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Abstract

Analysis of the Many-Body Problem in One Dimension
with Repulsive Delta-Function Interaction

Martin Albertsson

The repulsive delta-function interaction model in one dimension is reviewed for
spinless particles and for spin-1/2 fermions. The problem of solving the differential
equation related to the Schrödinger equation is reduced by the Bethe ansatz to a
system of algebraic equations. The delta-function interaction is shown to have no
effect on spinless fermions which therefore behave like free fermions, in agreement
with Pauli's exclusion principle. The ground-state problem of spinless bosons is
reduced to an inhomogeneous Fredholm equation of the second kind. In the limit of
impenetrable interactions, the spinless bosons are shown to have the energy
spectrum of free fermions. The model for spin-1/2 fermions is reduced by the Bethe
ansatz to an eigenvalue problem of matrices of the same sizes as the irreducible
representations R of the permutation group of N elements. For some R's this
eigenvalue problem itself is solved by a generalized Bethe ansatz. The ground-state
problem of spin-1/2 fermions is reduced to a generalized Fredholm equation.
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Populärvetenskaplig sammanfattning

Inom kvantteori, som beskriver fysiken p̊a mikroniv̊a, finns en fundamental sats
som säger att vi inte kan bestämma en partikels läge och rörelsemängd med god-
tycklig noggrannhet. Detta leder till införandet av den s̊a kallade v̊agfunktionen
som inneh̊aller all information som g̊ar att veta om ett kvantsystem. Inom
kvantteori är det oftast energiniv̊aerna hos ett system som man är intresse-
rad av. V̊agfunktionen och energiniv̊aerna kan bestämmas fr̊an den s̊a kallade
Schrödingerekvationen som är en differentialekvation. Denna differentialekva-
tion är dock sv̊ar att lösa exakt och istället m̊aste man oftast använda approx-
imativa metoder, som numeriska metoder eller störningsteori. Den modell som
analyseras i denna rapport kan lösas exakt vilket gör den till en viktig modell.

Alla elementarpartiklar kan delas in i tv̊a kategorier; bosoner och fermioner.
Det som avgör om en partikel är en boson eller fermion är dess spinn. Spinn
är en inre egenskap som till exempel massa eller laddning. Denna uppdelning
mellan bosoner och fermioner gör att de har väldigt olika egenskaper. Framförallt
innebär det att fermioner med samma spinn inte kan befinna sig p̊a samma plats.

I denna rapport analyseras en modell där ett godtyckligt antal partiklar
befinner sig p̊a en linje och p̊averkar varandra med en fr̊anstötande kraft när
de kolliderar. Genom att ansätta den s̊a kallade Bethe’s ansatz, kan det initiala
problemet i form av en differentialekvation reduceras till ett enklare system av
ekvationer. Lösningen visas b̊ade för bosoner och fermioner utan spinn och för
fermioner med spinn.

3



Contents

1 Introduction 5
1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.2 History . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.3 This thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2 Spinless particles: Coordinate Bethe ansatz 7
2.1 Free particle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.2 Single particle with delta-function potential . . . . . . . . . . . . 8
2.3 Two particles with delta-function interaction . . . . . . . . . . . 9
2.4 The coordinate Bethe ansatz . . . . . . . . . . . . . . . . . . . . 10

3 Spinless fermions 12
3.1 Quantization of momenta . . . . . . . . . . . . . . . . . . . . . . 13
3.2 Ground-state energy . . . . . . . . . . . . . . . . . . . . . . . . . 15

4 Spinless bosons: The Lieb-Liniger model 15
4.1 Bethe ansatz equations . . . . . . . . . . . . . . . . . . . . . . . . 15
4.2 Ground-state energy . . . . . . . . . . . . . . . . . . . . . . . . . 18

5 Spin- 1
2 fermions: The Gaudin-Yang model 20

5.1 The Bethe ansatz . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
5.2 Continuity of ψ and discontinuity of its derivative . . . . . . . . . 20
5.3 The Yang-Baxter equations . . . . . . . . . . . . . . . . . . . . . 21
5.4 Periodic boundary conditions . . . . . . . . . . . . . . . . . . . . 22
5.5 Irreducible representations of SN . . . . . . . . . . . . . . . . . . 22
5.6 The Bethe-Yang ansatz . . . . . . . . . . . . . . . . . . . . . . . 24
5.7 Ground-state energy . . . . . . . . . . . . . . . . . . . . . . . . . 24

6 Conclusions 26

References 28

4



1 Introduction

1.1 Background

In classical mechanics, the total energy written in terms of the position and

momentum variables is called the Hamiltonian function H = p2

2m + V , where
p is the momentum, V is the potential energy and m is the mass. In quantum
mechanics it is impossible to find p as a function of x since, according to the
uncertainty principle, both p and x cannot be determined at the same time. In
quantum mechanics we therefore deal with operators, where the Hamiltonian
operator is given by

H = − ~2

2m

∂2

∂x2
+ V (x), (1.1)

and where the constant ~ is called the reduced Planck constant. Because we
cannot know anything with definite precision, we also have to deal with pro-
babilities. A particle is not a geometric point but an entity that is spread out
in space. The spatial distribution of a particle is defined by a function called
a wave function, notated ψ, which tells us everything we can know about a
state. The wave function can be calculated from a partial differential equation
called the Schrödinger wave equation. The wave function is usually a function of
both position and time, but when the potential energy is independent of time,
the space and time dependence can be separated. This separation leads to the
simpler time-independent Schrödinger equation

Hψ = Eψ. (1.2)

In this equation, the total energy E is an eigenvalue of H, while ψ is the corre-
sponding eigenvector. A quantum mechanical model is said to be solved if these
eigenvectors and eigenvalues have been determined.

One function that is often used in physics is the dirac delta-function, desig-
nated δ(x− x0). It is a generalized function that is defined as

δ(x− x0) =

{
∞, x = x0

0, x 6= x0
, (1.3)

and has the property∫ b

a

f(x)δ(x− x0)dx =

{
f(x0) if a < x0 < b

0 otherwise
. (1.4)

In many-body problems, the delta-function can represent local contact interac-
tions between two particles.

All fundamental particles in nature can be divided into one of two categories,
bosons or fermions, depending on their spin. Like mass and charge, spin is
an intrinsic property of a particle. Unlike mass and charge, however, spin has
direction. Bosons are particles with integer spin (s=0,1,2...), whereas fermions
are particles with half-integer spin (s= 1

2 , 3
2 ...). This causes a huge difference in

their behavior. For bosons, the wave function is symmetric with respect to any
interchange of two particles, meaning that the wave function has the same sign
as before the interchange. Fermions are instead antisymmetric, which means
that the wave function changes sign when two fermions are interchanged. When
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we calculate the probability of a physical state of for example two particles, we
add up the two different cases. The probability of the state for identical bosons
at the same position is enhanced, whereas the two cases add up to zero for
identical fermions. This is the Pauli exclusion principle, which states that two
identical fermions cannot occupy the same quantum state (same position and
quantum numbers). Bosons are not subject to the Pauli exclusion principle, and
any number of bosons can therefore occupy the same quantum state.

In quantum mechanics there are relatively few problems that can be solved
exactly. Instead we are often forced to use approximation methods like numerical
methods or perturbation methods. The problems that can be solved exactly are
thus very important.

1.2 History

In 1931, Hans Bethe used an ansatz, now known as the Bethe ansatz, to find
the exact eigenvalues and eigenvectors of the one dimensional Heisenberg mo-
del [1]. This model describes a chain of spin- 1

2 particles with nearest-neighbor
interactions. Since then, the Bethe ansatz has been used to find a number of
exactly solvable quantum many-body models in one dimension.

In 1963, Lieb and Liniger used the Bethe ansatz to determine the exact
solution of a one dimensional model of interacting spinless particles with bosonic
exchange symmetry [6]. In this model, now known as the Lieb-Liniger model, N
bosons interact on a line of length L via a repulsive contact potential. Unlike the
one dimensional Heisenberg model, in which spins are fixed at discrete lattice
sites, the Lieb-Liniger model is a continuum model in which the particles are
free to move along a line. The Hamiltonian operator describing this model is
given by

H = −
N∑
i=1

∂2

∂x2
i

+ 2c
∑
i<j

δ(xi − xj), (1.5)

and where ~ = 2m = 1 is set for simplicity. The delta-function δ in (1.5) means
that two particles affect each other only when they are at the same position.
The real constant c is a measure of strength of the interaction and is called
coupling parameter. The case c > 0 corresponds to repulsive interaction, c < 0
to attractive interaction, and c = 0 to free particles. The particles can pass
through each other, except for the impenetrable limit c→∞.

The next step in the models with repulsive delta-function interaction was to
incorporate particles with spin. McGuire solved in 1965 the problem of spin- 1

2
fermions where all fermions except one have the same polarization [7]. In 1967,
Lieb and Flicker extended this solution to the problem where two fermions have
opposite spin [2]. The problem of spin-1

2 fermions with arbitrary polarization
was solved by Yang the same year [9] by a second use of the Bethe ansatz, in a
generalized form.

1.3 This thesis

This thesis reviews some of the many-body models in one dimension with the
Hamiltonian given by (1.5) for the repulsive case. The problem of solving the
differential problem related to the Schrödinger equation is reduced by the Bethe
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ansatz to a much simpler system of algebraic equations, called the Bethe ansatz
equations.

We determine the solutions where the density of the interacting particles are
fixed. This is done by first imposing periodic boundary conditions (PBC) for a
fixed number of particles. The second step is to allow the size of the periodic
box L and the number of particles N to become infinite while the particle
density N/L remains constant. This is called the thermodynamical limit, and
the influence of the periodic boundary conditions should disappear in this limit.

In Section 2, we formulate the Bethe ansatz for spinless particles (one-state
particles), called the coordinate Bethe ansatz, by first looking at two one-particle
models; a free particle and a single particle with delta-function potential. The
quantum many-body models we consider can in many cases be seen to arise from
a simple one-particle model, describing the relative motion of any two particles.
These one-particle models will serve as a bridge and as physical motivation to
the coordinate Bethe ansatz, which are derived for two particles and for the
general case.

The coordinate Bethe ansatz is then applied to spinless fermions in Section
3. The delta-function interaction has no effect in this case as we will see, and
the fermions therefore behave as free fermions.

In Section 4, we consider the Lieb-Liniger model. We determine the Bethe
ansatz equations for spinless bosons by using the coordinate Bethe ansatz. By
taking the thermodynamical limit, the Bethe ansatz equations can be transfor-
med into exact integral equations for the ground-state energy per unit length.

In Section 5, we consider the more complicated problem with spin- 1
2 fer-

mions. This model of delta-function interacting two-component fermions is com-
monly referred to as the Gaudin-Yang model. The solution is shown by following
Yang’s method [9] which is a combined use of group theory and a generalized
Bethe ansatz, known as the Bethe-Yang ansatz. By taking the thermodynami-
cal limit, the Bethe ansatz equations can be transformed into exact integral
equations for the ground-state energy per unit length.

Although the procedure is different in each case, three properties are imposed
in all of them:

1. Symmetry, with ψ → ±ψ under exchange of two particles, where + cor-
respond to identical bosons and − correspond to identical fermions.

2. Satisfaction of boundary conditions at the positions where two particles
collide.

3. Application of PBC’s for a fixed number of particles. The periodic box
and the number of particles are then allowed to become infinite in such a
way that the density remains constant.

2 Spinless particles: Coordinate Bethe ansatz

In this section, we derive the coordinate Bethe ansatz by first considering two
one-particle models; a free particle and a particle with delta-function potential.
Some parts of these solutions will appear in the solution of the full many-body
problem, due to the construction of the model. The ansatz is then derived for two
particles and for the general case with an arbitrary number of particles. Even
though the particles do not have spin, they still obey their exchange symmetry.
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2.1 Free particle

A free particle do not experience any external force and is therefore in a re-
gion with constant potential. The potential can be set to zero, reducing the
Hamiltonian operator (1.1) to

H = − d2

dx2
.

Inserting this equation into the Schrödinger equation (1.2) leads to

−d
2ψ

dx2
= Eψ, (2.1)

which has the solution
ψ(x) = Aeikx +Be−ikx,

where k =
√
E is the momentum of the particle. Since we have set ~ = 1, mo-

mentum and wave vector are the same. The k is usually called quasi-momentum
since it cannot be regarded as a true vector, but here it will be called simply
momentum.

This solution has a clear physical interpretation. The first term represents a
wave traveling in the positive x-direction and the second term represents a wave
traveling in the negative x-direction. The eigenvalue E is found, by inserting the
solution into the Schrödinger equation, to be E = k2.

2.2 Single particle with delta-function potential

We now add a delta-function potential at x = 0 to the model, corresponding to
the Hamiltonian operator

H = − d2

dx2
+ 2cδ(x). (2.2)

If we insert the Hamiltonian (2.2) in the Schrödinger equation (1.2) we get

−d
2ψ

dx2
+ 2cδ(x)ψ(x) = Eψ(x). (2.3)

Because the delta-function goes to infinity at x = 0, we cannot solve this as
before. We note that for x 6= 0 this problem is equivalent to the free particle
problem. At x = 0 we must impose certain boundary conditions on ψ and ψ′.
The wave function ψ must be continuous to have a meaning as probability, and
the first boundary condition is therefore

ψ(0−) = ψ(0+). (2.4)

By integrating (2.3) from x = −ε to x = ε > 0 we obtain

−
∫ ε

−ε
ψ′′(x)dx+ 2c

∫ ε

−ε
δ(x)ψ(x)dx = E

∫ ε

−ε
ψ(x)dx.

If we let ε→ 0 we can first note that, since the wave function is continuous, the
integrand on the right side must go to zero. If we then use the integral property
(1.4) of the delta-function, we get the second boundary condition

ψ′(0+)− ψ′(0−) = 2cψ(0). (2.5)
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We thus interpret the formal eigenvalue equation Hψ = Eψ as a boundary value
problem consisting of the free Schrödinger equation (2.1) for x 6= 0 together with
the boundary conditions (2.4) and (2.5) at x = 0.

The solution for a free particle is a linear combination of terms of the form
e±ikx. The minus sign represents a wave moving in the negative x-direction and
the plus sign represents a wave moving in the positive x-direction. If we consider
the case when the wave is incident from x > 0, we get the solution

ψ(x) =

{
e−ikx +Reikx, x > 0

Te−ikx, x < 0
,

where R is the reflection amplitude and T is the transmission amplitude, i.e.
|R|2 and |T |2 represents the probability of reflection and transmission, respecti-
vely. The problem is thus to determine the amplitudes R and T . The boundary
conditions (2.4) and (2.5) are satisfied if and only if

R(k) =
c

ik − c
, (2.6)

T (k) =
ik

ik − c
. (2.7)

The eigenvalue corresponding to this eigenfunction is E = k2. We note that
ψ(−x) cannot be expressed as a multiple of ψ(x), thus ψ(x) and ψ(−x) are
linearly independent. This means that any eigenfunction ψ(x) of H is a linear
combination of ψ1(x) = ψ(x) and ψ2(x) = ψ(−x), where the latter eigenfun-
ction describe a wave coming in from the region x < 0. This completes the
construction of the eigenfunctions of the Schrödinger operator H, and thus the
solution of the one-particle model with delta-function potential.

2.3 Two particles with delta-function interaction

The Hamiltonian operator (1.5) for two particles is

H = −
(
∂2

∂x2
1

+
∂2

∂x2
2

)
+ 2cδ(x1 − x2).

Inserting this equation into the Schrödinger equation leads to

−
(
∂2ψ

∂x2
1

+
∂2ψ

∂x2
2

)
+ 2cδ(x1 − x2)ψ = Eψ.

Just as in the one particle case, this equation has a singularity. At x1 = x2,
the delta function goes to infinity and certain boundary conditions must be
imposed. When x1 6= x2, the particles experiences no force and are thus free
particles. If the particle at x1 is in the state ψ1 with momentum k1 and the
particle at x2 is in the state ψ2 with momentum k2, the solution can be written
as

ψ(x1, x2) = ψ1(x1)ψ2(x2) = Aek1x1 · ek2x2 ,

where A is a constant.
In a collision between two particles of equal masses, the delta-function in-

teraction can only interchange the momenta of the incident particles or leave

9



them unchanged. This means that there are no new values of the momenta
created, only the initial momenta k1 and k2. Since the particles are allowed to
exchange momenta, and since we are considering identical particles, we cannot
know which particle is in which state. Therefore, the wave function in the fun-
damental sector I : x1 < x2 is a superposition of the two possible combinations,
that is

ψI(x1, x2) = ψ1(x1)ψ2(x2) + ψ2(x1)ψ1(x2)

= A(12)ek1x1+k2x2 +A(21)ek2x1+k1x2 , (2.8)

where A(12) and A(21) are constants corresponding to permutation of momenta
(k1, k2) and (k2, k1), respectively.

Since the delta-function interaction also allows the particles to cross each
other, both the orderings x1 < x2 and x1 > x2 are possible. In the sector
x1 > x2, the wave function is given by

ψ21(x1, x2) = (±)ψI(x1, x2), (2.9)

where the ±-sign corresponds to bosons/fermions.
Thus, for x1 6= x2, the wave function is given by (2.8) and (2.9) which should

satisfy certain boundary conditions at x1 = x2. As before the wave function has
to satisfy the continuity condition

ψ

∣∣∣∣
x1=x2+0

= ψ

∣∣∣∣
x1=x2−0

. (2.10)

The derivatives have a discontinuity at x1 = x2. By changing variables to the
center of mass coordinate y = x1 + x2 and the relative coordinate x = x1 − x2,
the second boundary condition can be shown to be [8](

∂ψ

∂x1
− ∂ψ

∂x2

) ∣∣∣∣
x1=x2+0

−
(
∂ψ

∂x1
− ∂ψ

∂x2

) ∣∣∣∣
x1=x2−0

= 2cψ

∣∣∣∣
x1=x2

. (2.11)

Letting x = x2 − x1 instead of x = x1 − x2 gives the boundary condition(
∂ψ

∂x2
− ∂ψ

∂x1

) ∣∣∣∣
x2=x1+0

−
(
∂ψ

∂x2
− ∂ψ

∂x1

) ∣∣∣∣
x2=x1−0

= 2cψ

∣∣∣∣
x1=x2

. (2.12)

Thus, the wave function must satisfy the boundary conditions (2.10), (2.11)
and (2.12) at x1 = x2.

2.4 The coordinate Bethe ansatz

We now want to extend the previous procedure to a system of N number of
particles in one dimension with repulsive delta-function interaction. The Hamil-
tonian operator is

H = −
N∑
i=1

∂2

∂x2
i

+ 2c
∑
i<j

δ(xi − xj),

Let the particles be confined between 0 and L on the real line and let SN
denote the symmetric group of all N ! permutations of the numbers (1, 2, ..., N).
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The N particles can be ordered from left to right in N ! ways. An ordering of the
particles will be called a region and will be labeled Q = (Q(1)Q(2)...Q(N)) ∈ SN
so that

0 < xQ(1) < xQ(2) < ... < xQ(N) < L.

For example, in the case of three particles,Q = (312) corresponds to the ordering
0 < x3 < x1 < x2 < L. The fundamental region I = (12...N) corresponds to
the ordering

I : 0 < x1 < x2 < ... < xN < L. (2.13)

We will call a position where two particles collide a hyperplane. Each region
Q is adjacent to N − 1 other regions at the hyperplanes xQ(1) = xQ(2), xQ(2) =
xQ(3), etc. We let ψQ denote the wave function in the region Q and assume
that ψI is known. According to the symmetry/antisymmetry corresponding to
bosons/fermions, we get

ψQ = (±1)nQψI , (2.14)

where the ± corresponds to bosons/fermions and nQ is the number of transpo-
sitions of nearest-neighbor particles which bring the ordering Q to the funda-
mental ordering I.

When the particle coordinates differ from each other, the delta-functions
have no effect and the original Schrödinger equation can be replaced with the
free Schrödinger equation

−
N∑
i=1

∂2ψ

∂x2
i

= Eψ, (2.15)

for all Q ∈ SN . If we now consider an arbitrary region Q and also include
only one hyperplane xj = xk, such that xj = xQ(i) and xk = xQ(i+1) for
some i = 1, 2...N − 1 or vice versa, the solution should satisfy an “effective”
Schrödinger equation

−
N∑
i=1

∂2ψ

∂x2
i

+ 2cδ(xj − xk)ψ = Eψ.

Doing the variable change x = xj − xk, and using the same reasoning as in the
two particle case, yield the boundary conditions

ψ

∣∣∣∣
xj=xk+0

= ψ

∣∣∣∣
xj=xk−0

, (2.16)

(
∂ψ

∂xj
− ∂ψ

∂xk

) ∣∣∣∣
xj=xk+0

−
(
∂ψ

∂xj
− ∂ψ

∂xk

) ∣∣∣∣
xj=xk−0

= 2cψ

∣∣∣∣
xj=xk

, (2.17)

for all xj = xk for all j, k = 1, 2, ..., N and j 6= k.
We interpret the formal eigenvalue equation Hψ = Eψ as the boundary

value problem for which ψ should satisfy the free Schrödinger equation in all
regions Q and the boundary conditions (2.16) and (2.17) at all hyperplanes
xj = xk.

In a collision between two particles of equal masses, the delta-function in-
teraction can only interchange the momenta of the incident particles or leave
them unchanged. This means that in the regions Q the wave function is a linear
combination of plane waves eikP ·xQ , where P is a permutation of the momenta,
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i.e. permutation of (1, 2, ..., N), and kP · xQ = kP (1)xQ(1) + ... + kP (N)xQ(N).
The wave function in the fundamental region I is

ψI(x) =
∑
P∈SN

A(P )eikP ·xI , (2.18)

where A(P ) is the amplitude corresponding to the permutation of momenta P .
It is sufficient to only consider the fundamental region, since the wave function
in any other region Q can be obtained by using (2.14).

The hypothesis that the solutions can be written in this form is usually
referred to as Bethe’s hypothesis. The problem is thus to determine the amp-
litudes A(P ) and the momenta {k}. If the ansatz is valid, ψ satisfies the free
Schrödinger equation in all regions Q, with the same energy eigenvalue

E = k2
1 + k2

2 + ...+ k2
N , (2.19)

in all regions.
We assume throughout the paper that all the k’s are unequal and ascending

such that
k1 < k2 < · · · < kN .

Because of this assumption, the wave function in a certain region consists of
N ! linearly independent terms. At all hyperplanes xQ(j) = xQ(j+1), the wave

function then consists of 1
2N ! linearly independent terms. If we consider for

example the hyperplane x1 = x2, we see that the wave function consists of
terms of the form

exp(ikjx1 + iksx2 + (N !− 2) other terms),

exp(iksx1 + ikjx2 + (N !− 2) other terms),

(exp(x) = ex) for all j, s = 1, 2, ..., N and j 6= s, and where the N ! − 2 other
terms are equal in the two terms. Since x1 = x2 in this case, the two terms are
equal. It is readily seen that this holds for all hyperplanes. This means that each
pair of terms must individually satisfy the boundary conditions, which we will
take advantage of in the following sections.

3 Spinless fermions

Now that we have converted the differential Schrödinger equation to a boundary
value problem, we can continue to determine the solution for specific particles.
In this section we consider identical fermions, in which we derive the solutions
for two fermions and for an arbitrary number of fermions. Because of the anti-
symmetry of fermions and the Pauli exclusion principle, the solutions are trivial
as we will see.

The permitted value of the momenta are obtained by satisfaction of the
boundary conditions defined in the previous section and by imposing PBC’s.
The ground-state energies are then determined by choosing the lowest permitted
values of the momenta.
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3.1 Quantization of momenta

3.1.1 Two fermions

The wave function (2.8) for two fermions in the region x1 < x2 takes the form

ψI(x1, x2) = A(12)ek1x1+k2x2 +A(21)ek2x1+k1x2 . (3.1)

With respect to the antisymmetry ψ21 = −ψI , we get the wave function in the
region x1 > x2 to

ψ21(x1, x2) = −A(12)ek1x2+k2x1 −A(21)ek2x2+k1x1 . (3.2)

The continuity condition at x1 = x2 implies that

A(12) = −A(21), (3.3)

which also implies that ψ(x, x) = 0, in agreement with Pauli’s exclusion prin-
ciple. The scattering S-matrix for spinless particles is defined as

A(21) = S(k1, k2)A(12),

which in this case gives S(k1, k2) = −1. The discontinuity conditions (2.11) and
(2.12) vanish identically by the condition (3.3). Thus, the delta-function poten-
tial has no effect on identical fermions, which therefore behave like free fermions.
We also note also that condition (3.3) makes the wave function identical in both
regions.

The PBC in L on the wave function means that two points at a distance L
apart are considered to be the same point. Thus, the requirement for particle
x1 is

ψ(x1, x2) = ψ(x1 + L, x2).

Note that the particle is to the left of x2 on the left-hand side, and to the right
of x2 on the right-hand side. The PBC can therefore be expressed as

ψI(x1, x2) = ψ21(x2, x1 + L) = −ψI(x1 + L, x2). (3.4)

Inserting the wave function into equation (3.4) yields

A(12)ek1x1+k2x2 +A(21)ek2x1+k1x2 =

= −eik2LA(12)ek1x2+k2x1 − eik1LA(21)ek2x2+k1x1 . (3.5)

Since we have assumed that the momenta are distinct, it follows that the two
exponential terms on both sides are linearly independent. By comparing coeffi-
cients in front of these terms in (3.5) we get

A(12) = −A(21)eik1L, A(21) = −A(12)eik2L. (3.6)

With regard to (3.3), these can be expressed as

eik1L = 1, eik2L = 1. (3.7)

The PBC for x2 gives the same result. By using the identity ei2π·n = 1, where
n is an integer, we get the following quantization of the momenta

k1L = 2πI1

k2L = 2πI2

}
I1, I2 = integer. (3.8)

The integers I1 and I2 are quantum numbers that define the state of the system.
Since the wave function vanishes for k1 = k2, the momenta must be unequal.
This also means that the quantum numbers I1 and I2 must be unequal.
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3.1.2 N fermions

The full wave function (2.18) for fermions in the fundamental region reads

ψI(x) =
∑
P∈SN

A(P )eikP ·xI , (3.9)

with the following relation for the wave function in any other region

ψQ = (−1)nQψI , (3.10)

where nQ is the number of transpositions from region I to region Q.
As was explained in Section 2.4, the wave function consists of 1

2N ! pairs
at every hyperplane because of the distinct values of the momenta. For the
boundary conditions to be satisfied, each such pair must individually satisfy the
boundary conditions. Let P be an arbitrary permutation of the momenta and
let P ′ be the permutation obtained from P by interchanging the elements P (j)
and P (j + 1). The continuity conditions (2.16) give

A(P ) = −A(P ′), (3.11)

for all j=1,2,...,N−1. A successive application of this relation allows us to ex-
press an arbitrary amplitude A(P ) in terms of for example the amplitude with
fundamental permutation, A(PI). Any other amplitude becomes

A(P ) = ±A(PI), (3.12)

depending on whether P is an even/odd permutation of PI . The wave function
can then be concisely expressed as the Slater determinant

ψI(x) = A(PI) Det
1≤j,s≤N

eikj ·xs .

The PBC for x1 reads

ψ(x1, x2, ..., xN ) = ψ(x2, ..., xN , x1 + L),

where x1 is at the leftmost position on the left-hand side and at the rightmost
positions on the right-hand side. By using the antisymmetry condition (3.10) of
the wave function we can express this PBC as

ψI(x1, x2, ..., xN ) = (−1)N−1ψI(x1 + L, x2, ..., xN ), (3.13)

since the particle changes sign of the wave function in every collision when it
“scatter” back to the leftmost position. By inserting the wave function (3.9)
into (3.13) and and using (3.12) we get

eikjL = 1, j = 1, 2, ..., N,

which can further be expressed as

kjL = 2πIj , Ij = integer (j = 1, 2...N). (3.14)

This result confirms the expected result that there is no interaction for iden-
tical fermions. The momenta must be unequal, which also make the quantum
numbers {I} unequal.
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3.2 Ground-state energy

The ground-state energy E0 is the lowest energy of E =
∑N
j=1 k

2
j . With regard to

the allowed values of the momenta (3.14), the minimum energy is attained by an
ordered sequence of the quantum numbers Ij with a unity step, symmetrically
distributed around 0:

−Imax,−Imax + 1, ..., Imax − 1, Imax.

Imax is determined from the equality for the number of momenta N = 2Imax+1.
Thus, the sequence of quantum numbers corresponding to the ground-state is

{I1, I2, ..., IN} =

{
− N − 1

2
,−N − 1

2
+ 1, ..., , ...,

N − 1

2

}
.

The total momentum is K0 = 0 since the quantum numbers are distributed
symmetrically around 0. The ground-state energy reads

E0 =

(
2π

L

)2 N∑
j=1

I2
j =

π2

3L2
(N − 1)N(N + 1).

4 Spinless bosons: The Lieb-Liniger model

In this section we derive the solution for spinless bosons. This solution is more
complicated since identical bosons do not obey Pauli’s exclusion principle. They
can therefore be at the same position and interact with each other. The Bethe
ansatz equations are obtained by satisfaction of the boundary conditions and
by imposing PBC’s, which is obtained for two, three and an arbitrary number
of bosons. The reason for considering the case of three particles is to show the
important feature that an interaction involving more than two particles can be
factorized into a product of two-body interactions and that the result does not
depend on the particular order of two-body collisions.

The coupled integral equations for the ground-state energy are then deter-
mined in the thermodynamical limit. In the limit c→∞, the bosons are shown
to behave as non-interacting fermions.

4.1 Bethe ansatz equations

4.1.1 Two bosons

In the case of two bosons, which exhibits fully symmetric exchange statistics,
the wave function takes the form

ψ(x1, x2) =

{
A(12)ek1x1+k2x2 +A(21)ek2x1+k1x2 x1 < x2

A(12)ek1x2+k2x1 +A(21)ek2x2+k1x1 x1 > x2
. (4.1)

It is easily seen that the continuity conditions are satisfied. Inserting the wave
function into the discontinuity conditions (2.11) and (2.12) respectively, yield
after some restructuring

A(12) = −c− i(k1 − k2)

c+ i(k1 − k2)
A(21) = −eiθ12A(21), (4.2)

15



A(21) = −c− i(k2 − k1)

c+ i(k2 − k1)
A(12) = −eiθ21A(12). (4.3)

Here we have introduced the phase factor θjs = θ(kj − ks), defined as

θ(r) = −2tan−1

(
r

c

)
, −π ≤ θ ≤ π, (4.4)

by using the formula

1− ix
1 + ix

= exp(−2i · tan−1(x)).

We see that the particles pick up a phase between them when they pass through
each other. In view of of equations (4.2) and (4.3), we get the scattering S-
matrices to

S(k1, k2) = S(k1 − k2) = −eiθ12 = −c− i(k1 − k2)

c+ i(k1 − k2)
,

S(k2, k1) = S(k2 − k1) = −eiθ21 = −c− i(k2 − k1)

c+ i(k2 − k1)
.

By applying the PBC’s to this system, we get the relations

A(12) = A(21)eik1L, A(21) = A(12)eik2L. (4.5)

If we then combine (4.2) and (4.3) with (4.5), we see that the momenta k1 and
k2 are quantized as follows

k1L = 2πI1 + θ12

k2L = 2πI2 + θ21

}
I1, I2 = ±1

2
,±3

2
,±5

2
, .... (4.6)

If k1 = k2 it follows from (4.2) that A(12) = −A(21) and the wave function
vanishes everywhere. Thus, the momenta must be unequal to avoid the wave
function to vanish, which also results in I1 6= I2.

4.1.2 Three bosons

The wave function (2.18) for three bosons reads

ψI(x1, x2x3) = A(123)ek1x1+k2x2+k3x3 +A(213)ek2x1+k1x2+k3x3

+A(231)ek2x1+k3x2+k1x3 +A(321)ek3x1+k2x2+k1x3

+A(312)ek3x1+k1x2+k2x3 +A(132)ek1x1+k3x2+k2x3 , (4.7)

where the wave function is symmetric with respect to any exchange of two
bosons. The boundary condition (2.17) at x1 = x2 implies the following relations
among the amplitudes

A(213)

A(123)
= −eiθ21 , A(312)

A(132)
= −eiθ31 , A(321)

A(231)
= −eiθ32 , (4.8)

where θij is the phase factor (4.4). The boundary condition (2.17) at x2 = x3

implies the relations

A(132)

A(123)
= −eiθ32 , A(231)

A(213)
= −eiθ31 , A(321)

A(312)
= −eiθ21 . (4.9)
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We can see that, according to equations (4.8) and (4.9), the interchange of two
particles is independent of the third particle. This means that an interaction
involving more than two particles can be factorized into a product of two-body
interactions. For example, if we start from the incoming amplitude A(123), we
can reach the outgoing amplitude A(321) along two different paths:

A(123)→
{
A(213) → A(231)
A(132) → A(312)

}
→ A(321). (4.10)

By using (4.8) and (4.9), we can see that both paths give the same result

A(321)

A(123)
= −eθ21+θ31+θ32 = S(k2, k1)S(k3, k1)S(k3, k2).

This equivalence of two different paths is the precursor of the famous Yang-
Baxter equations for the scattering matrices of particles with non-zero spin,
which is discussed in Section 5.3.

The PBC for the x1-particle gives the relations

A(123) = A(231)eik1L, A(213) = A(132)eik2L, A(312) = A(123)eik3L. (4.11)

By applying equations (4.8) and (4.9) to equation (4.11) we see that the mo-
menta k1, k2 and k3 are quantized as follows

k1L = 2πI1 + θ12 + θ13

k2L = 2πI2 + θ21 + θ23

k3L = 2πI3 + θ31 + θ32

 I1, I2, I3 = integer. (4.12)

4.1.3 N bosons

In the problem of N bosons, the wave function in the fundamental region I
takes the form

ψI(x) =
∑
P∈SN

A(P )eikP ·xI . (4.13)

Let P be an arbitrary permutation of the momenta and let P ′ be the permu-
tation obtained from P by interchanging P (j) and P (j + 1). For each pair of
terms to individually satisfy the discontinuity condition (2.17), we must have

A(P ) = −
c− i(kP (j) − kP (j+1))

c+ i(kP (j) − kP (j+1))
A(P ′)

= −eiθP (j),P (j+1)A(P ′), j = 1, 2, ..., N − 1, (4.14)

where θ is the previously defines phase factor (4.4). By using (4.14) we can
express any amplitude in terms of for example A(PI).

Application of the PBC’s gives the following set of conditions

A(P ) = eikjLA(PC), j = 1, 2, ..., N,

where PC = (P (2), ..., P (N), P (1)) is the cyclic transposition of P . By using
(4.14) we can express A(P ) in terms of A(PC). For every change of amplitude
we pick up a phase factor, resulting in

exp(ikjL) = (−1)N−1exp

(
i

N∑
s=1

θjs

)
. (4.15)
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If we use the identities ei2πn = 1 and ei2πm = −1, where n is an integer and m
is a half-integer, we can rewrite (4.15) as

exp

(
ikjL− i

N∑
s=1

θjs

)
= (−1)N−1 = exp(2πIj), (4.16)

where Ij are a set of numbers that define the state and are given by

Ij =

{
0,±1,±2, ... if N =odd
± 1

2 ,±
3
2 , ... if N =even

, (4.17)

for all j = 1, 2, ..., N . Since we have assumed that the momenta are unequal,
we also have that the quantum numbers Ij must be unequal. By comparing the
exponents in (4.16), it is readily seen that

kjL = 2πIj +

N∑
s=1

θjs

= 2πIj − 2

N∑
s=1

tan−1

(
kj − ks

c

)
. (4.18)

These coupled equations are known as the Bethe ansatz equations for iden-
tical bosons. We conclude that the momenta kj are quantized according to the
set of N coupled equations (4.18) with the requirement (4.17) on the quantum
numbers Ij . The set of quantum numbers gives a unique real solution for the
momenta {k1, k2, ..., kN} [8].

4.2 Ground-state energy

We want to determine the ground-state energy of this system of bosons. In the
limit c→∞, the quantum numbers resembles that of non-interacting fermions:

{I1, I2, ..., IN} =

{
− N − 1

2
,−N − 1

2
+ 1, ..., , ...,

N − 1

2

}
.

Though in this case, the quantum numbers Ij are integers for odd N and half-
integers for even N , in agreement with (4.17). The total momentum is K0 = 0
since the quantum numbers are distributed symmetrically around 0, and the
ground-state energy reads

E0 =

(
2π

L

)2 N∑
j=1

I2
j =

π2

3L2
(N − 1)N(N + 1).

The same quantum numbers Ij determine the ground-state energy for an
arbitrary interaction strength c > 0, though the solution is a little more compli-
cated. We consider the thermodynamic limit N,L→∞, such that the particle
density n = N

L remains constant. In taking the continuum limit, we introduce
the state density

fj =
Ij
L
, f ∈ [−n

2
,
n

2
]. (4.19)
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For large L, Ldf is the number of quantum numbers in the interval (f, f + df).
The k’s are ascending numbers so that kj+1 − kj > 0, and where the difference
is of the order 1

L . We then define

kj+1 − kj =
1

Lρ(kj)
, ρ(k) ≥ 0. (4.20)

The meaning of ρ(k) is that for large L, Lρ(k)dk is the number of k’s in the
interval (k, k + dk) and ρ(k) can be interpreted as the ground-state particle
density in k-space. By combining (4.19) and (4.20), we get

fj+1 − fj =
Ij+1 − Ij

L
=

1

L
= ρ(kj)(kj+1 − kj).

Thus, we have that df = ρ(k)dk, which can be expressed as

d

dk
f(k) = ρ(k), f(k) =

∫ k

0

ρ(k′)dk′.

Any summation over k can therefore be replaced by an integral over k through
the prescription ∑

k

(· · · ) = L

∫ Q

−Q
(· · · )ρ(k)dk, (4.21)

where Q is some yet unknown limit which the density ρ(k) = ρ(−k) are sym-

metrically distributed over. Since
∑N
k=1 1 = N , it follows that

n =
N

L
=

∫ Q

−Q
ρ(k)dk. (4.22)

The ground-state energy per unit length reads

e0 =
E0

L
=

∫ Q

−Q
k2ρ(k)dk. (4.23)

Thus, we have to obtain an equation for the density ρ(k) in the ground-state.
In taking the continuum limit of the Bethe equations (4.18), using (4.19) and
(4.21), we obtain

k = 2πf(k) +

∫ Q

−Q
θ(k − k′)ρ(k′)dk′. (4.24)

Differentiating this equation with respect to k leads to

1 = 2πρ(k) +

∫ Q

−Q
θ′(k − k′)ρ(k′)dk′, (4.25)

where

θ′(k) =
∂

∂k

(
− 2tan−1(k/c)

)
= − 2c

c2 + k2
.

Equation (4.25) can then be expressed as

ρ(k) =
1

2π
+

∫ Q

−Q

c/π

c2 + (k − k′)2
ρ(k′)dk′. (4.26)

This integral equation is an inhomogeneous Fredholm equation of the second
kind. The ground-state energy per unit length at a given density N/L can be
obtained by solving the set of coupled integral equations (4.22), (4.23) and
(4.26). This can be done with numerical methods or in some cases analytically.
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5 Spin-1
2 fermions: The Gaudin-Yang model

In this section, we consider spin- 1
2 fermions with arbitrary polarization by

following Yang’s method [9]. The basis of his method is that it does not im-
pose any limitation on how the wave function should transform under exchange
of two particles. In effect, the particles are regarded as distinguishable. We first
derive eigenvalue equations for these distinguishable particles by using the Bethe
ansatz. These eigenvalue equations are then solved for the relevant symmetry by
using a generalized Bethe ansatz, also called the Bethe-Yang ansatz. By taking
the thermodynamical limit of the Bethe ansatz equations, we arrive at a set of
coupled integral equations for the ground-state energy.

5.1 The Bethe ansatz

The Bethe ansatz for this problem, without considering any exchange symmetry,
is

ψ =
∑
P∈SN

[Q,P ]exp(ikP (1)xQ(1) + · · · ikP (N)xQ(N)), (5.1)

where [Q,P ] is an N !×N ! coefficient-matrix. The rows correspond to permuta-
tion of the ordering Q and the columns correspond to permutation of momenta
P . The coefficient in the matrix corresponding to ordering Q and permutation
of momenta P are denoted as A(Q|P ).

Two adjacent regions are separated by a hyperplane xj = xk, such that
xj = xQ(i) and xk = xQ(i+1) for some i = 1, 2...N − 1 or vice versa. The wave
function shall at all hyperplanes satisfy the two boundary conditions

ψ

∣∣∣∣
xj=xk+0

= ψ

∣∣∣∣
xj=xk−0

, (5.2)

(
∂ψ

∂xj
− ∂ψ

∂xk

) ∣∣∣∣
xj=xk+0

−
(
∂ψ

∂xj
− ∂ψ

∂xk

) ∣∣∣∣
xj=xk−0

= 2cψ

∣∣∣∣
xj=xk

, (5.3)

The wave function shall, in addition to these conditions, satisfy the PBC’s

ψ(x1, ...xj , ..., xN ) = ψ(x1, ..., xj + L, ..., xN ), (5.4)

for all j = 1, 2, ..., N .

5.2 Continuity of ψ and discontinuity of its derivative

As was explained in Section 2.4, the terms in the wave function come in pairs
at the hyperplanes, and each such pair must individually satisfy the boundary
conditions. Let P be an arbitrary permutation of the momenta and let P ′ be the
permutation obtained from P by interchanging P (j) and P (j+1). Similarly, let
Q be an arbitrary permutation of the ordering and let Q′ be the permutation
obtained from Q by interchanging Q(j) and Q(j + 1). A direct substitution of
the wave function (5.1) into the first and second boundary conditions (5.2) and
(5.3), respectively, gives

A(Q|P ) +A(Q|P ′) = A(Q′|P ) +A(Q′|P ′), (5.5)
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i

(
kP (j) − kP (j+1)

)(
A(Q′|P ′)−A(Q′|P ) +A(Q|P ′)−A(Q|P )

)
=

= 2c

(
A(Q|P ) +A(Q|P )

)
, (5.6)

for all j = 1, 2, ..., N−1. This second equation gives a relation involving four dif-
ferent coefficients. By applying (5.5) to (5.6), one coefficient can be eliminated,
giving the formula

A(Q|P ′) =
c

i(kP (j) − kP (j+1))− c
A(Q|P ) +

i(kP (j) − kP (j+1))

i(kP (j) − kP (j+1))− c
A(Q′|P ).

(5.7)
Note that these equations involve the same expression for R(u) and T (u) as
in the one particle problem with delta-function potential, where u = kP (j) −
kP (j+1). This is not surprising, since the relative motion we used for any two
particles is the same model as for the one particle case. Equation (5.7) may be
written as

ξP ′ = Y j,j+1
P(j),P(j+1)

ξP , (5.8)

where ξP and ξP ′ are the column vectors of the matrix [Q,P ] corresponding
to the permutation of momenta P and P ′, respectively. The Y -operators are
defined as

Y abij =
−xij

1 + xij
+

1

1 + xij
P̂ab, (5.9)

where

xij =
ic

ki − kj
,

and where P̂ab is the permutation operator on the coefficients so that it inter-
changes Q(a) and Q(b). Note that the Y -operators represent the scattering of
two distinguishable particles, analogous to the S-matrices for identical particles.

In the case of two particles, equation (5.8) is written explicitly as(
A(12|21)
A(21|21)

)
=
−x12

1 + x12

(
A(12|12)
A(21|12)

)
+

1

1 + x12

(
A(21|12)
A(12|12)

)
.

5.3 The Yang-Baxter equations

The Bethe ansatz is just an ansatz, and cannot be rigorously derived. It can
only be motivated by physical intuition. It is therefore important to note that
there is a possible inconsistency in relation (5.8). The consistency of Bethe’s
ansatz is guaranteed by the following conditions:

Theorem 5.1 (The Yang-Baxter equations) The Bethe ansatz (5.1) for solu-
tions of the boundary value problem defined by the free Schrödinger equation

−
∑N
j=1

∂2ψ
∂x2

j
= Eψ with boundary conditions (5.2) and (5.3) is consistent if and

only if
Y abij Y

ab
ji = 1,

Y abjk Y
bc
ik Y

ab
ij = Y bcij Y

ab
ik Y

bc
jk .
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These conditions guarantee the consistency of the ansatz and have a physical
interpretation. The Y -operators represent a collision between two particles in
which they exchange momenta. The first equation says that the outcome of two
consecutive collisions, interchanging the momenta of the same two particles,
should be equivalent to no collision at all. The latter equation say that the
order in which a series of two-particle collisions occur should be irrelevant. These
consistency equations are commonly referred to as the Yang-Baxter equations,
and first appeared in the work of Yang in 1967 [9].

5.4 Periodic boundary conditions

The PBC’s relate the amplitude for finding a particle with a particular spin and
momentum at one end of the box to the amplitude of finding a particle with
the same spin and momentum at the other end of the box. For an N -particle
system, all N such conditions may be written in terms of a standard vector ξ0
defined as ξP where P is the identity permutation. We define the operator

Xij = Y ijij P̂ij . (5.10)

By using this relation, we can “scatter” the particle back to the other end of
the box. Thus, the PBC’s can be written as

λjξ0 = X(j+1)jX(j+2)j · · ·XNjX1jX2j · · ·X(j−1)jξ0, (5.11)

where
λj = eikjL. (5.12)

The N equations (5.11) say that ξ0 is simultaneously an eigenvector of N ope-
rators. These N operators can be shown to commute with each other, using

XijXji = 1, XjkXikXijXkjXkiXji = 1,

XijXkl = XklXij ; i,j,k, and l all unequal. (5.13)

The fact that the operators commute with each other means that they can be
simultaneously diagonalizable.

5.5 Irreducible representations of SN

The operators P̂ij acting on the vector ξ0 form an N ! × N ! representation of
the permutation group SN . This representation is reducible, i.e. for a wave
function of a given symmetry, many coefficients are identical. Therefore, to
find the eigenfunctions ξ0 in (5.11) we can first reduce this representation to
irreducible ones. Choosing one specific irreducible representation R reduces the
eigenvalue problem (5.11) to one of smaller dimensions.

Irreducible representations are most convenient described by Young dia-
grams. A Young diagram is a collection of rows of boxes, stacked vertically on
top of each other left-justified. (Young tableaux are Young diagrams with num-
bers in the boxes). The i-th row has ni boxes, and these numbers are constrained
so that

n1 ≥ n2 ≥ · · · ≥ nl,
l∑
i=1

ni = N.
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The rows and columns represent symmetrization and antisymmetrization, re-
spectively. Figure 1 shows the Young diagrams and their corresponding repre-
sentation for S5.

(a) [5] (b) [4,1] (c) [3,2] (d) [3,12]

(e) [22,1] (f) [2,13] (g) [15]

Figur 1: Young diagrams for S5.

If R is the fully symmetric representation [N ], then P̂ij = 1, and equations
(5.11) become 1×1 matrix equations and the result is precisely the boson result
in Section 4. If R is the fully antisymmetric representation [1N ], then P̂ij = −1,
and Xij = 1, so that equations (5.11) and (5.12) reduce to eikjL = 1. This shows
that there is no interaction for the antisymmetrical wave function, which is the
same result obtained in Section 3 for identical fermions.

So far, we have only considered the spatial part (5.1) of the full fermionic
wave function. The full wave function is given by the product of (5.1) and the
spin wave function Φ. This product has to be antisymmetric under simultaneous
interchange of both position and spin of two fermions. If the spatial wave fun-
ction transform under the irreducible representation R, the spin wave function
has to transform under the conjugate irreducible representation R̃ to guarantee
this total antisymmetry.

For each R there is a conjugate representation R̃ obtained by interchanging
rows and columns. For example, [2, 13] is the conjugate representation to [4, 1],
as seen in Figure 1. The eigenvalue λj on the left side of (5.11) may be regarded

as a function of the representation chosen for the P̂ij ’s and is written as λj(R).
We now write another eigenvalue equation

µjΦ = X
′

(j+1)jX
′

(j+2)j ...X
′

NjX
′

1jX
′

2j ...X
′

(j−1)jΦ, (5.14)

where

X
′

ij =
1 + P̂ijxij

1 + xij
. (5.15)

The eigenvalue µj is also a function of the representation, and it can be seen
that

µj(R̃) = λj(R). (5.16)

This follows by noting that rows and columns in a Young diagram represent sym-
metrization and antisymmetrization respectively, and thus the change in sign in
(5.15) compared with (5.10) is equivalent to using the conjugate representation
in (5.11).
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We now consider a system with N −M up-spin fermions and M down-spin
fermions. The appropriate symmetry for (5.11) is R = [2M , 1N−2M ]. By relation
(5.16) we may instead consider equation (5.14) with Φ having the symmetry
R̃ = [N −M,M ].

5.6 The Bethe-Yang ansatz

The spin wave function Φ describes a cyclic spin chain with M down-spins on
an N -site lattice. To solve the eigenvalue problem (5.14), Yang proposed the
following generalized Bethe ansatz, now known as the Bethe-Yang ansatz:

Φ =
∑
P∈SM

= a(P )F (ΛP (1), y1)F (ΛP (2), y2) · · ·F (ΛP (M), yM ), (5.17)

where 1 ≤ y1 < y2 < · · · < yM ≤ N are the “coordinates” along the chain
of the M down-spins, and Λ1,Λ2, ...,ΛM are a set of unequal numbers. The
ansatz can be made to simultaneously diagonalize the N operators in (5.14) if
the “F-functions” are defined as

F (Λ, y) =

y−1∏
j=1

ikj − iΛ− c/2
ikj+1 − iΛ + c/2

.

The PBC for the new ansatz restricts the Λ’s and the eigenvalues µj(R̃) to
satisfy

−
N∏
j=1

ikj − iΛα − c/2
ikj − iΛα + c/2

=

M∏
β=1

−iΛβ + iΛα + c/2

−iΛβ + iΛα − c/2
, (5.18)

µj(R̃) =

M∏
β=1

ikj − iΛβ − c/2
ikj − iΛβ + c/2

. (5.19)

By using (5.16) together with (5.19), we get the original eigenvalue equations
(5.11) to

eikjL =

M∏
β=1

kj − Λβ + ic/2

kj − Λβ − ic/2
. (5.20)

Thus for the symmetry R = [2M , 1N−2M ] we need to solve (5.20) together
with (5.18). All momenta kj are real and distinct [4], and thus uniquely define
the wave function (5.1). For proof of the validity of the Bethe-Yang ansatz, see
[3].

5.7 Ground-state energy

In order to simplify the formalism, we assume that the total number of fermions
N is even and that the number of down-spin fermions M is odd. This restriction
does not mean any loss of generality since we are interested in the thermodyna-
mical limit L,N,M → ∞ with N/L and M/L fixed. By taking the logarithm
of (5.20) and (5.18), these equations can be expressed as

−
∑
P∈SM

θ(2Λ− 2k) = 2πJΛ −
∑
Λ′

θ(Λ− Λ′), (5.21)
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Lk = 2πIk +
∑
Λ

θ(2k − 2Λ), (5.22)

where θ(k) is the phase factor defined by

θ(k) = −2tan−1

(
k

c

)
.

The quantum-state numbers JΛ and Ik are integers and half-integers, respecti-
vely, and defined by

JΛ = successive integers from −1

2
(M − 1) to

1

2
(M − 1), (5.23)

1

2
+ Ik = successive integers from 1− 1

2
N to

1

2
N. (5.24)

In the thermodynamical limit, we perform an analogous continuum limit as
in Section 4.2 for spinless bosons. We introduce the state density of {Ik} and
{JΛ},

f(k) =
I(k)

L
, g(Λ) =

J(Λ)

L
, (5.25)

which are related to the total particle density ρ(k) in k-space and density of the
down-spin particles σ(Λ) as follows

f(k) =

∫ k

0

ρ(k′)dk′, g(Λ) =

∫ Λ

0

σ(Λ′)dΛ′. (5.26)

The equations for the distributions ρ(k) and σ(Λ) are obtained by applying the
continuum limit of the Bethe equations (5.21) and (5.22), leading to∫ Q

−Q
θ(2Λ− 2k)ρ(k)dk = 2πg −

∫ B

−B
θ(Λ− Λ′)σ(Λ′)dΛ′, (5.27)

k = 2πf +

∫ B

−B
θ(2k − 2Λ)σ(Λ)dΛ. (5.28)

The differentiation of equation (5.27) with respect to Λ and equation (5.28) with
respect to k lead to

2πσ(Λ) = −
∫ B

−B

2cσ(Λ′)dΛ′

c2 + (Λ− Λ′)2
+

∫ Q

−Q

4cρ(k)dk

c2 + 4(k − Λ)2
, (5.29)

2πρ(k) = 1 +

∫ B

−B

4cσ(Λ)dΛ

c2 + 4(k − Λ)2
. (5.30)

These two equations are generalized Fredholm equations. The ground-state ener-
gy per unit length reads

e0 =
E0

L
=

∫ Q

−Q
k2ρ(k)dk. (5.31)

The values of B and Q can be determined from the normalization requirements

N/L =

∫ Q

−Q
ρ(k)dk, M/L =

∫ B

−B
σ(Λ)dΛ. (5.32)
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We conclude that the ground-state energy per unit length for spatial wave
functions with the symmetry [2M , 1N−2M ], at a given density N/L and M/L
can be obtained by solving the set of coupled integral equations (5.29), (5.30),
(5.31) and (5.32). This can be done with numerical methods or in some cases
analytically.

6 Conclusions

This thesis has been intended to give a clear and physical derivation of the
Bethe ansatz, and to show the applications of this ansatz to spinless particles
and spin- 1

2 fermions. There are relatively few books that describe the Bethe
ansatz and its applications on an introductory level where only basic knowledge
in quantum mechanics are needed. Especially Yang’s method for spin- 1

2 fermions
is rare in books because of the introduction of the quantum inverse scattering
method (QISM). QISM can solve the model more concisely but contains a high
mathematical level and can therefore be hard to understand for someone without
a solid mathematical background. Even though Yang’s method uses some group
theory, it is more physically intuitive than QISM and can therefore be easier to
grasp.

The ansatz that Hans Bethe adopted in 1931 has had a significant impact
on the quantum many-body problems. His ansatz effectively factorizes many-
particle interactions into two-body interactions. Such factorization is intimately
entwined with the concepts of exactly solvable models and integrability. There
is no consensus on a definition of what makes a model integrable, but almost
without exception is a given model integrable if it can be solved in terms of
the Bethe ansatz and that the Yang-Baxter equations hold. So even though
the coupled integral equations for the ground-state energies can only be solved
analytically in some special cases, these models are considered exactly solvable
models since they satisfy the Yang-Baxter equations.

The Yang-Baxter equations have sparked a revolution in the fields of exactly
solved models in statistical physics and integrable models in quantum field the-
ory. QISM, for example, combines the ideas of the Bethe ansatz and the inverse
scattering method. It reproduces the results of the Bethe ansatz and introduces
the Algebraic Bethe ansatz, which is a generalization of the Bethe ansatz and
allows for calculation of correlation functions. Nowadays, the Algebraic Bethe
ansatz is a commonly used technique for studying exactly solvable models.

The theory of integrability has also initiated and influenced development in
mathematics. Investigation into the mathematical structure of the Yang-Baxter
equations led to the development of quantum groups and advances in the theory
of knots and braids.

The models discussed in this thesis all describe quantum many-body systems
in one spatial dimension. This is essential for the models to be exactly solvable.
The configuration space in one dimension is effectively divided into different
regions, each corresponding to a particular ordering of the particles. Such a
division of the configuration space is clearly not possible in higher dimension.

Until recently, these integrable models seemed to be only of academic inte-
rest. However, since the advance in experimental techniques, it has been possible
to produce some of these models using real atoms as particles. One particular
example is the realization of the Lieb-Liniger Bose gas in the impenetrable li-
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mit c → ∞, where it was possible to confirm the ground-state energy [5]. The
experiments give a direct observation of the fermonization of bosons.
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