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Summary in Swedish
(Sammanfattning)

Här följer en kort svensk sammanfattning av avhandlingen vars svenska
titel (fritt översatt) är Modellering och reglering av olinjära system med
tillämpningar på selektiva katalytiska reduktionssystem. Avhandlingen är
skriven inom ämnet Elektroteknik med inriktning mot Reglerteknik. Först
ges en kort bakgrund och därefter diskuteras avhandlingens innehåll.

Dieselmotorer driver lastbilar, bussar och även många personbilar. Dessa
finns även i stora värmekraftverk och i fartyg. Dieselmotorer är väldigt ef-
fektiva förbränningsmotorer som drivs genom att öka temperaturen under
kompressionstakten så mycket att bränslet självantänder när det under
högt tryck sprutas in under kompressionstaktens slutskede. Trots att
dieselmotorer har en god bränsleekonomi och hög verkningsgrad i jäm-
förelse med till exempel bensinmotorer, kan de orsaka höga emissioner av
bland annat kväveoxider, koldioxid, sot och partikelmassa. Kväveoxider,
som ofta benämns NOx, består främst av kvävemonoxid (NO) och kväve-
dioxid (NO2).

För att reducera NOx-utsläpp från förbränningsmotorer kan avgasåterled-
ning användas. Avgasåterledning (engelska exhaust gas recirculation,
EGR) innebär att en mindre del av avgaserna återleds till motorns in-
sugssida för att sänka förbränningstemperaturen och på så sätt reduc-
era mängden NOx. Denna teknik kan användas på både diesel- och
bensinmotorer. Inom andra områden, exempelvis värmekraftverk, har
selektiva katalytiska reduktionssystem (engelska selective catalytic re-
duction, SCR-system) använts sedan början av 1970-talet. SCR-system
minskar mängden NOx genom tillsättning av ammoniak, i form av urea,
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20 Summary In Swedish

i katalysatorn. Under 1990-talet introducerades tekniken även i fartyg.
Inte förrän omkring 2005 började denna metodik även användas i last-
bilar i Europa som en följd av nya EU-regler som begränsade utsläppen
av NOx och luftburna partiklar för tunga fordon till en nivå som inte
gick att hantera med enbart EGR. I början av 2009 introducerades även
SCR-system i vissa personbilar. För stationära och marina dieselmo-
torer är SCR-system tämligen lättanvända eftersom stora katalysatorer
kan användas. I fordonssystem däremot är utrymmet för katalysatorn
begränsat. Bristen på utrymme gör att förhållandevis små katalysatorer
måste användas vilket i sin tur leder till att doseringen av urea måste
styras noggrant för att erhålla en hög NOx-reduktion utan att överdosera
mängden urea.

För att kunna klara emissionskraven, samt för att möta strängare krav i
framtiden, behövs bättre styrning av mängden urea till katalysatorn. Om
mängden urea är för låg, reduceras inte tillräckligt mycket NOx och om
den är för hög förbrukas onödigt mycket urea vilket kan bidra till ökad
slitage och därmed att katalysatorn förstörs på sikt. Dagens styrning av
urea är baserad på statiska tabeller och dessa är inte optimerade. Målet
med avhandlingen är således att ta fram dynamiska modeller av SCR-
systemet för att sedan designa reglersystem baserat på modellerna så att
katalysatorns resultat förbättras.

I detta arbete har data från en simulator och data från verkliga dieselmo-
torer vid Scania AB i Södertälje använts för att ta fram empiriska olinjära
modeller av SCR-systemet. Olika modeller har utvärderats och jämförts
med varandra. Vidare har dessa modeller använts för att ta fram olinjära
reglersystem som har validerats i simulatormiljö.

Avhandlingen är indelad i tre separata avsnitt. I första delen ges en
överblick av systemidentifiering och reglerteknik och de metoder och mod-
ellstrukturer som använts i avhandlingen. SCR-systemet beskrivs till-
sammans med de kemiska reaktioner som bidrar till reduktion av NOx.
Reaktionerna är då konverterade till matematiska modeller som beskriver
flödet av NOx och ammoniak inuti katalysatorn som en funktion av tem-
peraturen samt flödet av avgaserna från motorn. Denna matematiska
modell är en så kallad kemisk modell av SCR-systemet.

I den andra delen, förbättras en känd algoritm för rekursiv identifiering av
okända parametrar i en olinjär modell genom förbättring av diskretiser-
ingsmetoden samt genom skalning av samplingstiden, för att erhålla bät-
tre numeriska egenskaper. En analys har utförts på algoritmen för att un-
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dersöka konvergensegenskaperna och avgöra under vilka omständigheter
och till vilken punkt i parameterrummet algoritmen konvergerar. I en
senare del av avhandlingen används denna algoritm för att ta fram en
andra ordningens olinjär empirisk modell av SCR systemet.

I den sista delen av avhandlingen, jämförs de empiriska modellerna med
varandra och används för design av tre olika olinjära regulatorer. Dessa
regulatorers beteenden utvärderades i en simulator med tillfredsställande
resultat. Vidare har reglering av temperaturen av materialet i SCR-
systemet berörts. Genom att höja temperaturen kan NOx-utsläppen
minskas. Detta har visat sig vara effektivt för att öka den totala aku-
mulerade NOx-reduktionen, och kommer att användas i lastbilarna på
Scania AB i framtiden.
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Mathematical Notation

xT transpose of the vector x
xs scaled component x
ẋ(t) time derivative of x(t)
x(n)(t) n-th time derivative of x(t)
col x(t) vector of stacked columns of x(t)
θ0 true value of θ
θ̂(t) estimated value of θ at time t

θ̂(t|t) estimated value of θ, conditioned on data at
time t

q−1 backward shift operator
� equal by definition
∇f gradient of f
R
n real n-dimensional space

S set
∈ S belongs to the set S
⊂ S subset of the set S
∂S boundary of S
S\∂S interior of S
I identity matrix (unspecified dimension)
In identity matrix (n× n)
E(·) expectation operator
‖·‖2 spectral norm
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Chemical Notation

CO carbon monoxide
CO2 carbon dioxide
HNO3 nitric acid
NO nitrogen monoxide
NO2 nitrogen dioxide
N2O nitrous oxide
NH3 ammonia
NH4NO3 ammonium nitrate
SO3 sulphur trioxide
TiO2 titanium dioxide
V2O5 vanadium pentoxide
WO3 tungsten trioxide

Kinetic model notation

rdes reaction rate of desorption of ammonia
rads reaction rate of adsorption of ammonia
rSCR reaction rate of the SCR reactions
rOx reaction rate of oxidation of ammonia
θNH3 ammonia coverage
CS number of reaction sites
ni molar mass of compound i
ci concentration of compound i
Fexh flow rate of the exhaust gas
FAdBlue flow rate of injected AdBlue
Ea,j activation energy for reaction j
T temperature
R molar gas constant
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Abbreviations

AdBlue aqueous solution containing 32.5% urea
ANR ammonia to nitrogen oxide ratio
ASC ammonia slip catalyst
ARX auto regressive with exogenous input
ARMAX auto regressive moving average with exogenous

input
DOC diesel oxidation catalyst
DPF diesel particulate filter
DEF diesel exhaust fluid
EGR exhaust gas recirculation
EKF extended Kalman filter
EPA environmental protection agency
Euro I - Euro VI the six legislations introduced by the European

union to limit the emissions from engines
HCs hydrocarbons
HJB Hamilton-Jacobi-Bellman
HW Hammerstein-Wiener
i.i.d. independent and identically distributed
IMC internal model control
LQ linear quadratic
LQG linear quadratic Gaussian
LTI linear time invariant
MPC model predictive control
MLP multi-layer perception
MM multiple-model
MISO multiple-input single-output
MIMO multiple-input multiple-output
MSE mean square error
NARX nonlinear auto regressive with exogenous input
NARMAX nonlinear auto regressive moving average with

exogenous input
NN neutral networks
NOx combination of NO and NO2
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NSS nonlinear state space
OE output error
ODE ordinary differential equation
PDE partial differential equation
PDF probability density function
PEM prediction error method
PM particulate matter
PWA piecewise affine
RPEM recursive prediction error method
SCR selective catalytic reduction
SIMO single-input multiple-output
SISO single-input single-output
SS state space
w.p.1 with probability 1
w.r.t. with respect to



Chapter 1
Introduction

Heavy duty vehicles are one of the main resources for industrial trans-
portation and they are necessary for maintaining and improving the

standard of life world wide. The majority of these vehicles are powered
by diesel engines which are highly fuel efficient. Despite this property,
they emit a substantial amount of mono-nitrogen oxides (NOx), carbon
oxides (CO and CO2), particulate matter (PM) and other emissions that
affect the environment negatively. In order to reduce the adverse effects
of these emissions, engine development and improved emission properties
need to be highly prioritised.

In this chapter, an overview of today’s emission problems caused by diesel
engines is given. Further, the legislations together with the background
of the solutions available today are presented.

1.1 Background

Nitrogen oxide is a combinational name of nitric oxide (NO) and nitro-
gen dioxide, (NO2), produced during combustion. These emissions exist
naturally in the atmosphere and are formed when air is heated up to
very high temperatures, for instance during thunderstorms. Still, when
the amount of NOx increases significantly, it has hazardous effects on the
environment and our health.

27



28 1. Introduction

1.1.1 Environmental impact of NOx

High concentration of NOx also contributes to the formation of ground
level ozone (also known as smog). Ground level ozone is created when
NOx reacts with hydrocarbons (HCs). HCs exist naturally or are created
in engines due to incomplete combustion. This ozone is highly dangerous
for the human respiratory system. Ozone is also a strong greenhouse gas
that may lead to increased global warming when emitted. At the same
time, NOx destroys the ozone in the stratosphere which causes damage
to humans, animals and plants. [67].

One other key problem caused by the excessive amount of NOx is that
atmospheric NOx forms nitric acid (HNO3), contributing to formation of
acid rains leading to acidification of lakes and the oceans. This property
also leads to deterioration of building materials.

1.1.2 Legislations

In order to reduce the adverse effects of the NOx emissions, the European
union, as well as some other developed countries e.g. the US (via the
Environmental Protection Agency (EPA)) and Japan, have put stringent
regulations in place to restrict the emissions, [33; 122]. These legislations
are the primary driving force for development of new emission reduction
techniques. Emission standards for the European legislation have recently
been updated in the Euro VI, which propose a NOx emission limit value
of 0.4 g/kWh for heavy duty engines. The Euro VI emission standard
has been in effect since January 1st 2014. As shown in Fig. 1.1, the
legislations require both NOx and particulate matter (PM) to decrease
simultaneously.

There are two distinct ways of approaching the problem of NOx reduction:

• Improve the engine control systems, by for instance exhaust gas
recirculating (EGR) technology, [34].

• Improve the existing aftertreatment systems.

The main problem with the first strategy is that the formation of NOx

is directly correlated with the fuel efficiency, [53]. The more efficient
the engine is, the higher are the NOx emissions. The amount of PM is
inversely proportional to the amount of NOx. This inverse proportion-
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Figure 1.1: Historical overview of the NOx and particulate matter (PM)
legislations in Europe since 2000.

ality is especially notable at low diesel exhaust temperatures, generally
between 300 − 450◦ C, [68]. PM is also hazardous for the environment,
therefore to be able to keep both PM and NOx low, engine tuning may
not be flexible enough.

In order to meet the stringent emission standards, new methods for con-
trol of aftertreatement systems are therefore of great importance. Three-
way catalysts have been very popular for simultaneous reduction of car-
bon monoxide (CO), HCs and NOx and they are very useful in many
vehicles, e.g. [72], but due to their requirement of stoichiometric opera-
tion, they are not applicable in diesel engines. Today, selective catalytic
reduction systems (SCR), utilising ammonia as a reduction agent are used
for NOx reduction in diesel engines. The SCR technique was developed
in the 1970’s for stationary applications such as thermal power plants [7],
and was introduced in marine applications in the late 1990’s, (e.g. the
RoRo Ferry Nils-Dacke of the TT-Line in 1995 by Siemens, [69])

As seen in Fig. 1.1, the introduction of the Euro IV legislations in 2005
meant a significant reduction of the PM by up to 80%. This high require-
ment on PM reduction was at the cost of an increasing NOx production
while using EGR and DPF techniques. Later on, the SCR technology was
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used for mobile applications to achieve the introduced emission goals.
In 2005 the first SCR catalyst was implemented for heavy duty appli-
cations. Because of space limitations in vehicles, the reduction is also
limited leading to certain problems such as ammonia slip. Ammonia slip
is the ammonia released at the catalyst tailpipe, either due to low tem-
perature within the catalyst or due to over-dosage of ammonia at higher
temperatures. The excess ammonia not only smells bad, in reaction with
other substances produced during combustion it can also be toxic. In
the recent updated European legislations, the amount of ammonia slip
is limited to a concentration limit of 10 ppm for predefined cycles, these
cycles are presented in detail in Chapter 5. The nitrogen in ammonia can
also cause acidification problems, that leads to eutrophication of soils,
fresh water systems and marine waters, [71]. Moreover, ammonia can re-
act with SO3, sulphur trioxide, which is created in case there is a sulphur
content in the fuel oil. This reaction gives rise to creation of particles such
as ammonium sulphate at temperatures below 320◦C and can damage the
catalyst, [51, p. 147].

Today, look-up tables are a main source of control of the injected am-
monia, [34]. This procedure is neither optimal nor cost efficient in the
long run. Due to lack of feedback control, the amount of urea cannot be
efficiently controlled, which may cause over-dosage of urea. Therefore it
is very important to be able to control the amount of injected urea into
the SCR system and to be able to reduce the tailpipe NOx and ammonia
using reliable control algorithms. This task requires models describing
the system behaviour well.

The regulations and legislations are of course not limited to heavy-duty
vehicles, the emission standards also cover more emissions than NOx and
PM. However, these legislations are outside the scope of this work.

1.2 Objective and contributions

The objective of this thesis is to contribute to the development of non-
linear black-box system identification and automatic control methods for
modelling and control of SCR systems. Another objective is to compare
these modelling techniques with other existing ones. In this thesis some
of the obtained models are used for design of suitable nonlinear con-
trollers. One of the main contributions of the thesis is the improvement
and analysis of a nonlinear identification algorithm and the application
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of the method along with other identification methods, to the SCR sys-
tem. Further, several approaches for control of the NOx emissions, either
through direct control of the injected ammonia, or by temperature con-
trol, are proposed and evaluated.

1.3 Outline of the thesis

This thesis is divided into three parts. The first part serves as an intro-
duction where the background of SCR systems together with some of the
fundamentals of nonlinear system identification and automatic control
theory are given. In the second part, a recursive identification algorithm
is refined and its convergence properties are analysed. The third part
of the thesis consists of modelling and control of the SCR system. The
main contributions of this thesis appear in Chapter 6-11. In Chapter 12,
concluding remarks are given and future work is proposed.

Chapter 2

In this chapter, the fundamentals of nonlinear system identification is
given. An overview of the different model structures and methods typi-
cally used for identification of these systems are also described.

Chapter 3

In this chapter, a short overview of some of the common techniques used
for controller design for nonlinear systems is presented. Most of the
control strategies presented are used in the thesis.

Chapter 4

In this chapter, a short presentation of the selective catalytic reduction
system is given where the chemical reactions involved in the process are
presented. One of the first principles based models of a SCR catalyst is
given. Further, a review of the existing work connected with the mod-
elling and control of these systems are presented.
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Chapter 5

The simulator setup and the real test cell environment used for data
collection at Scania AB are presented in this chapter. The test cycles
used for validation of the legislations and some examples of input and
output data are shown.

Chapter 6

In this chapter, a recursive prediction error method for identification of
a continuous-time nonlinear state space model is improved using a more
accurate discretisation algorithm. The effects of the new discretisation
algorithm on the states, parameters and the Hessian is analysed and illus-
trated through several examples. The main contribution of this chapter
is based on the work [115; 136]

• S. Tayamon and T. Wigren "Recursive Identification and Scaling of
Non-linear Systems using Midpoint Numerical Integration". Tech-
nical report, October 2010, Uppsala University.

A preliminary version of the results are published and presented at, [116]

• S. Tayamon and T. Wigren "Recursive prediction error identifi-
cation and scaling of nonlinear systems with midpoint numerical
integration". In Proceedings of the American Control Conference:
ACC 2010. July 2010, Baltimore, MD - USA.

The used algorithm is available as a free software and are together with
a manual available for download at:

• T. Wigren, L. Brus and S. Tayamon "MATLAB Software for Recur-
sive Identification and Scaling Using a Structured Nonlinear Black-
box Model - Revision 6". Technical report, September 2010, Upp-
sala University. Available at: http://www.it.uu.se/research/public-
ations/ reports/2010-022/NRISoftwareRev6.zip

Chapter 7

When evaluating a recursive algorithm, the convergence properties of the
algorithm are one important aspects to analyse. In practice, an algorithm
that always produces a reliable result is often required. This requirement
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is tied to global convergence of the algorithm. However, an analysis of a
nonlinear algorithm to prove global convergence to the true parameter is
often not possible. In this chapter, it is instead shown that convergence
to a minimum of a criterion can be globally achieved. This minimum
may not be unique. This is proven by using conditions to obtain stability
of an associated ODE according to [63], that can be tied to local and
global convergence properties of the algorithm. Under certain regularity
conditions, it is proven that the algorithm obeys convergence properties
investigated by [63], i.e.

• The parameter estimates follow the trajectories of the associated
ODE asymptotically.

• Global and local stability of the associated ODE correspond to
global and local convergence of the algorithm.

• The algorithm converges globally to a (local) minimum of the pre-
diction error criterion.

Parts of this work has been published in, [119]

• S. Tayamon, T. Wigren and J. Schoukens "Convergence analysis
and experiments using an RPEM based on nonlinear ODEs and
midpoint integration". In Proceedings of the 51st Conference on
Decision and Control. December 2012, Maui, HI - USA.

A shorter version of the results is published in [117]

• S. Tayamon and T. Wigren "Convergence analysis of a recursive
prediction error method". In Proceedings of the 16th IFAC Sym-
posium on System Identification. July 2012, Brussels - Belgium.

Chapter 8

In this chapter, other black-box model structures than the one presented
in Chapter 6 and 7 are used and evaluated for modelling of the SCR sys-
tem. Both linear and nonlinear models are evaluated. The identification
and validation is performed on data collected in simulation. This chapter
is mainly based on the papers, [114; 121; 142]

• S. Tayamon and J. Sjöberg "Modelling of selective catalytic reduc-
tion systems using discrete-time Linear Parameter Varying mod-
els". In Proceedings of the 19th IFAC World Congress. September
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2014, Cape town - South Africa.

• D. Zambrano, S. Tayamon, T. Wigren and B. Carlsson "Identifica-
tion of a discrete-time nonlinear Hammerstein-Wiener model for a
selective catalytic reduction system". In Proceedings of the Ameri-
can Control Conference: ACC 2011. July 2011, San Fransisco, CA
- USA.

• S. Tayamon, D. Zambrano, B. Carlsson and T. Wigren "Nonlinear
black box identification of a selective catalytic reduction system".
In Proceedings of the 18th IFAC World Congress. September 2011,
Milano - Italy.

Chapter 9

In this chapter, the identification algorithm described in Chapter 6 is used
for identifying the unknown parameters of a black-box nonlinear state
space model describing the dynamics of the SCR system. The model is
a second order nonlinear model with 17 unknown parameters. The data
used for identification and validation of the model is collected using a
high fidelity simulator based on an 18 state first principles based model
described in [34].

The nonlinear model is then used for design of a controller using feed-
back linearisation techniques including an adaptive strategy. A linear
quadratic Gaussian controller is used for the control of the linearised sys-
tem. The majority of the work presented in this chapter is based on the
following work, [118]

• S. Tayamon and T. Wigren "Control of selective catalytic reduction
systems using feedback linearisation". Submitted to Asian Journal
of Control. 2014.

Modelling of the SCR system has also been performed using data from a
different simulator, and the results ar available at, [121]:

• S. Tayamon, D. Zambrano, B. Carlsson and T. Wigren "Nonlinear
black box identification of a selective catalytic reduction system".
In Proceedings of the 18th IFAC World Congress. September 2011,
Milan - Italy.
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Chapter 10

Another way of modelling an unknown nonlinear system is by defining
different operating points of the system where the dynamics is close to
linear. This way, linear black-box models of the system can be used for
design of linear controllers for each operating point.

The chemical reactions involved in the SCR system depend on the oper-
ating points of the system, resulting in a nonlinear system. Local linear
models of output error (OE) type given on state space form are used for
describing the different operating points of the process. These models are
extended by a linear dynamic model describing the ammonia coverage at
each region.

Two different control strategies are used in this chapter. Model pre-
dictive control is applied for a multiple input multiple output (MIMO)
model and internal model control is applied for a multiple input single
output (MISO) model. Local model predictive controllers and internal
model controllers based on the linear models are integrated into a global
controller. A Bayesian approach is used to mix the local output of the
controllers. A detailed simulator is used for evaluation and test of the
controller.

The main contribution of this chapter is based on the following works,
[112; 120]

• S. Tayamon and D. Zambrano "A multiple model-based controller
for NOx reduction in a Selective Catalytic Reduction system". In
Proceedings of the 12th European Control Conference. July 2013,
Zurich - Switzerland.

• S. Tayamon "Identification and control of Selective Catalytic Re-
duction systems based on multiple-model approach". Submitted to
Control Engineering Practice. 2014.

Chapter 11

In this chapter, a different approach for NOx reduction is taken. For
optimal NOx reduction using the SCR technique, a certain temperature
must be reached. This paper deals with modelling and control of the
temperature inside the SCR system for optimal catalyst operation. A first
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principles based model is described for the propagation of the temperature
inside the catalyst. The model is described in linear parameter varying
(LPV) state space form and used for control of the temperature using an
LQG controller. The states of the proposed model are not measurable.
For this purpose, a Kalman filter based observer is designed for estimation
of the states that are used for state feedback in the controller. The
observer is designed for discrete-time LPV systems. The resulting model
of the temperature gives a model fit of up to 77% for validation data and
the controller requirements are met using the proposed controller applied
in a simulator environment. This chapter is based on the following paper,
[113]:

• S. Tayamon, A. Larsson and B. Westerberg "Model based control of
the selective catalytic reduction system temperature". Provision-
ally accepted at IET Journal of Control Theory & Applications.
2013.
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Introductory overview
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Chapter 2
System Identification

System identification is a vast area. The theory is well-developed for
linear systems and in the past decades it has been extended for mod-

elling of many nonlinear systems. In this chapter, an overview of non-
linear system identification is presented. The chapter does not serve as
a comprehensive overview of system identification, rather the goal is to
present a short introduction to the methods and techniques utilised and
discussed in the thesis.

2.1 Introduction

System identification is about mathematical modelling of dynamic sys-
tems using experimental data. A dynamic system can be illustrated as
in Fig. 2.1. The input signal u(t) is the driving force to the system, the
input signal is under control of the user, [105]. The system has the mea-
sured output y(t), and a disturbance w(t), the latter not being available
for manipulation that may or may not be measurable. In many appli-
cations, it is of great interest to be able to control the system to obtain
a desired behaviour. Often mathematical modelling is then needed to
describe the system. In some cases it is also useful to have models of
systems to increase the level of understanding, and to be able to predict
the outcome even when control is not performed.

Identification of nonlinear systems has gained high attention in the last

39
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v(t)

u(t) y(t)
S

Figure 2.1: System description.

decades. This is mainly because the theory of linear system identification
is already well developed, but also, because linear system identification
might not give satisfactory results when the system has a nonlinear dy-
namics. In some nonlinear systems though, a linear model can be suffi-
cient for the purpose of control. In other cases where the dynamics of the
system varies a lot for different operating points, this may not be possi-
ble. An example where relying on a single linear models fails is in flight
control, where gain scheduling is often used to overcome the problem,
[79].

2.2 Modelling principles

Modelling techniques related to system identification can generally be cat-
egorised in three main groups, white-box, grey-box and black-box mod-
elling.

• White-box modelling. This modelling technique is where the model
is fully derived based on for example, physical, chemical or bio-
logical properties of the system. The main advantage of white-box
models is that they are not data dependent and hence may describe
the system very well for all operating points. Newtonian planetary
dynamics [123], or Maxwell’s equations [141] constitute such ideal
examples. White-box models often require precise calibration which
may make the models difficult to reuse.

• Grey-box modelling. Grey-box modelling denotes modelling of a
system based on a priori knowledge, together with collected data
from the system, [14]. Generally, some physical information is used
in the modelling process together with system identification tech-
niques. This type of identification often results in models with high
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accuracy and reliability. However, they are often application spe-
cific and time consuming to derive. In systems such as the SCR
catalyst, where the dynamics of the process changes rapidly due to
ageing or fouling of the catalysts, grey-box modelling may become
a costly process.

• Black-box modelling. The modelling technique where little a priori
knowledge about the system is used in the modelling process is
called black-box modelling. Here, the description of the system
is mainly empirical and based on the collected data, [100]. One
advantage of such methods is that many times the complexity of
the models are reduced. A drawback is that no or little physical
interpretation of the system is available in the model and the models
cannot be easily used for understanding the underlying system.

2.3 Nonlinear model structures

In this section, a short summary of some of the most common model
structures that are used for modelling of nonlinear systems is given.

Remark 2.1. Note that, in the field of modelling and system identifica-
tion, modelling of a system used for identification is often referred to as
the identification of the system.

2.3.1 Discrete-time nonlinear difference equations

NARX and NARMAX are the nonlinear equivalent to the ARX, Auto
Regressive with eXogeneous inputs, and the ARMAX model, Auto Re-
gressive Moving Average with eXogeneous inputs, linear model structures.
The ARMAX model structure is as follows

A(q−1)y(t) = B(q−1)u(t) + C(q−1)e(t) (2.1)

where q−1 is the backward shift operator, y(t) is the output, u(t) is the
input and e(t) is white noise. A(q−1), B(q−1) and C(q−1) are polynomials
in the backward shift operator q−1.

The ARMAX model structure is very general, any linear finite-order sys-
tem with a stationary disturbance and a rational spectral density can
be described using the ARMAX model structure. By extending the AR-
MAX model by introducing nonlinearities in the model structure, it is
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generalised to a nonlinear ARMAX structure, denoted NARMAX. For
the single-input single-output system, the structure is

y(t) = F [y(t− 1), y(t− 2), . . . , y(t− ny), u(t− d), . . . , u(t− d− nu),

e(t− 1), . . . , e(t− ne)] (2.2)

where F (·) is an arbitrary nonlinear function. This nonlinear function
can for instance be chosen as a polynomial of the arguments. In (2.2),
ny, nu and ne are the orders for each signal and d is the time delay of
the input, [24; 52]. ARX, and NARX can be regarded as special cases of
the ARMAX or NARMAX model structures, respectively. An overview
of nonlinear system identification for discrete-time systems using these
methods is given by [24].

2.3.2 Discretised continuous-time nonlinear ODEs

Ordinary differential equations (ODEs) are often used to describe system
dynamics of various physical and chemical systems or processes. In order
to be able to use the continuous-time ODEs in digital controllers, they
need to be discretised. The nonlinear ODE described on state space form
is ⎛

⎜⎜⎜⎝
ẋ1(t)

...
ẋn−1(t)
ẋn(t)

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

x2(t)
...

xn(t)
f(x, u(t), θ)

⎞
⎟⎟⎟⎠

y(t) = x1(t),

(2.3)

where x = (x1 x2 . . . xn)
T is the state vector. The input vector

is given by u = (u1 . . . u
(n1)
1 . . . uk . . . u

(nk)
k )T where (·)(j)

denotes the j-th derivative. The parameter vector θ is assumed to be
unknown and the nonlinear function f(x, u, θ) can chosen as a polynomial
function and parametrised as

ϕT (x, u)θ, (2.4)

where ϕ(x, u) is the regressor vector containing components that are a
combination of the states and the inputs, describing the polynomial struc-
ture of f(x, u, θ).
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The model presented in (2.3) can be discretised by applying the Euler
integration method with the sampling period Ts, after which the following
discrete-time model is obtained as described in [135],⎛
⎜⎜⎜⎝

x1(t+ Ts, θ)
...

xn−1(t+ Ts, θ)
xn(t+ Ts, θ)

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

x1(t, θ)
...

xn−1(t, θ)
xn(t, θ)

⎞
⎟⎟⎟⎠+ Ts

⎛
⎜⎜⎜⎝

x2(t, θ)
...

xn(t, θ)
ϕT (x(t, θ), u(t))θ

⎞
⎟⎟⎟⎠

y(t) = x1(t, θ).
(2.5)

2.3.3 Block-oriented nonlinear models

In order to describe nonlinear systems, block-oriented nonlinear mod-
els can sometimes be used. Such models divide the system into linear
and nonlinear subsystems, i.e. blocks. The most common block-oriented
models include

• Hammerstein models. The models are in many cases a good ap-
proximation of nonlinear systems. The model structure consists of
a static nonlinearity followed by a linear transfer function, [12; 61].
The input and the output are measurable, but the intermediate sig-
nal is not accessible. The parameters of the model are identified
for instance by separation of the linear and nonlinear part by us-
ing iterative identification. Examples where Hammerstein models
have been proven to be useful are in identification of electrically
simulated muscles, [50] and radio power amplifiers, [58].

Input
nonlinearity

LTI
system

Figure 2.2: Block diagram of the Hammerstein model structure.

• Wiener models. These are similar to Hammerstein models. This
model structure consists of a linear transfer function followed by
the static nonlinearity on the output of the system. The output
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nonlinearity might for instance represent a sensor nonlinearity, or
other nonlinearities in the system that take effect at the output.
This model structure has also proven useful in several practical
applications such as chemical processes, [55; 144] and biomedical
applications, [98].

LTI
system

Output
nonlinearity

Figure 2.3: Block diagram of the Wiener model structure.

• Wiener-Hammerstein models. The combination of the Hammer-
stein and the Wiener model, where the system is described by two
linear models enclosing a static nonlinear function. References [13]
and [99] deal with identification using this model structure.

• Hammerstein-Wiener models. This model represent another com-
binatorial structure of the Wiener and Hammerstein model. In the
Hammerstein-Wiener structure, the nonlinearities appear at the in-
put and the output and the dynamics is described by a linear trans-
fer function. The Hammerstein-Wiener model structure has been

Input
nonlinearity

LTI
system

Output
nonlinearity

Figure 2.4: Block diagram of the Hammerstein-Wiener model structure.

used in this thesis for identification of the SCR catalyst and the
results are given in Chapter 8. The chosen identification algorithm
is a prediction error method.

2.3.4 Neural networks

Neural networks for system identification have been used in many appli-
cations. A neural network is a mathematical model of the system made
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up of artificial neurons connected to each other imitating the human
brain. The structures consist of computational nodes that are placed in
different layers where the nodes in each layer operate in parallel. All the
nodes in each layer are then connected to the nodes in the other layers,
a structure denoted the multi-layer perceptron (MLP). The weights are
adapted during the learning process. The method of identification using
neural networks is basically through learning from a set of observations
using specific learning rules. The model is trained with a training func-
tion and the idea is to find a model that minimises the difference between
the model and the real output. Feed-forward neural networks are able to
learn complex input-output mappings, [25]. Some examples of the use of
neural networks (NN) in modelling of dynamics systems is illustrated in
[127; 139] where the models are also used for controller design.

2.4 Reuse of linear models

In certain cases, the nonlinearities of the models can be eliminated. These
techniques are commonly used to reduce the complexity of the nonlinear
model mainly for control purposes. In the following, two examples of
such methods applied in the thesis are briefly described.

2.4.1 Linear parameter varying models

In a fairly large subset of nonlinear systems, linear parameter varying
(LPV) modelling techniques can reduce the nonlinearities. The nonlinear
model is transformed into a linear equivalent model by describing the
system as a linear model with external time-varying parameters, denoted
scheduling parameters. LPV models can be seen as a more general form of
linear time-varying systems, where some of the time-varying parameters
are the scheduling parameters.

A general fractioned discrete-time LPV system is given by

x(t+ 1) = A(ρ(t))x(t) +B1(ρ(t))u(t) +B2(ρ(t))w(t),
y(t) = C(ρ(t))x(t) +D1(ρ(t))u(t) +D2(ρ(t))w(t),

(2.6)

where x(t) ∈ R
nx denotes the state, u(t) ∈ R

nu , is the exogenous input
w(t) ∈ R

nw is the non-controllable signal, y(t) ∈ R
ny denotes the output,

and ρ(t) ∈ R
nρ is the scheduling parameter vector. Here ρ(t) is assumed
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to be unknown a priori but attainable at time t, [124]. The matrices
A(ρ(t)), B1(ρ(t), B2(ρ(t)), C(ρ(t)), D1(ρ(t)) and D2(ρ(t)) are analytical
matrices that may contain some unknown parameters. These parameters
are identified using existing system identification methods, such as e.g.
prediction error method.

In a physical model of the system, where no unknown parameters exist,
the scheduling parameter often consist of a physical measurable variable
that enters in a nonlinear way.

2.4.2 The multiple model approach

Another way of overcoming some of the complications encountered by
identification methods for nonlinear systems is by defining different op-
erating points with surrounding regions where the nonlinear system has
approximately linear dynamics. This way, by dividing one global nonlin-
ear model into several linear models, the control strategy can be simplified
using a so called multiple model (MM) approach. For the system, a model
bank is defined containing linear models for each operating point. The
modelling and identification of these linear models can be performed by
using any of the modelling principles described in Section 2.2

The MM approach has been used in many applications where linear con-
trol is not sufficient. Some examples include flight control [16] and pH-
neutralisation, [15]. In chemical processes, the use of multiple models is
highly relevant. For such models, the decomposition of operating regions
can easily be performed based on the temperature level. The variable
that defines the operating regions is called the decomposition variable.

The switch between the models in the model bank can be performed in
several ways. An intuitive way might be switching based on the decom-
position variable. Another approach, which is also used in this thesis,
is weighting of the models. An overview of the weighting of the mul-
tiple model approach is illustrated in Fig. 2.5, where the model mRi

defines the local model of region i and wi is the weight of the i-th model,
i = 1, . . . , n and n is the total number of models in the model bank. The
weights can be calculated based on either the inputs u(t) (controllable
input) and v(t) (measurable input) or the measured output y(t). The
weights of the models can also be obtained based on the probability of
the model being the correct one. The MM method can also be applied
for control, further details of MM control appears in next chapter.
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Figure 2.5: Overview of the multiple model approach

2.5 System identification methods

It is very difficult to provide a complete characterisation of the system
identification methods in the field of nonlinear system identification. One
reason is the high number of modelling alternatives. Here, the presenta-
tion is only intended to put the methods used in the thesis in perspective.

2.5.1 Recursive and non-recursive identification

System identification can be done in a recursive or non-recursive manner,
[66]. Recursive identification refers to identification algorithms that use
information from previous steps, whereas non-recursive methods use all
available data at once. Recursive algorithms can therefore be used online
and can compensate for changes in the dynamics of the process. In chem-
ical processes for instance, where the dynamics of the system can change
significantly based on the temperature, the use of recursive identification
can be very useful. Since the dynamics of the SCR catalyst is based on
chemical reactions and the behaviour of the system is often varying due to
the driving conditions, recursive identification is potentially a very useful
tool for identification of this system.
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2.5.2 Parametric and non-parametric identification

System identification techniques can be further divided into parametric
and non-parametric identification methods. The division is not always
easy and it is also affected by the model structure selection.

Parametric identification Generally, a parametric method can be
thought of as a method where the measured data is mapped onto a finite-
dimensional parameter vector. Examples of parametric methods are,

• Prediction error methods. For stochastic systems, determining the
output exactly at a given time t is not possible from the data avail-
able at time t−1, [105], e.g. due to various disturbances. Therefore,
it is reasonable to determine a model based on the prediction error
at time t using

ε(t, θ) = y(t)− ŷ(t|t− 1, θ), (2.7)

where ŷ(t|t − 1, θ) is the prediction of y(t) at time t, given the
information up to time t−1. Here, the prediction is typically based
on one of the nonlinear models described above.

• Subspace identification methods. This is more of a procedure than a
single type of algorithm. The method attempts to build state space
models from input-output data, [84]. The main steps of subspace
identification are

1. A state sequence, x̂i, x̂i+1, . . . , x̂i+j of the dynamical system
is first determined for a state space model of order n for the
system. This is typically done by orthogonal or oblique pro-
jections of the row spaces of the data block Hankel matrices
and using a singular value decomposition.

2. A least squares algorithm is used to solve the following problem
in order to obtain the state space matrices

(
Â B̂

Ĉ D̂

)
= min

A,B,C,D

∥∥∥∥
(

x̂i+1 x̂i+2 . . . x̂i+j

yi yi+1 . . . yi+j−1

)

−
(

A B
C D

) (
x̂i+1 x̂i+2 . . . x̂i+j

ui ui+1 . . . ui+j−1

)∥∥∥∥2 , (2.8)

where y is the output and u is the input of the system.
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This approach is widely used for linear systems, but has also been
used e.g. for identification of nonlinear MIMO Wiener system in
[130].

A common step in the algorithm development for many parametric meth-
ods is to determine a model that minimises a criterion function, e.g. given
by

V = E
[
(y(t)− ŷ(t|t− 1, θ))T (y(t)− ŷ(t|t− 1, θ))

]
, (2.9)

However, problem with convergence to local minima may occur, for in-
stance for output error methods.

Non-parametric identification Non-parametric identification meth-
ods often give result in terms of curves or functions that are not neces-
sarily parametrised by a finite-dimensional parameter vectors. Examples
of such identification methods for nonlinear systems are

• Correlation analysis. For this method, the input signal is often
chosen as Gaussian white noise. The cross-covariance function be-
tween the input and the output is then estimated. Examples where
correlation analysis has been used can be found in biomedical ap-
plications, [81]. This type of method often exploits the so called
Bussgang theorem which shows that the cross-correlation results
are the scaled impulse response parameter of the linear block, [11].

• Spectral analysis. This defines identification of the frequency re-
sponse of the system. The input signal can be chosen arbitrarily.
In [87], it is shown that multisines are useful as input signals for
improved excitation. Examples where spectral analysis is used for
identification is in noise and vibration analysis, [17].

2.5.3 Bayesian identification

Bayesian methods provide a general framework for state estimation where
the system identification problem is presented as a statistical problem.
The approach is to use the known information to estimate the probability
density function (PDF) of the state. Bayesian methods can be both
parametric and non-parametric.
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The extended Kalman filter

Perhaps the simplest Bayesian estimation methods for nonlinear systems
is the extended Kalman filter (EKF), [104]. The EKF can be used for
recursive nonlinear estimation of the state. The idea of the EKF is to
apply the Kalman filter to nonlinear systems, by linearising the nonlinear
model. To describe the EKF, consider the nonlinear discrete-time system

x(t+ 1) = f(t, x(t)) + g(t, x(t))v(t),
y(t) = h(t, x(t)) + e(t),

(2.10)

where v(t) and e(t) are mutually independent zero mean white Gaussian
noise and f(t, x(t)), g(t, x(t)) and h(t, x(t)) are nonlinear functions. This
model can then be extended by augmentation of the state vector with
the unknown parameter as

x̄(t) =

[
x(t)
θ(t)

]
, (2.11)

where θ(t) is the unknown parameter and its dynamics is typically ap-
proximated by a random walk model. To describe the EKF, the following
linearisation is introduced

F (t) =
∂f(t, x̄(t))

∂x̄

∣∣∣∣
x̄=ˆ̄x(t|t)

,

G(t) = g(t, x̄(t))|x̄=ˆ̄x(t|t) , (2.12)

H(t) =
∂h(t, x̄(t))

∂x̄

∣∣∣∣
x̄=ˆ̄x(t|t−1)

.

The system can then be approximated by

x̄(t+ 1) = F (t)x̄(t) +G(t)v(t) + ū(t),
y(t) = H(t)x̄(t) + e(t) + w(t),
ū(t) = f(t, ˆ̄x(t|t))− F (t)ˆ̄x(t|t),
w(t) = h(t, ˆ̄x(t|t− 1))−H(t)ˆ̄x(t|t− 1).

(2.13)

Now, the standard Kalman filter can be applied to (2.13), where it can
be used to solve the nonlinear problem in an iterative manner.

Particle filtering

Particle filtering is a numerical tool used for approximation of the PDF
of the state in nonlinear filtering problems, [41]. Particle filtering is easy
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to use but requires high computational power and might not be useful in
some industrial applications where computational power is a limitation.
An example of an extension of the particle filter is the Rao-Blackwellized
particle filter, as described in [96].

To briefly describe the main idea, assume that a nonlinear non-Gaussian
model is given by

x(t+ 1) = f(x(t), w(t)),
y(t) = h(x(t), e(t)).

(2.14)

The idea is then to obtain the PDF of the state given the data up to time
t, i.e. p(x(t)|Yt). This is not done exactly, rather the PDF is constructed
by propagation of individual points in the state space, from time t− 1 to
time t, using the nonlinear model. The PDF is then represented by the
obtained simulated samples, propagated to the next time.

2.5.4 Output error method

Output error (OE) methods include a broad family of parameter estima-
tion methods that are related to the maximum likelihood method. The
OE method can be applied to an arbitrarily model, [105]. Now, consider
the following system

y(t) =
B0(q

−1)
A0(q−1)

u(t) + e(t), (2.15)

where u(t) is the input and e(t) is white noise with variance λ2 and
A0(q

−1) and B0(q
−1) are polynomials. The unknown parameter vector,

θ is a vector containing the polynomial coefficients in A(q−1) and B(q−1).
The output error estimation of θ is then given by

θ̂ = argmin
θ

N∑
t=1

ε2(t, θ), ε(t, θ) = y(t)− B(q−1)
A(q−1)

u(t), (2.16)

where N is the total number of data points, and A(q−1) and B(q−1) are
the estimated polynomials.

A problem with OE methods is that the criterion (2.9) is generally non-
quadratic, possible with multiple local minimum points. For this rea-
son, OE-methods often suffer from convergence problems and it may be
wise to apply initialisation procedures to get good starting values for the
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numerical search. In case a least-squares problem can be set up, this
problem may not occur. OE algorithms also have advantages. There is
for instance a low risk of getting a biased estimation compared to e.g.
ARX models. The OE algorithm is also less sensitive to high frequency
un-modelled dynamics, [64]. The state space ODE based algorithm of
Chapter 6 and 7 is of OE type.

2.6 Analysis

The analysis of system identification methods can be conducted in several
ways. Some examples of analysis tools relevant for this work are reviewed
here.

2.6.1 Performance analysis

• Variance analysis. Variance is the error caused by noise in the
data used for identification. A tool for analysis of the variance is
the Cramér-Rao lower bound. It states that the variance of any
unbiased estimator θ̂ is bounded by

var(θ̂) ≥
[
−E

[
∂2 lnL(x; θ)

∂θ2

]]−1
, (2.17)

where L(x; θ) is the likelihood function.

• Bias analysis. Bias can be interpreted as the systematic error, and
is often caused by using a low order model to describe the system.
It is given by

Bias(θ̂) = E
[
θ̂
]
− θ0. (2.18)

In [39], an analysis tool is developed to analyse the bias error of an
estimate by ascribing the distribution of the error. Other techniques
of [132] quantify the nonlinear amplitude dependence of the bias.

• Goodness of fit. The model fit, FIT, is a measure of how well a
model fits a set of data observed from the system. It is given by

FIT =

(
1− ‖ym − ŷ‖2

‖ym − ȳm‖2

)
, (2.19)
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where ym is the measured output and ŷ is the estimated output of
the model. Further, ȳm is the mean of the measured output and
‖.‖2 denotes the spectral norm.

• Mean square error. A quantitative way of validating the obtained
results is by defining the mean square error, MSE, by calculating
the difference between the model output and the system output as

MSE =
1

N

N∑
t=1

(ŷ(t)− ym(t))2 , (2.20)

where N is the total number of data points.

2.6.2 Convergence analysis

When evaluating the performance of a recursive identification algorithm,
the convergence properties of the algorithm is one of the most impor-
tant aspects. Convergence analysis aims at describing the asymptotic
properties of e.g. a recursive algorithm. There are different ways of con-
ducting convergence analysis. The following approaches have been used
extensively in the past.

1. Averaging, where the updating direction of the recursive identifi-
cation algorithm is replaced by its average. In that method, an
associated ODE for the algorithm can be formulated. It is then
proven by [63] that, given that certain conditions are fulfilled, the
stability properties of this associated ODE can be connected with
the convergence properties of the recursive algorithm. The main
advantage of this method is its applicability to general algorithms
and nonlinear models.

2. Martingale theory has been used to study the convergence of a
stochastic Lyapunov function for the recursive algorithm. [29; 74;
106]. This approach has been applied, e.g. to pseudo-linear regres-
sions.

Due to the associated ODE method’s applicability to very general non-
linear models and algorithms, this approach has been used in this thesis.
An overview of the associate ODE analysis tools for a general nonlinear
case is presented here. The general recursive algorithm as described in
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[62], can be written as

x(t) = x(t− 1) + γ(t)Q(t;x(t− 1), ϕ(t)),
ϕ(t) = g(t;x(t− 1), ϕ(t− 1), e(t)),

(2.21)

where x(t) is the estimated parameter vector and ϕ(t) is the observation
obtained at time t. Further, γ(t) is the gain sequence of positive scalars
and e(t) is a sequence of random vectors. Note that the notations of
the algorithm are the same as the ones presented in [62]. The function
Q(·; ·, ·) is a deterministic function describing the updating direction and
g(·; ·, ·, ·) is a deterministic function corresponding to the state and gra-
dient recursion. Further, the convergence properties of the algorithm are
analysed using the associated differential equation approach in [62; 63].
The stability of this associated ODE can be related to the convergence
of the recursive algorithm (2.21). The associated ODE is given by

d

dτ
xD(τ) = f(xD(τ)), (2.22)

where
f(x) = lim

t→∞E(Q(t;x; ϕ̄(t))), (2.23)

and ϕ̄(t) is defined by the structure of algorithm.



Chapter 3
Nonlinear Control

Control engineering is the art of achieving a desired behaviour in a
given system. In this chapter, some of the common techniques for

control of nonlinear systems relevant for this thesis are presented.

3.1 Nonlinear feedback control

A schematic overview of a general feedback control system is illustrated in
Fig. 3.1. The system to control, i.e. the plant with the input u(t) and the

Plant

Controller
u(t)

w(t)

y(t)

r(t)e(t)
−

+

Figure 3.1: An overview of a typical control system.
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disturbance w(t), is manipulated by the controller by altering the input
signal. The measured output of the system y(t), is often compared to the
reference set-point r(t) and processed by the controller. Nonlinear control
is a vast field and not all nonlinear systems share the same properties.
There is no control design method that can be applied for all nonlinear
systems. Instead, a set of tools for different kinds of nonlinearities has
emerged. In this section, a short description of the field of nonlinear
control theory as a general field is given. Many of the discussed methods
require state feedback and a detailed analysis of some of the techniques
discussed in this chapter is stringently developed in [57]. Furthermore, a
comprehensive overview of applied nonlinear control is presented in [102].

When dealing with feedback control, one of the key desired properties
is stability of the closed-loop system. This property is greatly compli-
cated for nonlinear systems. It is stressed that stability analysis for the
proposed nonlinear controllers is not within the scope of this thesis.

3.1.1 Feedback linearisation

One successful techniques for nonlinear control is feedback linearisation.
The idea is to design a nonlinear feedback controller, that makes the
closed-loop system appear as a linear system. To describe feedback lin-
earisation, consider the class of nonlinear system on the form

ẋ = f(x) + g(x)u,
y = h(x).

(3.1)

Then, under certain regularity conditions, there exists a change of vari-
ables

z = T (x), (3.2)

together with a state feedback control

u = α(x) + β(x)v, (3.3)

that transform the nonlinear system (3.1) into an equivalent linear sys-
tem, [57]. The controller design for the linearised system can then be
performed using linear techniques. The main advantage of feedback lin-
earisation is the fact that any linear controller where the control law is
defined for v can be applied and transformed into a controller for the
nonlinear system.



3.1. Nonlinear feedback control 57

Feedback linearisation techniques include the full-state linearisation tech-
nique, where the state equation is completely linearised, or input-output
linearisation, where only the mapping between the input and output is
linearised. In this case, the state equation might be only partially lin-
earised. Input-output linearisation is an approach applied in this thesis.

Feedback-linearisation cannot be applied to all nonlinear systems. The
model of the plant needs to be on ODE form since the technique is based
on these models. One way to analyse if the closed-loop system is well-
behaved is by analysing the zero-dynamics of the system, i.e. when z = 0.
If the zero-dynamics is not well-behaved, then the system may also en-
counter problems, e.g. relating to stability. For the SCR control problem,
the necessity of this analysis is reduced by structuring the model on the
so called normal form, [57].

3.1.2 Backstepping

The backstepping technique is a popular method for control of nonlinear
systems. This technique divides the design problem of the system into a
sequence of design problems for lower order subsystems by combination
of Lyapunov technique with design of feedback control. The backstepping
technique may in many cases solve the stabilisation problem, [57].

To illustrate the backstepping technique, consider the strict-feedback non-
linear system on the following form

ẋ = f0(x) + g0(x)z1,
ż1 = f1(x, z1) + g1(x, z1)z2,
ż2 = f2(x, z1, z2) + g2(x, z1, z2)z3,

...
żk = fk(x, z1, . . . , zk) + gk(x, z1, . . . , zk)u,

(3.4)

where x ∈ R
n, z1 to zk are scalars, and f0(0) = · · · = fk(0, . . . , 0) = 0.

The recursive procedure starts with the system

ẋ = f0(x) + g0(x)z1, (3.5)

where z1 is seen as the control input with the stabilising feedback control
law z1 = φ0(x), φ0(0) = 0. For this part of the system, a feedback signal
is designed and a corresponding Lyapunov function is obtained. The same
procedure is then performed by considering the system including the two
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first equations in (3.4) with input signal z2. This is repeated until the
considered system is the entire system described in (3.4) with u as the
input signal.

3.1.3 Optimal feedback control

Optimal control consists of a class of control strategies where the control
problem is to find u which causes the system ẋ = f(x(t), u(t)) to follow
a trajectory x∗ that minimises the criterion

min

∫ tf

t0

L(x(t), u(t))dt+ φ(x(tf )), (3.6)

ẋ(t) = f(x(t), u(t)), (3.7)
u(t) ∈ U, 0 ≤ t ≤ tf , (3.8)
x(t0) = x0, ψ(x(tf )) = 0. (3.9)

where x(t) is the state vector with m elements and u(t) is the control
input constrained by the set U ∈ Rm on the time-interval 0 ≤ t ≤ tf .
Further, the constraint on the state is given by (3.9), where ψ(·) is the
terminal constraint.

Define the optimal return function as

V (t0, x0) =

∫ tf

t0

L(x∗(t), u∗(t))dt+ φ(x∗(tf )), (3.10)

where u∗(t) and x∗(t) solves the optimisation problem above. The feed-
back solution to this problem can be obtained by solving the Hamilton-
Jacobi-Bellman (HJB) equation. The HJB equation is given by

−Vt(t, x) = min
u∈U

(Vx(t, x)f(x, u) + L(x, u)) (3.11)

The HJB equation is one approach to solving the optimal control problem
defined in (3.6) - (3.9). This equation is solved backward in time and the
need for discretised input and states makes it hard to solve even with
numerical methods, [38].

Optimal control algorithms need not compute the optimal feedback con-
trol law via the HJB equation. Often, the easier problem of computing
the optimal trajectory of the problem is solved instead. This can be done
with a variety of algorithms, see [21] for details. This approach is applied
by model predictive controllers as discussed in the next section.
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3.1.4 Model predictive control

When using model predictive control design, the knowledge of the model,
linear or nonlinear, is used for prediction of the future behaviour of the
system. The term model predictive control does not relate to one single
control strategy, rather a group of control methods that use the model
of the system by minimising an objective function, MPC is hence an
application of optimal control. An advantage of model predictive control
is the possibility to include constraints on the input and output in the
optimisation.

past prediction

predicted output

set point

predicted input

y(t)

u(t)

t t+ 1

N

M

control horizon

prediction horizon

Figure 3.2: The schematic of the MPC controller.

Consider a discrete-time model on state space form

x(t+ 1) = f(x(t), u(t)),
y(t) = h(x(t), u(t), e(t)),

(3.12)

where f(·, ·) and h(·, ·, ·) are nonlinear functions, x(t) is the state vector,
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u(t) is the input vector and e(t) is the disturbance. Then, a general
quadratic objective function is given by

V (y, u) =

M∑
t=0

[ y(t)− r(t)]T Qy [y(t)− r(t)] +

N∑
t=0

u(t)TQuu(t), (3.13)

where Qy and Qu are real, symmetric and positive definite matrices seen
as tuning parameters. The MPC strategy as illustrated in Fig. 3.2 con-
sists of the following steps:

1. At a given time t, predict the output ŷ(t + k|k), for k = 1, . . . ,M
where M is the prediction horizon. This prediction depends on the
future estimated input signal u(t + j), for j = 1, . . . , N , where N
denotes the control horizon.

2. Optimise the objective function (3.13) w.r.t. u(t+j), j = 1, . . . , N .

3. Apply the optimised u(t).

4. Wait for t+ 1 and go to step 1.

3.1.5 Adaptive control

Many of the controllers, for linear and nonlinear systems, can be imple-
mented adaptively. If the system dynamics change in a process, it could
be of interest to adapt the controller to these changes by adjusting the
controller dynamics as well. An adaptive controller is a controller that
can adapt its behaviour to such changes in the system.

Adaptive control strategies cover direct and indirect control algorithms.
Direct control consists of a design where the controller parameters are
updated without defining the dynamics of the process beforehand. In the
indirect control method, the controller parameters are updated based on
the known or estimated plant dynamics and possibly the modelled/known
disturbances. In this thesis, indirect adaptive control has been utilised
for control of the SCR system together with the input-output feedback
linearisation technique. A basic sketch of an indirect adaptive control
scheme is shown in Fig. 3.3, where θ̂(t) is the estimated parameter vector
of the model that changes with time. The controller then uses θ̂(t) to
adapt the controller parameters and obtain u(t).

Adaptive control is a well established field. Fundamental contribution to
the analysis of stability of adaptive controllers appeared in the late 70’s
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and 80’s. Stability proofs were e.g. obtained in [30–32; 40; 76], while
robustness issues are discussed e.g. in [3; 91]. The reader is referred to
[5] for further information.

Plant

Controller

y(t)

θ̂(t)

u(t)

Parameter
estimation

Figure 3.3: Schematic illustration of an indirect adaptive control.

3.2 Extension of linear feedback control for non-
linear systems

Controller design for a nonlinear system is a complicated task. Therefore
in many industrial applications, linear control strategies are reused on
nonlinear systems. Here, some of the common ways of reusing linear
control strategies are given.

3.2.1 Linearisation

A nonlinear system can be linearised for different operating points and
local linear control can be used around a specific operating point. In many
cases, linearisation at one operating point can be the first approach and
may be good enough for an approximation of the entire system. This
way, one controller based on the approximation can be applied to the
process with satisfactory results. This approach is typically useful when
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the nonlinear system does not operate over a wide range [57], or when
the effect of the nonlinearity is not so large.

3.2.2 Gain Scheduling

A nonlinear process may also be controlled by using several operating
points. Gain scheduling is obtained through a nonlinear feedback, or
feedforward where the controller itself consist of a linear controller that
changes as a function of the operating point. These kind of controllers
are especially suitable for systems described on linear parameter varying
(LPV) form, where the system dynamics changes as a function of param-
eters that in turn are depending on operating points, see 2.4.1 for more
details on the LPV model structure.

An example of a recently applied gain scheduling technique for control
of waste water treatment plants can be found in [1]. A gain scheduling
controller can be designed in an adaptive manner, where the adaptation
scheme updates the table of controller parameters, [5].

3.2.3 Multiple model based control

The multiple model control approach resembles gain scheduling. The
control strategy for multiple models usually follows the same theory as
in the modelling process as explained in 2.4.2, i.e. through utilisation of
a controller bank for each operating point of the system. When applying
MM-based control, the controller design can be performed based on the
existing linear control strategies available.

In industrial applications, due to the simplicity of the controller and the
tuning process, it is usually appealing to use a PID controller for this
purpose. By using more sophisticated controllers, such as internal model
(IMC) controllers, good disturbance rejection can be obtained. Local
optimal controllers, such as linear quadratic Gaussian (LQG) controllers
can also be applied. If model predictive control (MPC) is used, the
physical constraints on the input and the output signals can be taken
into account.

For the MM approach, an adaptive controller can easily be implemented
in case the model structure is the same for all operating points. In this
case, the switch between the controllers will be smooth and the transition
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between the regions is performed in an adaptive manner, [77].

3.2.4 Feedforward control

Sometimes, the disturbances can be measured but not manipulated. In
such cases they may be used for feedforward control. The advantages
with feedforward is that the stability cannot be compromised. To give
substantial gains, accurate models are needed when utilising feedforward.
The implementation of feedforward includes the need for approximate in-
version of parts of the dynamics affecting the output signal. This is some-
times complicated already for linear systems, [107; 108], e.g. when delays
are involved. The technical complication grows for nonlinear systems.
Feedforward control is therefore not treated in this thesis. The measur-
able disturbances are used e.g. in the feedback linearising controller in
Chapter 9.
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Chapter 4
Overview of the diesel engine exhaust
system

This chapter will present a brief description of the entire diesel engine
exhaust system. First, an overview of the total system is given.

In the following section the physical structure of the selective catalytic
reduction system together with the governing chemical reactions are ex-
plained in detail, leading to one of the existing first principles based
models of the SCR system. Finally, the existing work of modelling and
control of the SCR system is reviewed.

4.1 Total system overview

The setup of a diesel engine exhaust system configuration is illustrated in
Fig. 4.1. The exhaust gas generated from the engine is first transferred
into the diesel oxidation catalyst (DOC). The main function of the DOC
is the oxidation of NO to NO2 through the following reaction

2NO + O2 → 2NO2. (4.1)

Carbon monoxide (CO) and unburned hydrocarbons (HCs) are also re-
duced through oxidisation in the DOC.

The DOC is connected to a diesel particulate filter (DPF). Under certain
conditions the soot removal can reach up to 100%. After the particulate
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Figure 4.1: The diesel engine and exhaust system configuration.

matter (PM) and soot are collected in the filter, there are two ways of
eliminating them. Some DPFs are disposable, while others are designed to
burn off the accumulated particulate. This can be achieved either through
the use of a passive, i.e by using a catalyst, or an active technology such
as a fuel burner, by heating up the filter to soot combustion temperatures.
Since the DPF collects the particles and soot, they have a limited life-
time.

The remaining exhaust gas is then released into the SCR catalyst. The
SCR catalyst contains a dosage system where the diesel exhaust fluid
(DEF) is injected into the catalyst. Injectors are designed to apply
droplets of a size 20 − 100μm into the exhaust gas to minimise solid
by-product formations, [78].

Today, the majority of the SCR catalysts have been modified with a
coated oxidation catalyst, [59], namely the ammonia slip catalyst (ASC)
that reduces the tailpipe ammonia slip.

4.2 The selective catalytic reduction system

Generally, there are two types of SCR catalysts, the plate-type catalyst
and the honeycomb catalyst. The plate-type catalyst is commonly used
in stationary or marine applications where space limitations is not a prob-
lem. For automotive applications however, the SCR catalyst commonly
consists of a honeycomb monolith structure, shown in Fig. 4.2, where
several chemical reactions take place. This monolith structure results in
a high surface area which improves the performance of the catalyst. This
structure of the catalyst is often of an inert type, which is coated with
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Washcoat

Active material

Figure 4.2: The monolith SCR catalyst and the porous structure together
with the wash coat.

a porous material. This material commonly consists of titanium oxide,
TiO2, working as a carrier, and is soaked in the catalytic active material,
[34]. Fig. 4.3, shows an example of the SCR system used on the truck
systems produced by Scania AB.

Another type of the SCR catalyst is where no inert material is used.
Instead, the catalytic material is used in the entire catalyst structure.
The active catalytic component is usually based on metal oxides, such as
vanadium pentoxide, V2O5, mixed with tungsten trioxide, WO3, [59]. Re-
cently, copper/iron-zeolit based catalysts have gained popularity due to
their high thermal durability, by managing a wide range of temperatures,
i.e. 150◦− 650◦ C, [101]. In addition, these catalysts exhibit higher NOx

conversion and efficiency, specially at lower temperature ranges, [60]. The
former catalysts do not possess this property and can cause performance
problems.

The SCR system consists of three main stages. Firstly, a reduction agent,
in this case urea, is injected upstream through a nozzle and mixed with
the exhaust flow at the input of the catalyst. Urea is contained in a
harmless aqueous solution commercially named AdBlue, which consists
of 32.5% urea, [34] with a freezing point of −11◦ C. The use of the aqueous
solution simplifies safe urea handling, since urea is highly toxic in gaseous
form. However, due to the relatively high freezing point of AdBlue, it can
be troublesome for usage during winter conditions in colder regions. This
issue is solved by including a heating system on the AdBlue injection
system. The AdBlue is carried on-board the truck and is filled manually
by the driver whenever needed. 1 litre of AdBlue is usually consumed
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Figure 4.3: Cut through of the SCR system used in Scania trucks. The
photo is retrieved from [93].

per 20 litres of diesel. The injection of AdBlue reduces the temperature
slightly, but this temperature change can in most cases be neglected.

In order to achieve selective NOx reduction, urea needs to be converted
to ammonia. The ammonia is formed thermally through the following
chemical reaction, which starts at approximately 200◦ C

CO(NH2)2 + H2O → 2NH3 + CO2. (4.2)

Secondly, the ammonia is partially adsorbed on the surface of the catalyst.
The adsorption and desorption of the ammonia is given by

NH3(gas) ↔ NH3(adsorbed). (4.3)

This is where the dominant reactions occur in the catalyst, i.e. the am-
monia reacts with the NOx emitted by the engine. NOx is composed
primarily of NO with lesser amounts of NO2, [80]. The resulting com-
pounds of the reaction is nitrogen gas (N2) and water (H2O).
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The two important reactions defining the dynamics of the SCR catalyst
are

• The standard SCR reaction

4NH3 + 4NO + O2 → 4N2 + 6H2O. (4.4)

• The fast SCR reaction

4NH3 + 2NO + 2NO2 → 4N2 + 6H2O. (4.5)

Both of these reactions operate at temperatures between approximately
200◦ − 500◦ C, and the fast reaction is kinetically more favourable than
the standard reaction, [103]. In this case, the amount of NO2 is less than
in the standard case, making DOC act before the SCR catalyst, [89]

The reaction of NO2 with the injected ammonia, is much slower than
(4.4) and (4.5) and in most cases it can be neglected when modelling,
due to its low impact on the dynamics of the SCR system. However if
the ratio of the produced NO2 to the NO in the DOC is higher than 1,
this reaction needs to be accounted for. The NO2 reaction consist of

8NH3 + 6NO2 → 7N2 + 12H2O. (4.6)

The formation of nitrogen gas (N2) and water is valid under ideal con-
ditions. Many times, this reaction will result in unwanted nitrous oxide
(N2O) which is considered a strong greenhouse gas.

The oxidation of the adsorbed ammonia inside the catalyst is the last
step of the process of NOx reduction. This reaction is given by

4NH3(ads) + 3O2 → 2N2 + 6H2O. (4.7)

Another unfavourable reaction which occurs inside the catalyst is the for-
mation of ammonium nitrate (NH4NO3), which is formed when ammonia
reacts with N2O. Ammonium nitrate is highly explosive and its creation
takes place for temperatures below 200◦ C. It is therefore very important
to not allow the temperature to fall below 200◦ C. This reaction is given
by:

2NH3 + 2NO2 + H2O → NH4NO3 + NH4NO2. (4.8)
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The efficiency of the SCR system is usually evaluated by the amount of
NOx reduced within the catalyst and by the amount of unreacted ammo-
nia at the tailpipe. One way of assessing this efficiency is by calculating
the NOx conversion using

NOx,conv =

(
1− NOx,out

NOx,in

)
· 100, (4.9)

measured in percentage. A 100 % NOx reduction is equivalent to no NOx

out at the tailpipe of the catalyst.

To remove the excess ammonia at the tailpipe, the ammonia slip is oxi-
dised using the ASC through the following reactions:

2NH3 + 2O2 → N2O + 3H2O, (4.10)
4NH3 + 3O2 → 2N2 + 6H2O, (4.11)
4NH3 + 5O2 → 4NO + 6H2O. (4.12)

Here, the same problem as in the DOC remains. Partial oxidation of
the ammonia leads to the generation of N2O, being a strong greenhouse
gas. This is a huge problem since up to 80 % of the ammonia going
into the slip catalyst can convert into N2O when there is also a relatively
high amount of NO, [70]. The best results of the ASC are obtained for
temperatures above 500◦.

One of the main issues of the SCR system is the problem of cold-start. As
explained above, the majority of the unwanted reactions, i.e. the creation
of explosive ammonium nitrate, ammonia slip and low NOx conversion,
occur due to low temperature of the exhaust gas.

4.3 Example of a first principle based model

The resulting simplified chemical/physical model of above reactions, as
shown in [94; 95] consists of the following nonlinear ODE:s. The govern-
ing equations related to the adsorption and desorption of the ammonia in
the catalyst are represented by the rate of change of the following com-
pounds: concentration of NOx, cNOx , concentration of NH3, cNH3 , the
stored ammonia, i.e. the ammonia coverage, θNH3 and the rate of change
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of the temperature, T inside the catalyst.

ċNH3 = a1cNH3,in − a2FexhTcNH3 − rads + rOx,

ċNOx = a1cNOx,in − a2FexhTcNOx

cS θ̇NH3 = rads − rdes − rSCR − rOx,

Ṫ = a3Fexh (Tin − T )− a4
(
T 4 − T 4

amb
)
,

(4.13)

where rads is the reaction rate of adsorption, rdes is the reaction rate
of desorption,(i.e. reaction 4.3), rSCR is the reaction rate of the SCR
catalyst, (reactions 4.4 and 4.5) and rOx is the oxidation reaction rate.
Finally, cS is the number of reaction sites per volume of catalyst wash-
coat. The reaction rates in (4.13) are given by

rads = k1cNH3 (1− θNH3) , (4.14)

rdes = k2e

(
−Ea,2(1−θNH3)

RT

)
θNH3 , (4.15)

rSCR = k3e

(
−Ea,3

RT

)
cNOxθNH3 , (4.16)

rOx = k4e

(
−Ea,4

RT

)
θNH3 , (4.17)

where, ki, i = 1, . . . , 4 is the pre-exponential factor of the Arrhenius type
expression and Ea,i, i = 2, . . . , 4 is the activation energy. R is the molar
gas constant, T is the surface temperature and cj is the concentration of
the compound j. The output NOx and NH3 are then given by

cNOxout =
a1cNOx,in

a2FexhT + cSRTrSCR
, (4.18)

cNH3,out =
a1cNH3,in + rdes

a2FexhT +RTrads
, (4.19)

where a1 and a2 are catalyst-specific constants and Fexh is the exhaust
gas flow.

4.4 Previous work

In this section, an overview of some of the earlier published material on
the topic of modelling and control of the SCR system is presented.

The necessity of modelling the SCR systems emerged when the engine
manufacturers where unable to meet the legislation requirements using
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previous techniques. By developing mathematical models of the SCR sys-
tem, control strategies can be applied to obtain improved performance of
the SCR system by minimisation of both the output NOx and NH3. In
many of today’s industrial applications of the SCR system, although a
variety of dynamic models and controllers exist, a static linear mapping
of the input NOx instead of dynamic control strategy is applied. This is
mostly due to the complexity of the models and the controllers. Some-
times, a tuned linear controller is implemented, but since the behaviour of
the SCR system is highly nonlinear, the performance of these controllers
are limited. Today, a high amount of ammonia is injected which reduces
most of the NOx, and to overcome the ammonia slip, ASC is installed.
The main reason for these solutions is the high cost and difficulty related
to developing new models and controllers.

As stated above, modelling of the SCR system can be performed in several
ways. One approach is to use the first principles model for describing the
system by utilising the physical knowledge about the system to create a
mathematical model, an example of this model was shown in the previous
chapter.

4.4.1 Modelling of the SCR system

Physical modelling Since the introduction of the SCR system in the
heavy duty applications in 2005, the need for active control of these sys-
tems to determine the urea injection rate for optimal NOx reduction and
minimising of the urea consumption has increased. Modelling of the sys-
tem for this purpose was evaluated in one of the earliest works [126],
where the reaction rates were used to develop a first principles based 0-D
state (i.e. static) model of the SCR system. In [140], the concept of
modelling is further investigated by introducing a numerical model of the
urea-SCR NOx reduction system using real laboratory measurements.

The use of the reaction rates of the governing reactions was discussed
in the previous chapter and is fully described in the work of [94; 95].
In that work, the model is based on the chemical reactions of the three
components: molten urea, gaseous and adsorbed ammonia and gaseous
NOx. These lead to a description of the rate of change of the ammonia
flow, the ammonia coverage, i.e. the ratio between the ammonia stored
inside the catalyst and the ammonia storage capacity, the flow of NOx

and the temperature. These components are used as states to develop
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a model that describes the dynamics of the entire SCR system by de-
scribing the mass and energy balance laws as a system of coupled partial
differential equations (PDEs). In [138], the author presents yet another
multi-dimensional model of the SCR system.

In [36], Scania AB developed a complete model of the engine and the af-
tertreatment system, including the EGR, DPF and the DOC. This model
describes the physical properties of the system fairly well by dividing the
SCR system in intersecting segments that are further divided into lay-
ers. In each segment the propagation of the exhaust gas temperature,
Tin, and the ammonia coverage is derived. The model that describes the
monolith structure of the SCR catalyst consist of three wall layers and
6 segments, resulting in a fairly complex model with 18 estimated states
and significant nonlinearities. The so obtained model is represented on
state space form and then used for controller design. The same strategy
for temperature modelling is adopted in Chapter 11 of this thesis, for
control of the exhaust gas temperature.

Another approach conveyed by [47; 48], describes the system by using
NOx and NH3 concentrations measured by accurate sensors, i.e. an NH3

sensor together with the ammonia coverage as an estimated state, in a
two-cell structured SCR system model. The authors use the model of [94]
to describe the two-cell SCR system. The two-cell SCR system consists
of two SCR catalysts in cascade. This way, the amount of NOx reduction
can be much higher by reusing the ammonia slip in the first SCR catalyst
as the reduction agent in the second system. Several control strategies
for this system based on the estimated model is presented by the authors,
[49].

A kinetic model of the vanadium pentoxide based catalyst is studied for
a range of 50− 450◦ C and presented in [27]. In [101], a similar approach
has been taken by developing a detailed transient kinetic model for the
urea-SCR system over a Fe-zeolite catalyst. The model described uses
the same chemical reaction as described in previous work. Since metal-
based catalysts can operate over a broader range of temperatures and
the dynamics of the system changes due to this property, a new model is
needed. These models are usually developed for analysis of the catalyst
performance for different temperature ranges and are not used for control.
They are however interesting, since they illustrate the difference between
the variety of catalysts.
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Grey-box modelling The models described above are all first prin-
ciples based models, i.e. they use the global chemical equations, which
requires precise calibration. Further, when the components are changed,
a redesign of the existing models is needed. One way of overcoming this
problem is to use partial information of the first principles based mod-
els and to use a grey-box approach for achieving a complete model with
estimated catalyst-specific parameters.

The grey-box modelling of the SCR system does not seem to be evaluated
in the field of SCR catalyst modelling as well as the chemical model-based
techniques are. There has however been some approaches towards grey-
box techniques. Recently, in [143], a control-based grey-box model of the
SCR system was developed by utilising the physical model of the SCR
catalyst. There, the unknown catalyst specific parameters are estimated
using measurement data, without any assumption on the real parameters.
In order to account for the error in the first principles based model, an
extension of the model to an output error formulation is used to obtain
satisfactory performance for the complete operating ranges of the SCR
system.

Black-box modelling As far as is known to the author, no available
work exists on the modelling of the SCR system using black-box tech-
niques. However, there is some work considering modelling of the diesel
emission production from the engine using black-box modelling methods.
The work includes a simple two dimensional static map of the system
[35], polynomial based models, [46], and NN models, [28; 110].

4.4.2 Model based control of the SCR system

One of the main reasons why a model of the SCR system is needed is to
design controllers to achieve a suitable behaviour of the SCR system in
terms of NOx and ammonia slip reduction. The research in the area of
SCR system control based on first principles models is well-developed. In
the work of [94; 95], the first principles based model PDEs were approx-
imated by ODEs through partitioning of the catalyst into a number of
idealised cells along the flow axis. This model was developed for one oxi-
dation cell and three catalytic cells to reduce the computational burden.
The final model is used for design of optimal feed-forward control with the
minimisation criteria being the sum of output NOx and ammonia which
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is suitable due to the cross-sensitivity of the on-board NOx sensors to
ammonia. The same model was used for controller design in [89] for two
feedforward controllers with feedback control for disturbance mitigation.
In the first design, the feedforward law was set as a constant reference
value for the output ammonia slip of 10 [ppm]. In the second design, the
feedforward control law was based on a constant ratio between NOx and
NH3.

For optimisation of the output ammonia and NOx, another approach was
taken in the work presented in [34]. The complete engine model, including
the aftertreatment system, presented by [36] was used for control of the
output NOx and ammonia slip. This was done through optimisation of
the brake specific fuel consumption including the urea cost. A nonlinear
MPC was developed to solve the optimisation problem. The prediction
horizon length was calculated based on the current ammonia coverage
and the obtained model using the SCR reaction rates.

Further, in [45], a real time model-based control strategy was presented
where the control law is based on the measurements of an ammonia sen-
sor. As mentioned previously, the existing NOx sensors are also cross-
sensitive to NH3 emissions. By using this control algorithm, the ammonia
coverage was controlled. The controller was applied adaptively to com-
pensate for example for system malfunction and catalyst ageing.

The model presented in [47] was used for control design using backstep-
ping techniques in [49] by utilising the injected ammonia as a control
input and the ammonia coverage in both cells as the control outputs. To
overcome the NOx and ammonia cross-sensitivity problem, an extended
Kalman filter (EKF) approach was taken for estimating the correct NOx

and ammonia concentrations. The two-cell model has also been used
for control of the SCR system, i.e. through the control of the ammonia
coverage using a nonlinear MPC principle in [26].

In all these cases the models contain a large amount of information and
several parameters to identify, making the identification procedure costly
and time consuming. Furthermore, the dynamics of the catalysts differ
depending on the catalytic material, and depending on the shape and
formation of the catalyst used. The ageing of the catalysts contributes
to dynamic changes as a function of time that has not been discussed
in any of the work found by the author. Also, from a control design
perspective, simpler models with few parameters are desirable to reduce
the computational burden. It is therefore convenient to use collected
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data to empirically obtain models of these systems. This is the approach
followed in this thesis.



Chapter 5
Data and experimental setup

In this thesis, the key idea is to analyse different black-box identification
techniques suitable for modelling of the SCR system with the purpose

of control in mind. To do this, two kinds of data sets have been collected.
One set has been collected from a high fidelity simulator which is conve-
nient to use to reduce cost and time of data collection. The other data
set is live data collected in a test cell environment located at Scania AB
in Södertälje.

5.1 Input signals

In order to be able to model the system, certain measurements need to be
collected. In the test cell, and the simulation environment, various sig-
nals are measured. Making suitable choices between these measurements
is crucial for model order reduction, and for simplification of the control
strategy. One natural way of reducing the number of input signals is by
looking at the essential components for the chemical reactions. The two
main components of the SCR reaction is naturally NOx and NH3, there-
fore, the input NOx and injected urea must be included in the model.
Temperature plays an important role in the formation of nonlinearities
in the chemical processes of the SCR system. As can be seen in Chapter
4, the reaction rates are highly dependent on the temperature. There-
fore, the temperature is also included as an input signal. However, the
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temperature is not directly introduced as a measurable input. This is due
to the fact that the temperature, in the physical model (4.13), enters the
system by the Arrhenius exponential. This modification has been shown
to improve the smoothness of the estimated model output, see [121].

In (4.13), it is seen that the exhaust flow is included in the chemical
model. This signal, as illustrated in Fig. 5.1, is not controllable but
correlated to the input NOx, as illustrated in Fig. 5.1. This is an issue
that can cause numerical problems in the identification process and reduce
the identifiability of the system. To analyse the importance of the flow,
several tests were conducted in the simulator environment where the flow
was varied with the other input signals kept constant. The results showed
that the output NOx is highly dependent on the exhaust flow in to the
system and therefore, this input signal was not omitted.

The measurable, but not controllable input signals,

v(t) =
(
v1(t) v2(t) v3(t)

)T
, (5.1)

to the system are then given by

v1(t) = cNOx,in
, (5.2)

v2(t) = Tin, (5.3)
v3(t) = Fexh, (5.4)

where cNOx,in denotes the concentration of NOx,in, given in [ppm], Fexh is
the exhaust flow measured in [kg/h] and the temperature of the exhaust
gas Tin in [K]. The injected urea is the only controllable input to the
SCR system, therefore it is clear that u(t) should be represented by the
injected NH3, as

u(t) = cNH3 , (5.5)

which is the concentration of NH3 in [ppm].

5.2 The simulator

The simulator layout is composed by static engine maps that provide
the values of the NOx inlet concentration, the inlet temperature, and the
exhaust flow, based on the input values of engine speed and load. These
three signals together with the injected urea, constitute the inputs to a
detailed kinetic SCR model. The output is the NOx and NH3 output
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(a) Autocorrelation of input flow
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(b) Correlation of input flow and input NOx
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(c) Correlation of input NOx and input flow
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(d) Autocorrelation of input NOx

Figure 5.1: Correlation analysis for input NOx and exhaust flow.

concentration at the tailpipe, i.e. the controlled variables. The SCR
system described in Section 4.1 is simulated using models describing each
block in Simulink. An overview of the simulation environment in Simulink
is depicted in Fig. 5.3. The simulator utilises the engine load and speed to
estimate the outputs to the DOC. It can also be used with real measured
data directly fed into the SCR system without information about the
engine load and speed.

The simulator is modelled based on a physical model of the SCR system
according to the model obtained in the work of [34] with 18 states. The
model describes the propagation of the ammonia coverage, i.e. the stored
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Figure 5.2: Description of the monolith straw-like pipes of the SCR cat-
alyst based on segments and layers.

ammonia, and the temperature inside the catalyst using ODE model.
Each ODE describes this propagation for each segment divided into n
layers as illustrated in Fig. 5.2. The total number of segments are 6 and
total number of layers 3, giving an 18-state model.

The inputs, used for identification, and the output NOx, NH3 and tem-
perature of the SCR catalyst generated by the simulator for an European
evaluation cycle, the World Harmonised Transient Cycle WHTC, are il-
lustrated in Fig. 5.4. This cycle is further explained in Section 5.4.

5.3 Test cell environment

The experiments performed on real collected data for the SCR system
modelling are based on data collected in a test cell environment at Scania
AB. An illustration of the system including the engine and aftertreatment
system in the test cell environment is shown in Fig. 5.5. The photo is
taken at the facilities of Scania AB in Södertälje, Sweden.

The engine is a 13-litres 6 cylinder Euro VI engine with 480 horsepowers.
The system is further connected to a turbo charger that improves the
efficiency of the engine by forcing extra air into the combustion cham-
ber. The flowing exhaust gas is then recirculated in the EGR system
to reduce as much NOx as possible. The exhaust gas is then pushed to
the aftertreatment system where the gas first goes through the DOC and
DPF and is then transferred to the SCR catalyst. The SCR system is a
2-cell Vanadium Pentoxide (V2O5) catalyst using AdBlue as DEF.
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Figure 5.4: Inputs and outputs of the SCR system for a European eval-
uation cycle, data generated in the simulation environment.

5.4 Test cycles

To evaluate the performance of the aftertreatment system with respect to
the legislations, certain worldwide test cycles are used. For the Euro IV
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Figure 5.5: The experimental setup at the test cell.

Table 5.1: Definition of the WHSC data.

Mode Speed Torque Time
0 Motoring - -
1 0 0 210
2 55 100 50
3 55 25 250
4 55 70 75
5 35 100 50
6 25 25 200
7 45 70 75
8 45 25 150
9 55 50 125
10 75 100 50
11 35 50 200
12 35 25 250
13 0 0 210

legislations, European test cycles were used. Starting from the Euro V
legislations, the test cycles consist of two sets of cycles for monitoring the
emission levels for heavy duty vehicles. Generally, there are stationary
and transient cycles that specify the engine speed and load values. The
two different test cycles include the World Harmonised Transient Cycle
[109], WHTC, and the World Harmonised Stationary Cycle, WHSC. The
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WHTC is a test cycle of a length of 1800 s. The speed and load values
for the WHTC are illustrated in Fig. 5.6. As can be seen, the cycle
starts with a transient part, indicating urban driving conditions, and
ends with a higher load and less transient case, which is equivalent to
highway driving. The WHSC, on the other hand, has a length of 1895 s
and consists of only stationary values for load and speed as specified in
Tab. 5.1.
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Figure 5.6: Input engine load and speed of the WHTC data.



Part II

Improvements and analysis of a
recursive identification algorithm
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Chapter 6
A Refined Recursive Prediction Error
Method

In previous work presented in [133–135], a recursive prediction error
method (RPEM) based on a black-box nonlinear model in state space

form is described. The algorithm uses a continuous-time state space
model with a restricted parametrisation, so that only one component of
the right hand side of the ODE is used to model the nonlinear function of
the ODE. An Euler forward method is used for discretisation. A drawback
is that the Euler method requires fast sampling to achieve a high accuracy.

Given the above background, the purpose and first contribution of this
chapter is to modify the RPEM of [133–135] by the use of a more accurate
discretisation algorithm. Even though the Euler method is simple and
fast, it only uses a one-sided estimate of the derivative, meaning that
the approximation order of the derivative is low. The midpoint method
applied here uses the point in between each sample to obtain a more
correct alignment, [23]. With a more accurate derivative, a more precise
parameter identification algorithm should be the result.

In this chapter, scaling of the sampling period is used to improve the
numerical properties of the RPEM. Such scaling was introduced in [134]
for the Euler based integration method. A main consequence of the use
of the midpoint method is that the state vector, parameter vector and
the Hessian will be affected differently by this scaling. The second contri-
bution of this chapter is hence the analysis of the scaling of the sampling
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period for the RPEM based on the midpoint method.

6.1 Introduction

The interest in techniques for nonlinear system identification has in-
creased due to its relevance in engineering applications. A few exam-
ples include solar heating systems [20], power system components [4] and
pH-control systems [85]. The nonlinearities of these applications present
challenges in both modelling and control design.

In cases where the knowledge of the system is limited, a black-box model
is a useful tool. A main advantage is the wide variety of applications that
can be modelled, cf. the discussion in Chapter 2 of this thesis. In this
chapter, the focus lies on refining the algorithm and results of [133–135].
In the next section, the model used for identification is described in detail.
In Section 6.3, the model is discretised using the midpoint algorithm,
and further, in Section 6.4, the effects of the scaling are analysed. In
6.5, simulation studies are performed to validate the obtained results and
finally, in Section 6.6, the chapter is summarised.

6.2 The model

The algorithm developed in this chapter is based on a nonlinear continuous-
time state space model. To describe the general model the input vector
u(t) is introduced

u(t) =
(
u1(t) . . . u

(n1)
1 (t) . . . uk(t) . . . u

(nk)
k (t)

)T
, (6.1)

together with the output vector y(t)

y(t) =
(
y1(t) . . . yp(t)

)T
. (6.2)
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Here, the superscript ni denotes differentiation ni times. The model can
be described as

ẋ =

⎛
⎜⎜⎜⎝

ẋ1
...

ẋn−1
ẋn

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

x2
...
xn

f(x, u, θ)

⎞
⎟⎟⎟⎠ ≡ f̄ (x, u, θ) ,

y =

⎛
⎜⎝ y1

...
yp

⎞
⎟⎠ =

⎛
⎜⎝ c11 . . . c1n

...
. . .

...
cp1 . . . cpn

⎞
⎟⎠

︸ ︷︷ ︸
C

⎛
⎜⎝ x1

...
xn

⎞
⎟⎠ ,

(6.3)

where x =
(
x1 x2 . . . xn−1 xn

)T is the state vector and θ is the
unknown parameter vector. As is shown in Theorem 1 in [135], the model
described in (6.3) can be used to model also ODEs with general right-
hand sides, locally in the state space. The model in (6.3) concentrates the
nonlinearity to one component of the equation, minimising the risk for
over parametrisation. The right-hand side function, f(x, u, θ), is chosen
to be a polynomial

f(x, u, θ) =

Ix1∑
ix1=0

· · ·
Ixn∑

ixn=0

Iu1∑
iu1=0

· · ·
Iu1

(n1)∑
iu1

(n1)=0

· · ·
Iuk∑

iuk=0

· · ·
Iuk

(nk)∑
iuk

(nk)=0

θix1 ...ixn iu1 ...iu1(n1)
...iuk ...iuk

(nk)
(x1)

ix1 . . . (xn)
ixn (u1)

iu1 . . .

(
u1

(n1)
)i

u
(n1)
1 . . . (uk)

iuk . . .
(
uk

(nk)
)i

uk
(nk)

. (6.4)

This polynomial can be written as a regressor vector generated from the
state vector and the input vector multiplied by an unknown parameter
vector as follows

f(x, u, θ) = ϕT (x(t, θ), u(t)) θ. (6.5)

The details of θ and ϕ(x (t, θ) , u(t)) appear in (6.6) and (6.7)

θ =
(

θ0...0 . . . θ0...I
uk

(nk)
θ0...010 . . . θ0...01I

uk
(nk)

. . .

θ0...0I
uk

(nk−1)
. . . θ0...0I

uk
(nk−1)Iuk

(nk)
. . . θIx1 ...Iuk(nk)

)T
. (6.6)
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ϕ =
(

1 . . .
((

uk
(nk)

)I
uk

(nk)
)

uk
(nk−1) . . .(

uk
(nk−1) (uk(nk)

)I
uk

(nk)
)

. . .
(
uk

(nk−1))Iuk(nk−1)

. . .
((

uk
(nk−1))Iuk(nk−1) (

uk
(nk)

)I
uk

(nk)
)

. . .(
(x1)

Ix1 . . . (xn)
Ixn (u1)

Iu1 . . .
(
u
(nk)
k

)I
uk

(nk)

))T

. (6.7)

Here, Ixi and I
u
(nj)

j

denote the polynomial degree of each variable. Since

output error identification is used the state vector x needs to be estimated.

6.3 Discretisation, gradient and algorithm

The algorithm is based on a minimisation based on the prediction errors,
ε(t, θ) = ym(t, θ)− y(t, θ), of a criterion function

V (θ) =
1

2
E
[
εT (t, θ)Λ−1(t, θ)ε (t, θ) + log det (Λ (t, θ))

]
, (6.8)

where ym(t) is the measured output and Λ(t, θ) is the unknown covariance
matrix.

In order to continue, the continuous-time model in (6.3) needs to be dis-
cretised. In this chapter, the midpoint method, also known as the second
order Runge-Kutta method, is applied as discretisation algorithm [23].
This integration method is a refinement of the Euler method. Contrary
to the Euler method, the midpoint method is not linear in the sampling
period. On the other hand, the midpoint method is not as sensitive to
the sampling period and does not require the same fast sampling that
is necessary for the original Euler based RPEM. This way a possibility
to use the RPEM for wider applications and with a better accuracy is
created. To understand the procedure, the following example is useful.

Example 6.1. The midpoint integration method solves the ODE

ẋ = g(t, x), (6.9)

by the iteration formula, [44]

xn+1 = xn + hg(tn +
h

2
, xn +

h

2
g(tn, xn)). (6.10)
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Noting that the second term of the second argument of (6.10) is

h

2
g(tn, xn) =

h

2
ẋn, (6.11)

meaning that the chain of integration of (6.3) can be exploited to replace
the derivative ẋn with the next right hand side component, i.e. ẋ2 is
replaced by x3. This is used in the algorithm below.

The model represented in (6.1)-(6.7) is hence discretised using the mid-
point method. The discretised model, using the sampling period T and
the midpoint integration scheme, is then represented as⎛
⎜⎜⎜⎝

x1 (t+ T, θ)
...

xn−1 (t+ T, θ)
xn (t+ T, θ)

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

x1 (t, θ)
...

xn−1 (t, θ)
xn (t, θ)

⎞
⎟⎟⎟⎠

+ T

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

x2 (t, θ) +
T

2
x3 (t, θ)

...

xn (t, θ) +
T

2
f(x, u, θ)

f

(
x (t, θ) +

T

2
f̄ (x (t, θ) , u(t), θ) , u(t+

T

2
), θ

)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

y(t) = Cx(t, θ), (6.12)

where f̄ (·) is defined by (6.3).

The gradient ψ(t) = Cdx(t, θ)/dθ plays an important role in the devel-
opment of the RPEM. It is constructed from the derivative of the state,
the latter being given by the equations

dx(t+ T, θ)

dθ
=

dx(t, θ)

dθ
+ T

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

dx2(t, θ)

dθ
+

T

2

dx3(t, θ)

dθ
...

dxn(t, θ)

dθ
+

T

2

df (x, u, θ)

dθ
df(x̄, u, θ)

dθ

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

,

ψ(t+ T ) = C
dx(t+ T, θ)

dθ
, (6.13)
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where

x̄ = x (t, θ) +
T

2
f̄ (x, u, θ) (6.14)

df(x̄, u, θ)

dθ
=

∂f

∂x̄

∣∣∣∣
t+T

2

dx̄

dθ
+

∂f

∂θ

∣∣∣∣
t+T

2

(6.15)

and

dx̄

dθ
=

d

dθ

(
x(t, θ) +

T

2
f̄(x, u, θ)

)

=
dx(t, θ)

dθ
+

∂f

∂θ
|t + T

2

⎛
⎜⎜⎜⎜⎜⎜⎝

0 1 0 . . . 0

0 0 1
. . .

...
...

...
. . . . . . 0

0 0 . . . 0 1
∂f/∂x|t

⎞
⎟⎟⎟⎟⎟⎟⎠

dx(t, θ)

dθ
.

(6.16)

Using the notation in (6.5) as a substitution of the function f(x, u, θ), it
follows that

∂f

∂θ
= ϕ(x(t, θ), u(t)) (6.17)

∂f

∂x
= θT

dϕ(x(t, θ))

dx

dx(t, θ)

dθ
. (6.18)

The derivative of the state vector can then be expressed as a function of
the regressor and the parameter vector solely. Inserting (6.17) and (6.18)
into equation (6.13) using (6.14) and (6.16) generates a description of the
derivative of the state vector. See [136] for more details.

The development of the RPEM follows the standard approach of [66]
and is described in detail in [135]. The gradient of the output prediction
ψ (t, θ) is used in the updating of the unknown parameters. The RPEM
is formulated using the Gauss Newton minimisation algorithm of [66], as

Λ(t) = Λ(t− T ) +
μ(t)

t

(
ε(t)εT (t)− Λ (t− T )

)
,

R(t) = R(t− T ) +
μ(t)

t
(t)
(
ψ(t)Λ−1(t)ψT (t)−R(t− T )

)
, (6.19)

θ̂(t) =

[
θ̂(t− T ) +

μ(t)

t
R−1(t)ψ(t)Λ−1(t)ε(t)

]
DM.
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where μ(t)/t is the gain sequence and R(t) is the estimate of the Hes-
sian. DM is the model set defining the allowed values of the estimated
parameters. To ensure stability, the model set is restricting the linearised
model from becoming unstable. The updating is stopped if the parameter
values are outside the model set, cf. (7.5)-(7.7). The resulting algorithm
parallels (21) of [135]. The difference is limited to the use of (6.12) and
(6.18) instead of the corresponding quantities of the Euler algorithm.

6.4 Scaling of the sampling period

In [134], scaling of the sampling period is introduced to improve the nu-
merical properties of the identification algorithm. This can be done since
the sampling period appears explicitly in the discretised model and algo-
rithm. Therefore, the model and the gradient can be iterated equally well
with a scaled value of T . The effect of this is that the algorithm produces
different values of the states and parameters, than without scaling. Note
that the sampling instances of the signals, are retained.

There are, however, simple relations that allow the unscaled states and
parameters to be recovered in the Euler integration case, at the same time
as the eigenvalue distribution of the Hessian is improved. The question
is now if similar relations exist also for the algorithm discretised with the
midpoint method?

6.4.1 Analysis of scaling

To analyse the effect of the scaling of the sampling period on the new
discretisation algorithm, two models are defined. The original midpoint
model and the scaled midpoint model. A new state vector xs (t, θs) is
defined for the scaled model with the corresponding parameter vector θs,
where the superscript s denotes the scaled quantity. The scaled model is

⎛
⎜⎜⎜⎝

xs1 (t+ T, θs)
...

xsn−1 (t+ T, θs)
xsn (t+ T, θs)

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

xs1 (t, θ
s)

...
xsn−1 (t, θs)
xsn (t, θ

s)

⎞
⎟⎟⎟⎠
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+ T s

⎛
⎜⎜⎜⎝

xs2 (t, θ
s) + T s

2 xs3 (t, θ
s)

...
xsn (t, θ

s) + T s

2 ϕT (xs, u (t)) θs

ϕT
(
x̄s, u

(
t+ T

2

))
θs

⎞
⎟⎟⎟⎠ . (6.20)

The model (6.20) is to be compared with the original model⎛
⎜⎜⎜⎝

x1 (t+ T, θ)
...

xn−1 (t+ T, θ)
xn (t+ T, θ)

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

x1 (t, θ)
...

xn−1 (t, θ)
xn (t, θ)

⎞
⎟⎟⎟⎠

+ T

⎛
⎜⎜⎜⎝

x2 (t, θ) +
T
2 x3 (t, θ)

...
xn (t, θ) +

T
2ϕ

T (x, u (t)) θ

ϕT
(
x̄, u

(
t+ T

2

))
θ

⎞
⎟⎟⎟⎠ . (6.21)

Let x̄s, x̄ and the scaled sampling period T s be defined as

x̄s = xs (t, θs) +
T s

2

(
ϕT (xs (t, θs) , u(t)) θs

)
, (6.22)

x̄ = x (t, θ) +
T

2

(
ϕT (x (t, θ) , u(t)) θ

)
, (6.23)

T s = αT. (6.24)

States

In order to analyse the scaling of the states, the assumptions C1 and C2
are introduced.

C1: The measured output ym(t) is assumed to be equal to the states
x1 (t, θ) and xs1 (t, θ

s).

C2: The algorithm converges to an exact description of the input-output
properties of the system for (6.20) and (6.21).

C1 and C2 mean that

ym (t) = x1 (t, θ) = xs1 (t, θ
s) , (6.25)

C =
(
1 0 . . . 0

)
, (6.26)
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indicating that the condition C2 restricts the treatment to (6.26), while
C1 assumes that the system is in the model set. Now, as it turns out, it
is not possible to obtain a generally valid analysis using C1 and C2 as in
[134] and [135]. A restriction to fast sampling is therefore used in order
to proceed. It its therefore assumed that

C3: Sampling is fast, i.e. (T → 0). In this case, it follows from the
equations (6.20), (6.21) and (6.24), C1-C3 that

1 =
x1(t, θ)

xs1(t, θ)
≡ x1(t− T, θ) + Tx2(t− T, θ) +O(T 2)

xs1(t− T, θs) + T sxs2(t− T, θs) +O(T 2)
, (6.27)

⇔
x1(t− T, θ) + Tx2(t− T, θ) +O(T 2) = xs1(t− T, θs) (6.28)

+ T sxs2(t− T, θs) +O(T 2),

⇔

x2(t− T, θ) =

(
T s

T

)
xs2(t− T, θs) +O(T 2), (6.29)

and since T s = αT this implies

lim
T→0

x2 (t, θ) = lim
T→0

αxs2 (t, θ
s) . (6.30)

Equation (6.30) implies that the relation between x2 (t, θ) and xs2 (t, θ
s)

is dependent on the sampling period T and the scaling factor α. This
argumentation can be extended up to the n-th state, resulting in

Theorem 6.1. Consider the two models (6.20) and (6.21) and assume
that C1 - C3 holds. It then follows that

x (t, θ) = A(α)xs (t, θs) , (6.31)

A(α) =

⎛
⎜⎜⎜⎜⎝

1 0 . . . 0

0 α 0
...

... 0
. . . 0

0 . . . 0 αn−1

⎞
⎟⎟⎟⎟⎠ , (6.32)

Remark 6.1. The scaled updated state vector discretised by the Euler
integration method, see [134; 135], equals the scaled state vector obtained
with the midpoint method, for small sampling periods.
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Parameters

To analyse the effect on the parameters, the last component of (6.20) and
(6.21) are compared. Let

ϕ̄ (x(t, θ), u) ≡

⎛
⎜⎜⎜⎝

x2(t, θ)
...

xn(t, θ)
ϕT (x(t, θ), u(t)) θ

⎞
⎟⎟⎟⎠ . (6.33)

First, note that by Theorem 6.1

xn(t, θ) = αn−1xsn(t, θ
s), (6.34)

xn(t− T, θ) = αn−1xsn(t− T, θs). (6.35)

Hence, under the assumptions C1-C3, the last component of (6.20) be-
comes

α−(n−1)xn(t, θ) = α−(n−1)xn(t−T, θ)+αTϕT

(
x̄s, u(t+

T

2
)

)
θs, (6.36)

leading to

xn(t, θ) = xn(t− T, θ) + αnTϕT

(
x̄s, u(t+

T

2
)

)
θs. (6.37)

It then follows from (6.22) and (6.23) that

1

αn
ϕT

(
x(t, θ) +

T

2
ϕ̄ (x(t, θ), u(t))

)
θ

= ϕT

(
xs(t, θs) +

T s

2
ϕ̄ (xs(t, θs), u(t))

)
θs. (6.38)

Inserting the result of Theorem 6.1 into (6.38) and using C3 then leads
to the final non-trivial equation relating θ and θs.

ϕT

(
x(t, θ) +

T

2
ϕ̄T (x(t, θ), u(t))

)
θ = αnϕT

(
A−1(α)x(t, θ)

+
αT

2

⎛
⎜⎜⎜⎝

α−1x2(t, θ)
...

α−(n−1)xn(t, θ)
ϕT (xs(t, θ), u(t)) θs

⎞
⎟⎟⎟⎠
⎞
⎟⎟⎟⎠ θs. (6.39)



6.4. Scaling of the sampling period 97

However, by considering the components xn−1(t+T, θ) and xsn−1(t+T, θs)
and using the results obtained from Theorem 6.1, the following relations
can be obtained:

xn−1(t+ T, θ) = xn−1(t, θ) + Txn(t, θ) +
T 2

2
ϕT (x(t, θ), u(t)) θ, (6.40)

xsn−1(t+ T, θs) = xsn−1(t, θ) + αTxsn(t, θ) +
(αT )2

2
ϕT (xs(t, θs), u(t)) θs.

(6.41)
Using the same argument as above, this leads to

ϕT (x(t, θ), u(t)) θ = αnϕT (xs(t, θs), u(t)) θs, (6.42)

and therefore (6.39) can now be written in terms of the unscaled state
vector:

ϕ

(
x(t, θ) +

T

2
ϕ̄T (x(t, θ), u(t))

)
θ = αnϕ

(
A−1(α)x(t, θ)

+
αT

2

⎛
⎜⎜⎜⎝

α−1x2(t, θ)
...

α−(n−1)xn(t, θ)
α−nϕT (x(t, θ), u(t)) θ

⎞
⎟⎟⎟⎠
⎞
⎟⎟⎟⎠ θs. (6.43)

To find the relation between θ and θs, each component of the LHS of
(6.43) must be compared to the corresponding component in the RHS.
Contrary to the results in [134], this results in more equations than the
number of parameters. These results can be summarised as follows:

Theorem 6.2. Consider the two models (6.20) and (6.21). Provided
that C1 - C3 hold, θ can be estimated from the scaled parameter vector θs

using
θ = g(α, θs)θs. (6.44)

Here g(·, ·) is a nonlinear function. It appears that additional high degree
terms are present and the solution must be obtained using numerical
algorithms. This solution can e.g. be obtained using the minimisation
criterion, [43]

φ(θ) =
1

2
r(θ)T r(θ), (6.45)

where ri(θ) is defined as

ri(θ) = hsi (θ
s)− hi(θ), i = 1, . . . ,m,
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and hi(·) and hsi (·) are specific functions that follow from (6.43), cf. Ex-
ample 6.5 below. Since the scaled parameters are given, hs(θs) is known.
The solution can then be obtained using a nonlinear search algorithm
applied to (6.45).

6.4.2 Hessian

To analyse the effect of the new discretisation algorithm on the Hessian
of the identification algorithm, the steps of the method proposed in [134]
is followed. First, the state vector x(t, θs) is differentiated with respect
to the parameter vector θs. Using Theorem 6.1, it follows that

dxs(t, θs)

dθs
= A−1(α)

dx(t, θ)

dθs

= A−1(α)
dx(t, θ)

dθ

dθ

dθs

= A−1(α)
dx(t, θ)

dθ

dg(α, θs)

dθs
. (6.46)

Introduce the assumption

C4: Assume that the identification algorithm is based on the simplified
criterion

V (θ) =
1

2
E
[
εT (t, θ)ε(t, θ)

]
. (6.47)

The Hessian of the identification algorithm is defined as the second deriva-
tive of the minimisation criterion and with the simplification of C4 it can
be calculated as follows

R(θ) =
d2

dθ dθ T
V (θ) = E

[
ψ(t, θ)ψT (t, θ)

]
+E

[(
d2

dθ dθ T
ε(t, θ)

)
ε(t, θ)

]
. (6.48)

Provided that the system is in the model set and assuming that the
assumption C5 below holds, the last term of (6.48) can be neglected.

C5: The measurement noise e(t) is zero mean, and the regressor vector
ϕ is generated only from the input signal.
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This leads to the following simplification of the Hessian

R(θ) = E
[
ψ(t, θ)ψT (t, θ)

]
. (6.49)

The effect of the scaling can now be analysed by using the gradient of
the measurement. Using (6.13), the scaled Hessian becomes

R(θs) = E

[(
dxs(t, θs)

dθs

)T

CTC
dxs(t, θs)

dθs

]
, (6.50)

and together with (6.46) and Theorem 6.1 it can be concluded that

R(θs) = E

⎡
⎢⎣(dg(α, θs)

dθs

)T (dx(t, θ)

dθ

)T

A(α)−TCTCA(α)−1︸ ︷︷ ︸
CTC

× dx(t, θ)

dθ

dg(α, θs)

dθs

⎤
⎥⎦ , (6.51)

where the last step follows from the fact that the (1, 1) element of A(α)−1 =
1 and that C is given by (6.26). This proves

Theorem 6.3. Consider the two models (6.20) and (6.21) where T s is
the scaled sampling period and assume that the conditions C1-C5 apply.
The scaled and unscaled Hessians are then related by

R(θs) =

(
dg(α, θs)

dθs

)T

R(θ)
dg(α, θs)

dθs
, (6.52)

where g(α, θs) is defined by Theorem 6.2.

Remark 6.2. Note that also for Theorem 6.3, numerical solutions are
required to relate the scaled Hessian to the unscaled one.

6.5 Simulation study

To study the results obtained, a simulation study based on a system
described in [135] was performed. The system is given by a second order
state space model.

ẋ(t) =

( −x1(t)− x2(t)
x1(t) (2 + u(t))− u(t)

)
,

y(t) =
(
1 0

)
x(t) + e(t).

(6.53)
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This model can easily be rewritten to correspond to the model structure
(6.3), giving the system description

ẋ(t) =

(
x2

u(t)− (2 + u(t))x1(t)− x2(t)

)
,

y(t) =
(
1 0

)
x(t) + e(t).

(6.54)

For the simulation two different sets of data were generated. One was
generated using the unscaled midpoint algorithm, i.e. α = 1, and the
other generated by the scaled midpoint method. In both cases, the data
length was 10000 samples with a sampling period of 0.1 seconds, i.e.
T = 0.1. The input signal was chosen as a uniform PRBS-like signal
with zero mean in the range of [−1, 1], cf. [134].

Example 6.2. Identification was then performed with the corresponding
algorithm. The algorithm was initialised with the following parameter
vector

θ̂s(0) =
(
0 1 −1 0 −1 0 0 0

)T
, (6.55)

and Λ(0) = 0.1, R(0) = 100I, and the initial scaled state vector xs(0) =(
0.5 −1

)T . In the first run, α = 2 was chosen. The convergence of
the parameters using the new discretisation algorithm is shown in Fig 6.2.
In Fig 6.3, the convergence of the eigenvalues of the Hessian is depicted.
As it is illustrated in Fig. 6.1, as compared to the result in [135], the
transient may be slightly improved.

Example 6.3. This example was performed to verify the results of The-
orem 6.1. Since the state space model is of second order (n = 2), the
matrix A(α) as described in Theorem 6.1 is a 2×2 matrix represented as

A(α) =

(
1 0
0 α

)
. (6.56)

To analyse the accuracy of Theorem 6.1, the average root-mean square
values of the states were computed as

xi,MS =

√
1

N

∑
N

x2i (t,N) (6.57)

First, the state vector for the midpoint method using α = 1 was estimated
and stored. This was then repeated for the scaled midpoint method for
different values of α. Finally, the value of α was calculated using the
state vector to check Theorem 6.1, and compared with the real applied
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Figure 6.1: The close up of the comparison of the RPEM based on the Eu-
ler scheme, dashed line, and the algorithm using the midpoint integration
scheme.

α. The results obtained were then normalised with respect to the first
state of both methods. As seen in Tab. 6.1 the result of Theorem 6.1
agrees well with the experimental results.

Example 6.4. This example aims to verify the results of Theorem 6.2.
In this example, α was chosen in a range 1− 4. It can easily be seen that

x̄1 = x1(t, θ) +
T

2
x2(t, θ), (6.58)

while
x̄2 = x2(t, θ) + ϕT (x(t, θ), u) θ. (6.59)

The scaled version of the above are given by

x̄s1 = xs1(t, θ
s) +

αT

2
xs2(t, θ

s) = x1(t, θ) +
T

2
x2(t, θ), (6.60)
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Figure 6.2: The convergence of the scaled parameters with the new algo-
rithm using α = 2.

and

x̄s2 = x2(t, θ
s) + ϕT (xs(t, θs), u) θs = α−1

(
x2(t, θ) + ϕT (x(t, θ), u) θ

)
.

(6.61)

Table 6.1: Comparison between the real applied α, αreal, and the exper-
imentally measured value, αexp.

αreal αexp

0.5 0.4738
0.75 0.7105
1.25 1.2266
1.5 1.4605
1.75 1.7507
2 1.9904

2.25 2.2344
2.5 2.4756
2.75 2.7124
3 2.9882
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Figure 6.3: The convergence of the eigenvalues of the Hessian with the
new discretisation algorithm using α = 2.

To calculate the relation between the parameters, the procedure following
Theorem 6.2 was used, i.e. by comparison of the components in the
following equation, cf. equation (6.43).

ϕT (x̄1, x̄2, u) = α2
(
ϕT (x̄s1, x̄

s
2, u)

)
. (6.62)

This equation gave rise to the following 24 nonlinear equations, from
(6.39), describing the relation between θs and θ.

h1(θ) = θ000 +
T

2
θ000θ010

= α2θs000 +
αT

2
θ000θ

s
010 = hs1(θ

s),

h2(θ) = θ001 +
T

2
(θ001θ010 + θ000θ011)

= α2θs001 +
αT

2
(θ001θ

s
010 + θ000θ

s
011) = hs2(θ

s),
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h3(θ) = θ010 +
T

2
(θ010θ010 + θ100) +

T

4
θ110θ000

= α

(
θs010 +

T

2
θs010θ010 +

T

4
θs110θ000

)
+

α2T

2
θs100 = hs3(θ

s),

h4(θ) = θ011 +
T

2
(2θ011θ010 + θ101) +

T

4
(θ110θ001 + θ111θ000)

= α

(
θs011 +

T

2
(θs011θ010 + θ011θ

s
010) +

T

4
(θs110θ001 + θs111θ000)

)

+
α2T

2
θs101 = hs4(θ

s),

h5(θ) = θ100 +
T

2
(θ100θ010 + θ110θ000)

= α2θs100 +
αT

2
(θ100θ

s
010 + θs110θ000) = hs5(θ

s),

h6(θ) = θ101 +
T

2
(θ101θ010 + θ101θ011 + θ110θ001 + θ111θ000)

= α2θs101 +
αT

2
(θ101θ

s
010 + θ100θ

s
011 + θs110θ001 + θs111θ000) = hs6(θ

s),

h7(θ) = θ110 + Tθ110θ010 +
T 2

4
θ110θ100 (6.63)

= α

(
θs110 +

T

2
(θ110θ

s
010 + θs110θ010) +

T 2

4
θs110θ100

)
= hs7(θ

s),

h8(θ) = θ111 + T (θ111θ010 + θ110θ011) +
T 2

4
(θ110θ101 + θ111θ100)

= α

(
θs111 +

T

2
(θ111θ

s
010 + θs110θ011 + θs111θ010 + θ110θ

s
011)

+
T 2

4
(θs110θ101 + θs111θ100)

)
= hs8(θ

s),

h9(θ) =
T

2
θ001θ011 = α

T

2
θ001θ

s
011 = hs9(θ

s),

h10(θ) =
T

2
θ011θ011 +

T 2

4
θ111θ001 = α

(
T

2
θs011θ011 +

T 2

4
θs111θ001

)
= hs10(θ

s),

h11(θ) =
T

2
(θ101θ011 + θ111θ001) = α

(
T

2
(θs101θ011 + θs111θ001)

)
= hs11(θ

s),
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h12(θ) = Tθ111θ011 +
T 2

4
θ111θ101

= α

(
T

2
(θs111θ011 + θ111θ

s
011) +

T 2

4
θs111θ101

)
= hs12(θ

s),

h13(θ) =
T

2
θ110θ100 = α

T

2
θs110θ100 = hs13(θ

s),

h14(θ) =
T

2
(θ110θ101 + θ111θ100) =

αT

2
(θs110θ101 + θs111θ100) = hs14(θ

s),

h15(θ) =
T

2
θ110θ110 =

αT

2
θs110θ110 = hs15(θ

s),

h16(θ) = Tθ110θ111 =
αT

2
(θs110θ111 + θ110θ

s
111) = hs16(θ

s),

h17(θ) =
T

2
θ110 +

T 2

4
θ110θ010 = α

(
T

2
θs110 +

T 2

4
θs110θ010

)
= hs17(θ

s),

h18(θ) =
T

2
θ111θ101 =

αT

2
θs111θ101 = hs18(θ

s),

h19(θ) =
T

2
θ111θ111 =

αT

2
θs111θ111 = hs19(θ

s),

h20(θ) =
T

2
θ111 +

T 2

4
(θ111θ010 + θ110θ011)

= α

(
T

2
θs111 +

T 2

4
(θs111θ010 + θs110θ011)

)
= hs20(θ

s),

h21(θ) =
T 2

4
θ110θ110 =

αT 2

4
θs110θ110 = hs21(θ

s),

h22(θ) =
T 2

2
θ111θ110 =

αT 2

2
θs111θ110 = hs22(θ

s),

h23(θ) =
T 2

4
θ111θ011 =

αT 2

4
θs110θ011 = hs23(θ

s),

h24(θ) =
T 2

4
θ111θ111 =

αT 2

4
θs111θ111 = hs24(θ

s).
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Figure 6.4: The condition number of the Hessian as a function of α, where
squares represent the calculated condition number and circles represent
the simulated results.

From the relationship between h15 and hs15, for example, a theoretical
relationship between θ110 and θs110 can be derived and used for derivation
of the relationships between the other parameters. Nevertheless, some of
the variables cannot be theoretically computed. Therefore, the numerical
least squares solution is necessary for finding the non-scaled parameters.
The results for the least square solution of the set of equations (6.63) are
shown in Tab. 6.2, this shows that the relation and procedure of Theorem
6.2 works as intended.

Example 6.5. To verify the results of Theorem 6.3, the condition num-
ber of the Hessian was estimated using Theorem 6.3 and compared to
the condition number obtained by numerical simulation. The results are
illustrated in Fig. 6.4. The plot indicates that the condition number
would be improved by a selection of α < 1. The results of the Theorem
6.3 are verified and the agreement is very good.
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Table 6.2: The percentage error between the calculated parameters and
the true parameters for different values of α.

α percentage error [%]

0.5 0.049
0.75 0.057
1 0.041
1.25 0.054
1.5 0.063
1.75 0.083
2 0.161
2.25 0.152
2.5 0.241
2.75 0.288
3 0.418

6.6 Summary

This chapter has discussed an improvement of the RPEM described in
[135] by a change of the discretisation algorithm used. The effects of this

1 1.5 2 2.5 3 3.5 4 4.5 5
1

1.5

2

2.5

3

3.5

t

α

Figure 6.5: Experimentally calculated value of α using Theorem 6.1,
(stars) and the real applied α, (dashed)
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new method on the state vector, the parameter vector and the Hessian
were analysed and verified by numerical examples. A good agreement
was found between theory and simulation.



Chapter 7
Convergence Analysis of the RPEM

When evaluating a recursive identification algorithm, the convergence
properties of the algorithm is one of the important aspects. In

[18], the convergence properties of the RPEM, discretised using the Euler
forward method, was studied. This chapter builds on the techniques of
[18] and presents a convergence analysis of the RPEM, discretised using
the midpoint integration algorithm as described in Chapter 6.

The main objective of this chapter is to develop conditions such that
the convergence properties of the algorithm are linked to the stability of
the associated differential equation. This is then used to discuss local
and global convergence of the RPEM. Experimental contributions of the
chapter applies the RPEM to a nonlinear laboratory system.

7.1 The model structure and algorithm

Given the continuous-time model in Chapter 6, on the form

ẋ =
dx

dt
=

⎛
⎜⎜⎜⎝

x2
...
xn

f(x, u, θ)

⎞
⎟⎟⎟⎠ ,

y = Cx.

(7.1)

109
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with the input and output vectors

u(t) =
(
u1(t) . . . u

(n1)
1 (t) . . . uk(t) . . . u

(nk)
k (t)

)T
, (7.2)

y(t) =
(
y1(t) . . . yp(t)

)T
. (7.3)

A recursive prediction error algorithm can now be derived from (6.8).
Using (6.12)-(6.19), the RPEM is formulated using the structured Gauss
Newton minimisation algorithm of [66], as

ε(t) = ym(t)− y(t),

Λ(t) =

[
Λ(t− T ) +

μ(t)

t

(
ε(t)εT (t)− Λ (t− T )

)]
DM

,

R(t) =

[
R(t− T ) +

μ(t)

t

(
ψ(t)Λ−1(t− T )ψT (t)−R(t− T )

)]
DM

,

θ̂(t) =

[
θ̂(t− T ) +

μ(t)

t
R−1(t− T )ψ(t)Λ−1(t− T )ε(t)

]
DM

,

ϕ =
(

1 . . .
((

uk
(nk)

)I
uk

(nk)
)

uk
(nk−1) . . .(

uk
(nk−1) (uk(nk)

)I
uk

(nk)
)

. . .
(
uk

(nk−1))Iuk(nk−1)

. . .
((

uk
(nk−1))Iuk(nk−1) (

uk
(nk)

)I
uk

(nk)
)

. . . (7.4)(
(x1)

Ix1 . . . (xn)
Ixn (u1)

Iu1 . . .
(
u
(nk)
k

)I
uk

(nk)

))T

,

x(t) =

⎛
⎜⎜⎜⎝

x1 (t− T )
...

xn−1 (t− T )
xn (t− T )

⎞
⎟⎟⎟⎠

+ αT

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

x2 (t− T ) +
αT

2
x3 (t− T )

...

xn (t− T ) +
αT

2
ϕT (x, u)θ̂(t− T )

ϕT (x̄(t− T ), u(t− 3T

2
))θ̂(t− 3T

2
)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

sat

,

y(t) = Cx(t),
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df(x̄)

dθ
=

∂f

∂x̄

∣∣∣∣
t− 3T

2

dx̄

dθ
+ ϕ(x, u)|t− 3T

2
,

dx̄

dθ
=

dx

dθ
+ ϕ(x, u)|t−T +

T

2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 . . . 0

0 0 1
. . .

...
...

...
. . . . . . 0

0 0 . . . 0 1

θT
dϕ(x, u)

dx

dx

dθ

∣∣∣∣
t−T

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

dx

dθ
,

dx(t)

dθ
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝
dx(t− T )

dθ
+ αT

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

dx2(t− T )

dθ
+

αT

2

dx3(t− T )

dθ
...

dxn(t− T )

dθ
+

αT

2

df(x, u, θ)

dθ
df(x̄, u, θ)

dθ

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

sat

,

ψ(t) = C
dx(t)

dt
.

Here, μ(t)/t is the gain sequence and R(t) is the estimate of the Hessian.
DM is a compact subset of Rd×d2×p2 where the allowed values of Λ, R
and θ are defined. To ensure stability, the model set is restricting the lin-
earised model from becoming unstable. The projection algorithm follows
[135], where the algorithm is based on a linearisation of the nonlinear
model. The linearised system given by

S = In + αT

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 1 αT/2 . . . 0

0 0 1
. . .

...
...

...
. . . . . . αT/2

0 0 . . . 0 1

θ̂T (t)
dϕ(x̄)

dx

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

, (7.5)

and the model set is defined by

DM = {θ| |eig(S)| < 1− δ} , (7.6)

where δ denotes the margin of stability. The projection algorithm is then
given by

h(t) =

{
h̄(t) if h̄(t) ∈ DM
h(t− 1) if h̄(t) /∈ DM

, h(0) ∈ DM (7.7)
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where h(t) represents the left hand side of the recursion while h̄(t) is the
corresponding right hand side.

To simplify the analysis below, some adjustments of the algorithm de-
scribed in Chapter 6 are introduced. A saturation (·)sat in the recursion
of the state x(t) and the derivative of the state dx/dθ is introduced to
ensure that the algorithm is bounded. It is also assumed that the corner
of the saturations are smooth so that the differentiability is not affected.
This saturation can be chosen arbitrarily large and hence does not affect
the algorithm in itself, see [131]. Further, an additional backward shift
is introduced in the recursion of R(t) and θ̂(t) and u(t). The reason for
the shift of u(t) is that it facilitates the shifting needed in the analysis of
Appendix A. Since the convergence analysis is statistical and asymptotic,
the shift in R(t) and θ̂(t) does not affect the end result, while the shift in
u(t) become negligible when T → 0. If needed, the shift can be removed
in (7.4) when the algorithm is applied.

7.2 Analysis

The system that generates the data ym(t) is assumed to have the structure
(7.1). It is also assumed that there is a parameter vector θ0 such that

ym(t) = Cx(t, θ0) + e(t). (7.8)

with e(t) being zero mean coloured noise with covariance matrix Λo.

7.2.1 The associated ODE analysis tool

The convergence properties of the algorithm are analysed using the asso-
ciated differential equation approach described in [62; 63]. The analysis
is closely related to [18]. The general recursive algorithm analysed in
[62; 63] can be written as

xc(t) = xc(t− 1) + γ(t)Q(t;xc(t− 1), ϕc(t)),
ϕc(t) = g(t;xc(t− 1), ϕc(t− 1), e(t)),

(7.9)

where xc(t) is the estimated parameters vector and ϕc(t) is the obser-
vation obtained at time t. Further, γ(t) is the gain sequence of positive
scalars and e(t) is a sequence of random vectors. The function Q(·; ·, ·) is
a deterministic function describing the updating direction and g(·; ·, ·, ·)
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is a deterministic function corresponding to the state and gradient recur-
sion. The subscript c is introduced for the variables x and ϕ to eliminate
confusion with the variables of the RPEM.

It is first necessary to show that the algorithm (7.4) can be described as
(7.9). This is done as shown in Lemma 7.1.

Lemma 7.1. Using the definitions (A.1) - (A.22), together with

xc(t) = κ(t), ϕc(t) = ξ(t), γ(t) =
1

t
, e(t) = z̄(t),

Q(t, xc, ϕc) =

⎛
⎝ μ(t)R−1ζψ(ξ)Λ−1ζε(ξ)gate(Γθ(κ))

μ(t)col(ζψ(ξ)Λ−1ζTψ (ξ)−R)gate(ΓR(κ))

μ(t)col(ζε(ξ)ζTε (ξ)− Λ)gate(ΓΛ(κ))

⎞
⎠ ,

g(t, xc, ϕc, e) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ηθ(κ(t− 1))
ηx(κ(t− 1), ξ(t− 1), z̄(t))

ηdx/dθ(κ(t− 1), ξ(t− 1), z̄(t))

νym(ξ(t− 1), z̄(t))
νu(ξ(t− 1), z̄(t))
ηxu(ξ(t− 1))

hu(ξ(t− 1), z̄(t))
ηu(ξ(t− 1))

z̄(t)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (7.10)

where z(t) =
(
ūT (t) w̄T (t)

)
and the time t + T has been denoted t + 1,

transform (7.4) to (7.9).

Proof: See Appendix A.1.

The gate(·) introduced in (7.10) is the gate function defined by

gate(Γ) =

{
1 Γ ∈ Io = (Γ−,Γ+)

0 Γ /∈ Io = (Γ−,Γ+)
, (7.11)

where Γ(·) maps the corresponding argument that ∈ DM onto Io and the
ones /∈ DM outside Io.

In [62], the following regularity conditions are introduced for the nonlinear
system described by (7.9). Note that DR is a subset of the xc-space, where
the regularity conditions are assumed to hold.

C1: ||g(xc, ϕc, e)|| < C ∀ϕc, e ∀xc ∈ DR.
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C2: Q(t;xc, ϕc) is continuously differentiable with respect to xc and ϕc,
with derivatives bounded in t for xc ∈ DR.

C3: g(t;xc, ϕc, e) is continuously differentiable with respect to xc for
xc ∈ DR.

C4: Define ϕ̄c(t, x̄c) as ϕ̄c(t, x̄c) = g(t; x̄c, ϕ̄c(t − 1, x̄c), e(t)), ϕ̄c(0, x̄c)
= 0, and assume that g(·) has the property

||ϕ̄c(t, x̄c)− ϕc(t)|| < C max
n≤k≤t

||x̄c − xc(k)||

if ϕ̄c(n, x̄c) = ϕc(n).

C5: Let ϕ̄c,i(t, x̄c) be the solutions to C4 with ϕ̄c,i(s, x̄c) = ϕo
c,i, i = 1, 2.

Then define DS as the set of all x̄c for which holds

||ϕ̄c,1(t, x̄c)− ϕ̄c,2(t, x̄c)|| < C(ϕo
c,1, ϕ

o
c,2)λ

t−s(x̄c),

where t > s and λ(x̄c) < 1.

C6: lim
t→∞E [Q(t, x̄c, ϕ̄c(t, x̄c))] = f(x̄c) exists for x̄c ∈ DR with expecta-
tion over {e(·)}.

C7: e(·) is a sequence of independent random variables.

C8:
∞∑
t=1

γ(t) = ∞.

C9:
∞∑
t=1

γp(t) < ∞ for some p.

C10: γ(·) is a decreasing sequence.

C11: lim
t→∞sup

(
1

γ(t)
− 1

γ(t− 1)

)
< ∞.

As proven in [62], given that the conditions C1-C11 hold, then Corollary
1 and Theorem 2 of [63] hold. To be able to apply the results of [62] on
the algorithm, it is necessary to impose conditions on (7.4) that ensure
the applicability of Theorems 1 and 2 given in [63]. These conditions
consist of:

M1: DM is a compact subset of R
d×d2×p2 , such that (θ,R,Λ) ∈ DM

implies that:
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1. The dynamics of (7.4), including x(t) and dx(t)/dθ is expo-
nentially stable and bounded.

2. R(t) ≥ δRI, ∀t, δR > 0.

3. Λ(t) ≥ δΛI, ∀t, δΛ > 0.

M2: u(t) = (u1(t) . . . uk(t))
T , hence no input derivatives are allowed.

M3: u(t) = Huxu(t), where the state vector xu(t) is generated from the
independent identically distributed, i.i.d, input ū(t) by a continu-
ously differentiable, bounded, exponentially stable difference equa-
tion.

G1: lim
t→∞μ(t) = μ > 0.

A1: The data sequence {z(t)} =
(
yTm(t) uT (t)

)
is strictly stationary

such that w.p.1, ||z(t)|| ≤ C < ∞, ∀t.
A2: The following limits exist for (θ,R,Λ) ∈ DM

lim
t→∞Eψ(t, θ)Λ−1ε(t, θ) = f(θ,Λ),

lim
t→∞Eψ(t, θ)Λ−1ψT (t, θ) = G(θ,Λ),

lim
t→∞Eε(t, θ)εT (t, θ) = H(θ).

S1: For each t, s, t ≥ s, there exist a random vector zos(t) that belongs
to the σ-algebra generated by zt but is independent of zs (for s = t
take zos = 0), such that E||z(t)− zos(t)||4 < Cλt−s, C < ∞, |λ| < 1.

S2: The system that generates the data can be described by an ODE
with exponentially stable bounded dynamics.

S3: The output data is generated by ym(t) = Hymxym(t) + Hwxw(t),
where the states xymare generated from u(t) by a continuously dif-
ferentiable, bounded, exponentially stable difference equation. The
states xw are generated from an i.i.d. input w̄(t) independent of
ū(t) by bounded linear asymptotically stable filtering.

L1: The output of the system is generated by (7.8), i.e. there exists a
true parameter vector (θo, Ro,Λo).

L2: ∂
∂θf(θ,Λ)

∣∣
θ̃=θ̃o

= Eψ(t, θo)Λ
−1
o ψT (t, θo) = G(θo,Λo) = Ro > 0.

M1 defines the compact set defining the exponentially stable region con-
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stricting κ into DM. Exponential stability is introduced here since it
guarantees global boundedness [57]. M2 ensures that the input signals
are independent, while M3 is necessary for C1 to hold. G1 is a standard
restriction on the gain sequence. A1 makes sure that the data is bounded
while A2 expresses the basic assumption on the existence of the average
updating directions. S1 ensures exponential stability and is explained in
detail in [66], while S2 and S3 are necessary to ensure that C1 holds. L1
is introduced to ensure that the true parameter vector is a possible con-
vergence point for the algorithm, stating that the estimation error ε(t, θo)
is zero mean noise independent of the inputs, with the covariance matrix
Λo. L2 states that the Hessian is positive definite for the true parameter
vector. These conditions, lead to the following results.

Lemma 7.2. Assume that M1 - M3, G1, A1, A2 and S1 - S3 hold. Then
the regularity conditions C1-C11 hold for (7.10).

Proof: See Appendix A.2.

It is now proven that conditions C1-C11 hold for (7.4) when transformed
into (7.10), hence it is possible to use the theorems developed described
in [62] to analyse the convergence properties of the algorithm described
in this chapter. The first theorem is used for treating global convergence
properties.

Theorem 7.1. Consider the algorithm (7.4) subject to M1-M3, G1, A1,
A2 and S1-S3. Assume that there exist a twice differentiable positive
function V (θ,R,Λ) such that

d

dτ
V (θD(τ), RD(τ),ΛD(τ)) ≤ 0

for (θD, RD,ΛD) ∈ DM\∂DM, (7.12)

when evaluated along solutions of the differential equations

d

dτ
θD(τ) = μR−1D (τ)f(θD(τ),ΛD(τ)),

d

dτ
RD(τ) = μ(G(θD(τ),ΛD(τ))−RD(τ)), (7.13)

d

dτ
ΛD(τ) = μ(H(θD(τ))− ΛD(τ)),
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where f(·, ·), G(·, ·), and H(·) are defined by A2. Let

DC = {(θD, RD,ΛD)|(θD, RD,ΛD) ∈ DM\∂DM
d

dτ
V (θD(τ), RD(τ),ΛD(τ)) = 0

}
. (7.14)

Then either (θ̂(t), R(t),Λ(t)) → DC w.p.1 as t → ∞, or (θ̂(t), R(t),Λ(t))
converges to the boundary of DM.

Proof: Follows from Lemma 7.2.

Remark 7.1. The subscript D denotes the variables of the associated
differential equation, while τ denotes a transformed time as described in
[62; 63].

The local convergence properties are governed by

Theorem 7.2. Consider the algorithm described by (7.4) and assume
that conditions M1-M3, G1, A1, A2, S1-S3 and L1 hold. Suppose that
x∗c = (θ∗, R∗,Λ∗) ∈ DM\∂DM has the property

P (xc(t) → B(x∗c , ρ)) > 0, ∀ρ > 0, (7.15)

where P (·) is probability of an event and B(x∗c , ρ) = {xc| ||xc − x∗c || < ρ}
is a ρ-neighbourhood of x∗c . Furthermore, assume that Q(t, x∗c , ϕc(t, x

∗
c))

given by (7.10) has a covariance matrix bounded below by a strictly pos-
itive definite matrix, and that EQ(t, xc, ϕc(t, xc)) is continuously differ-
entiable with respect to xc in a neighbourhood of x∗c and the derivatives
converge uniformly there as t tends to infinity. Then

f̃(x∗c) = μ

⎛
⎝ R∗−1f(θ∗,Λ∗)

col(G(θ∗,Λ∗)−R∗))
col(H(θ∗)− Λ∗))

⎞
⎠ = 0 (7.16)

and
d

dxc
f̃(xc)

∣∣∣∣
xc=x∗c

has all the eigenvalues in the left half plane, (Rez ≤
0).

Proof: Follows from Lemma 7.2.

Remark 7.2. This result shows that the algorithm converges to a sta-
tionary point of the differential equation (7.13), and it corresponds to
Corollary 1 of Theorem 1 in [63]. Note that arguments in line with those
of [131] are used to verify the so called boundedness condition.
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7.2.2 Global convergence

First, global convergence using Theorem 7.1 is investigated. Consider the
criterion function (6.8), it will first be verified that

d

dτ
V (θD(τ),ΛD(τ)) ≤ 0 ∀ (θ,Λ), (7.17)

d

dτ
V (θD(τ),ΛD(τ)) = 0 for (θ∗,Λ∗). (7.18)

Using M1, the fact that f(θ,Λ) = − [∂/∂θ V (θ,Λ)]T and d/dα log detΛ(α)
= tr

[
Λ−1(d/dα)Λ(α)

]
, and repeating a similar approach as in [66, p.

187], it follows that

d

dτ
V (θD(τ),ΛD(τ)) ≤ 0, (7.19)

with equality for (θ,Λ) such that

f(θ,Λ) = −
[
∂

∂θ
V (θ,Λ)

]T
= 0, (7.20)

H(θ)− Λ = 2
∂

∂Λ−1
V (θ,Λ) = 0. (7.21)

It can be concluded from Theorem 7.1 that
{
θ̂(t), Λ̂(t)

}
converges w.p.1

either to the set of stationary points of V (θ,Λ), defined by (6.8) or to the
boundary of DM as t approaches infinity.

7.2.3 Local convergence

The next step is to investigate the local convergence properties of the
RPEM. From A2 and L1, it can be seen that

f̃(κo) =

⎧⎨
⎩

f(θo,Λo) = 0
G(θo,Λo) = Ro

H(θo) = Λo

, (7.22)



7.2. Analysis 119

showing that the true extended parameter vector κo = (θo, colRo, colΛo)
cf. (7.8) is a stationary point. It remains to find the eigenvalues of ∇f̃ .

1

μ
∇f̃(κ) =

⎛
⎜⎜⎜⎜⎜⎜⎝

∂

∂θ
R−1f(θ,Λ)

∂

∂colR
R−1f(θ,Λ)

∂

∂colΛ
R−1f(θ,Λ)

∂

∂θ
Ḡ(θ,Λ, R)

∂

∂colR
Ḡ(θ,Λ, R)

∂

∂colΛ
Ḡ(θ,Λ, R)

∂

∂θ
H̄(θ,Λ)

∂

∂colR
H̄(θ,Λ)

∂

∂colΛ
H̄(θ,Λ)

⎞
⎟⎟⎟⎟⎟⎟⎠ ,

(7.23)
where Ḡ(θ,Λ, R) = G(θ,Λ) − R, and H̄(θ,Λ) = H(θ) − Λ. In the true
extended parameter vector κo, assuming that L2 holds, it follows that

− 1

μ
∇f̃(κ̃o) =

⎛
⎜⎝

I 0 0

2E
∂

∂θ
ψ(t, θ)Λ−1ψT (t, θ) I Eψ(t, θ)Λ−2ψT (t, θ)

0 0 I

⎞
⎟⎠ .

(7.24)

The motivation of (7.24) appears in [18]. Briefly, the diagonal blocks
follow by differentiation and use of the averaging updating directions of
(A.2). The second block of the top row is zero since f(θ,R) = 0 in the
true parameter vector. The third block of the top row and the first block
of the bottom row are both zero since ε and ψ are independent for the
true parameter vector (ψ is generated only from the input signal since
the algorithm is of output error type). The second block from the bottom
row is zero by direct differentiation.

To analyse the right hand side of (7.24), the following Lemma is used.

Lemma 7.3. Consider the matrix

P =

(
A B
C D

)
, (7.25)

then
det(P ) = det(A) det(D − CA−1B). (7.26)

Proof: Follows from Lemma A.5 in [105, p. 514].

The eigenvalues of (7.24) can now be directly computed from the char-
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acteristic equation, by repeated use of Lemma 7.3.

0 = det

(
λI +

1

μ
∇f̃(κ̃o)

)

= det

⎛
⎜⎝

λId − Id 0 0

2E
∂

∂θ
ψ(t, θ)Λ−1ψT (t, θ) λId2 − Id2 Eψ(t, θ)Λ−2ψT (t, θ)

0 0 λIp2 − Ip2

⎞
⎟⎠

= det

(
λId − Id 0

2E
∂

∂θ
ψ(t, θ)Λ−1ψT (t, θ) λId2 − Id2

)

× det

⎛
⎝λIp2 − Ip2 − (0 0)

(
λId − Id 0

2E
∂

∂θ
ψ(t, θ)Λ−1ψT (t, θ) λId2 − Id2

)−1

×
(

0
Eψ(t, θ)Λ−2ψT (t, θ)

))
= det (λId − Id)

× det

(
λId2 − Id2 + 2E

∂

∂θ
ψ(t, θ)Λ−1ψT (t, θ) (λId − Id)

−1 · 0
)

× det
(
λIp2 − Ip2

)
= det (λId − Id) · det (λId2 − Id2) · det

(
λIp2 − Ip2

)
, (7.27)

which implies that ∇f̃(κ̃o) has d+d2+p2 eigenvalues in −μ. All eigenval-
ues are therefore located in the left half-plane. Consequently, Theorem
7.2 indicates that the stationary point (θo, Ro Λo) is stable and is a pos-
sible convergence point for the RPEM. Now, it has been shown that the
algorithm (7.4) under certain assumptions converges to the stationary
point (θo, Ro Λo). This result is presented as a theorem in the next
section.

7.2.4 Main result

Theorem 7.3. Consider the algorithm described by (7.4) and assume
that M1-M3, G1, A1, A2, S1-S3, L1 and L2 hold. Then (θ colΛ)T con-
verges w.p.1 either to a set of stable stationary points of V (θ,Λ) or to
∂DM as t → ∞.
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7.3 Numerical example

To illustrate the results obtained, a numerical example is used. Consider
the following nonlinear system described by

ẋ(t) =

(
x2(t)

2u(t)− x1(t)− x2(t)− x1(t)u(t)

)
,

y(t) = x1(t) + e(t),
(7.28)

which is of the form of (7.1) where, x1 and x2 are the states of the
system, C =

(
1 0

)
, and e is zero mean stationary white Gaussian noise

∼ N(0, σ) with σ = 0.1. The regressor vector and the true parameter
vector are

ϕ =
(
1 u x2 x2u x1 x1u x1x2 x1x2u

)T
, (7.29)

θo =
(
0 2 −1 0 −1 −1 0 0

)T
. (7.30)

Data was generated using a PRBS-like input signal with varying ampli-
tude levels. The identification was performed using the algorithm (7.4).
The sampling period of the system was 0.1s. The RPEM was initialised
with Λ(0) = 0.1, R(0) = 100I, and x(0) =

(
y(0) 0

)T . Further, the
scaling factor was chosen as α = 1.5, and the stability limit for defining
DM was set to δ = 0.015. The initial parameter vector was

θ̂s(0) =
(
0 0.5 −0.5 0 −0.25 0 0 0

)T
. (7.31)

At the end of the simulation run, the parameter vector

θ̂(10000Ts) = (−0.0009 2.0684 − 1.0001 0.0472

−1.0214 − 1.0195 − 0.0286 0.0132)T , (7.32)

was obtained, indicating convergence to the true parameter vector.

7.4 Experiments with real data

In order to evaluate the convergence properties of the algorithm in a
practical situation, it is used for identification using real measured data.
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ff

G1(·) G2(·)
f(·)

Figure 7.1: Overview of the Wiener-Hammerstein system.

7.4.1 System description and model

To illustrate the performance for real systems, data was collected from an
electronic nonlinear system, cf. [97]. The system is a sixth order nonlinear
system of SISO type and the structure is of Wiener-Hammerstein type,
where the first linear dynamic block is a third order Chebychev filter. The
static nonlinearity is a circuit containing a diode, as illustrated in Fig.
7.2. The last block of the system is a second filter consisting of a third
order inverse Chebychev filter. A scheme of the final system is depicted
in Fig. 7.1. The data from the system is collected with a sampling period
of Ts = 1.9 · 10−4.

1kΩ

10kΩ 1N4148

Figure 7.2: Static nonlinearity of the circuit in the Wiener-Hammerstein
system.

The system is modelled as the following second order nonlinear state
space model

ẋ1 = x2,
ẋ2 = θ1 + θ2u+ θ3x2 + θ4x2u+ θ5x1 + θ6x1u+ θ7x1x2 + θ8x1x2u,
y = x1.

(7.33)
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Figure 7.3: Estimated model output, y and the real measured output, ym
together with the input, u and the error, ε.

7.4.2 Algorithm setup and results

Because of the RPEM’s sensitivity to initial parameters and local min-
ima, the initial parameters were determined by the Kalman filter based
initialisation algorithm proposed by [19]. The algorithm generated the
following initial values

θ̂s(0) = (−0.0543 1.3392 − 1.1916 0.0381 − 1.8526

−0.1154 − 1.1924 0.0463)T . (7.34)

For the setup of the RPEM itself, some initial values are required. The
initial value of the Hessian was chosen as a scale factor times the identity
matrix, R(0) = 100 · I. Further, the initial noise variance was set as
Λ(0) = 0.1 and the starting value of the state vector was selected as
x(0) =

(
y(0) 0

)T . One important part of the RPEM is the scaling
factor α applied to the sampling time Ts. This is a tuning parameter
and it was chosen as α = 2500, due to the small sampling period. The
stability limit was set to δ = 0.025. The convergence of the parameters is
shown in Fig. 7.4 and the simulation of the output using the estimated
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model together with the real output and the error is illustrated in Fig.
7.3. The root mean square value of the error is 97.5 mV. Even though
this value might seem high in comparison with previous results, [97]. It
is also important to acknowledge that the model is a second order model,
whereas the real system is a sixth order system.
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Figure 7.4: Parameter convergence for identification of the Wiener-
Hammerstein system.

7.5 Summary

This chapter has analysed the convergence properties of a nonlinear black-
box identification method. Counterparts to theorems of [63] that link
local and global convergence to stability properties of an associated dif-
ferential equation were established by introducing a number of conditions.
Global convergence to a set and local convergence to a stationary point
was shown. The algorithm and the results were illustrated with both
simulated and live data.



Part III

Modelling and control of the SCR
system
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Chapter 8
Modelling of the SCR system

Evaluation of existing technology is the first approach in finding suit-
able models and controllers for a system. In order to constructively

evaluate the models used for control, some of the existing model struc-
tures, including linear and nonlinear models are identified using data
collected from the high fidelity simulator described in Chapter 5. This
chapter presents an overview of different modelling approaches taken in
this thesis using black-box modelling techniques for the SCR system.

8.1 Introduction

Modelling of the SCR system using black-box techniques is a main subject
of this thesis. In this chapter, several models identified for the SCR
system are presented and compared. The model structures discussed
include two linear models. One linear state space model and an output
error (OE) model. The nonlinear model structures consist of three block-
oriented models, a nonlinear state space model and an LPV model. The
main contribution of this chapter is to identify global input-output models
of the SCR system.

The chapter is organised as follows. The different model structures and
the identification procedures are presented in Section 8.2. The results are
discussed in Section 8.3 and finally, a summary is presented in Section
8.4

127
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8.2 Model structures

In this section, the model structures of the black-box models used for
modelling of the SCR system are presented. For all the models used,
data was collected from the high fidelity simulator presented in Chapter
5.

8.2.1 Linear models

Two linear models were estimated in order to get a measure of the best
achievable performance with linear models. State space and output error
models were obtained using the Matlab System identification toolbox,
[65]. The model parameters for the state space model and the output
error (OE) pole-zero model were estimated using the iterative prediction
error method (PEM).

State space model

The state space model was identified by minimisation of the quadratic er-
ror between the measured output and the estimated output. The discrete-
time state space model is as follows

x(t+ 1) = Ax(t) +Bu(t),
y(t) = Cx(t) +Du(t),

(8.1)

where A, B, C, D are the system matrices with proper dimensions, and
x(t) is the state vector in R

2. There was no significant improvement when
the number of states was increased beyond 2.

Output error (OE) model

The parameters were obtained using the PEM in which the minimised
criterion was the square of the filtered error, normalised by the length of
the data set. The MISO output error model takes the following form,

y(t) =

n∑
i=1

Bi(q
−1)

Fi(q−1)
ui(t) + e(t), (8.2)
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Input
nonlinearity

LTI
system

Output
nonlinearity

Figure 8.1: Hammerstein-Wiener model block diagram.

where y(t), ui(t) and e(t) are the system output, inputs and noise respec-
tively, and n is the number of inputs for the MISO system. Bi(q

−1) and
Fi(q

−1) are polynomials defined in the backward shift operator q−1. The
order chosen for this model was also 2, with n selected as 4.

8.2.2 Nonlinear models

As linear models may not able to accurately describe the NOx behaviour
for transient conditions, due to the nonlinearities of the system, nonlinear
model structures were used for identification of the SCR system. Differ-
ent model structures were evaluated for this purpose. A Wiener model,
two Hammerstein-Wiener models and a nonlinear state space model were
identified in this study. The structure of the block-oriented models are
illustrated in Fig. 8.1.

Block-oriented models

Wiener models, as described in Chapter 2, consist of two blocks, a lin-
ear block followed by a static nonlinearity on the output. The linear
model and the static output nonlinearity can be chosen either by us-
ing the knowledge of the system or using black-box system identification
techniques. The advantage of using these independent blocks is that they
can be fixed individually. By further including a nonlinearity on the out-
put, a Hammerstein-Wiener model is obtained. The blocks hence con-
sist of a static input nonlinearity, a linear dynamic system and a static
output nonlinearity. These model structures are described in detail in
[6; 10; 42; 64].

Static nonlinear output function Since negative values for NOx con-
centration are not physically possible, the static output nonlinearity is



130 8. Modelling of the SCR system

chosen as a saturation function for the models. As shown in (8.3), the
lower limit of the saturation is given by wmin. This value is related to
the minimum of the normalised output NOx. wmin is obtained as the ra-
tio between the mean value and the standard deviation of the measured
output.

y(t) =

{
w(t) for w(t) > wmin
wmin for w(t) ≤ wmin

. (8.3)

Static nonlinear input functions The static nonlinearities of the
input signals were altered in three different ways. For the first model,
denoted W, static nonlinear input functions were omitted resulting in
a Wiener model. For the second model, denoted HW-I, the static in-
put nonlinearity is fixed only for the temperature, and it enters via the
Arrhenius exponential as in (4.13).

e−a/T G(·)

Figure 8.2: An overview of the simplest Hammerstein-Wiener model used.

The static input nonlinearity u2,HW(t) for the model HW-I is the ex-
ponential of the negative scaled inverse of the temperature expressed in
Kelvin, as shown in (8.5). Therefore, for the HW-I model, the inputs
of the static nonlinearity function are u(t) and vi(t), these denoting the
controllable input and the measurable inputs respectively as described in
(5.2). Hence

viHW-I(t) = vi(t), i = 1, 3, (8.4)
v2HW-I(t) = exp (−a/v2(t)), (8.5)
uHW-I(t) = u(t). (8.6)

Here, the value of a in (8.5) was fixed in order to have a value of the same
order as in the first principle based model. The value of a was therefore
set as 104. The idea is to use the kinetic equations to fix the shape of
the nonlinearities, without having a physical explanation for each one of
these. These have zero mean and standard deviation, σ = 1. Mean and
standard deviation values are the same as in Tab. 8.1.
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Table 8.1: Values used for preprocessing.

Variable Output Injected Input Modified Exhaust
NOx urea NOx temperature flow

Mean 408.75 88.44 641.24 2.82 ×10−7 838.03
σ 315.36 470.48 357.13 2.53 ×10−7 280.85

The input nonlinearity given by (8.5) was retained for the setup of the
input nonlinear functions of the HW-II model, as it showed to be a ben-
eficial choice, however viHW-II(t), for i = 1, . . . , 3 were chosen differently.

Piecewise linear (PWL) functions as static nonlinear function in block-
oriented models is a versatile and efficient alternative [86]. This was used
in the model HW-II. The inputs viHW(t) were used to identify the PWL
functions. The input set of signals for the linear block of the HW-II model
is given by the PWL function viPWL(t) defined as

viHW-II(t) = cjviHW-II(t) + dj , ∀viHW-II ∈ Rj , j = 1, 2, . . . , Ni. (8.7)

where R1, . . ., RNi are partitions of R. The number of partitions were
{N1, N2, N3, N4} = {9, 5, 9, 5}. The fact that the piecewise model con-
sists of 56 parameters requires special consideration with respect to vali-
dation, see Section 8.3.

Linear dynamics Based on the obtained results of linear system iden-
tification, as illustrated in next section, the linear dynamic system for
the models W, HW-I and HW-II is represented by an OE model. This
model is shown in (8.2), with w(t) as the system output and vi(t) as the
systems inputs (i = 1, 2, 3, 4).

Nonlinear state space model

A global nonlinear state space (NL-SS) model was also used for identi-
fication of the SCR system. The nonlinear model is given on the form
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introduced in Chapter 6, i.e.⎛
⎜⎜⎜⎝

ẋ1(t)
...

ẋn−1(t)
ẋn(t)

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

ẋ2(t)
...

ẋn(t)
f(x, u(t), v(t), θ)

⎞
⎟⎟⎟⎠ , (8.8)

y(t) = x1(t),

where

v(t) =

⎛
⎝ v1(t)

v∗2(t)
v3(t)

⎞
⎠ , (8.9)

with u(t) being the input urea as previously described, and θ the unknown
parameter vector to be estimated. Further, v∗2(t) is the modified input
temperature as in (8.5). The identification procedure for this model was
performed using the RPEM described in Chapter 6 and 7.

The nonlinear state space model chosen in this chapter was a second
order model resulting in a total number of 256 unknown parameters for
the polynomial degrees selected, where 8 of them correspond to linear
coefficients and the rest are the nonlinear coefficients of the polynomial.
To obtain a simple model and avoiding over-parametrisation, the majority
of these parameters were excluded. During the identification process, each
parameter was tentatively added to the set of linear parameters to reduce
the total number of parameters. If the added parameter improved the
model fit and the MSE, the parameter was included and if not, it was
excluded. This way, the number of parameters was reduced and the final
result was a model with 17 parameters. For the selected nonlinear model,
the regressor vector of the identification algorithm is given by

ϕ =
(
v3 u v1 x2 x1 v

(1)
3 v

(1)
1 v∗2 v

(1)
3 v∗2v

(1)
3 u v

(1)
1 u v

(1)
3 v3u

v
(1)
3 v∗2u v

(1)
3 v

(1)
1 v∗2u v

(1)
3 v3v

∗
2u v

(1)
3 v1 v

(1)
1 v1 x1v

(1)
3

)
, (8.10)

Note that this model is used in Chapter 9 for controller design.

8.2.3 Linear parameter varying models

A fairly large subset of nonlinear systems can be expressed as linear
parameter varying, (LPV) systems. These, as described in Chapter 2,
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are models which have linear structure but the model matrices depend
on external parameters called scheduling parameters. A nonlinear plant
model may be described as an LPV model. LPV models are hence models
with linear structures, where the system description contains parameters
that vary with time t. The parameter is not known a priori, but is
attainable at time t.

A continuous-time LPV system is described by

ẋ(t) = A(ρ(t))x(t) +B(ρ(t))u(t),
y(t) = C(ρ(t))x(t) +D(ρ(t))u(t),

(8.11)

where x(t) ∈ R
n, u(t) ∈ R

nu , y(t) ∈ R
ny and ρ(t) ∈ R

nρ denote the state,
the input, the output and the scheduling signal vector, i.e. the varying
parameter vector of the system. ρ(t) is assumed to be a priori unknown,
but available at time t. A(ρ(t)), B(ρ(t)), C(ρ(t)), D(ρ(t)) are assumed to
be analytic matrix valued functions.

This model setup can be further partitioned as

(
ẋ(t)
y(t)

)
=

(
A(ρ(t)) B1(ρ(t)) B2(ρ(t))
C2(ρ(t)) D1(ρ(t)) D2(ρ(t))

)⎛⎝ x(t)
u(t)
w(t)

⎞
⎠ , (8.12)

where u(t) is the controllable input signal and w(t) is the measurable but
not controllable input signal at time t.

The proposed LPV model

Now, with detailed knowledge of the physical model of the system, as
described in [94], an LPV model like (8.12) is developed where most
of the nonlinear dependency is moved into the scheduling parameters.
The scheduling parameters are defined from the inputs generated by the
simulator into the SCR system and are given by

ρ1(t) := Fexh, (8.13)
ρ2(t) := Tin, (8.14)

where Fexh is the exhaust gas flow in [kg/h] and Tin is the inlet temper-
ature in [K].

The amount of injected urea is related to the NOx input concentration and
to the exhaust flow. In the simulator environment presented in Chapter
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5, the input urea is connected to the input NOx using a varying param-
eter, the ammonia to NOx ratio (ANR) changing between 0 over 1. By
choosing a varying ANR, cross-correlation problems for the input signals
are avoided. Also, the temperature changes smoothly for a broad range
of values, i.e. approximately from 470 K to 670 K.

As discussed previously, the input temperature may be modified to obtain
better results, this has been shown to be beneficial for the LPV model as
well. This affects the scheduling parameters and is taken into account by
the following nonlinear transformation

ρ∗2(t) := exp (−a/ρ2(t)), (8.15)

where a is the same constant value chosen as described previously.

Using the information above, a model on the form (8.11) is defined as

ẋ(t) = A(ρ(t))x(t) +B1(ρ(t))u(t) +B2v1(t),
y(t) = C(ρ(t))x(t),

(8.16)

where the time-varying parameter ρ1(t) is given by (8.13), ρ∗2(t) as moti-
vated previously is given by (8.15) and ρ3(t) is defined by

ρ3(t) = ρ1(t)ρ2(t). (8.17)

With this formulation, v1(t) denotes the non-controllable disturbance sig-
nals and u(t) is the control signal which can be used to cancel the effect of
v1(t) in a later situation when a controller is designed. It remains to find
the system matrices in (8.11). A trial-and-error approach was used to
find them. In short, the procedure was as follows: The model structure
was based on the linear controllable canonical form with three states.
The scheduling parameters were added step-wise to the non-zero element
of the linear model. In each step, the obtained results were compared
to the previous model and the best output estimate was chosen. Each
estimated parameter close to zero was set to zero. The obtained result is
given by



8.3. Results 135

A(ρ(t)) =

⎛
⎝ 0 ρ1(t) 0

0 0 ρ1(t)
a1ρ1(t) a2ρ

∗
2(t) ρ1(t) + a3ρ3(t)

⎞
⎠

B1(ρ(t)) =

⎛
⎝ 0

0
b1ρ3(t)

⎞
⎠ , B2 =

⎛
⎝ n1

0
n2

⎞
⎠ , (8.18)

C(ρ(t)) =
(
c1 ρ1(t) ρ∗2(t)

)
,

with the parameter vector θ given by

θ = (a1 a2 a3 b1 c1 n1 n2) . (8.19)

The identification was performed using the prediction error method. The
model structure was defined as a nonlinear grey-box object using the
system identification toolbox in MATLAB, [65].

The initial parameter vector θ0 was chosen such that the eigenvalues of
A(ρ(t)), for all ρi(t),−1.5 ≤ ρi ≤ 16, i = 1, 2, 3 were on the left half plane
ensuring stability of the initial model. The algorithm was initialised with
the following parameter vector

θ0 = (−0.2 − 1 − 4 2 − 2 1 1) . (8.20)

8.3 Results

The results for the different identification algorithms and the model struc-
tures are summarised in this section. For a quantitative comparison of the
proposed models, the model fit (FIT) and the mean square error (MSE)
value were used as performance criteria.

8.3.1 Linear models

In Fig. 8.3, it can be observed that the major deficiency of the linear
models is in the estimation of low values of NOx, but their behaviour for
high frequency changes at intermediate temperatures, as between samples
100 and 250, are reasonably good. As can be seen in Tab. 8.2, a slightly
better overall performance was obtained for the OE model. This structure
was therefore used as the linear block for the Wiener and Hammerstein-
Wiener models.
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Figure 8.3: Identification results for the linear models, Top: the identifi-
cation data. Bottom: validation data. Note that the window is divided
into three parts for improved viewablity of the results.
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Figure 8.4: PWL functions as static nonlinear input functions for the
HW-II model.

8.3.2 Nonlinear models

Block-oriented models

As the main source of error is for low values of NOx, the next step was to
include a saturation function as a static output nonlinearity of a Wiener
model as in [131]. By introducing this Wiener model, negative values in
the NOx output were eliminated. In order to improve the NOx estima-
tion, a static input nonlinearity was considered for the temperature. The
outcome of this static nonlinear function is stressing the effect of the tem-
perature for high values and minimizing its effect for low temperatures.
The NOx estimation was improved with this input nonlinearity. The best
results were obtained for the second Hammerstein-Wiener model by in-
corporating PWL functions to the static input functions. The identified
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PWL functions are shown in Fig. 8.4.

Notice that the difference between the FIT for the linear output error
model and the Hammerstein-Wiener model is 22.11%, which is a signif-
icant improvement since both linear models have the same number of
parameters, and the added static nonlinearities were relatively simple
and intuitive, i.e. the saturation and the exponential functions. Incorpo-
ration of the PWL functions results in additional improvement of 6.16%
and 7.02% over the results obtained with HW-I for the identification and
validation data set respectively. This is evidence of the PWL’s ability
to deal with nonlinear systems with changing operating points. In the
same way, the best MSE values are achieved for the Hammerstein-Wiener
models.

From the results it is concluded that HW-II is probably not subject to
over-fitting, despite the quite high number of parameters used.

Nonlinear state space model

The RPEM used for identification requires an initial parameter vector.
The choice of this parameter vector needs to be made such that the
algorithm does not converge to a suboptimal minima, see Chapter 7.
The Kalman filter based initialisation algorithm described in [19] was
used to find the initial parameter vector. The algorithm was run using
the following tuning parameters: P (0) = 10, denoting the scale factor of
the covariance matrix, i.e. P (0) = P (0)I. Further,

R1 =

(
R1,x 0
0 R1,θ

)
(8.21)

denotes the covariance matrix of the process noise. These values were
chosen as R1,x = 50 and R1,θ = 0. The process noise of the parameter
vector θ was set to zero. Finally, the covariance matrix of the measure-
ment noise R2 was set to 3.

The RPEM was then initialised using the parameter vector obtained by
the initialisation algorithm. The final obtained unscaled parameter vector
is given by

θ̂ = (0.805 − 0.049 0.111 − 1.139 − 0.119

0.024 − 0.010 − 0.011 − 0.375 − 0.784 0.485 − 0.369

−0.028 − 0.137 − 0.441 0.559 0.961) . (8.22)
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The obtained continuous-time model after rescaling the above parame-
ters, as described in Chapter 6, is then given by

ẋ1 = x2,

ẋ2 = −0.325x1 − 2.837x2 + 0.308v1 + 4.070v
(1)
1

− 0.045v
(1)
3 v

(1)
1 v∗2 − 0.542v

(1)
3 v∗2 − 0.107v

(1)
3 v

(1)
1 v3v

∗
2

− 1.644v
(1)
3 v1 + 2.787v

(1)
1 v1 + 4.411v

(1)
3 x1 (8.23)

−
(
0.142 + 2.092v

(1)
3 + 3.741v

(1)
1 − 1.841v

(1)
3 v3

+1.631v
(1)
3 v∗2 + 0.145v

(1)
3 v

(1)
1 v∗2 + 0.556v

(1)
3 v3v

∗
2

)
u,

y = x1.

The obtained results of the identification and validation using the al-
gorithm in Chapter 6 and 7 using the nonlinear state space model is
illustrated in Fig. 8.5. It is clear that the model captures the nonlinear
dynamics of the system quite well. Note that, a saturation is imposed on
the output NOx in order to deal with negative values of the model.

8.3.3 LPV model

The identification and validation data from the simulator are depicted
in Fig. 8.6. The figure illustrates that the model’s capability of captur-
ing the system dynamics quite well for the given data. For a complete
overview of the results and comparison between the models see Tab. 8.2,
where it can be seen that the proposed model works quite well despite the
low number of unknown parameters. The LPV model performs almost
as good as the nonlinear state space model. However, the LPV model
was estimated using only 7 parameters in contrary to the nonlinear state
space model with 17 unknown parameters. One interesting observation
of the obtained results is that there was no need to introduce a nonlinear
saturation function on the output NOx using the LPV model.

The overall results of the identification and validation are given in Tab.
8.2. The obtained results of the HW-II model were superior to all the
other models. However, the number of estimated parameters is quite
large, making the model less suitable for controller design. The LPV
model was the model with the lowest number of unknown parameters
and it performed quite well.
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Figure 8.5: Output from simulator, solid line, and the output from the
nonlinear state space model, dashed line, given in parts per million [ppm].
Top: Identification data set with a model fit of 75.88 %. Bottom: Val-
idation data set with a model fit of 58.87%. Note that the window is
divided into three parts for improved viewablity of the results.
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Figure 8.6: Output from simulator, solid line, and the output from the
LPV model, dashed line, given in parts per million [ppm]. Top: Identifi-
cation data set with a model fit of 69.84%. Bottom: Validation data set
with a model fit of 59.32%. Note that the window is divided into three
parts for improved viewablity of the results.
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Table 8.2: Identification results

Model Identification Validation
FIT MSE FIT MSE

SS 61.76% 0.056 40.35% 0.145
OE 68.93% 0.043 38.92% 0.156
W 73.06% 0.034 50.35% 0.051

HW-I 71.67% 0.031 61.03% 0.043
HW-II 78.54% 0.029 64.05% 0.040
NL-SS 75.88% 0.029 58.67% 0.045
LPV 69.84% 0.039 59.32% 0.043

8.4 Summary

Five different black-box models for the SCR system were presented in this
chapter. The identified nonlinear models represent the NOx behaviour
for transient operating conditions quite well. Of all the candidate models
studied, the HW-II model provide a significantly better reproduction of
the experimental data over the whole analysed period in terms of model
fit and MSE. However, the number of estimated parameters is quite large
and considering the total number of parameters identified, the LPV model
is superior. The simplicity of the model and low number of parameters
identified are the main advantages of this model structure in comparison
with other nonlinear models.



Chapter 9
NOx control for selective catalytic
reduction systems using feedback
linearisation

The control strategy described in this chapter is to apply feedback
linearisation, utilising the results of online identification using the

algorithm presented in Chapter 6-8. This maps the identified nonlinear
system to a linear system. Then, linear control techniques can be applied
to the linearised system.

9.1 Introduction

The algorithm described in Chapter 6 is designed to allow straightforward
application of nonlinear control techniques, like feedback linearisation,
[57]. The key property of the identification algorithms that allows this, is
that a continuous-time nonlinear model is identified using a discrete-time
algorithm. In the present chapter, input-output feedback linearisation is
applied. The theory for feedback linearisation is well developed and has
been widely used in the literature, both together with physical modelling
[22; 83] and black-box modelling [127; 139]. The main contribution of
the chapter is a new control strategy for the selective catalytic reduc-
tion system based on feedback linearisation techniques using a nonlinear
black-box model of the system, [57]. The model used for feedback lineari-

143
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sation is obtained by recursive identification of a second order nonlinear
model as described in Chapter 8. The model also includes measurable
disturbances that make the model time-varying. This is a problem, since
feedback linearisation requires a time invariant nonlinear system. The de-
sign therefore builds on an assumption that the time-variation is slow and
can be neglected in the derivation of the design equations. This results
in a controller where the time-varying disturbances are then reintroduced
in the controller. The disturbances include the input NOx, temperature,
and the exhaust gas flow. The motivation is more or less valid, depend-
ing on the driving conditions. In particular, the temperature varies very
slowly.

The assumption of a slow time-variation cannot be easily avoided. The
simulated results provide further motivation for the approach, since sub-
stantial improvements are obtained when simulating and comparing the
proposed strategy to linear control. The evaluation is based on a high fi-
delity simulator running the world harmonised transient cycle (WHTC).
As a second contribution, the control strategy is extended to include
adaptivity to capture changes of the dynamics in the system.

The chapter is organised as follows. In Section 9.2, a brief overview of the
model and the identification method is given, in Section 9.3, the proposed
control strategy is derived. The controller is extended to include adap-
tivity in Section 9.4. The obtained results are illustrated and discussed
in Section 9.5.

9.2 The model and identification of the SCR sys-
tem

In this section, the nonlinear model and the identification algorithm is
reviewed. For a detailed description of the identification algorithm, see
Chapter 6 and 7. For more details on the identification results, see Chap-
ter 8. Note that parts of this section are also presented in Chapter 8, as
the same model and results are used for derivation of the controller in
this chapter. However, for the sake of completeness of the results, some
of these are repeated.
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9.2.1 The general model

The model for this work is of output error (OE) type, written on state
space form, see Chapter 6, and is described by

ẋ =

⎛
⎜⎜⎜⎝

ẋ1
...

ẋn−1
ẋn

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

x2
...
xn

f(x, u, θ)

⎞
⎟⎟⎟⎠ ,

y = (1 0 . . . 0)x,

(9.1)

where x is the state vector and θ is the unknown parameter vector. The
input vector is given by u(t), the output vector by y(t) and f(x, u, θ)
is a nonlinear function on polynomial form as described in (6.4). The
continuous-time model is then discretised as explained in (6.12) resulting
in

x(t+ 1) = x(t) + fd(x(t)) + gd(x(t))u(t),
y(t) = x1(t).

(9.2)

The nonlinear right hand side component is parametrised by a polynomial
in the inputs and states, see (6.7) and (6.6). Note the structure of (9.2)
which is directly adapted for feedback linearisation. This is a consequence
of a careful selection of the parametrisation of the model.

9.2.2 Data generation

For identification of the model, the high fidelity simulator described in
Chapter 5 was used to generate suitable data. The user defined input
signals to the simulator are the load and the speed of the engine. Using
this, the simulator generates the inputs to the SCR that are sufficient for
identification.

The signals generated by the simulator, constituting the following non-
controllable inputs as described in Chapter 5, are given by

v1 = cNOx,in , (9.3)

v∗2 = exp (−a/Tin), (9.4)
v3 = Fexh, (9.5)

where, cNOx is the concentration of NOx in [ppm], Tin represents the
temperature of the exhaust gas before the catalyst in [K], and Fexh is the
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exhaust flow into the catalyst in [kg/h]. The injected ammonia, given in
[ppm], is the controllable signal of the system and is denoted

u = cNH3,in . (9.6)

This simulator then generates two output signals of interest:

y1 = cNOx,out ,
y2 = cNH3,out .

(9.7)

The main interest is to minimise the output NOx, therefore y1(t) is se-
lected to be the only output of the model in this chapter. The selected
second order model is then written on the following canonical controllable
form:

ẋ1 =x2,

ẋ2 =f(x, v(t), v(1)(t)) + g(x, v(t), v(1)(t))u(t), (9.8)
y1 =x1.

Here, v is the vector

v =

⎛
⎝ v1,r

v∗2,r
v3,r

⎞
⎠ . (9.9)

In the rest of the chapter, y1(t) will be denoted as y(t). The same pre-
processing procedure of the data as presented in Chapter 8 is used in this
chapter.

9.2.3 The final model

As described in Chapter 8, the model (9.8) gives a total number of 256
unknown parameters for the polynomial degree selected. To simplify the
model, the procedure described in Chapter 8 was conducted. The final
result is a model with 17 parameters, where 8 of them correspond to
linear signals. For the selected nonlinear model, the regressor vector of
the identification algorithm is:

ϕ =
(
v3 u v1 x2 x1 v

(1)
3 v

(1)
1 v∗2 v

(1)
3 v∗2v

(1)
3 u v

(1)
1 u v

(1)
3 v3u

v
(1)
3 v∗2u v

(1)
3 v

(1)
1 v∗2u v

(1)
3 v3v

∗
2u v

(1)
3 v1 v

(1)
1 v1 x1v

(1)
3

)
. (9.10)
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Remark 9.1. As mentioned in the work of [134], using the derivatives
of the input signals in the model has certain consequences for the choice
of these signals. Note that, in this case, this choice has been made based
on performance of the linear model when including the different deriva-
tives. It might be possible to make further improvements by considering
dedicated input signal design in later work. Here, v(1)2 (t) was omitted due
to the signal’s low frequency giving a derivative close to zero. The deriva-
tive of the input u(t), i.e. u(1)(t), was also omitted to further simplify the
controller design procedure. Exclusion of these variables did not have any
significant impact on the identification results.

9.3 Controller design procedure

Several techniques for feedback linearisation are discussed in the litera-
ture, see e.g. [57]. In this work, input-output feedback linearisation for
affine continuous-time systems is applied. In the next subsection, the
time-variability of (9.8)-(9.10) is neglected as stated above.

9.3.1 Input-output linearisation theory

Consider the nonlinear system on the affine form

ẋ(t) = f(x(t)) + g(x(t))u(t),
y(t) = h(x(t)),

(9.11)

where x ∈ R
n, and f(·), g(·) and h(·) are smooth functions on D ⊂ R

n.
Then, there exist a feedback control law

u(t) = α(x(t)) + β(x(t))u∗ (9.12)

and a change of variables z(t) = T (x(t)) that transform the nonlinear
system into an equivalent linear system, [57, p. 505-510].

Differentiating the output y w.r.t. time t generates

y(ρ)(t) = Lρ
fh(x(t)) + LgL

ρ−1
f h(x(t))u(t), (9.13)

where Lfh(x(t)) is the Lie derivative of h(x(t)) w.r.t. f(·) and equiva-
lently Lgh(x(t)) w.r.t. g(·) and ρ, 1 ≤ ρ ≤ n, is the relative degree of the
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system. The state feedback control of the system is then

u(t) =
1

LgL
ρ−1
f h(x)

[
−Lρ

fh(x) + u∗
]
, (9.14)

reducing the system to
y(ρ) = u∗. (9.15)

Remark 9.2. Note that in the case when y(t) shall track a reference
value r(t), the linearising input in (9.14) can be modified such that y(t)
asymptotically follows r(t). The modified input is then given by, [57, p.
540-542]

ũ = u∗ + r(ρ). (9.16)

9.3.2 Input-output linearisation of the SCR system

Calculating the derivatives of y(t) of (9.8) gives

ẏ = Lfh(x) = ẋ1 = x2,

ÿ = L2
fh(x) + LgLfh(x) = ẋ2 (9.17)

≈ f(x, v, v(1)) + g(x, v, v(1))u.,

Hence, the system described in (9.8) has a relative degree of 2 when the
time-variability is neglected, [57], and is given by

y(2) = u∗. (9.18)

Assuming g(x, v, v(1)) �= 0 and that the time-variation can be neglected,
the linearising input is then given by

u(t) =
1

g(x, v, v(1))

[
−f(x, v, v(1)) + u∗

]
. (9.19)

Remark 9.3. The function g(x, v, v(1)) of the SCR model in (9.10) is
given by

g(x, v, v(1)) = θ2 + θ9v
(1)
3 + θ10v

(1)
1 + θ11v

(1)
3 v3 + θ12v

(1)
3 v∗2 + θ13v

(1)
3 v

(1)
1

+ θ14v
(1)
3 v3v

∗
2 (9.20)

It is clear that the estimated ĝ(·) cannot be guaranteed to be different from
zero without a modification. There are several techniques in the literature
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used to keep ĝ(·) �= 0. In this work, whenever |ĝ(·)| < ε, ĝ(·) is projected
into a feasible region such that ĝ(·) �= 0 using the following algorithm

ĝ(·) =
{
σmin if |ĝ(·)| < ε

ĝ(·) otherwise
, (9.21)

where σmin is a small tuning value.

Using (9.19) in (9.8), the following linear model is obtained

ż =

(
0 1
0 0

)
z +

(
0
1

)
u∗ = Az +Bu∗,

y = z1 = Cz, (9.22)

where the state transformation is denoted by

z(t) = T (x(t)), (9.23)

where

T (x) =

[
h(x)

Lfh(x)

]
=

[
x1
x2

]
. (9.24)

This linear system is discretised using the zero-order hold method with
a sampling period h = 0.1, resulting in

z(t+ h) = Fz(t) +Gu∗(t),
y(t) = Hz(t),

(9.25)

where

F = eAh, (9.26)

G =

h∫
0

eAsBds, (9.27)

H = C. (9.28)

9.3.3 Linear quadratic Gaussian control

Since the system appears as a linear system for the controller, any con-
trol technique intended for linear systems can now be used for controller
design. In order to minimise the control effort at the same time as the
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output NOx is eliminated, a linear quadratic control strategy was chosen
with the following minimisation criterion

V =
N−1∑
t=t0

zT (t)Qzz
T (t) + u∗T (t)Qu∗u

∗(t) + wT
e (t)Qwwe(t), (9.29)

where Qu∗ , Qw > 0, and⎛
⎝ Qz 0 0

0 Qu∗ 0
0 0 Qw

⎞
⎠ ≥ 0, (9.30)

where Qz is symmetric. Here, we is given by

we(t+ 1) = we(t) + z1(t)− r(t) (9.31)

and r(t) is the desired set-point value. we(t) can be seen as an augmented
state as[

ẑ(t+ 1)
we(t+ 1)

]
=

[
F (t) 0
CF (t) 1

] [
ẑ(t)
we(t)

]
+

[
G(t)
CG(t)

]
u∗(t)−

[
0
1

]
r(t),

(9.32)
where F (t) and G(t) are given by (9.35) and C is the matrix in (9.22).
This way, integral action is introduced in the closed-loop system. A
detailed overview of the controller is depicted in Fig. 9.1.

The optimal feedback minimising (9.29) is given by

u∗(t) = −Lẑ(t|t), (9.33)

where ẑ(t|t) = T (x̂(t|t)), and x̂(t|t) is the state estimated by an extended
Kalman filter (EKF) described below.

9.3.4 State estimation

The states of the model are not measurable and need to be obtained from
the measurement y(t). The EKF is used for this purpose. The EKF, in
contrary to the Kalman filter, is not optimal. However, it is easy to
implement and straightforward to use. There are several improvements
of the Kalman filter for nonlinear systems available, such as the second
order extended Kalman filter (SOEKF) [92] or the unscented Kalman
filter (UKF) [54; 128]. Particle filtering, including its different variations
[2; 96], is another option, but they are not considered here.
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]

Figure 9.1: The LQG scheme used.

Given the nonlinear discrete-time model (9.2) written as

x(t+ 1) = f(t, x(t)) + g(t, x(t))u(t) + v(t),
y(t) = h(x(t)) + e(t),

(9.34)

where v(t) and e(t) are mutually independent Gaussian white noise with
zero mean and covariance matrices R1(t) and R2(t) respectively, the EKF
is given by, [104, p. 245-247]

H(t) =
∂h(t, x)

∂x

∣∣∣∣
x=x̂(t|t−1)

,

K(t) =P (t|t− 1)HT (t)

× [
H(t)P (t|t− 1)HT (t) +R2(t)

]−1
,

x̂(t|t) =x̂(t|t− 1) +K(t) [y(t)− h(t, x̂(t|t− 1))] ,

P (t|t) =P (t|t− 1)−K(t)H(t)P (t|t− 1), (9.35)
x̂(t+ 1|t) =f(t, x̂(t|t)),

F (t) =
∂f(t, x)

∂x

∣∣∣∣
x=x̂(t|t)

,

G(t) = g(t, x)|x=x̂(t|t) ,

P (t+ 1|t) =F (t)P (t|t)F T (t) +G(t)R1(t)G
T (t).
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9.4 Adaptivity

To be able to use the proposed controller in an adaptive fashion, the
parameter estimation and feedback linearisation need to be performed
online.

9.4.1 Indirect self-tuning adaptive control

The adaptive control approach used in this work follows the principle of
indirect self-tuning control as described in [5]. It is given by the following
algorithm

1. At each time step t, estimate the parameter vector θ̂(t) using the
RPEM described in [115].

2. Using θ̂(t), estimate the states x̂(t|t) using the extended Kalman
filter as described in Section 9.3.

3. Compute the transformed state ẑ(t|t) from the obtained state esti-
mate x̂(t|t).

4. Compute the control signal u∗(t) for the linear system (9.22).

5. Using θ̂(t) and x̂(t|t), compute g(·, ·, ·) and f(·, ·, ·) of (9.8).

6. Compute the input for the nonlinear system according to (9.19).

The estimation of the parameter vector θ̂ is computationally intensive.
The data collection is performed with a sampling period of 0.1 s. The
complexity of the algorithm can, if needed, be reduced by updating the
parameters more seldom. In general, the changes in the system are slow
and the slowed down updating of the parameter will therefore not have an
impact on the tracking of the dynamics. Note that the additional time-
variability introduced by adaptation is slow, hence the time invariance
requirement of feedback linearisation is not significantly affected.

9.5 Results and discussions

Simulations were carried out in the high fidelity SCR simulator to eval-
uate the performance of the controller. A schematic overview of this
system together with the proposed controller is illustrated in Fig. 9.2.
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Figure 9.2: The control scheme used for feedback linearisation with and
without the adaptive control strategy. The dashed lines indicate param-
eter estimation performed in the adaptive case.

9.5.1 Identification results

The identification results, as mentioned previously, are the same as in
Chapter 8, However, they are repeated here for completeness of the work.

The RPEM used for identification requires an initial parameter vector.
The choice of this parameter vector needs to be made such that the
algorithm does not converge to a suboptimal minima. To obtain this, the
Kalman filter based initialisation algorithm described in [19] is used to
find the initial parameter vector. The algorithm is run using the following
tuning parameters: P (0) = 10, which is the scale factor of the covariance
matrix, i.e. P (0) = P (0)I, further

R1 =

(
R1,x 0
0 R1,θ

)
(9.36)

is the covariance matrix of the process noise. In the algorithm, these
values were chosen as R1,x = 50 and R1,θ = 0. The process noise of
the parameter vector θ was chosen as zero (time invariant). Finally, the
covariance matrix of the measurement noise R2 was set to 3. Then,
the RPEM was initialised using the parameter vector obtained by the
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Figure 9.3: Output from simulator, solid, and the output from the model,
dashed, in parts per million [ppm]. Top: Identification data set with a
model fit of 75.88 %. Bottom: Validation data set with a model fit of
58.87%. Note that the window is divided into three parts for improved
viewablity of the results..
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initialisation algorithm. The final obtained unscaled parameter vector is
given by

θ̂ = (0.805 − 0.049 0.111 − 1.139 − 0.119

0.024 − 0.010 − 0.011 − 0.375 − 0.784 0.485 − 0.369

−0.028 − 0.137 − 0.441 0.559 0.961) . (9.37)

This parameter vector is the scaled parameter vector obtained from the
RPEM. By using Theorem 6.2 in Chapter 6, the unscaled parameters of
the system are obtained. By rescaling the parameters back to the original
values, the obtained continuous-time model is then given by

ẋ1 = x2,

ẋ2 = −0.325x1 − 2.837x2 + 0.308v1 + 4.070v
(1)
1

− 0.045v
(1)
3 v

(1)
1 v∗2 − 0.542v

(1)
3 v∗2 − 0.107v

(1)
3 v

(1)
1 v3v

∗
2

− 1.644v
(1)
3 v1 + 2.787v

(1)
1 v1 + 4.411v

(1)
3 x1 (9.38)

−
(
0.142 + 2.092v

(1)
3 + 3.741v

(1)
1 − 1.841v

(1)
3 v3

+1.631v
(1)
3 v∗2 + 0.145v

(1)
3 v

(1)
1 v∗2 + 0.556v

(1)
3 v3v

∗
2

)
u,

y = x1.

The prediction error of the obtained model is illustrated in Fig. 9.4. As
seen in the figure, the error is not white noise. There are some dynamics
at certain regions that may be un-modelled. The magnitude of the error
is however not that large, indicating a useful model. The usefulness of
the model will be further proven by the control results.

Table 9.1: Identification results.

Data Model fit (FIT) [%] MSE [ppm]
Identification 78.40 95.28
Validation 61.02 101.77

For validation, the world harmonised transient cycle (WHTC) data as
described in Chapter 5 was used. Fig. 9.3 illustrates the simulated model
obtained by the second order nonlinear model for the identification and
validation data. An overview of the model fit and MSE of the results are
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shown in Tab. 9.1. The software for identification is available for free
download, [136].

Table 9.2: Results of the controller performance in comparison with the
linear controller.

Max NL-SS error Min NL-SS error
Linear controller 44.44 1.02

Feedback linearisation 0.13 0.01

9.5.2 Non-adaptive control

The results presented in this section are compared to a linear controller,
where the control design is based on a linear model identified for the
system using the same procedure as in Section 9.2, excluding the nonlin-
ear terms. The controller is then designed for the obtained linear model
including integral control.

In the first example, the controller is evaluated for a variation of the load
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Figure 9.4: The prediction error of the algorithm for the given identifica-
tion data.
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with step responses, where the load is varied between 25 % and 100 %.
The load region between 25% and 75% is where most severe nonlinearities
are present, see [120].

The controller performance is illustrated using step responses for different
operating levels of the SCR system, as illustrated in Fig 9.5. For the SCR
application, the main goal is to reduce the NOx completely, i.e. to track
the set-point r(t) = 0. However, to assess the controller performance,
the set-point is varied. From Tab. 9.2, it is clear that the performance
of the controller using the feedback linearisation technique is superior to
the linear controller. This provides a motivation for using time-invariant
feedback linearisation on a time-varying system.

Since the system does not respond well enough below 200◦ C, the set-point
of the controller for the first 100 s is set to the same value as the input
NOx so that the system is heated up. This is not due to the nonlinearity
of the system, rather the limitations of the chemical reactions at very low
temperatures. In this work, there is no handling of the stored ammonia
in the model described. It is therefore clear from the obtained results
that the limitations of the knowledge of the stored ammonia plays an
important role in the controller performance. As seen in Fig. 9.5 at the
set-point change at 150 s, the system does not react fast enough, which
could be due to the stored ammonia still reacting with the input NOx.

The performance of the controller is finally evaluated using the WHTC
data, [109]. In this case, the reference value is set to r(t) = 0 since this is
desired in real life application. The results are depicted in Fig. 9.6. The
controller is not able to operate at the beginning of the cycle, due to the
same reason mentioned previously, i.e. that the system is on cold start
and no chemical reaction can take place. The global controller performs
well in eliminating the undesired NOx.

9.5.3 Adaptive control

The simulator contains different engine modes that can be set based on
the engine type. Therefore, to evaluate the adaptive control performance,
the engine mode in the simulator is changed.This validation is useful in
cases where the changes in the system are drastic or the SCR system
dynamics change due to e.g. ageing. The goal is to maintain control even
though the system dynamics change. The obtained results are illustrated
in Fig. 9.7 where the desired reference value is set to 0 and the engine
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Figure 9.5: Controller performance. Top: the feedback linearisation con-
troller, with a reference value, dashed line and the NOx priori to the
catalyst together with the output NOx. Bottom: Controller performance
using the linear controller.
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Figure 9.6: Illustration of the controller using the WHTC data and a
reference value set to zero. Note that the timespan is divided into three
separate windows for improved viewability.

mode change is performed at time t = 200 s. It can be seen that the initial
parameters (obtained for engine mode 2) used in the adaptive controller
are adapted to the engine mode 3 first and then adapted at time t = 200
s to engine mode 1.

To evaluate the performance of the controller for the WHTC data, a mode
change is performed at time t = 400 s for the WHTC data. The results
of the control performance and the parameter update are also shown in
Fig. 9.7. The controller performs similar to the offline control and as
illustrated, the results are not affected by the mode change.
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Figure 9.7: Performance of the adaptive controller. Top: Mode change
from mode 3 to mode 1 for a step at time t = 200 s. Bottom: Adaptive
control of the system running the WHTC data with a mode change at
time t = 400 s.
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9.6 Summary

In this chapter, a nonlinear black-box model was used to recursively es-
timate an SCR process. The nonlinear model was used for design of an
LQG controller using an inner feedback linearisation loop. The system
has four input signals, one controllable and three measurable, and is de-
scribed by 17 parameters. The feedback linearisation approach showed
promising results and the control objectives are met even when introduc-
ing adaptivity. In particular, linear control is outperformed. The approx-
imation to neglect the time-variation of the measurable disturbances in
the design of the feedback linearisation loop, hence seems to be justified.
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Chapter 10
Multiple model identification and
control of the SCR system

As described in Chapter 2, one way of overcoming the challenges with
nonlinear modelling and control is by dividing the nonlinear system

description into several linear models. This approach, also known as the,
multiple modelling technique is useful and popular in industrial applica-
tions, where the nonlinearities are approximated with local linear models.
In this chapter, the multiple model approach is used for modelling and
control of the SCR system.

10.1 Introduction

The multiple model approach is well developed and analysed, [90; 111].
The approach has also been used in many applications, among others in
pH neutralisation processes, cf. [15], and in drug dosage for regulation of
mean arterial pressure and cardiac output in critical care subjects, [88].
Also for chemical processes this approach is appealing, where the oper-
ating regions are directly connected to the temperature. Consequently,
the complexity of control for such systems is significantly reduced by us-
ing standard linear controller design for each local model. One method
for controlling the system using the multiple model principle is by gain
scheduling where a scheduling parameter defines the different regions,

163
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[5; 57]. This strategy is recommended for systems where the model be-
haviour is described using physical properties of the system and is there-
fore not applied in this thesis.

In this chapter, black-box models are used for modelling the local mod-
els. Much work has been dedicated to the modelling of the ammonia
coverage of the SCR system, see e.g. [34; 89; 94]. The ammonia cover-
age is one of the key components in these first principles based models.
This is, however, not measurable, making the existing nonlinear ammonia
coverage models complex. Therefore, contrary to the previous modelling
techniques in this thesis, a model based on the physical properties of
the ammonia coverage is introduced, thereby also describing the output
ammonia slip. Further, the identified models are used for controller de-
sign. Two control strategies are used. First, for the MISO model, where
only the output NOx is modelled, an internal model controller (IMC) is
designed for each local model. For the MIMO model, including the out-
put ammonia, the control is improved by using model predictive control
(MPC) for each local model. MPC is a powerful control strategy that
takes the constraints on the input and the output into account, [37]. The
MPC strategy requires a good output prediction leading to a requirement
of high accuracy for the models.

This chapter is organised as follows. In the following section, the mod-
elling principle and the identification algorithm is presented in detail.
Further, in Section 10.3, the control strategy and the MPC principle is
described. The obtained identification and control results are illustrated
in Section 10.4, and the chapter is summarised in Section 10.5

10.2 Modelling of the SCR system based on the
multiple model approach

There is a significant difference between the order of magnitude of the
signals that can cause numerical problems in the identification process.
To obtain an easy to use data set, the data obtained was therefore nor-
malised w.r.t. the maximum value of each signal before identification.
The values used for normalisation are illustrated in Tab. 10.1.
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Table 10.1: Normalisation values used for preprocessing of data.

Environment NOx NH3 Modified Exhaust
[ppm] [ppm] temperature flow [kg/h]

Simulator 2000 1800 7.77×10−6 1800
Test cell 1825 1449 7.77×10−6 1662

10.2.1 Region division

The key idea of the proposed model is to define regions where the dy-
namics of the SCR system is close to linear. By using the simulator, a
full scale analysis was performed. In the test cell environment, time and
cost limitation introduced some constraints on the conducted tests. The
engine is the main source of NOx production. The amount of NOx is
related to the load and the speed of the engine.

If no ammonia is present in the system, no reactions will occur. Using step
response tests of the urea, for different static combinations of the load, it
has been seen that the dynamics of the system changes significantly for
low and high values of urea. Higher amounts of ammonia at low temper-
ature create nonlinearities and therefore the amount of the injected urea
is important in defining the linear regions. One of the key controllable
components of the system is therefore the injected urea. Normally, the
dosage is controlled as the ammonia to NOx ratio (ANR), defined by

ANR =
FAdBluekNH3

FexhcNOx

, (10.1)

where FAdBlue is the flow rate of the injected AdBlue in [kg/h] and kNH3

is a constant given by

kNH3 =
2cpCO(NH2)2

MFexh

MCO(NH2)2

. (10.2)

Here, cpCO(NH2)2
is the specific heat capacity of urea and the molar mass of

exhaust gas and urea are given by MFexh and MCO(NH2)2
, respectively. If

the ANR is chosen as a constant value, there will be a correlation between
the input NH3 and NOx. To reduce this problem, the ANR was chosen
as a random stepwise signal during the data collection.

Defining the regions based on the temperature constitutes the second
step. The temperature of the exhaust gas affects the temperature inside
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the SCR system, see [113], affecting the reactions dominating the dynam-
ics of the SCR system, as described in Section 4.3. However, the division
of the regions based on temperature can be tedious since the tempera-
ture is not directly controllable. In Fig. 10.1, it can be seen that the
speed rarely affects the temperature. Therefore, the connection between
the load and the temperature was used to define the regions. Instead of
using the temperature to determine the division, the mapping of the load
into temperature according to Fig. 10.1 was used, since the engine load
is easily manipulated in both environments. For all regions, the speed
was assumed to vary between 600 and 2300 rpm and does not affect the
dynamics of the process significantly. This strategy was used both in
simulation as well as in the cell environment at Scania AB.
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Figure 10.1: The connection between the load, speed and the inlet tem-
perature of the exhaust gas prior to the catalyst.

The final region division for the simulator and the cell environment are
given in Tab. 10.2. Note that the load for the simulator environment is
given as the percentage of the maximum load. The same translation can
of course be made for the test cell environment, however, the complete
information is given in Tab. 10.2. Note that there is a difference in region
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Table 10.2: Region division for the operating points of the two different
environments.

Region Simulator Test cell
Load [%] ANR Load [Nm] ANR

R1 [-10,15] [0,0.5] [-250,1250] [0,0.3]
R2 [-10,15] [0.5,1] [-250,1250] [0.3,0.6]
R3 [15,40] [0,0.5] [1250,2300] [0,0.5]
R4 [15,40] [0.5,1] [1250,2300] [0.5,1]
R5 [40,100] [0,1]

division between the simulator and the test cell environment. There is
an additional region defined in the simulation environment that is not
feasible in reality.

10.2.2 Local linear MISO models

The linear models of the SCR system were estimated using the system
identification toolbox, [65]. Different linear models with an order from 2
to 8 were identified for each region. The model with a combination of the
highest model fit, and lowest mean square error (MSE) together with the
lowest number of parameters and order was chosen. This identification
resulted in a 2nd order discrete-time model of output error (OE) type
for each region. The i-th model, i = 1, . . . , n where n denotes the total
number of linear models, is given on the following form

y(i)cNOx
(t) =

B
(i)
u (q−1)

F (i)(q−1)
u(t) +

nv∑
k=1

B
(i)
k (q−1)

F (i)(q−1)
vk(t) + e(t), (10.3)

where y(t) is the system output, u(t) is the system input, vk(t) is the
k-th content of the measured vector v(t) and e(t) is the noise. Here the
superscript i denotes the number of the i-th local model. Further, nv

is the number of measured, but not controllable inputs, cf. Chapter 5,
and B(q−1) and F (q−1) are polynomials defined in the backward shift
operator q−1. This model is transferred to discrete-time state space form

x(i)(t+ 1) = F (i)x(i)(t) +G(i)u(t) +N (i)
v vk(t), (10.4)

y(i)cNOx
(t) = H(i)x(i)(t) + e(t),

such that the model of the ammonia coverage can be included in the final
model.
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The measured test cell data is affected by a significant time-delay of 100
samples. The time delay is modelled in discrete-time as

yout(t) = q−αyin(t), (10.5)

where α is the delay in samples. To obtain α, input and output NOx were
measured without any injected urea. Further, the measurement system
has a certain dynamics that has been neglected in this work.

10.2.3 Local model of the ammonia coverage

The ammonia coverage, i.e. the amount of stored ammonia in the cat-
alyst, was modelled as a linear model where the state is represented as
a dynamical system with the injected ammonia as input. The model is
given by

θ̇
(i)
NH3

(tc) = − 1

τ (i)
θ
(i)
NH3

(tc) +
k

τ (i)
u(tc), (10.6)

where tc is continuous-time measurement time of the ammonia coverage
θNH3 . To introduce this model in the overall model of the system, it was
discretised using zero order hold assuming a sampling period of h, leading
to:

θ
(i)
NH3

(t+ 1) = exp

(
− h

τ (i)

)
︸ ︷︷ ︸

F
(i)
∗

θ
(i)
NH3

(t)− k(i)

τ (i)
2 exp

(
− h

τ (i)

)
︸ ︷︷ ︸

G
(i)
∗

u(t). (10.7)

This linear model of the ammonia coverage is given in [82], where it de-
scribes the total ammonia coverage for all operating points of the system.
The output NH3 is then a nonlinear function of this function.

Using this model, the output ammonia slip can be modelled as well. The
ammonia coverage model can be seen as an augmented state for the i-th
model as

x̄(i)(t) =

[
x(i)(t)

θ(i)(t)

]
, (10.8)

then (10.4) is extended into the following state space representation

x̄(i)(t+ 1) =

[
F (i) 0

0 F
(i)
∗

]
x̄(i)(t) +

[
G(i)

G
(i)
∗

]
u(t) +

[
N

(i)
v

0

]
v(t),

[
y
(i)
cNOx(t)

y
(i)
cNH3

(t)

]
=
[
H(i) H

(i)
∗

]
x̄(i)(t). (10.9)
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Here,
[
H(i) H

(i)
∗
]

represents the matrix connecting the states, including
the ammonia coverage model to the output NOx and output ammonia.

10.2.4 Model weight calculation

When dealing with automotive applications, fast changes occur in the
system. The engine load can change drastically due to the road condition
and driving style. Therefore, instead of switching between the models, the
model outputs are weighted for smoother transition between the regions.
The weights provide information about how close the model outputs are
to the real output which can be interpreted as finding the probability of
a model to be the correct model representing the output at a given time
t. The residual of each output ε

(i)
coutput(t) for each local model at a given

time t is
ε(i)coutput(t) = ycoutput(t)− ŷ(i)coutput(t|t), (10.10)

where ŷ
(i)
coutput(t|t) is the estimated output of the i-th local model and

ycoutput(t) represents the measured outputs of the system, i.e. ycNOx(t)
and ycNH3

(t).

Assume that the probability of each given model at the starting point t =
0 is known, i.e. P

(i)
coutput(0) � P

(i)
coutput , where P

(i)
coutput(t) is the probability

of the data for the output c being from model i at time t. Using Bayes’
rule, the a posteriori probability for the i-th model to be the correct
model is given by the following recursion, [104, p. 258]

P (i)
coutput(t) =

pcoutput(y
(i)(t|t− 1))∑n

j=1 pcoutput(y
(j)(t|t− 1))P

(j)
coutput(t− 1)

P (i)
coutput(t− 1),

(10.11)
here p(i)(t) represents the probability density function (PDF) of the i-
th model at time t, given the information up to time t − 1, i. e. the
likelihood that the output at time t follows the model i. Assuming a
Gaussian distribution for the error given in (10.10), the PDF in (10.11)
is given by

p(y(i)coutput(t|t− 1)) = exp

(
−1

2
ε(i)coutput

T
(t)Λcoutputε

(i)
coutput(t)

)
. (10.12)
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Here, Λ is a scaling matrix representing an approximation of the covari-
ance matrix for the residuals and can be seen as a tuning parameter for
the algorithm. This is a simplification of the estimation of the covariance
matrix due to the computational complexity of estimating Λ using other
techniques such as Kalman filter.

In the implemented algorithm, a windowing approach is used for im-
proving the identification, and also the control results. The error vector
εcoutput(t) is windowed with a window size of q, such that

E|q =

⎛
⎜⎜⎜⎝

εcoutput(t)
εcoutput(t+ 1)

...
εcoutput(t+ q − 1)

⎞
⎟⎟⎟⎠ . (10.13)

The vector E|q is the vector used in (10.12) and the dimension of Λcoutput

is changed to a q × q matrix.

By assuming independence between the two outputs ycNOx and ycNH3
, the

total probability for a model to be the correct model operating is then
given by

P
(i)
total = P (i)

cNOx
P (i)
cNH3

. (10.14)

From the recursion scheme in (10.11), it can be seen that if the probability
for a model reaches zero at a certain time, it cannot recover from this and
remains zero. Therefore, a lower limit for the probability is set. Let μ > 0
be a small number indicating the lowest possible probability for a model
to be valid. This limit replaces the probability of each model whenever
it reaches zero. The normalised model weights are then calculated using
the probabilities directly, i.e.

w(i)(t) =

{
P (i)(t)/

∑n
j=1 P

(j)(t) for P (i)(t) > μ

0 for P (i)(t) ≤ μ
, (10.15)

ensuring that the sum of the weights equals 1. The initial probability
of each model can be set to P (i) = 1/n and the sum of all probabilities
equals one.

Using the weights obtained in (10.15), the total estimated output for the
multi-model is given by

ŷ(t|t) =
n∑

i=1

w(i)(t)ŷ(i)(t|t). (10.16)
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10.3 Multiple model based control

In this section, the different control strategies used for controller design
are described. An overview of the control strategy in this chapter is
depicted in Fig. 10.3.

10.3.1 Internal model control

Fig. 10.2 illustrates the IMC scheme which is directly based on the plant
model, [75]. The advantage of the IMC structure is mainly the stability
properties of the controller, which is dependent on the plant model. Also,
the structure is very simple to design and tune in comparison to tradi-
tional PID tuning. IMC can also be modified for non-minimum phase
systems such that stable controllers are obtained. The IMC controller
can also be transferred into a feedback system since it is mathematically
equivalent to a feedback controller, [75]. For instance, the controller can
represent a PI controller if the model is a first order time-lag process and
a PID controller if it is a second order process. Note that the modes of
the system are also included in the final controller, hence, if the system
contains any slow modes, these will be transferred to the controller.

The general structure of the IMC, i.e. the transfer function from the
reference input r to the error e = r − y, is given by

Gf = (I −GqG)−1Gq, (10.17)

where G is the plant model and Gq is a tunable filter.

The IMC design procedure differs for different type of systems. Below, a
brief description of these are given.

Nominal case

In the nominal case, the filter Gq can be chosen as the inverse of the
process model

Gq = G−1, (10.18)

leading to a controller with infinite gain. Even though this structure is
not possible, it might also cause problems due to existence of more poles
than zeros in G, however, it is used as a guideline for selection of Gq.
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Stable minimum phase system

If the system is stable and minimum phase, and if G has more poles than
zeros, the design process consists of tuning the controller using a low-pass
filter. This reduces the gain for higher frequencies,

Gq =

(
1− ρ

q − ρ

)m

G−1. (10.19)

Since the inverse of G is generally not physically realisable, m must be
chosen such that the degree of the denominator is less than or equal to
the degree of the numerator to obtain a causal system. Further, ρ is a
tuning parameter that designs the bandwidth of the closed loop system
and defines the desired closed-loop behaviour.

Stable non-minimum phase system

If the system is non-minimum phase, i.e. has zeros that are outside the
interior of the unit circle, the above procedure cannot be directly used
for controller design. This is because it will lead to unstable poles in

r(t) +

−

u(t) y(t)
Gq Plant

G

+

−

Figure 10.2: Internal model control block diagram.
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the final controller. In this case, there are several methods available for
overcoming this problem. For instance, the unstable zeros could either
be omitted in (10.19) or be replaced by a mirrored stable zero.

In this work, the obtained model of SCR system in the second region, i.e.
R2, is a non-minimum phase model. To overcome the unstable controller
it gives rise to, the unstable zero (q + β) is replaced in the design of Gq

by utilising an all-pass decomposition using (βq + 1). This way, the zero
is reflected into the unit circle since 1/β < 1.

Using the IMC controller design structure mentioned above, a controller
is defined for each operating region based on the linear model obtained
at that certain region. The controller output at each region is given by

u(i)(t) =

(
1− ρ(i)

z − ρ(i)

)m
F (i)(q−1)

B
(i)
2 (q−1)

e(t). (10.20)

The output of each controller is then weighted using the same weights that
were defined in (10.15) and the controller output is given by a weighted
output of the local controllers.

u =
n∑

i=1

w
(i)
k u(i). (10.21)

10.3.2 Model predictive control

The idea of MPC is described in Chapter 3. One reason MPC is useful in
this work is the high accuracy of the local models. Further, it is important
that the amount of urea increases for low temperatures in order to e.g.
prolong the catalyst lifetime, as discussed in Chapter 4. These limitation
impose constraints on the input which is dealt with using MPC. The
MPC control strategy is depicted in Fig. 3.2.

Consider the finite-dimensional, discrete-time, linear time-invariant (LTI)
model given on state space form

x(t+ 1) = Ax(t) +Bu(t) +Nvv(t),

y(t) = Cx(t) +Du(t), (10.22)
x(0) = x0,

where x ∈ R
n, u ∈ R, v ∈ R

n and y ∈ R
p. Further A, B, Nv, C and D

are the known state matrices and x0 is given. v(t) is the measured non-
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controllable input signals described by (5.1) and u(t) is the controllable
input with the limitations

EI ū(t) ≤ δ,

in which

EI =

[
I
0

]
, δ =

[
u
−u

]
. (10.23)

The general objective function that is minimised for the MPC is defined
by

V (x, u) =
1

2

N∑
t=0

[
(Cx(t)− r(t))T Qy (Cx(t)− r(t)) + u(t)TQuu(t)

]
,

x(t+ 1) = Ax(t) +Bu(t) +Nv(t), (10.24)
EI ū(t) ≤ δ,

where Qy and Qu are two real, symmetric and positive penalty matrices
that are tuning parameters. The MPC control algorithm is given by

1. At a given time t, predict the output ŷ(t + k|t), for k = 1, . . . ,M ,
where M is the prediction horizon. This prediction depends on the
future estimated input signal u(t+ j), and v(t+ j), j = 0, 1, . . . , N
and other measured variables at time t.

2. Optimise the objective function (10.24) w.r.t. u(t+ j).

3. Apply u(t) to the system.

4. Wait for t+ 1 and go to step 1.

Local controllers

Since the ammonia slip is directly connected to the injected urea and
there is already minimisation criterion on the output ammonia slip, the
penalty Qu is set to zero. For each local controller, the minimisation
criterion is given by

V (y, u) =
1

2

N∑
t=0

(y(t)− r(t))T Qy (y(t)− r(t)) . (10.25)

The local controllers are optimised for each linear system and then imple-
mented using the same idea as described in Section 10.2. The predicted
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SCR
y(t)

mR1

mRn

ŷ1(t)

ŷn(t)

u(t)
Σ

w1(t)

wn(t)

cR1

cRn

Figure 10.3: System overview and control of the multiple model where
mRi denotes the i-th model and cRi the controller in the i-th region,
i = 1, . . . , n.

output ŷ(i)(t|t + k) with the prediction horizon M (i) for the i-th region
is solved for, using MATLAB’s Model Predictive Control toolbox, [8],
where the constraint optimisation problem is solved using the KWIK al-
gorithm. KWIK starts with the initial guess being the solution to the
unconstrained problem. The algorithm then uses an efficient, numeri-
cally robust strategy to determine the active constraint set satisfying the
standard optimality conditions.

The constraints on the controllable input is such that the ANR level for
that region is not violated according to Tab. 10.2. E.g., for region 1, the
limits on u(t) are such that ANR is below 0.5. The final control scheme
is illustrated in Fig. 10.3.

10.4 Results

The identification results and the control performance are presented in
this section. Note that the proposed control strategy in this work is only
demonstrated in the high fidelity simulator environment.
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Figure 10.4: The identification results of the for the WHTC cycle in the
simulator environment. Note that the results are divided into six windows
for better vieability.

10.4.1 Identification results

The identification results presented in this chapter are divided in two
sections. One section is designated for the identification results obtained
using the high fidelity simulator environment and the other is designated
to the identification of the data collected using the real test cell environ-
ment.

Simulator based data

The total number of regions for the simulator environment were chosen
as 5 as described in Section 10.2. For each region, a model on the form
(10.4) was identified, transformed into state space form and considered
as a known model of the system governing the output NOx. The model
was then extended as shown in (10.9). The new unknown parameters
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Table 10.3: Results of the model fit and mean square error of the local
models.

Region Simulator Test cell
NOx NH3 NOx

MSE FIT MSE FIT MSE FIT
R1 1.47×10−4 69.66 4.48×10−11 28.69 3.12×10−3 54.76
R2 2.02×10−4 75.31 3.29×10−8 25.64 2.21×10−4 53.29
R3 5.24× 10−5 81.16 1.87×10−9 34.21 1.45×10−4 56.51
R4 1.24×10−4 49.74 1.86×10−7 13.09 5.13×10−5 66.81
R5 1.96×10−4 85.16 6.03×10−6 26.06
Val. 2.01×10−3 64.46 6.84×10−6 42.30 6.49×10−4 60.98

Linear 5.61×10−3 42.95 1.91×10−5 3.65 2.51×10−3 10.45

of the model, i.e. τ (i), k(i) and H
(i)
∗ , were identified using the system

identification toolbox, [65], where the model (10.9) was represented as a
grey-box object and the unknown parameters were identified using the
prediction error method (PEM) with the Gauss Newton search algorithm.
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Figure 10.5: NH3 output modelled using the multiple model approach.
The plot shows validation of the WHTC data. Note that the figure is a
close up on the most interesting part of the output for visibility reasons.
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The tuning parameter Λ, was set to

ΛcNOx = 10,

ΛcNH3
= 100.

Further, the windowing parameters were set to qcNOx = 4 and qcNH3
= 30

samples, where the sampling period is h = 0.1 s

The estimated NOx output for the WHTC data using the multiple model
approach is illustrated in Fig. 10.4. To evaluate the results of the mod-
elled ammonia coverage and the output ammonia slip, the WHTC data
was used with an ANR randomly selected between [0.9− 1]. The results
for this test are depicted in Fig. 10.5, where only the essential part of
the output is shown. As seen in Fig. 10.5, the system behaviour is highly
nonlinear and the multiple model approach is capable of capturing this
dynamics.

The model fit and MSE of each linear model for the regions for the two
environments are summarised in Tab. 10.3, where the results of the
validation data, i.e. WHTC data, are also given. Although the model fit
for the ammonia coverage model is fairly low, the overall identification
results of the ammonia slip is significantly better in comparison with
a linear controller. The multiple model approach is hence superior as
compared to a linear model.

Real measured data

The engine used for the cell environment measurements was a 13 litre, 6
cylinder engine rated at 480 horsepowers designed for Euro VI emission
standards with an EGR system. The aftertreatment system contained
the SCR system together with an ASC coating. At Scania AB there
were no SCR systems available without the ASC coating. Note that with
inclusion of the ASC, the measurement capability of the ammonia out is
significantly reduced and therefore, no NH3 modelling has been included
for this data. Because of this, the ammonia model is not included for the
real data.

The data was collected using HORIBA sensors with a frequency of 100Hz.
The HORIBA sensor is a high quality measurement system that is only
used in test cells and are not mounted on the mobile system. This sensor
can measure both NOx and NH3 independently.
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Figure 10.6: The identification results of the real applied data using the
WHTC cycle in the cell environment.

The results for the validation of WHTC data are given in Fig. 10.6. Note
that the collected data, due to sensor error, contained no measurements
at t = [0, 400] s and therefore this time period is omitted.

As seen in Fig. 10.6, the results indicate a fairly good agreement with the
real measured data indicating that the model may be useful for control
purpose in real environment.

10.4.2 Control results

The control results obtained for the IMC and MPC controllers are de-
scribed in this section. Note that, the IMC controller is designed for
minimising the output NOx only.

Internal model control results

Since total NOx reduction is desired, the set point of the controller is
set to zero. The same tuning parameters and initial values that were
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used for identification to compute the weights were also used for control.
Whenever the reduction of the system was equal to zero, the injected
urea was set to a value such that the ANR would be equal to one.

For all regions, the order of the filter in (10.20), m was set to 1. The
parameters ρ(i) in (10.20) were set such that the desired rise time of the

closed loop system could be obtained. Since the system is a chemical
process and the reactions are slow at low temperatures, it is important
to achieve a rise time for each region in a way so that the urea is not
injected too fast. For the regions where the temperature is lower, the rise
time is set to a higher value. The chosen values of ρ(i) are shown in Tab.
10.4. Note that in region 2, a modified controller is used to remove the
unstable zero.

The local controllers are defined for the normalised models and therefore,
the controller output is retrieved by using the normalisation values for
NH3 given in Tab. 10.1, before injected into the SCR system. The con-
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Figure 10.7: Control results for step variation based on the internal model
control principle.
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Figure 10.8: Control results for step variation of the linear controller.

Table 10.4: Controller tuning parameter for each region

Region ρ

R1 0.9986
R2 0.995
R3 0.999
R4 0.9835
R5 0.990

trol algorithm was implemented in the high fidelity simulator provided by
Scania. Different steps were performed to validate the controller perfor-
mance, at this point, the multiple model based controller was compared
with a controller based on a linear model. The weight computation is to-
gether with the step performance of the controller illustrated in Fig 10.7.
As can be seen, the MM controller outperforms the linear controller in
reducing the output NOx, however, the output ammonia is higher for the
higher amounts of NOx than the linear controller. This is where a model
of the output ammonia, using the ammonia coverage is useful.
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Figure 10.9: Control results for step variation based on the multiple model
predictive control.

Model predictive control

The proposed control strategy was implemented in the high fidelity sim-
ulator environment. The same tuning parameters as described in Section
10.2, were used for control. Since there are no clear measures on how to
evaluate the relation between the two outputs and which is more impor-
tant to reduce, the tuning of the weighing matrix Qy of the MPC is not
straightforward. Even though no such measure exists, the reduction of
NOx is environmentally more favourable than the NH3 reduction, there-
fore, this output has a higher penalty. The constraints of the MPC were
set based on each given region. There is e.g. no feasibility in adding
more urea when operating at lower regions and therefore the constraints
on u(i)(t) is

0 ≤ u(i)(t) ≤ max
(
c
(i)
NH3

)
. (10.26)

The control and prediction horizon were chosen such that the regions
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Figure 10.10: Control results for the WHTC data used the multiple model
approach together with the multiple model predictive control. Note that
the window is divided in time for better view-ability.

where the dynamics are slower, have a larger prediction and control hori-
zon. The chosen values for the regions are shown in Tab. 10.5.

The controller was validated for step signals at different operating points
as illustrated in Fig. 10.9. The results show that the proposed controller
does switch between the different models and it also illustrates a signif-
icant improvement of NH3 reduction in comparison to the linear model.
The controller was then used for controlling the system together with the
WHTC data. In the beginning of the WHTC, almost no NOx is notice-
able, this is due to the cold start of the SCR system, as explained in
Chapter 9. It takes time for the system to reach a temperatures above
200◦C, where the NOx is minimal or non-existent This is due to the low
reaction rate of NH3 with the NOx. The results obtained for this test are
shown in Fig. 10.10.

By evaluating the input ammonia and the weights, the results indicate
that the controller indeed takes the estimated output ammonia out into
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Table 10.5: The prediction and control horizon for each MPC.

Region M N

R1 10 5
R2 100 10
R3 10 5
R4 50 10
R5 200 50

account in comparison to the proposed IMC controller.

10.5 Summary

A multiple model based identification algorithm using local linear models
was proposed for identification of a selective catalytic reduction system.
The output of the models were weighted using Bayes’ rule. The multiple
model resulted in describing the system with high accuracy with a model
fit of above 60% and described the system well for all regions. The model
was extended for modelling the output ammonia using local linear models
of the ammonia coverage.

Two controllers were developed in this work. The control strategy was
implemented for the process in a simulator environment and the con-
trol output was weighted using the same technique as for identification.
The proposed MISO multiple model was used for controller design using
the internal model control principle to design PID regulators. A global
controller was achieved that decreased the output NOx significantly in
comparison with a linear model. The output ammonia slip was, how-
ever, higher than the output obtained from the linear controller. The
MIMO model was then used to design an MPC controller. The controller
performed well in NOx reduction as well as in minimising the output
ammonia for all regions, and satisfied the given controller requirements.
The proposed scheme provides significant benefits for the SCR process
as compared to a linear controller. However, MPC is a computationally
demanding controller and for the use of the given method in the near
future, simpler control algorithms may be required.
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Chapter 11
Temperature based control of NOx

The catalyst temperature is one of the key components in the per-
formance of the SCR system. The SCR system does not convert

as optimally as desired when the temperature is low. In this chapter, a
different approach to minimising the overall NOx production is therefore
taken.

11.1 Introduction

For the SCR system to work optimally, a certain temperature needs to be
reached, [103]. For temperatures below 200◦ C, the SCR system converts
no to a small amount of the NOx regardless of the injected ammonia,
hence both tailpipe NOx and ammonia slip will be higher than desired.
This is very common in cases where a cold start is involved. Hence, it
is of interest to increase the starting temperature of the SCR system to
improve the NOx reduction in such cases. To solve this issue, the temper-
ature propagation inside the SCR system can be modelled and based on
the model, suitable controllers can be designed. One further advantage
of the temperature control of the SCR system is that the reactions inside
the SCR system will be kept fairly constant and consequently, reducing
the tailpipe ammonia slip.

When the SCR system is heated up quickly, the NOx conversion can
start faster. In the worst case scenario, without any temperature con-

189
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trol, the heating process can take up to 10 minutes. By decreasing this
time, the accumulated NOx emission may be reduced significantly. An
illustration of this improvement is depicted in Fig 11.1, where the accu-
mulated tailpipe NOx for a cold start and a warm start cycle of the World
Harmonised Transient Cycle (WHTC), [109], are shown. The cold start
cycle shown in Fig. 11.1 starts with an ambient temperature of 20◦ C.
The WHTC then ends with highway driving which results in high engine
load and increased temperature. Further, the engine is shut off after 10
minutes and the temperature reaches a level of approximately 200◦ C. At
this time, the warm start cycle is directly started.

For the control of the temperature, a good model of the temperature
propagation inside the catalyst is necessary. As shown in the present
chapter, the temperature model is dependent of the input temperature
and the input flow. It is proposed to use the theory of linear parameter
varying (LPV) models for obtaining a useful model of the temperature.

The theory of continuous time LPV systems has gained much attention
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Figure 11.1: Illustration of benefits of heating up the SCR system. The
accumulated tailpipe NOx is much higher for the cold start of the SCR
system in comparison with the warm start.



11.1. Introduction 191

during the past decades and is well-developed, see e.g. [124]. It is a
particularly interesting technique because of the ability to design high
performance robust controllers for such systems, even with the existing
nonlinearities present. In [73], the authors present an overview of the
theory of the technique together with many applications of it. Optimal
and robust control techniques can be extended for use on LPV systems.
There are many techniques used for controlling LPV systems where the
control technique used for LPV systems follows linear control theory. In
[137], the theory for LQG control for continuous-time state space LPV
systems is derived in detail. Furthermore, in [9] a detailed technique for
constrained LPV systems was developed.

The main objective in the present chapter is to develop a model of the
temperature propagation inside the SCR catalyst on LPV state space
form, and to use system identification methods for estimation of the un-
known parameters of the model. Further, the model is used for control
of the temperature inside the catalyst using an external heating system.

This chapter is organised as follows. In the next section, a brief descrip-
tion of the experimental setup is given. In Section 11.2 the model of
the temperature based on the principles of thermodynamics is presented.
Further in Section 11.3, the identification of the model is outlined. In
Section 11.4 the model is used for controller design where the details of
the proposed LQG controller for discrete-time systems are given. Section
11.5 describes some experimental results and, finally, in Section 11.6 the
conclusions are summarised.

11.1.1 Experimental and simulation setup

An overview of the experimental setup is depicted in Fig 11.2. The input
data consist of the temperature prior to the catalyst, i.e. Tprecat as seen
in Fig. 11.2, and the output is the temperature after the SCR catalyst,
i.e. Ttailpipe. The measurable varying parameter for the system is the
exhaust gas flow varying between 3 and 30 g/min. The DOC and the
DPF can be modelled using the same modelling principle as for the SCR
system in case a measurement of Tprecat is not available/possible. Here,
measurements of Tprecat were available, simplifying the modelling process
for the SCR system and reducing modelling errors. The experiments for
the controller were performed using a high fidelity simulator environment
based on the model described in [34]. Real data measurements were
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collected and used for identification and verification of the model, this
was collected from a database containing road data with the same truck,
ensuring the same catalyst was used in all tests. Further, the output
and the input to the system used for state estimation were real measured
data from the same database. The data was collected with a sampling
frequency of fs = 10 Hz.

DOC DPF SCR
TpreDOC TtailpipeTprecat

Figure 11.2: Experimental setup where Tprecat is the input to the system
and Ttailpipe, i.e. temperature at tailpipe, is the output of the system.

11.2 Modelling

The temperature propagation was modelled by dividing the catalyst into
a series of continuous tank reactors, denoted as k segments, [34] as shown
in Fig. 11.3. Further, each segment is discretised into n number of layers.
To simplify the model, the number of layers was selected to be one, leading
to segment wise discretisation. The reason for this simplification is the
high thermal conductivity of the solid material of the walls, and the very
thin wall of the catalyst. Thermal gradients at the walls are hence very
small, and therefore neglected.

The modelling was based on the temperature balance equation inside each
segment. Furthermore, the energy balance describes the temperature
propagation between the segments. These equations are obtained by the
fundamental laws of thermodynamics and are derived in, [129].

1 2 K − 1 K
Tprecat Ttailpipe

Figure 11.3: Segment-wise division of the SCR catalyst.
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11.2.1 Temperature modelling

Propagation of the gas temperature

The propagation of the temperature was defined from one segment to the
intersecting segment. The gas energy balance for the temperature prop-
agation between the segments, based on the temperature of the exhaust
gas and its flow and the effect on the solid material in segment k with
the interface area Ak is given by

Fexh(t)cp,g(Tg,k−1 − Tg,k) = hkAk(Tg,k − Ts,k), (11.1)

where

Fexh(t) the exhaust mass flow in to the catalyst given in [g/min].

cp,g specific heat capacity of the gas in [J/K].

Ts,k temperature of the solid material in segment k in [K].

Tg,k gas temperature in segment k, given in [K].

hk heat transfer coefficient in segment k, [W/m2K].

Ak solid/gas interface area of the segment k, given in [m2].

By assuming that the output signal is the gas temperature from each
segment, and the input signal is the gas temperature before each segment,
the following equation is obtained

Tg,k =
Fexhcp,g

hkAk + Fexhcp,g
Tg,k−1 +

hkAk

hkAk + Fexhcp,g
Ts,k, (11.2)

where Tg,k is the output temperature from segment k and Ts,k is the tem-
perature of the solid material in the segment k. Tg,k−1 is the temperature
from the previous segment acting as an input temperature for segment
k. The relation (11.2) can be reformulated as

yk(t) =
Fexhcp,g

α+ Fexhcp,g
uk(t) +

α

α+ Fexhcp,g
xk(t), (11.3)

where α is a constant parameter depending on the number of segments,
xk is the k-th state of the total system and uk(t) is given by

uk(t) =

{
yk−1(t) for k > 1

u(t) for k = 1
, (11.4)
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where yk−1(t) is the output from segment k − 1 and u(t) is the gas tem-
perature measured before the first segment. By defining

ρ(t) =
Fexh(t)cp,g

α+ Fexh(t)cp,g
� g(t;Fexh), (11.5)

where ρ(t) is a varying measurable parameter known as the scheduling
parameter, the output for each segment from (11.3) can be written as

yk(t) = ρ(t)uk(t) + (1− ρ(t))xk(t). (11.6)

Solid material temperature

The solid balance equation inside each segment is given by the following
differential equation describing the temperature change inside each seg-
ment as a function of time. This equation is based on the propagation
of the gas temperature and its effect on the solid materials temperature
between segments and the heat created by the catalytic reactions inside
the SCR system

ms,kcp,s
dTs,k

dt
= hkAk(Tg,k−Ts,k)−As(qk+1−qk)+

∑
n

∑
j

rj,k,nwk,n(−ΔHj),

(11.7)
where

ms,k total mass of the solid material in segment k in [kg].

cp,s heat capacity of the solid material in [J/K].

hs,k heat transfer coefficient of the solid material segment k, given
in [W/m2K].

As heat conduction area of the solid material in segment k in
[m2].

qk the function defining the heat transfer between each segment
based on the length of the segments with the SI unit [S · K]
is given by

qk =

⎧⎨
⎩−2λs

Ts,k − Ts,k−1
Δzk +Δzk−1

if k = 2, . . . ,K − 1,K

0 otherwise
.

(11.8)
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λs conductivity of the solid material in [S/m].

Δzk length of segment k in [m].

K total number of segments.

rj,k,n reaction rate in layer n, segment k and reaction j, given in
[mol · s/L].

wk,n mass of active material in segment k and layer n, in [kg].

ΔHj change of enthalpy of the reaction j in [J].

The intersection area between the segments is very small in comparison
to the surface area of each segment. Therefore, in equation (11.7), since
As � Ak, As can be neglected, resulting in a simpler model. This sim-
plification is necessary for the model to become solely time-dependent.
Further, the heat produced by the reactions inside the catalyst were also
neglected.

Remark 11.1. As mentioned before, the temperature reduction induced
by injection of urea is neglected, this temperature drop is regained by the
temperature gained from the reactions. However, this temperature gain is
up to 20◦ C higher. This is taken into account of as a modelling error in
the identification procedure.

By applying the simplifications above and reformulating (11.7), the final
ODE is obtained as

dTs,k

dt
=

hkAk

ms,kcp,s
(Tg,k − Ts,k). (11.9)

Following the same notation as in (11.3), the following state equation is
obtained

ẋk(t) =
α

ms,kcp,s
yk(t)− α

ms,kcp,s
xk(t), (11.10)

where ms,k is treated as an unknown parameter depending on the total
number of segments K and the catalyst properties. The parameters are
lumped together and defined by

β =
α

ms,kcp,s
. (11.11)

Both α and β are parameters that depend on the size of the segments
and were treated as constants. These parameters were chosen to be nor-
malised by K, i.e. the total number of segments chosen.
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The temperature was measured using a thermometer. The thermometer’s
dynamic properties affects the output temperature by a delay. It was
modelled as a first order low-pass filter

Ṫmeasured(t)τ + Tmeasured(t) = Ttailpipe(t) (11.12)

where τ is known by specifications of the thermometer. This dynamics
was modelled as an augmented state by

ẋk+1(t) = −1

τ
xk+1(t) +

1

τ
yk(t). (11.13)

The introduction of the augmented state gives the measurement of the
temperature as the final state, i.e. xk+1, the output is then

y(t) = xk+1. (11.14)

11.2.2 The model

The equations were derived for the first segment, i.e. x1 and then pro-
ceeding using the output of the first segment as the input to the second
segment and obtaining the equation for ẋ2. The total system can be
represented in linear parameter varying state space form as

ẋ(t) = A(ρ(t))x(t) +B(ρ(t))u(t),
y(t) = Cx(t) +Du(t),

(11.15)

where the system is linear, with parameter dependent system matrices.
The scheduling parameter ρ(t) is obtained from (11.5) and Fexh is not
known priori, but measurable online. The details of A (ρ(t)), B (ρ(t)), C
and D are given by

A(ρ(t)) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−βρ 0 0

β(1− ρ)ρ −βρ
...

...
β(1− ρ)ρ2 0

...
. . .

...
...
0

β(1− ρ)ρk−1 . . . −βρ 0
1/τ(1− ρ)ρk−1 . . . 1/τ(1− ρ) −1/τ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(11.16)
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B(ρ(t)) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

βρ
βρ2

βρ3

...

βρk

1/τρk

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (11.17)

C =
(
0 0 . . . 0 1

)
, (11.18)

D = 0. (11.19)

11.3 System identification

The value of the parameters α and ms,k in (11.11) and (11.5) were ob-
tained using system identification methods for LPV systems. These pa-
rameters can be obtained using the physical properties of the given SCR
system, for instance the mass and the length. Since they depend on the
catalyst physical properties, the real values of these parameters can differ
significantly for different catalysts. Also the DOC and DPF in case they
are included in the modelling process as explained in Section 11.2. It is
of interest to minimise the approximation errors caused using standard
values, therefore, these parameters were treated as unknown.

11.3.1 Identification method

Since the parameters are normalised based on a total number of segments
chosen, K can be chosen arbitrarily. The System Identification Toolbox
in MATLAB, [65], was used for conducting the identification of the model
described in (11.15). The parameter ρ(t) was first computed using (11.5)
and then inserted into the model as an input signal at each time step t.
Due to the dependency of ρ(t) on Fexh(t) in the model, a nonlinear grey-
box object was defined. The identification of the unknown parameters,
i.e. the parameters that are dependent on the number of segments K, α
and ms,k, were identified using the prediction error method. The predic-
tion error method uses a Gauss-Newton search method for the parameter
estimation, [105].
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11.3.2 Data collection

The truck used for experiment data collection runs several tests per day
and the data was collected continuously, therefore some of the collected
data only contain idling driving sessions or very short data, not suitable
for identification nor for validation. Therefore, the identification algo-
rithm was iterated for data sets containing more than 6000 data points,
equivalent to 10 minutes of driving. The data sets containing idle driving
were omitted manually by analysing the engine load and speed of the
data. The identification was stopped and the results were stored after
500 successful runs. The mean of the obtained parameters were then
used for validation of the model using another 500 sets of data collected
from the same truck.

All data was collected prior to the parameter identification and model
validation. All identification was performed offline using the collected
data from a truck. The truck used for this work was a test truck at
Scania AB running with an Euro VI, 13 litres, 6 cylinder engine with
480 horsepowers. The engine type was a DC-13/110. The aftertreatment
system used in the truck was a vanadium pentoxide based SCR system
coated with an ammonia slip catalyst (ASC).

11.3.3 Experimental validation

The identified model was validated using different types of test road runs.
One important aspect in identification and validation is to make sure
to use the same truck system for identification and validation since the
estimated parameters are connected to a certain catalyst. Once the model
has been decided, the identification procedure can be used for all kinds
of catalysts even if the size changes or the chemical substances may be
different. An example of a data set used for identification is depicted in
Fig. 11.4, where the temperature prior to the catalyst and the exhaust
gas flow in to the SCR system, together with the output temperature are
shown.



11.4. Temperature control 199

0 2000 4000 6000 8000 10000
300

400

500

600

700
T
em

p
er
a
tu
re

[K
]

 

 

0 2000 4000 6000 8000 10000
0

10

20

30

40

50

Time [s]

F
lo
w

[g
/
m
in
]

PreCat temperature

Tailpipe temperature

Figure 11.4: Example of the data used. The temperature prior to the SCR
catalyst and the input flow are the input signals and the temperature at
the tailpipe is the output signal.

11.4 Temperature control

To be able to reach the desired temperature inside the catalyst, a suitable
controller design is crucial. Since the temperature of the exhaust gas is
not directly controllable, it needs to be altered by external means, i.e.
through a heating system. In this section, the control requirements and
controller design technique are described.

11.4.1 Control requirements

To be able to start the SCR reactions as fast as possible, the temperature
inside the catalyst must reach a minimum value of 300◦ C. For this to be
obtained, a heater was placed prior to the catalyst in order to be able to
reach the desired reaction temperature inside the catalyst. For this to be
optimal, the control strategy is to heat up the first segment of the catalyst
to the desired temperature, after which the temperature will propagate
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to the other segments. This way, the desired temperature is reached
inside the whole catalyst. By only defining the control objective on one
segment, the problem complexity is reduced regardless of the number of
segments used. This topic is further discussed in the following section.

The SCR system is sensitive to high temperatures and a very fast temper-
ature change can cause damage to the system in the long run. Therefore,
it is required that the temperature is kept below 550◦ C from cold start.

The requirements are summarised as:

• A minimum temperature of 300◦ C, i.e. 537.15 K, in steady state.

• To achieve fast heat up of the SCR system, the rise time shall not
be larger than 120 s when starting from 0◦ C.

• The maximum temperature that the SCR system may reach is 550◦

C, i.e. 787.15 K.

• There are no direct restrictions on the input signal as long as it
does not violate the maximum temperature of 550◦ C.

11.4.2 Discretisation

The controller was implemented in discrete-time. The continuous-time
model structure in (11.15) was discretised using a complete LPV-state
space discretisation by applying the zero-order hold method of LPV sys-
tems [125]. The result is

xd(td + h) = F (ρd(td))xd(td) +G(ρd(td))ud(td), (11.20)
yd(td) = Hxd(td),

where h is the sampling time chosen for discretisation. It is assumed that
the following assumptions hold

ud(td) = u(tdh) = u(t), (11.21)
ρd(td) = ρ(tdh) = ρ(t), (11.22)
yd(td) = y(tdh). (11.23)

The matrices in (11.20) are defined by, [125]

F (ρd(td)) = eA(ρd(tdh))h, (11.24)

G(ρd(td)) = A−1(ρd(tdh))(eA(ρd(tdh))h − I)B(ρd(tdh)),

H = C.



11.4. Temperature control 201

Throughout the rest of the chapter, the notation of td + h is replaced by
t+ 1.

11.4.3 Control input

The system controlling the temperature prior to the catalyst is given by
the following equation

u(t) = E(t) + f(Tin(t), Fexh(t)), (11.25)

where u(t) is the temperature before to the catalyst, E(t) is a given
saturated amount of energy that is the controlled through the heater, and
f(·, ·) is a known nonlinear function describing the relationship between
the input temperature and the input flow and its effect on the output
temperature.

Remark 11.2. Details on how the energy inserted into the system affects
the temperature is proprietary information of Scania AB and is not in-
cluded in the present work. Therefore, f(·, ·) is not specified in this work.
Furthermore, the energy will not be given in any units.

The energy that can be produced by the heater is limited by

Esat(t) =

⎧⎪⎨
⎪⎩
0 for E(t) < 0

E(t) for 0 ≤ E(t) ≤ Emax

Emax for E(t) > Emax

, (11.26)

where Emax(t) is defined by the limitations of the heater. The goal is
to control the input energy given to the system such that Tprecat reaches
a given temperature. The control strategy is designed for control of the
energy E(t).

11.4.4 Observer for state estimation of LPV states

Since the states, i.e. the temperature of the solid material inside the
catalyst, are used for the control of the system and are not measurable,
an observer is used for state estimation.

Consider the discrete-time LPV system

x(t+ 1) = F (ρ(t))x(t) +G(ρ(t))u(t) + v1(t),
y(t) = C(ρ(t))x(t) + v2(t),

(11.27)
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where v1(t) and v2(t) are assumed to be mutually independent Gaussian
white noise sequences with zero mean and covariances R1 and R2, re-
spectively. If (11.27) is observable, then for all P (ρ(t)), the optimal state
estimate is given by the time-varying Kalman filter, i.e.

x̂(t+ 1|t) = F (ρ(t))x̂(t|t− 1) +G(ρ(t))u(t) +K(ρ(t))

× [y(t)−H(ρ(t))x̂(t|t− 1)] , (11.28)

where the details of the optimal minimum mean square observer are given
by

K(ρ(t)) = F (ρ(t))P (ρ(t))HT (11.29)

× [
H(ρ(t))P (ρ(t))HT (ρ(t)) +R2

]−1
,

P (ρ(t+ 1)) = F (ρ(t))P (ρ(t))F T (ρ(t)) +R1 (11.30)

−K(ρ(t))
[
H(ρ(t))P (ρ(t))F T (ρ(t))

]
.

Here, K(ρ(t)) is the parameter varying filter gain matrix of the Kalman
filter and P (ρ(t)) is the parameter varying state covariance matrix.

In the present case, the model is highly reliable, and the measurement
noise is low. Therefore, the Kalman gain matrix, K(ρ) is calculated for
the following values

R1 = I, R2 = 0.1.

11.4.5 Linear quadratic Gaussian controller

To be able to design a linear quadratic controller for the system, the
desired system is written on the following form

xd(t+ 1) = F (ρ(t))xd(k) +G(ρ(t))ud(t) + v1(t),

yd(t) = Hxd(t) + v2(t), (11.31)
z(t) = Mxd(t),

where v1(t) and v2(t) are assumed to be mutually independent Gaussian
white noise sequences with zero mean and covariances R1 and R2 respec-
tively and z(t) is the control unit, i.e the controlled signal and M gives
the matrix that defines the relation between the states and the controlled
unit.
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To optimise the energy used for heating up the SCR catalyst, consider
the minimisation of

V (ρ(t)) =
∞∑

t=t0

eT (ρ(t))Qee(ρ(t)) + ET (ρ(t))QEE(ρ(t)), (11.32)

where e(t) is the control error, i.e. Tref(t) − z(t), and the energy E(t)
is given by (11.26). Further, Qe and QE are m ×m and n × n penalty
matrices where m is the dimension of the control error and n is the
dimension of the control input. These are design parameters used to
optimise the balance between the input effort and the control error. By
defining the control unit z(t) as

z(t) = Mxd(t) = x1(t), (11.33)

it is clear that
M =

(
1 0 . . . 0

)
, (11.34)

since the control objective is defined for the first segment only.

If the discrete-time LPV system (11.31) is stabilisable and detectable and
assuming there is no correlation between the error and the input, there
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Ttailpipe(t)

Engine g(t;Ftot)
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Figure 11.5: The final control scheme of the entire system.
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exists a matrix S(ρ(t)) such that the system is stabilised using the control
law that minimises (11.32), given by

E(ρ(t)) = −L(ρ(t))x̂(t|t− 1) + Lr(ρ(t))Tref(t), (11.35)

L(ρ(t)) =
[
GT (ρ(t))S(t− 1)G(ρ(t)) +QE

]−1 [
GT (ρ(t))S(t− 1)F (ρ(t))

]
,

(11.36)

S(ρ(t)) = F T (ρ(t))S(t− 1)F (ρ(t)) +Qe −
[
F T (ρ(t))S(t− 1)Gρ(t))

]
,

× [
GT (ρ(t))S(t− 1)G(ρ(t)) +QE

]−1 [
GT (ρ(t))S(t− 1)F (ρ(t))

]
.

(11.37)

Further, the tracking matrix gain Lr(ρ(t)) is given by

Lr(ρ(t)) =
[
M (I − F (ρ(t)) +G (ρ(t))L (ρ(t)))−1 G (ρ(t))

]−1
,

(11.38)
and the input signal to the system is given by

u (ρ(t)) = E (ρ(t)) + f(Tin(t), Fexh(t)). (11.39)

11.4.6 Integral control

The measurement system of the SCR catalyst may not be reliable. This
may result in error in the control. To be able to eliminate the static
and measurement error in the controller, integral control is introduced
for robust tracking of the desired temperature. In this case, the error
between the reference temperature and the estimated temperature in the
SCR system is integrated. Consider the error e(t) as

e(t) = x1(t)− Tref(t). (11.40)

The integral of the error, i.e. v(t), is obtained using a forward rectangular
integration routine, [56]

v(t) =
1

1− q−1
e(t), (11.41)

which gives

v(t+ 1) = v(t) + e(t+ 1)

= v(t) + x1(t+ 1)− Tref(t)

= v(t) +M [F (ρ(t))x(t) +G(ρ(t))u(t)]− Tref(t). (11.42)
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Here v(t) can be seen as an augmented state in (11.31) as

[
x̂(t+ 1)
v(k + 1)

]
=

[
F (ρ(t)) 0

MF (ρ(t)) 1

] [
x̂(t)
v(t)

]
+

[
G(ρ(t))

MG(ρ(t))

]
u(t)

+

[
0
−1

]
Tref(t). (11.43)

The introduction of the integral control, changes the minimisation criteria
in (11.32) to

V (ρ(t)) =
∞∑

t=t0

eT (ρ(t))Qee (ρ(t)) + ET (ρ(t))QEE (ρ(t))

+ vT (ρ(t))Qvv (ρ(t)) , (11.44)

where Qv is a design parameter defining the penalty on the integral of
the control error.

11.5 Results

The obtained identification and control results are summarised and pre-
sented in this section.

11.5.1 Identification results

Validation is performed on separate data sets collected from real trucks
on the roads, i.e. no data collected from test cell environment have been
used. The validation is performed using the obtained parameters given
in Tab. 11.1. The output is then simulated using the given input signals
from the truck and compared with the real measured temperature at the
tailpipe. Further, the mean and variance of the error for the illustrated
examples are shown in Tab. 11.2, where the small values of the mean
and variance indicate a high model accuracy which also is clearly seen in
Fig. 11.6 and Fig. 11.7.

The mean value of the obtained parameters hkAk and ms,k for all the
data sets used for identification are shown in Tab. 11.1. The obtained
model performs very well as depicted in Fig. 11.6 and Fig. 11.7 where
the model fit for four different runs are depicted.
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Figure 11.6: Example I: Data used for identification and validation, Top:
example of the identification results obtained using real measured data.
Bottom: example of validation results using real measured data.
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Figure 11.7: Example II: Data used for identification and validation, Top:
example of the identification results obtained using real measured data.
Bottom: example of validation results using real measured data.
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Table 11.1: Obtained parameter values.

Parameter Obtained value
hkAk 1385± 200 W

K
ms,k 4.375± 0.3 kg

Table 11.2: Mean and variance of the error for the given examples

Example Identification Validation
mean [K] variance[K] mean[K] variance[K]

I -2.21 3.45 -5.68 9.11
II -1.37 4.84 -2.32 10.21

11.5.2 Temperature control performance

The feedback gain matrix L(ρ(t)) is obtained from the Riccati equation
using the following penalty matrices

Qe = 100

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, QE = 10, Qv = 0.1,

where the structure of Qe is based on the vector M defined in (11.33)
and the penalty is only on the first state. The final block diagram of the
controller is depicted in Fig. 11.5.

For validation of the controller, several tests were conducted in a high fi-
delity simulation environment based on [34]. For all the tests, the number
of segments K was 8. The controller was implemented in the simulator
environment together with the state estimator.
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Figure 11.8: The controller performance for a step from 273.15 K to
573.15 K with a temperature change prior to the SCR. The dotted lines
represent the states, i.e. the temperature propagation inside the catalyst.
Top: The flow is kept at a constant value of 11.25 g/min representing the
mean value of the flow. Controller performance for a step from 273.15 K
to 573.15 K with a temperature change prior to the SCR. Bottom: Same
experiment with randomly varying flow.
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Figure 11.9: Control of the system using real input data. Top: Com-
parison of the output temperature at the tailpipe with and without the
control. Control of the system simulated using real data. Bottom: The
input temperature and the flow are illustrated together with the con-
trolled output.
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The input temperature and flow were manually defined in the first exper-
iments but real measured data were used for the final experiments. To
verify the control criteria given in Section 11.4, the system was run with
constant flow and constant temperature, starting from 0◦ C. A low flow
gives a slower temperature increase since the exhaust gas has a lower
temperature. Therefore, to verify the control requirements, the lowest
possible flow was used for control verification. Further, the temperature
prior to the SCR was then changed to observe the behaviour of the con-
troller. The obtained results of this simulation are illustrated in Fig.
11.8. Since the model also depends on the flow, and the flow is changing
with time, it is of interest to observe the behaviour of the controller when
the flow is varying. In reality, the flow varies with the load and speed
of the engine and the variation can be quite fast with values between
3 − 30 g/min. The simulation results for a constant temperature, start-
ing from 0◦ C, and a flow that is varying randomly is depicted in Fig.
11.8.

To evaluate the controller performance for real life scenarios, data col-
lected from a road database was used for simulation. The data used starts
with idle running of the truck and includes a combination of highway and
urban driving. The goal is to keep the temperature inside the catalyst
around 300◦ C during the entire run. The results of this simulation are
shown in Fig. 11.9, where it is shown that the requirements are met.

To assess the effect on the NOx conversion using the temperature control,
the NOx conversation rate, in [%], is defined as

NOx,conv =

(
1− NOx,out

NOx,in

)
· 100. (11.45)

The closer value to 100, the better NOx conversation rate is achieved.
The NOx conversation rate for the SCR system using the temperature
controlled system and non-controlled system for the first 300 s of WHTC
data are depicted in Fig. 11.10. The change of dynamics of the system
is clearly visible where the temperature controlled system already starts
the NOx reduction after 30 s, whereas the non-controlled system starts
the reduction after 90 s. In both cases, the same urea dosage are used.
It is clear that the NOx reduction starts much earlier in the controlled
case, which also indicates a change of SCR dynamics as expected. The
change is not as significant when the system reaches a steady temperature
further on in the cycle, which is the case for the WHTC data.

It is debatable whether or not the temperature control gives any econom-
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Figure 11.10: NOx conversion for controlled and non-controlled WHTC
data.

ical/environmental gain since fuel is needed for heating up the system.
However, this problem can be mitigated by using the controller for cer-
tain temperature levels only just enough to reduce the worst case scenario.
For instance, active control might not be necessary if the temperature is
fluctuating around 400◦ − 500◦ C, but instead more attention could be
given when the temperature reaches below 300◦ C which is the critical
level for the SCR system.

11.6 Summary

An linear parameter varying (LPV) model of the temperature propa-
gation inside a selective catalytic reduction system has been developed.
This model was then used for design of a linear quadratic controller for
discrete-time LPV systems and applied to heat up the SCR catalyst to
a desired temperature. A Kalman based observer was developed for the
discrete-time LPV systems and was used to estimate the unknown states
for state feedback control. Using the specifications of the controller, the
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amount of energy needed for heating the catalyst was controlled with LQ
techniques.
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Chapter 12
Concluding remarks and future work

In this final chapter, conclusions of the thesis are summarised, and some
topics for future research are discussed.

12.1 Conclusions

Much of the work in this thesis has been directly connected to modelling
and control of selective catalytic reduction (SCR) systems using nonlinear
black-box techniques.

A recursive identification algorithm using the midpoint discretisation al-
gorithm for nonlinear state space models was first developed and the
effect of discretisation on the parameters and states were analysed. In
particular, the sampling period of the algorithm was scaled for improved
numerical properties. It was shown that the unscaled parameters, state
vectors and the Hessian could be recovered after identification. The re-
sults were illustrated using simulation examples.

To be able to make sure that the recursive algorithm developed in Chapter
6 performs as expected, the convergence properties of the algorithm were
analysed in Chapter 7. In this chapter, a number of conditions on the
data, the system and the model were defined. Using this, it was shown
that convergence to the true parameter vector was possible and that the
algorithm converges globally to a (local) minimum of the prediction error

215
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based criterion function.

The recursive algorithm was further used for identification of a nonlinear
black-box model of the SCR with 17 unknown parameters. The results
were compared with existing modelling techniques based on linear mod-
els, Wiener models and Hammerstein-Wiener models in Chapter 8. All
models identified with such techniques were then compared to an identi-
fied LPV model. This model is based on some knowledge of the system
but without any physical interpretation of the states. The LPV model
required the lowest number of parameters and provides a fairly good rep-
resentation of the system behaviour.

The SCR model obtained using the state space based RPEM in Chapter
6 was then used for design of a nonlinear controller based on input-output
feedback linearisation techniques. The controller used for control of the
linearised system was an LQG controller. Adaptivity was then intro-
duced to take changes of for example the engine or catalyst ageing into
account. The results showed a significant improvement as compared to
linear control.

Another approach that may be more suitable for vehicle applications is
the use of the multiple-model technique. This was the topic of Chapter 10.
Two sets of models were defined. One set where the models were defined
as local MISO-models with NOx being the only output and by defining a
simple model of the ammonia coverage for each operating point, MIMO-
models with inclusion of the ammonia slip as an output were defined.
The MISO models were used for design of internal model controllers. For
the MIMO models MPC was implemented. Both controllers performed
better than a global linear controller, the MPC was better at keeping
both the output NOx and the NH3 at low levels due to use of ammonia
slip model.

The temperature inside the SCR system plays an important role in the
conversion of NOx and effective use of the injected ammonia. In Chapter
11, this property was used to model the temperature inside the SCR
system. The model was obtained using the measurements of the exhaust
gas temperature and flow resulting in a grey-box LPV model. The LPV
model was then used for designing an LQG controller. The controller
design showed to be suitable for control of the temperature of the system,
utilising an external heating system.

Overall it was shown that modelling of the SCR system using system
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identification techniques, primarily black-box and grey-box techniques
provide promising results. Controller design for these models, evalu-
ated in simulator environment, also show satisfactory results. It was
also shown that including models of the ammonia coverage and hence
the ammonia slip is possible and beneficial for simultaneously reducing
tailpipe NOx and ammonia. Further NOx reduction is possible by us-
ing an external heating systems inside the SCR catalyst, and applying
temperature control.

12.2 Future work

During this work, new problems and research topics have arisen. The
work in this thesis has produced many questions that could be further
analysed and investigated. In this section, an overview of some of the
future research topics related to modelling and control techniques of the
SCR systems presented in the thesis are given.

One of the direct approaches that need to be considered for future work is
the implementation of the proposed controllers in a test-cell environment
and also in a real truck system with the available measurement system
on board. The modelling can be extended to online identification tech-
niques, such as the RPEM presented in Chapter 6 and 7 or by introducing
Bayesian system identification techniques, for instance by using particle
filters. It should be noted, however, that the particle filter strategy re-
quires high computational power and might currently not be suitable for
implementation on a real truck system. In the model presented in Chap-
ter 9, the ammonia coverage or an equivalent model of the ammonia slip
can be included and used for improved overall control of the SCR system.
Design of control strategies, such as gain scheduling controllers for the
proposed LPV model of the SCR, may also be of interest.

From a theoretical perspective, one way of proceeding is by investigat-
ing constructive methods for estimating the penalty matrices in the LQ
controllers or other tuning parameters, e.g. the weighting matrices in the
MPC. As it comes to MPC, the prediction and control horizon may be
optimised by using the estimated ammonia coverage, as shown in [26].

The multiple model approach can be extended to use even simpler con-
trollers for simultaneous control of both NOx and NH3. The simpler
control strategies, such as PI controllers, are highly appealing. A main
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reason for this is the low computational load and complexity of the im-
plementation. The multiple model identification and control technique
can also be extended to an adaptive controller in case online estimation
is used.

The studied temperature control raises new questions. First, the reduced
amount of NOx using temperature control in relation to fuel consump-
tion and overall environmental benefit of the temperature control needs
to be investigated. The amount of reduced NOx may follow the legis-
lations today using this technique, but future legislations, for instance
on fuel consumption may change the outcome of such research. Another
interesting aspect of the temperature control is how it effects the urea
consumption and the SCR modelling. By increasing the temperature of
the exhaust gas, low temperature reactions would rarely affect the dy-
namics and SCR modelling may become simpler.

The proposed controllers may be further analysed from a theoretical per-
spective including their stability properties. All of the presented models
and controllers can be investigated for modelling of a two-cell structured
SCR system. It is also of interest to investigate how it is possible to
optimise future SCR systems. In order to do this, more detailed models
of the SCR system might be needed.



Appendix A
Convergence analysis

A.1 Reformulation of the RPEM

First note that it is allowed to use condition M1,M2, M3, G1, A1, A2, S1,
S2, S3, L1 and L2 here. The reason is that these conditions are used to
prove the validity of C1-C11, which is needed for Theorem 7.1 - Theorem
7.3 to hold.

In order to write the RPEM in the form of (7.10), introduce the vector

ξ(t) �
(
θT (t− 1) xT (t)

(
col

dx(t)

dθ

)T

xTym(t)

xTu (t) x
T
u (t− 1) xTw(t) ū

T (t− 1) ūT (t) w̄T (t)

)T

, (A.1)

where xym(t) is the state vector of the nonlinear difference equation gen-
erating the undisturbed measured output ym(t). Using S3, it follows that

xym(t) = νy (xym(t− 1), u(t)) (A.2)

The input u(t) is itself similarly generated from the i.i.d signal ū(t) and
the state vector xu(t), cf. M3,

xu(t) = νu (xu(t− 1), ū(t)) , (A.3)
u(t) = Hu(xu(t− 1)). (A.4)
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Finally, w(t) is the coloured noise that is generated according to S3,

xw(t) = (Fxw(t− 1) + u(t))sat � νw (xw(t− 1), w̄(t)) , (A.5)

where F is a Hurwitz matrix. Now, the pseudo data vector z̄(t) =
(
ūT (t)

w̄T (t)
)T is defined as the i.i.d. data vector that represents e(t) in (7.9)

and (7.10). Then (A.4) can be written as

u(t) � hu(ξ(t− 1), z̄(t)). (A.6)

Further, (A.2), (A.3) and (A.5) can be reformulated as functions of ξ of
(7.10).

xym(t) � νym(ξ(t− 1), z̄(t)),

xu(t) � νu(ξ(t− 1), z̄(t)), (A.7)

xw(t) � νw(ξ(t− 1), z̄(t)).

Then define the extended parameter vector at time step t as

κ(t) �
(

θT (t) (col R(t))T (col Λ(t))T
)T

. (A.8)

The first component of ξ(t), i.e. θ(t− 1), can then be generated as

θ(t− 1) = (I 0 0)κ(t− 1) � ηθ(κ(t− 1)), (A.9)

which can be readily incorporated as an extra state recursion in the ϕc

recursion of (7.9). Then the relevant formulation for θ(t− 3/2) in (6.12)
is

θ (t− 3/2) = θ(t− 2) +
θ(t− 1)− θ(t− 2)

2

=
1

2
(I 0 0)κ(t− 1) +

1

2
(I 0 0 0 0 0 0 0 0) ξ(t− 1) (A.10)

After this, ε(t) and ψ(t) are rewritten as

ε(t) = ym(t)− Cx(t)

= (0 − C 0 Hym 0 0 Hw 0 0 0) ξ(t) � ζε(ξ(t)), (A.11)

ψ(t) = C
dx(t)

dθ

= (0 0 0 col (C) 0 0 0 0 0 0) ξ(t) � ζψ(ξ(t)). (A.12)
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Then, treating u(t− 3/2) in (6.12), following (A.10) results in

u (t− 3/2) = u(t− 1) +
u(t− 2)− u(t− 1)

2
(A.13)

From (A.4), u(t − 1) and u(t − 2) can be handled by additional delay
states

u(t− 1) = hu(xu(t− 2), ū(t− 1)) � h̄u(t−1)(ξ(t− 1)) (A.14)

u(t− 2) = hu(xu(t− 3), ū(t− 2)) � h̄u(t−2)(ξ(t− 1)) (A.15)

Then, (A.13) is

u(t− 3/2) =
1

2

(
hu(t−1)(ξ(t− 1)) + hu(t−2)(ξ(t− 1))

)
. (A.16)

Similarly, it follows that

ū(t− 1) = (0 0 0 0 0 0 0 I 0 0) ξ(t− 1) � ηu(ξ(t− 1)), (A.17)

xu(t− 1) = (0 0 0 0 0 I 0 0 0 0) ξ(t− 1) � ηxu(ξ(t− 1)). (A.18)

Further, ϕ(t) is a function of x(t) and u(t), while x(t) itself is a function
of x(t− 1), ϕ(t− 1), u(t− 3/2), θ(t− 1) and θ(t− 3/2). Therefore, ϕ(t)
and its gradient can be written as functions of these parameters

ϕ(t) � ζϕ (κ(t− 1), ξ(t− 1), z̄(t)) , (A.19)
dϕ(t)

dx
� ζ dϕ

dx
(κ(t− 1), ξ(t− 1), z̄(t)) . (A.20)

Expressions for x(t) and dx(t)/dθ can be derived similarly and are given
by

x(t) � ηx (κ(t− 1), ξ(t− 1), z̄(t)) , (A.21)
dx(t)

dθ
� η dx

dθ
(κ(t− 1), ξ(t− 1), z̄(t)) . (A.22)

Using the above relations, the algorithm (7.4) can now be written as
(7.10).
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A.2 Verification of regularity conditions

Below, C denotes any constant.

C1: The saturation on x(t) and dx(t)/dθ, together with S2, S3 and M1-
M3 guarantees that g(t;xc, ϕc, e) is also bounded. C1 follows.

C2: The verification of C2 parallels the work of [18]. To provide a com-
plete picture for the reader, it is repeated here. Continuous differentia-
bility follows from M1, (6.12) and the quantities defined in Appendix
A.1. To verify that the derivatives are bounded in t for xc ∈ DM\∂DM,
Q(·; ·, ·, ·) is differentiated w.r.t. xc and ϕc i.e. θ,R,Λ and ξ in a neigh-
bourhood of xc = x̄c, and ϕc = ϕ̄c. Consider the following inequalities∥∥∥∥ ∂Q∂xc

∥∥∥∥ ≤
∑
i

∑
j

∥∥∥∥ ∂Qi

∂xc,i

∥∥∥∥ ,
∥∥∥∥ ∂Q∂ϕc

∥∥∥∥ ≤
∑
i

∥∥∥∥∂Qi

∂ϕc

∥∥∥∥ .
If each of the derivatives in the sum is bounded, then the entire sum is
also bounded. To illustrate this process, consider∥∥∥∥∂Q1

∂ϕc

∥∥∥∥ =

∥∥∥∥μ(t) ∂∂ξ [R−1ζψ(ξ)Λ−1ζε(ξ)gate(Γθ(θ))
]∥∥∥∥

=

∥∥∥∥μ(t)R−1
(
∂ζψ(ξ)

∂ξ
Λ−1ζε(ξ) + ζψ(ξ)Λ

−1∂ζε(ξ)
∂ξ

)

×gate(Γθ(θ))

∥∥∥∥ ≤ μδ−1R δ−1Λ

(∥∥∥∥∂ζψ(ξ)∂ξ

∥∥∥∥ ‖ζε(ξ)‖+ (A.23)

‖ζε(ξ)‖
∥∥∥∥∂ζε(ξ)∂ξ

∥∥∥∥
)

≤ Cμδ−1R δ−1Λ (1 + ‖ξ‖).

The second last inequality holds by M1 and G1, and by noting that
the projection algorithm (7.7) is inactive for sufficiently large times, cf.
[131]. The last inequality follows from (A.11) and (A.12). Boundedness
follows from the boundedness of ξ (M1, M2, M3, S2 and S3). In the
neighbourhood

‖ξ‖ ≤ ∥∥ξ − ξ̄
∥∥+ ∥∥ξ̄∥∥ ≤ C(1 +

∥∥ξ̄∥∥) ≤ C ⇒
∥∥∥∥∂Q1

∂ϕc

∥∥∥∥ ≤ C.

Similarly, it can be shown that the bound is valid for all partial derivatives
and hence ∥∥∥∥ ∂Q∂xc

∥∥∥∥ ≤ C,

∥∥∥∥∂Q∂ξ
∥∥∥∥ ≤ C.
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C3: Follows from M1, M2, M3, S3, the quantities in Appendix A.1, and
by inspection of (7.4).

C4: The verification of C4 also parallels the work of [18], it is again re-
peated to provide the reader with a complete picture. To verify condition
C4, consider the difference

‖ϕ̄c(t)− ϕc(t)‖ =

∥∥∥∥ ∂g

∂ϕc
[ϕ̃c(t− 1)] [ϕ̄c(t− 1) (A.24)

−ϕc(t− 1)] +
∂g

∂xc
[x̃c(t− 1)] [x̄c(t− 1)− xc(t− 1)]

∥∥∥∥ .
This equality follows from (7.9) using the mean value theorem where
the ϕ̃c and x̃c indicates a point inside the interval(ϕc, ϕ̄c) and (xc, x̄c)
respectively. The mean value theorem is applicable due to smoothness of
g(·; ·, ·, ·). By repeated application of this theorem, it follows that

‖ϕ̄c(t)− ϕc(t)‖ ≤
∥∥∥∥ ∂g

∂xc
[x̃c(t− 1)]

∥∥∥∥ ‖x̄c(t− 1) −xc(t− 1)‖

+
t−n∑
i=2

⎡
⎣i−1∏
j=1

∥∥∥∥ ∂g

∂ϕc
ϕ̃c(t− j)

∥∥∥∥
⎤
⎦

×
∥∥∥∥ ∂g

∂xc
[x̃c(t− i)]

∥∥∥∥ ‖x̄c(t− i)− xc(t− 1)‖ (A.25)

≤
t−n∑
i=1

(1− δ)i−1 max
n≤k≤t

∥∥∥∥ ∂g

∂xc
(k)

∥∥∥∥ max
n≤k≤t

‖x̄c − xc(k)‖

M1 and C3 indicates that
∥∥∥∥ ∂g

∂xc

∥∥∥∥ is bounded, and hence

‖ϕ̄c(t)− ϕc(t)‖ ≤ c max
n≤k≤t

‖x̄c − xc(k)‖ .

C5: Let zos(t) be defined as in S1. The condition is verified by repeated
use of exponential stability of x(t) and dx(t)/dθ following from M1. The
details follow Appendix 4.A in [66] and are not reproduced here.

C6: The verification of C6, follows [18] and [131].

C7: This condition holds since e(t) = z̄(t) are i.i.d, by M3.

C8-C11: Straightforward calculations show that C8-C11 hold for the
choice γ(t) = 1/t.
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