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I Introduction
In everyday life symmetry has an important role. Symmetry (from Greek συµµετρειν symmetrein "to measure together") has two meanings. The first is a vague sense of harmonious
and beautiful proportion and balance. The second is an exact mathematical "patterned selfsimilarity" that can be demonstrated with the rules of physics and with the rules of a formal
system, such as geometry.
Although these two meanings of "symmetry" can sometimes be told apart, they are related,
so they are here discussed together

Figure 1: Symmetry, no symmetry

Examples for symmetry
Symmetry can be found in environments in biologics in chemistries in music and the human
body is a great example for symmetry.
See Leonardo da Vinci’s famous picture about the symmetry and proportion of the human
body.

Figure 2: The symmetry and proportion in the human body
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In nature the flowers and insect patterns follow the rule of symmetry.

Figure 3: Symmetry in Nature

People use the rule of symmetry almost in the every field of the live. Such patterns occurfrequently and decorative art. In the ornamentation symmetry rules are used consciously and
unconsciously since beginning of civilization.

In Celtic art and design, border patterns are used quite frequently, especially in Jewelry.

Figure 4: Celtic design
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In the architecture symmetry is to be found almost in every big construction. Here we have
two wonderful examples of the famous Eifel tower and the Pantéon in Paris.

Figure 5: Panthéon, Paris; Eiffel Tower

I will examine the symmetries of the plane. Symmetry of a figure is an isometry that maps
the figures back onto it.
A symmetry of a pattern is, loosely speaking, a way of transforming the pattern so that the
pattern looks exactly the same after the transformation. For example, translational symmetry is present when the pattern can be translated (shifted) some finite distance and appear
unchanged.

5

Frieze groups generally
My thesis is written about the frieze groups. I will analyze the frieze groups in the Euclidean
space. Frieze patterns can also be classified according to the kinds of symmetries they admit.

Figure 6: Patterns in decorative arts

Figure 7: Patterns in decorative arts

Frieze patterns are two-dimensional line patterns. They have only one direction of repeattition.
Frieze patterns admit translation in only one direction and they are related to the more complex wallpaper groups, which classify patterns that are repetitive in two or more directions.
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II Isometries
I will work in the Euclidean space and I will use the basic tenets of the Euclidean geometry.
A frieze group is a mathematical concept to classify designs on two-dimensional surfaces
which are repetitive in one direction, based on the symmetries in the pattern.
One way to think of the Euclidean plane is as a set of points satisfying certain relationships,
expressible in terms of distance and angle. One of the basic tenets of Euclidean geometry is
that two figures (that is, subsets) of the plane should be considered equivalent (congruent)
if one can be transformed into the other by some sequence of translations, rotations and
reflections.
An isometry, such as a rotation, translation, or reflection, does not change the size or shape
of the figure.
Transformation involves moving an object from its original position to a new position. The
object in the new position is called the image. Each point in the object is mapped to another
point in the image.

Figure 8: Isometris

In order to make all of this mathematically precise, one must clearly define the notions of
distance, angle, translation, and rotation.
Isometries are transformations that do not distort the shapes of objects in the process of
moving them. By this, we mean that it is a distance-preserving transformation of the plane
onto itself. That is, with an isometry T the distance between any two points p and q is the
same as the distance between the corresponding points T(p) and T(q) after the transformation.

There are four types of isometries – translation, reflection, rotation and glide reflection.
A short description will be given in the following sections.
One is translation, which means a shifting of the plane so that every point is shifted in the
same direction and by the same distance.Think of shifting aset of vertical stripes horizon-
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tally by one stripe. The pattern is unchanged. Strictly speaking, a true symmetry only exists
in patterns that repeat exactly and continue indefinitely. A set of only, say, five stripes does
not have translational symmetry — when shifted, the stripe on one end "disappears" and a
new stripe is "added" at the other end. In practice, however, classification is applied to finite
patterns, and small imperfections may be ignored.
Another is rotation about a fixed point in the plane, in which every point in the plane turns
about that fixed point through the same angle.
The transformation which does not shift the plane (or shift every point to himself) can see
as a translation with distainse 0. The rotation which does not shift the plane (or shift every
point to himself) can see a rotation with angle 0.
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Translation (τ)
A translation moves each point.

• the same distance
• in the same direction
Translations have no fix point.
Translating a figure can be thought of as "sliding" the original. Resulting orientation of the
two figures are the same.
In a translation transformation all the points in the object are moved in a straight line in
the same direction. The size, the shape and the orientation of the image are the same as that
of the original object. Same orientation means that the object and image are facing the same
direction.

Figure 9: A translations τ
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Rotations (σ)
A rotation is a transformation that is performed by "spinning" the object around a fixed point
known as the center of rotation. A rotation is an isometric transformation: the original figure and the image are congruent. The orientation of the image also stays the same, unlike
reflections. To perform a rotation, we first need to know the point of rotation, the angle of
rotation, and a direction (either clockwise or counterclockwise). A rotation is also the same
as a composition of reflections over intersecting lines. The resulting orientation of the two
figures are the same.
A rotation (or turn) is a transformation that turns a line or a shape around a fixed point.
This point is called the center of rotation. We usually measure the number of degrees of rotation of a shape in a counterclockwise direction.
Rotational symmetry exists when the figure can be rotated and the image is identical to the
original. Regular polygons have a degree of rotational symmetry equal to 360 divided by the
number of sides

Figure 10: A rotation around the center O through the angel ρ
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Reflections (ρ)
A reflection is an isometry that can be described as a "flip". To perform a reflection a line of
reflection is needed; the resulting orientation of the two figures is opposite. This is, if we go
around the object ABC in a clockwise direction, the image A 0 B 0C 0 would require a counterclockwise direction under the reflection.
The corresponding parts of the figures are the same distance from the line of reflection.
A reflection is a flip over the mirror line (line of reflection). The line of reflection is equal
distance to both, the shape and the reflected image. The line segment that joins a point to
its image is perpendicular to the line of reflection.
The following shape is reflected in a horizontal line of reflection.

Figure 11: A reflection

11

Glide reflections (ρ)
A glide reflection is a composition of transformations. In a glide reflection, a translation is
first performed on the figure, then it is reflected over a line, which is parallel with the direction of the previous translation. Reversing the order of combining gives the same result.
Glide reflections with non trivial translation have no fixed points.
The combination of a reflection in a line and a translation in a perpendicular direction is
a reflection in a parallel line. However, a glide reflection cannot be reduced like that. Thus
the effect of a reflection in a line combined with a translation in one of the directions of that
line is a glide reflection, with as special case just a reflection. Therefore, the only required
information is the translation rule and a line to reflect over, the resulting orientation of the
two figures are opposite.
A common example of glide reflections is footsteps in the sand.

Figure 12: A glide reflection
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III Geometric types of isometrics
An isometry, such as a rotation, translation, or reflection, does not change the size or shape
of the figure.

A composition or product of transformations is a combination of two or more transformations, each performed on the previous image.
T1 (T2 (P )) = T1 ◦ T2 (P )
Theorem: An isometry of the plane that fixes a point is a rotation if it preserves orientation
and reflection if it reverses orientation .An isometry of the plane that fixes no point is a translation if it does not reverse orientation and a glide reflection if it reverses orientation.
Proof:

Figure 13:

a) Suppose that α is an isometry which fixes a point O. Since α preserves distance, then α
maps any circle with centre O into itself, and hence is either a rotation or a reflection.
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Figure 14:

b) Suppose that α fixes no point. We show that α2 also fixes no point. For a contradiction suppose that P = α2 P . Since α is an isometry, α maps the line P, αP , to αP, α2 P .
Since P = α2 P , then α would fix the midpoint of the segment [P, αP ], contradicting the
assumption.
b1) Let α preserve orientation. If the vectors P, αP , αP, α2 P are not parallel, their perpendicular bisectors meet in a point Q and the triangles [P, αP,Q] and [αP, α2 P,Q] are
similar. See Figure 14. Then α is carrying the side [P, α(P )] to [α(P ), α2 (P )] and preserving orientation. Since α preserves distances it must map Q to itself. So it contradict to
the assumtion that α has no fix point.
−−−−−→
−−−→
We conclude that P, αP and αP, α2 P are parallel , whence the distinct points P, αP, α2 P
lie on a line ` .
−−−→
It follows that all αk P lie on `, and that α acts on ` like translation with vector P, αP .
Since it preserves orientation and distances it follows that α acts as this translation on
all of the plane.

Figure 15:
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b2) If it does not preserve orientation , then α2 does, and the above argument applied to
α2 shows that that α2 is a nontrivial translation. Now α2 leaves invariant the two lines
`0 through P and α2 P and `1 through αP and α3 P , which are therefore parallel to each
other. Let ` be line parallel to `0 and `1 which intersect the P αP in the middle point.
Now α sends the segment P, α2 (P ) to segment α(P ), α3 (P ). Specially α must act as a
translation on τ0 on `.

Figure 16:

Finally, since α does not preserve orientation , it must be the glide reflection α = ρ 0 τ0 where
ρ 0 is a reflection with axis `.

Now we give a few more theorems about the isometries. See the reference. (Roger,L p25)
Theorem A) The product( composition) of two reflections with parallel axes is a translation
perpendicular to these axes by a distance twice that from the first axis to the second.
B) The product of two reflections with axes meeting in a point is a rotation about that point
through an angel twice that from the first axis to the second.

Theorem. Every orientation preserving transformation is a product of two reflections and
every orientation reversing isometry is a product of three reflections. Thus E is generated by
reflections. Let ξ be the group of all isometries of the Euclidean plane E . Relation means the
composition of isometry.
Theorem: The product of three reflections is a reflection if three axes are parallel or concurrent, and otherwise is a glide reflection.
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1. Theorem:
(a) The product of two translations is a translation.
(b) The product of two rotations is a rotation except if the sum of their angels is 0
modulo 2π, in which case it is a translation.
(c) The product of translations and nontrivial rotation is a rotation.
(d) The product of nontrivial translation and a reflection is a glide reflection is perpendicular to the translation, in which case it is a reflection.
(e) The product of a nontrivial rotation and a reflection is glide reflection except
when the axis of the reflection passes through the center of the of the rotation,
in which case it is a reflection.
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IV Groups
Group structure
A plane figure F is any subset of the Euclidean plane.
Isometries requiring an odd number of mirrors — reflection and glide reflection — always
reverse left and right. The even isometries — identity, rotation, and translation — never do;
they correspond to rigid motions, and form a normal subgroup of the full Euclidean group of
isometries. Neither the full group nor the even subgroup are abelian; for example, reversing
the order of composition of two parallel mirrors reverses the direction of the translation they
produce.
Every isometry is either the identity,a reflection, a rotation, a translation or a glide reflection.
Every isometry can be written as a composition of (three or fewer) reflections. An isometry
can be written as the composition of even number of reflections.
For a group G of isometries let G + be a subgroup of G contains the even isometries of G.
For example, if E is the group of all isometries of the Euclidien space, then E + is the group of
all translation and rotation of the space.
Example: A tree.
The F has a lateral symmetry in the vertical line ` passing through the point A .

Figure 17:

F has a symmetry ρ that maps every point P of F that lies on ` to itself, and maps every
other point P of F to a point Pρ on the horizontal as P, and at the same distance from ` but
on the other side of the `.
The map ρ is a reflection with axis `.
Every figure F has a trivial symmetry mapping each point to itself.
If α and β are any two symmetries of the figure F, it is clear from the definition that α followed by β is also symmetry of F.
We write the αβ for this product of α followed by β; explicitly for all points P of F, P(αβ) =
(Pα)β.
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Thus the a multiplication (composition) is defined on the set Sym F , and the set Sym F
equipped with this multiplication becomes a group, the symmetry group Sym F of F. The
multiplication table for the symmetry group Sym F of the tree is shown in Figure 20..

Figure 18: Sym F

It is clear that if ε is the trivial symmetry of the figure F and α is any other of F, then εα =
αε = α.
The set of Euclidean plane isometries forms a group under composition: the Euclidean
group in two dimensions. It is generated by reflections in lines, and every element of the
Euclidean group is the composite of at most three distinct reflections.
The existents of an inverse x −1 to a map x requires that x be bijective.
Homomorfism

1. Definition: A homomorfism α from a group G 1 to the group G 2 is a map from G 1 to G 2
that preserves multiplication : α(x y) = α(x)α(y), for all x, y ∈ G 1 .It is an isomorphism
if it is bijective. Two groups are i σ isomorphic if there exists an isomorphism one to
the other.
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Examples of groups
The set Sym F of all distance preserving map from a set F to itself , for F subset of any geometrical space, is a group. The set of all invertible linear transformations of any vector space
is a group.
The set of all permutation of any set Ω is a group , Sym Ω, the symmetric group on the set Ω.
The order of an element x in a group G is defined to be the least positive integer n such
that x n = 1, if one exists , and otherwise is said to have an infinite order.
Cyclic group C 1 ,C 2 ,C 3 ,C 4 , ... where C n consists of all rotations about a fixed point by multiples of the angle 360◦ /n . Abstractly C n =< σ : σn = 1 >. C ∞ is the infinite cyclic group
C ∞ =< σ > is generated by an element with infinite order.
Dihedral group D 1 , D 2 , D 3 , D 4 , ... where D n (of order 2n) is the group of isometries of a regular n-angle polygon. It consists of the rotations in C n together with reflections in n axes that
pass through the fixed point.
D 1 is the 2-element group containing the identity operation and a single reflection, which
occurs when the figure has only a single axis of bilateral symmetry, for example the letter A.

Figure 19: Glide reflection

Generated groups
As in the previous examples , we can define groups which are the smallest groups countaining some given elements satisfying certain conditions.
For example:
G =< σ, ρ : σn = 1, ρ 2 = 1, (ρσ)2 = 1 >
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Let be G the most smallest group that contains the rotation σ which has order n and reflection ρ which has order 2 with the further property that ρσ has order 2. Then G can be
writen abstractly in the form.
G =< σ, ρ : σn = 1, ρ 2 = 1, (ρσ)2 = 1 >
We can say that G is the smallest group generated by σ rotation and ρ reflection, elements of
order n and 2 whose product has order 2.
We can define the infinite dihedral group by
D ∞ =< σ, ρ : σn = 1, ρ 2 = 1, (σρ)2 = 1 >
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V Frieze groups
Frieze groups tend to have flip horizontal, flip verticals, rotate 180s, translations, and glide
reflections.
Let ξ be the Euclidean plane and E be the group of isometries of ξ. Now consider subgroups
F of E such that the translation subgroup T of F is infinite cyclic with generator τ. Such
groups are the symmetry groups of certain infinite plane figures admitting, as translational
symmetries, only iterates (powers) of some translation along an axis `.
Such figures are called friezes, and their symmetry groups are frieze groups. We shall enumerate the types of frieze groups illustrating them by giving for each type a frieze whose
symmetry group is of that type.
` is the axis of the frieze.
Suppose first that the subgroup of F contains no nontrivial rotation. Then the even isometries of F , F + = F ∩E + = T . It may be that F = T . Then we have obtained the first frieze group.
COROLLARY. The set of all translations is a subgroup T of E , and is normal in E , that is,
τ ∈ T and α ∈ E implies that τα ∈ T . Similarly, E + is a normal subgroup of E .
Proof. Let α be an element of E . An element of T is a translation τ, and τα is also a translation in T ; thus T α = T . An element γ of E + is a translation or a rotation whence γα is also a
translation or rotation ; thus E +α = E + .
Suppose that G is a group and H is a subgroup of G.
Def: H is normal subgroup of G for all h ∈ H and all g ∈ G if g hg −1 ∈ H .

1. F 1 =< τ > , of isomorphism type C ∞
Translations only. This group is singly generated, with a generator being a translation
by the smallest distance over which the pattern is periodic.

Figure 20:

If F contains not just τ then F =< τ, ρ > , where ρ is a reflection or a glide reflection.
Since T ρ = T and τ generates T, τρ also must generate T , hence either τρ = τ (here
ρτρ −1 = τ) or τρ = τ−1 (ρτρ −1 = τ−1 ) and has axis parallel or perpendicular to the
axis of τ . We cannot have elements τ of both kinds, for then their product would be
nontrivial rotation. If ρ is a reflection it can be of either kind. If ρ is a glide reflection
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then ρ 2 is a nontrivial translation, hence ρ 2 = τh for some integer h 6= 0 and τ has axis `.
Now ρ commutes with τ, and for k ∈ Z (Z the set of integers) (ρτk )2 = τh+2k . Replacing
by ρτk for suitable k we may suppose that either ρ 2 = 1 and ρ is a reflection or that
ρ 2 = τ and ρ is a glide reflection, in the latter case F contains no reflection. We have
obtained the following groups:
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2. F 1 1 =< τ, ρ : ρ 2 = 1, τρ = τ > , isomorphic to C ∞ xC 2
This group is generted by translation and the reflection on the horizontal axis.

Figure 21:

3. F 1 2 =< τ, ρ; ρ 2 = 1, τρ = τ−1 > isomorphic to D ∞
The group is generated by a translation and a reflection in the vertical axis.

Figure 22:
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4. F 1 3 =< τ, ρ; ρ 2 = τ, τρ = τ−1 > isomorphic to C ∞

Figure 23:

This group is generated by a translation τ and a glide reflection ρ. ρ is such a glide reflection that the composition of two glide reflections a ρ 2 gives the translation τ. More
over the composition of a glide reflection ρ a translation τ and the inverse of the glide
reflection ρ −1 gives the translation τ−1 on the horizontal line with the opposite direction.
We emphasize that F 1 2 and F 1 3 are isomorphic as abstract groups but not geometrically equivalent (that is as subgroups of E ) since F 1 2 preserves orientation while F 1 3
does not.
There remains only the case that F contains nontrivial rotation with center O.
Again, τρ must generate T ρ = T and hence τρ = τ or τρ = τ−1 . Since σ 6= 1 we cannot
have τσ = τ . Thus τσ = τ−1 and σ is a rotation of order 2 (so σ is a halfturn).
We may now choose the axis ` of τ the center O of σ. If σ0 is any rotation in F ; then
it also must have order 2 whence σσ0 = τh for some integer h, and σ0 = στh . Thus
F + =< τ, σ : σ2 = 1, τσ = τ−1 > . It may be that F = F + . Then we have obtained
5. F 2 =< σ, τ : σ2 = 1, τσ = τ−1 > , isomorphic to D ∞ ,

Figure 24:

This group is generated by a rotation σ and translation τ. The rotation σ is a half turn
(σ2 = 1). The composition of a rotation σ a translation τ so ρτρ −1 = τ−1 .
We note again that abstractly F 1 2 and F 2 are isomorphic to each other, however F 2 preserves orientation while F 1 2 does not.
If F contains not just even isomerizes, then F =< τ, σ, ρ : σ2 = 1, ρ 2 = 1 > , generated
by τ, σ , and ρ where ρ is a reflection or glide reflection. As before, the axis ρ must be
either parallel or perpendicular to `. Now consider the case, when ρ is a reflection. If
ρ has axis perpendicular to `, then ρ 0 = σ has axis parallel to `. Thus replacing ρ by ρ 0
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if necessary, we may suppose that ρ has axis `0 parallel to `. If ` 6= `0 , then the image of
the center O by ρ is ρO 6= O , and the the line m = ρO,O would be perpendicular to `.
Now σρ is a rotation of order 2 with center ρO , thus the product of σ and σρ would be
a translation in direction of m perpendicular to ` contrary to the hypothesis that T is
cyclic. Thus ρ has axis `. Morover we have that the rotations σ and σρ have the same
center thus σ = σρ and as before τ = τρ so we have obtained
6. F 2 1 =< τ, σ, ρ; σ2 = 1, τσ = τ−1 , ρ 2 = 1, τ = τρ , σ = σρ > , isomorphic to D ∞ xC 2

Figure 25:

This group is generated by a translation τ and rotation σ and reflection ρ. The rotation
is half turn (ρ 2 = 1). The composition of rotation σ and translation τ and rotation σ
which is στσ−1 gives the translation τ−1 on the horizontal line with the opposite direction ρ is a reflection of order 2 . The composition of a reflection ρ and translation τ
and the inverse of the reflection ρ ( which is now again ρ ) which ρ −1 τρ gives the translation τ . Finally, the composition of the reflection ρ the rotation σ and the inverse of
the reflection ρ gives the rotation σ.
Finally consider the case when F does not contain reflection having axes parallel to `,
thus F =< τ, ρ, σ : σ2 = 1 > where ρ is a glide reflection and as before we may suppose
that ρ 2 = τ and ρ has axis `. Let m be the perpendicular bisector of ρ(O),O . Now the
isometry ρ 2 = ρσ fixes the all the points of m, see the figure, thus ρ 2 is a reflection with
axis perpendicular to `.

Figure 26:

In this case F does not contain reflection ρ 1 with axis perpendicular to ` at O since
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ρ 1 ρ 2 is a translation τO carrying O to ρ(O) , hence τO 2 = τ contrary to the assumption
that τ generates T . So we have obtained
7. F 2 2 =< τ, σ, ρ : σ2 = 1, τσ = τ−1 , ρ 2 = τ, τρ = τ, ρ σ = ρ −1 , >=< ρ, σ : σ2 = 1, σρ = ρ −1 >
isomorphic to D ∞ ,

Figure 27:

This group is generated by a translation τ, a rotation σ and a glide reflection ρ. The
rotation σ is a half turn σ2 = 1 the composition of the rotation σ the translation τ and
the inverse of the rotation σ ( which is now also σ ) which is στσ−1 gives the tranlation
τ−1 on the horizontal line with the opposite direction. The composition of two glide reflection ρ 2 is the translation τ the composition of the glide reflection ρ, the translation
τ and the inverse of the glide reflection ρ gives the translation τ. Finally the composition of the rotation, the glide reflection ρ and the inverse of rotation σ ( which is now
again σ ) is the inverse of glide reflection ρ.
The translations here arise from the glide reflections, so this group is generated by a
glide reflection and either a rotation or a vertical reflection.
We note again that the abstractly isomorphic types F 2 preserves orientation while F 2 2
are geometrically different ,since F 2 preserves orientation while F 2 2 does not.
Theorem : Let F be a frieze group and let ` be the axis of the frieze. Let τ be a translation of F of minimal distance. If F contains a halfturn, let us denote it by σ A . If F
contains a reflection in a line a perpendicular `, let us denote it by ρ a . If F contains a
glide reflection, let us denote it by ρ with ρ 2 = τ. Then, F is one of the seven distrinct
groups defined as follows : ( Alphabet illustration.)

F 1 =< τ > F F F F F F F F F F (This group is generated by translation τ)
F 1 =< τ, σl > DDDDDDDD (This group is generated by translation τ and the
reflection on the horizontal axis σl )
F 1 2 =< τ, ρ a > A A A A A A A A (The group is generated by a translation τ and a
reflection in the vertical axis ρ a )
F 1 3 =< ρ > DW D M DW D M D (This group is generated by a translation τ and a glide
reflection ρ)
F 2 =< τ, σ A > SSSSSSSS (This group is generated by a translation τ and a rotation σ A )
F 2 1 =< τ, σ A , σl > I I I I I I I I (This group is generated by a translation τ and a rotation
σ A and a reflection σl )
2
F 2 =< ρ, σ A > MW MW MW MW (This group is generated by a translation τ and a
glide reflection ρ and a rotation σ A )
1
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Figure 28:

Since there are only seven frieze groups, only three questions are necessary to make a
key. However , the four questions are based on the criteria in italics from the previous
section.

Figure 29:
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Theorem: There are exactly seven geometrically distinct types of frieze groups, with
presentation as given. They fall into the four isomorphism types of C ∞ , D ∞ ,C ∞X C 2 , D ∞X C 2
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