
ACTA
UNIVERSITATIS

UPSALIENSIS
UPPSALA

2014

Digital Comprehensive Summaries of Uppsala Dissertations
from the Faculty of Science and Technology 1174

Modelling and Control Methods
with Applications to Mechanical
Waves

HANS NORLANDER

ISSN 1651-6214
ISBN 978-91-554-9023-2
urn:nbn:se:uu:diva-229793



Dissertation presented at Uppsala University to be publicly examined in room 2446, ITC,
Lägerhyddsvägen 2, Uppsala, Friday, 17 October 2014 at 10:15 for the degree of Doctor of
Philosophy. The examination will be conducted in English. Faculty examiner: Prof. Jonas
Sjöberg (Chalmers).

Abstract
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Models, modelling and control design play important parts in automatic control. The
contributions in this thesis concern topics in all three of these concepts.

The poles are of fundamental importance when analyzing the behaviour of a system, and
pole placement is an intuitive and natural approach for control design. A novel parameterization
for state feedback gains for pole placement in the linear multiple input case is presented and
analyzed. It is shown that when the open and closed loop poles are disjunct, every state feedback
gain can be parameterized. Other properties are also investigated.

Hammerstein models have a static non-linearity on the input. A method for exact
compensation of such non-linearities, combined with introduction of integral action, is
presented. Instead of inversion of the non-linearity the method utilizes differentiation, which in
many cases is simpler.

A partial differential equation (PDE) can be regarded as an infinite order model. Many model
based control design techniques, like linear quadratic Gaussian control (LQG), require finite
order models. Active damping of vibrations in a viscoelastic beam, modelled as a PDE, is
considered. The beam is actuated by piezoelectric elements and its movements are measured
by strain gauges. LQG design is used, for which different finite order models, approximating
the PDE model, are constructed. The so obtained controllers are evaluated on the original PDE
model. Minimization of the measured strain yields a satisfactory performance, but minimization
of transversal deflection does not. The effect of the model accuracy of the finite order model
approximations is also investigated. It turns out that a model with higher accuracy in a specified
frequency interval gives controllers with better performance.

The wave equation is another PDE. A PDE model, with one spatial dimension, is established.
It describes wave propagation in a tube perforated with helical slots. The model describes
waves of both extensional and torsional type, as well as the coupling between the two wave
types. Experimental data are used for estimation of model parameters, and for assessment of the
proposed model in two different cases. The model is found adequate when certain geometrical
assumptions are valid.
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Chapter1
Introduction

A
utomatic control is a quite broad discipline. In very general terms it
can be described as the study of dynamical systems and their control.

As a technology it has been used frequently for several hundred years. As a
recognized research area, in its own right, automatic control emerged during
the middle of the 20th century from the insight that dynamical systems from
radically different applications, but with equivalent behaviour, can be described
by the same theory. A nice recent overview of the historical development of
automatic control is given in [42].

Today control systems are ubiquitous in the technical systems we rely on in
our everyday life. Typically the control systems are essential for the function
of these technical systems. Still most people are not aware of the presence of
the control systems, or of their role. One could argue whether this is the cause
for, or an effect of, the fact that many people lack an intuitive understanding
for what automatic control is about. Either way, as a reflection of this fact
automatic control has been referred to as the “hidden technology” ([41]).

So what is automatic control about? Two key concepts are models and
feedback. In order to perform any form of analysis of a dynamical system some
sort of quantitative description is required, and this is typically obtained as a
mathematical model. One subfield within automatic control concerns models;
different types of them and their properties. Another subfield concerns the
procedure of producing models. Feedback is an essential principle for control,
and is in general an integrated part in control design. Control design in itself is
yet another subfield within automatic control. While this admittedly is a rather
meager description of automatic control (there are plenty more subfields, and
subdivisions within these), models, modelling and control design together still
constitute a core of the subject.

There are a few quite different topics treated in the thesis. What the contri-
butions have in common is that they are all strongly related to this core. This
is also reflected in the title of the thesis. Some of the contributions concern
more general situations, while for the others there are some special cases that
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10 1. Introduction

are considered. Common for the special cases is that they can be described as
mechanical wave propagation applications.

In order to provide a proper background to the contributions a brief presen-
tation of some important concepts concerning models, modelling and control
is given; see below. This is by no means a complete description, but is rather
aimed at giving a comprehensive picture, covering the different aspects consid-
ered in the contributions.

1.1 Thesis outline

The thesis is composed of two parts. The first part, comprising Chapters 1–
5 here, is a comprehensive summary of the thesis work. Chapters 2–4 are
providing the necessary background for the topics covered in the contributions,
and in Chapter 5 summaries of the contributions are presented. The second
part contains the contributions that the thesis is based on.

Chapter 2: Models of dynamical systems

Here different mathematical models of dynamical systems are presented. A few
features, that define the model type, are discussed, and some model properties
are also described.

Chapter 3: Modelling

This chapter is about how mathematical models can be obtained. Model build-
ing can be achieved on a theoretical basis, or can be based on empirical ex-
periences to a higher or lower degree. When based on experimental data the
modelling procedure is usually referred to as system identification.

Chapter 4: Control design

The chapter contains a short discussion on automatic control and control de-
sign. Some different control strategies and design methods are given a brief
presentation. The focus is on methods used in the contributions.

Chapter 5: The contributions in perspective

Here each contribution is given an individual presentation in brief summaries.
The main results are described and discussed, and open questions are com-
mented on.

The contributions and related work

The second part consists of the contributions that constitute the main body of
this thesis. They are presented in chronological order.
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Contribution I (reference [25])

Contribution I concerns the pole placement problem for state feedback. A
novel parameterization for state feedback gains for the multiple input case
is presented, and its properties are analyzed. A preliminary version of the
parameterization was first presented in [24]:

K. Nordström and H. Norlander, “On the multi input pole placement
control problem”, in Proceedings of the 36th IEEE Conference on Deci-
sion and Control, San Diego, California, USA, pp. 4288–4293, Decem-
ber 1997.

The main results in Contribution I were also presented in [26]:

H. Norlander, “Parameterization of state feedback gains for pole place-
ment”, in Proc. European Control Conference, ECC 2003, Cambridge,
UK, September 1–4, 2003.

Contribution II (reference [34])

In Contribution II an alternative method for compensation of non-linearities
on the input is presented. This linearization is an integrated part of the intro-
duction of integral action in the controller.

Contribution III (reference [22])

Finite order model approximations and model based control for damping of
vibrations in a viscoelastic beam are investigated in Contribution III.

Contribution IV (reference [28])

Contribution IV concerns the same control problem as in Contribution III, but
here it is the effect of the model approximation that is studied. This work was
also presented in shorter form in [27]:

H. Norlander, “Active damping of a viscoelastic beam: a case study”,
in Reglermöte 2010, Lund, Sweden, June 8–9, 2010,

and in [29]:

H. Norlander, “Model accuracy impacts for active damping of a vis-
coelastic beam”, in Proceeding of the 19th IFAC World Congress, Cape
Town, South Africa, August 25–29, 2014.

Contribution V (reference [30])

In Contribution V a model for wave propagation in a tube perforated by helical
slots is established. The model is one dimensional, i.e. it only involves one spa-
tial coordinate, and it captures the coupling between extensional and torsional
waves. Model parameters are estimated from experimental data. Experimental
data is also used for testing the validity of the model.
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Chapter2
Models of dynamical systems

I
n order to analyze any dynamical system an appropriate mathematical model
is required. There are a number of different model types that can be used.

Which type that is preferable depends on e.g. the system itself, what charac-
teristics/features that are of interest, and the intended use of the model. Some
features that distinguish between different model types are

� linearity: is the model linear or non-linear?

� dimension: is the model of finite order or infinite-dimensional?

� time index: is it a continuous-time or a discrete-time model?

� time dependence: is the model time-invariant or time-varying?

� nature of the variables: are they stochastic or deterministic?

� number of inputs and outputs: is it a multiple input–multiple output
(MIMO) or a single input–single output (SISO) model?

In addition to the model type there are different model structures that can
be used to represent the model. Three such model structures will be used in
this thesis, and these will be given a brief presentation below.

A substantial part of the theory, in terms of properties and analysis, is
parallel for discrete-time and continuous-time models, and for brevity the pre-
sentation here is mainly focused on continuous-time models.

2.1 Systems and models

In general, and particularly in the context of automatic control, a model is not
identical to the system it is representing, i.e. some kind of model error is almost
always present. A well known quote that highlights this fact is that “essentially,
all models are wrong, but some are useful”, usually attributed to George E. P.
Box (see [3]). Normally the term ‘system’ refers to some relation between real,

13



14 2. Models of dynamical systems

physical entities, while the term ‘model’ refers to an abstract, mathematical
description of this relation. In that sense all properties of the system that are
deduced from the model are actually properties of the model (and for good
models these properties are in agreement with the observed behaviour of the
system).

In what follows a number of system properties will be presented, and in
order to stress that these originate from certain model types and representations
the term ‘model’ will be used in this presentation, while normally ‘system’ is
used (and indeed, in a broad sense models are systems as well).

2.2 State space models

A state space representation is a very general model structure, and the key
component is the state vector �, representing the internal state of the system.
The state vector �(�) carries all relevant information about what, until the
present time �, has happened in the system that has an impact on its future
behaviour. The state vector also serves as an intermediate step between the
system inputs and outputs in terms of measured signals and/or performance sig-
nals. The state space representation can be used for e.g. linear and non-linear,
continuous- and discrete-time, time-invariant and time-varying, stochastic and
deterministic, SISO and MIMO models. For instance

�̇(�) = �(�(�)� �(�)� �)� (2.1)

�(�) = �(�(�)� �(�)� �)� (2.2)

with � � �� , � � �� , � � �� , � : ������� �� �
� and � : ������� �� �

� ,
could represent a non-linear time-varying continuous-time MIMO model.

Example 2.2.1. Consider an inverted pendulum with a fixed pivot point, as
depicted in Figure 2.1, consisting of a homogeneous rod of length � and mass
	. The output � is the angular displacement of the rod from the vertical line
in erected position, the input � is an external torque around the pivot point
and the disturbance 
 is an additional torque entering the same way as �. The

� �

	�

� + 


Figure 2.1: An inverted pendulum.

inverted pendulum is described by the non-linear ordinary differential equation
model

	�2

3
�̈(�) = �(�) + 
(�) +

	��

2
sin �(�)� (2.3)
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By introduction of the state variables �1 = � and �2 = �̇ the non-linear state
space model

�̇1(�) = �2(�)� (2.4)

�̇2(�) =
3�

2�
sin�1(�) +

3

��2
�(�) +

3

��2
	(�)� (2.5)

�(�) = �1(�)� (2.6)

of the inverted pendulum is established.

Stability, controllability and observability are some system properties for
which, when studied, state space representations are very suitable. It is e.g.
convenient to use Lyapunov stability theory for state space models. Many of
these concepts are straightforward and very precise for linear time-invariant
state space models.

2.2.1 Linear time-invariant state space models

Linear time-invariant models are often referred to as LTI models. The most
general state space representation of a continuous-time LTI model is

�̇(�) = 
�(�) +��(�)� (2.7)

�(�) = ��(�) +�(�)� (2.8)

where �(�) � �
� , �(�) � �

� , �(�) � �
� , 
 � �

��� , � � �
��� , � � �

���

and  � �
��� . In (2.7)–(2.8) � represents all inputs and � represents all

outputs, and (2.7) is referred to as the state equation and (2.8) is referred to
as the output equation. If there are several sources for the inputs, e.g. one
(deterministic) control input and one (stochastic) disturbance it is common
practice to separate these into two (or more) terms in (2.7)–(2.8), and if one
would like to separate e.g. measured outputs from performance variables it is
common practice to split the output equation (2.8) into two. For the sake of
simplicity, and with no loss of generality, the presentation here is confined to
the form in (2.7)–(2.8).

Below some relevant concepts concerning LTI state space models are pre-
sented. These concepts are treated in most textbooks in automatic control,
and formal proofs of the theorems are found e.g. in [12] and [32].

Definition 2.2.1. For the model (2.7) the vector �� � �
� is controllable if

there exists an input � which takes the state vector from �(�0) = 0 to �(� ) = ��

for some �0 � � � �. If all �� � �
� are controllable, the model (2.7) is

controllable.

Remark By analogy, the matrix pair (
��) is said to be controllable when
the associated model (2.7) is controllable. �

Definition 2.2.2. For the model (2.7)–(2.8) the vector �� � �� , is unobserv-
able if, when �(�) � 0 for � � �0 and �(�0) = ��, the output is �(�) � 0 for
� � �0. The model (2.7)–(2.8) is observable if �� = 0 is the only unobservable
vector.
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Remark By analogy, the matrix pair (���) is said to be observable when the
associated model (2.7)–(2.8) is observable. �

Theorem 2.2.1. The model (2.7) is controllable if and only if the controlla-
bility matrix

� �
�
� �� � � � ���1�

�
(2.9)

has full rank. Furthermore, for every controllable vector �� there exists a vector
� � ��� such that �� = ��.

Theorem 2.2.2. The model (2.7)–(2.8) is observable if and only if the observ-
ability matrix

� �

�
����

�

��
���

����1

�
���� (2.10)

has full rank. Furthermore, for every unobservable vector �� it holds that ��� =
0.

Apart from studying the controllability and observability matrices, control-
lability and observability can be investigated by use of the so called PBH tests
(named after Popov, Belevitch and Hautus), see e.g. [12] for details.

Definition 2.2.3. The order of the model (2.7)–(2.8) is �, i.e. the length of
the state vector.

Remark This definition of model order also applies to non-linear state space
models, (2.1)–(2.2). �

Definition 2.2.4. The model (2.7)–(2.8) is a minimal realization if there exists
no other state space representation of the same input-output relation where the
order is lower than �.

Theorem 2.2.3. The model (2.7)–(2.8) is a minimal realization if and only if
it is both controllable and observable.

Definition 2.2.5. Let (2.7)–(2.8) be a minimal realization of a model. Then
the poles of the model are the eigenvalues of the matrix � in (2.7).

The concepts above are of course also valid for linearized models of non-
linear systems, and generally they locally characterize the behaviour of the
original non-linear model.

Let the non-linear model

	̇(
) = �(	(
)� �(
))� (2.11)

(
) = �(	(
)� �(
))� (2.12)
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have the stationary point ��0� �0� �0�, i.e.

0 = �(�0� �0)� �0 = �(�0� �0)�

By introduction of �(	) = �(	) � �0, 
(	) = �(	) � �0 and �(	) = �(	) � �0

the linearized model, the “best” linear approximate model of (2.11)–(2.12), is
(2.7)–(2.8) with

� =
�

�
� � =

�

�
� � =

�

�
� � =

�

�
�

all evaluated at ��0� �0� �0�.

Example 2.2.2. When the non-linear state space model of the inverted pen-
dulum, (2.4)–(2.6) in Example 2.2.1, is linearized around the stationary point
� = �1 = 0, �2 = 0, 
 + � = 0, the linear model

�̇(	) =

�
0 1
3�

2�
0

�
�(	) +

�
0
3

��2

�

(	) +

�
0
3

��2

�
�(	)� (2.13)

�(	) =
�
1 0

�
�(	) (2.14)

is obtained. The linear state space model has controllability and observability
matrices

� =

�
0 3

��2

3

��2 0

�
� � =

�
1 0
0 1

�
�

both of full rank, and in accordance with Theorems 2.2.1–2.2.3 it is a minimal
realization. The poles of the linearized model are � = �

�
3��2�, and since one

pole lies in the right half plane the model is unstable.

2.3 Transfer functions

By aid of the Laplace transform (for continuous-time models) an LTI model
can be represented by its transfer function �(�), so that

� (�) = �(�)�(�)� (2.15)

where � (�) is the Laplace transform of the output �(	) and �(�) is the Laplace
transform of the input 
(	).

For SISO models the transfer function �(�) is scalar, and it is straightfor-
ward to use. For instance, the zeros of the model are the solutions to �(�) = 0,
and the poles are the poles of �(�).

For MIMO models the principles are basically the same, but the calculations
are somewhat more involved in the sense that �(�) is a matrix, and that e.g.
the definition of a zero is more complex (truly a property of MIMO models
rather than of transfer functions, but the explicit and intuitively clear effect
that �(�) = 0 for any zero � = �, as for SISO models, is lost).

For a finite order LTI model, described by an ordinary differential equation
(ODE), the transfer function is straightforward to compute, and is always a
rational function. For the state space model (2.7)–(2.8) the transfer function
is

�(�) = �(�� ��)�1� + �� (2.16)
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Example 2.3.1. The transfer function model for the linearized model (2.13)–
(2.14) of the inverted pendulum in Example 2.2.2 is

� (�) = �(�)(�(�) + � (�))� �(�) =
3��	2

�2 � 3
�2	
� (2.17)

2.4 Frequency response

The frequency response, or frequency function, reflects the fundamental prop-
erty of LTI models that, if the input is a sinusoid, say �() = � sin�, the
output will be �() = �(�)� sin(� + �(�)) + �(), i.e. an amplified and phase
shifted sinusoid with the same frequency � plus a transient, �(). In partic-
ular, if the model has the transfer function �(�), then �(�) = ��(��)� and
�(�) = arg�(��). Then �(��) is the model’s frequency response. As a conse-
quence, with �̂(�) and �̂(�) denoting the Fourier transforms of the input and
the output respectively, the relation

�̂(�) = �(��)�̂(�) (2.18)

holds.
The frequency response is straightforward to produce for a finite order LTI

model, given its transfer function. It is also uncomplicated to obtain experi-
mentally.

2.5 Infinite-dimensional models

Continuous-time finite order models can always be represented by an ordinary
differential equation (ODE), and in general by state space models. The order
of the model is then given by the finite number � in Definition 2.2.3 (which
applies also to non-linear state space models). Finite order models are also
called lumped models, since the system behaviour is lumped together in a
finite number of variables in the model, like the state variables in a state space
model.

Models which cannot be represented by a finite number of variables will
here be referred to as infinite-dimensional models. One typical type of infinite-
dimensional models are those which can be represented by a partial differential
equation (PDE). Such models are also called distributed parameter systems.

Of the model structures presented above, the state space representation
cannot be used explicitly for infinite-dimensional models, as presented in Sec-
tion 2.2. However, for LTI infinite-dimensional models it is possible, on a more
abstract level, to use a state space representation like (2.7), with �() = �(� �)
being a function of � (as well as of ) rather than a vector, and � and � being
operators rather than matrices. Though, this is beyond the scope of this thesis;
see [5] for rigorous treatise on infinite-dimensional models.

Still, many infinite-dimensional models that are LTI can be represented by
transfer functions and by their frequency response. As the Fourier transform
is a standard tool for solving certain PDEs, it is in general possible to derive
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the frequency response also for these infinite-dimensional models. The Laplace
transform is also useful when studying PDEs, which makes it possible to derive
a transfer function. The transfer function is then a non-rational function.

Example 2.5.1. The scalar heat diffusion model is described by the PDE

��

��
= �

�2�

��2
� � � 0� (2.19)

where � (�� �) is the temperature at position � and at time �. Assume that (2.19)
is a model of the temperature distribution in a wall of thickness �, and that the
temperature at either side of the wall are inputs, i.e.

� (0� �) = �0(�) and � (�� �) = ��(�)	 (2.20)

By taking the Laplace transform of (2.19) an ODE,

�2�

��2
�




�
� (�� 
) = 0� (2.21)

is obtained. The general solution of (2.21) is

� (�� 
) = �(
) sinh(
�

�� � �) + (
) cosh(

�

�� � �)	 (2.22)

By solving for �(
) and (
), by accounting for the boundary conditions (2.20),
the explicit solution

� (�� 
) =
sinh

��

�� � (�� �)

�

sinh
��


�� � �
� �0(
) +

sinh
��


�� � �
�

sinh
��


�� � �
���(
) (2.23)

can be derived. The poles are given by sinh
��


�� � �
�

= 0, i.e. they are


 = �� (����)
2

for � = 1� 2� 	 	 	 , all in the left half plane. (The pole in the
origin is cancelled by a zero.)

As mentioned above, continuous-time finite order models can be represented
by an ODE, and the essential dynamics in terms of poles are exclusively deter-
mined by the ODE itself. In contrast to that the poles of an infinite-dimensional
model, governed by a PDE, will not only depend on the PDE but also on the
boundary conditions. If the boundary conditions are altered, the transfer func-
tion, and thus the pole locations, will also be altered. In Example 2.5.1 the two
inputs are boundary conditions, and both are needed to define unique trans-
fer functions. Another choice of boundary conditions will change the transfer
functions, as the following example illustrates.

Example 2.5.2. Consider again the heat diffusion in a wall in Example 2.5.1,
governed by the PDE (2.19), but this time with the boundary conditions

� (0� �) = �0(�) and
��

��
(�� �) = ��(�) (2.24)
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as inputs. Here �0(�), as before, is the temperature at � = 0, and ��(�) is
proportional to the rate of the heat flow into the wall at � = �. By use of the
Laplace transform the ODE (2.21) is obtained with the general solution (2.22).
By use of (2.24) the explicit solution

� (�� �) =
cosh

��
��	 � (�� �)

�

cosh
��

��	 � �
� �0(�) +

sinh
��

��	 � �
�

�
��	 cosh

��
��	 � �

�
�(�) (2.25)

is obtained. Here the poles are given by cosh
��

��	 � �
�

= 0, i.e. they are

� = �	 (�(0�5 + )��)
2

for  = 0� 1� 2� � � � .

Note that �0 is an input in both Examples 2.5.1 and 2.5.2, but that the
transfer functions from �0 to � in the two cases differ.

Another typical example of an infinite-dimensional model is a time delay,
with the non-rational transfer function ���� , where � is the dead time. More
examples of non-rational transfer functions, illustrating subtleties for infinite-
dimensional models, are found in [4].



Chapter3
Modelling

T
here are several possible ways to produce a model representing a system.
The model type and structure may be determined a priori, or may be a

result depending on the initial assumptions made for a deduced model.

3.1 Mathematical modelling

Mathematical modelling may be thought of as “theoretical” modelling; the
model is derived from so called first principles and/or a priori known relations.
This could be balance relations of mass, energy et cetera, or the laws of e.g.
Newton and Kirchhoff. In principle, when constructing a model in this way
no experiments are required, with a possible exception of the determination
of some key parameters like mass, physical dimensions and similar things (but
these may very well be obtained in alternative ways).

One major advantage of models obtained in this way is that the relations
described by the model have a clear theoretical interpretation, which may be
helpful when the model is viewed from a general point of view.

A possible drawback is that the models usually (by necessity) are derived
for a very idealized situation, based on presumptions which are not necessarily
valid for the actual system. As a consequence the model errors may become
significant.

Mathematical modelling usually results in continuous-time models, which
may be non-linear and/or infinite-dimensional.

3.2 Empirical modelling

If the theoretical derivation of a model from first principles is put as one ex-
treme, another extreme would be to base the model construction exclusively on
empirical data, from experiments performed on the actual system. The latter
approach is called empirical modelling, or, perhaps more commonly used, sys-
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tem identification. A recent overview of many aspects of system identification
is given in [16].

The basic idea is to perform experiments where the system is put under
excitation while measurements of relevant variables are collected over time. The
excitation is usually caused by some predefined input signal, and the output
is measured (or both input and output signals are measured). Once a certain
model structure and a measure of the model fit are chosen a model is obtained
by some calibration procedure, e.g. by optimization of the model fit over the
model parameters. For example, the model could be

� (�) = �(�; �)�(�)� (3.1)

where � is a vector representing the model parameters (e.g. the coefficients
of the numerator and denominator polynomials of the rational transfer func-
tion). The modelling procedure could then be to find the � that minimizes the
difference between the measured output and the model output (for the same
input).

Normally non-idealized conditions, like the presence of disturbances and
measurement noise in the experimental data, are accounted for in the formu-
lation of the calibration problem. For this reason the standard identification
approaches are based on a stochastic framework where signals are modelled as
stochastic processes, and tools from statistics and probabilistic theory play a
key role.

When using system identification the model type and structure is chosen
in a first step, as a starting point for the calibration procedure. Usually finite
order LTI models are used, and since the measured data is sampled it is most
convenient to use discrete-time models. Nevertheless there are techniques for
obtaining models that are continuous-time, non-linear or infinite-dimensional.

The procedures to obtain models like the one in (3.1), that depend on a
finite number of parameters in �, are called parametric methods. Another class
of system identification methods is called nonparametric methods. Among
these there are different techniques for estimation of transient responses (e.g.
the impulse response or the step response) or the frequency response.

3.2.1 Black box modelling

A commonly used approach in system identification is to regard the system as
completely unknown, apart from that it can be modelled by a discrete-time
LTI model of finite order. Then all parameters in a model structure candidate
are unknown and need to be estimated (including the order �). This approach
is called black box modelling (or identification), since the system is viewed as
a black box with no possibility to preview its inner structure.

There are a number of different estimation methods proposed in the liter-
ature. Many of these can be categorized as minimization of some criterion, as
discussed above. The prediction error and maximum likelihood methods are
examples of those. Another category is based on correlation analysis, like the
instrumental variable methods. Typical for methods from these two categories
is that the obtained model is in form of a transfer function, or similar. Yet
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another category comprises the subspace methods, which provide state space
models directly, and therefore are convenient to use for MIMO systems.

As is mentioned above, in black box modelling the order of the model, �,
is one of the parameters to be estimated. This estimation is usually performed
in a separate step, where estimated models of different orders are compared in
terms of model fit. The model fit will generically improve with increasing model
order, but the higher model order the more parameters need to be estimated,
which normally deteriorates the statistical accuracy of the estimates. There
are a few methods for choosing � that account for this trade off.

A thorough treatment on black box modelling is found in the textbooks [15]
and [38]. These mainly focus on time domain methods. In [31] an extensive
presentation of frequency domain techniques is given.

3.2.2 Grey box modelling

Above mathematical and empirical modelling were described as two extremes,
and black box modelling is then the ultimate representative of the latter ex-
treme. In this context mathematical modelling is often referred to as white box
modelling. Usually the state of things lies somewhere between the extremes,
and in system identification such an intermediate approach is called grey box
modelling. This is the situation when, for instance, for a given model structure,
some of the parameters are known a priori, that the system is known to have
some structural properties, or that only parts of the system are unknown. In
[2] both theory and practical aspects of grey box modelling are presented.

A specific example of grey box modelling, which relates to this thesis, is
the estimation of material functions for viscoelastic materials; see [37] and the
references therein.

3.2.3 Model validation

No matter how a model is produced, it cannot be trusted until it has been
tested and compared to real, experimental data. Such a procedure is referred
to as model validation. It is important that the experimental data used for the
model validation is not the same data set that was used for the model estimation
procedure. There are several ways to test a model, and it is recommended to use
more than one. Such tests could be comparisons of modelled and experimental
frequency responses (in a Bode plot), of simulated and measured outputs, or a
statistical analysis of the residuals when the model is used as a predictor. See
e.g. [15] or [38] for details.

3.3 Model reduction

In general, the quality of a model does not depend on to what degree the model
mimics the behaviour of the system in every single aspect. Rather it depends
on the intended use of the model. This means that a given model may be
judged as good for one purpose, while the same model, representing the same
system, might be regarded as inappropriate for another use.
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Prediction, simulation and control design are some typical examples where a
model is needed. Sometimes the available model is too complex, which typically
means that the model order is too high. For instance, in many model based
control design methods the controller will have at least the same complexity
and order as the open loop model has, see Section 4.3. This is in conflict to
the general wish to have as low complexity as possible for the controller. One
remedy is to get an approximative model of lower order that still captures
the relevant properties of the original model and then use this reduced order
model for the control design. The original full complexity model is then useful
for testing the so obtained controller. An alternative approach is to use the full
order model for control design, and the so obtained high order controller is then
approximated by a low order controller, mimicking the relevant properties. An
advantage of this approach is that the approximation can be done with respect
to the closed loop model.

This procedure, to produce an approximative model of lower order, is called
model reduction, and there are several techniques and methods available. For
white and grey box models it is possible to reduce the order by physically mo-
tivated simplifications. Other common techniques include moment matching,
Hankel norm approximations, and truncation and residualization of balanced
realizations; see [35] and [40]. In fact, system identification may also be seen
as model reduction, a view that is taken and elaborated in [39].

Normally model reduction refers to the situation where, given a finite order
model, a new finite order model of lower order is determined. Another situation
is when it is desirable to use some model based control design method and the
available model is infinite-dimensional. Most model based control methods are
based on state space models, which by necessity are of finite order. Thus,
a finite order model approximating the infinite-dimensional model should be
found. The model reduction then refers to the step going from an infinite-
dimensional to a finite order model. However, in this case it is questionable
whether or not the complexity of the model is reduced. One example is the
technique used in [21]. There vibrations in a beam are modelled by a PDE, and
by use of modal analysis this can be represented as an infinite sum of second
order transfer functions. A finite order model is then obtained by truncation
of this infinite sum.



Chapter4
Control design

A
utomatic control in its essence concerns the problem of how the input
should be chosen in order to achieve some desired behaviour of a dynamical

system — the control problem. A quite general description of the control
problem is as follows. Let the system be represented by

�(�) = �(�(�)� �(�))� (4.1)

where �(�) is the output, �(�) is the input, �(�) is a disturbance, and � is an
operator acting on �(�) and �(�), and representing the system dynamics. The
system may be described by a linear or non-linear, continuous-time or discrete-
time, finite order or infinite-dimensional model. The task is then to find �(�),
for every �, such that �(�) is as close as possible to the set point/reference signal
�(�). It is implied by the term ‘automatic’ that this should be performed in
some automatic manner, by some rule or algorithm which can be executed e.g.
by a computer.

4.1 Feedback control

Of fundamental importance for the degree of success in solving the control
problem is the available amount of information about the system. A model
of the system � is one part of that information, continual measurements of
available signals is another part.

One approach is to let the input �(�) be a predefined function of time,
which is an open loop control strategy. This is used in many simple control
mechanisms like in home appliances, but it is also what the solution will look
like when solving an optimal control problem using Pontryagin’s maximum
principle, see [14].

Another approach is feedforward control in which the input is based on
measurements of the disturbance �(�).

A third approach, the perhaps most typical control strategy, is feedback
control, where the input is based on measurements of the output �(�). The
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input typically is determined by

�(�) = �(�(�)� �(�))� (4.2)

where � is an operator representing the controller, and �(�) is the reference
signal. When combined with (4.1), it gives the following implicit description of
the controlled, closed loop system

�(�) = � (�(�(�)� �(�))� �(�)) �

This description is implicit since �(�) occurs on both sides of the identity. Figure
4.1 shows a block diagram of this feedback system.

��

�
�

�

�

Figure 4.1: A feedback system.

Often it is possible to derive an explicit expression for the closed loop sys-
tem, of the form

�(�) = ��(�(�)� �(�))� (4.3)

This illustrates a remarkable consequence of feedback control, that (4.2) not
only gives a way to compute the input, but it also produces a new dynamical
system, the closed loop system, whose properties will depend on� and �. Thus,
by an appropriate choice of controller the closed loop system can be shaped
to have some desired properties. For instance, an unstable system, �, can be
turned into a stable closed loop system, ��. Furthermore, by use of feedback
control it is possible to suppress the effect of non-measurable disturbances.
It also allows to reduce the effects of an imperfect model, meaning that it is
possible to achieve good performance in the presence of model uncertainties or
errors in a way that no open loop control strategy can do. Hence, feedback
control is a very powerful tool, but it also comes with a risk: feedback control
per se is certainly no guarantee for a good performance, and may in extreme
situations cause instability for the closed loop system.

Example 4.1.1. Consider again the inverted pendulum in Example 2.2.1. In
Example 2.3.1 the linearized model

� (	) =



	2 � �
(�(	) +  (	))� (4.4)

with � = 3��2� � 0 and 
 = 3���2 � 0, is given. The inverted pendulum is
unstable, but can be stabilized by feedback control, e.g. by an ideal proportional-
integral-derivative (PID) controller:

�(�) = �

�
�(�) +

1

��

�
�

�(�)�� + ��
��

��

�

� �(	) = �

�
1 +

1

��	
+ ��	

�
�(	)� (4.5)
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Here � = � � � is the control error. By combining (4.5) with (4.4) a model of
the closed loop system is obtained as

� (�) =
��(���

2 + � + 1	��)

�3 + �����2 + (�� � 
)� + ��	��
�(�)

+
��

�3 + �����2 + (�� � 
)� + ��	��
� (�) (4.6)

The model (4.6) is stable exactly when �� �� � �� � 0 and ���
� 1	���� � 0.
It is also possible to, by appropriate choices of �, �� and ��, achieve any
desired set of poles for (4.6). A few comments summarize this example:

� The expression (4.6) is a model of the closed loop system, and is equivalent
to (4.3).

� It is possible to stabilize (4.4) by feedback control.

� Also the original non-linear model (2.3) is stabilized by the PID controller
(4.5) in a neighbourhood around the stationary point.

� For (4.6) the control error is zero, � = ��� = 0, in stationarity for every
constant disturbance �.

� The control error will vanish for sufficiently small constant disturbances
also for the non-linear closed loop model, and also in the presence of
model errors, as long as the closed loop system is stable.

4.2 Model based control design

Often � in (4.2) is referred to as the controller, which can be regarded as
true from an abstract, theoretical point of view. However, in practice the
actual controller is the device that generates the input to the real, physical
system. A such physical controller could typically be an implementation of
a PID controller, like in (4.5), with �, �� and �� or their counterparts (and
possibly a few others) as tuning parameters. Often the controller is tuned
manually or by some automatic procedure while acting directly on the system
that should be controlled. This is an approach that works very well in many
cases, and then no explicit model of the system is really needed. From this
point of view any mathematical description � is a model of the controller, in
analogy with that � is a model of the system.

Another approach for producing a controller is to, for a given model � of
the system to be controlled, find an � such that some desired properties of
the closed loop model are obtained. The structure of � could be fixed a priori
(e.g. a PID controller) or it could be the result of the model structure and the
chosen design technique. Either way, � could then be regarded as a blueprint
for the behaviour and properties of the controller. This approach is referred
to as model based control design. Choosing �, �� and �� of the PID controller
(4.5) in order to get some pre-defined, desired poles of the closed loop model
(4.6) in Example 4.1.1 is one example of model based control design.
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For many model based design techniques � will be of the same model type
as the model �, and in general the closed loop model, ��, will also be of the
same model type, which makes the analysis of it convenient. For instance, if
both � and � are continuous-time LTI models, then �� will be a continuous-
time LTI model. If � and � are discrete-time LTI models, then �� will be a
discrete-time LTI model. However, this nice feature may obscure some relevant,
possibly undesired behaviour of the closed loop system, behaviour which could
be revealed by more detailed models of � and � . A typical example is when a
physical system is controlled by a sampling controller, and either �, � and ��

are all continuous-time or discrete-time LTI models. In neither case the model
�� will give any information of what happens between the sampling instants. In
order to capture that behaviour � should be continuous-time and � discrete-
time, but then �� would no longer be an LTI model, which makes the analysis
somewhat more complicated.

There are a great number of different approaches for model based control
design. For LTI models there are several techniques based on optimization,
and where an explicit solution can be computed. The optimization could be in
form of minimization of signal energies, like in LQG which is briefly described
below, or minimization of the sensitivity for model errors.

For non-linear models there are also a great variety of different approaches.
Most of these are applicable only to models of certain structures. This might
be considered as very restrictive as opposed to the LTI case where the generic
design technique is applicable to all or most LTI models. However, since the
term non-linear models refers models, of all possible kinds, that do not have
the specific property of being linear, this should not be surprising since in this
sense linear design techniques are equally restrictive.

It is not unusual that design techniques for non-linear models aim at mini-
mizing the effect of the non-linearities, or make use of similar techniques as are
used for linear models. One such technique is called exact linearization, where
� is chosen so that �� becomes an LTI model. This can be used as an initial
design step, and then, in a subsequent step, a linear design technique can be
used on ��.

Example 4.2.1. Revisiting the inverted pendulum again gives a very simple
example that illustrates exact linearization. In accordance with (2.3) in Exam-
ple 2.2.1 the system is modelled by the non-linear ODE

�̈(�) = � sin �(�) + ��(�) + ��(�)� (4.7)

with � = 3�	2
 and � = 3	�
3 as before. As a preliminary feedback control,
set �(�) = ��	� �sin �(�)+ �̄(�), with �̄(�) as a new input. The closed loop model
becomes

�̈(�) = ��̄(�) + ��(�)� (4.8)

i.e. the perfectly linear double integrator.

See e.g. [13] for a description of some exact linearization techniques.
A common situation is that a model is essentially linear, but there are

bounds or constraints on the inputs, the outputs and possibly on some interme-
diate signals. In cases where these constraints are often active, controllers based
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on linear models typically give an unsatisfactory performance, since the con-
straints are not accounted for. Model predictive control (MPC) is an approach
in which such constraints are naturally handled as a part of the control algo-
rithm. MPC makes full use of the fact that modern controllers are sampling,
implemented in computers and that the computational power of computers is
rapidly and continuously increasing. This is done by, between every sampling
instant, solving an optimization problem for computation of the next control
input. More precise, a very basic setting could be as follows. A discrete-time
model � is given, that relates the inputs �(�) and the outputs �(�), for � = ��,
where � is the sampling interval and � � �. There usually are constraints like

��(�)� � ��� ��(� + �)� �(�)� � �Δ�� ��(�)� � ��� ��� (4.9)

as part of the model. Let �̂(� + 	���) denote the prediction of �(� + 	�) based
on measurements of �(�) up to time �. The prediction �̂(�+ 	���) will of course

depend on the inputs ��(� + 
�)�
�

�=0
. Assume for simplicity that the set point

is �(�) � 0, and define a cost function as

� (�) =

��

�=0

�(	� �̂(� + 	���)� �(� + 	�))�

where �(	� �� �) 	 �(	� 0� 0) and is convex with respect to � and � (typically
quadratic). The MPC control algorithm is then, at time �� = �:

1. Measure �(��).

2. Minimize � (��) with respect to ��(�� + 	�)�
�

�=0
, subject to the constraints

(4.9).

3. Apply �(��) on the system.

4. Wait for the next sampling instant, � = �� + 	�, set �� = � and go to step
1.

In the minimization, in step 2,  is called the prediction horizon, and � � 

is called the control horizon. Usually � , which determines the dimension
of the optimization problem, is much smaller than  . Because of this the
remaining part of the control input sequence, which is needed for the evaluation
of the cost function � (��), much be specified. Typically �(�) = �(�� + ��) is
used for � = �� + (� + 1)�� � � � � �� + �. The minimization, which is solved
numerically, can be regarded as an open loop optimal control problem, resulting
in an optimal control input sequence �(��)� �(�� +�)� � � � � �(�� +��). The name
MPC refers to that the evaluation of � (�) requires predictions of the output,
which in their turn require a model of the system. That MPC indeed is a
feedback control strategy is due to that the predictions depend on the latest
measured output, that the optimization is performed every sampling cycle, and
that only the first control input �(��) is used. See e.g. [6], [17] and [18], and
the references therein, for some different aspects on MPC.
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4.3 Observer based state feedback control

Many model based control design problems are convenient to treat by use
of state space models, and in particular so for LTI models. Therefore the
presentation here is confined to LTI models. The state space formalism is very
well suited for pole placement and LQG (which both will be described in brevity
below), as well as for the �2 and �� design techniques. Detailed descriptions
of the latter two techniques are found e.g. in [35] and [40].

In order to keep the notation short, the time argument will be dropped in
the remaining part of this section, except where it is explicitly needed. Consider
the continuous-time LTI state space model

�̇ = �� + �� + ��1� (4.10)

� = 	�� (4.11)


 = �� + �2� (4.12)

where � � �
� is the state vector, � � �

� is the input, �1 � �
� is a process

disturbance, � � �� is a performance variable, 
 � �� is the measured output
and �2 � �

� is a measurement disturbance. Furthermore, � � �
��� , � �

�
��� , � � ���� , 	 � ���� and � � ���� are all constant matrices. This is

a slightly more detailed state space model than, but in principle equivalent to
(2.7)–(2.8). For simplicity it is assumed that � has no direct effect on 
.

As is mentioned in Section 2.2, the state vector �(�) represents all informa-
tion that, apart from future inputs �() and �1() for  � �, has an impact on
the future behaviour of the system. Hence, the state variables are sufficient as
a basis for the determination of the control input �, and a linear state feedback,

� = ��� + �̄� (4.13)

which is proportional feedback from the individual state variables, proves to
be a very efficient control strategy. In (4.13) the matrix � � ���� is the state
feedback gain, and �̄ is a new input which can be used to enter a reference
signal to the closed loop system. The state feedback (4.13) only affects the
state equation, which for the closed loop model will be

�̇ = (�� ��)� + ��̄ + ��1� (4.14)

while (4.11)–(4.12) still apply.

The poles of the closed loop model are the eigenvalues of the matrix ����,
i.e. the zeros of the characteristic polynomial det(�� �� + ��).

However, pure state feedback, as (4.13), is a very idealized control strategy
since it requires full knowledge of the state vector �, a situation which is very
rare — in the setting here this would correspond to � = � and �2 � 0. Still,
state feedback is very useful as a concept by replacing the state vector � in
(4.13) with an estimate of it, �̂. The control law is then

� = ���̂ + �̄� (4.15)
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The state vector estimate �̂ is produced by an observer. For the state space
model (4.10)–(4.12) an observer is

˙̂� = ��̂ + �� + �(� � ��̂)� (4.16)

where � � �
��� is the observer gain. The estimation error �̃ = � � �̂ is

governed by the state equation

˙̃� = (����)�̃ + 	
1 ��
2� (4.17)

which is obtained by subtracting (4.16) from (4.10). The observer poles are
the eigenvalues of the matrix ����, i.e. the zeros of the observer polynomial
det(�� � � + ��). For the disturbance free case, 
1 � 0 and 
2 � 0, the
estimation error will vanish if the observer poles all lie within the stability
region, i.e. the left half plane of � .

State feedback, as in (4.15), in combination with an observer, (4.16), has
some remarkable properties, which become apparent when studying the closed
loop model. Since the observer is of the same order as the state space model

(4.10), the closed loop system model will be of order 2. With
�
�� �̃�

��
as

state vector, the use of (4.17) together with the observation that � = ���̂+�̄ =
���+��̃+ �̄ lead to the following state space model of the closed loop system:

�

��

�
�
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�
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� =
�
� 0

� ��
�̃

�
� (4.19)

� =
�
� 0

� ��
�̃

�
+ 
2� (4.20)

This state space model has a specific structure, e.g. the “A-matrix” is block-
diagonal, which is due to this particular choice of state vector. Hence, it is
obvious that the poles of the closed loop model is the union of the eigenvalues
of the matrix �� �� and those of the matrix ����. This means that the
design of the state feedback (4.15) does not interact with the design of the
observer (4.16), at least not concerning the poles of the closed loop model, and
that these can be regarded as two separate design steps. This is also utilized as
will be shown below. Furthermore, the transfer function model from the new
input �̄ to � and � is

�
�(�)
� (�)

�
=

�
�

�

�
(�� �� + ��)�1��̄(�)� (4.21)

which is identical to the corresponding relation for (4.14), when pure state
feedback, (4.13), is used. In this sense the observer has no impact on the
relation between �̄ and the signals � and �.

These are nice and relevant properties, but still some caution is necessary
since they do not give the full picture. There are other properties of the closed
loop model for which the state feedback and observer designs are intercon-
nected, for instance for the sensitivity functions.
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The state space model of the controller is

˙̂� = (�� �����)�̂ + ��̄ + ��	 (4.22)


 = ���̂ + �̄	 (4.23)

and it can also be represented as a transfer function model, as

�(�) = �(�)�̄(�) � �(�)� (�)	 (4.24)

with

�(�) = � ��(�� ��+��+��)�1�	 �(�) = �(�� ��+��+��)�1��

(4.25)

4.3.1 Pole placement

Pole placement is a design approach where the controller is chosen so that the
closed loop model will have a pre-defined, desired set of poles, like is suggested
in Example 4.1.1. When using state feedback this reduces to the determination
of a matrix � so that

det(�� �� + ��) = �(�)	 (4.26)

where �(�) is the desired pole polynomial. This is closely related to the con-
trollability property, in accordance with the following theorem (see e.g. [12] or
[32] for a proof).

Theorem 4.3.1. If the matrix pair (�	�) is controllable, then, for every poly-
nomial �(�) = �� + �1�

��1 + � � � + ��, where �1	 � � � 	 �� � �, there exists a
matrix � such that det(�� �� + ��) = �(�).

If (�	�) is not controllable there exist polynomials �(�) for which there
exists no matrix � such that det(�� �� + ��) = �(�).

Remark What happens in the situation where (�	�) is not controllable is
that at least one pole will be invariant under state feedback, while the remain-
ing poles can be altered arbitrarily. As long as � �= 0 it is always possible to
assign at least one pole any real number. �

In association with this, the following definition is introduced.

Definition 4.3.1. If there exists a matrix � such that (4.14) is stable, then
the matrix pair (�	�) is stabilizable.

This rather technical definition will be needed in Section 4.3.2. Stabiliz-
ability is related to controllability, and may be regarded as a relaxation of that
concept.

For systems with scalar input, so that � is a column vector, � is also a
vector, and it is uniquely determined by (4.26) for every desired pole polynomial
�(�). There are several explicit expressions for � in the single input case, and
one commonly used expression is Ackermann’s formula,

� =
�
0 � � � 1

�
�
�1�(�)	 (4.27)
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where �(�) is the desired pole polynomial evaluated for the matrix � instead of
for �. See [12]. Ackermann’s formula is only applicable for single input systems
since it requires the controllability matrix � to be square, but it relates in an
obvious way to Theorem 4.3.1 in that � must be invertible.

For multiple input systems � is an � � � matrix, and it is not uniquely
determined by �(�) in (4.26). This is because (4.26) constitutes � equations,
one for each coefficient in �(�), while there are �� unknown variables in �.
Thus, the pole placement problem is under-determined in the multiple input
case, which may be interpreted as that there are a number of extra degrees of
freedom offered in the choice of �.

As mentioned above, when state feedback is used in combination with an
observer, using the control law (4.15), the design separates into two design
problems, the choice of state feedback gain � and the design of the observer,
i.e. the choice of observer gain �. If pole placement is used for the design of �,
it is quite natural to use the pole placement technique also for the design of the
observer. Then the observer gain � is chosen so that det(����+�	) = 
(�),
where 
(�) is the desired observer polynomial. This is really the same problem
as the pole placement problem for state feedback above, since det(�� � � +
�	) = det(�� ��� +	��� ). That is, simply do the following substitutions:
�� �� , � � 	� , �� �� . The corresponding result to Theorem 4.3.1 is as
follows.

Theorem 4.3.2. If the matrix pair (	��) is observable, then, for every poly-
nomial 
(�) = ��+
1�

��1 + � � �+
�, where 
1�    � 
� � �, there exists a matrix
� such that det(�� �� + �	) = 
(�).

If (	��) is not observable there exist polynomials 
(�) for which there exists
no matrix � such that det(�� �� + �	) = 
(�).

Remark If (	��) is not observable there will be at least one observer pole
that is invariant, and that coincides with a pole of the system model. However,
as long as 	 �= 0 there is always at least one observer pole which can be chosen
arbitrarily. �

The following definition is associated to Theorem 4.3.2.

Definition 4.3.2. If there exists a matrix � such that (4.17) is stable, then
the matrix pair (	��) is detectable.

This definition will be needed in Section 4.3.2, and in analogy with control-
lability and stabilizability, detectability is related to observability.

Pole placement as a design approach is perhaps most relevant from a the-
oretical point of view since it is a rather intuitive concept that illustrates the
separation properties of observer based state feedback. For this reason the
pole placement design technique is presented in most textbooks on automatic
control.
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4.3.2 LQG

One of the most commonly used optimal control strategies is linear quadratic
Gaussian control, usually referred to as LQG. The approach is based on the
following problem formulation: Consider the state space model (4.10)–(4.12),
where, in addition, it is assumed that the disturbances �1 and �2 are white

Gaussian stochastic processes with zero mean. That is,
�
��1 ��2

��
is assumed

to have a constant spectrum (with respect to frequency) with intensity

�
�1 �12

��

12 �2

�
� 0� (4.28)

This assumption is not as restrictive as it may seem — see the discussion at
the end of this section. Find the controller � that minimizes the cost function

� = �
�
���1� + ���2�

�
	 �1 = ��

1 � 0	 �2 = ��

2 
 0� (4.29)

Thus, the system model is linear, the criterion is quadratic and the disturbances
are Gaussian white noise, which explains the acronym LQG.

The LQG design technique is covered in many textbooks in automatic con-
trol, like [9], [35] and [1]. The presentation here is based on [8]. See these
references for proofs of the results presented below.

The solution to the LQG control problem is conveniently represented as an
observer based state feedback controller, and it brings the separation property
even one step further. The optimal control problem divides into two separated
optimization problems.

The first subproblem is to find a controller that minimizes the cost function
(4.29) under the assumption that the full state vector is available. It turns
out that the optimal control law is a pure state feedback, (4.13), where the
state feedback gain � depends linearly on the solution of an algebraic Riccati
equation (ARE).

Theorem 4.3.3. Consider the state space model (4.10)–(4.11). Assume that
�1 is white Gaussian noise with intensity �1, and that the full state vector � is
available (e.g. measured). Furthermore, assume that the matrix pair (	�) is
stabilizable and that the matrix pair (���1�	) is detectable. Then the cost
function (4.29) is minimized by the state feedback control law (4.13), with state
feedback gain

� = ��1
2 ���	 (4.30)

where � is the unique symmetric, non-negative definite solution to the ARE

0 = �� + �+���1� � ����1
2 ���� (4.31)

The closed loop model is stable.

This subproblem is usually referred to as LQ, since the same solution also
applies to the deterministic case, with �1 � 0, and with the expectation oper-
ator in (4.29) replaced by an integral, over the time interval [�0	�).
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Remark If there is a direct term from the input in the performance variable,
so that (4.11) is replaced by

� = ��+����

the cost function (4.29) will have a cross-term between � and �, and Theorem
4.3.3 cannot be applied as it stands. Still, by introduction of the preliminary
state feedback � = �̄ � �̄�1

2 ��
� �1��, with �̄ as new input, and the new

performance variable �̄ = ��, the LQ problem is brought back to a form for
which Theorem 4.3.3 applies, with weighting matrices

�̄1 = �1 ��1���̄
�1
2 ��

� �1� �̄2 = �2 +��
� �1���

In fact, if �1 	 0, then �̄1 = (��1
1 +���

�1
2 ��

� )�1. The optimal state feedback
gain then becomes


 = (�2 +��
� �1��)�1(��� +��

� �1�)�

where � = �� � 0 is the solution of the ARE

0 = ��+�+���1��(��+���1��)(�2+��
� �1��)�1(���+��

� �1�)�

�

The second subproblems is to find the optimal estimator of the state vector,
in the sense that the covariance of the estimation error, ��̃�̃� , is minimized.
The optimal estimator is the Kalman filter, which is an observer, (4.16), whose
observer gain � depends linearly (affine if �12 �= 0) on the solution of an ARE.

Theorem 4.3.4. Consider the state space model (4.10)–(4.12). Assume that
�
��1 ��2

��
is white Gaussian noise with intensity as in (4.28). Furthermore,

assume that the matrix pair (��) is detectable and that the matrix pair (�
�12�

�1
2 ���1��12�

�1
2 ��

12) is stabilizable. The estimator that minimizes ��̃�̃�

is then an observer, (4.16), with the observer gain

� = (��� +��12)��1
2 � (4.32)

where � is the unique symmetric, non-negative solution to the ARE

0 = � + �� +��1�
� � (��� +��12)��1

2 (��� +��12)� � (4.33)

This observer is called the Kalman filter. Furthermore, the Kalman filter is
stable, and ��̃�̃� = � .

Remark If there is a feed-through term from input to output, so that (4.12)
is replaced by

� = ��+���+ �2�

the Kalman filter becomes

˙̂� = �̂ +��+�(� � ��̂����)�

with observer gain � as in (4.32)–(4.33). �
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The solution to the LQG problem stated above is, as mentioned before,
a combination of the LQ and the optimal estimator problems, with solutions
according to Theorems 4.3.3 and 4.3.4. This is a quite remarkable fact that is
far from obvious, and it is referred to as the separation theorem:

Theorem 4.3.5. Consider the state space model (4.10)–(4.12). Assume that
�
��1 ��2

��
is zero mean white Gaussian noise with intensity as in (4.28). Fur-

thermore, assume that the assumptions in Theorems 4.3.3 and 4.3.4 are ful-
filled. The controller that minimizes the cost function (4.29) is then the state
feedback control law (4.15), with state feedback gain given by (4.30)–(4.31), and
where the state estimate �̂ is given by the Kalman filter, i.e. the observer (4.16)
with observer gain given by (4.32)–(4.33).

It might seem restrictive to require that �1 and �2 should be white noise,
i.e. that they should have constant spectra. However, a stochastic process
�� that is not white noise, but that has a spectrum that is rational in the
squared frequency, �2, can be modelled as the output of a linear system with
a rational transfer function and with white noise as input. Hence, if �1 and/or
�2 is not white noise, the corresponding dynamics can be incorporated in an
augmented state space model, with the same structure as (4.10)–(4.12) and
with disturbances that are white noise. Then the LQG controller is based on
that augmented state space model.

The LQG controller is optimal only under the assumptions made in Theo-
rems 4.3.3, 4.3.4 and 4.3.5, which of course is a very idealized situation. Still,
the LQG technique offers a systematic control design method, and the con-
troller will have some attractive properties. This is also the most common
use of LQG, and then �1, �2, �1, �2 and �12 can all be regarded as design
parameters (rather than representing some real properties of the system).

The LQG design technique is closely related to that of �2 control. In fact,
�2 control can be interpreted as the counterpart to LQG in the frequency
domain, connected by Parseval’s identity.

Although LQG here is only presented for continuous-time models, it is
equally applicable for discrete-time models. The theory is in principle anal-
ogous for discrete-time LQG. In fact, the Kalman filter theory is more versatile
in the discrete-time case, since the Kalman filter then can also be used for
smoothing and prediction. The Kalman predictor is the optimal predictor, and
it is e.g. natural to use that for the evaluations of the cost function in the
optimization step in the MPC control algorithm, as described in Section 4.2.
LQG for discrete-time models is treated in e.g. [43] and [36].



Chapter5
The contributions in perspective

T
his thesis concerns some quite diverse topics within the area of modelling
and control. In this chapter the contributions are presented in the same

order as they appear in the second part of the thesis. There is no particular
logic behind this order other than that it is chronological, i.e. the order in
which they were written. There are however (at least) a couple of ways to
categorize the contributions, which are also reflected in the title of the thesis.
One categorization would be to distinguish between modelling and control de-
sign. Another way would be to separate contributions about general methods
from those concerning mechanical wave propagation applications. As these two
categorizations are not excluding each other both will be employed here for
describing the contributions.

The chapter is organized as follows. Contribution I is presented in Section
5.1, and in Section 5.2 Contribution II is described. Both of these concerns
general methods for control design. Section 5.3 is about Contributions III
and IV, which both are strongly connected to each other in that the same
system is studied. These contributions can be categorized as control design
(and modelling, to some extent) for a mechanical wave propagation application.
Contribution III is presented in Section 5.3.1, and contribution IV in Section
5.3.2. Finally, Contribution V, which concerns modelling for a mechanical wave
propagation application, is presented in Section 5.4.

5.1 Pole placement for multiple input systems

Contribution I (reference [25]) concerns the pole placement problem for multiple
input systems when using state feedback. The situation is as in Section 4.3,
Equations (4.10), (4.13) and (4.14), and the problem as described in Section
4.3.1. Restated, given the state space model

�̇ = �� + ��� � � �� � � � �� � � � �
��� � � � �

��� � (5.1)

37
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find a matrix � � ���� such that

det(�� �� + ��) = �(�) = �� + �1�
��1 + � � �+ ��� �1� � � � � �� � �� (5.2)

where �(�) is the desired pole polynomial for the model of the closed loop
system. It is assumed that the matrix pair (���) is controllable, i.e. the
controllability matrix � has full rank.

This may in fact be regarded as a purely algebraic problem, as defined by
(5.2), and the underlying control design problem is then just an application. So
while the presentation here is confined to continuous-time models, as in [25],
the results are equally applicable for discrete-time models, as well as for the
observer design problem.

For the single input case, with 	 = 1 and � and � being vectors, the
state feedback gain is uniquely determined by the desired pole polynomial �(�),
while for the multiple input case, as is mentioned in Section 4.3.1, it is not. An
intuitive reasoning is as follows: In � there are 
	 parameters, while there are

 desired poles, or equivalently, 
 coefficients in the desired pole polynomial
�(�). Thus there should be 
(	 � 1) degrees of freedom left in the design of
� when the poles are fixed, and these degrees of freedom could be used to
meet some additional control objectives. Such objectives could for instance be
in terms of optimization, like LQ or for robustness properties, or in terms of
regularization, like restrictions on the magnitude of the feedback gains.

In [25] an explicit parameterization of state feedback gains �, that fulfil
(5.2), is presented and characterized. In order to keep expressions simple a
number of notations are introduced. Let � denote the 
 � 
 identity matrix,
and let �� denote the � � � identity matrix, for any � � �+. Furthermore,
let �� , for  = 1� � � � � 
, denote the standard ON-base vectors in �

� , so that
� =

�
�1 � � � ��

�
. The Kronecker product is defined as

� �� �

�
��
�11� � � � �1��
���

���

��1� � � � ����

�
�� � with � =

�
��
�11 � � � �1�

���
���

��1 � � � ���

�
�� �

for any two matrices � and � . In association with the polynomial �(�), the
right companion matrix

�� =

�
��������

0 � � � � � � 0 ���

1
� � �

���
���

0
� � �

� � �
���

���
���

� � �
� � � 0 ��2

0 � � � 0 1 ��1

�
��������

is introduced. The Hankel matrix

Π =

�
�����

���1 � � � �1 1
��� � �

�
1 0

�1 � �
�

� �
� ���

1 0 � � � 0

�
�����
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is also associated with �(�). Define the matrix

Γ � [Π� ��]

�
����

Γ0

Γ0�
���

Γ0�
��1

�
���� � (5.3)

where Γ0 � �
��� is an arbitrary matrix, and � � �

��� is any matrix such
that det(�� ��) = �(�). The rightmost matrix in (5.3) is recognized as the
observability matrix for the matrix pair (Γ0��). For the matrix Γ the relation

[�� � ��] Γ = Γ� (5.4)

holds. Thus, also Γ is strongly associated with �(�). Notice that Γ0 � �
��� is

of the same dimension as �, and Γ � ����� is of the same dimension as �� .
Provided that the product �Γ, which is 	�	, is invertible, the parameterization
of the state feedback gains is

� =
�

�
�
� ��

�
Γ(�Γ)�1�(�)� (5.5)

The parameterization can be seen as a generalization of Ackermann’s formula,
(4.27), to the multiple input case. Indeed, for the single input case the matrix
Γ in (5.3) is square, and after cancelling it out in (5.5) the parameterization is
identical to Ackermann’s formula.

The parameterization was first presented in [24]. In [25] a slightly more
generalized version of it, as in (5.3)–(5.5), is presented, and its properties are
characterized in some depth. The main results for the case when det(�� � �)
and �(�) are coprime were also presented in shorter form in [26].

The extra degrees of freedom present in the pole placement problem for
the multiple input case are accounted for in the matrices Γ0 and � , which
can be regarded as design parameters. The choice of � is restricted by that
det(�� � �) = �(�), but still it can be used to determine some structural
properties of the closed loop system model, since � will be similar with � �

��. This is important when (and only when) some of the desired poles have
multiplicity higher than one, i.e. when �(�) = (� � )���(�), with � � 2 for
some  � � . The matrix Γ0 is more like a free design parameter and can be
seen as representing the extra degrees of freedom offered in the multiple input
pole placement problem.

When studying the properties of the parameterization (5.3)–(5.5) it turns
out to be of relevance whether or not all the poles are moved. More precise,
two cases are distinguished, one when det(����) and �(�) are coprime and one
case when they are not. In the coprime case the parameterization (5.3)–(5.5)
is complete, in the sense that for any given �(�), every � � ���� for which
(5.2) holds can be parameterized that way. This is important, because if there
are additional design objectives, e.g. some optimization problem, the optimal
solution can be expressed as (5.5) for some Γ0 and � . This means that the
parameterization can be used in such an optimization procedure — this will be
touched upon below.
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For the case when det(�� ��) and �(�) are not coprime, i.e. when at least
one pole is not moved, the parameterization is not complete. This is mainly
due to that �(�), which is a factor in (5.5), is singular. Say that ��

� � is
both a pole of the open loop model (5.1) and a desired closed loop pole, so
that �(��) = 0 and ��� = ���� for some ��

� � � , then �(�)�� = �(��)�� = 0.
This shows that �(�) is singular in this case, and it also reveals some of the
limitations caused by this fact. In [25] the limitations of the state feedback
gains parameterized by (5.3)–(5.5) are characterized to some extent.

As mentioned above, Γ0 and � can be seen as design parameters, restricted
by det(�� � �) = �(�). However, another restriction is that �Γ must be
invertible. Necessary conditions for this are that the matrix pair (Γ0��) is
observable, and that the matrix pair (��	Γ0) is controllable. These are not
sufficient conditions, and it is not hard to find examples where both conditions
are fulfilled but �Γ is still singular. Though, when det(�� � �) and �(�) are
coprime, �Γ is generically nonsingular.

Again, when det(�� � �) and �(�) are not coprime, the situation is more
complex and less favourable. In this case there are additional necessary con-
ditions for �Γ to be invertible. One of these depends only on the model (5.1)
and the desired pole polynomial �(�), meaning that for some models there
are certain closed loop pole polynomials for which the parameterization fails
completely.

When using the parameterization (5.3)–(5.5) for design it is reasonable to
choose the matrix � in a first step, and then use the matrix Γ0 in a second
step, to meet possible additional design objectives. According to the intuitive
discussion above there should be (
 � 1)� degrees of freedom left when the
poles are fixed, but in Γ0 there are 
� “free” entries. Hence, there is an
“over-parameterization”, a redundancy, in (5.3)–(5.5), and this redundancy is
fully characterized in [25]. Indeed, the redundancy in its turn can generically
be parameterized by � parameters, for which the state feedback gain (5.5) is
invariant. This is in agreement with the “excess” of � degrees of freedom in Γ0

in the discussion above.

As an illustration of how the parameterization (5.3)–(5.5) can be used in
control design there is a case study in Chapter 7 of [25]. Here the pole placement
technique, by aid of the parameterization (5.3)–(5.5), is used for control design
for a simple model of the Swedish military aircraft JAS Gripen in a certain flight
mode. The model is given in [8]. The model represents the dynamics for turning
in the horizontal plane, and there are two inputs, the commanded aileron and
rudder angles. To evaluate different designs simulations are performed to show
the response to a certain wind gust disturbance. In order to have a reference
performance, for comparison, an initial LQ design is used, giving the state
feedback gain ���. This is also used to provide a desired set of poles. The
desired pole polynomial is defined as �(�) = det(�� � � + 	���), and � =
��	��� is used.

The significance of the extra degrees of freedom is illustrated in a first
design, where the state feedback gain (5.5) is computed for a random choice
of Γ0. The performance in the simulations proves to be much worse than that
for the reference LQ design. In fact, it could argued that the response is worse
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than the open loop response!
Then there are designs where an LQ cost function, like (4.29), should be

minimized under the constraint that det(�� ��+��) = �(�) — the matrices
�1 and �2 were altered compared to the initial LQ design, so the imposed
constraint on the poles was active (i.e. the LQ solution gives other closed
loop poles). The parameterization (5.3)–(5.5) was used to guarantee that the
desired poles were obtained, and the minimization was performed over Γ0. The
resulting controllers have a reasonable performance.

Further comments and open questions

One open question concerning this parameterization is whether it is possible
to modify it so that it will be complete also when det(�� � �) and �(�) are
not coprime. Furthermore, in the case study an LQ criterion is used for op-
timization. It should be possible to use other kinds of design objectives as
well, combined with the pole placement, so another question would be what
potential the parameterization has for that. In a more realistic setting the state
feedback needs to be combined with an observer, and pole placement with this
parameterization could be used for the observer design as well. What would the
properties of such a controller be, and how would these relate to the suggested
design parameters corresponding to Γ0 and � (there would be four matrices
then)? Yet another question is whether it would be possible to gain any more
theoretical insight aided by the parameterization.

5.2 Integrating linearization of static non-line-

arities on the input

In Contribution II (reference [34]) a linearization method for Hammerstein
models is presented.

A Hammerstein model is a model with linear dynamics, but where there
is a static non-linearity on the input, i.e. the input signal 	 enters the system
through some non-linear function:


 (�) = �(�)�(�) � = �(	)� (5.6)

Here � is the output, 	 is the input, �(�) is a function representing the static
non-linearity and � is the input to the linear part of the model. Figure 5.1
shows a block diagram of the Hammerstein model structure. A typical situation

�(�)�(�)
	 � �

Figure 5.1: A Hammerstein model.

where a Hammerstein model is useful is when the actuator is non-linear and
has negligible dynamics, e.g. a non-linear valve. A natural, and typical, way to
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obtain a linear closed loop model is to compensate for the static non-linearity
by use of its inverse, � = ��1(�̄), so that

� = �̄ � � (�) = �(�)�̄(�)� (5.7)

This holds at least where �(�) is invertible, i.e. for those � for which ��
��

is non-
zero and continuous. Then �̄ is used as a new input, and any linear feedback
controller, �̄(�) = 	�(�)
(�) � 	�(�)� (�), with � being the reference signal,
yields a linear closed loop model. In [34] this is referred to as the standard
method.

For simplicity, consider a one degree of freedom controller (1DOF),

	�(�) = 	�(�) = 	 (�) � �̄(�) = 	 (�)�(�)

where � = � � � is the control error. The total controller is then

�̄(�) = 	 (�)�(�) � = ��1(�̄) (5.8)

which is a Wiener model, i.e. a model with linear dynamics and a static non-
linearity on the output, see Figure 5.2.

� (�) ��1(�)
� �̄ �

Figure 5.2: A 1DOF linearizing controller using the standard method.

When using 1DOF controllers it is often desirable to have integral action
in the controller, as a means to achieve � = 0 in stationarity. For instance, the
PID controller (like in (4.5)), provides integral action.

In [34] an alternative representation is presented for the standard method
when combined with integral action. This is based on the following observa-
tions. Assume 	 (�) has integral action, i.e. a pole in the origin, and that the
integrating part is separated out, 	 (�) = 1

�
	 �(�), so that

�̄(�) =
1

�
� (�) � (�) = 	 �(�)�(�)� (5.9)

This means that ˙̄� = �, and since it assumed that � = �̄ (in accordance with
(5.7)), �̇ = � also holds. Now

� = ��1(�̄) � �̇ =
�

��̄

�
��1(�̄)

�
� ˙̄� =

1
��
��

� ˙̄� (5.10)

and by noticing that ˙̄� = � it is concluded that neither �̄ per se, nor ��1(�) is
really needed for the computation �. Instead the linearization combined with
integration can be implemented as

�̇ =
�

� �(�)
 (5.11)

where � �(�) = �
��
�(�). Figure 5.3 shows a block diagram of the complete
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�
�(�)

1
� �(�)

��� 1
�

Figure 5.3: The integrating controller with linearization.

controller, implemented in accordance with (5.9) and (5.11). Again, this is
equivalent to the standard method (5.8) for the case where � (�) has integral
action. The difference is that the integration is embedded in the linearizing
part, and that the inverse of the non-linearity is not needed, but instead the
derivative of �(�). Also notice that with (5.11) there is an internal feedback of �
in the linearization which involves dynamics (the integration). In that sense the
controller is no longer a Wiener model, which indicates another difference from
the standard method. Due to this internal feedback this linearization approach
is similar to exact linearization, see Section 4.2. Indeed, if the integration is
regarded as part of the system model (5.6), with � as input, so that

� (�) = �(�)	(�)
 � = �(�)
 �(�) =
1

�
 (�)


then (5.11) can be interpreted as an exact linearization.

From (5.11) it is obvious that ��
��

�= 0 is required for this alternative ap-
proach to be applicable. This is in agreement with the requirement of invert-
ibility of �(�) for the standard method.

An appealing property of this alternative approach is that, while it often is
hard or impossible to find an analytical expression for the inverse, ��1(�), an
analytical expression for the derivative is in general straightforward to obtain.
This holds particularly for polynomials, and polynomials offer a convenient way
to model many static non-linearities. In that sense this alternative approach,
presented in [34], may be simpler to use than the standard method.

Further comments

It should be noted that the integrating linearization, (5.11), obviously is based
on continuous-time models, and makes explicit use of a differentiation property.
It is possible to implement the linearization for discrete-time models as well,
e.g. for a sampling controller, and since the integrating part is embedded in
the linearization this acts like an incremental control algorithm, which offers
a neat way to avoid windup. However, for a discrete-time implementation the
linearization will no longer be exact.

In [33] an extension of this approach is presented, where the static non-
linearity in (5.6) is �(�
 �), i.e. it has two inputs and is part of an inherent
feedback loop.
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5.3 Active damping of a viscoelastic beam

Vibrations is a common problem in mechanical structures, particularly in flexi-
ble parts, e.g. aircraft wings and robot arms. In applications where it is critical
to keep the weight as low as possible, e.g. in aircrafts and spacecrafts, it is often
inevitable to have slender parts and structures. In such cases active damping,
with so called smart structures, provides a feasible way to prevent malfunc-
tion and material fatigue. A smart structure can be composed by piezoelectric
elements that are attached to the material. Piezoelectric elements exhibit a
significant deformation when an electric field is applied, and conversely they
produce an electric field when deformed. Therefore they can be used both as
actuators and sensors.

Contributions III and IV both deal with the problem of active damping
of vibrations in a viscoelastic cantilever beam. The beam is modelled by a
modified version of the Euler-Bernoulli beam equation (E-B equation), i.e. the
partial differential equation (PDE)

��
�4

��4
�(�� �) + �	

�2

��2
�(�� �) = 0
 (5.12)

Here �(�� �) is the transversal deflection of the beam for the spatial coordinate
� at time �, see Figure 5.4. Furthermore, �� represents the bending stiffness,
where � is Young’s modulus and � is the area moment of inertia, 	 is the
cross-sectional area and � is the density of the beam. The E-B equation (5.12)

�

�(�� �)

Figure 5.4: A beam.

is a one dimensional model based on some idealized assumptions, and it is valid
for elastic beams. Examples of these idealized assumptions are that the beam
only moves in one plane, the cross-sections are not deformed, they do not rotate
and move only perpendicularly to the �-direction — see [20] for a derivation
of the E-B equation. That (5.12) is valid only for elastic beams means that
the model is completely undamped. However, a beam made of a viscoelastic
material will be damped.

In (5.12) the Young’s modulus, �, is constant. One way to impose damping
would be to let the Young’s modulus be time-varying, and to change the first

term in (5.12) to a convolution with respect to time between �(�)� and �
4
�

��4 .
This, though, is much simpler to handle in the frequency domain. Taking the
Fourier transform of (5.12) yields the frequency version of the E-B equation:

�(�)�
�4

��4
�̂(�� �)� �2�	�̂(�� �) = 0
 (5.13)
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Here �̂(�� �) denotes the Fourier transform of �(�� �). One advantage of switch-
ing to the frequency domain is of course that the E-B equation in (5.13) is a lin-
ear ODE, whose analytical solution in explicit form is easily obtained. Another
advantage is that damping can be imposed by letting the Young’s modulus be
frequency dependent, as is indicated in (5.13). Then �(�) is complex valued,
and is referred to as the complex modulus. The complex modulus is a material
property, and it can be modelled by its frequency response (a non-parametric
model) or as a parametric model. Here a parametric model has been used,
the so called generalized standard linear solid model, with parameter values
experimentally determined in [11]. (Needless to say, (5.13) also offers a neat
way to solve (5.12) for the elastic case, when � is constant.)

An alternative approach for solving the E-B equation (5.12) is to use modal
analysis, see [20]. Based on the assumption that the solution of (5.12) is sep-
arable in � and � respectively, an eigenvalue problem arises. As a consequence
the solution can be represented as an infinite sum,

�(�� �) =
��

�=1

��(�)��(�)�

where ��(�) are the eigenfunctions, and ��(�) are the solutions to decoupled
second order ODEs for the corresponding eigenvalues. The eigenfunctions ��(�)
depend on the boundary conditions and the geometric properties of the beam.
By use of the Laplace transform the solution can be written as

	 (
� �) =

��

�=1

��(�)


2 + �2
�

��� � (
)� (5.14)

where �� depend on the way the beam is excited by the external forces and
bending moments, here represented by � (
) (�� and � (
) are vectors if there
are several sources for the excitation).

From (5.14) it is clear that all poles lie on the imaginary axis, they are in 
 =
���, and hence it is obvious that the elastic beam is completely undamped.
Thus, the modal analysis approach, in the simple form described above, does
not work for a viscoelastic beam, which is slightly damped. However, by setting
the denominator polynomials in (5.14) to 
2 +2����
+�2

�
, for some 0 � �� � 1,

damping is imposed and the expression (5.14) can be used as a model structure
also for a viscoelastic beam.

In Contributions III and IV modelling and control of a certain viscoelas-
tic beam are considered. The beam is configured as in Figure 5.5, i.e. it is
a cantilever beam, clamped in one end and free in the other. The beam is
actuated by two piezoelectric elements on either side of it, and affected by a
disturbance � at the free end. The input signal is the voltage, �, put over the
piezoelectric elements, and the output, �, is the strain, �(�� ��), on top of the
upper piezoelectric element, measured by a strain gauge.

The notations used in Contribution III differ to a certain degree from the
ones used in Contribution IV. The notations in the presentation here are mainly
adapted to those used in Contribution IV.
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�(�)

�

�(�� �)

�

�

�(�)

	(�) = 
(�� ��)

��

� = 0 �1 �2

Figure 5.5: The cantilever beam with piezoelectric elements (shaded). The
input � is the voltage over the piezoelectric elements, and the output 	 is the
measured strain, 
, at �� = �1+�2

2
.

The piezoelectric elements are integral parts of the beam structure, and
they have a significant influence on the dynamic properties of the beam. In
order to account for these in the model, the beam is split spatially into three
segments along the �-axis, with intersections at �1 and �2, in accordance with
Figure 5.5. Each of these three segments is modelled by an E-B equation
(5.13), which is coupled to the E-B equations for the other two segments by
compatibility conditions for � = �1 and � = �2. The compatibility conditions
are based on the continuity, along the �-axis, of the deflection and its spatial
derivative, the bending moment and the transversal force. The input � and the
disturbance � enter the beam model via these compatibility conditions and the
boundary conditions. All in all there are three fourth order ODEs like (5.13),
and twelve compatibility and boundary conditions. Together these constitute
a linear system of equations with twelve equations and twelve unknowns, fre-
quency dependent coefficients, which give a unique relation between the inputs
and the deflection. This relation can be represented in the form

�̂(�� �) = ̂�(�� �)�̂(�) + ̂� (�� �)�̂(�)� (5.15)

As before �̂(�� �) denotes the Fourier transform of �(�� �), �̂(�) and �̂(�) are
the Fourier transforms of �(�) and �(�), and ̂�(�� �) and ̂� (�� �) denotes
the corresponding frequency responses. This notation is employed since it is
assumed that there exist transfer functions �(�� �) and � (�� �) such that
�(��� �) = ̂�(�� �) and � (��� �) = ̂� (�� �). Thus, an equivalent for
(5.15) would be

� (�� �) = �(�� �)�(�) + � (�� �)� (�)� (5.16)

with � (�� �), �(�) and � (�) denoting the Laplace transforms of �(�� �), �(�)
and �(�) respectively. Since the E-B equation is an infinite-dimensional model,
�(�� �) and � (�� �) are not rational transfer functions in �.
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The strain depends on the deflection, in accordance with the linear relation

�(�� �) = �

�(�)

2

�2

��2
�(�� �)�

where �(�) is the thickness of the beam at �. The measured output is the
strain �(�) = �(�� ��), so with

	�(
) = �

�(��)

2

�2

��2
��(
� ��)� 	� (
) = �

�(��)

2

�2

��2
�� (
� ��)�

the expression
 (
) = 	�(
)�(
) + 	� (
)� (
) (5.17)

is a representation for the input-output relations.
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Figure 5.6: The frequency response for 	� (
).

It should be noted here that explicit expressions for the transfer functions
in (5.17), or the frequency responses in (5.15), would be very complex, and
not really feasible to derive. Still, for any fixed frequency � the corresponding
values of the frequency responses can be computed numerically by solving the
associated system of equations as described above. The frequency response for
	� (
) is shown in Figure 5.6.

In Contributions III and IV LQG control design is used to obtain controllers
that attenuate vibrations in the beam caused by the disturbance � . To be
able to use the standard LQG design technique, as described in Section 4.3.2,
finite order models of 	�(
) and 	� (
) are needed. Therefore some different
approaches to find such finite order models, approximating (5.17), are tested
and evaluated in Contributions III and IV.

5.3.1 Modelling and control of a viscoelastic beam

In Contribution III (reference [22]) two approaches are used to obtain finite
order models of 	�(
) and 	� (
) in (5.17). One of the achieved finite order
models is then used for LQG designs for disturbance attenuation.
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The first approach is an ad-hoc approach in which generic rational transfer
functions of given orders are used:

��
�(�� ��) =

��(�)

�(�)
� ��

�(�� �� ) =
�� (�)

�(�)
� (5.18)

Here ��(�), �� (�) and �(�) are polynomials in � � � , �� contains the coeffi-
cients of ��(�) and �� contains the coefficients of both �� (�) and �(�). Thus,
�� and �� represent undetermined parameters. The subscript � denotes the or-
der of the transfer functions, i.e. the degree of the polynomial �(�). It should
be noted here that ��

�(�) and ��
�(�) both have �(�) as pole polynomial. It is

not obvious that this should be the case, particularly in light of the discussion
on infinite-dimensional models in Section 2.5. However, the poles will depend
on the compatibility and boundary conditions for the beam, and these are of
course the same for both transfer functions. Thus, a common pole polynomial
is a reasonable assumption in this case.

The finite order models ��
�(�� ��) and ��

�(�� �� ) were obtained by minimiz-
ing cost functions,

	�(��) =
��

�=1

���(
��) ���
�(
��� ��)�2 ��(��)�  = �� �� (5.19)

with respect to �� and �� . Here � (��) is a frequency depending weighting
function. It is also possible to impose a kind of frequency weighting by choosing
which frequencies �� to be included in 	�(��).

The finite order model is obtained in two steps. First ��
�(�� �� ) is deter-

mined by numerical minimization of 	� (�� ), as in (5.19), performed by the
MATLAB function invfreqs. In this way �� (�) and �(�) are determined.
Next ��

�(�� ��) is determined by minimization of 	�(��). Since �(�) is already
determined, this minimization problem is a linear least squares problem, which
is solved by solving the corresponding normal equations. In this way ��(�) is
obtained.

The second approach is subspace based and it aims at producing a finite
order state space model directly. That is, given the model structure

�̇(�) = ��(�) + ��(�) + ��(�)� (5.20)

�(�) = ��(�) + �1�(�)� (5.21)

�(�) = ��(�) + �2�(�)� (5.22)

find matrices �, �, � , � , �1, � and �2 such that the model is a good
approximation of (5.17). This approach employs Algorithm 1 in [19], which

works as follows. Given a frequency response,
�
�
�
����

���
�=1

, with equidistant
frequencies, ��, the algorithm provides a finite order discrete-time state space
model of desired order. In order to convert the obtained discrete-time model
to a continuous-time model “inverse” zero-order hold sampling is used.

An advantage with this approach is that a state space model is obtained
directly, which is convenient for the subsequent LQG control design. Further-
more, the algorithm works for MIMO models, meaning that there is no need
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to approximate ��(�) and �� (�) separately. In fact, by letting �(�) = �(�� ��)
approximations for ��(�� ��) and �� (�� ��) are obtained in the same step as
well. Then

��
�(�� 	) = 
(�� ��)�1 +�2� ��

�(�� 	) = 
(�� ��)�1��

��
�(�� ��� 	) = �(�� ��)�1 +�1� ��

�(�� ��� 	) = �(�� ��)�1��

where 	 represents the matrices in the state space model (5.20)–(5.22). Some
drawbacks with the approach are that the frequency points must be equidistant,
and that it offers no obvious way for frequency weighting.

In [22] the objective is to have good agreement between the finite order
models and the infinite-dimensional model in a frequency interval including
the first three resonance peaks, i.e. frequencies from 0 to approximately 300
rad/s — see Figure 5.6. Two poles are required to model one resonance peak,
so in order to capture three peaks � = 6 was used.

Hence, two sixth order models were constructed, one by use of the ad-hoc
approach, and one by use of the subspace based approach. Both models show a
good fit in the intended frequency range. The model from the ad-hoc approach
has the best fit, although the model from the subspace based approach is the
one used for the subsequent LQG control design, since it is in state space form
already.

Two different LQG designs, with different control objectives, were tested
in [22]. For both cases the state space model obtained by the subspace based
approach was used, with a structure as in (5.20)–(5.22). The measured output
was the strain, �(�) = �(�� ��), and another output was the transversal deflection
�(�) = �(�� ��). LQG was mainly used as a design tool, and therefore a fictitious
measurement noise �(�) was added so that �̄(�) = �(�) + �(�) was the presumed
measured output.

In the first case the cost function was

� = �
�
�1�

2 +�2�
2
�
� (5.23)

meaning that the measured strain should be minimized. Time simulations
and evaluations of the frequency responses for the sensitivity functions show
promising results. The controller and the closed loop model have a satisfying
performance both in terms of disturbance attenuation and robustness proper-
ties.

In the second case the cost function instead was

� = �
�
�1�

2 +�2�
2
�
�

i.e. the transversal deflection should be minimized. This time the resulting
control is not at all satisfying. Time simulations show that the disturbance is
still attenuated, but not as much as in the first case. Far worse is that the
sensitivity functions attain very high values for a broad frequency range, which
indicates that the closed loop model is very sensitive to model errors.

In [23] this second case is further investigated, by aid of tools and techniques
from [7]. It is concluded that controlling the deflection by feedback from the
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strain is inevitably a hard control problem. This is caused by non-coinciding
zeros close to the imaginary axis for the transfer functions ��(�), �� (�), and
��(�� ��) and �� (�� ��).

5.3.2 The effect of model accuracy

Also in Contribution IV (reference [28]) the LQG design technique is used for
controller design. The set up is exactly the same as in [22], i.e. a viscoelastic
cantilever beam is actuated by piezoelectric elements, and the control objective
is to attenuate vibrations caused by a disturbance force acting at the free end,
see Figure 5.5. Again, as in the successful first LQG design case in [22], it is the
measured strain that should be minimized. Yet it is not the controller design
that is of primary interest here; it merely serves as a tool for assessment of the
model quality.

The purpose of the study [28] is to investigate the impact of the model
accuracy on the performance of the closed loop model. This study was also
presented in a shorter format in [27] and [29]. Two sets of LQG controllers are
produced, based on two different finite order models. Apart from the model,
the control designs are identical, i.e. exactly the same noise assumptions, �1

and �2, and weighting matrices, �1 and �2, are used for both sets. Then
the controllers are evaluated on the original infinite-dimensional model of the
beam.

The two finite order models are obtained by different approaches, referred
to as Method 1 and Method 2. Method 1 is reminiscent of the ad-hoc method
in [22], in the sense that it matches the frequency response to the detailed
model (5.17), but uses (5.14) as model structure (with damping). The finite
order model obtained with Method 1 is referred to as Model 1. Method 2
employs modal analysis, and is thereby physically well motivated, but is based
on a simplified model. The resulting finite order model is referred to as Model
2. Both methods can be regarded as model reduction procedures, and, by
borrowing terminology from system identification, they may both be called
grey box modelling. In that sense Method 1 leans more towards black box
modelling, while Method 2 is closer to white box modelling.

In this study (5.17) is used as a reference model — it plays the role of the
“true system”. Model 1 has a higher accuracy than Model 2 in the consid-
ered frequency range. The question is whether the more complex Method 1
is worthwhile to use as compared to the more straightforward Method 2 when
comparing the performance of the obtained controllers applied to the reference
model, or is the “forgiving” property of feedback control compensating for the
difference in model accuracy?

Method 1 is motivated by the modal analysis technique described above, so
the model structure is set to

��
�(�� ��� ��) =

��

�=1

	�
�

�2 + 2
���� + �2
�

+ 	�
0 �

��
�(�� �� � ��) =

��

�=1

	
�
�

�2 + 2
���� + �2
�

�

(5.24)
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First notice that � here denotes the number of second order terms in the sums,
so the model order here is 2�. Also notice that ��

�(�� ��� ��) and ��
�(�� �� � ��)

have exactly the same poles. To indicate this characteristic the coefficients of
the denominators in the sums are separated out and are collected in �� , while
the numerators in the sums are represented by �� and �� . Furthermore, by
introduction of

Γ�(�� ��) =
�
�1(�) � � � ��(�)

��
�

with

��(�) =
1

�2 + 2����� + �2
�

� 	 = 1� � � � � 
� (5.25)

��
�(�� ��� ��) and ��

�(�� �� � ��) can be represented as
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��
�=1

��
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0 ��
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�
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(5.26)

and

��
�(�� �� � ��) =

��
�=1

�
�
���(�) =

�
�
�
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�

�
� �� �

=��
�

Γ�(�� ��)� (5.27)

Method 1 is performed in two steps. Since the beam is highly resonant, the
individual resonance modes, ��(�), are determined in a first step. This is done
by minimization of

�
�
� =

��
	=1



�� (�	)� ����(�	)


2 (5.28)

with respect to ��, �� and �� and in a narrow frequency interval containing the
resonance peak corresponding to the resonance mode 	. Here �� is regarded as
a dummy variable, and it is not used further. Repeating this for 	 = 1� � � � � 

yields the vector Γ�(�� ��), containing the 
 desired resonance modes.

In the second step, with �� available from the first step, ��
�(�� ��� ��) and

��
�(�� �� � ��) are obtained by minimization of

��(��) =

��
	=1

���(�	) ���(�	� ��� ��)�
2

(5.29)

and

�� (�� ) =

��
	=1



�� (�	) ��� (�	� �� � ��)


2 (5.30)

with respect to �� and �� . These minimizations are linear least squares prob-
lems.

Method 2 makes full use of the modal analysis technique described above,
resulting in transfer functions represented by infinite sums, like in (5.14). Fi-
nite order transfer function are then obtained by truncations of these sums.
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Extensions of this approach are successfully used in [21]. Carrying through the
derivations leads to

��
�(�) = ��

��

�=1

��(��) [��

�(�2)� ��

�(�1)]

�2 + 2���� + �2
�

� (5.31)

and

��
�(�) = ��

��

�=1

���

�(��)��(	)

�2 + 2���� + �2
�

� (5.32)

for some constants �� and �� , and with � = 0 initially. Here ��

�(�) and ���

�(�)
denotes the first and second derivative of the eigenfunctions ��(�) respectively.
Again 
 is denoting the number of resonance modes, i.e. the model order is 2
.
The resonance frequencies �� are obtained as the solutions of the transcendental
equation

1 + cos��	 � cosh��	 = 0� �2
� = ��

�
�

��
� (5.33)

An advantage of this approach is that the spatial dependence is inherited
in the truncated, finite order model, and is unaffected by the model reduction
procedure. This means that the finite order model can be regarded as a global
model in the sense that the actuator and sensor locations need not be specified
beforehand, but may be altered in the present finite order model. This is in
contrast to Method 1, where a change of actuator or sensor configuration would
require a new finite order model.

The reason for the conservation of the spatial dependence in Method 2 is
that this dependence is expressed in the eigenfunctions ��(�). This feature also
illustrates a weakness of this approach, since it requires explicit expressions
of the eigenfunctions. The associated eigenvalue problem is only possible to
solve explicitly for really simple geometries of the beam. The geometry of the
piezoelectric element actuated cantilever beam studied here is too complex in
that respect. The expressions (5.31)–(5.33) are valid for a homogeneous beam,
when �� and � do not vary with � along the beam. Therefore, in order to
make the modal analysis feasible, this simplified geometry is assumed to hold.

One way to achieve this simplified geometry would be to simply neglect
the stiffness and spatial properties of the piezoelectric elements, like in [21].
However, in the present case the actuators have a significant impact on the
dynamics of the beam, and neglecting them would make too a crude model.
Instead �� and � are used as parameters for tuning of the model, and they
are chosen so that �1 in (5.33) coincides with the first resonance peak of �� (�),
see Figure 5.6.

Another problem with the modal analysis approach is that it only works
for the elastic, totally undamped case. To overcome that limitation a damping
term is imposed in the denominators, by introduction of the damping ratio �

in (5.31) and (5.32). The same � is used for all resonance modes, and it is
chosen to give as good fit as possible for the first resonance peak of �� (�).
Finally, �� and �� are used for scaling to have correct static gains, so that
��
�(0� ��� ��) = ��(0) and ��

�(0� �� � ��) = �� (0).
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In this way ��
�(�� �� � ��) will have a very high accuracy compared to the

reference model for frequencies up to �1. However, since all resonance frequen-
cies in the modal analysis depend on the same equation, (5.33), the remaining
resonance frequencies may very well be misplaced. This is also evident when
comparing Model 2 with the reference model.

As in [22] the finite order models were designed to cover a frequency interval
including the three first resonance peaks. Hence, � = 3 was used for both
Models 1 and 2, so they were both sixth order models. In Method 1 frequencies
up to 300 rad/s were used when Model 1 was produced. Model 1 shows a very
high accuracy for frequencies up to 300 rad/s. For Model 2 the model fit
is worse, but still not bad. The second and third resonance peaks are slightly
misplaced, and so is a notch between the first and second peaks in the frequency
response of �� (�). Apart from that, though, the general shape of the frequency
response of Model 2 is very similar to that of the reference model. This indicates
that Method 2 really captures the overall behavior of the reference model, which
can be regarded as a quality stamp.

To evaluate the suitability of the obtained finite order models for control
design three LQG controllers were computed for each model. To this end the
models were represented as state space models in the same form as (5.20)–
(5.22), and a measurement noise was added so that the measured output was
assumed to be �̄(�) = �(�) + 	(�). The cost function (5.23) was used, and
identical 
1 and 
2 were used for all controllers. Also �1 was identical in all
cases. In the three cases the values 1, 0�1 and 0�01 were used for �2. Thus,
two sets of LQG controllers were determined, based on identical conditions
apart from the model used. The controllers were then applied to the reference
model, and the so obtained closed loop models were compared pairwise with
respect to disturbance rejection and robustness properties. Time simulations
of the disturbance rejection were also performed. Since the reference model
is only available in terms of its frequency response, the time simulations were
performed on a finite order model obtained with Method 1 with � = 11.

Concerning disturbance rejection all controllers work in the sense that the
vibrations are damped to a certain degree. The controllers based on Model
1 are notably better than those based on Model 2. The former suppress the
three first resonance peaks significantly, while the latter ones only suppress
the first peak to any larger degree. The robustness properties were evaluated
by plotting � (��)Δ�(��)� for each case. Here  (�) is the complementary
sensitivity function and Δ�(�) is the relative model error. Stability of the
closed loop system is guaranteed if � (��)Δ�(��)� � 1 for all �, and for the
controllers based on Model 1 this condition was fulfilled by several orders of
magnitude. For the controllers based on Model 2 it was not fulfilled.

The main conclusion of this study is that it is worthwhile to endeavour a
high accuracy for models used for model based control in order to achieve a good
performance. Another conclusion is that Method 2 is feasible for construction
of models for control design, but that a limited control performance should be
expected.
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5.3.3 Further comments and open questions

Modelling and control of smart structures is indeed a challenging task. As
is concluded in [22] and [28], it is important to have a good model, but also
that this is not always sufficient. Depending of the formulation of the control
objective, it may be an inevitable hard control problem.

In [21] modelling and control, based on the modal analysis approach, is
performed on, among other things, an elastic steel beam. There the obtained
control performance is quite successful, as is shown in simulations and experi-
ments.

For a viscoelastic beam, as in [22] and [28], the piezoelectric actuators has a
significant impact on the structural properties, and should be accounted for in
the model of the beam. Therefore the modal analysis approach is less applicable
for this case.

It would be interesting to test the findings in [22] and [28] in experiments.
It would also be interesting to investigate if it would be possible to overcome
the difficulties in the case of minimization of the deflection in [22] by adding
more sensors. If so, the most appropriate locations of these sensors, and, on
a general level, the overall control configuration, would also need a thorough
investigation.

5.4 1D modelling and parameter estimation of

couplings between extensional and torsional

waves in a helical structured tube

Infinite-dimensional models are typically described by a partial differential
equation (PDE), and the independent variables often consist of time and some
spatial coordinates. The complexity of such a model is then to a large extent
determined by the number of spatial coordinates, i.e. the spatial dimension
of the model. For cases where there is only one spatial dimension it is often
possible to find analytical solutions by hand, also for non-trivial conditions (in
terms of e.g. geometry). Models with one spatial dimension are here referred
to as one dimensional (1D) models.

The scalar heat equation (2.19) in Examples 2.5.1 and 2.5.2, and the E-B
equation (5.12) are examples of 1D models. Another example is the 1D wave
equation

�2�

��2
= �2 �

2�

��2
� (5.34)

which e.g. describes how extensional waves propagate in a rod or a tube oriented
along the �-axis. Then �(�� �) is the axial displacement of the cross section in
� at �, and �, which is constant, is the wave speed.

Because of the low complexity it is appealing to use 1D models when pos-
sible. In Contribution V (reference [30]) a 1D model for description of wave
propagation and coupling between two wave types in a tube is established and
assessed. For a tube with ring shaped cross section the wave equation (5.34)
can also describe the wave propagation of torsional waves along the �-axis.
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The wall of the tube then must be solid and homogeneous. In this case �(�� �)
represents the angular displacement of a cross section, and � is still the wave
speed but it takes another value than for extensional waves. In fact, extensional
and torsional waves can propagate in such a tube simultaneously without any
interaction with each other.

However, if the properties of the cross sections vary with the spatial param-
eter �, e.g. in terms of shape or orientation, a 1D model might not suffice to
describe the wave propagation. Nor can the extensional and torsional waves be
expected to be independent of each other.

In [30] a tube with ring shaped cross sections is studied. The tube is parti-
tioned in three segments along the �-axis, see Figure 5.7. The outer segments
have solid homogeneous walls. The middle segment is perforated by helical
slots, and is here referred to as the helical slot segment (HSS). The outer seg-
ments are referred to as the input and output segments respectively. Figure 5.8
shows the HSS as seen from the side.

�
�
�
�
�

�
�
�
�
�

�
�
�
�
�

�
�
�
�
�������

������

������
������

������
������
������
������

�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�

0 ��1 �2 �

HSSInput segment Output segment 2� 2�

	

eI
eR

tI
tR

eT
eB

tT
tB

Figure 5.7: Straight tube with a helical slot segment (HSS) in the middle.
Strain sensors are placed at � = �1 and � = �2. Extensional waves are indicated
by eI, eR, eT and eB, torsional waves are indicated by tI, tR, tT and tB, with
directions indicated by the arrows.

Figure 5.8: The HSS seen from the side. Dashed lines indicate the slots on the
backside.
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In the input and output segments extensional and torsional waves propa-
gates independently of each other, as discussed above. However, in the HSS, due
to the spring reminiscent structure, an extensional wave will partly transform
into a torsional wave, and vice versa. Hence, in the HSS there is a coupling
between extensional and torsional waves. In [30] a 1D model is established
which describes these couplings. The parameters representing the couplings
are estimated from wave propagation experiments performed on tubes with
different lengths of the HSS. The experimental data is also used for assessment
and validation of the obtained 1D models.

The 1D model is, among other things, based on the following two assump-
tions:

A1 Radial inertia is negligible.

A2 Initially plane cross sections remain plane and undeformed.

Assumption A1 is valid for wave lengths considerably longer than the diameter
of the tube. Consequently there is an upper limit for which frequencies the
model can be expected to be valid. For assumption A2 to hold the individual
parts in the HSS must not bend, which essentially puts a limit on the length
of the slots.

The 1D model can be seen as a generalization of the wave equation (5.34).
In each segment the wave propagation is modelled by the PDE

�2

��2

�
�

�

�
= ΛC

�2

��2

�
�

�

�
� (5.35)

where �(�� �) is the normal force and �(�� �) is the torsional moment around
the �-axis. The matrix Λ � �

2�2 represents inertia and is diagonal for all
segments. The matrix C � �

2�2 represents compliance. For the input and
output segments C is diagonal, so there (5.35) resolves in two decoupled PDEs,
which are recognized as wave equations expressed in � and � , respectively.
For the HSS C is symmetric but not diagonal. It is the off-diagonal elements
in C that represent the couplings between extensional and torsional waves in
the HSS.

In the model Λ is known for all segments, and C is known for the input
and output segments, but in the HSS it is unknown. Therefore C for the HSS
is here estimated from wave propagation experiments. Thus, this modelling
procedure can be regarded as grey box modelling.

The model is developed in the frequency domain so all involved variables
are Fourier transforms with respect to time. By introduction of the state vector

s(�� �) =

�
���
�(�� �)
�(�� �)
�(�� �)
Ω(�� �)

�
��� � (5.36)

where �(�� �) is the axial velocity of the cross section, and Ω(�� �) is its angular
velocity, (5.35) can be represented by the state space model

�

��
s(�� �) =

�
0 	�Λ

	�C 0

�
s(�� �)
 (5.37)
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In the performed experiments the measured outputs are the surface normal
strains, �1 and �2, and the surface shear strains, �1 and �2, measured by strain
gauges located at �1 and �2 on either side of the HSS, see Figure 5.7. Some
different expressions relating the measured strains and the propagating waves
are elaborated and used in [30]. At �1 the surface normal strain �1 and the
surface shear strain �1 can be partitioned into �I, �R, �I and �R respectively.
The subscripts I and R stand for incident and reflected, respectively. In the
same way, at �2, the strains �2 and �2 can be partitioned into �T, �B, �T and
�B respectively. Here the subscript T stands for transmitted, and B stands for
backwards.

The experiments were performed in the following way. The tube was ver-
tically oriented with the �-axis pointing downwards. Incident extensional (eI)
waves were generated by letting strikers of different lengths drop down on the
upper end of the input segment. These waves then propagated along the input
segment, and were registered when passing the sensors at �1, see Figure 5.7.
As they reach the HSS they cause reflected waves of both extensional (eR) and
torsional (tR) type, and transmitted waves of both types (eT and tT). The
eR and tR waves travelled back along the input segment, in the negative �-
direction, and were registered when passing the sensors at �1. The eT and tT
waves continued in the positive �-direction through the output segment. They
were registered when passing the sensors at �2.

The experiments were designed so that there should be no incident torsional
waves (tI), i.e. �I = 0 is assumed. Furthermore, the model takes no account for
reflections in the far ends of the input and output segments, so there should be
no waves moving upwards in the output segments (eB and tB), and therefore
it is assumed that �B = 0 and �B = 0. However, such reflections inevitably
occur, so only a fraction of the recorded data could be used for estimation and
analysis, i.e. the part until these reflected waves reach the sensors. The time
interval for which the measured signals carry useful information starts with
the arrival of the eI wave at �1 and ends at the arrival of reflected waves at
the sensors. In [30] this interval of the recorded outputs is referred to as the
usable data part, and it was approximately 0.3 ms long in all experiments. The
sampling frequency was 1 MHz, so for each experiment the usable data part
consisted of about 300 samples per channel. Figure 5.9 shows the measured
strains from one experiment.

Experiments were carried out for two different HSSs, referred to as case 1
and case 2. For both cases the helical slots had the same pitch, �, which is
defined as the axial length corresponding to a full turn. Here � = 2�, where
� = 69�2 mm is the perimeter of the tube. In case 1 the HSS had the length
� = ��4, and in case 2 the length was � = ��2 (see Figure 5.7). For both cases
strikers with length from 20 mm to 80 mm were used, and for every striker
several experiments were performed.

Initially a statistical test was performed on the aggregated data from a
number of experiments for each case, to examine whether experimental condi-
tions and the model structure, in combination with basic assumptions about
the measurement noise, can explain the recorded data. The result of this test
was that heuristically the model structure seems reasonable, but the statistical
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Figure 5.9: Comparison of simulated (solid lines) and measured outputs
(dashed lines). To separate the different signals they have been translated
vertically from their positions around the zero level.

test clearly failed. Therefore any further analysis of the statistical properties
of the estimation method was not considered to be meaningful here.

The compliance C depends on the material and the geometry, so it will
differ for the two HSSs. For each case estimates of C were computed for
every single experiment, and in the end those based on experiments with the
longest striker were chosen as the final estimates. In a theoretical, idealized
situation the impact of the striker will generate an extensional wave, shaped
as a rectangular pulse, twice as long as the striker. In order to ascertain the
validity of Assumption A1 the pulse length should be considerably longer than
the diameter of the tube, and this was the motivation for using the estimates
based on the experiments with the longest striker.

The estimation procedure was formulated as a least squares (LS) problem,
based on the difference between measured and modelled outputs in the fre-
quency domain. The modelled outputs depend linearly on the state vector
s(�� �) in (5.36), and the frequency domain versions of the measured outputs
were obtained by aid of the discrete Fourier transform (DFT). Due to the
model structure the LS problem turns into a separable nonlinear least squares
(NLS) problem. The estimates were obtained by solving this NLS problem
numerically.

The obtained models, i.e. the proposed 1D model with estimated compli-
ances, were assessed in three ways; in terms of model fit, in simulations, and
by comparison of the distribution of the wave energies among different wave
types, experimentally and theoretically.

The model fit was measured as the ratio between the signal energy that was
not explained by the model and the total signal energy, in a frequency range
for which Assumption A1 was regarded as valid (the same frequency interval
was used for the estimations). Hence, the smaller this ratio is the better. For
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case 1 the ratio was less than 0�001, and for case 2 it was more than 100 times
worse.

In the simulations the incident wave, or more precisely �I, was regarded as
input. By aid of the model the strains �R, �R, �T and �T were computed for a
measured �I. The simulated strains were then compared to the measured ones,
from the same experiment. Figure 5.9 shows simulated and measured strains
for case 1 in an experiment where the striker length was 70 mm. Simulations for
case 2 show a considerably worse agreement with the measured, experimental
strains.

Also when the wave energies were computed �I was regarded as input. From
simulations the energies of the eR, tR, eT and tT waves were computed, and
normalized with the energy of the eI wave, for varying striker lengths. These
theoretical energy distributions were then compared to the wave energies com-
puted for the experimental data. The theoretical and experimental wave energy
distributions are in good agreement for case 1. Again, for case 2 the agreement
between the theoretical and the experimental results is less favourable.

Overall it is concluded that the obtained model for case 1 describes the
observed data well, while for case 2 the obtained model is less satisfactory in
that sense. The difference between cases 1 and 2 is the length of the HSS, and
thereby the length of the slots. For this reason it is believed that the validity
of Assumption A2 is questionable for case 2, which means that this assumption
is crucial for the validity of the proposed 1D model structure. Furthermore,
when Assumptions A1 and A2 are fulfilled the proposed 1D model offers a
simple and efficient way to describe wave propagation in an HSS. Still, the
model errors dominate over measurement noise when comparing simulations
and experimental data.

Further comments and open questions

In this study the estimations of the unknown parameters of the 1D model, as
well as the assessments of the model, are based on wave propagation exper-
iments where the excitations were caused by extensional waves. The results
would be strengthened if the model could be validated also in experiments
where the input was torsional waves, or perhaps a mix of the both wave types.

With the present results it would also be possible to design experiments
where the crucial geometrical conditions could be controlled to a larger degree.
This would possibly also permit investigations of the validity range for the
proposed 1D model, with respect to e.g. the length of the HSS, the pitch of
the slots, the orientation and overall structure of the HSS and so on. Such
experiments might also provide insight on how the compliances depend on
these properties.

An open question is whether there are other 1D models of an HSS, and sim-
ilar structures, for which the geometric conditions are less crucial, or possibly
complement the proposed 1D model outside its validity range.
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Summary in Swedish

R
eglerteknik är ett i många avseenden brett ämnesomr̊ade. En mycket
kortfattad beskrivning är att det är läran om dynamiska system och deras

styrning. Dynamiska system är s̊adana att tillst̊andet i ett givet ögonblick
beror av allt som har hänt tidigare. Om man exempelvis bromsar en bil för
fullt under tv̊a sekunder kan följden bli att bilen stannar helt, eller fortsätter
framåt, beroende p̊a ifall bilen har en l̊ag eller hög hastighet fr̊an början.

Ett nyckelbegrepp inom reglerteknik är modeller. Modeller krävs för att
kunna analysera och först̊a dynamiska system. Ett delomr̊ade inom reglertek-
niken handlar om att undersöka egenskaperna hos olika modeller, ett annat
delomr̊ade handlar om hur man tar fram modeller. Återkoppling är ocks̊a ett
nyckelbegrepp, och en grundläggande princip för att kunna styra ett system.
Det betyder att man hela tiden baserar styringreppen p̊a vad som faktiskt sker
i systemet — man bromsar bilen tills man n̊att önskad hastighet, och styr tills
man har rätt riktning och avsedd position p̊a vägen. Hur detta görs p̊a bästa
sätt är ytterligare ett av reglerteknikens många delomr̊aden.

I grunden handlar reglerteknik om först̊aelse för dynamiska systems egen-
skaper, och namnet till trots är detta inte begränsat till tekniska system.
Faktiskt kan nästan allting runtomkring oss ses som dynamiska system, och
återkoppling som princip förekommer överallt i naturen. En människa kan
till exempel, med utg̊angspunkt fr̊an syn- och känselintryck, kompensera med
musklerna s̊a att hon kan balansera upprätt st̊aende p̊a tv̊a (eller ett) ben.

Bidragen i denna avhandling kan sägas höra hemma i olika delar av omr̊adet
reglerteknik. Detta återspeglas ocks̊a i avhandlingens titel. För att ge en röd
tr̊ad till avhandlingen ägnas en stor del av den inledande ramberättelsen åt
att beskriva de delomr̊aden som bidragen handlar om. I denna bakgrunds-
beskrivning presenteras olika modellrepresentationer för dynamiska system,
olika tillvägag̊angssätt att ta fram s̊adana matematiska modeller samt n̊agra
olika metoder för regulatordesign.

Dynamiska system kan i regel beskrivas matematiskt med hjälp av ordinära
eller partiella differentialekvationer. I en ordinär differentialekvation (ODE)
finns bara en oberoende variabel, vilken inom reglerteknik vanligtvis represen-
terar tiden. I en partiell differentialekvation (PDE) finns det, utöver tiden,
även andra oberoende variabler vilka typiskt representerar rumskoordinater.
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De system som studeras inom reglerteknik kan ofta p̊averkas utifr̊an, och
de variabler som p̊averkar systemet kallas för insignaler. Exempelvis, när man
kör bil kan man p̊averka bilens hastighet genom att bland annat ge mer eller
mindre gas, och d̊a är gasp̊adraget, det vill säga gaspedalens läge, insignal. De
variabler hos systemet som man kan mäta, vill styra, eller är primärt intresserad
av kallas utsignaler. I exemplet med bilen är hastigheten en utsignal.

Det en matematisk modell av ett system gör är att den ger ett samband
mellan insignalerna och utsignalerna. En viktig aspekt när det gäller modeller
är att de i princip aldrig beskriver ett system p̊a ett exakt sätt, men det är heller
inte nödvändigt eller ens önskvärt. Ett känt citat, i fri översättning, lyder “alla
modeller är felaktiga, men vissa är användbara” [3]. Därmed menas att verk-
ligheten i regel är för komplex för att l̊ata sig beskrivas p̊a ett uttömmande sätt,
men att det oftast räcker med en ganska enkel modell för att p̊a ett tillräckligt
bra sätt beskriva de egenskaper man är intresserad av. Ett och samma system
kan därför beskrivas av ett antal olika modeller av olika komplexitet, och det
är syftet som avgör vilken modell som är att föredra. Därför finns det ett antal
olika typer av modeller att välja mellan, men ocks̊a olika modellrepresenta-
tioner, som kan belysa olika sorters egenskaper.

Med modelltyp avses här exempelvis ODEer och PDEer, som nämnts ovan,
och s̊adana kan vara linjära eller olinjära, tidsvarierande eller tidsinvarianta för
att nämna bara n̊agra karakteristika som skiljer olika modelltyper åt. Mod-
eller i form av ODEer och PDEer är tidskontinuerliga, men ibland är det mer
naturligt att använda tidsdiskreta modeller, vilket är ytterligare en klassificer-
ing av modelltyp. Tidsdiskreta modeller kan bekrivas med differensekvationer.

En viktig egenskap hos en modell är dess ordning. För en tidskontinuerlig
modell som kan skrivas som en ODE är modellens ordning samma som ODEns
ordning, det vill säga ordningen för utsignalens högstaderivata i ODEn. Mod-
eller som beskrivs av PDEer brukar man säga har oändlig ordning.

Givet en viss modelltyp kan själva modellen representeras p̊a olika sätt,
som är ekvivalenta sinsemellan, men som belyser olika egenskaper. En ODE
av hög ordning kan till exempel spjälkas upp i ett ekvationssystem av första
ordningens ODEer, vilket kallas en tillst̊andsbeskrivning. Modeller som är
b̊ade linjära och tidsinvarianta är vanligt förekommande och tacksamma att
arbeta med, och det finns en väl utvecklad teori för dessa. Denna kombina-
tion av egenskaper brukar benämnas med förkortningen LTI (fr̊an engelska:
linear time-invariant). Med hjälp av Laplacetransformen kan ODEer som är
LTI omvandlas till ett linjärt algebraiskt samband mellan in- och utsignalerna,
� (�) = �(�)�(�). Här är �(�) och � (�) Laplacetransformerna av in- och
utsignalerna, och �(�) är överföringsfunktionen, som utgör själva modellen.
Använder man Fouriertransformen kan en ODE som är LTI p̊a ett liknande
sätt beskrivas av systemets/modellens frekvenssvar.

Även tidsdiskreta system kan representeras som tillst̊andsbeskrivningar,
fast d̊a som ekvationssystem av första ordningens differensekvationer. Över-
föringsfunktioner och frekvenssvar kan ocks̊a användas som representationer
för PDEer och tidsdiskreta modeller som är LTI.

För modeller (s̊aväl tidskontinuerliga som tidsdiskreta) som är LTI kan
många egenskaper uttolkas, b̊ade kvalitativt och kvantitativt, fr̊an polernas
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lägen i det komplexa talplanet. Polerna kan ses som överföringsfunktionens
singulära punkter. Polernas läge avgör bland annat ifall modellen är stabil
eller inte.

Det finns flera tillvägag̊angssätt för att ta fram en modell för ett system.
Ibland är det möjligt att utg̊a fr̊an kända samband, som till exempel mass-
och energibalanser eller andra fysikaliska samband som Newtons, Kirchoffs
och Maxwells lagar och ekvationer. Ett s̊adant teoretiskt baserat modellbygge
brukar kallas för fysikalisk modellering. Ett annat sätt är att utföra experiment
p̊a systemet och anpassa modellen utifr̊an mätdata. Typiskt ansätter man
d̊a en modellstruktur där modellparametrarna väljs s̊a att modellen förklarar
mätdata p̊a bästa möjliga sätt. Detta kan ofta formuleras och lösas som ett
optimeringsproblem. Modellering p̊a detta empiriska sätt kallas för systemid-
entifiering.

Det finns många användningsomr̊aden för modeller, exempelvis simulering
och prediktion. Ett exempel är framtagandet av väderprognoser, där väldigt
komplexa modeller används b̊ade för att simulera och prediktera, det vill säga
förutse, vädersystems utveckling. Inom reglerteknik är ett naturligt och stort
användningsomr̊ade modellbaserad regulatordesign. Det finns ett stort antal
olika ansatser för regulatordesign, och speciellt baserat p̊a LTI-modeller. I dessa
fall är det ofta bekvämt att utg̊a fr̊an tillst̊andsmodeller. I allmänhet leder detta
till en speciell styrstrategi som kallas för tillst̊ands̊aterkoppling. Detta innebär
att insignalen bestäms av linjärkombinationer av tillst̊andsvariablerna. Till-
st̊andsvariablerna är de interna variabler i vilket ekvationssystemet av första
ordningens ODEer är uttryckt. Tillst̊andsvariablerna kan i regel inte mätas,
men man använder d̊a istället skattningar av dem när insignalen ska beräknas.
S̊adana skattningar f̊as med en observatör. Regulatorn utgörs d̊a av kombina-
tionen av observatören och tillst̊ands̊aterkopplingen fr̊an de skattade tillst̊ands-
variablerna. Detta kan kallas tillst̊ands̊aterkoppling med observatör.

Som nämnts ovan har polernas läge för en LTI-modell stor betydelse för
modellens egenskaper. Detta är utg̊angspunkten för en regulatordesignmetod
som kallas polplacering. Regulatorn utformas d̊a s̊a att polerna för modellen
av det styrda systemet hamnar p̊a förutbestämda, önskade platser i det kom-
plexa talplanet. Det första bidraget i avhandlingen handlar om hur man kan
göra polplacering med tillst̊ands̊aterkoppling. Mer specifikt presenteras och
beskrivs en parametrisering av s̊adana tillst̊ands̊aterkopplingar för fallet när
man har flera insignaler. Parametriseringen g̊ar att använda b̊ade för tidskon-
tinuerliga och tidsdiskreta modeller, och även vid utformning av observatörer.
I bidraget analyseras egenskapernas hos parametriseringen. Bland annat visas
att parametriseringen i det allmänna fallet är fullständig, vilket betyder att
alla tillst̊ands̊aterkopplingar som ger en given poluppsättning g̊ar att f̊a fram
med parametriseringen. I vissa specialfall är det dock inte s̊a, och även detta
beskrivs. Olika möjligheter att utnyttja parametriseringen vid regulatordesign
diskuteras ocks̊a.

Det är som sagt tacksamt att arbeta med linjära modeller, men verkliga sys-
tem är nästan alltid mer eller mindre olinjära till sin natur. Ofta g̊ar det alldeles
utmärkt att använda en linjär modell änd̊a. Ibland är det dock nödvändigt att
i modellen ta hänsyn till ett s̊adant olinjärt beteende. D̊a blir modellen i sig
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olinjär. En vanligt förekommande typ av olinjäritet är när insignalens inverkan
p̊a systemet sker p̊a ett olinjärt sätt. Ett exempel är olinjära ventiler. Säg
att man vill styra flödet av en vätska genom ett rör med hjälp av en ven-
til. Flödet kan antas vara proportionellt mot ventilöppningens tvärsnittsarea.
Om ventilens öppning vore proportionell mot ventilläget (t.ex. vinkeln hos vre-
det/ratten) skulle sambandet vara linjärt. Ofta är det dock inte s̊a och d̊a
beror flödet p̊a ett olinjärt sätt av ventilläget. I avhandlingens andra bidrag
beskrivs hur man kan kompensera en s̊adan olinjäritet p̊a ett enkelt sätt, och
samtidigt uppn̊a integralverkan i regulatorn. Integralverkan är ofta en önskvärd
egenskap hos en regulator. Att kompensera bort olinjäriteter p̊a insignalen är
speciellt attraktivt för modeller som utöver denna olinjäritet är LTI, för d̊a kan
man använda sig av linjär reglerteori vid den övriga regulatordesignen. Kom-
penseringen som beskrivs i bidraget kan ses som en implementeringsvariant av
en standardmetod för s̊adan kompensering. Det visas ocks̊a att kompenseringen
är helt ekvivalent med denna standardmetod.

De resterande tre bidragen i avhandlingen handlar om olika former av
v̊agutbredning i enkla mekaniska strukturer, vilka kan beskrivas med PDEer.

I tredje och fjärde bidragen studeras hur man kan dämpa vibrationer i en
vek, flexibel balk. Här är det tänkt att ske genom att man fäster piezoelektriska
element p̊a balken. Piezoelektriska element har egenskapen att de deformeras
när de utsätts för en elektrisk spänning, och därmed ger de ett böjmoment
p̊a balken. De fungerar ocks̊a p̊a det omvända sättet, det vill säga att de
genererar en elektrisk spänning när de deformeras, och de skulle därför ocks̊a
kunna användas som mätgivare. Här används dock töjningsgivare för att mäta
balkens rörelser. En relativt enkel modell av balken i form av kopplade PDEer
f̊as med hjälp av Euler-Bernoullis balkekvation.

De flesta standardmetoder som finns för modellbaserad regulatordesign
förutsätter att modellen är ekvivalent med en ODE, och kan representeras
som en tillst̊andsbeskrivning. Detta gäller även den designmetod som används
här, en metod som kallas LQG. Enkelt uttryckt g̊ar LQG ut p̊a att mini-
mera energierna i in- och utsignalerna. För att kunna använda denna de-
signmetod måste allts̊a alternativa modeller av balken tas fram i form av
tillst̊andsbeskrivningar. Dessa tillst̊andsmodeller bör d̊a vara goda approxi-
mationer av den ursprungliga PDE-modellen. I bidragen testas och jämförs
n̊agra olika sätt att ta fram s̊adana approximativa tillst̊andsmodeller. I det
tredje bidraget visas sedan att en s̊adan tillst̊andsmodell fungerar utmärkt för
att göra regulatordesign — simuleringar med den erh̊allna regulatorn p̊a den
ursprungliga PDE-modellen visar att vibrationerna i balken dämpas ut p̊a ett
förväntat och önskvärt sätt.

I det fjärde bidraget undersöks hur själva modellapproximationen p̊averkar
den prestanda som kan uppn̊as för det styrda systemet. Detta görs genom att
regulatordesignen utförs p̊a exakt samma sätt för tv̊a olika approximativa mod-
eller, och p̊a s̊a sätt f̊as tv̊a regulatorer. Dessa testas sedan p̊a den ursprungliga
PDE-modellen. Den enda skillnaden ligger allts̊a i modellen som regulator-
erna är baserade p̊a. Den ena approximativa modellen är framtagen med en
generisk, fysikaliskt välmotiverad metod med goda egenskaper. Till exempel
bevaras rumsberoendet fr̊an den ursprungliga PDE-modellen. Det betyder att
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samma modell gäller för hela balken, oavsett vilken punkt man studerar. För
att vara praktiskt användbar förutsätter denna metod dock en väldigt enkel
geometri hos balken, vilket i det här fallet kräver flera förenklingar av den ur-
sprungliga PDE-modellen. Detta gör i sin tur att approximationen blir grövre.
Den andra approximativa modellen är framtagen genom att försöka f̊a s̊a god
överensstämmelse med PDE-modellen som möjligt i ett visst frekvensomr̊ade.
Själva sättet att ta fram modellen är rätt godtyckligt — det är syftet, att f̊a god
överensstämmelse för vissa frekvenser, som är intressant. Skillnaden mellan de
b̊ada approximativa modellerna, som är av likvärdig komplexitet, är att den
andra modellen har bättre överensstämmelse över ett större frekvensomr̊ade
än vad den första, generiska modellen har. Däremot har den andra modellen
inte kvar rumsberoendet, utan den gäller bara i en punkt p̊a balken. När de
b̊ada regulatorerna, baserade p̊a de b̊ada approximativa modellerna, testas p̊a
den ursprungliga PDE-modellen visar det sig att de b̊ada fungerar som avsett.
Den andra regulatorn, baserad p̊a den mer frekvenstrogna modellen, ger dock
märkbart bättre prestanda i flera avseenden.

Det femte bidraget handlar om modellering av v̊agutbredning i en rörformad
struktur. V̊agutbredning kan i regel beskrivas med hjälp av v̊agekvationen, som
är en PDE. Fallet som studeras här kan förenklat beskrivas som att man knackar
till ett l̊angt rör i ena ändan och sedan studerar hur tryckv̊agen färdas framåt
längs röret. I det enklaste fallet, d̊a röret har homogena väggar och ett cirkulärt
ringformat tvärsnitt, kan tv̊a v̊agtyper färdas längs röret oberoende av varan-
dra. Det är dels longitudinella v̊agor, som yttrar sig som en förflyttning av hela
tvärsnittet i rörets längdriktning, dels torsionsv̊agor, som yttrar sig som en vrid-
ning av tvärsnittet kring sitt centrum. S̊aväl longitudinella som torsionsv̊agor
kan i detta enkla fall beskrivas med en endimensionell v̊agekvation, vilket bety-
der att det bara behövs en rumskoordinat, nämligen den som beskriver rörets
längdriktning. Detta är en attraktiv egenskap — en modell med bara en rum-
skoordinat är i regel relativt lätt att hantera i flera avseenden jämfört med till
exempel en modell med alla tre rumskoordinaterna.

I den här studien har dock röret en mer komplex geometri genom att det i
rörets väggar finns helixformade sk̊aror. Det betyder att röret p̊aminner om en
skruvfjäder, och i och med detta kommer longitudinella v̊agor och torsionsv̊agor
inte längre vara oberoende av varandra. När man knackar till röret i ena änden
uppst̊ar en longitudinell v̊ag som i sin tur ger upphov till en torsionsv̊ag —
det finns allts̊a en koppling mellan de b̊ada v̊agtyperna. I bidraget undersöks
ifall det är möjligt att beskriva denna v̊agutbredning med en endimensionell
PDE, det vill säga med bara en rumskoordinat. Dels etableras en s̊adan mod-
ell, som tar hänsyn till kopplingen mellan de b̊ada v̊agtyperna, dels skattas
de parametrar som beskriver denna koppling utifr̊an experimentella mätdata.
Den framtagna modellen kan ses som en generalisering av den endimensionella
v̊agekvationen. Mätdata används ocks̊a för att utvärdera hur väl modellen
beskriver den faktiska v̊agutbredningen. Resultaten visar p̊a att modellen är
en adekvat beskrivning av v̊agutbredningen för vissa geometrier av sk̊arorna,
medan den i andra fall är betydligt mindre tillämpbar. Slutsatsen i denna
studie är att en endimensionell modell i vissa fall är möjlig att använda, även
när det finns en koppling mellan v̊agor av longitudinell och torsionstyp.
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