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Abstract

In any quantum dynamics method that approximates wave functions as a linearly combined
basis set, non-orthogonality can be is a problem. It has been proven in previous studies
that, by using the most standard form of Matching Pursuit in combination with a Gaussian
wave packet ansatz, exact quantum-mechanical correspondence can be obtained for particle
tunneling in one and two dimensions. This study is an attempt to prove that this approach can
be generally applicable to systems of arbitrary dimension propagating with an an-harmonic
potential, and that adaptive initial state sampling can be used to make the method even more
computationally efficient.
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0. Abbreviations

• AIMS - Ab-Initio Multiple Spawning

• BF - Basis Function/Functions

• BS - Basis Set/Sets

• CHP - Classical Harmonic Potential

• CS - Coherent States

• CSS - Compressed Swarm Sampling

• DWP - Double Well Potential

• F - Wave function space

• GWP - Gaussian Wave Packet

• HH - Henon-Heiles

• H - Hilbert Space

• MP - Matching Pursuit

• PES - Potential Energy Surface

• PP - Projection Pursuit

• PPR - Projection Pursuit Regression

• TDSE - Time Dependent Schrödinger Equation

• TISE - Time Independent Schrödinger Equation

• UP - Uncertainty Product

• WF - Wave Function
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I. Introduction

Computer simulations of atomic matter play an important role in chemical research. They allow
us to model interactions that give rise to what we can observe experimentally, for example vibronic
excitations in molecules, enhancing our theoretical understanding of chemical reactions [5]. These
reactions often rely on phenomena that can best be described through quantum mechanics - e.g.
electronic transitions or bond dissociations. This is a problem, mainly because of the scaling of the
computational effort required to perform a simulation, to the number of atomic interaction needed
to be calculated in the system to obtain the information of interest. One way of getting around
this is to only approximately describe the dynamics of the atomic particles. In classical molecular
dynamics, this is often done through representing atoms as point-charges interacting with more
or less harmonic potentials cut off at some distance from their center [2]. In doing so, simulations
of large atomic structures are computationally feasible, but come with a loss in accuracy as a side
effect, since inherently quantum mechanical effects like tunneling and interference are disregarded.
As an alternative to this approach, one can describe the dynamics of nuclei by propagating a
sum of quantum waves along classical trajectories. Physical laws of quantum mechanics can then
be applied to theoretically describe the time-space dynamics. The gain in this is being able to
effectively simulate systems of many degrees of freedom that exhibit strictly quantum mechanical
phenomena [6]. In that context, the work presented in this report is focused on further developing
a method for quantum dynamical simulations of systems of large dimensions1 (many atoms allowed
many degrees of freedom).

A commonly used computational tool in quantum chemistry is finding and interpreting so-
lutions to the Schrödinger wave equation, usually in its time-independent version (TISE) [33]. If
one is interested in obtaining stationary energy values along some surface describing the potential
energy as a function of the coordinates of the atomic nuclei (a potential energy surface (PES)), the
TISE may be perfectly adequate tool for performing calculations. However, to find information
on the time-dependent quantum dynamics of that wave function (WF), one one has to instead
analyze solutions to the time-dependent form of the Schrödinger equation (TDSE) (equation (53)).
Any simulation method relying on solutions to the TISE is fundamentally an eigenvalue method:
the dynamics of a system is based on evaluating Hamiltonian eigenvalues along a PES. On the
contrary, a TDSE-based method is an initial-value method: the nuclear dynamics of a molecule is
described as a result of the time-dependent propagation of some initial state [32,33]:

i~
d

dt
|Ψ〉 = Ĥ |Ψ〉 , Ĥ = T̂ + V̂ = − ~2

2m

d2

dq2
+ V̂ . (1)

In this report, the total energy of a system is described within the Born-Oppenheimer ap-
proximation: the nucleic and the electronic wave function (WF) are considered separable and so
are their respective energy contributions. Also, relativistic effects are not included in the energy
expression. Atomic nuclei, like electrons, are here described as being guided through space and
time by a smoothly2 oscillating wave function. Given the TDSE, the question is: what smooth,
square-integrable function that can be used to replicate the time-dependent dynamics of |Ψ〉?

In the most general case, considering that the coordinate system of a given atom can be
set in any given way, the degrees of freedom of the nuclei can be distributed over any number of
dimensions. Each dimension will have a part of |Ψ〉 associated with it. Hence, in order to define
|Ψ〉 in n-dimensions, for the entire space F accessible to it3, it is necessary to decompose the wave
function into an infinite linear combination of basis functions (BF) |φ〉,

1The word “dimension” is from now on used interchangeably with “degrees of freedom”.
2By a smooth function we mean: a function which is continuous and also has a continuous second derivative

with respect to position.
3F : a projective space (also a Hilbert space (H)) of infinite dimension, containing normalizable and square-

integrable functions, used instead of H for the sake of specificity
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|Ψ〉 =

∞∑
j=1

cj |φj〉 , (2)

and to compute an infinite number of integrals of the type,

Hj,k =
〈
φj

∣∣∣ Ĥ ∣∣∣φk〉 , (3)

to propagate the WF. For a basis set (BS) of n functions, H becomes a n× n matrix and has to
be evaluated for every function in the BS, which can be computationally expensive. In a realistic
scenario, the system of interest contains a finite number of atoms with finite degrees of freedom,
and is therefore of finite dimension . However, many chemical processes take place in systems with
thousands of degrees of freedom. Therefore one has to find an approximation of the wave function
that is computationally manageable. For quantum dynamics simulations, this poses a problem
that can be solved in a finite time-frame through restricting the description of the WF to a “local”
region of F . Then, one has to define what locality means in that context and prove that a desired
amount of the information carried by the WF is retained in the system after the approximation
has been applied to it.

An illustrative example of how this can be done is found in how a given wave function, |Ψ〉,
associated with an atomic nucleus can be described as a linear superposition of complex-valued
functions - a set which forms a basis in a “local” vector space of |Ψ〉. With an already localized
representation of |Ψ〉, this gives possibility of representing the potential energy expression at any
position in space as a truncated, finite length Taylor series expansion around that point. Also,
regardless of how accurately one can approximate the propagation of those basis functions (BF)
in time and space, unless they form a basis in “local” wave function space, the resulting wave
function can not be expected to be able to uniquely represent any physical state in that region.
We are therefore also faced with making a theoretically justified choice of what kind of functions
|φ〉 to use in constructing the basis.

The Gaussian basis function, an eigenfunction to the harmonic oscillator (a Taylor series
expansion truncated at its quadratic term), is very useful for this purpose. Any smooth function
can be defined from linear combinations of Gaussians, as long as we have an infinite number of
them to choose from. The Gaussian function also reflects what can be expected from a quantum
WF interpreted as a probability amplitude | |Ψ〉 |2:

• The distribution of a quantum wave function saturates F : the Gaussian can have a width
defined by any real number.

• Its amplitude will oscillate smoothly but is never zero: a Gaussian is a non-zero, smooth
function - a normal distribution around some point in phase-space regardless of its width.

• To represent a large number of particles distributed over points in phase-space, a number
of atomic nuclei vibrating in a chemical bond for example, having related momentum and
trajectories, the width of the Gaussian determines what region of classical phase space they
are restricted to.

• A quantum particle can be interpreted as having both classical and “wave-like” properties:
a linear combination of Gaussians defines a WF that is formed from classical points in
momenta and coordinate space.

Furthermore, from a practical point-of-view, derivatives of Gaussians can be computed an-
alytically. The derivatives are themselves Gaussians and their functional form is retained also if
Fourier-transformed [39]. These are important qualities for any function to be useful as a basis
for quantum dynamics calculations.
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The main benefit of the localization of the WF description is in being able to use a basis
which size is optimized to the the wave function. If the latter is highly oscillatory, many BF may
be needed to approximate it. On the contrary, regions where the WF behaves harmonically and
oscillates slowly, only a few Gaussians may suffice. Most likely, an-harmonic dynamics will make
these oscillations vary in frequency over time. It is therefore counter-productive to include all BF
in the WF description at all times. Putting this in the context of calculating potential energy
interactions, the argument for the use of locality becomes even stronger: one can completely
disregard all contributions to the Hamiltonian from BF that are redundant (describing the same
part of th WF) in the basis. In this study, what functions that are included in the basis at a given
point in time and space, is determined by an algorithm from a family of numerical approximation
methods called Matching Pursuit (MP) [28]. The approach in the present study is different from
that of many other semi-classical methods that use fixed-size basis sets [20]. Other examples of the
use Gaussians can be found in fully quantum mechanical methods such as the Variational Multi-
Configurational Gaussians (vMCG) [38] or the Gaussian Multi-Configurational Time-Dependent
Hartree (G-MCTDH) method [7], which both converge towards an exact quantum mechanical
solution in systems of up to 100 dimensions. The Coupled Coherent State [13, 39] is another
example of the use of Gaussians for quantum dynamics and will be further discussed in section
II.A. To summarize: the research field of numerical methods for quantum dynamics is diverse.
However, the idea of adaptively and locally approximating the WF has yet to be tested for large
systems propagated with these methods. From the perspective of method development, this is an
interesting prospect.

For these reasons, this report presents the analysis and development of an algorithm for
wave packet propagation, largely inspired by work of Habershon [17]. The present method will
be referred to as the Gaussian Wave Packet Standard Matching Pursuit (G-SMP) method. The
“standard” part simply denotes that it uses the most standard form of MP, not to confuse it with
other quantum dynamics implementations of MP algorithms. It expands on important aspects
not previously covered in literature. To do this, a software environment was written in which MP
algorithms other than the current one can be tested and compared. It provides useful tools to
analyze the impact over time of initial basis construction, potential choice and quasi-periodicity in
the basis trajectories. Although these are very important properties of the method, no thorough
investigation of them was found in the literature on G-SMP, and should be analyzed before other
kinds of propagation and localization algorithms are implemented and tested. The results will be
of importance, not only for the G-SMP approach, but also for other Gaussian-based simulation
methods, such as the G-MCTDH [6]. The algorithms tested in this report will be used in the
future to run calculations on systems of chemical interest.

The G-SMP method is tested with the nth-D Henon-Heiles (HH) potential [3, 12]. This
was done to investigate how anharmonic propagation in space and time affects the simulation
results. For the nth-dimensional HH simulations, uncertainty product V(t) calculations were used
to quantify how quasi-periodicity in the classical trajectories affects the spreading of the GWP [12],
potentially resulting in a loss of information in the WF approximation. Since the current method
describes the trajectories of the basis set by semi-classical equations of motion, V(t) provides a
way to quantify how that approximation affects the quantum mechanical part of propagation in
time and space.

The representation of the initial state will have an impact on the properties of a wave function
propagated to a later point in time, but no study has put recent sampling methods into the practice
of GWP dynamics in order to further investigate that impact. Sampling algorithms developed for
related methods [9] have given some insight into this. However, for a sampling algorithm to be
practically useful, it is not enough to show that it produces good results for an instance of a
simulation. The results have to be consistent and predictable for any simulation method it is
meant to work with. Therefore, this report also aims at analyzing the relation of initial state
sampling to norm and energy conservation in the WF over time, and how this dependence varies
for different basis set sizes and dimensions. This is expected to relate to how well the initial basis
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set approximates the initial wave function, which also will be discussed.

The report are organized as follows: Section II.A explains the GWP ansatz and how it is
combined with the SMP algorithm. It presents the semi-classical methods used to propagate
the wave packet in space and time. It also reviews some of the history of matching pursuit
to show that it is very similar to algorithms used in statistics and signal analysis, and has an
extensive background in those fields. Information on how the initial state sampling was performed
is found in II.B. It also presents alternatives to the current sampling algorithm. Section II.C
shows how the analytical solution to the time-dependent Schrödinger equation for the wave packet
is combined with numerical methods to iteratively propagate the expansion coefficients of the
Gaussians forward in time. The whole of section II.D is dedicated to explaining the model-
potentials used in the simulations and what insight they can provide about the G-SMP method.
It is interesting to investigate how the method handles multi-dimensional systems, and an nth-
dimensional form of the Henon-Heiles potential is used for that purpose. A presentation of results
from initial state sampling tests is given in section III.A. Following that, section III.B contains
results from test simulations using the G-SMP and a subsequent discussion. Finally, section IV
ends the report with a conclusion. A large part of the mathematical background material can be
found in the appendix to make the text more easily digested.

II. Theory and Background

II.A The Gaussian Wave packet and the Standard Matching Pursuit
Algorithm

To describe the nuclear wave function, the Gaussian Wave Packet (GWP) ansatz is written as:

|Ψ〉 =

k∑
j=1

cj |φj〉 . (4)

Equation (4) defines a wave function composed of k functions |φj〉 each being weighted by their
complex expansion coefficients cj . Each |φj〉 has a constant, “frozen” width (α) [26], and de-
fines an N-th dimensional product of Gaussians, each centered on some phase space coordinate
(qj(t), pj(t)). In the coordinate representation, |φj〉 is defined as:

〈x|φj〉 =

N∏
d=1

(
2αd
π~

)1/4

exp

(
−αj(x− qj(t))2 +

ipj(t)

~
(x− qj(t))

)
. (5)

If equation (4) is substituted into the TDSE (equation (53)) one obtains an equation for the
derivative of cj with respect to time.

ċj = − i
~

k∑
l=1

clS
−1
j,l (Hj,l − Ṡj,l) , (6)

Note that equations (4) and (6) are applicable to any type of gaussian, not just one with
constant width as in the current ansatz. The overlap matrix Sj,k is defined as:

Sj,k = 〈φj |φk〉 . (7)
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Singular value decomposition4 was used to form S−1 [30]. Ṡk,j is given by,

Ṡk,j =

〈
φj

∣∣∣∣ ddt
∣∣∣∣φk〉 , (8)

The resolution of identity for a complete, non-orthogonal basis,

1 =

n∑
i,j=1

|φi〉S−1
ij 〈φj | , (9)

is used to obtain the initial state coefficients:

cj =

n∑
k=1

S−1
jk 〈φk |Ψ0〉 . (10)

Finally, the value of the kinetic energy operator, T̂ , and the potential energy operator, V̂ , are
given by:

〈
T̂
〉
j,k

=

〈
p̂2

2md

〉
j,k

=

〈
φj

∣∣∣∣ p̂2

2md

∣∣∣∣φk〉 ,〈
V̂
〉
j,k

= 〈φj |V |φk〉 ,
(11)

where md refers to the mass of dimension d. Both of the operators can be calculated analytically:
the potential energy operator as a Taylor series expansion around the q-coordinate, and the kinetic
energy operator as the second derivative of the BF with respect to q. The sum of

〈
T̂j,k

〉
and

〈
V̂j,k

〉
form the expectation value of the Hamiltonian operator:

〈
Ĥ
〉
j,k

=
〈
V̂
〉
j,k

+
〈
T̂
〉
j,k

. (12)

To see how equations (4) to (11) can be applied to the current wave packet ansatz, see
Appendix V.A.

Although not obvious from inspection, there is a complication with equations (4) to (11)
which make them unsuitable for simulations with basis sets of above five to ten BF. Commonly,
when doing function approximation using a linear combination of basis sets of any kind, BF
orthogonality is a very useful property that simplifies calculations significantly. The GWP basis
set is non-orthogonal in all points in space and time. Hence, the larger the overlap between
any given |φj〉 and |φk〉 in the basis, the closer the determinant of the overlap matrix for the
BS (equation (7)) is to zero, making it singular since its inverse is not definable [21]. This is
the fundamental reason to why one can not simply run simulations with an arbitrarily sized BS,
without having some way of handling the non-orthogonality. However, this problem can be turned
to a benefit, since BF overlap can be used as an indication of redundancy in the basis - i.e. that two
or more BF describe the same part of the wave function equally well. In other words, the basis
contains functions that could be excluded from the BS to obtain an improved, or “optimized”
description of the WF using a smaller number of Gaussians. There are many ways one could
imagine approaching such an optimization. The alternative that is the focus of the present report
is an approach that in the field of quantum dynamics goes under the name of Matching Pursuit.

4This decomposes the S matrix into a product of a unitary U, its diagonal matrix D and a matrix V (S = UDV).
The inverse is then given from: S−1 = VD−1U∗.
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This group of algorithms originate from developments in statistics and signal analysis. [17,39,40]
From this, only the most simple form, with minor variations, has been investigated as tools for
quantum dynamics. However, the idea of a basis set with adaptively set size is central to any MP
algorithm. They are all based on the assumption that it is always possible to find an optimized
description of a wave function without using every function in a basis set.

In Habershon’s variant [17], this assumption has been implemented such that at every itera-
tion, there will exist an “active” set which contains all but the redundant BF, which are put in the
“inactive”. Redundant, in this context, means that there are more than one basis function describ-
ing the same part of the WF equally well. All BF are propagated semi-classically at each time
step using the result of Ehrenfest’s theorem (see section II.C), but only the active ones contribute
to the WF (i.e have an expansion coefficient different from zero). This means that calculations
needed to form the Hamiltonian only have to be performed for the active part of the BS, since
the inactive functions will not contribute to |Ψ〉. This can be used in the implementation of the
method, since a register can be used to keep track of the active BF and be used to pick the active
functions from the BS when needed. An alternative to this approach would be to include all BF in
the matrix equations, regardless if they are active or not. Since their expansion coefficients would
be zero if inactive, they would still give net-zero contribution to the WF. This approach would
have the same end-result as far as the decomposition is concerned, but be much less effective since
it would involve more matrix computations.

The Standard Matching Pursuit algorithm can be summarized as follows:

• I. For each dimension, form the overlap matrix S (equation (7)) of the active BF. If the ratio
of its largest to smallest singular value is larger than a threshold value ε, the active basis is
considered to contain a redundant number of BF, which triggers the MP algorithm. If below
the threshold, do not trigger the MP algorithm and continue the iteration.

• II. At the first iteration, the approximation residual |ΨAres〉 is set to equal |Ψt〉: the WF at
that point in time. The entire BS is then inactivated. For each BF in the inactive register,
find the function which has the largest overlap with |ΨAres〉 of the current iteration (which
is equal to |Ψt〉 if this is the first MP iteration). Add that BF to the active set.

• III. Calculate the expansion coefficients for the current number n of active BF (equation
(13)) and use them to form the decomposed WF |ΨD〉 from the active basis set |ΦA〉:

cj =

n∑
k=1

S−1
j,k 〈φk|ΨAres〉 ,

ΨD =

n∑
j=1

cjΦA,j .

(13)

• IV. Calculate the overlap between |ΨD〉 and |Ψt〉. If that value, subtracted from one, is
smaller or equal to some threshold γ, the decomposition has converged to an acceptable
approximation of the WF at the point in time when the MP triggered. The result of the
decomposition, |ΨD〉, is used to approximate |Ψt〉. If the algorithm did not converge, subtract
|ΨD〉 from |ΨAres〉, normalize the latter and reiterate.

• V. Regardless of whether SMP optimization was performed or not, maximize the number
of added basis functions by adding functions from the inactive set as long as the condition
number of the overlap matrix for ΦA,j is above ε. Set the coefficients of the BF added in
this step to zero, only to make them contribute to the WF if not found redundant in the
next time-iteration.

Step V is important since, while the SMP algorithm ensures the WF is described using the smallest
number of basis functions possible, there might still be non-redundant functions in the basis set
that can contribute to the WF approximation in later iteration.
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SMP ensures that the problem of non-orthogonality has as little impact as possible on the
condition number of the BS overlap matrix. The number of iterations required to reach that
goal will at least equal the number of BF that are added to the approximated wave function. A
criterion for when that number is sufficient is determined by comparing a value η = 1− 〈ΨD |Ψt〉
to the threshold value γ. At each MP iteration, η is a measure how much |ΨD〉 deviates from
that of the wave function stored before the MP algorithm triggered. In the ideal case, the MP
algorithm is effective enough to make η equal to zero - the decomposition results in a complete
reproduction of |Ψt〉 without the components that are responsible for the bad conditioning. This
is very unlikely, due to the WF ansatz (a size-limited BS), and calls for the use of threshold
convergence to determine when a desirable amount of information carried in |Ψt〉 is captured in its
decomposition. It is expected that η can vary between iterations, and may do so in different ways
depending on what system is being propagated and how (under what potential, with what time-
step length, from what initial state etc.). That would require performing reference simulations
to find a suitable γ before being able to analyze a given system, which would be a practical
disadvantage and decrease the comparability of output data. In the present adaptation of the
SMP method, γ was therefore defined adaptively to make the method more generally applicable.
A vector ηvals of given size is used to store η values. This vector is used to adaptively set γ as
follows:

• At t0, all elements in ηvals are given the initial value γt0.

• If the SMP algorithm converges at any tn 6= t0, the contents of the elements in ηvals will be
moved one element to the right, discarding the value in the rightmost element in the array
and replacing the leftmost value with γt0. The value of γ is reset to the arithmetic mean of
the values in ηvals

• If the SMP algorithm does not converge and the SMP algorithm has iterated over the entire
inactive set, adapt γ as above, but add the current value of η instead of γt0. Restart the
SMP algorithm.

• Repeat the above steps until convergence, or until the number of adaptations equals the size
of ηvals, at which point the current G-SMP simulation is terminated.

These adaptation steps serve the purpose of maximizing the accuracy of the SMP algorithm
while not fundamentally altering the decomposition algorithm, which is crucial for result compar-
ison. To understand their usefulness, consider that γ determines how large the overlap between
|ΨD〉 and |Ψt〉 has to be for SMP to reach convergence. The test value η is formed by subtracting
〈ΨD |Ψt〉 from 1. Therefore, the smaller γ is, the larger the number of iterations the SMP algo-
rithm will require to converge. In other words, the accuracy and computational cost of running
the SMP algorithm is inversely proportional to the value of γ. Also, the smaller and more spread
out a basis set is, the harder it will be for SMP to converge. Finding the optimal gamma value for
a given simulation can be done through running a number of simulations, all using the same initial
parameters but different η values, and analyzing the convergence of the SMP. This is not needed,
through the use of the above adaptation steps, with which γt0 can be set arbitrarily small. If SMP
fails to converge at any given time later than t0, γ will be weighted by the last η value since it
was added to ηvals, from which the arithmetic mean is calculated. The larger the size of ηvals, the
slower and more accurately γ will approach its optimal value for that simulation. By performing
a test simulation and analyzing how the converged η and γ values vary over time, one can obtain
an understanding for how SMP is affected by that simulation setup before more detailed studies
are made. Furthermore, by analyzing the performance of the other numerical methods used in
the current G-SMP implementation, its possible to see how these two values fluctuate when, for
example, the algorithm used to propagate the expansion coefficients needs many steps to converge.
How the numerical methods co-operate can give useful information of how the method handles
particularly difficult systems, like propagating a small basis set with a an-harmonic potential for
example.

Habershon [17] described the application of G-SMP to one- and two-dimensional systems
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by using semi-classical trajectories, traced by a GWP basis to localize the wave function. The
position (q) and momenta (p) of the Gaussian BF are propagated through the use of Ehrenfest’s
theorem [17]. The time derivatives of the expectation value of their respective operators are
therefore defined through,

d 〈q̂〉
dt

=
p

m
;
d 〈p̂〉
dt

= −
〈
dV (q)

dq

〉
, (14)

which can both be calculated in each time-step, since the WF is known at each point in time. This is
far from the only way of describing quantum-classical correspondence with a GWP ansatz. Another
example can be found the Ab-Initio Multiple Spawning method [31], where the average positions
and momenta of Gaussians with a time-dependent phase factor are propagated with Newton’s
second law of motion. In the present work, only the expansion coefficients are time-dependent,
while the Gaussians themselves are not functions of time. Here, by taking the expectation value
of these classical parameters, with respect to the state vectors in the basis, one obtains a quantum
averaging of the classical variables for each individual BF. This is important if one wants to
investigate how energy is conserved in the system over time, and if indeed the SMP algorithm
projects out those BF that would break the energy conservation in the system. It would be
interesting to investigate other ways to formulate the quantum-classical correspondence. For
example, it is entirely possible to use the Hamilton-Jacobi equations instead [24], as shown in [31].

The approximation in equation (14) only holds within the classical limit [24], where the
expectation value of the quantum mechanical operators and classical energies converge to the
same value. Here, as shown in equation (14), the centroid of a given BF, 〈q〉 is replaced with the
corresponding classical coordinate q that is associated with the particle it describes. Likewise 〈p〉
is replaced with the classical momentum p. If, for example, a given system is propagated with a
simple harmonic potential, this may not be a problem. However, if using an an-harmonic potential,
or one known to induce quasi-periodic classical trajectories (such as the HH potential), the time
period when these two energies are equal is limited. This time period is commonly referred to
as the “Ehrenfest time-frame”. When the WF spreads out and deviates from the classical path
traced by the GWP, the result will be a loss of information carried in the WF, since the system
is propagating out of the classical limit, making Ehrenfest’s approximation less and less accurate.
This is problematic, since Habershon’s G-SMP implementation has no way to keep track of when
the propagation along a given classical path is taking place at the limits of the time-frame for that
path. However, the only thing that breaks down beyond that timescale is the approximation of
propagation along that central path, not the quantum-classical correspondence. Next, we should
remember that SMP only triggers on significant BF overlap. If the above approximation breaks
down in a region where the BS is “compact”, overlap may trigger the SMP decomposition, which,
in turn, may project the BS to a new trajectory which is still in the classical limit. Past work
on this problem has shown that it is indeed possible to use semi-classical methods outside of the
Ehrenfest time-frame by including more than one central trajectory along which coordinates are
propagated [34, 35]. However, considering that the spreading of the wave packet in time may not
always be predictable, this is not a sufficient argument for a possible breakdown of the Ehrenfest
approximation. A wave packet spread out over a large region may not trigger the decomposition
frequently enough to avoid trajectories outside of the Ehrenfest time-frame (for further discussion
on this topic, see the results section III). Regardless, SMP may still be useful outside of the time-
frame, since the adaptive change in BS size makes a propagation from a classical to a non-classical
region of phase-space will not be burdened by having to propagate all functions in a basis, but
only the non-redundant ones.

While orthogonality of the BS could be ensured by implementing a Gram-Schmidt proce-
dure, as previously presented by Davies et.al [8], their results indicate that the computational cost
of such an algorithm may not be compensated by the increased convergence rate it may provide.
For a synthetic signal, tests show that for a basis of 512 sample functions, the performance only
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[MP Trigger Event]
ΨAres = Ψt

[]
1.Find J where..

J= {j | φj = argmax(〈φj |Rn〉)}
2. If the size of J > 1, pick
random BF index k from J .
3. Add φk to the active set

4. Perform the subsequent SMP
steps and calculate the index-
dependent ΨAres: ΨAres,k1

or ΨAres,k2 or ... or ΨAres,kn

Subsequent MP Iterations

[MP Convergence]
Resulting in any of the fol-

lowing approximations:
Ψk1 or Ψk2 or ... or Ψkn

Figure 1: Flowchart describing the problem of finding more than one maximally overlapping BF
during the MP algorithm.

notably increased relative to the implementation of SMP used in Ref. [8] after 150 iterations. The
result shows that the orthogonalization may only be relevant if it is needed, from one iteration
to the other, to reduce a large BS to one of much smaller size.5 The value of an orthogonalizing
adaptation of MP has not been implemented and evaluated for quantum dynamics simulations.
This is most likely due to that there are numerous performance details still unknown for the G-
SMP method, some of which will be elaborated on in the current report. Furthermore, G-SMP
ensures norm conservation, just as a linear orthogonal decomposition would, leaving the gain in
accuracy of such an implementation to improvements in energy conservation.
An important note is that at any given point in F , during the MP algorithm, it is possible for two
or more BF to have equal overlap with ΨAres. This means they make an equal contribution to the
ΨAres of that MP-iteration, but are not necessarily identical (i.e Sj,k = 〈φj |φk〉 =| 1). However, it
can be expected that the more similar two BF are, the higher the probability that they will have
an equal overlap with ΨAres. This similarity will be most important for narrow distributions of
initial-state positions propagated on a harmonic potential. This could be problematic for small BS
that require a narrow initial distribution to form a good approximation of the initial wave func-
tion. Furthermore, the stronger the deviation from harmonic behavior, the lower the probability
of equal ΨAres overlap. It is possible that this will never be problem for an-harmonic potentials,
but poses a problem for harmonic ones. In the latter case this can be illustrated in the example
illustrated in Figure 1.

At the first iteration of the SMP-algorithm ΨAres is equal to the WF at that point in space
and time. If a given, real number n of BF have an equal maximal overlap with ΨAres, which one
of them that is added to the active BS determines the value of ΨAres in the subsequent iteration.
In the next iteration, there is no guarantee that the BF which, in the previous iteration was the
one with maximal ΨAres overlap, also overlaps maximally with the subsequent ΨAres. The initial
choice between the one of the n BF at the first MP iteration may thus result in the MP algorithm
converging into either of n different BS. To summarize, the SMP algorithm defines how much it
is possible to restrict the size of BS whilst still retaining an accurate description of the WF. This
basis defines the “locality” of the WF - what region of F the system will be restricted to in the

5Note that these results were obtained with a different WF ansatz than the one in G-SMP.
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simulation. This subspace is expected to contain all dynamically important physical interactions
that take place in the system, given the initial conditions for the simulation.

In the context of quantum dynamics, SMP has only been used and developed in the most
recent years. However, it has a long history of development in fields like statistics and signal
analysis. The first instance of an algorithm referred to as “matching pursuit” originates in a
paper [28] from 1993 where it is described in the context of decomposing functions defined on
Hilbert space into a set of waveforms which are chosen adaptively from a dictionary of BF. In this
study, the author briefly mentions the precursor to it:

“Orthogonal projections has previously been studied in statistics by Friedman and
Stuetzle, under the name of projection pursuit regressions. Our algorithm was devel-
oped independently in a very different context, but the underlying mathematics are
similar [...]”

To put the above quote in a context, it is useful to explain relevant mathematical research that
predated it and made it possible - something that is important, not so much because of historical
and attributive reasons, but more so to take a step back from the implementation of G-SMP, and
explain its theoretical background.

“Projection Pursuit” (PP) is the name of an algorithm that was defined as early as 1974
[16, 18]. Developments later, during the 1980s, refined the method. This resulted in, among
others, the Projection Pursuit Regression (PPR) algorithm [14, 15]. PPR is fundamentally a
solution to a statistical problem:

Given a variable Y, what is its conditional expected value with respect to a set of
linear expansions of random variables X1, X2, ... , Xd?

It has a very similar formulation if Y is instead a multivariate function that is to be approximated
by an algorithmically chosen linear combination of ridge functions, something that has been ex-
tensively studied in statistics and signal analysis [26, 27]. During the same time period as the
initial development of PP and PPR, Lee published a paper proving the convergence of the PP
algorithm [19]. His results were used to form the important theorem of Mallat and Zangh in their
discussion [28] of their interpretation of SMP in Hilbert space (H): for a given function Ψ inside
H, if an algorithm is defined to decompose Ψ as a linear expansion of basis functions φ chosen from
an “over-complete” dictionary D to maximize their overlap with ΨAres, all components of Ψ that
are contained within span(D) are recovered.6 In essence, it can be said that the SMP algorithm
of Mallat and Zhang is PPR applied to time-frequency dictionaries in H. The convergence of
SMP in Hilbert space, a prerequisite for the algorithm to be applicable to quantum dynamical
simulations, was first formulated in their work. Habershon further complemented the applicability
of G-SMP for quantum dynamics in showing that if using a basis of Gaussian functions of constant
width and defining the time derivative of their expansion coefficients by analytically solving the
time dependent Schrödinger equation for that basis (see Appendix V.A), the norm will always be
conserved and, for a complete7 basis, as will the energy [17].

At this point it is worth noting that the GWP ansatz is only one of many. One alternative is
found through the use of Coupled Coherent States (CCS), which in a Hartree product of Coherent
States in N dimensions,

〈x|φj〉 =

N∏
m=1

Ajexp

(
−γj

2
(x− qj)2 +

ipj(t)

~
(x− qj(t)) +

i

2~
pjqj

)
, (15)

has been proven to be useful to describe the dynamics of quantum systems [13, 39]. In equation
6In reference [28], an expression for energy conservation is presented as a result of the formulation of the

decomposition sum.
7By complete, henceforth meaning V = span(D) = H =

∑n
j cj(t)

∏f
κ=1 φj(q; t) = Ψ(q, t).
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(15), Aj is a normalization constant and γj is a complex-valued, time-dependent phase factor. This
is different from the current ansatz with the constant width α and time-dependent coefficients.
The CS has a rich history of development, and the reader is encouraged to explore its theoretical
background [22,41]. Batista and Wu worked with a CS basis in conjunction with a variant of the
SMP algorithm that uses a gradient-based optimization method [40]. Instead of using classical
trajectories, the time propagation operator is approximated by the Trotter expansion (equation
(16)) [40].

e−iĤτ ≈ e−iV (x̂)τ/2 e−i(p̂
2/2m)τ e−iV (x̂)τ/2 . (16)

A multi-step algorithm is then used to transform the CS basis between the momentum and coor-
dinate representation, where the respective parts of the operator expansion are applied in order
to propagate the Gaussian in time, which is the outline of their split-operator Fourier-transform
(MP-SOFT) method. The use of an analytical Fourier-transform to propagate the states in time
is quite different from the current use of Ehrenfest’s theorem. It serves as an example of one of
the other possible ways of using Gaussian functions to describe quantum dynamics. Some CCS
studies also use an SMP adaptation [13,39] that have a very similar description to what Habershon
proposed. The decomposition and projection onto ΨAres is fundamentally the same algorithm in
the two papers. In the CCS method, each iteration maximizes the norm of the basis with respect
to ΨAres, forming the gradient pursuit element of their method, which can also be found in Haber-
shon’s work [4]. In the latter, a similar approach is taken, since if a given MP iteration does not
reach convergence, subtracting the WF of that iteration from ΨAres and subsequently normalizing
it before starting the next iteration is used to optimize the approximation of the wave function.

II.B Initial basis sampling

To understand why initial basis sampling is problematic, consider the distribution of an initial
two-dimensional quantum state. If constructing a basis by sampling basis set parameters from
that state, one would obtain an initial basis that contains mostly redundant BF (see figure 2).
This is not nearly as large of a problem for purely classical dynamics, where one could, for ex-
ample, restrict overlap by assigning fixed spherical volumes to each coordinate in phase-space. In
quantum dynamics, the problem of redundancy could make it impossible for the initial state to
be represented by the initial basis set. Still little is currently known on how severe this problem
becomes with increasing basis set sizes and dimensionality. Therefore, a large part of the present
work is dedicated to the topic of an initial state approximation and basis set sampling.

Although the methods described in the previous section have different approaches to prop-
agation of the basis in time, they all have in common that if the WF is approximated as a linear
combination of Gaussian functions, it is possible to choose the BS size, the initial positions and
momenta in a more or less arbitrary manner [17] (see figure 3).

However, keeping the number of arbitrarily set parameters at a minimum is necessary for
maximizing the transparency of output data. It is important to discuss basis set initialization in
that context, since it is one of the most influential factors determining the computational effort
needed to form the WF approximation. Also, since the system and therefore also the basis set
is multi-dimensional, the idea of general applicability becomes even more important. An ideal
sampling method must provide relevant initial BS distributions for small as well an arbitrary
large number of dimensions and basis set sizes. Still, for most of the current common sampling
techniques, there has been no thorough study of how well the sampling is performed for systems
of increasing dimensionality for different initial states.

It is possible to choose the GWP basis set size arbitrarily and still obtain physically relevant
energies, as shown in Habershon’s paper [17], but work published on the topic of more easily
generalized basis-set sampling techniques indicate the value of allowing the BS size to be defined
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Figure 2: 100 basis set coordinates sampled from a two-dimensional Gaussian distribution. The
lighter the color, the more likely a coordinate is to be sampled form that region. The black dots
represent the sampled initial coordinates for the basis functions. Note that each coordinate has a
basis function associated with it that has a width equal to that of the initial state. Even though
the coordinates are randomly drawn, they will result in an initial basis with a large degree of
overlap between the BF.

Figure 3: An example of an arbitrarily constructed initial state of three basis functions (dotted
in figure), all having zero initial momentum and being centered on the coordinates -2, 0 and 2
respectively. The filled line represents an isotropic Gaussian generated from equation (17) below.

through the use of importance sampling to initialize the basis set [31]. One way of doing this is to
let the BS size depend on the width (β) of the |Ψ0〉 that is used to sample the initial positions q,
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|Ψ0〉 = C exp(−β (xj − q0)2) , (17)

with C being a normalization constant. This is referred to as “compressed swarm” sampling
(CSS) [9, 31]. Where the goal is to construct an initial state with a norm as close to unity as
permitted by thresholding (e.g any value larger than or equal to 0.99), the premise is that an
inverse relationship between BS size and choice of β can be used to minimize the BS size while
still retaining an acceptable approximation of Ψ0. This is interesting from a practical perspective:
if the CPU power or memory available for a given G-SMP calculation is limited, β can be defined
by the program, for that specific BS size, in order to optimize the initial state approximation. Also,
more than one basis set size may be optimal for a given value of β. Therefore, it is possible to give
the option of obtaining a similar or better approximation of |Ψt0〉 using a smaller BS, while at the
same time decreasing the compression (see equation (22)) of the initial state sampling distribution
(by decreasing β), and vise versa. [9] This method bases simulations on a zero-momentum initial
state, due to the above sampling distribution.

Alternatively, the initial state may have a distribution in p as well as q,

〈x|Ψ0〉 =

N∏
d=1

(
2α

π~

)1/4

exp
(
−α
~

(xj − q0)2 + ip0(xj − q0)/~
)
. (18)

Using this wave function, the coordinates q and p for the initial BF can be drawn from a function
formed by Fourier transforming the product 〈q − y |Ψ0〉 〈Ψ0 | q + y〉 with respect to a difference
coordinate y,

W (q, p) =
1

π~

∫ ∞
−∞

e2ipy/~ 〈q − y |Ψ0〉 〈Ψ0 | q + y〉 dy =

=
( π

2α

)1/4

exp

(
−2α(x− q0)2 +

1

2α~2
(p− p0)2

)
.

(19)

Equation (19) is commonly referred to as the Wigner function [37]. Since Gaussians retain their
functional form even when Fourier transformed, the Wigner function of a Gaussian is itself a
Gaussian. Strictly, it is not a probability distribution, since it can be negative, but still upholds
several properties that suggest that it can be interpreted as one (see [29] for more details). In
quantum dynamics, it is quite commonly used for sampling phase-space parameters for Gaussian
distributions. Defining the Wigner function is also possible for an initial state without a momentum
distribution,

〈x|Ψ0〉 =

N∏
d=1

(
2α

π~

)1/4

exp(−α
~

(xj − q0)2) . (20)

The question is what one gains from using the state in equation (18) over the one in equation (20).
If the initial state |Ψ0〉 is an eigenstate of the initial Hamiltonian, it will not propagate out an
initial potential well. If it is not, it will propagate in space and time to find a lower energy state.
Habershon uses this to simulate one and two-dimensional tunneling in a double well potential [17],
where |Ψ0〉 is defined according to equation (19). |Ψ0〉 is included in the basis set and is placed
in one of the wells, while the rest of the basis populates the other. Clearly, one can not use the
importance sampling method of compressed swarm sampling in this case, since the majority of
the initial basis is placed far away from the initial wave function. The tunneling dynamics is
dependent on having a basis which provides an amplitude inside of the potential barrier and is
not similar to the initial state. It is through constructive interference with this amplitude that the
initial wave function tunnels under the barrier. In another case, it might not be dynamics near a
potential barrier that is of interest, but rather the propagation in time towards or away from that
barrier. In such cases, an importance sampling approach is more feasible. Another complicating
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factor is that there are many ways in which one could regulate the contributions of the initial
functions to the initial BS. One way is to simply add |Ψ0〉 as one of the initial BF, and have it
being the function with a non-zero coefficient. This would start the simulation in a completely
harmonic state if |Ψ0〉 is defined according to equation (20). This is a reasonable approach for the
potentials used in the current work (see section II.D). Another possibility is setting all initial BF
to an active state and calculating their coefficients,

c0,j =

n∑
k=1

S−1
0,j,k 〈φ0,k|Ψ0〉 , (21)

where the 0 subscript reads “initial”. This could be needed if one wants to simulate a system
that is initialized in an an-harmonic, spread-out state. These considerations illustrate that it is
hard to develop generally applicable methods for basis set construction. Some form of Gaussian
importance sampling is always applicable, but may need fine-tuning to suit the simulation of
interest.

To take a step further in basis set construction, I investigated the effect of limiting the width
of the state ket |ΨW0〉 used to form the Wigner function, while keeping the initial wave function
at a set width. |ΨW0〉 is defined as,

ΨW0(q, p) =

(
π

2β

)1/4

exp

(
−2β(x− q0)2 +

1

2β~2
(p− p0)2

)
, (22)

where the value of β in equation (22) is varied within some interval (for all tests in this report
in the interval [0,5]). Note that β determines the width of the distribution in both coordinate
and momentum space of the wigner function. To facilitate the practical use of the relationship
between the width of |ΨW0〉 and the size of the basis set, a testing program was written that if
called with either of the two parameters, optimizes one with respect to the other. This is done
through keeping one of them constant while iteratively incrementing the other. At each iteration,
a BS is sampled from which an initial WF |Ψt0〉 is constructed. |Ψt0〉 is the approximation of
|Ψ0〉 at t = 0. If the norm of |Ψt0〉 is above or equal to some threshold close to 1, the initial basis
construction has converged and that initial distribution width and BS size is considered optimal.
An arithmetic mean over a given number of BS for each incrementation is used to smoothen the
output data. This averaging may be needed since the initial phase-space coordinate is chosen
randomly. Results of how this algorithm performed can be seen in section III.A. As a final note
for the present discussion, even though a basis is optimally sized and constructed to describe a
specific initial state does not necessarily mean that its size is sufficient to describe the WF at a
later time, when the WF may be much more delocalized compared to its initial state. This could
be used as an argument for simply picking a number of arbitrary, large sized BS and comparing
their energy and norm conservation over time to find an optimal size [17]. However, it is not known
how costly this approach would be for an-harmonic potentials (HH for example) and systems of
large dimensionality. For example, there could be a dimension limit where converging the initial
basis requires a very large number of basis functions. Also, for small BS sizes, basis functions that
are picked far away from qΨt0

and pΨt0
may have a large momentum compared to the rest of the

basis. This could make it impossible for the BS to propagate, since the high-energy component is
unable to couple with the rest of the basis. These kinds of basis “outliers” would have less impact
in a large basis, since the SMP algorithm may project them out of the basis.
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II.C Time propagation

It is important to note that regardless of how the initial state is constructed, the basis will only
describe a local part of F . By necessity of making the numerical time-propagation of the system
computationally manageable, the basis set will never be complete in a mathematical sense, and
would need to be of infinite size for the entirety of F to be definable from the basis set. However,
the global dynamics relevant for the “structure” of F is expected to be found by a numerically
approximated local region, which is the primary motive for the current wave function ansatz.
The description the current method therefore requires a thorough motivation of the numerical
methods used in the program. Although derivatives of the BF are defined analytically, it is how
these expressions are used numerically that determines the relevance of any results obtained. This
section presents the numerical algorithms used to propagate the phase-space coordinates of the
gaussians as well as their expansion coefficients.

Using an analytical time-derivative of the coefficients c (defined in Appendix V.A , equation
(39)), the present algorithm for propagating the expansion coefficients in time is found in applying
the iterative Heun’s mid-point method (a second-order Runge-Kutta method). A description of
this method can be found in the MolPro implementation of Ab-Initio Multiple Spawning (AIMS)
by Martínez et.al. [25]. In being of second order, this method is expected to provide an exact
solution to a differential equation having a quadratic solution. Habershon’s modification of the
method is that the difference between the norm of the WF formed in two sequential Heun iterations
is used to terminate the iterator at some threshold value. The question is what benefit this provides
over using the relative error of the coefficients. Considering that the convergence is determined
by the value of a difference, all that is accomplished by forming the wave function and calculating
its norm at each Heun iteration is canceled by calculating that difference - the BS is not allowed
to change during the coefficient update.

If the WF is highly oscillatory and the shape of any given BF differ a lot from one time-
iteration to the next, it will be more computationally demanding to reach convergence. These
oscillations may occur in a classically behaving basis where one or more function carries signifi-
cantly higher amount of energy than the rest of the set. Regardless of how many they are however,
Habershon’s adaptation finds the solution for the time propagation of each expansion coefficient
with the same number of Heun iterations. One positive side of this approach is that it enables
the convergence check to be performed over all coefficients at once, which is likely only a benefit
for its ease of implementation rather than computational effectiveness. Whether or not the cost
involved with this computation is out-weighted by a potential benefit is unknown. An alternative
adaptation is presented in this present work: the time propagation is done individually for each
coefficient. This allows for the use of different number of iteration steps for different coefficients,
accounting for that the WF oscillations may be unevenly distributed in the basis. Per-basis conver-
gence is found by comparing a threshold value to the inter-iterative difference for each coefficient
value (equation (39)), instead of the norm of the wave function. The former approach maximizes
the use of how information is spread in the BS to make the G-SMP implementation as effective as
possible for dealing with systems of many dimensions. Although being a second-order, the adap-
tivity of this method divides the propagation into n number of segments, each being quadratic
functions. The system of equations is therefore solved as exactly as requested by the convergence
threshold value.

Similarly to numerical propagation of the BF coefficients, the choice of numerical method
for propagation of the position and momenta is in no way obvious. As a starting point for
testing of other algorithms, the Velocity Verlet (VV) integrator was chosen for the current G-
SMP implementation. VV uses the results obtained from the Ehrenfest theorem to propagate the
position and momenta of the BF (equation (14)) [10, 25]. It is useful since it does not require
anything but the initial positions of the nuclei and the forces acting on them, to find the initial
velocities. This is different from algorithms that are not “self-starting” and require an estimate of
initial velocities. As the energy of the initial state is important for the conservation of energy in the
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WF at a later iteration, this could introduce unwanted fluctuations. Also, for some simulations, it
may be important to have the option of using an initial basis with zero momentum. To understand
its order of accuracy, it can be compared to the simple Euler forward algorithm to give the reader
a frame of reference [1]. Both methods start from a Taylor series expansion in the coordinate q
around the time-step t (equation 23),

qt+∆t = qt +
pt
m

∆t+
ṗt
2m

∆t2 +
∆t3

3!

...
q t +O(∆t4) . (23)

The Euler method truncates Equation 23 beyond the ∆t2 term resulting in a first order
differential equation (equation 24 below). Its error at any given time t (the global error) is
proportional to the step-size, as seen in

qt+∆t = qt +
pt
m

∆t ,

pt+∆t

m
=
pt
m

+
ṗt
m

∆t .
(24)

In the VV algorithm all terms in the exact solution (equation 23) are kept, but all terms above
third order cancel out through summation over forward and backward time-steps. Furthermore,
it incorporates pt/m in the calculation of a given coordinate qt+∆t and momentum pt+∆t/m
according to equations (25):

qt+∆t = qt +
pt
m

∆t+
ṗt
2m

∆t2 ,

pt+∆t

m
=
pt
m

+
ṗt + ṗt+∆t

2m
∆t .

(25)

By the definition of these equations (equations (24) and (25)), it is clear that the global
error associated with velocity-verlet is of third order with respect to position and second order
with respect to momentum. An important feature of this is that positions, accelerations and
momenta never have to be stored more than once for each time-step iteration (which is needed in
a predictor-corrector approach). Note that equation (25) represents a general expression of VV.
In the current G-SMP implementation, it was adapted according to Ref. [25].

The classical trajectories traced by the equations in this section will contribute to the spread-
ing of a wave packet propagated by them. To quantify this spreading is therefore desirable. One
way to doing this is by calculating the uncertainty product (UP) V(t)j of the wave packet. Pro-
vided in [12] as a two-dimensional product, its nth-dimensional generalization, for a given BF j
at a point t in time, is given by:

V(t)j =

(
n∏
d=1

〈(pn,j − 〈pn,j〉)2〉 ×
n∏
d=1

〈(qn,j − 〈qn,j〉)2〉

)1/2

. (26)

The variance in the value of V(t) can be used to quantify how much information about the WF
is lost in the wave packet approximation [12]. The sparsity and spreading of the wave packet is
inversely proportional to how well it represents the WF - an information loss in the WF approxi-
mation can be expected whenever either of them increases.
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II.D Models

For testing purposes, model potentials play an invaluable role, since it is possible to express many
of them in an n-th dimensional form. This allows investigation of various scaling problems in
a simulation method. They are also useful for modeling phenomena that may be of chemical
interest. Especially considering that when the physical process of interest (barrier tunneling at
specific coordinates in phase-space for example) is taking place in a small region of the potential
energy surface, it may only be a waste of time to describe the surface outside of a local region
where it converges to zero. Also, the wave function approximation formed from the GWP ansatz
is already localized in F since the BF have a fixed width and are discretizised over a limited
coordinate range.

The HH potential is an example of a potential which, when applied to classical dynamics,
results in quasi-periodic 8 trajectories [3, 12]. Its nth-dimensional form,

V (q) =
1

2

N∑
d=1

q2
d + λ

N−1∑
d=1

(
q2
dqd+1 −

q3
d+1

3

)
, (27)

with λ being a scaling factor for the an-harmonic part, was used to test how the computation
time scales to the size of system of increasing dimensionality, guided by an an-harmonic potential,
but also for the possibility of using it in future work to simulate Franck Condon spectra, giving
the G-SMP method a practical significance [5]. Brewer used the HH potential to show that
simulations of bound-bound Franck-Condon transitions produced an accurate quantum to classical
correspondence for a system of ArnI− clusters of up to n = 10 dimensions [5]. This was done using
an adaptation of the semi-classical Frozen Gaussian Approximation method of Herman and Kluk
[23, 36]. The convergence of their method required a certain number of trajectories for a given
dimensionality of the system. It was found that the former scaled exponentially to an increase
in the latter - a downside associated with the “oscillating integral” problem of the Herman-Kluk
approach. This exponential scaling relationship is not expected to be found in the G-SMP method,
where the number of BF are optimized for a particular WF, and their expansion coefficients are
coupled while propagating through time.
The HH potential contains a harmonic term and an an-harmonic term, the contribution of which
is scaled by a constant λ. To calculate

〈
dV
dq

〉
, required for the the use of the Ehrenfest theorem,

equation (27) can be rewritten as follows:

V (q) =
1

2

n∑
d=1

q2
d + λ(q2

1q2 − q3
2/3) + λ

n−2∑
d=2

(
q2
dqd+1 − q3

d+1/3
)

+ λ(q2
n−1qn − q3

n/3) . (28)

If the dimensionality of the system is above three (n > 3), all terms in the sum of equation (28)
are used. If n is equal to two, the first and last are included, and if n = 1 only the first term is
included. It may seem redundant to redefine the potential this way, but it serves an important
purpose. From equation (28), the derivatives needed for applying the Ehrenfest theorem are
straight-forward to calculate:

〈
dV

dq

〉
=

〈
dV

dq1

〉
+

n−1∑
d=2

〈
dV

dqd

〉
+

〈
dV

dqn

〉
. (29)

The three parts of the sum are (equation (30)):
8By “quasi-periodic” we mean periodic in time only up to some period.
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〈
dV

dq1

〉
= 〈q1〉+ 2λ 〈q1q2〉 ,〈

dV

dqd

〉
= 〈qd〉+ λ

(
〈q2
d−1 − q2

d〉
)

+ 2λ 〈qdqd+1〉 ,〈
dV

dqn

〉
= 〈qn〉+ 2λ 〈q2

n−1 − q2
n〉 .

(30)

At this point, it is worth noting that applying the Ehrenfest equations (see equation (14)) to
the HH potential results in semi-classical equations of motion for the quantum dynamics that are
different to the classical ones. It has been shown previously [3], that the correspondence between
the classical and the semi-classical two-dimensional HH potential can be expected to be equal only
at t = 0. In other words, the wave packet will propagate from a completely classical potential at
that point in time, due to the application of Ehrenfest’s theorem to the HH potential. It can be
shown that this is also true for a nth-dimensional form of HH potential. A mathematical derivation
of this is included in in Appendix V.B. The final result is an “effective” potential V̄ (q) =| V (q),
which is shown to be different from the classical nth-dimensional HH potential. The derivation is
not explicitly needed to understand why it is important, and the reader may find it sufficient to
recognize that it can be written as V̄ (q) = V (q) + Ktot(t), where Ktot(t0) = 0. The K-function
is a correction to V (q) that contains information on the time-dependence of the WF. The “tot”
subscript signifies that it has contributions from all dimensions in the potential energy expression.

The term V̄ serves as an important mathematical manifestation of the difference between
the classical and semi-classical dynamical equations of motion applicable to my work. It is also
of practical use in answering some interesting questions regarding the accuracy of the G-SMP
method:

• I. The terms in Ktot are coupled, but each dimension gives an individual contribution to
the total K. If the WF integral is highly oscillatory, is this oscillation reflected in a small
number of basis functions, even though the expansion coefficients are coupled?

• II. Are there regions in space where the difference V (q)− V̄ (q) is negative and V(t) is small?

• III. For what time-periods is V (q)− V̄ (q) small?

• IV. Are the time-periods when V (q)− V̄ (q) ≈ 0 localized such that one can define limits for
the Ehrenfest theorem?

• V. How is V(t) and V (q)−V̄ (q) affected by an increase in dimensionality? Is there a difference
by how the two are affected?

• VI. How does the energy conservation depend on V(t) and V (q)− V̄ (q)?

The physical chemist is often interested in processes that take place within a certain and
usually small time-period - the lifetime of an excited state for example. In this context, the answers
to the questions above are important since they can be used to estimate how the G-SMP method
behaves when the potential is calculated by a more advanced numerical method, and for what
time-frames it can be expected to give an accurate description of the quantum dynamics within
an-harmonic regions of F . Furthermore, the auto-correlation function,

P(t) = | 〈Ψ(q)t0|Ψ(q)t〉 |2 , (31)

provides a measure of the quasi-periodicity of Ψ(q, t). Unlike V(t) and V̄ (q), it is best considered as
a tool to quantify the deviation of Ψ(q)t from a Gaussian function and is therefore complementary
to them. With these tools at hand, the present work attempts to determine where, when and why
the correspondence between the classical and quantum mechanical breaks down.
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III. Results & Discussion

The more the norm of the initial state deviates from one, the worse the basis set approximates the
initial wave function. In order to investigate the factors needed to construct an initial basis set such
that the norm of Ψt0 is close or equal to one, section III.A presents data from test initializations
performed. To further investigate how a given basis initialization affects the propagation of the
Ψt, section III.B presents data from test simulations.

III.A Initial state sampling

The foremost goal of this section is to provide a detailed discussion on the practical issues one
has to consider when constructing an initial basis for a gaussian wave packet. Most results will be
applicable to any method for GWP-based quantum dynamics, since they only concern the state of
the system at t0. It is shown how the dimensionality and size of an isotropic or non-isotropic initial
BS scale with the norm of Ψt0, for ΨW0 distributions without initial momentum. The Ψt0 here
refers to the WF approximation formed from the initial basis set, and ΨW0 denotes the function
used to form the Wigner distribution from which the initial basis is sampled. As shown previously
by Shalashilin and Child [9], the width of the distribution from which the initial state is sampled
is an important parameter. It is one of the main factors that determine the BS size needed for
the norm of Φ(q, t0) to be close or equal to 1. To investigate this relationship, a number of test
initializations were performed. From a given optimized width of ΨW0 it is shown how one can
easily obtain an optimal and minimally sized initial BS.

As mentioned earlier, the first parameter one would be interested in knowing is the width β
of ΨW0 which would most likely converge the initial basis for a given number of basis functions
and dimensions. The wave function Ψt0, from which the norm is calculated, is formed from the BF
constructed by sampling parameters from the Wigner function of ΨW0. This is done for a range
of BS sizes: 10 to 300 functions with increments of 10 functions, in one to six dimensions. The
width, β, of ΨW0 is increased from 0.1 to 5 in increments of 0.1. Results from these test samplings
are shown in 4. For each value of β, the corresponding norm value was defined from an arithmetic
mean of 3 initial states constructed from the same ΨW0 sampling distribution width. As can be
seen, the region where the basis sets can be expected to converge to a norm above or equal to
0.99 is limited. This trend is common for all dimensions and sizes of basis sets. The interval
of β for which one can expect a certain BS size to convergence, henceforth referred to as the
“convergence interval” of the initial basis, depends primarily on the dimensionality of the system.
The relationship between the size of the basis and initial state convergence can be analyzed if the
size of the β interval is plotted against the BS size.
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Figure 4: The sizes of the convergence intervals for: to the left, basis sets of one to three dimensions;
to the right, basis sets in four to six dimensions. All initial basis functions where isotropic and
had a width set to 0.5. The position and momentum of the initial isotropic state was set to 0.3
and 0 respectively.

Figure 4 can be used as an indication of the convergence intervals for basis sets constructed
for basis sets of one to six dimensions in sizes of 10 to 300 BF. All BS of dimension above one
converged to a zero convergence interval above sizes of 90 Gaussians. A one-dimensional BS can
be expected to converge over a wide range of beta values. That difference can be explained with
that the initial basis is non-orthogonal. Considering how the initial coefficients are defined,

cj =

n∑
k=1

S−1
jk 〈φk |Ψ0〉 , (32)

the inverse proportionality between the size of the convergence interval and increase in BS size can
be explained through increasing overlap in the basis. The more BF that are sampled and added
to the initial basis, the more likely it is that any given number of them will overlap, which in
turn increases the condition number of S. However, this does not explain why performing a test
sampling according to the parameters above, but with a non-isotropic BF, results in convergence
intervals that, for all dimensions above one, converge at 50 Gaussians, as shown in figure 5.

Figure 5: Convergence intervals for non-isotropic initial basis functions. A, the left figure, shows
basis sets of one to three dimensions, and B, to the right, basis sets in four to six dimensions are
shown.

22



It can be concluded from figure 5 that sampling initial parameters for isotropic Gaussians
(with equal phase-space distributions in all dimensions) should be done from an isotropic initial
state if converging the initial basis is desirable. The convergence of the initial state is important
for it to be useful for approximating the wave function at a later time. This is one of the aspects
of the G-SMP method where including an algorithm for orthogonalizing the basis, as previously
presented in section II.A, could be valuable even if just applied to the initial basis. In other
words, ensuring initial basis orthonormality, whilst at later time steps using the SMP algorithm
to manage the problem of basis overlap could prove an interesting improvement to the G-SMP
method.

As shown in [17], the size of the active BS may be expected to be smaller than the inactive
part at all times. Since only the optimally overlapping BF are included in the approximation of
|Ψt〉, a poor representation of the initial state may not be a problem for large BS if Gaussians with
initial phase-space coordinates, sampled far from the center of |ΨW0〉, are kept inactive. However,
the wider the initial distribution |ΦW0〉, the more likely Gaussians far from the center of |Ψt0〉 are
to be included in the BS. With the current importance sampling algorithm, if the width of |ΨW0〉
is allowed to approach infinity, the algorithm will approach sampling from a uniform distribution.
Therefore, with a small basis set, the simulation may run the risk of never being able to find an
acceptable approximation to |Ψt〉, the wave function at times later than t0, if the width of |ΨW0〉
is too large or too small. The question is how small the basis can be and how arbitrarily one can
choose β while still obtaining an acceptable approximation to the wave function. As a general
rule of thumb, for harmonic potentials, a small basis set and β close to the width of the BF is
a reasonable approach. However, an an-harmonic potential will require a larger basis set and,
for the basis to be able to tunnel over a potential barrier, high energy BF to be included in the
initial basis. Considering |ΨW0〉, this would require initial phase-space distributions with large
momentum components, and a corresponding small β to make these coordinates more likely to
be sampled. Clearly, the issue of picking the right initial distribution has to be handled with the
right sampling methods, and on a case-to-case basis. As an example, the two-dimensional initial
distribution in figure 4 can be expected to converge over the entire interval of β-values between
0.1 and 5 with a BS of 30 functions, according to that data. To get a better idea of how limited
the convergence is in two-dimensions, it can be compared to a one-dimensional distribution for a
finer range of BS sizes.

Figure 6 shows convergence interval data obtained from BS size increments of 1 function
per iteration, but otherwise the same parameter values as the sampling shown in figure 4. For
a two-dimensional basis, it shows that β values in the range of 0.1 to 0.5 may be useful for the
convergence of a BS consisting of 1 to 40 functions. It also shows that there is a large discrepancy
between the convergence of one- and two-dimensional basis initializations that was not captured in
the data shown in figure 4. This is due to the larger increment in basis set size for that initialization
test, and shows that even more detailed basis initialization tests are needed to be able to predict
the convergence of a basis given a certain size and dimensionality. As earlier mentioned, more than
one basis set size may be optimal for a given β. Table 1 shows a number of BS size optimizations
for β-values in that range.

Beta Size Interval
0.1 -
0.25 5 – 13
0.5 1 – 12
1 1 – 22

Table 1: A table showing the range over which the basis set sizes of the initial basis set is expected
to converge for four different β-values.

This data was produced using a basis set increment of 1 function per iteration, and an
average over five norm values for each set of initial state sampling parameters. Using a β-value
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Figure 6: Initial state sampling test with smaller basis set size increments (1 BF per iteration).
The dashed and filled lines correspond to a one-dimensional and two-dimensional isotropic basis
set respectively.

of 1, any BS size between 1 and 22 is expected to yield a basis set that converges. Simulations
using one BF will be able to approximate a classical harmonic oscillator wave function. For
a an-harmonic potential such as the HH, more BF will be needed to, at all times, be able to
approximate the WF (except at t = 0, where only the basis function corresponding to the initial
state can approximate the initial WF completely due to being identical). To get a better idea of
how this can be applied to HH simulations, two G-SMP test simulations using 11 and 22 BF were
performed with a β-value of 1 to investigate the effect of doubling the size of the basis set when
two BS sizes are expected to converge the initial basis. These simulations were performed with a
SMP convergence threshold value of 1 · 105 which is the maximally allowed condition number of
S. The Heun propagator was used with an accuracy of 5 · 10−5. With a time-step of 0.001 time
units, the energy conservation was poor and at some points discontinuous. At the start of the
simulation and for some time-period following, only the initial isotropic state (which is added to
the initial basis) should be needed to describe the wave function. This would result in its expansion
coefficient being the only one calculated, and it should have a value equal to one. However, neither
of these simulations produced results that corresponded to what was expected. Also, the errors
were inconsistent. Upon restarting the simulations, the number of active BF after the first time
step varied between one to ten. The Heun propagator should be able to solve the equation below
the threshold in under five iterations, but some simulations required manual termination since
convergence was never reached. Using a randomly sampled basis makes the errors hard to trace.
These BS were of such a small size that BF with high deviations in momentum may have been
the cause for the instability. However, simulations ran with 100 BF instead of 22 or 12 produced
similar results: instabilities that made it impossible to propagate the expansion coefficients within
the threshold value. This rules out that basis sets with many high energy components can be
continually propagated without instabilities through increasing the BS size. The function used
to sample the initial basis from the 2D Wigner distribution of the initial state could be another
source of error.
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III.B Simulation Comparisons

As shown in section III.A, the G-SMP implementation is not yet functioning according to expec-
tation. For example, a one-dimensional simulation using only three basis functions and a simple
harmonic potential shows that G-SMP can uphold energy conservation and a zero difference be-
tween the classical and quantum mechanical energy without triggering the SMP algorithm even
once. However, it is only the energies that correspond to the expected result.

Figure 7: The auto-correlation function 〈Ψt0 |Ψt〉 for each iteration in time.
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Figure 8: The number of Heun iterations required for the difference of the coefficients, between
two iterations to be, below a threshold of 5 · 10−5 plotted against the performed number of time
iterations. The propagator was terminated and the coefficient update accepted whenever it had
performed 100 iterations without converging.

Figure 9: The expansion coefficient values for the three BF used in the simulation. The first BF
was active 99,9% of the iterations, the second 99.8% of the iterations and the third 0% of them.
Note that the index “1” corresponds to the first function in the basis which is the initial state.
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Figures 7 to 9 show results for the harmonic oscillator example. These simulations were
performed with a time-step size of 0.005 (1.2095 · 10−4 fs) and the same numerical parameters
as mentioned before, except for the β being set to 0.5. All the plots show completely unrealistic
values: the auto-correlation function should oscillate smoothly and harmonically between zero and
one; the Heun propagator should not need above 100 iterations unless a large time-step is used;
only one basis function should be needed for the approximation, having a coefficient equal to one.

Analyzing the uncertainty product of the basis set provides additional information on how
the Gaussians propagated in time. Three properties were investigated: the active (the product of
the UP of all active basis functions) relative to the total uncertainty product for the entire BS;
the individual (per basis function UP) relative to the active UP of each basis function; the UP for
each BS individually.
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Figure 10: The total (all basis sets included) uncertainty product in filled line, compared to the
dotted line representing the active uncertainty product, calculated only from the active parts of
the basis.

As seen in figure 10, the highest amplitudes in UP are in the inactive part of the basis. Still, in
the active part of the basis, there are components that are not spreading harmonically, i.e. in
a periodic, repeating pattern. This becomes more evident from the UP data for the first basis
function (the initial state).

Figure 11: Uncertainty product for the initial state propagated over a total of 1722 time steps.
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Figure 12: The UP of basis function 1 relative to the active part of the basis.

Comparing figure 11 to figure 13 and 10 shows that the first BF was the only basis function that
propagated harmonically, still two BF were needed to approximate the initial state. Also, as shown
in figure 12, directly after the first time step, the amount of the UP represented by basis function
1 is decreased by 96% (there is a sharp peak at the first time iteration where the relative UP is
equal to one, as expected).

Figure 13: Uncertainty product for the second basis function.
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Figure 14: The relative UP of basis function 2 relative to the active basis.

The initial parameters that were sampled were q1 = 1.21,p1 = −0.05 and q2 = 0.59, p2 =
−1.52. A positive result shown from this data, seen by comparing the three relative UP plots,
is that the component with the highest momentum was projected out of the basis during all
iterations.

Figure 15: The UP of basis function 3 relative to the active part of the basis. Note that this basis
function was inactive for the entire simulation.
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IV. Conclusion

This report has shown that, even though a quantum wave function is localized by the G-SMP
method, efficient and practically useful initial state sampling algorithms can ensure that the dy-
namically important parts of the wave function are optimally represented in the basis set. This
was done by first analyzing the impact of adaptive initial state sampling on the norm of the initial
state, then performing test simulations to verify the implementation of the method. Since the
method is still under development, it is still unknown how initial state sampling affects the norm
and energy conservation of the wave function approximation when propagated with the Henon-
Heiles potential. This would have provided valuable information on how well suited the G-SMP
method is for handling situations where the wave function approximation is highly oscillatory and
where the potential, when used to propagate the phase-space parameters, produced quasi-periodic
trajectories. Still, the uncertainty product interpretation gave indications of being a useful tool
for assessing whether or not a specific basis function becomes inactivated when spreading over
an increasing volume of phase-space. This could prove necessary for giving indications of when
propagation along a certain trajectory is taking place outside of the Ehrenfest time-frame. Quan-
tification of the accuracy of the approximation of Ehrenfest’s theorem is a fundamental aspect of
the G-SMP method that has yet to be described in literature. Also, the initial state sampling
results showed that converging the basis set becomes increasingly more difficult as the dimension
of the system increases. More detailed studies of this relationship are currently being performed to
provide a more detailed explanation of how the convergence of the initial state scales to increasing
dimensionality. The results in the present work showed that constructing an initial basis is far
from trivial, and that using a variable-width Wigner distribution is a very promising approach.
It has a long history of use and removes the need for arbitrarily choosing initial state parameters
for the basis, which is an important factor for any semi-classical quantum dynamics method to be
practically useful.

Most likely, the errors seen in the results are due to an error in the code. Future work will be
focused on finishing the development of the program to continue investigating these phenomena
that will likely determine the usefulness of the G-SMP method for quantum dynamics simulations
in systems of large dimensions. The G-SMP results obtained for one- and two-dimensional Henon-
Heiles systems will be compared to those obtained from simulations using the Split-Operator
method [11]. Compared to the Split-Operator method, which has to maintain a multi-dimensional
description of the wave function over all of F in each iteration, the locality of a wave function
formed by the GWP ansatz makes time propagation more computationally manageable for systems
of large dimensions. Comparing the two methods will both validate the results of G-SMP, and also
give an indication of the relative computational efficiency of it. The value of the difference between
the SO and G-SMP wave functions, as well as the wave function norm, should be compared to
validate the G-SMP wave function approximation. Furthermore, once the program is functioning
as expected, the failed simulations in section III.A must be re-run in order to explain how well
the G-SMP method handles an-harmonic systems of high dimensionality, and how the basis set
initialization affects the wave function approximation.

It can be tempting to implement a method such as G-SMP, considering how well it is de-
scribed in literature, for the purpose of simulations of large, an-harmonically propagated systems
without worrying about the performance of the numerical methods involved. However, there are
still aspects of the method that require deeper analysis before the method can be used more gener-
ally. This is interesting from a method development perspective, since conclusions that are drawn
from an analysis of the numerical methods used in G-SMP are quite applicable to other methods
using a similar or equal wave function ansatz. For example, there are many numerical algorithms
for matching pursuit that have not yet even been tested in this context, but have proven their
value in statistical and signal analysis studies. Also, it is unknown how orthogonalizing the basis
would effect the energy conservation and if that would make the use of MP redundant. I expect
this area of numerical quantum dynamics to show interesting developments in the near future. My
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G-SMP implementation, once proven to be functional, will give important contributions to it and
answer questions that are needed for it to be applicable to larger systems that exhibit strongly
an-harmonic behavior.
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V. Appendix

V.A Solution to the time-dependent Schrödinger equation

The TDSE is defined as follows:

i~
d

dt
Ψ = ĤΨ = (T̂ + V̂ )Ψ .n (33)

The current WF ansatz, for k n-dimensional BFs, φ, is written as

Ψ(q, t) =

k∑
j=1

cj(t) |φj〉 . (34)

The basis is non-orthogonal, meaning that

S−1
l,j 〈φl|φj〉 = δl,j , (35)

where a resolution of identity is given as

1 =

k∑
j=1

m∑
l=1

|φl〉S−1
l,j 〈φj | . (36)

Thus, the TDSE can be solved 9 by substituting equation (6) into equation (5), which results in

k∑
j=1

i~
d

dt
cj |φj〉 =

k∑
j=1

cjH̄j |φj〉 = i~
k∑
j=1

ċj |φj〉+ i~
k∑
j=1

cj |φ̇j〉 . (37)

By multiplying the expression in equation (37) by S−1
l,j 〈φl| from the left-hand side, one obtains

k∑
j=1

i~ċjS−1
l,j 〈φl|φj〉+

k∑
j=1

i~ċjS−1
l,j 〈φl|φ̇j〉 =

k∑
j=1

cjS
−1
l,j 〈φl|Ĥl,j |φj〉 . (38)

To find the expression for the derivative of a given expansion coefficient, cj , with respect to time,
equation (38) is rearranged to give:

ċk = − i
~

k∑
j=1

cjS
−1
j,k (Hj,k − Ṡj,k) , (39)

where,

Hj,k = Tj,k + Vj,k = − ~2

2m
〈φj |

d2

dq2
|φk〉+ 〈φj |Vj,k(q)|φk〉 . (40)

The Vl,j(q) in equation (40) is any given potential energy expression and Tl,j is defined from
straight-forward integration by parts:

9Throughout this section, any variable with a dot above it refers to the derivative of that variable with respect
to time.
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− ~2

2m
〈φl|

d2

dq2
|φj〉 = − ~2

2m

∫
dxφ∗

d2φ

dq2
= − ~2

2m

[
φ∗
dφ

dq

]+∞

−∞
+

~2

2m

∫
dx
dφ∗

dq

dφ

dq
=

~2

2m

∫
dx
dφ∗

dq

dφ

dq
, (41)

where dφ
dq is given by:

dφ

dq
= (−αqj + ipj/~) φj . (42)

To calculate Ṡl,j in equation (39), |φ̇j〉 = k |φj〉 (k being a complex constant) has to be defined.
This scalar product can be interpreted as the discretization of the analytical first derivative of the
Gaussian w.r.t time. For a dimension indexed “d”, a Gaussian centered on qd,j and discretizised
on an interval Q : {−a < Q < a}, this amounts to evaluating:

φ̇d,j =

(
2αd
π~

)1/4
d

dt
exp

(
−αd

~
q2
d,j(t) +

ipj
~
qd,j(t)

)
. (43)

From Ehrenfest’s theorem, the time derivatives of expectation values of the momentum and posi-
tion operators are given by:

d 〈 q̂ 〉d,j
dt

=
pd,j
md

;
d 〈 p̂ 〉d,j

dt
= −

〈
δV (q)

δq

〉
. (44)

Inserting equation (44) into the result of evaluating equation (43), produces the following expres-
sion:

φ̇d,j =

(
−qd,j(t)

(
2αd pd,j
md ~

+ i

〈
dV

dq

〉
qd,j(t)

~

)
+

ip2

md ~

)
φd,j . (45)

V.B The n-dimensional Effective Quantum Potential

To define the effective quantum potential, one approach is to consider V̄ (q) = V (q) + C ·Ktot(t)
where Ktot is some time-dependent factor that includes contributions from the WF at the point t
and C is a scaling factor. To define Ktot for an n-dimensional system, equation (28) and (30) are
the starting points. The classical derivatives for the n-dimensional HH potential are:

dV

dq1
= q1 + 2εq1q2 ,

dV

dqd
= qd + 2εqdqd+1 + ε(q2

d−1 − q2
d) ,

dV

dqn
= qn + 2ε(q2

n−1 − q2
n) ,

(46)

which are clearly different from equations (47) (equivalent to equations (30)):

34



〈
dV

dq1

〉
= 〈q1〉+ 2ε 〈q1q2〉 ,〈

dV

dqd

〉
= 〈qd〉+ ε 〈q2

d−1 − q2
d〉+ 2ε 〈qdqd+1〉 ,〈

dV

dqn

〉
= 〈qn〉+ ε 〈q2

n−1 − q2
n〉 .

(47)

To obtain the quantum mechanical equations of motion, and from them define dV̄ /dq, it is useful
to express the equations (47) in a form more similar to (46). This would involve redefining the
non-harmonic parts of the Ehrenfest derivatives. This can be done for each gradient component
separately as follows:

For
〈
dV
dq1

〉
, one obtains:

〈q1q2〉 = 〈q1〉 〈q2〉+ 〈(q1 − 〈q1〉)(q2 − 〈q2〉)〉 ,
k1,2 = 〈(q1 − 〈q1〉)(q2 − 〈q2〉)〉 ,
∴

d

dt
〈p1〉 = −

〈
dV

dq1

〉
= −〈q1〉 − 2ε 〈q1〉 〈q2〉 − 2εk1,2 .

(48)

For
〈
dV
dqn

〉
and m = n− 1:

〈q2
m〉 − 〈q2

n〉 = 〈qm〉2 − 〈qn〉2 + 〈(qm − 〈qm〉)2〉 − 〈(qn − 〈qn〉)2〉 ,
kn,n = 〈(qn − 〈qn〉)2〉 ,
km,m = 〈(qm − 〈qm〉)2〉 ,
∴

d

dt
〈pn〉 = −

〈
dV

dqn

〉
= −〈qn〉 − ε

(
〈qm〉2 − 〈qn〉2

)
− ε (km,m − kn,n) .

(49)

And finally, for
〈
dV
dqd

〉
, where 1 < d < n− 1, the results in equation (48) and (49) are applicable,

which results in:

d

dt
〈pd〉 = −

〈
dV

dqd

〉
= −〈qd〉 − 2ε 〈qd−1〉 〈qd〉 − ε(〈qd−1〉2 − 〈qd〉2)− 2εkd−1,d − ε(kd−1,d−1 − kd,d) .

(50)

For all three potential gradients, it is evident that the equations define effective quantum equations
of motion. In a way similar to the results of [3], one obtains a final expression for V̄ (q) from:

V̄ (q) = V (q) + 2ε

(
k1,2q1 +

(
n−2∑
d=2

qd(kd−1,d +
1

2
(kd−1,d−1 − kd,d))

)
+ qn

1

2
(km,m − kn,n)

)
=

= V (q) + 2εKtot .
(51)
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V.C Popular science summary

On quantum dynamics and over-coming the curse of dimensionality

For the theoretical chemist, the 21st century has started off with exciting developments.
Molecular simulations that were completely unmanageable, given computers 40 years past, can be
performed in a tolerable time-frame on a relatively new laptop. Although some computations still
require supercomputer number-crunching power, the processing capabilities of today’s consumer
computers harness incredible potential in that respect. However, as with all problems that arise
when investigating chemical processes from a theoretical standpoint, the most important part of
performing computer simulation experiments is not the power of the machine one is using, but
the power of the brain that was used to define the problem one is trying to simulate. This is a
beneficial complication since, while our computers are fundamentally the same, humans are not.
Therefore, the inherit complexity of the question of what constitutes a correct model of any given
chemical reaction likely yields as many unique answers as there are scientists.

Although not exactly accurate, there is some truth in thinking of theoretical chemists as the
“hackers of physics”: regardless of what process one wants to model, physical laws are used to
determine how that model behaves in a simulation - how the process changes dynamically in time
and space. Although it may take a fair bit of “chemical intuition” to determine what processes are
interesting to model and why, physics is at the core of any chemical simulation process. In some
cases it might be completely adequate to use classical mechanics to describe atomic interactions in
a simulation. Indeed, this is a widely used approach for systems with a large number of degrees of
freedom (many atoms that can move and change their state in many different ways) - the folding
of proteins or creation of impurities in metals for example. In these cases the laws of classical
mechanics are handy since they often abstract the finer details of atomic interactions to a level
where one is only concerned with point-charge models and the use of, for example, harmonic spring
potentials to describe what is holding the atoms together. However, this approach also comes with
a draw-back: only through severe approximations can one ever hope to accurately simulate things
like atomic bond breaking - dissociation of one molecule to a set of smaller ones, or electronic
energy transitions - the very process that gives rise to all the light in the visible spectrum. This is
because of one fundamental reason: they are both quantum mechanical processes, and require a
more detailed description than the one provided by classical mechanics to be fully explained. For
this reason, quantum mechanical principles have been widely adopted among theoretical chemists.
Perhaps not surprisingly, software performing simulations based on this theory struggle with what
classical mechanics is used to overcome: the often-mentioned “curse of dimensionality”. Simply
put, this problem arises from that, even for quite small systems consisting of only a few molecules,
the degrees of freedom (three for an electron allowed to move in three directions) will make
fully quantum mechanical computations very demanding. For a system containing N electrons,
one would need to account for 3N degrees of freedom in all calculations. This amounts to a
scaling of the computation time to the number of atoms in a system by a power law, unless
approximations are made. If one wants to use more than the physical model of a harmonically
oscillating spring to represent the atomic interactions, and instead take into account repulsion
and attraction forces arising from the electrons and protons that constitute atomic matter, this
scaling of the computation quickly becomes a problem that can not be overlooked. This can be
illustrated by a thought experiment: consider a simple system of a single boson (the nuclei of a
carbon-12 atom for example) occupying either of two “adjacent” potential wells. Using two vectors
to represent the boson in either of the wells, finding the solution to the state of the boson at any
given point in time is easily done by hand (the eigenstates to the Hamiltonian of the system are
simply linear superpositions of the two state vectors). The number of eigenstates can be found
through simple combinatorics, given that the boson is equally likely to occupy any of the two wells
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at any give time (i.e. the particle has the same transition probability to either of them) 10. For
the previous example, one only has to concern oneself with two eigenstates. By increasing the
number of wells and particles by fourfold, the number of eigenstates needed to be computed jump
up to 330. The relationship between the size of the system and the computational effort quickly
escalates: for a more chemically interesting system of 20 bosons surrounded by 100 potential wells,
one ends up having to calculate the value of 24552 quintillion eigenvalues 11.

Thankfully, using quantum mechanics to simulate chemical processes is a multi-disciplinary
field, in so far as many other fields of science can be used as sources of inspiration when dreaming
up new models and methods. Signal analysis - the mathematics of oscillating streams of data - is
one where there exists a treasure trove of knowledge that could be applied to chemical modeling, a
large portion of which has yet to reach the community of theoretical chemists. Most likely, this is
due to that the two fields of research “speak different languages” - one has to be translated to the
other to be applicable within each respective context. However, much of the theory is compatible
since both fields work with describing the dynamics of oscillating waves, and quantum mechanics
describes atoms through, perhaps counter-intuitive at first glance, a wave-particle duality: atoms
are considered both waves and as particles as they propagate through space and time. The easiest
way of picturing this could be thinking of an atom as a piece of matter that is guided through
space and time by a force-field surrounding it. This force-field can be very tightly located around
the atom, or it can very “delocalized” and spread out over a large volume in space. Waves also
have an amplitude - a height, as do waves on water. With this in mind, consider that we are only
playing with one single atom at this point. Imagine applying the same model to a large complex
enzyme with hundreds of atoms, each carrying their own portion of the wave representing the
total molecule. The complexity of our thought experiment instantly became exponentially harder
to imagine!

At this point, lets take a step back from the quantum weirdness. What if the region of a
molecule that actually contributes to the dynamics (the change in time) of a chemical process
is not spread out over a large region in space? This would mean that, if we can approximate
the limits of that region and restrict our description of the wave, our model might be accurate
while still overcoming parts of the curse of dimensionality, since we are not concerned with all
interactions in the system. Indeed, this is quite possible with the help from signal theory and
what researchers in that field have discovered in asking the question: given an arbitrary, smoothly
oscillating signal, how can one obtain only the relevant information contained therein? It all starts
with finding a way of approximating the wave of the signal, for example by using a sum or “train”,
of simpler waves, and propagating these dynamically through space and time. Then, one needs a
way to only include the most relevant simpler waves in the description of the original wave: the
basis set to the wave function describing the original signal. The bridge to the physical part of the
problem starts to appear when one tries to use such a basis in solving the famous time-dependent
version of the Schrödinger Wave Equation, once formulated by Erwin Schrödinger and since then
the main tool for theoretical chemists in describing wave propagation:

i~
d

dt
|Ψ〉 = Ĥ |Ψ〉 , Ĥ = T̂ + V̂ = − ~2

2m

d2

dq2
+ V̂ . (53)

At first glance, this may look like ancient scribbles to those who are used to mathematics
in terms of square roots, formulas with numbers and simple derivatives. However, with the right
perspective the description is quite intuitive. Reading from left to right, the time dependence of
the nuclear wave function |Ψ〉 can be described by a “operator”, namely the quantum mechanical

10

(nwells + nbosons − 1)!

nbosons! (nwells − 1)!
(52)

114092 times as the total number of transistors manufactured in 2008, according to Semiconductor Industry
Association ("60th Birthday of Microelectronics Industry”, 13 December 2007)
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Hamiltonian operator Ĥ. This time-dependence is described by the sum of a potential energy
operator V̂ , describing the energy contributions coming from electron interaction as a function
of the atomic nuclear coordinates, and a kinetic potential operator T̂ . It stands to reason that
whatever basis we use to approximate the wave function, its derivatives should preferably be
possible to calculate without numerical approximation (should be “analytically” definable). A
common basis function that has this very property is the Gaussian function. Any smooth signal
can be approximated from linear combinations of Gaussians, as long as we have an infinite number
of them to choose from. The Gaussian function also reflects what can be expected from a quantum-
mechanically derived wave function |Ψ〉:

• The wave function can be arbitrarily spread-out in space: the Gaussian can have an arbi-
trarily set width.

• The amplitude of the wave function will oscillate smoothly but is never zero: a Gaussian
is a non-zero, smooth function representing a normal distribution around some point in
phase-space regardless of how spread-out it is.

• To describe a large number of atoms spread out at different locations in space, all having
related momenta and trajectories, the width of the Gaussian determines what region of space
the described interactions are restricted to.

• A quantum particle can be interpreted as having both classical and “wave-like” properties:
a linear combination of Gaussians can define a wave function that is centered on classical
points in momentum and coordinate space.

The work contained in my thesis is focused on finding the most computationally efficient
way of picking which out of the arbitrarily large number of Gaussians in a basis that are used
to represent a given quantum mechanical wave function that is propagated through space due
to potential energy interactions that reflect the an-harmonic nature of chemical reactions. The
feasibility of using these methods for chemical simulations of large molecules is increasing partly
due to the current ease of access to powerful computing machines, but mainly for the recent
developments in research on new numerical quantum-based simulation methods.

/Erik Källman
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