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Abstract
This paper investigates an information diffusion-based oil futures pricing model developed
by Li et al. (2012) to analyze its credibility and evaluate its potential. It examines two
important aspects of the model (information innovation and rate of information diffusion) and
the two methods used to derive proxies for them (Bry and Boschan (1971) algorithm and
ARMA(1,1) – GARCH(1,1) process, respectively). Implementation of both methods
provided results similar to those of Li et al. (2012). Closer investigation into the methods,
however, revealed some of the models weaknesses and limitations. Bry and Boschan’s (1971)
algorithm introduced inconsistencies and subjectivity to the model, while the ARMA(1,1) –
GARCH(1,1) model revealed that other conditional mean and variance processes may deliver
better results than the component-GARCH model chosen in the original paper. In spite of
these weaknesses, however, the model still seems promising and offers a fresh alternative
approach to modeling oil futures prices. With the weaknesses addressed, the full potential of
the model can be achieved.
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Background

Being the blood of today’s civilization, crude oil is undoubtedly one of the world’s
most precious resources. Over the past decades, it has allowed continuous economic growth
and development by fueling agriculture, manufacturing, transportation, military, and many
other factors essential to modern life. Because of this, it is no surprise that the market for
financial instruments based on this commodity has grown dramatically over the years, both in
exchange-traded and over-the counter-markets, especially as a means of hedging or
speculation. Amongst the most actively traded examples are forwards, options, and swaps.
These instruments are of varying level intricacy; however, one of the simpler, exchangetraded derivatives is the crude oil futures.
Due to the significance of oil and the popularity of oil futures, many studies have been
done in attempt to understand the seemingly complex dynamics of oil futures prices and
determine the factors that affect it. Currently, the most widely-known pricing models1 use the
term structure2 of oil futures to explain price movements. Alternatively, this thesis examines
a new approach to modeling oil futures prices by using an information-diffusion based assetpricing model. The scope of the thesis itself is described in Section 3. To begin with,
however, Section 1 provides a brief background about crude oil, demand and supply, crude
oil futures, and the crude oil futures market. Section 2 introduces the information-diffusion
based model and explains its assumptions and implications, while Section 3 gives some
remarks about the model and the thesis. Sections 4 and 5 present and replicate the two main
methods used in the model, followed by an analysis of the obtained results. Finally, the
conclusion is discussed in Section 6.

1.1

Crude Oil

Crude oil is a naturally occurring fossil fuel that is formed from the remains of plants
and animals over millions of years. It is normally found in underground reservoirs of
dramatically different sizes, depths, and characteristics, where it is extracted from layers of
rock, sand, and silt through drilling (U.S. Energy Information Administration, 2014). The
extracted crude oil is classified according to three factors that determine its type: the location
from which it originated, its density (light or heavy), and the amount of sulfur contained
(sweet or sour). Lighter and sweeter crude oil is much easier and cheaper to refine and so is
typically priced higher than its heavier and sourer counterparts (Chicago Mercantile
Exchange., 2010). There are many different types of crude oil but the two that are mostly
quoted and are considered to be benchmark prices are the West Texas Intermediate (light
sweet) from the United States and Brent Crude from the North Sea.
After being extracted, crude oil is transported to refineries where the oil is processed
into different petroleum products such as gasoline, diesel, and jet fuel. In order to get an
understanding of what crude oil is, one can recreate ten liters of it by blending together
1

See, for example, Cortazar and Schwartz (2003) and Gibson and Schwartz (1990).
The term structure of oil futures is defined as the relationship between the spot price and the futures prices for
any maturity.
2

1

several easily available items. A suitable blend is four liters of gasoline, three liters of diesel,
one liter of heating oil, one liter of motor oil, and one liter of tar. Sulfur may also be added
for spice (Aleklett, 2012). It is estimated that one 42-gallon barrel of crude oil produces 19
gallons of gasoline, 11 gallons of diesel, 4 of jet fuel, and 11 of other products such as
heating oil and LPG (U.S. Energy Information Administration, 2014).

1.2

Oil Market: Demand and Supply

Demand
Crude oil is a resource found in less than a hundred countries while massively used in
all countries. In 2011, it accounted for 40.8% of the world’s total energy consumption with
41.0% of the consumption attributed to Organization for Economic Co-operation and
Development (OECD) countries (International Energy Agency, 2013). Figure 1 below, taken
from the Energy Information Agency (EIA), shows the past, present, and predicted future oil
consumption of the world from 1860 to 2025, broken down into different countries and
regions (Hirsch, 2005).

Figure 1: World Petroleum Consumption, 1860 - 2025

As illustrated by the figure, the world’s demand for oil has been following a generally
increasing trend over the past decades and is expected to continue to do so in the following
years. The increasing trend is mainly due to the fast growing demand in developing countries
such as China and India, which are among the top five consumers of oil in 2013 along with
the United States, Japan, and Russia. The consumption of these countries, measured in
thousand barrels per day, in 2013 as well as their projected consumption in 2014 is shown in
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Table 1 below. Table 2, on the other hand, shows the top five crude oil importing countries in
2012.
Table 1: Top 5 Oil Consumers (Thousand Barrels per Day)
2013
2014
18,932
19,004
United States
10,116
10,485
China
4,551
4,385
Japan
3,431
3,529
Russia
3,367
3,447
India
Source: International Energy Agency. (2014). Oil Market Report. International Energy
Agency.
Table 2: Top 5 Oil Net Importers in 2012 (Thousand Barrels per Day)
7,386
United States
5,904
China
4,591
Japan
2,632
India
2,240
South Korea
Source: U.S. Energy Information Administration. (2012). Countries.
Supply
In the supply side, on the other hand, it was estimated that in 2012, crude oil made up
31.5% of total primary energy supply with 32.5% of production coming from the Middle East
and 21.7% from OECD countries (International Energy Agency, 2013). In 2013, the average
global oil supply was estimated to be 91.57 mb/d, just a little above the global demand, which
was 91.2 mb/d. The top five producers in 2012 were Saudi Arabia, Russia, United States,
China, and Iran. Their production levels are summarized in Table 3 below while Table 4
shows the top five net oil exporting countries.
Table 3: Top 5 Oil Producers in 2012 (% of World Total)
13.1
Saudi Arabia
12.6
Russia
9.3
United States
5.0
China
4.5
Iran
Source: U.S. Energy Information Administration. (2012). Countries.
Table 4: Top 5 Oil Net Exporters in 2012 (Thousand Barrels per Day)
8,865
Saudi Arabia
7,201
Russia
2,595
United Arab Emirates
2,414
Kuwait
2,254
Nigeria
Source: International Energy Agency. (2013). Key World Energy Statistics.
3

1.3

Peak Oil

The earth’s endowment of crude oil is finite. The demand and supply figures given
above show that in 2013, the global oil supply was just barely above the global demand. As
mentioned above, the world’s demand and consumption of oil have been following a
generally increasing trend over the past decades. If this trend continues in the following
years, as is predicted by many international energy agencies, then soon enough the supply
will not be able to cope.
The concept of peak oil has been studied and investigated for many years dating back
to the 1800s. Peak oil is not running out of oil. It is the point in time where the global
production of petroleum reaches its maximum, after which the production will continuously
decrease with a projected rate of three to eight percent per year. Many geologists and
economists who have been studying the concept of peak oil have predicted different time
periods for when this phenomenon may occur. Because of the world’s massive dependence
on oil for growth and progress, an incessant drop in the oil supply would have devastating
consequences on global finance and economy (Hirsch, 2005). When this happens, much
interest and advantage will be placed on those who can master the tools necessary to predict
the price of crude oil and its derivatives.

1.4

Crude Oil Futures and the Crude Oil Futures Market

A crude oil futures contract, by definition, is an agreement between two parties to buy
or sell a pre-specified amount of crude oil at a future date for a certain price. Although the
term “Crude Oil futures” usually refers to the Light Sweet Crude Oil (WTI) futures traded on
the New York Mercantile Exchange (NYMEX), which is now part of the Chicago Mercantile
Exchange (CME) Group, there are several types of other crude oil futures traded on different
exchanges. Two of the more common examples are the Brent Crude Oil futures on the
IntercontinentalExchange (ICE), and Oman Crude Oil futures on the Dubai Mercantine
Exchange (DME). The contract specifications for these futures are outlined in detail on the
websites of their corresponding exchanges. In all of the three crude oil futures mentioned
above, the underlying amount of oil for one contract is 1,000 barrels (42,000 gallons) and the
prices are quoted in U.S. dollars and cents per barrel. Brent Crude Oil futures can be settled
in cash, while WTI futures and Oman Crude Oil futures are settled with physical delivery.
Out of all the types of crude oil futures, the Light Sweet Crude Oil (WTI) futures is
considered to be the most heavily traded, hence most liquid, crude oil futures contract
(Chicago Mercantile Exchange Group, 2013). The graph below, created using data from the
U.S. Commodity Futures Trading Commission, shows the NYMEX WTI crude oil futures
open interest taken every two weeks from the beginning of 1986 to the end of 2012 (This
Month in Futures Market, 2012). As the graph shows, the amount of open interest has
significantly increased over the years. This increase demonstrates the rising interest of
investors in such an instrument, and hence the growing importance of a reliable oil futures
pricing model.
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Figure 2: Crude Oil Futures: Open Interest 1986 - 2012
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Model Summary

As mentioned in the previous section, there exist several oil futures pricing models
being used and studied today. The model that this paper examines is an information-diffusion
based model presented by Ziran Li, Jiajin Sun, and Shouyang Wang (2012). Li et al. (2012)
believed, by looking at previous studies made on oil price dynamics and oil pricing models,
that oil prices and oil futures prices are more and more affected by other factors apart from
just supply and demand, such as speculation. Due to these other factors and their growing
importance in determining oil prices, Li et al. (2012) argued that models based on market
fundamentals are increasingly unable to adequately explain oil price fluctuations.
Consequently, they proposed an asset-pricing model based on information diffusion that
captures oil futures price dynamics by establishing a risk and return relationship.
The focus on information diffusion is motivated by Hong and Stein (1999), who used
an information diffusion-based model to explain price continuation or price return drift in
stock markets, which many past literature have also found to exist in the oil market. Although
there are several departures from the original assumptions of Hong and Stein (1999), the
main modification is that the conditional volatility is allowed to vary as time approaches the
terminal date. This change is simply due to many past evidence, such as those presented by
Wang et al. (2010) and Kilian (2009), showing that conditional volatilities of oil prices and
price returns are not constant. The basic set up of the model is described as follows:
1. At time 0, the asset is issued.
At time , the asset pays a payoff of the form
̅
where ̅ is a constant term, [

]

(

̅ , and

(

)

).

2. There are two types of investors:
a. Newswatchers with information who generally hold long positions. They, as
market makers, determine the dynamics of the asset price.
b. Discretionary liquidity traders who trade randomly without information. They
provide the long positions of the newswatchers.
The net positions of the two types of investors offset each other.
3. There are

newswatchers, each with a constant absolute risk aversion (CARA) utility
(

( )))

(
function
that they want to maximize at the terminal date . In the
utility function, is the absolute risk aversion coefficient,
is the number of shares
held by newswatcher at time , and ( ) is the asset price at time .
The net supply provided by the discretionary liquidity traders is denoted by

̅(
where

is random shock with mean 0 and finite variance
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(

)
.

)

4. The payoff , which represents the information innovation, can be broken down into
independently and identically distributed (i.i.d) subinnovations that diffuse
symmetrically to the newswatchers, each with the same variance

:
(

)

This is illustrated in the matrix ( ) below, where denotes the newswatcher and
can be interpreted as a time sequence not necessarily of the equal intervals:

At
, each newswatcher has his or her own information that is different from the
others: newswatcher 1 has , newswatcher 2 has , newswatcher 3 has , and so
on.
At

, more information is gained by each newswatcher: newswatcher 1 receives
, newswatcher 2 receives , newswatcher 3 receives , and so on up to
newswatcher .
Note that the subinnovations diffuse to the newswatchers one time step at a time so
that for each newswatcher ,
∑

(

)

(

)

(

)

Also, each column contains all the subinnovations so that for every ,
∑

(

)

Hence, on average, all newswatchers are equally informed.
7

( ) has been cumulatively revealed to each newswatcher,
By
,∑
( ) still undisclosed. It is
representing a proportion
of , with ∑
( ) is normally distributed. With the subinnovations
assumed that ∑
having a variance of

, the remaining uncertainty for each newswatcher is then

[ ∑

(

)]

(

)

(

)

(

)

The diffusion of the subinnovations to the newswatchers continues on until every
newswatcher receives all of
and all uncertainty is eliminated.
of

Let ( ) denote the number of steps that has occurred at time . Then the proportion
released to the newswatchers at time can be written as an increasing function of time
( )

( )
where ( )

and ( )

(

, implying that

)

is completely public at time .

The behavior of ( ) indicates the process of information diffusion over time. In fact,
( )
(
) can be thought of as a measure of information efficiency, with low values
indicating low efficiency, and hence, slow rate of information diffusion. In the case described
above, the gradual reduction in uncertainty, as captured by the variance, is proportional to the
flow of information to the newswatchers.
The model equation is then derived as follows:
As mentioned above, the newswatchers trade to maximize their utility functions
[

( )))

(

(

(

( )]
)

(

)

(

)

(

)

]

This implies
[

which can be rewritten as
( )

[

]

Under the assumption of homogeneous investors, the equation becomes
( )

∑

[

]

∑
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(

)

(

)

Recall that at time , a proportion ( ) of
variance equation is then
(

)

[

]

has been observed by the newswatchers. The

(̅

)

( ))

(

(

)

(

)

(

)

and also,
∑

[̅

∑

(̅

]

( )

)

Substituting (2.11) and (2.12) into (2.10) gives
( )
( )

̅
̅

( ))

(

( )
( )

( ))

(

(

)

̅

Note that
being the number of shares held by newswatcher at time and
̅(
) being the net supply provided by the discretionary liquidity traders also at time
imply that ∑
.
( )) and , denoting the
The two sources of risk in the equation above are (
conditional expectation of the terminal payoff’s variance and the risk related to liquidity,
respectively. These risks are more clearly shown with the above equation rewritten as
( )

{̅

( )

}

̅

( ))

{ (

}

̅

( ))

{ (

}

(

)

Equation (2.14) presents the three factors that determine the futures price.
1.

( )

represents the information received by the newswatchers at time .
̅
( ))
2. (
represents the discount due to the time-varying uncertainty of the
final payoff.
̅
( ))
3. (
represents the effect of liquidity shocks through its interaction
with the information diffusion process.
Price changes can then be modeled as follows:
( )

(

)

{ ( )
{(

(
( ))

)}
(
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{ ( )
(

(
))

)}
}

̅

̅
(

)

Again, the three components affecting price change in this equation can be interpreted as
follows:
1. { ( )
( )
2.

{ ( )

(
(
(

)} is a drift resulting from the rate of information diffusion
) and the level of information .
̅
)}
is the incremental change in the long-run volatility

multiplied by a constant
3.

̅

and may be thought of as the price of uncertainty.
̅

( ))
(
))
{(
(
}
is the incremental change in the
combined risk from liquidity and uncertainty.
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Model and Thesis Remarks

Given the overview above, the focus of the thesis is not on testing the whole model
itself. Instead, this thesis focuses on two particular aspects of the model (the information
(
)}) and on the two
innovation
and the rate of information diffusion { ( )
methods used to derive suitable proxies for them (the Bry and Boschan (1971) Algorithm and
the ARMA(1,1) – GARCH(1,1) Model, respectively).
For the information innovation, although
itself cannot be quantified, whether it
corresponds to positive or negative information may be shown by using two dummy variables
that symbolize booms and busts in the oil futures price cycle. By doing so, these dummy
variables capture the effect of
on the price change equation3. Bry and Boschan’s (1971)
Algorithm is the method used to identify the booms and busts.
For the rate of information diffusion, on the other hand, the model specifies that the
process of information diffusion to the public is proportional to the decrease in uncertainty,
which is captured by the volatility decay. Because of this, the rate of volatility decay,
quantified by volatility persistence, may then be used as proxy for the rate of information
diffusion. In the model itself, a component-GARCH (CGARCH) model is employed to
calculate the volatility persistence. However, in this paper, an ARMA(1,1) – GARCH(1,1)
model is used instead. One reason for this is that implementing the component-GARCH
model in MATLAB, which is the mathematical software used throughout the thesis, would
have taken more time and resource than what was available. Additionally, using the
ARMA(1,1) – GARCH(1,1) model provided a comparison with the results of the componentGARCH model and enabled assessment as to whether the calculation of the volatility
persistence can be accomplished using a different, perhaps simpler model.
In the following sections, the daily and monthly oil futures prices from April 4, 1983
to March 31, 2014 are used. The data were taken from the U.S. Energy Information, and the
oil futures contract is that of a Light Sweet Crude Oil (WTI) with delivery in one month. The
graphs of the daily and monthly oil futures prices follow.

3

See Equation (2.15).
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Figure 3: Daily Oil Futures Prices

Figure 4: Monthly Oil Futures Prices
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Bry and Boschan (1971) Algorithm

As stated in Section 3, the Bry and Boschan (1971) algorithm is used to identify the
booms and busts in the monthly oil futures prices. The algorithm is a widely-know method in
cyclical analysis used to locate peaks and troughs in monthly4 time series data. The identified
booms are busts are then denoted by two dummy variables, ̂ and ̌
{

̂
̂

{

̌
̌

(

)

which indicate whether the information innovation
contains positive or negative
information. By doing so, the dummy variables proxy the effect of
on the price change.

4.1

Filters

Bry and Boschan’s algorithm relies on the use of filters5 to smooth data, i.e., remove
minor or trivial fluctuations that could interfere with the identification of cycles.
Moving average (MA) filters, which are the ones used in the Bry and Boschan (1971)
algorithm, are low-pass filters that remove the high frequency components in a series. They
operate by averaging points in the original series to produce every point in the filtered series.
}, an (
)-point moving
This means that for a series of observations {
average filter is given by
̂

∑

(

where ̂ is the filtered series and the weights

)

sum to one6.

The 12-month moving average, 4-month moving average, and Spencer’s 15-month
moving average are the three moving average filters used in the model. Equal weights are
used in the first two, while Spencer’s 15-month uses the symmetric weights
[

[

]

]

4

(

The algorithm may also be altered to fit data of other frequency, although it is originally made for monthly
data.
5
Loosely speaking, filters are functions that transform a series into another.
6
In this paper, equation (4.2) above is also used to calculate
̂
by first “padding” the original series with

for

and
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for

.

)

(Brockwell and Davis, 2002). All three filters with the original data (adjusted for extreme
values) are shown in the figure below.
Figure 5: Original Data (Extremes Replaced) and Smoothed Data

As illustrated by the graph, the different filters smooth the data to varying extents,
with the 12-month moving average being the most smoothed, while the 4-month moving
average being the least.

4.2

The Algorithm

Before smoothing, however, the algorithm first begins by replacing the extreme
values in the original data. Identification of turning points in the 12-month moving average
then ensues by locating points that are higher (or lower) than the neighboring five values on
either side. Bry and Boschan (1971) argue that the 12-month moving average is the best to
begin with as it contains the least fluctuations out of the three filtered series. When the points
are identified, they are then subjected to one condition: the alternation of peaks and troughs.
This is achieved by selecting the highest of multiple peaks and lowest of multiple troughs.
Denote the points on the 12-month MA curve as
, and the peaks and troughs as
and
, respectively.
After identifying the turning points on the 12-month MA curve, the algorithm moves
on to identifying the turning points in the Spencer curve. For each peak (or trough) of the 12month MA curve, the highest (or lowest) value within its neighboring five values on either
side is located. For example, for each
, the highest of

is located, while for each

, the lowest of
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is located. Apart from the alternation of peaks and troughs, an additional condition is applied
to the new turning points: a minimum cycle duration of 15 months achieved by eliminating
any cycles that are shorter. Consecutive peaks or troughs that are more than 15 months apart
are accepted and turning points that are within six months from either end of the series are
removed. Following the identification of turning points in the Spencer curve, the algorithm
then derives the turning points on the 4-month MA curve in a similar way, with the reference
points now being the turning points identified in the Spencer curve.
Finally, turning points on the original data adjusted for extreme values are located
using the turning points in the 4-month MA curve. A final “clean-up” occurs by testing the
peaks and troughs for compliance with several conditions: the alternation of peaks and
troughs, a minimum cycle duration of 15 months, a minimum phase duration of five months,
turning points not being within six months of either end of the series, and the first and last
peak (trough) being at least as high (low) than any values between it and the end of the series.
Below is the outline of the algorithm taken from Bry and Boschan’s (1971) paper.
Table 5: Outline of the Bry and Boschan (1971) Algorithm
I Determination of extremes and substitution of values.
II Determination of cycles in 12-month moving average (extremes replaced).
A Identification of points higher (or lower) than 5 months on either side.
B Enforcement of alternation of turns by selecting highest of multiple peaks (or
lowest of multiple troughs).
III Determination of corresponding turns in Spencer curve (extremes replaced).
A Identification of highest (or lowers) value within
months of selected turn in 12month moving average.
B Enforcement of a minimum cycle duration of 15 months by eliminating lower
peaks and higher troughs of shorter cycles.
IV Determination of corresponding turns in 4-month moving average.
A Identification of highest (or lowest) value within
months of selected turn in
Spencer curve.
V Determination of turning points in unsmoothed series.
A Identification of highest (or lowest) value within
months of selected turn in 4month moving average.
B Elimination of turns within 6 months of beginning and end of series.
C Elimination of peaks (or troughs) at both ends of series which are lower (or higher)
than values closer to end.
D Elimination of cycles whose duration is less than 15 months.
E Elimination of phases whose duration is less than 5 months.
VI Statement of final turning points.

15

4.3

Results and Analysis

The algorithm was implemented for monthly oil futures prices using MATLAB, the
code for which is given in Appendix A. Following are plots of the results. Note that the gray
areas are busts, the white areas are booms, the green dots are peaks, and the red are troughs.
Figure 6 shows the selected turning points before the final “clean-up” and Figure 7 shows the
remaining points after.
Figure 6: Monthly Oil Futures Price Cycle (No Final Clean-up)

Figure 7: Monthly Oil Futures Price Cycle (With Final Clean-up)

Comparing the two graphs above, Figure 6 before the final clean-up seems to make
more sense than Figure 7 after the clean-up. In the latter figure, the application of the final
conditions resulted in the elimination of some peaks that appear to be notable turning points.
As a result, several phases, which one would normally consider as significant booms or busts,
were not recognized.
Additionally, Figure 6 is also more similar to the results from the original paper. This
original result is shown in the following figure, where, again, the gray areas are busts and the
white are booms.

16

Figure 8: Original Results of Daily Oil Futures Price Cycle

Figures 6 and 8 above show that, apart from a few differences, the implementation of the Bry
and Boschan (1971) algorithm in this paper produced very similar results to those of the
original. One of the possible reasons for the few differences is the fact that the original paper
applied the algorithm on daily prices7 instead of monthly prices, which may have caused the
algorithm to detect more minor fluctuations. This is apparent in Figure 8 where more phases
with “shallow” slopes and short durations are identified compared to Figure 6.
Moreover, Figures 6 and 7 both illustrate that the Bry and Boschan algorithm is
indeed able to locate peaks and troughs in the oil futures price cycle. However, Figure 7
reveals that the results are sensitive to the conditions imposed and that these conditions do
not necessarily produce superior results. Furthermore, it seems as though the algorithm also
identified many phases with fairly flat slopes that would not normally be perceived as either
booms or busts. Some examples of these are circled in red in the following plots.

7

As previously mentioned, the Bry and Boschan (1971) algorithm was originally made for monthly data. Li et
al. (2012) do not explain how they modified the algorithm to fit daily data instead.
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Figure 9: “Flat” Phases Identified by Bry and Boschan (1971) Algorithm

While the algorithm seems to have captured many shallow phases, it seems to have
missed many areas that appear to have more major peaks and troughs than many of those that
it has identified. Again, these areas are circled in the graphs below.
Figure 10: Phases Missed by Bry and Boschan (1971) Algorithm

The arguments above point out a major weakness in the model. The choice of the
proxies for the information innovation and the method (Bry and Boschan (1971) algorithm)
used to derive these proxies introduce many ambiguities. Open to many interpretations, the
Bry and Boschan (1971) algorithm itself appears to be quite a controversial method. Reading
about the many applications of the algorithm reveals that although the general outline is
18

followed, the execution is often done in slightly different ways depending on the
understanding of the algorithm. The results depend heavily upon how the algorithm is carried
out, which means that the algorithm may produce different results even for the same time
series if the algorithm is interpreted and implemented differently.
Furthermore, Bry and Boschan (1971) also specify the use of the 12-month, 4-month,
and Spencer’s 15-month moving average filters together with a minimum cycle duration of
15 months and minimum phase duration of five months. However, neither Bry and Boschan
(1971) nor Li et al. (2012) provide clear and thorough explanations as to why these filters and
durations are used and, more importantly, why they are suitable for identifying oil futures
price cycles. Although these particular filters and durations are specified for the algorithm, it
should be noted that the characteristics used to identify cycles in one time series may not be
suitable for identifying cycles in another that is driven by a completely different process.
Different processes have their own time periods and are influenced by different factors. The
nature of the process should then affect which minimum durations should be used and also
perhaps which type of filters best smooth the data. As mentioned, the reasoning behind using
the three moving average filters and the minimum 15-month cycles and 5-month phases for
oil futures prices is not very well motivated, which raises many questions as to whether these
choices really are the most optimal for identifying peaks and troughs for oil futures.
Apart from the lack of explanation as to why the particular filters and durations are
used, a thorough justification for choosing the Bry and Boschan (1971) algorithm over other
alternative approaches to identify price cycles is also not given. In order to demonstrate that
the cycles may also be captured using a different, perhaps simpler method, an exponential
filter8 was first used to smooth the original data. The findpeaks function in MATLAB that
locates peaks and troughs in a curve based on the neighboring values was then employed.
Instead of having minimum durations of 15 and five months, a minimum cycle of 12 months
and phase of 3 months were imposed. Moreover, an additional criterion that the difference in
height between a peak and a trough should at least be 10% of the earlier turning point is also
enforced. In equation form,
|

|

|

|

where and stand for peaks and troughs. The minimum height difference condition, which
seems to have been taken for granted in Bry and Boschan’s (1971) algorithm, is used to avoid
detecting shallow-sloped phases. Below is the resulting graph.

8

Exponential smoothing is simply a moving average filter with weights that are exponentially decreasing over
time.

19

Figure 11: Monthly Oil Futures Price Cycle (Exponential Smoothing)

Figure 11 illustrates that alternative approaches can also be used to identify the peaks
and troughs in the oil futures price curve. Although there are some differences, the result is
very similar to that obtained using the Bry and Boschan (1971) algorithm shown in Figure 6.
The identified phases in both figures appear to be quite reasonable, making it harder to
evaluate which method produced better results, and thus, which would deliver better proxies
for the information innovation. Again, this raises questions as to why the Bry and Boschan
(1971) algorithm is chosen instead of other methods. Unfortunately, the reasoning behind this
choice is not addressed in the model.
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5

ARMA(1,1) – GARCH(1,1) Model

In addition to ̂ and ̌ 9 being identified above to proxy the effect of information
innovation , volatility persistence, which measures the rate of volatility decay, is also used
as proxy for the rate of information diffusion. To calculate the volatility persistence, an
ARMA(1,1) – GARCH(1,1) model is applied to the oil futures daily price returns. In order to
understand ARMA(1,1) – GARCH (1,1) processes, several basic ideas must first be
introduced.

5.1

Stationary and Linear Processes

Generally speaking, a process {
statistical properties are invariant under time shifts, ie., {
the same statistical properties as {
weakly stationary if the mean function of { }
( )

} is stationary if its
} has
} for any integer . It is

( )

(

)

(

)

is independent of and the covariance function
(

)

(

)

(

[(

))(

( ))]

) and
is independent of for each . The process is strictly stationary if (
(
) have the same joint distributions for
and all integers .
It is easy to see that strict stationarity with [ ]
implies weak stationarity.
Also, the term “stationary process” usually refers to weak stationarity (Brockwell and Davis,
2010).
On the other hand, a process { } is linear if it can be written as
(

∑

(
for all , where { }
(Brockwell and Davis, 2002).

)10, the {

}’s are constants, and ∑

|

|

9

See Equation (4.1).
{ } is called white noise with mean and variance , { }
uncorrelated random variables each with mean and variance
10
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(
), if the sequence is composed of
(Brockwell and Davis, 2002)

)

5.2

ARMA Model

A popular class of linear processes is the autoregressive moving average (ARMA)
processes. As the title suggests, a process { } is ARMA(p,q) if it is (weakly) stationary and
is a combination of an autoregressive process of order and a moving average process of
order . In equation form, this can be written as, for every ,
(
where (
{ }

(

) and (
) (Brockwell and Davis, 2002).

)

) have no factors in common and

ARMA models are conditional mean models as the current value of the process is a
function of both past observations and past white noise terms. This can be seen from the
equation above, where the value of is linearly dependent on its past values (hence,
autoregressive of order ) and linear combinations of white noise variables (hence, moving
average of order ). In the information-diffusion based model, an ARMA(1,1) process is used
to model the conditional mean of the daily oil futures price returns.

5.3

GARCH Model

Modelling the price returns purely by an ARMA(1,1) model, however, is not enough.
By examining the graph of the returns below, it can be observed that some periods appear to
have low volatility while some periods have high volatility.
Figure 12: Oil Futures Daily Returns

This phenomenon is known as volatility clustering, which indicates that small movements in
price (and, thus, return) are often followed by other small movements while large movements
are often followed by other large movements, until the volatility eventually returns to its
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normal level11. The implication of volatility clustering is that information available today
about the series will influence the forecast of volatility in the future12. How long and how
much today’s information affects volatility forecasts in the future is measured by volatility
persistence. Clearly, volatility is said to be persistent if today’s information has a major effect
on volatility forecasts long into the future (Engle and Patton, 2001).
Apart from observing volatility clustering in the graph of price returns above, looking
at the autocorrelation and partial autocorrelation13 graphs of the squared returns14 also reveal
the correlations present in the volatilities.
Figure 13: ACF and PACF of Squared Returns

11

Volatility returning to a level which is considered normal after periods of high or low volatility is called mean
reversion.
12
Or, of course, past information about the series influences current volatility today.
13
The autocorrelation and partial autocorrelation functions, ACF and PACF, both measure the correlation of a
time series with its lagged values. They are useful tools in uncovering the existence and extent of dependence in
}, the sample ACF ̂( ) and sample PACF ̂( ) at lag can
a time series. For the observed data {
be calculated as
̂( )
̂( )

̂( )
and
{
where ̂

is the last component of ̂

sample autocovariance, and ̅

∑

̂

̂( )
̂( )

̂

̂ , ̂( )

∑

| |

(

| |

̅ )(

̅)

is the

is the sample mean. Analyzing the sample ACF and sample PACF of

a time series can help determine an appropriate model for the data.
14

The ACF and PACF are applied to the squared returns because squared returns can be used as proxy for
variance, which, in return, is a measure of volatility.
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Figure 13 shows that both the sample ACF and sample PACF display significant correlations
in the different lags, which just reaffirms that the volatilities are indeed dependent.
Unfortunately, linear processes such as ARMA processes are unable to capture the
behavior of volatility discussed in the previous paragraphs because they assume that the mean
squared errors are uncorrelated (Brockwell and Davis, 2002). In order to account for
volatility clustering, conditional volatility models are then used.
A widely used class of conditional volatility models is the autoregressive
conditionally heteroskedastic (ARCH) model introduced by (Engle 1982). An extension of
this developed by Bollerslev (1986) is the well-known generalized autoregressive conditional
heteroskedastic model, also known as GARCH. A process { } is GARCH(p,q) if
(

)

(

)

(

)

where
∑

∑

Let
denote all the information available at time . Note then that
conditional variance of given , and that the conditional expectation of
[ |

]

Also, the residuals { }

(

ensure that any solution

to (

[ |
) and

is the
is , i.e.,

]

,

are assumed in order to

) is positive.

Equations (5.5) and (5.6) illustrate the conditionality of the variance
by showing
its dependence upon a linear combination of its past values and the past values of the
GARCH process itself. This dependence enables it to capture and display volatility
persistence.

5.4

ARMA(1,1) – GARCH(1,1) Model

Combining the conditional mean and volatility models discussed above gives the
ARMA(1,1) – GARCH(1,1) model used in deriving the volatility persistence for the daily oil
futures price returns. The combined model in equation form is

{ }

where

,

.
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(

)

(

)

(

)

(

)

5.5

Quasi-maximum Likelihood Estimation

A quasi-maximum likelihood estimator (QMLE) is used to estimate the model
parameters in the ARMA(1,1) – GARCH(1,1) model. Note that the residuals in the model
is not necessarily Gaussian, and so an estimation method that is able to derive consistent
(
) does not hold is needed. The quasi-maximum
model parameters even when
likelihood estimator (QMLE) is able to achieve this by using a misspecified likelihood
function (Franq and Zakoïan, 2004).
In case of the ARMA(1,1) – GARCH(1,1) model, the likelihood function is given by
( )

∏

(

√

)

The estimated parameters
( ̂ ̂ ̂ ̂ ̂)

̂
(

of the theoretical coefficients

) are then calculated by a finding a solution to
̂

( )

where ( ) is the likelihood function.

5.6

Calculation of the Volatility Persistence

Once the ARMA(1,1) – GARCH(1,1) model is fitted into the data and the parameters
of the model are estimated, the volatility persistence is then given by
(

)

(

)

]

(

)

]

(

)

Consider the GARCH(1,1) model specified in equations (
. Then
[
From equation (
[
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|

]

for
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[
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Therefore,
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and, given that for any ,
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) illustrates why and how the expression
Equation (
captures and quantifies the
persistence of volatility. The higher the value of the volatility persistence, i.e., the closer
is to 1, the longer the volatility persists. Longer volatility persistence means slower
reduction in uncertainty, which, in turn, indicates a lower rate of information diffusion.

5.7

Results and Analysis

As stated, the ARMA(1,1) – GARCH(1,1) model was fitted into the daily oil futures
price returns in order to calculate the volatility persistence. This was achieved using the
MATLAB function estimate, which estimates the parameters of the model through
maximum likelihood. The code for this implementation is given in Appendix B.

5.7.1 Volatility Persistence
Once the parameters are estimated, the volatility persistence quantified by
then be calculated and plotted. The resulting graph is presented below.
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Figure 14: Daily Volatility Persistence

Comparison of the above figure with that of the original paper, as done in Figure 15, reveals
the similarities between the two.
Figure 15: Comparison of Daily Volatility Persistence Results

Although they are not identical, they do exhibit similar “shapes” and “patterns”. This could
imply that the ARMA(1,1) – GARCH(1,1) model may be used to calculate the volatility
persistence in lieu of the CGARCH model. The reason as to why the latter is chosen,
however, is not addressed in detail in Li et al.’s (2012) paper. They do mention that the
CGARCH model is able to separate the volatility to a slow moving and a transitionary
component, thus giving rise to a three-factor model, while the ARMA(1,1) – GARCH(1,1)
only results in a two-factor model. Nonetheless, there is no detailed comparison given on
which of these two models better fit the data, and on why the CGARCH model was believed
to give a more accurate estimation of the volatility persistence.
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5.7.2 Correlation (Volatility Persistence vs. Monthly Price Cycle)
One of the main results of the model is that volatility persistence is cyclical. This can
be examined by comparing the volatility persistence graph with that of the monthly oil
futures price cycle, and evaluating whether any correlation exists between the two. For
comparability, the daily volatility persistence was aggregated into monthly volatility
persistence. The graph of this, together with the monthly oil price cycle, is presented in
Figure 16.
Figure 16: Monthly Volatility Persistence vs. Monthly Price Cycle

Although the correlations were never quantified, meticulous study of the two graphs reveals
that some periods indeed show correlations. To see this more clearly, magnified graphs of
these correlated periods are given below.
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Figure 17: Correlation Between Volatility Persistence and Price Cycle

This result coincides with one of the model’s findings that information production is
positively related to market optimism and that the rate of information diffusion increases with
asset value15.
It should be observed, however, that even though these particular periods show
correlation and indicate that volatility persistence is cyclical, these results are still not very
apparent throughout the whole graph. There may be several reasons for this, including the
fact that an ARMA(1,1) – GARCH(1,1) model was used instead of the suggested CGARCH
model. In addition, using a t-distribution in the ARMA(1,1) – GARCH(1,1) model could also
perhaps improve the accuracy of the results slightly, and thus bring out the apparent
cyclicality of volatility persistence even more.

15

Note that decreasing volatility persistence implies increasing rate of information diffusion (and higher
information efficiency). See Section 5.6.
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6

Conclusion

This paper examines an information-diffusion based model for pricing oil futures. In
particular, it looks at the information innovation and the rate of information diffusion aspects
of the model, as well as the two methods used to derive proxies for them.
At first glance, it seems that the Bry and Boschan (1971) algorithm was able to detect
the booms and busts of the monthly oil futures price cycle sufficiently. A closer investigation,
however, reveals that the results may have detected phases that appeared to be trivial, while
missed several that were significant. This, together with the seemingly subjective
interpretation of the algorithm, introduces a major weakness in the model.
The ARMA(1,1) – GARCH(1,1) model, on the other hand, was able to provide
estimates of volatility persistence as well as demonstrate its cyclicality. The similarities of the
results with that of Li et al. (2012) raises questions as to why the CGARCH model was
chosen, and whether other conditional mean and variance models would be more optimal for
deriving the volatility persistence.
Apart from those outlined above, another weakness of the model arises from its
assumptions. Like all mathematical models, the often unrealistic assumptions make it very
difficult for the model to fully depict reality. For example, the model considers other factors
influencing oil futures prices apart from market fundamentals, particularly information
diffusion. However, in reality, there are many other factors that affect oil futures such as
geopolitical factors, how the oil industry is managed, decisions made by organizations, oil
companies, governments, and many more. It is unlikely that a model looking solely at
information diffusion is able to capture all the effects of these often unpredictable factors.
Another example is how the model focuses on information diffusion, but not on what type of
information is being diffused or on how people react differently to various information. All of
these are of course too complex and erratic to be quantified mathematically, thus limiting the
scope and applicability of the model in real life.
Despite the weaknesses mentioned, the model still seems to be promising. It offers a
fresh and “outside-the-box” perspective on oil futures pricing, that hopefully would
encourage similar unconventional approaches to pricing models. If the above limitations are
addressed and less controversial methods are employed, the full potential of the model can
then be realized.
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Appendix A: MATLAB Codes for Bry and Boschan (1971)
Algorithm
function [maxloc_alt,minloc_alt] = alternate(orig_ser,maxlocation,...
minlocation,condition)
%Alternates peaks and troughs. Orig_ser denotes the curve currently working
%on, maxlocation is the location of the peaks, minlocation is the location
%of the troughs, and condition indicates how many months apart are
%consecutive peaks and troughs accepted.
location = sort([maxlocation,minlocation]);
maxval = orig_ser(maxlocation); %Values at the peaks
minval = orig_ser(minlocation); %Values at the troughs
[Lia1,Locb1] = ismember(location,maxlocation);
for i = 1:length(Lia1)-1
if Lia1(i) == 1 && Lia1(i+1) == 1
if condition == 0 || maxlocation(Locb1(i+1))maxlocation(Locb1(i))...
< condition == 1
if maxval(Locb1(i)) >= maxval(Locb1(i+1))
maxlocation(Locb1(i+1)) = NaN;
else
maxlocation(Locb1(i)) = NaN;
end
end
end
end
maxloc_alt = maxlocation(isfinite(maxlocation));
[Lia2,Locb2] = ismember(location,minlocation);
for i = 1:length(Lia2)-1
if Lia2(i) == 1 && Lia2(i+1) == 1
if condition == 0 || minlocation(Locb2(i+1))minlocation(Locb2(i))...
< condition == 1
if minval(Locb2(i)) <= minval(Locb2(i+1))
minlocation(Locb2(i+1)) = NaN;
else
minlocation(Locb2(i)) = NaN;
end
end
end
end
minloc_alt = minlocation(isfinite(minlocation));
function x_ma = mov_avg(x,point_size)
%Applies a moving average filter of window size point_size to the series x.
pad = floor(point_size/2);
if mod(point_size,2)
%Padding the series
x = [ones(1,pad)*x(1),x,ones(1,pad)*x(end)];
else
x = [ones(1,pad)*x(1),x,ones(1,pad-1)*x(end)];
end
x_ma = tsmovavg(x,'s',point_size);
%Moving average filter
x_ma = circshift(x_ma,-pad);
x_ma = x_ma(isfinite(x_ma));
function z = replace(x)
%Identifies and replaces extreme values with values from the Spencer curve.
x_spenc = spencer(x);
%Calculate the Spencer curve.
y = x./x_spenc;
mu = mean(y);
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sigma = std(y);
lbound = mu - 3.5*sigma;
ubound = mu + 3.5*sigma;
for i = 1:length(y)
if y(i) < lbound || y(i) > ubound
x(i) = x_spenc(i);
end
end
z = x;
function x_spenc = spencer(x)
%Spencer's 15-Point Moving Average
weights = [-3 -6 -5 3 21 46 67 74 67 46 21 3 -5 -6 -3]/320;
x = [ones(1,7)*x(1),x,ones(1,7)*x(end)]; %Padding the series
x_spenc = tsmovavg(x,'w',weights)';
%Spencer's 15-Point MA filter
x_spenc = circshift(x_spenc,-7)';
x_spenc = x_spenc(isfinite(x_spenc));
function [maxloc_new,minloc_new] =
turn_pts(orig_ser,maxloc_old,minloc_old,neighborhood)
%Identifies new peaks and troughs in the curve orig_ser corresponding to
%previously identified peaks and troughs, maxloc_old and minloc_old.
%Neighborhood denotes the number of points/months on either side of the old
%turning points.
i = 1:length(orig_ser);
maxloc_new{1,length(maxloc_old)} = [];
minloc_new{1,length(minloc_old)} = [];
%Identifying new peaks
for j = 1:length(maxloc_old)
ind = abs(i-maxloc_old(j)) <= neighborhood;
maxtemp = find(orig_ser == max(orig_ser(ind)));
temp1 = abs(maxloc_old(j)-maxtemp) > neighborhood;
maxtemp(temp1) = [];
maxloc_new{j} = maxtemp;
end
maxloc_new = unique(cell2mat(maxloc_new));
%Identifying new troughs
for j = 1:length(minloc_old)
ind = abs(i-minloc_old(j)) <= neighborhood;
mintemp = find(orig_ser == min(orig_ser(ind)));
temp2 = abs(minloc_old(j)-mintemp) > neighborhood;
mintemp(temp2) = [];
minloc_new{j} = mintemp;
end
minloc_new = unique(cell2mat(minloc_new));
function [maxlocation_alt,minlocation_alt] = BB_algorithm(x)
%Applies the Bry and Boschan (1971) Algorithm to identify the peaks and
%troughs in the monthly series x.
%STEP I: IDENTIFY AND REPLACE EXTREME VALUES
z = replace(x);
%STEP II: TURNING POINTS IN THE 12-POINT MA
z_ma12 = mov_avg(z,12);
%Calculate the 12-point MA curve
i = 1:length(z_ma12);
maxlocation_ma12 = zeros(1,length(z_ma12));
minlocation_ma12 = zeros(1,length(z_ma12));
for j = 1:length(z_ma12)
%Identifying peaks and troughs
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ind = find(abs(i-j)<=5);
if z_ma12(j) == max(z_ma12(ind))
maxlocation_ma12(j) = j;
elseif z_ma12(j) == min(z_ma12(ind))
minlocation_ma12(j) = j;
end
end
maxlocation_ma12 = maxlocation_ma12(maxlocation_ma12~=0);
minlocation_ma12 = minlocation_ma12(minlocation_ma12~=0);
%Elimination of points within 6 months from either ends of the series
maxlocation_ma12 = maxlocation_ma12(maxlocation_ma12 >= 6 &...
maxlocation_ma12 <= length(z_ma12)-6);
minlocation_ma12 = minlocation_ma12(minlocation_ma12 >= 6 &...
minlocation_ma12 <= length(z_ma12)-6);
%Alternating peaks and troughs
[maxlocation_ma12_alt,minlocation_ma12_alt] = ...
alternate(z_ma12,maxlocation_ma12,minlocation_ma12,0);
%STEP III: TURNING POINTS IN THE SPENCER CURVE
z_spenc = spencer(z);
%Calculate the Spencer curve
%Identifying new turning points corresponding to those of the 12-poing MA
%curve
[maxlocation_sp,minlocation_sp] = ...
turn_pts(z_spenc,maxlocation_ma12_alt,minlocation_ma12_alt,5);
%Elimination of turning points within 6 months from either ends of the
%series
maxlocation_sp = maxlocation_sp(maxlocation_sp >= 6 &...
maxlocation_sp <= length(z_spenc)-6);
minlocation_sp = minlocation_sp(minlocation_sp >= 6 &...
minlocation_sp <= length(z_spenc)-6);
%Alternating peaks and troughs but only if they are less than 15 months
%from each other
[maxlocation_sp_alt,minlocation_sp_alt] = ...
alternate(z_spenc,maxlocation_sp,minlocation_sp,15);
location_sp_alt = sort([maxlocation_sp_alt,minlocation_sp_alt]);
%STEP IV: TURNING POINTS IN THE 4-POINT MA
z_ma4 = mov_avg(z,4);
%Calculate the 4-point MA curve
%Identifying new turning points corresponding to those of the Spencer
%curve
[maxlocation_ma4,minlocation_ma4] = ...
turn_pts(z_ma4,maxlocation_sp_alt,minlocation_sp_alt,5);
%Elimination of turning points within 6 months from either ends of the
%series
maxlocation_ma4 = maxlocation_ma4(maxlocation_ma4 >= 6 &...
maxlocation_ma4 <= length(z_ma4)-6);
minlocation_ma4 = minlocation_ma4(minlocation_ma4 >= 6 &...
minlocation_ma4 <= length(z_ma4)-6);
%Alternating peaks and troughs but only if they are less than 15 months
%from each other
[maxlocation_ma4_alt,minlocation_ma4_alt] = ...
alternate(z_ma4,maxlocation_ma4,minlocation_ma4,15);
location_ma4_alt = sort([maxlocation_ma4_alt,minlocation_ma4_alt]);
%STEP V: TURNING POINTS IN THE UNSMOOTHED SERIES
[maxlocation,minlocation] = ...
turn_pts(z,maxlocation_sp_alt,minlocation_sp_alt,4);
%FINAL CLEAN-UP
%Elimination of turning points within 6 months from either ends of the
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%series
maxlocation = maxlocation(maxlocation >= 6 & maxlocation <= length(z)-6);
minlocation = minlocation(minlocation >= 6 & minlocation <= length(z)-6);
%Alternating peaks and troughs but only if they are less than 15 months
%from each other
[maxlocation_alt,minlocation_alt] =
alternate(z,maxlocation,minlocation,15);
location_alt = sort([maxlocation_alt,minlocation_alt]);
maxval = z(maxlocation_alt);
minval = z(minlocation_alt);
%Elimination of first and last peaks (troughs) that are lower (higher)
%than any values between it and the end of the series
while maxval(1) < max(z(1:maxlocation_alt(1)))
maxlocation_alt(1) = [];
maxval = z(maxlocation_alt);
end
while maxval(end) < max(z(maxlocation_alt(end):end))
maxlocation_alt(end) = [];
maxval = z(maxlocation_alt);
end
while minval(1) > min(z(1:minlocation_alt(1)))
minlocation_alt(1) = [];
minval = z(minlocation_alt);
end
while minval(end) > min(z(minlocation_alt(end):end))
minlocation_alt(end) = [];
minval = z(minlocation_alt);
end
%Alternate again to make sure previous step did not result in multiple
%peaks or troughs less than 15 months from each other
[maxlocation_alt,minlocation_alt] =
alternate(z,maxlocation_alt,minlocation_alt,15);
location_alt = sort([maxlocation_alt,minlocation_alt]);
%Check for cycles less than 15 months and phases less than 5 months
for i = 1:length(maxlocation_alt)-1
temp(i) = maxlocation_alt(i+1) - maxlocation_alt(i);
end
for i = 1:length(minlocation_alt)-1
temp2(i) = minlocation_alt(i+1) - minlocation_alt(i);
end
for i = 1:length(location_alt)-1
temp3(i) = location_alt(i+1) - location_alt(i);
end
%All cycle durations were 15 months or more and all phase durations were 5
%months or more so no further steps needed.
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Appendix B: MATLAB Codes for ARMA(1,1) – GARCH(1,1)
Model
function rho = arma_garch(x)
%Fits an ARMA(1,1)-GARCH(1,1) model to daily time series x, then
%calculates the daily volatility persistence.
r = price2ret(x);
%Calculate the daily returns
N = length(r);
window = 199;
%Rolling window length - 1
rho = zeros(1,N-window);
alpha = zeros(1,N-window);
beta = zeros(1,N-window);
options = optimset('fmincon');
options = optimset(options,'Display','off','Algorithm','active-set');
%Defining the model to be fitted as an ARMA(1,1)-GARCH(1,1)
model = arima('ARLags',1,'MALags',1,'Variance',...
garch('GARCHLags',1,'ARCHLags',1));
%Fitting the model with a rolling window of 200 to estimate the parameters
for i = 1:N-window
fit = estimate(model,r(i:i+window),'options',options);
%Taking the alpha and beta as their sum corresponds to the volatility
%persistence
if isempty(fit.Variance.GARCH)==1
alpha(i) = 0;
else
alpha(i) = cell2mat(fit.Variance.GARCH);
end
if isempty(fit.Variance.ARCH)==1
beta(i) = 0;
else
beta(i) = cell2mat(fit.Variance.ARCH);
end
rho(i) = alpha(i) + beta(i);
end
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