult to use the method constructively
without resorting to numerical approximations. In the particular case
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at hand, with CMC surfaces in H3, we have only been able to find a
single exact Iwasawa decomposition and thus only a single exact family
of CMC surfaces. Secondly, the method can only be applied to con-
struct CMC surfaces so its relevance in string theories relies on whether
these surfaces indeed correspond to the greatest contributing terms of
some scattering amplitude as discussed in the introduction. Moreover,
significant work is in some cases necessary to apply the method to con-
struct CMC surfaces of non-trivial topology. Lastly, it is not obvious
from the potentials what type of surface will be produced by following
the recipe.

In spite of these weaknesses, the generalized Weierstrass represen-
tation is an interesting description of CMC surfaces. Mainly these
issues arise because we have been in pursuit of a method for construct-
ing CMC surfaces, while the DPW-method in fact offers more. On a
more abstract level, the exact correspondence between a CMC surface
and some holomorphic potential implies that instead of studying the
surfaces we can study some holomorphic 1-forms taking values in a
loop algebra, or a very simple meromorphic 1-form. Then, for theories
in which the CMC worldsheets do provide the greatest contribution to
string scattering processes, it is possible to replace the surfaces entirely
by their corresponding (non-unique) potentials. At the very least the
view of the CMC surfaces is thus shifted from a geometric to a more
algebraic perspective. It would be interesting to see if the algebraic
point of view offers any significant advantages over the geometric one
when determining scattering amplitudes or similar physical quantities.
As an example of such a possible advantage, we mentioned that it ap-
pears as if the intersection of a surface (determined by g−1dg = η) with
the ideal boundary is related directly to the zeroes of the map Vg. In
essence then, this hints at an algebraic means of studying the intersec-
tion of a surface with the ideal boundary without knowing the surface
or the Iwasawa decomposition. If we were to investigate an AdS/CFT-
type correspondence for a string theory on H3 such a connection may
provide a valuable tool and insight into the interplay between geometry
and the algebraic theory of CMC surfaces.
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5.2 Examples

In this section we present some graphics of CMC surfaces in the Poincaré
ball model,12 produced using the Birkhoff factorization. The examples
here are also discussed in [2], where the closing conditions are discussed
in detail.

5.2.1 Totally umbilical surfaces

Consider the ODE g−1dg = η subject to g(0) = 1 where

η = λ−1

(
0 1
0 0

)
dz.

The solution of this equation is

g(z) =

(
1 λ−1z
0 1

)
and because of the simplicity of this solution one may in fact find its
τ4-Iwasawa decomposition analytically

g(z) =

[
1√

1− |z|2

(
1 λ−1z
λz 1

)][
1√

1− |z|2

(
1 0
−λz 1− |z|2

)]
.

Letting λ = e−q/2 we find that the surfaces produced by this potential
are given by

F (z, z) =
1

1− |z|2

(
1 eq/2z

e−q/2z 1

) (
eq/2 0

0 e−q/2

)(
1 eq/2z

e−q/2z 1

)
=

1

1− |z|2

(
e−q/2 + e3q/2|z|2 (e−q/2 + eq/2)z
(e−q/2 + eq/2)z eq/2 + e−3q/2|z|2

)
, (78)

where H = tanh(q). Unsurprisingly, this is a relatively dull collection
of surfaces. The minimal surface (for which we set q = 0) in this
collection is ”a plane” in the ball model.

12The isometry between the hermitian model and the ball model can be found on page
17 of [5].
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More interesting surfaces are provided by considering non-vanishing
mean curvature, such as the ones below.

The surface to the left is of mean curvature H = 0.5 and the surface
to the right is of mean curvature H = 0.999. In general a surface is
said to have an umbilical point p if Qdz2 = 0 at p. These surfaces are
called totally umbilical surfaces as for each of these surfaces the Hopf
differential vanishes identically.

5.2.2 Surfaces of revolution

Consider the ODE g−1dg = η subject to g(1) = 1 where

η =

(
0 λ−1a+ λb

−λa+ λ−1b 0

)
dz (79)

for a and b satisfying H = tanh(q), b2−a2+ab(eq−e−q/2) = 1/4. Let’s
fix b to be the positive solution of this equation for minimal surface
and with a = 0.2. Inside of the ball model the following surface is thus
produced.
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The surface shown here consists of three connected components.
Here, we have not used the negative of the Sym formula in the appro-
priate domains. The picture produced by doing so is the following:

5.2.3 Radially symmetric surfaces

For our last example we consider radially symmetric surfaces of varying
constant mean curvature. Let g(0) = 1 where g−1dg = η and

η =

(
0 λ−1

−λz 0

)
dz. (80)

It can be shown that the metric of this type of surfaces only depends
on |z|. In the picture below two such surfaces are shown. The surface
to the left is a minimal surface, the one to the right is of constant mean
curvature H = 0.8.
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6 Appendix

6.1 Lawson correspondence

Let Mc be the complete, simply connected three dimensional space
form of constant sectional curvature c, e.g. for c = −1 we have M−1 =
H3(−1). Let M be a simply connected surface in Mc of constant mean
curvature H. Let H̃ ∈ R be a solution of H2 + c = H̃2 + d for some
d ∈ R, and suppose the triplet (u,Q,H) satisfies the Gauss-Codazzi
equations (3)

uzz +
1

2
(H2 + c)eu − 2QQe−u = 0 (81)

Then (u,Q, H̃) satisfies

uzz +
1

2
(H̃2 + d)eu − 2QQe−u = 0 (82)

and so determines a surface, a Lawson correspondent in Md, and more-
over, the surface has the same induced metric as that determined by
(u,Q,H).

Studying the solutions of H̃2 = H2 − d shows that for H ≥ 0
and d = −1 there is no solution H̃ < 1. Thus there are no Lawson
correspondents in E3 (or S3 for that matter) for CMC surfaces of H3.
However, for H̃ > 1 there exists solutions, and thus, by using the
DPW-method for CMC surfaces in E3 and the Lawson correspondence
we can find CMC surfaces in H3 with mean curvature H > 1.
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