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Abstract

Road Shape Estimation based on On-board Sensors
and Map Data

Felix Foborg

The ability to acquire accurate information 
of the surrounding road environment is 
crucial for autonomous driving and advanced 
driver assistance systems. A method to 
estimate the shape of the road has been 
developed and evaluated. The estimate is 
based on fusion of data from a road marking 
detector, a radar tracker, map data, GPS, 
and inertial sensors. The method is 
intended for highway use and focus has been 
on increasing the availability of a 
sufficiently accurate road shape estimate 
in the event of sensor failures. To make 
use of past sensor measurements, an 
extended Kalman filter has been used 
together with dynamical models for the road 
and the ego vehicle. Results from a 
performance evaluation show that the road 
shape estimate clearly benefits from being 
based on a fusion of sensor data. The 
different sensors have also proven to be of 
various importance to the different 
parameters that describe the road shape.
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Populärvetenskaplig sammanfattning

Fordon som kan köra autonomt, det vill säga utan förare, är ett mål för for-
donsindustrin och en dröm för många bilägare. Det skulle möjliggöra för förare
att använda tiden till annat och minska personalkostnader för transportbo-
lag. Säkerheten p̊a v̊ara vägar skulle även kunna förbättras eftersom att ett
s̊adant system har möjlighet att reagera snabbare än n̊agon människa och drab-
bas inte av trötthet eller störs av andra passagerare. Förmåga att kunna
inhämta och tolka information om den omkringliggande trafiksituationen är
ytterst nödvändigt för att kunna utveckla autonoma fordon och behövs även
för mer avancerade moderna säkerhetssytem, som till exempel kollissionsvarn-
ingssystem. En viktig del i detta är att kunna uppfatta hur formen p̊a vägen
ser ut.

Målet med detta examensarbete är att utveckla en algoritm som estimerar
vägens form baserat p̊a ett antal sensorer monterade p̊a ett fordon och infor-
mation fr̊an en kartdatabas. Den största vikten har legat p̊a att algoritmen
alltid ska kunna leverera en tillräckligt bra skattning, även i perioder när sen-
sormätningar inte finns tillgängliga p̊a grund av att sensorer fallerar. Den tänkta
miljön är motorvägskörning, främst därför att det innebär en hel del förenklin-
gar i jämförelse med andra typer av vägar.

Det stora problemet för s̊adana algoritmer ligger ofta i att sensorer lider av
olika typer av nackdelar. De mäter bara en viss specifik sak, kan ha stora mätfel,
är känsliga för olika förh̊allanden och har begränsingar i räckvidd. För att ut-
tnyttja sensorernas olika styrkor och mildra effekten av deras brister har ett
flertal sensorer använts tillsammans. Examensarbetet har utförts p̊a Scania och
testats p̊a deras lastbilar. De typer av sensorer som har använts är redan, eller
är p̊a god väg att bli, standardutrustning i deras lastbilar och i många andra
moderna fordon. Algoritmen använder sig av mätningar fr̊an en vägmarkerings-
detektor, som tillhandah̊aller formen p̊a de tv̊a närmaste väglinjerna, en radar,
som ger position och rörelse hos framförvarande bilar, en kartdatabas, som till-
sammans med en GPS ger tidigare uppmätt kurvatur vid fordonets position,
och interna sensorer som mäter det egna fordonets rörelser.

För att kunna fortsätta ge en skattning när mätningar inte finns tillgängliga
och för att göra algoritmen robustare mot d̊alig data, har en metod använts som
uttnyttjar informationen i tidigare mätvärden, ett s̊a kallat Extended Kalman
filter. Denna metod kräver en matematisk beskrivning av hur formen p̊a vägen
framför fordonet förväntas förändras över tid, baserat p̊a hur fordonet rör sig.
De olika typerna av mätvärden fr̊an sensorerna kombineras i metoden och viktas
olika beroende p̊a hur tillförlitliga man anser att sensorerna är.

Algoritmen har utvärderats p̊a mätningar fr̊an allmänna motorvägar utanför
Södertälje. Resultatet fr̊an denna utvärdering visar att det är väldigt fördelak-
tigt att kombinera flera olika typer av sensorer för att kunna leverera en bra
skattning s̊a ofta som möjligt. Det visar sig även att de olika typerna av sensorer
är av olika stor betydelse för olika vägformsparametrar.
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1 Introduction

Vehicles that are able to drive autonomously are today a goal for the automo-
tive industry and a dream for many drivers. They have potential to significantly
improve road safety since many accidents are caused by human errors. We hu-
mans have advanced system for perceiving and reacting to the environment but
are also easily distracted by other passengers and events on the road, and we
suffer from fatigue. A technical system for autonomous driving could function
much longer with the same performance and react a lot quicker than any human
driver. Development of vehicle automation is also motivated by the fact that
less drivers are needed which means reduced salary expenses for transportation
companies among other things. It also means a higher comfort for drivers, who
can focus on other things while being transported and still retain the flexibility
of having their own vehicle. Although fully autonomous driving on public roads
has a long way to go regarding trust and legal issues, automated vehicles could
be used in closed-off areas already today. In possibly dangerous areas such as
mines this could lead to a reduced risk of fatal accidents.

For autonomous driving to be possible, accurate information about the local
environment has to be known. This includes information about the shape of the
road, position and orientation of the own (ego) vehicle and position, motion,
and shape of other vehicles, pedestrians, and stationary objects.

This information is also crucial for more advanced vehicle safety systems, so
called Advanced Driver Assistance Systems (ADAS), which is a major focus area
for the automotive industry today. As stated in [1], ”accurate state informa-
tion is more important than advanced control algorithms” for the performance
of these systems. ADAS, such as collision avoidance systems, need to be able
to associate vehicles and other obstacles to the correct lanes, or pedestrians as
on or off the road a long distance ahead to be able to react accordingly. Lane
departure warning systems need information about the road shape to make a
good prediction of the distance to the lane crossing point and choose a relevant
warning level.

This thesis concerns estimation of the road shape. The difficulty with this
task is that it is based on more or less noisy output from different sensors
that, like our own senses, all has their strengths and weaknesses. For especially
difficult tasks like autonomous driving, the estimation method also need to be
able to handle failing sensors and always deliver a sufficiently accurate estimate
of the road shape. The thesis work has been carried out at Scania, one of
the worlds leading truck manufacturers. The methods have been designed and
evaluated using one of their test vehicles.

1.1 Thesis goal

The purpose of this thesis is to develop and test a method that estimates the
road shape of highway roads for distances up to 100 m based on on-board sensors
and map data. Focus is on increasing the availability of a good quality estimate
in the event of sensor failures by fusing information from different sources.
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1.2 Report structure

To get an overview of the road shape estimation field, a summary of some dif-
ferent approaches is given in the next section. Then follows a section with a
thorough description of the method used. At the end, results from a perfor-
mance evaluation on data from public roads are presented and discussed, and
conclusions are drawn from the results.

2 Background

A large amount of research has been made in the field of road shape estimation
towards autonomous driving or ADAS in the last two decades. See Table 2 at
the end of the chapter for references and a general comparison of some different
published methods in this area. What distinguishes the different methods are
primarily the types of sensors used, the mathematical models for the road shape
and vehicle motion, and the estimation techniques used. These design choices
depend on available sensors, computational power, and the intended traffic sit-
uation, for example highway, rural roads, or urban streets with intersections.
Most methods follow the general layout shown in Figure 1, inspired by [2]. The
road shape estimate is based on data from a set of sensors and the shape is as-
sumed to follow a, for the intended environment, suitable mathematical model.
Features are first extracted from the raw sensor data and the road model is
used to remove outliers and improve this estimate. Earlier measurements are
then included to refine the estimate using a estimation technique based on the
dynamical models of the road parameters and the motion of the vehicle. Fu-
sion of different sensor data has been done in both the feature extraction and
estimation steps.

Figure 1: General layout of road estimation systems. Figure inspired by [2].
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2.1 Road model

The road shape has most often been described as a parametrization g of the lat-
eral position ỹ of the road or lane center depending on the longitudinal position
x̃, in a vehicle fixed Cartesian coordinate system (x̃, ỹ), according to

ỹ = g(x̃, θ), (1)

where θ are the road parameters. Instead of using mutual parameters for the
whole road or lane some approaches keep track of the different road and lane
borders separately which can be beneficial if there are intersections, merging
lanes, changing number of lanes etc. Many different mathematical models of
varying complexity has been used for the parametrization. These include sim-
pler ones such as linear, piecewise linear, or circular [3] shapes, or more flexible
and complex higher order models such as clothoids [4], or even splines [5], and
curves consisting of successive segments of clothoids [6]. In contrast to the para-
metric models, a segmented model where the road is described by the position
and orientation of separate rectangular patches has also been used in [7] and [8].
The choice of road model depends on the intended road type where the system
is used and the level of accuracy needed. For example, a simpler model, such as
a circular, can be suitable for highways where the curvature is relatively smooth
while a more complex one, such as a spline, is better for winding rural roads. A
more complex model is also needed if the intended application requires a large
look-ahead distance to be able to react accordingly.

Highway driving has often been the intended situation for developed and
manufactured ADAS. This is both because it stands for a large portion of the
total driving time and because it is a high speed and quite monotone environ-
ment where a large part of accidents happen. But also due to simplicity in form
of smooth curvature changes, high likeliness of leading vehicles to track, and the
existence of guard rails that are easily detected by radar.

Since highways, in many cases, are constructed as segments of clothoids this
has been the most used model in research. Clothoids are curves where the
curvature is allowed to change linearly. For a detailed description of clothoids,
see Subsection 3.2.

2.2 Vehicle model

As for road models the choice of dynamical model for the vehicle motion is
depending on the intended use. A more complex dynamical model, such as
the single track model with wheel slip described in [9], might be needed for
very precise tracking and control of the vehicle on roads with high curvature
or intersections. Many approaches use a simple model including velocity and
heading of the longitudal axis of the vehicle only which is sufficient for driving
on relatively straight highways.

2.3 Sensors and other information sources

A wide range of sensors have been used in research for road estimation. In gen-
eral, the more diverse information available, the better and more reliable the
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estimation is likely to become. The most commonly used sensors are cameras,
single or stereo setup, distance sensors such as radar or light detection and rang-
ing (lidar), and a variety of inertial sensors, such as gyros, accelerometers, and
wheel speed sensors for velocity measurements. Some of the newer approaches
also use map data together with GPS to especially provide better information
further away, see [4] etc. This map data can be in the form of attributes for the
current road segment or coordinates for specific points along the road.

The sensors have different strengths and weaknesses and it is therefore often
preferable to combine several ones in a sensor fusion framework to get better
performance and to be able to handle a larger variety of situations. A summary
of the advantages and disadvantages of different sensors is given in Table 1.

A lot of possible information can be extracted from the camera images such
as objects’ positions and shapes, and road markings, edges, and textures. For
this reason, most approaches for road shape estimation are based on visual in-
formation. Camera systems have on the other hand quite short range and are
sensitive to bad weather and lighting conditions. Image processing is also often
computationally demanding.

A radar has got long range, is insensitive to most weather conditions, and
often includes Doppler information about the motion of detected objects. The
disadvantages are low resolution, especially in the angular direction, and often
only detection of reflecting objects in two dimensions, where vertical informa-
tion normally is not included.

Lidars on the other hand have got high precision in addition to long range
but are very expensive and therefore not likely to be used in any larger com-
mercial scale in a near future. They can also contain a lot of mechanical parts
that are not so robust.

Map data with GPS gives long prediction horizon and known corrected data
but suffers from GPS precision problems, both when collecting and when using
the information, and is dependent on available map infrastructure at the current
location.

Table 1: Comparison between different sensors commonly used in road shape
estimation

Sensor Advantages Disadvantages

Camera A lot of different information
Short range and sensitive to
weather/lighting conditions

Radar
Long range and Doppler
information

Low accuracy

Lidar Long range and good accuracy Very expensive

GPS+map Pre corrected data and long range
Infrastructure dependent and
GPS accuracy problems
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2.4 Extracted features

Some sort of processing and feature extraction is often needed to get useful and
manageable information from sensor data. Raw data may contain too much
information. An image may for example contain millions of pixels whereas the
information used are the positions and shapes of existing objects. Further-
more, the raw data is often noisy and contains outliers, which might have to
be removed. Depending on the model and estimation technique data may also
need to be transformed into direct measurements of the chosen road parameters.

Features usually extracted from camera images consist of lane markings,
road edges, such as curbs, guard rails, or change in color/texture, and obstacles
on and around the road. The features must then be transformed from image
pixel coordinates into the vehicle coordinate system which is often done by using
a flat road approximation. Coordinate points for features that are describing
the shape of the road are in many cases parametrized by fitting them to the
mathematical model for the road. This is also a common way to find outliers as
points that differs to much from the estimated shape. Outliers for the camera
system can for example be sharp shadow edges or the edges of another vehicle
that are detected instead of lane markings.

For the raw radar data, a multiple object tracker is often implemented to
track other vehicles. The tracker handles the problems with associating detec-
tions to different objects and estimating the position and motion from past and
current measurements. Many methods also use the data to detect stationary
objects such as guard rails and noise barriers on highways, and trees, slopes
etc next to the road. These stationary objects can then be used to estimate
the road shape. This is especially important in situations when visual systems
fail, for example on rural roads without road markings. The techniques used to
transform these detections to road parameters are typically polynomial fitting
[10], template matching [11], or dynamical tracking of line objects [12]. For the
radar, outliers can for example be detections of an overpass instead of a guard
rail.

2.5 Estimation and sensor fusion

Most approaches uses a dynamical method to estimate the road parameters θ,
which mean that past measurements are included in the current estimate. The
alternative is to use a static method that only uses the current measurements,
see [11]. The type of dynamical estimation method used strongly depends on
the dynamical model used for the parameters. What matter is primarily if the
model is linear or non-linear and how the probability distributions of the noise
is expected to look. Methods include the standard Kalman filter for linear prob-
lems or the extended Kalman filter (EKF), the unscented Kalman filter (UKF),
the particle filter (PF) or a combination of these [13] for non-linear problems.
Another type of dynamical filtering, called occupancy grid maps (OGM), has
also been used on a low level with the raw measurements from the radar, see
[10] and [13]. In this technique, cells in a local map is updated by nearby radar
detections and the map is supposed to represent the probability density function
for obstacles.
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Sensor fusion can be done on both high and low level. Low level means
that the data is combined before much processing. This can for example be
using radar detections to decide in what areas of an image the algorithm should
search for obstacles [14]. High level fusion on the other hand means that the
sensor data is put together after preprocessing and feature extraction. This can
be done either after filtering, decentralized fusion, or in a combination with the
filtering step as different measurement input.

Table 2: Comparison between different research papers of road shape estimation
methods. An X means that input from that sensor is included. ”moving” and
”stationary” means that radar detections of moving and stationary objects are
used respectively. In the ”Mutual parameters” column, Yes (Y) means that
the method uses one set of parameters for the whole road or lane while No
(N) means that parameters are estimated for the different road or lane borders
separately.
Article
(year)

Sensors Road
Model

Dynamical
Filtering

Intended
Environment

Mutual
Param.
Yes/NoCamera Radar

GPS
+map

[4] (2007) X moving X
Clothoidal
segments

Kalman
Filter (KF)

- Y

[15] (2008) X stationary X Splines
Particle
Filter (PF)

Rural
Roads

Y

[16] (2006) X X Clothoid PF Rural Y

[6] (2004) X X
Circular
segments

KF Highway Y

[17](2010) X X Clothoids KF - N

[18] (2002) X X
Situation
dependent

EKF - N

[9](2008) X moving Advanced
Extended
KF (EKF)

Highway
/Rural

Y

[19] X moving Clothoid EKF - Y

[13] (2009) X stationary Clothoid
OGM +
Kalman PF

Rural Y

[20] (2013) X stationary Clothoid KF - N
[21] (2010) X stationary Clothoid KF - Y

[7] (2013) X
Rectangular
segments

Belief
Propagation

Complex
situations

N

[5] X Splines EKF Highway N

[3] (2011)
moving+
stationary

Circular
Unscented
KF (UKF)

- Y

[11] (1998) stationary parabolic None - Y

[22] (2009) stationary
4th order/
3rd order+
arctan

OGM - Y

[10] (2010) Lidar
clothoidal+
parabolic
segment

OGM Rural Y

3 System design

This section describes the chosen algorithm for estimating the road shape. The
layout of the final system is shown in Figure 2. We see that information from
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different sources are fused in an EKF by using mathematical models for how
the road shape and vehicle pose change over time. Inertial sensors are included
to support the update of the road parameter estimate, by taking the motion of
the ego vehicle into account. Changing of lanes, an anomaly that could degrade
the performance of the filter, is detected and accounted for.

Since the road marking detector and map database only provide information
about the shape of the own lane or the whole road respectively, a model is used
with assumed mutual parameters for the whole road. The radar tracker could
provide information of the other lanes but might not be available at all times.
The opposite alternative would be a multi lane model where the curvature for
example is allowed to differ between different lanes. This would be useful for
urban scenarios with merging lanes and intersections but the approach used in
this report should work well for highway driving where the assumption of paral-
lel lanes are valid. To keep complexity down, an as simple as possible road and
vehicle model has been used throughout this project. Complexity here means
number of estimated variables and level of non-linearity in the relations between
those. Lower complexity generally means lower computational time, less param-
eters to tune, and a better understanding of relations between variables and the
origin of errors that occur.

The trajectories of leading vehicles on the road contain information of the
curvature ahead. Their motions are therefore included in the road shape esti-
mate by the use of a radar tracker. The idea is to assume that the vehicles stay
in the middle of their lanes so if they start turning, the road is entering a curve.
This is much like how a human driver uses leading vehicles tail lights by night to
better understand where the road is going further ahead. The leading vehicles
are modelled in a road aligned coordinate system, where the x-axis follows the
middle of the lane and the y-axis is perpendicular to the road tangent at the
origin, see Figure 4. The advantage of using these coordinates, as stated in [19],
is primarily that the motion model for leading vehicles can be made very simple
compared to in a Cartesian system where a more complex model is needed to
achieve the same accuracy. The authors also point out that it leads to better
predictions of leading vehicles position because they are assumed to stay on the
road. The complexity is instead included in the measurement function where
the measurements are transformed from the vehicle fixed coordinate system to
the road aligned coordinate system, see Subsection 3.4.

The solution is motivated and described in further detail in the following
subsections.
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Figure 2: Layout of the method. The sensor fusion is done in an extended
Kalman filter.

3.1 Estimation Method

To estimate the road parameters based on sensor measurements an EKF has
been used. The benefit of the dynamical approach used by methods such as
the EKF is that it uses past measurement in addition to the current ones. This
makes the estimate more robust to erroneous sensor data and gives the ability
to predict the parameters in the case where no measurements are available.
The EKF is also a good framework for sensor fusion of measurements with
different characteristics. This approach requires a dynamical model for how the
parameters, represented below with the state vector θ, change in time and how
the measurements z relate to the parameters. This model is generally described
by a stochastic difference equation as

θk = fk(θk−1) + w̄k−1 (2)

and measurement equation

zk = hk(θk) + n̄k, (3)

where k is the time index representing the discrete sampling times. The process
noise w̄k and measurement noise n̄k are independent zero mean white noise
stochastic processes with covariance matrices

E(w̄kw̄
T
k ) = Qk (4)

E(n̄kn̄
T
k ) = Rk.

The process noise represents model errors and slower or unknown changes
in the parameters and the measurement noise represents errors in the measured
values. If the model function f or the measurement function h are non-linear,
as they will prove to be in this thesis, the model is called non-linear. Techniques
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for estimating the state vector of non-linear problems are for example the EKF,
the unscented Kalman filter (UKF) and the particle filter. The reason for using
an EKF is primarily that it is the most commonly used solution for these types
of problems, see for example Table 2. In addition, there are no reasons to believe
that the model probability functions are multi-modal (more than one peak) or
asymmetrically distributed, which could motivate the use of a particle filter.

3.1.1 Extended Kalman Filter

The EKF is a recursive Bayesian estimation technique commonly used for esti-
mation of the states of a non-linear dynamical system, see [23] for derivations
and more details. It is recursively updating the state estimate from the previ-
ous estimate and measurements of the system state. The probability density
function (PDF) of the state vector is estimated in the form of the mean value θ̂
and the covariance matrix P̂ . To take care of the non-linearities in the model,
f and h are linearised around the current state estimate with a first order Tay-
lor approximation. The EKF method consists of a prediction step, where the
current state is predicted as θ̂k,pred and P̂k,pred from the previous estimate, and
an update step, where the estimate is updated with the measurements. The
equations of the prediction step are

θ̂k,pred = fk(θ̂k−1) (5)

P̂k,pred = Fk−1P̂k−1F
T
k−1 +Qk−1

and the equations for the update are

Kk = P̂k,predH
T
k (HkP̂k,predH

T
k +Rk)

−1

θ̂k = θ̂k,pred +Kk(zk − hk(θ̂k,pred) (6)

P̂k = (1−KkHk)P̂k,pred,

where Fk−1 and Hk are the Jacobians

Fk−1 =
δfk

δθ

∣
∣
∣
∣
θ̂k−1

Hk =
δhk

δθ

∣
∣
∣
∣
θ̂k,pred

.

3.2 Road and vehicle model

To be able to use the EKF technique, the road shape has to be parametrized and
a dynamical model for the road and ego vehicle parameters has to be derived.

To describe the turning of the road, a mathematical curve called clothoid or
Euler spiral is used, see Figure 3. A clothoid has a curvature c(l), the reciprocal
of the radius r, that changes linearly with the distance l along the curve and is
described by

c(l) = r−1 = c0 + c1l. (7)
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The two parameters used to describe the curvature are therefore c0, the cur-
vature at the origin, and c1, the linear rate of change. The curvature c(l) is
positive for curves turning to the left and negative to the right.

Figure 3: Clothoid curve with zero curvature (straight line) at the origin. The
curve continues to converge to the points marked, as the curve length l tends
to positive or negative infinity [24].

The reason to use a clothoid curve for the road is that it is used in high-
way construction [25]. More specifically are highways constructed as segments
of clothoids because this permits smooth transitions between straight road seg-
ments and circular curves. The steering wheel angle and centripetal acceleration
a, given by a = v

r = vc(l), where v is the vehicle velocity, then changes gradually.

To fully describe the road shape in relation to the ego vehicle, the position
and orientation of the vehicle on the road are also estimated in the form of
the offset yo from the center of the lane to the ego vehicle front and the angle
ψ between the road tangent and the forward direction x̃, see Figure 4. To be
able to relate the measured distances to the left and right lane border with the
vehicle offset, the assumed constant lane width W is also included.
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Figure 4: Definition of the parameters yo, ψ and the vehicle fixed (x̃, ỹ) and
road fixed (x, y) coordinate systems. The road fixed coordinate system is used
for modelling the motion of leading vehicles.

The ego vehicle motion is described by the forward velocity v at the rear
axle, which is the assumed rotation point, and the yaw rate γ around this point,
see Figure 5.

Figure 5: Definition of the ego vehicle parameters γ and v and the distance L
between the rotation point and the front where the sensors are located.
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By using Equation (7) and noting that the curvature rate of change c1 is
constant along the whole clothoid curve, a continuous dynamical model for the
road shape parameters can be derived as

ċ0 =
d

dt
c(l)|l=0 = (

dc0

dt
︸︷︷︸

=0

+
dc1

dt
︸︷︷︸

=0

l + c1
dl

dt
)|l=0 = c1v cos(ψ) ≈ vc1

ċ1 = 0 (8)

Ẇ = 0,

where we have used cos(ψ) ≈ 1 for small ψ in the last step.

The change in the relative heading parameter ψ is both depending on the
absolute yaw rate γ and the rotation of the road tangent due to the fact that
the road is turning. The road tangent rotational velocity is vT

r for a circular
path with radius r and where vT = v cos(ψ) is the vehicle velocity in the tangent
direction. yo is affected by the y-component of the total velocity vector of the
ego vehicle fixed coordinate system origin. This total velocity consists of both
the forward velocity v and the lateral velocity vỹ = γL due to the rotation of
the vehicle front around the rotation point. This rotation is taken into account
because the length L, between front and rotation point, is relatively large on a
truck, which is the intended vehicle for the method. The rotation has normally
not been included in other methods. The dynamical model for the ego vehicle
pose parameters then becomes

ψ̇ = γ −
v cos(ψ)

r
= γ − vc0 cos(ψ) ≈ γ − vc0 (9)

ẏo = (v, vỹ) · ŷ = (v, γL) · (sin(ψ), cos(ψ)) = v sin(ψ) + γL cos(ψ) ≈ vψ + γL,

where ŷ is a unit vector in the y-direction of the road-aligned coordinate system.
The linear approximations of the trigonometric functions, used again in the last
step, assumes that ψ is ”small”, which is valid since ψ < 0.02 radians normally
and still < 0.06 during lane changes.

The ego vehicle yaw rate measurements are known to be affected by bias
and scale error that are temperature dependent and thus slowly changing pa-
rameters. They are therefore also included as the bias parameter bγ and scale
parameter sγ . All of the ego vehicle parameters are assumed to follow a random
walk model. Without the noise, which will be added in the disretization step,
the dynamical model for these parameters is given by

γ̇ = 0

v̇ = 0 (10)

ḃγ = 0

ṡγ = 0.

The motion of, up to six different, leading vehicles are modelled with a
”slowly varying” velocity model in the road aligned coordinate system (x, y) as
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in [26] as

ẋi = vi

˙vx,i = 0 (11)

ẏi = 0

i = 1, · · · , 6 ,

where ẏi = 0 implies that the vehicles will keep following the middle of their
lane. Note that the velocities vx,i are velocities relative to the ego vehicle be-
cause these are the quantities measured by the radar.

To summarize, the total state vector with all modelled parameters is

θ = [c0, c1, ψ, yo, W, γ, v, bγ , sγ , x1, vx,1, y1, ... , xj , vx,j , yj ]
T , (12)

where j is the number of leading vehicles tracked at the moment which means
that θ will change size over time.

3.2.1 Discretization

To be able to implement the model made up by Equations (8)-(11) in a com-
puter it has to be discretized. Since the sensors have different sampling times
and the filter is updated as soon as a new measurement becomes available, see
Subsection 3.5, the sampling interval for the discrete model, ∆Tk, varies with
time index k. If we assume the state is known in time tk, the state in the next
sampling time tk + ∆Tk is given by solving this system of ODE:s with θ(tk)
as initial value. Process noise w̄k = ∆Tk[w1...w6,3]k is added to the resulting
discrete model to take care of model uncertainties. If we define θk := θ(tk) and
θk+1 := θ(tk +∆Tk), the discrete model becomes
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θk+1 = f(θk,∆T ) + w̄k

⇐⇒
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(13)

The noise w̄ is modelled as a zero mean white noise stochastic process that
is linearly dependent on the sample interval ∆Tk to handle that the model is
sampled with varying time intervals.

For simplicity we assume the noise elements w1, w2, · · · to be independent
so the noise covariance matrix Qk is diagonal and given by

Qk = E(w̄kw̄
T
k ) = ∆T 2









σw
1,k 0 · · · 0

0 σw
2,k

...
...

. . . 0
0 · · · 0 σw

6,3,k









. (14)

3.3 Available data

The sensor setup on the vehicle puts a natural limitation on the chosen solution.
The vehicle used for this thesis is one of Scanias test trucks, equipped with the
sensors described below. Many of the them are becoming standard equipment
used for ADAS applications. The sensor output is to a great extent already pre
processed and features are extracted.

• Road marking detector: A camera based embedded system for road
marking detection purchased by a third party is used. It is positioned
behind the windshield of the truck. This system provides the shape of the
nearest lane border to the left (L) and the nearest to the right (R) at each
sampling instant. The shape of each border are given as coefficients zL =
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[aL, bL, kL,mL] and zR = [aR, bR, kR,mR] of a third order polynomial

ỹL/R = aL/Rx̃3 + bL/Rx̃2 + kL/Rx̃+mL/R (15)

in the vehicle fixed Cartesian coordinate system, described in Subsec-
tion 3.2, where x̃ increases in the forward direction and ỹ to the left. The
road markings are detected and positioned with image analysis techniques
and polynomials are fitted to the markings. The shape estimates are dy-
namically filtered internally by the system before the information is sent
as output. The road surface is assumed to be flat in the transformation
from image pixels to road position and slopes can therefore give large
measurement errors. Other vehicles can also block or delude the sight of
the camera. The camera system sends a quality message attached to each
polynomial containing the four levels 0, 1, 2 and 3. By visual examination
measurements of quality 0 and 1 has been deemed too low quality and are
therefore rejected and not used by the algorithm.

• Radar tracker: A multibeam Doppler radar is mounted in front of the
vehicle. It has a range of up to 180 m. The radar has a built-in multi
object tracking algorithm that tracks up to 6 different leading vehicles
simultaneously. It provides information of the vehicles positions in the
ego vehicle fixed coordinate system and relative velocities in the vehicle
forward direction x̃ as well as an identification number for each vehicle.
The relative velocity estimates are quite accurate since they are based on
Doppler measurements of the radial velocities, assuming that the other
vehicles are moving in the radial direction, more specifically straight to-
ward or away from the radar. Outliers and bad quality tracks are removed
internally.

• Map data: Information of the road is delivered by ADASIS v2, an
attempt-to-be industry standard interface for providing stored data of
the traffic environment around the ego vehicle for ADAS applications.
Together with the position of the ego vehicle from the GPS, the current
local environment is provided for the path that the vehicle is most likely
to take. Attributes available include curvature, slope, number of lanes,
speed limits, connections to other paths etc. The information is provided
for certain profile location points and interpolated in between with the
help of an attached interpolation type such as ”zero order”, ”linear” etc.
The accuracy of the information depends on both the own GPS and the
accuracy of the position and attribute measurements while gathering the
data.

• GPS: A quite standard vehicle GPS is available and used together with
the ADASIS interface. In addition a high precision combined GPS and
inertial measurement unit (IMU) system is mounted in the test vehicle and
this is used for creating a reference value for the estimated parameters,
see Section 4. An IMU consists of gyros and accelerometers and measures
the rotational velocities of the vehicle.
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• Inertial vehicle sensors: To take into account the ego vehicles kinemat-
ics, readings from a yaw rate sensor and velocity estimates based on wheel
speed sensors are incorporated. The readings from the yaw rate sensor
is known to have temperature dependent systematic errors in the form of
bias and incorrect scaling.

3.4 Measurements

The measurements need to be described as stochastic functions of the model
parameters to be able to use with the EKF. All the different measurement noise
components are, for simplicity, assumed independent which makes the covari-
ance matrix R diagonal for all sensors.

For the road marking detector, the measurement of the coefficients in the
third order polynomial in Equation (15) need to be related to the road param-
eters. This is done by using a transformation function, derived in [26], that
relates coordinate points in the road aligned system (x, y) to points in the vehi-
cle fixed Cartesian system (x̃, ỹ). If the road curvature c(l) and heading angle
ψ are assumed small an approximation of this transformation is given by the
polynomial equations

x̃ = x (16)

ỹ =
c1

6
x3 +

c0

2
x2 − ψx+ y − yo. (17)

Since this also describes ỹ as a third order polynomial in x̃, the relations are eas-
ily found by comparing Equations (15) and (16). For coefficients aL/R, bL/R and kL/R

this is straight forward since the left and right lane border are assumed to be
parallel and therefore describe the mutual lane parameters. The road marking
offset coefficients mL/R describes the lateral distance to the markings and are
related to both the lane width W and the vehicle offset yo. The measurements
from the left and right markings are used separately since they might not be
available at the same time because low quality detections are rejected. The
measurement functions for the road marking detector is then given by

z
L/R
k =







aL/R
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k

=
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6
c0
2
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W
2







k

+







n1

n2

n3

n4







k

= hL/R(θk) + n̄k, (18)

where +W
2

is used with mL and −W
2

is used with mR. n̄k is a zero mean white
noise process with covariance matrix RC

RC
k = E(n̄kn̄

T
k ) =







σn
1,k 0 0 0

0 σn
2,k 0

0 σn
3,k 0

0 0 0 σn
4,k






. (19)

The curvature information from the map database is available as direct mea-
surements of the current curvature
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cM0,k = c0,k + n5,k (20)

RM
k = E(n2

5,k) = σn
5,k.

The inertial sensors of the ego vehicle measures the velocity and the yaw
rate. As mentioned earlier does the model try to compensate for a possible
systematic error on the yaw rate sensor by estimating the bias and scale error
states. They are then included in the measurement function which is given by

γIk = sγ,kγk + bγ,k + n6,k

vIk = vk + n7,k (21)

RI
k = E([n6,k n7,k][n6,k n7,k]

T ) =

[
σn
6,k 0

0 σn
7,k

]

.

The data from the radar tracker are measurements of the position and veloc-
ity in the vehicle fixed Cartesian coordinate system (x̃, ỹ). The leading vehicle
states are mapped to the measurements by the transformation from the road
aligned coordinate system to the Cartesian one, given by (16), which give the
tracker measurement function

zTr
k =





x̃Tr
i

ṽTr
x,i

ỹTr
i





k

=





xi
vx,i

c1
6
x3i +

c0
2
x2i − ψxi − yo + yi





k

+





ni,1
ni,2
ni,3





k

= hTr(θk) + n̄Tr
k

RTr
k = E(n̄Tr

k (n̄Tr
k )T ) =





σn
i,1,k 0 0

0 σn
i,2,k 0

0 0 σn
i,3,k



 . (22)

3.5 Extended Kalman filter implementation

A few things are worth mentioning regarding the implementation of the algo-
rithm. First, the different measurements are used by the filter separately as soon
as they become available since they have different sampling times. When any
new measurement is available the new state vector estimate is predicted using
Equation (5) with ∆T equal to the time passed since the last measurement and
then updated with (6) together with the associated measurement function out
of (18)-(22).

Second, the order of magnitude varies a lot between the different states,
from an interval of 0 − 180 m for leading vehicles xi value down to an interval
of around 0−4 ·10−5 for c1. This introduces numerical problems in the filtering
step. It may cause the matrices of the linearized model to be ill-conditioned,
which might lead to instability and numerical accuracy problems when calcu-
lating the inverse matrix in Equation (6). For these reasons the state variables
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are scaled by dividing them with their approximate order of magnitude, aiming
to have them all range between 0-1. This scaling then also affects the model
and measurement functions.

Moreover, the following paragraphs describe the methods to set the model
covariance matrices, handle lane changes and initializing the filter.

3.5.1 Setting of the Q and R matrices

The noise covariance matrices Q and R, that describe how large the uncertain-
ties are in the different parameters and measurements, are to a large extent
treated as tuning parameters. The Q matrix describes how much we allow our
parameters to differ from the values predicted by the model. This covers model
errors in general and more specifically for this thesis it takes care of for example
the variation in parameters modelled as constants and the transitions between
clothoid segments. The values/variances has been chosen by first doing a rough
estimation by examining the measurement data. Then they have been tuned
in an ad-hoc fashion by comparing the filter estimate with the reference value
on several data sets. To achieve robustness, this had been done with different
sensor combinations available and simulated sequences of missing data, much
like the performance evaluation described in Section 4. There were also put a lot
of weight in that the settings never should be found to cause any instabilities
in the filter, something that could occur for example if σi,3 was set too low.
That particular instability probably occurred because a tracked vehicle were
doing a lane change, something that can only be explained through the process
noise since the model assumes that they keep following their lanes. Otherwise
we would like to keep σi,3 as low as possible to be able to effectively use the
motion of leading vehicles to describe the road shape. The final values used in
the estimation is shown in Table 3 and Table 4.

Table 3: The final process noise variances of the Q matrix
σw
1 σw

2 σw
3 σw

4 σw
5 σw

6 σw
7 σw

8 σw
9 σw

i,1 σw
i,2 σw

i,3

10−8 10−10 10−3 10−2 10−4 10−3 1 10−9 10−7 10−2 10 10−2

Table 4: The final measurement noise variances of the R matrices
σn
1 σn

2 σn
3 σn

4 σn
5 σn

6 σn
7 σn

i,3 σn
i,2 σn

i,1

10−7 10−9 10−7 10−2 10−8 10−6 10−2 10−2 1 10−2

3.5.2 Lane change handling

A problem for the filter occurs when the vehicle changes lane. The road marking
detector will then suddenly change which lane borders it is tracking which leads
to a jump in the measured offset coefficients mL/R. This does normally not af-
fect the other coefficients. A typical appearance of mL/R during a lane change
to the right is shown in Figure 6. This jump can only be explained by the model
equations through a very large process noise variance σw

4 , which would leave the
estimate ŷo very sensitive to noisy measurements and outliers. A small variance
will on the other hand lead to a slow convergence of the offset estimate toward
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its correct value, an error that can propagate to other parameters in the filter
update step through the equation

ẏo ≈ vψ + γL
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Figure 6: Camera measurements of road marking offset during a lane change.

This problem has been dealt with by trying to detect when a lane change
occurs and temporarily increase the variance. A lane change can ,in addition
to the offset measurements, also typically be detected as large absolute values
in the measurements of the heading angle ψ. This data is shown in Figure 7
during three lane changes at t = 132, 145 and 256 seconds. The first and last
ones to the right and the middle one to the left. Based on these observations
the filter expects a lane change if any of the following is true

|ŷ0| >
Ŵ

2
or

|ψ̂| > 0.03,

and increases the variance σw
4 during 1.5 s to give the filter some time to con-

verge.
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Figure 7: Camera measurements of relative heading angle during three lane
changes at t = 132, t = 145 and t = 256 respectively.

3.5.3 Initialization

Choosing the initial values for the parameters can be very important to get
good filter performance. Since yaw rate bias and scale factor are modeled as
very slowly changing variables, the correct initialization is critical to get good
accuracy from the filter in the beginning. In lack of better knowledge the bias
should be initialized to zero and the scale factor to one. Since leading vehicles
emerge and disappear at different locations, their state variables are initialized
with the first measurements. The other parameters are initialized with a best
guess, which is zero for all states except the lane width that are initialized as
3.5 m.

4 Performance evaluation method

This section describes the experiments and the measures that have been used
to evaluate the performance of the algorithm. Focus has been on comparing
how well it works during different conditions, with a varying amount of sensor
information available. To be able to approximate the deviation from the true
road shape, reference values are acquired from logged sensor data. The method
used to acquire this reference is also explained below.

4.1 Experiments

The performance of the algorithm has been evaluated on two data sets, test
data 1 and test data 2 of around 390 s each, both from highway driving on
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E20 outside Södertälje, Sweden. test data 1 is gathered while driving north
from Södertälje towards Stockholm and test data 2 on the way back south on
the same road stretch. The two data sets has similar features and the results
presented in the following section are the average results on both of them. The
lighting and weather conditions and quality of road markings were very good
during the data acquisition so the data contains very few bad quality camera
measurements that are rejected. Most of the time, several leading vehicles were
present on the road and the map data is available at all times.

Since one of the main goals is to design a method that can handle periods of
missing data, such a scenario has been simulated by simply removing parts of
the measurements, see the example in Figure 8. The algorithm has been tested
with or without all the map data to simulate GPS problems or roads where data
is not available through ADASIS and with or without all tracker data to sim-
ulate an empty road. Parts of the road marking detector (RM) measurements
has on the other hand always been included since it has been found impossible
to estimate all the parameters completely without this data. This is also rea-
sonable for real situations since it should be very unlikely to find long stretches
of highway completely without detectable road markings but for example likely
that map data is not available for certain roads. The simulation of bad quality
road markings is done by removing a number of sequences of fixed length tmiss

separated by randomly sized time spans so the missing sequences are randomly
distributed over the test data. The performance is then evaluated for different
size on tmiss with the number of sequences and the time between them chosen
such that the total amount of missed data is the same, around 55 %, to only
include the effect of the sequence length in the results.

All tests that include sequences of missing data and therefore has randomly
varying inputs has been repeated 10 times and the following results are the
mean values of those iterations. For the different situations the following two
types of criterion that reflect the goals of the thesis has been evaluated

• Overall performance

• Critical error percentage
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Figure 8: Example of the altered sensor data used in the the test iterations.
Sequences of fixed length tmiss are removed from the RM data, separated by
randomly sized time lengths that vary between the iterations. The radar tracker
and map data are either available or not available respectively for all iterations
in one test.

4.1.1 Overall performance:

The overall performance of the algorithm is determined by using the root mean
squared error (RMSE) for the different parameters. If the test data set consists
of M samples, the RMSE, here exemplified for c0, is

RMSE(c0) =

√
∑M

j=1
∆c20,j

M
=

√
∑M

j=1
(ĉ0,j − c0,ref,j)2

M
, (23)

where c0,ref is the reference value for c0 described in the next subsection.

4.1.2 Critical error percentage:

The time percentage that the estimation errors stay below certain error limits
for the different parameters has been investigated. It is very important for
autonomous driving, collision avoidance or other ADAS applications to have
a good enough estimate of the road shape at all times. A common control
strategy for autonomous driving is to place a target point ahead of the vehicle
and try to reach that point, so called ”pure pursuit” control, while at the same
time keeping the vehicle parallel to the road tangent. It can be very dangerous
to place this point in the wrong lane or outside the road, or in the collision
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avoidance case, to risk associating an oncoming vehicle to the wrong lane. A
maximum error ∆ỹ of 2 m in the lateral direction has therefore been chosen as
a limit. The error at x = 100 m ahead of the vehicle has been investigated, a
distance that gives a collision avoidance system a few seconds to react at highway
speeds. The lateral error ∆ỹ can be related to errors in the road parameters
∆c0, ∆c1, ∆ψ, and ∆yo by using Equation (16) and the relation is given by

∆ỹ =
∆c1
6
x3 +

∆c0
2
x2 −∆ψx−∆yo. (24)

By assuming that the errors in the other parameters are zero, a maximal
allowed error for the clothoid parameters and the two vehicle orientation pa-
rameters separately is then given by

{
|∆y| < 2
x = 100

⇐⇒







|∆c1
6
· 106 + ∆c0

2
· 104| = |∆ỹ| < 2 or

|∆ψ| = |∆ỹ|
x < 0.02 or

|∆yo| = |∆ỹ| < 2

. (25)

This assumption is chosen to simplify comparison between the different pa-
rameters and to find for which one the estimation performance is most critical.

4.1.3 Initialization

In testing the performance we do not want the initializing error to affect the re-
sults in the relatively short test data sequences. Most of the states are therefore
initialized with the first measured values of each parameter. The yaw rate bias
and scale parameters ,bγ and sγ , see Subsection 3.2, are not measured directly
and need to be treated in another way. An estimate of the initial values are for
those found by, one at a time, letting the two parameters change faster, with
higher associated process noise variance values in Equation (14), and running
the filter on the test data. The initial value is then chosen as the estimated
convergence value.

4.2 Acquisition of Parameter reference

To be able to evaluate the performance of the algorithm, reference values for the
estimated parameters are needed. The reference should aim to describe the true
shape of the road but, since that in general is not possible to obtain, it should at
least have a better accuracy than the sensor data the estimate is based on. Such
reference values are also very good tools to have for tuning the algorithm. The
reference in this report is calculated off-line from sensor data already available
in the vehicle log files, based on the idea presented in [27]. Basing the reference
on sensor data compared to other commonly used techniques such as hand la-
belled images or maps is simpler and a lot less time consuming and showed in
the paper to be accurate enough. The idea is to use past and future coordinate
points for the vehicle to describe the shape of the road at the current location.
The reference values for the different road parameters can then be obtained by
fitting a curve to these coordinates. How these coordinates are acquired are
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described in the next paragraph.

4.2.1 Coordinates of driven path

To get the vehicle positions, a high resolution GPS/IMU system has been used.
The measurements consist of spherical earth coordinates in the form of lon-
gitude, latitude and heading angle which first has to be transformed to the
Universal Transverse Mercator (UTM) map system as {xU , yU , θU}. The UTM
system is a systematic projection of the spherical earth coordinates onto a flat
Cartesian coordinate system. For each point where the reference is calculated
the coordinates of the vehicle path need to be described in the current vehicle
fixed coordinate system (x̃, ỹ) as (x̃veh, ỹveh). This is achieved by transforming
the UTM coordinates according to

φ = θU − θU,0
[
x̃veh
ỹveh

]

= R(−φ)

[
xU − xU,0

yU − yU,0

]

, (26)

where the subscript 0 means the current origin and R(u) is the matrix that
rotates points u radians counter-clockwise around the origin

R(u) =

[
cos(u) −sin(u)
sin(u) cos(u)

]

. (27)

4.2.2 Parameter reference values

We can find reference values for the road parameters at a certain location from
a set of such coordinates {x̃veh,i, ỹveh,i}

N
i=−N , where i = 0 as mentioned before

is the origin of the current vehicle fixed coordinate system. N is, of simplicity,
chosen as a fixed number of time samples equivalent to a distance 100 m on
average. This means that the distance will be longer on parts with higher speed
and shorter on more slow parts with sharper curves. These coordinates describe
the vehicle path and not the road path and therefore need to be adjusted to the
middle of the lane. This is done by using the offset estimate ŷ0 according to

x̃R,i = x̃veh,i + ŷosin(φi)

ỹR,i = ỹveh,i − ŷocos(φi), (28)

where φi is the heading angle from Equation (26) defined as zero for the current
heading (φ0 = 0). This adjustment makes the reference dependent on the offset
estimate but this has shown to be very accurate on the data used and should
cause no problems. We can then use the transformation from Equation (16)
and that y = 0 for the middle of the lane to get a relation between these
coordinates and the road parameters. Since the offset estimate is assumed to
be accurate we omit that to get better precision on the other parameters and
rewrite Equation (16) into
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ỹi + yo,i =
c1

6
x̃3i +

c0

2
x̃2i − ψx̃i. (29)

The road parameter reference values at this location are then calculated by
a least square fit to the set of coordinates. The transformations and least square
fit has to be repeated for each time sample where we want the reference values
to exist. Errors emerge around points where the vehicle changes lane since the
coordinate points are not adjusted for this. Since lane changes covers small time
frames and seldom happens these errors have been neglected.

The reference for the relative heading ψ turned out to not be accurate
enough, probably because the GPS heading was not perfectly calibrated (or
had some small time lag). Therefore were the raw camera data used as refer-
ence for both ψ and yo. This approach is motivated by the fact that both these
measurements has shown to be accurate and the reference are primarily used to
see how the estimates handles simulated missing data.

5 Results

Results for the experiments described in Subsection 4.1 are presented here. At
first there is a data exploration section that gives an overview of how the pa-
rameters typically behave and the accuracy and challenges of the sensor data.
The following section presents and exemplifies the overall performance of the
filter and examines how the different parameter estimates are affected by the
availability of different sensors. The last section evaluates how often the filter
can deliver a sufficiently accurate estimate in the different situations described
in Subsection 4.1, something that is very important for the intended applica-
tions.

All estimates in this section are, as mentioned earlier, based on the altered
RM data. The reason for not showing any results for a filter based on map and
tracker data only, is that the errors grow too large to be meaningful to examine.
The clothoid parameters are still possible to estimate accurately when the map
data is available but the relative heading ψ and the offset yo drift far away from
the reference values when they never get updated. This is most likely because
we integrate the inaccuracies in the yaw rate estimate γ, see Equation (9).

5.1 Data exploration

To get an understanding of how the unaltered RM data looks, a piece of test
data 2 is shown for c0 and c1 together with the map data and reference values
in Figure 9 and 10. We see that the RM data for c0 is quite accurate but suffers
from overshoot when the curvature changes quickly and oscillative behaviour in
periods where the curvature is approximately constant. These behaviours are
probably caused by the filtering done internally in the RM system. We can also
see that there exist some outliers, especially around t = 150 s. The map data
here is even a little more accurate and does not have any clear outliers.
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Figure 9: The measurements for c0 from the RM and map data together with
the reference value.

The measurements of c1 clearly contains relatively more noise than the ones
for c0. This is quite natural since it is the distance derivative of c0 and therefore
more difficult to estimate accurately from the images.
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Figure 10: The measurements for c1 from the RM together with the reference
value.

Examples for how the RM data for ψ and yo behave can be found in Sec-
tion 3.5.2 about lane change. They have both been deemed very accurate for
the whole test data.

5.2 Overall performance

How many and which sensors that are available for the filter play an important
role in how accurate the estimated parameters are. In a worst case scenario for
our filter, there are no leading vehicles on the road and there is no GPS signal or
map information for the current location. Such a situation, where the estimate
is based on RM data only, is exemplified for c0 in Figure 11 with 10 s sequences
of missing road markings. The RM measurements are included in the figure to
highlight the locations of missing data. We can see that the filter can continue
to provide reasonable accurate estimates of the curvature in the same clothoid
segment, for example between t = 225 and t = 235 s. In a transition between
two different segments however, like t = 260 to t = 270 s, the filter naturally
has no chance to adapt to the change and the error grows large.

31



Figure 11: Estimate based on RM only for the parameter c0 with missing data
sequences of 10 seconds. Also shown is the RM data where the left lane border
measurements mostly coincides with the right ones and is hidden behind.

If measurements of leading vehicles also are available from the radar tracker
(tracks) the quality of the estimate can be improved a lot and can handle sig-
nificantly longer sequences of missing data. In Figure 12 this situation is shown
for missing data sequences of 26 s. The estimate is lagging behind the reference
value a little but is otherwise quite accurate. An exception is around t = 270
s where the errors stay quite large until the RM data becomes available again.
This might be caused by a lane change of a leading vehicle, which then moves
with a different curvature.

The estimate is further improved if we also have access to the map data
(map), shown in Figure 13 for the same situation as Figure 12.
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Figure 12: Estimate based on data from the RM and radar tracker for the
parameter c0 with missing data sequences of 26 seconds. Also shown is the RM
data where the left lane border measurements mostly coincides with the right
ones and is hidden behind.
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Figure 13: Estimate based on data from all sensors for the parameter c0 with
missing data sequences of 26 seconds. Also shown is the RM data where the left
lane border measurements mostly coincides with the right ones and is hidden
behind.

The importance of the different sensors vary depending on which parame-
ter we are concerned with, which can be concluded from the following overall
performance results. The root mean squared errors (RMSE) of the filter esti-
mates for the different parameters are shown in Figures 14- 17. The estimates
are evaluated for different missing RM data sequence length tmiss and different
sensor data combinations available as input. The RM is used together with the
map data or the radar tracker or with both of them. 22 seconds has been cho-
sen as the upper limit for tmiss because the errors, for especially the estimates
based on RM only , proved to be too large after that to be really meaningful to
consider.

From the figures we can see that the fusion of sensor inputs clearly out-
perform the estimates based on RM only, in all four cases. For the clothoid
parameters in the first two figures, the estimates that include the map data
gives the best results which is quite natural since the map data provides a di-
rect measurement of the curvature. For the ego vehicle orientation parameters
in Figures 16 and 17, the estimates including the tracking data have the best
performance which is also reasonable since ψ and yo are directly observable from
those measurements. Overall, the estimate that is a fusion of all available data
performs the best. An exception is, somewhat surprisingly, for c1 in Figure 15
where the estimate not including the tracker gives a little better results. This
means that the update with the tracker data worsens the estimate, which is
possibly due to the fact that all four parameters are being updated from one
measurement of the leading vehicle lateral position, see Equation (22).
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Figure 14: Average RMSE(c0) for different sensors available and missing data
sequence length. The lines represent the mean values and the shaded areas show
+/- one standard deviation over 10 iterations.
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Figure 15: Average RMSE(c1) for different sensors available and missing data
sequence length. The lines represent the mean values and the shaded areas show
+/- one standard deviation over 10 iterations.
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Figure 16: Average RMSE(ψ) for different sensors available and missing data
sequence length. The lines represent the mean values and the shaded areas show
+/- one standard deviation over 10 iterations.
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Figure 17: Average RMSE(yo) for different sensors available and missing data
sequence length. The lines represent the mean values and the shaded areas show
+/- one standard deviation over 10 iterations.

To evaluate the benefit of using a dynamical filter at all, the root mean
squared error of the raw right lane border RM data is compared to the filter
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estimates in Table 5 and 6. Except for the raw RM data, this is the same data
as in Figures 14 and 15. The measurement of the right lane border is more
accurate than the left on these data set. This comparison is only done for the
two clothoid parameters since the reference values for ψ and yo are the raw
RM data itself, see the explanation in Section 4. A comparison would therefore
not be very meaningful. We see from the results that the filtered estimates all
perform better than the unfiltered data when the complete RM data is available
and that the fusion estimates in many cases gives better results even when parts
of the data are missing.

Table 5: RMSE(c0) for different sensors available and missing data sequence
length.

·10−6 [m−1]

tmiss [s] 0 2 6 10 14 18 22
Unfiltered RM 2.8
RM 2.7 3.5 6.3 9.0 13.7 15.4 22.4
RM+tracker 2.4 3.4 4.8 5.6 6.5 6.0 8.7
RM+map 1.9 2.0 2.3 2.8 3.3 4.2 4.7
RM+tracker+map 1.8 1.9 2.2 2.5 2.1 2.4 2.6

Table 6: RMSE(c1) for different sensors available and missing data sequence
length.

·10−8 [m−2]

tmiss [s] 0 2 6 10 14 18 22
Unfiltered RM 9.2
RM 7.7 7.8 8.8 9.3 10.2 9.6 10.6
RM+tracker 7.2 7.9 8.5 8.7 8.5 8.7 9.0
RM+map 5.7 5.7 5.7 5.7 6.0 5.8 5.7
RM+tracker+map 6.2 6.2 6.1 6.2 6.2 6.3 6.3

To exemplify how the different sensor fusion estimates perform compared
to each other, they are shown together for c0 and yo in Figure 18 and 19 in
the case of missing data for 14 s. Note that the missing data sequences (not
shown) are randomly placed for each fusion estimate and are therefore not in the
same location in the figures. All larger estimation errors that can be seen arise
during such a sequence for the particular estimate. The estimates for c1 and
ψ are not shown since it is easier to draw conclusions from the RMSE figures
above. As shown in the RMSE results, including the map data improves the
performance for the clothoid parameter. No real difference can be seen here if we
also include the tracker information, that data seem primarily to be important
for the estimate of c0 if there are no other sensor data available as in Figure 11
and 12 above. For the offset y0 on the other hand we see that only including
the map data gives large errors in the estimate while the other fusions keep the
error quite small. Important to note is that those other fusions almost always
manage to position the ego vehicle in its own lane, since no lane changes occurs
that is to keep ŷ0 below half a lane width which here is around 1.7 m.
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Figure 18: Estimates for the parameter c0 with missing data sequences of 14
seconds. All the larger errors that occur are during missing RM data sequences
for that particular estimate

Figure 19: Estimates for the parameter yo with missing data sequences of 14
seconds. All the larger errors that occur are during missing RM data sequences
for that particular estimate
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5.3 Critical error

The percentage of the time that the filter manages to keep the estimation errors
below the critical error limit, described earlier in Section 4, in case of missing
RM data is an even clearer indicator of the benefits of fusing different sensors.
This evaluation is of outmost importance since it reveals how often the estimates
are accurate enough to use for the intended applications. The time percentages,
in Table 7-9, show that the filter stay free of critical errors over 90 % of the
time for all parameters if we have all sensors available, with missing data of up
to 22 s. This drops to around 70 % for the worst fusion for each parameter and
just above 60 % for all parameters if we only have access to the RM data. The
same pattern as before can otherwise be seen. The clothoid estimates mostly
benefit from the map data and the ego vehicle orientation estimates from the
tracker input. Interesting to note is that the orientation parameters ψ and yo
are not as sensitive as the clothoid parameters. The road marking and map
data estimates are here still accurate enough around 90 % of the time for 10 s
of missing data, results which drop fast for longer sequences. All results should
be compared with the total amount of available RM data being around 45 %,
independent of the sequence lengths, which then can be considered a lower limit.

The unfiltered RM data of the right lane border is included in the comparison
for c0 and c1 to see the benefit of using a filter, even when no additional sensors
are available. No comparison is done with the raw data regarding ψ and yo since
the reference values here are the (assumed accurate) raw camera data. The filter
estimate based on RM only perform better than just using the raw RM data as
the road parameter estimate in each time step. This is mainly because the filter
is less sensitive to erroneous data.

Table 7: The time fraction the estimation error of the clothoid parameters is
below the critical limit for different sensors available and missing data sequence
length.

c0 and c1 [%]

tmiss [s] 0 2 6 10 14 18 22
Unfiltered RM 92.5
RM 92.7 88.7 77.6 71.8 64.4 64.5 62.5
RM+tracker 93.1 83.4 79.4 76.6 77.2 75.3 71.6
RM+map 96.2 96.1 95.6 94.1 93.9 92.8 91.7
RM+tracker+map 96.3 95.3 94.2 92.6 95.1 93.1 91.5
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Table 8: The time fraction the estimation error of the relative heading is below
the critical limit for different sensors available and missing data sequence length.

ψ [%]

tmiss [s] 0 2 6 10 14 18 22
RM 100 99.2 87.4 77.9 68.6 64.7 63.2
RM+tracker 100 99.4 97.9 97.6 95.9 94.8 91.3
RM+map 100 99.8 96.3 89.8 85.7 78.7 73.7
RM+tracker+map 100 99.0 98.6 99.0 99.0 98.5 97.4

Table 9: The time fraction the estimation error of the offset is below the critical
limit for different sensors available and missing data sequence length.

yo [%]

tmiss [s] 0 2 6 10 14 18 22
RM 100 99.5 95.6 84.7 72.8 68.0 65.4
RM+tracker 100 98.8 97.6 96.4 95.0 94.2 90.7
RM+map 100 99.5 97.9 91.0 85.3 77.2 72.6
RM+tracker+map 100 99.4 98.0 97.4 96.7 95.7 95.2

6 Discussion and conclusions

From the results we can see that the road parameter estimates clearly benefit
from being based on a fusion of sensors. When data from more sensors than the
road marking detector (RM) are available, both the accuracy and the ability to
handle missing data increases considerably. Even with no road marking data
removed from the near optimal conditions test data, the fusion based estimates
are still significantly more accurate than the ones based on RM only.

As mentioned earlier, the road marking detector is the most important sensor
and it is not possible to estimate all parameters entirely without it. Although
the filter can handle long sequences of missed measurements, the ego vehicle
relative heading and offset estimates start drifting away from the true values
after a while. Furthermore the different sensors have proven to be of various im-
portance to the different parameters. The clothoid parameter estimates clearly
benefit more from the map data while the ego vehicle parameter estimates are
mostly improved by the tracker measurements.

The parameters differ in how sensitive they are to missing data. For shorter
sequences the clothoid parameters suffers from a larger amount of critical es-
timate errors than the others while for longer missing data sequences no real
difference can be seen. This is likely because ψ and yo benefit from being
updated by the yaw rate sensor at first but later suffer from the that the inac-
curacies in this sensor are integrated and become larger and larger with time.

The method of evaluating the ability to handle missing data by simply re-
moving sequences of high quality measurements has both advantages and dis-
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advantages. It might be too artificial since the data that is used still is of high
quality while a lot of missing data in a real situation probably also means more
noise. This approach on the other hand gives the opportunity to compare dif-
ferent scenarios of failing sensors during otherwise equal conditions, while still
working with real life data.

From the figures of c0 we can see that the curvature of the test data high-
way is fairly well approximated by linear segments which reinforces the choice
of a clothoid model for the road. On the other hand is this model assuming a
clothoidal curve of infinite length and can only handle the segment transitions
through the process noise. Ability to better handle these transitions could mo-
tivate the use of a multiple clothoid model where segments transition points
could be found with the long ranged map data.

The single lane model used here, which assumes that all lanes are parallel
and can be described by a mutual set of parameters, also introduces quite large
limitations on where the algorithm is possible to use. Problems will occur in
more complex highway scenarios where for example the road is splitting or lanes
are merging and ending. The reason why this model is used is primarily that
the data available, except the radar tracker, give no information about other
lanes.

Erroneous results due to lane changes of leading vehicles are observed during
the algorithm evaluation. The model for leading vehicles assumes that they stay
in the middle of their lanes. Vehicles that changes lane and therefore drive with
another curvature than the road can only be handled through the process noise
σi,3. Setting the noise variance to low might cause erroneous estimates or even
filter instabilities but setting it high reduces the ability to use the measurement
to estimate the road parameters. To deal with the problem, an algorithm that
detects this and adjusts the filter temporarily to not take the motion of that
vehicle into account could be implemented. The adjustment can be similar to
the way own lane changes are handled in this paper. For detection, [28] for
example suggests the CUSUM algorithm.

To summarize, the most important conclusions that can be drawn from the
results are as follows.

• The road parameter estimates clearly benefit from being based on a fusion
of sensors. It improves both the overall accuracy and the ability to provide
a good enough estimate during periods of failing sensors.

• The different sensor data are of various importance in estimating the dif-
ferent parameters.

7 Future Work

From the experienced gained by working with this algorithm and the limitations
observed in the discussion section a few ideas of possible improvements has
emerged that would be interesting to investigate further.
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• Add more sensor inputs. The estimates are for example very likely to
benefit from radar detections of stationary objects like guard rails, hills
and trees next to the road, something that is used in many research papers
mentioned in the background chapter. It could at the same time give the
algorithm ability to detect exit lanes.

• Use more information from the map data. For example could measure-
ments of the curvature rate c1 be extracted. The long range capabilities
of the map data could also be tested in a combination with a road model
of several clothoidal segments. The segments further ahead could then be
found and initialized with the information from the map.

• The introduction of a multi-lane model would bring the ability to handle
highway situations with splitting or merging lanes and even more complex
scenarios such as intersections on rural or urban roads. This would proba-
bly mean that more sensor input is needed, for example more information
from the road marking detector.
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