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Abstract
Measuring stellar parallax, position and proper motion is the task of astrometry.
With the development of new and much more accurate equipment, different noise
sources are likely to affect the very precise measurements made with future in-
struments. Some of these sources are: stellar surface structures, circumstellar
discs, multiplicity and weak microlensing. Also exoplanets may act as a source of
perturbation.

In this thesis I present an investigation of stellar surface structures as a practi-
cal limitation to ultra-high-precision astrometry. The expected effects in different
regions of the HR-diagram are quantified. I also investigate the astrometric ef-
fect of exoplanets, since their astrometric detection will be possible with future
projects such as Gaia and SIM PlanetQuest.

Stellar surface structures like spots, plages and granulation produce small sur-
face areas of different temperatures, i.e. of different brightness, which will influ-
ence integrated properties such as the total flux (zeroth moment of the brightness
distribution), radial velocity and photocenter position (first moments of the bright-
ness distribution). Also the third central moment of the brightness distribution,
interferometrically observable as closure phase, will vary due to irregularities in
the brightness distribution. All these properties have been modelled, using both
numerical simulations and analytical methods, and statistical relations between
the variations of the different properties have been derived.

Bright and/or dark surface areas, randomly spread over the stellar surface, will
lead to a binomial distribution of the number of visible spots and the dispersion
of such a model will be proportional to

√
N, where N is the number of spots or

surface structures. The dispersion will also be proportional to the size of each
spot, A. The dispersions of the integrated properties are therefore expected to be
σ ∝ A

√
N. It is noted that the commonly used spot filling factor, f ∝ AN, is not

the most relevant characteristic of spottiness for these effects.
Both the simulations and the analytic model lead to a set of statistical relations

for the dispersions or variations of the integrated properties. With ,e.g. knowl-
edge of the photometric variation, σm, it is possible to statistically estimate the
dispersions for the other integrated properties. Especially interesting is the vari-
ation of the observed photocenter, i.e. the astrometric jitter. A literature review
was therefore made of the observed photometric and radial-velocity variations for
various types of stars. This allowed to map the expected levels of astrometric jitter
across the HR diagram.

From the models it is clear that for most stellar types the astrometric jitter
due to stellar surface structures is expected to be of order 10 µAU or greater.
This is more than the astrometric displacement typically caused by an Earth-sized
exoplanet in the habitable zone of a long-lived main-sequence star, which is about
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1–4 µAU. Only for stars with extremely low photometric variability (< 0.5 mmag)
and low magnetic activity, comparable to that of the Sun, will the astrometric
jitter be of order 1 µAU, sufficient to allow astrometric detection of an Earth-sized
planet in the habitable zone. While stellar surface structure may thus seriously
impair the astrometric detection of small exoplanets, it has in general negligible
impact on the detection of large (Jupiter-size) planets.
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Populärvetenskaplig sammanfattning
Popular summary in Swedish

I människans sökande efter sin plats i universum riktas blickarna utåt, mot vår
galax Vintergatan. Den består av bortåt 200 miljarder stjärnor men av alla des-
sa känner vi bara avståndet till ca 20 000 stjärnor med en noggrannhet av 10%
eller bättre. Denna kunskap har vi erhållit genom astrometriska mätningar, där
parallax, position och egenrörelse bestäms genom triangulering med avståndet
solen–jorden som bas. Detta ger möjlighet att bestämma avstånden till stjärnorna.
Parallaxen är dock mycket liten, mindre än en bågsekund, till och med för de allra
närmsta stjärnorna. Hipparcos-projektet är det hittills största projektet med syfte
att bestämda dessa egenskaper för ett stort antal stjärnor i vår närhet. Projektet
hade en noggrannhet på ca 1 millibågsekund (1 mas). Framtida astrometriska pro-
jekt som t.ex. Gaia kommer att ha en noggrannhet som ligger i storleksordningen
10 mikrobågsekunder (10 µas). Detta leder till nya möjligheter men samtidigt när-
mar man sig den fundamentala gränsen för hur noga det är möjligt att bestämma
dessa parametrar. Vid denna noggrannhet kommer mätningarna att påverkas av
hittills negligerbara effekter såsom exoplaneter, ytstrukturer på stjärnorna, mikro-
linsning m.m. och det är därför mycket viktigt att känna till storleken av dessa
effekter.

Detta arbete beskriver hur strukturer på stjärnornas ytor påverkar bestämning-
en av (i) den totala ljusstyrkan, (ii) fotocentrums position, (iii) det tredje centrala
momentet av ljusfördelningen samt (iv) radialhastigheten. Dessa strukturer kan
vara av vitt skilda slag och betraktas enbart utifrån sin relativa ljusstyrka jämfört
med en helt jämn stjärnyta, inklusive randfördunkling. Två olika simuleringsmo-
deller samt en analytisk modell har skapats för denna studie. En jämförelse görs
också av exoplaneters inverkar på dessa storheter.

Dessa fyra storheter ((i)–(iv)) visar sig alla variera i proportion till kvadra-
troten ur antalet strukturer eller ‘fläckar’. Detta motsäger uppfattningen om att
fläckigheten av en stjärnyta kan uppskattas av en s.k. spot filling factor, vilken
är direkt proportionell mot antalet fläckar. Det visar sig också finnas statistiska
samband mellan variationerna i respektive storhet och om man känner exempelvis
den fotometriska variationen och stjärnans radie kan man enkelt uppskatta varia-
tionerna i de andra storheterna. Intressant att konstatera är att den astrometriska
variationen (dvs i stjärnans position) för stabila stjärnor av solens typ är några få
µAU (1 µAU är en miljondel av en astronomisk enhet eller ca 150 km).

Flera stora observationella projekt syftar till att leta efter exoplaneter, och då
helst av en storlek liknande jordens, och som befinner sig i den beboeliga zonen
kring sin stjärna. Det är då intressant att uppskatta sådana exoplaneters inverkan på
den astrometriska signalen, dvs hur centralstjärnan ‘vaggar’ kring tyngdpunkten i
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systemet och därmed faktiskt ändrar sitt läge på himlen något. Undersökningen vi-
sar att en jordlik planets inverkan leder till att stjärnan rör sig kring tyngdpunkten
i systemet med en radie på några få µAU. Detta är av samma storleksordning som
eventuella fläckars inverkan. Detta är naturligtvis olyckligt för exoplanet-jägare
och man kan konstatera att det inte blir lätt att upptäcka jordliknande exoplaneter
med astrometriska metoder. Det är betydligt enklare att upptäcka större exopla-
neter, med massor från ca 10 jordmassor, eftersom deras inverkan ger en tydligt
mätbar effekt.
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Chapter 1

Introduction

The Milky Way Galaxy is believed to contain some 200 billion stars, together
with a lot of dust, gas and other things. Part of this forms the familiar ”Milky
Way” visible on the dark night sky (Fig. 1.1). Around one rather ordinary G-type
star there is a planet, very small but important for its inhabitants. This particular
star and its planet are our home in this vast universe. Observing, and trying to
understand, the structure of our Galaxy and the function of its parts is one of the
goals of modern astrophysics. Basic questions in this context are where the stars
are and how they move, e.g. their positions, distances and motions. It is the task
of astrometry to find such fundamental data about the Galaxy.

Actually, we do not know the locations of very many stars in the Galaxy. To-
day we know the positions of a few million stars to some level of accuracy,1 but
we only know the distances to some 20 000 stars to 10% or better, and these stars
are mostly our closest neighbours. The basic stellar data obtained with the astro-
metric method are the parallax, position and proper motion. The parallax gives
the distance to the star using trigonometry with the distance between the Sun and
the Earth as a baseline. The parallax is less than an arcsecond even for the near-
est stars. The largest parallax survey so far was done by the Hipparcos project2

around 1990, and gave a typical accuracy of about 0.001 arcsec (1 milliarcsec =
1 mas).

Today several new instruments are being built or planned, which aim at about
100 times higher astrometric accuracy, or about 10 µas. These include the space
projects Gaia and SIM PlanetQuest, and the ground-based VLTI PRIMA inter-
ferometer. This leads to new kinds of considerations since we now approach the
fundamental limits for how accurate we can measure stellar positions. The stars
themselves set one of these limits, depending on stellar surface structures such

1For example the Tycho-2 Catalogue gives the positions of the 2.5 million brightest stars on
the entire sky to about 0.01 arcsec.

2http://www.rssd.esa.int/Hipparcos/

1



2 CHAPTER 1. INTRODUCTION

Figure 1.1: The Lund Observatory Milky Way panorama. The original drawing,
measuring 2 × 1 m, was made in 1953–55 by Tatjana and Martin Kesküla under
the direction of Knut Lundmark. c© Lund Observatory

as spots, plages, faculae, granulation and non-radial oscillations. This limitation
turns out to be of great interest especially for exoplanet searchers since the astro-
metric jitter due to the surface structures of a star could be of the same magnitude
as the effect caused by an orbiting Earth-like exoplanet.

In this work I start with an introduction to optical astrometry and exoplanet
searches, followed by a presentation of a stellar model for (the astrometric ef-
fect of) a spotted surface. By means of numerical simulations I investigate the
influence of the spots on the total flux, photocentric displacement, third central
moment (of interest for interferometry) and radial velocity of the star. The first
three properties are moments of the intensity distribution across the stellar disk
and are therefore mutually connected, which makes it likely to find statistical re-
lations between them. This also holds to some extent for the radial velocity effect.
The results from the simulations are also compared to a theoretical model. Fi-
nally, I evaluate the expected astrometric effects for different types of stars, and
draw some conclusions concerning the possible detection of exoplanets around
these stars.



Chapter 2

Optical Astrometry

This chapter contains a short introduction to astrometry and astrometric methods.
I identify different perturbing sources that can affect the accuracy of astromet-
ric measurements. I also briefly present some ongoing and future astrometric
projects.

Astrometry is the part of astronomy that provides the positions, and by exten-
sion, the dimensions and shapes of the celestial bodies. Since the positions vary
with time, a primary goal is to describe the motions of the bodies. After obtaining
this information, the results can be analyzed in two different ways.

The kinematic approach: in this case the description of the motion is an objec-
tive in itself. We can e.g. relate the components of the stellar motion to
intrinsic properties of the star such as its age, spectral type, or chemical
composition.

The dynamical approach: here we try to understand the motions in terms of the
forces, or potentials, and other circumstances that govern them. Examples
are celestial mechanics in the Solar system and dynamical studies of the
Galaxy from stellar motions.

In these examples astrometry is a tool to achieve scientific results and one can
therefore consider it as an astronomical technique, like photometry, spectroscopy
or radio astronomy. A more strict definition of astrometry is that it is the applica-
tion of certain techniques to determine the geometric, kinematic, and dynamical
properties of the celestial bodies in the Universe.

2.1 Science drivers for astrometry
Why study astrometry? We cannot use advanced and costly instruments just to
observe objects because they are observable. The instruments of today are much

3



4 CHAPTER 2. OPTICAL ASTROMETRY

more powerful and sophisticated than before and consequently more expensive.
In practice, this leads to a limited number of projects and an increasing need for
careful programming of the instruments used for observations. Earlier in history
it was considered important and relevant to study every possible object under the
justification that the observations might be valuable in the future. Today we cannot
reason like this. We must ask ourselves what the uses of these observations are and
to what questions they will bring answers. In modern astrometry we ask ourselves:
–What domains of astronomy need the knowledge of positions, distances, motions
of celestial bodies, and for what? We identify five areas of interest.

2.1.1 Stellar astrophysics
The most important parameter that can be obtained from astrometric measure-
ments is the parallax. Trigonometric parallaxes are the basis of nearly all the
other methods to determine distances in the Universe. The distance scale is largely
based on the principle that two stars having the same physical characteristics, e.g.
spectrum, temperature, variability, also have the same luminosity. If the paral-
lax for a star with certain characteristics is known by trigonometric methods, the
distance to that star and all similar stars can be determined. Knowing distances is
fundamental in stellar astrophysics because it allows to convert apparent quantities
(such as magnitudes) into intrinsic properties (such as luminosities).

Apart from the parallax, other interesting parameters determined by astromet-
ric techniques are:

• The proper motion, representing the apparent path on the sky.

• The orbital motions of double and multiple stars.

• Non-linear proper motion, which may be the signature of invisible compan-
ions.

• The apparent acceleration of stars, which may provide astrometric determi-
nation of the radial motion of the star (astrometric radial velocity, Dravins
et al. 1999).

2.1.2 Kinematics and dynamics of stellar groups
The important parameters are transverse velocities (obtained from proper motions
and parallaxes) and/or radial velocities. They allow one to study the motions in
clusters (leading to knowledge on the force field that keeps them from disrupting),
to detect stellar associations, to analyze the motions within the Galaxy and derive
relations between the kinematic and astrophysical properties of stars which leads
to understanding of the dynamics and the evolution of the Galaxy.
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2.1.3 Exoplanets

Exoplanets are planets orbiting other stars than the Sun. These are difficult to
observe since the light from the central star almost totally blinds out the much
fainter reflected light of the planet.

Today we have both indirect and direct methods of detecting exoplanets. The
indirect methods all concern studies of the central star and its behavior due to a
planetary companion. Nearly all known exoplanets today have been detected indi-
rectly from the radial velocity variations of the star, but astrometric techniques are
expected to become important for exoplanet detection in the next decade. Since
this is an important theme of this thesis, the whole of Sect. 2.5 is devoted to the
detection of exoplanets.

2.1.4 Solar system bodies

One cannot systematically observe all objects in the solar system. Some are of
more interest than others and the following stand out:

1. The Sun. Earlier the Sun was very important to observe astrometrically
since it defined the equinoxes and this was a difficult task (due to its bright-
ness). Today the reference frame is independent of the location of the Sun
and the Solar System (Sect. 2.3.1) and those observations are no longer
needed. Two quantities are important for the theory of the internal structure
of the Sun and these are the shape and the diameter of the Sun, together
with their time variations.

2. Major planets. The major planets are important to study for dynamical rea-
sons. The planetary system is a laboratory for weak field general relativity
studies. The motion of the planets is the basis of the definition of the dy-
namical celestial reference frame used until 1997 (FK51) and this will be
maintained for comparison with the extragalactic reference frame used to-
day. This is a major theoretical objective where we need very precise obser-
vations and it is also needed for the preparation and operational fulfillment
of space missions.

3. Dwarf planets. This newly defined group of objects includes Ceres, Pluto
and Charon, Quaoar, Eris, etc. Many of these objects are found in trans-
Neptunian orbits or in the Kuiper-belt and are of great interest for the studies
of the outer solar system, and the formation of planetary systems.

1FK5= the fifth fundamental catalogue (Fricke et al. 1988)
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4. Small Solar System Objects. These objects include asteroids and comets
and are too numerous to be followed with the utmost precision. A small
number of observations is sufficient to compute ephemerides precisely enough
not to lose these objects. Today there are several hundreds of thousands of
such objects in the databases. Information on these objects and especially
the orbits of the Earth-grazing asteroids are vital for us and our survival.

5. Planetary satellites. Every satellite is a particular problem for celestial me-
chanics and precise measurements of their position and motion are useful
for theoretical and practical reasons. In the preparation for space missions
to these objects, very accurate ephemerides are needed.

2.1.5 Reference frames
The construction of a non-rotating celestial reference frame is very important for
position determination of any objects in the universe. Quasars and remote galaxies
are fixed on the sky to better than 10−5 arcseconds (10 µas) per year and therefore
these objects are ideal fiducial points for a celestial reference frame. Continuous
astrometric observations of these objects giving accurate positions are of utmost
interest for constructing a fundamental celestial reference frame. This has indirect
effects on all other measurements of motions of celestial bodies, since any rotation
of the frame will wrongly be interpreted as a motion or acceleration of the celestial
bodies under study. It is the task of astrometry to provide and maintain such a
reference frame.

2.2 Classification of astrometric techniques
There are several different kinds of instruments that are used to make astromet-
ric observations from ground and space. Depending upon the field of view and
mechanical properties of the instrument, one can distinguish three classes of as-
trometric techniques. These are complemented by a range of other techniques to
obtain additional geometric information about the objects, such as spectroscopy
(for radial velocity) and photometry (e.g., for stellar diameters using lunar occul-
tations or in eclipsing binaries).

Small-field astrometry: here, relative measurements are made within a field of
view of a fraction of a degree, often by means of a relatively large telescope.
This allows to reach faint objects, but it can only be used to study the inter-
nal geometry of small objects (double or multiple stars, clusters etc), or to
measure them relative to background objects such as quasars. The main ad-
vantage of small-field astrometry is that many of the perturbations affecting
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the measurements are nearly constant within a sufficiently small field. The
classical instruments for this technique are long-focus, ground-based refrac-
tors or reflectors, but the Hubble Space Telescope is also used for this kind
of observations. Optical interferometers such as COAST (Sect. 2.6.1), VLTI
PRIMA and SIM PlanetQuest (Sect. 2.6.2) are also examples of small-field
astrometry. Typical applications are for determination of (relative) paral-
laxes and (relative) proper motions.

Large-field astrometry: the prototype instrument is the Schmidt camera, with
a field of view of a few tens of square degrees. It is used to determine
positions of celestial bodies with respect to reference stars. It is often used
to cover a large fraction of the sky with overlapping plates (Eichhorn 1988).
This is the classical technique for large-scale surveys of positions and proper
motions. A modern version is for example the Sloan Digital Sky Survey
SDSS (Gunn et al. 2006).

Global astrometry: this aims at observing objects all over the sky and producing
a consistent set of positions covering the celestial sphere. This is possible in
principle, and nowadays in practice, only from a satellite where the effects
of atmosphere and gravity are eliminated and the entire sky can be reached
with a single instrument. Here we find missions like Hipparcos and Gaia
(Sect. 2.6.3).

2.3 Basic astrometric data

2.3.1 Position
The position of a star at a certain time t is by tradition given by two spherical
coordinates. There are, however, many different coordinate systems to choose
between. Historically, the most commonly used system is the equatorial system
illustrated in Fig. 2.1. Its origin is usually taken to be the (mean) equator and
vernal equinox, γ, at a specified time such as 1950.0 or 2000.0. Coordinates in
this system are designated right ascension (α) and declination (δ).

From 1 January 1998, these systems are superseded by the International Celes-
tial Reference System (ICRS). This is a non-rotating, rigid system linked to extra-
galactic radio sources. The practical realization of this system is the International
Celestial Reference Frame (ICRF), which is primarily based on 212 extragalactic
radio sources2 (Ma et al. 1998). The idea is that these sources are so distant that

2There are also secondary sources and they are (i) 294 compact sources whose positions are
likely to improve when more observations are accumulated and (ii) 102 sources less suited for
astrometric purposes, but which provide ties for reference frames at other wavelengths.
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Figure 2.1: The equatorial reference system.

they do not show any sign of proper motion or change of shape, larger than a few
µas. This was determined to be the fundamental reference frame by the 23rd IAU
General Assembly in 1997. Although this system is completely decoupled from
the rotation of the Earth, the old names for the angular coordinates (right ascen-
sion and declination) are retained. The Hipparcos and Tycho Catalogues (ESA
1997) are optical realizations of the ICRS.

Regardless of what system is used, we face several problems when trying to
determine the position of an object. The direction from where the light is emit-
ted is not the same as it appears in the instrument. We only see the apparent
deviated direction and this is due primarily to the following causes: the refrac-
tion of the light beam in the atmosphere, aberration due to the motion of the ob-
server and finally relativistic light deflection due to the curvature of the space-time
(Sect. 2.7.4). In space astrometry the problem with refraction in the atmosphere
of course disappears.

2.3.2 Proper motion

Proper motion is the time derivative of the position of the star at an epoch t0. In
the equatorial system it is composed of two quantities:

µα =

(
dα
dt

)
t=t0

Proper motion in right ascension

µδ =

(
dδ
dt

)
t=t0

Proper motion in declination
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where µδ corresponds to an actual angle on the sky and µα corresponds to the angle
on the equator and thus the actual angle on a local small circle is µα cos δ = µα∗ 3.
The modulus of the proper motion on the tangential plane to the celestial plane at
position α0, δ0 will then be

µ =
√
µ2
α∗ + µ

2
δ

and its position angle θ is reckoned from North towards East.
Notice that this only reflects the motion on the celestial plane at the position

of the star. The total motion includes the motion perpendicular to the plane, i.e.
the radial velocity component.

2.3.3 Parallax
Perhaps the most important parameter that can be obtained from astrometric mea-
surements is the parallax. The principle of parallax measurement is illustrated in
Fig. 2.2. As the Earth annually orbits the Sun, the observer’s changing position
causes an annual shift in the star’s measured position, tracing a small ellipse on
the sky that reflects the size and orientation of the Earth’s orbit as it might be
viewed from the star. However, most stars are so distant that their parallaxes are
very small and difficult to measure accurately. The nearest known star, Proxima
Centauri (α Cen C), has a parallax of 772.33 ± 2.42 mas (Cox 2000). A typical
naked-eye star’s parallax is about 10 mas. Most of the 118 000 parallaxes in the
Hipparcos Catalogue are only a few mas in size, barely larger than the errors of
measurement.

The distance, r, to a star is related to the parallax, $, by the definition

r =
1 AU
sin$

≈
1
$

(2.1)

where $ is in arcseconds and r in parsec. Differentiating leads to the following
for the relative errors:

dr = −
d$
$2

⇒∣∣∣∣∣dr
r

∣∣∣∣∣ = ∣∣∣∣∣d$$
∣∣∣∣∣

or∣∣∣∣∣σr

r

∣∣∣∣∣ = ∣∣∣∣∣σ$

$

∣∣∣∣∣ (2.2)

3Modern catalogues, such as the Hipparcos and Tycho catalogues (ESA 1997), always give
µα∗ = µα cos δ rather than µα
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Figure 2.2: Schematic illustration of parallax determination. The apparent motion
of the star forms a ‘parallactic ellipse’ and its size is inversely proportional to the
distance. Note that the background stars are supposed to be fixed.

From this we see that the relative error in distance is the same as the relative
error in parallax. For small parallaxes, with values close to the measurement
error, this leads to very large uncertainties in distance determination and this can
be a problematic complication. The ratio σ$

$
is an important parameter for the

statistical uses of parallax (Sect. 2.4.2).

2.4 Noise and statistics

2.4.1 Random errors in the astrometric data
The observed value of, say, a parallax is of course not the the same as the true
value. The observed parallax is the result of a lengthy data processing chain in-
volving the combination of hundreds or thousands of individual measurements.
Each of these measurements is affected by many different kinds of errors. Be-
low follows a summary of the most important ones. Astrometric data contains
correlated and uncorrelated instrumental, atmospheric and astrophysical noise.
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Photon noise: there are fundamental uncertainties related to the wave/particle
nature of light. These can be derived from photon statistics and Heisen-
berg’s uncertainty principle. The latter states that you cannot measure both
position, r, and momentum, p, of a photon with infinite precision. Linde-
gren (2005) shows that the resulting relationship between the RMS size of
the pupil in the measuring direction, σx, and the RMS uncertainty of the
measured direction, σθ, for the detection of one photon of monochromatic
wavelength λ, is given by

σxσθ ≥
λ

4π
(2.3)

For N photons we thus find that

σθ ≥
λ

4πσx
√

N
(2.4)

The expression for σx is different for different shapes of the aperture(s). It
is straightforward to derive these expressions for different apertures (Linde-
gren 1978):

Circular pupil telescope: in this case we find that

σx =
D
4

(2.5)

where D is the telescope aperture.

Rectangular pupil telescope: for a rectangular aperture of length L, σx

has the form
σx =

L
√

12
. (2.6)

The space astrometry mission Gaia is designed to have a rectangu-
lar primary mirror with a length of L = 1.45 m. This leds to σx ≈

0.42 m. Assuming a wavelength of λ = 550 nm we find that σθ ≈

10−7 rad ≈ 20 mas for each photon. To reach 10 µas accuracy requires
some N ∼ 107 photons, which is not an unreasonable number.

Interferometers: for interferometers, with aperture much less than the base-
line B, we find

σx =
B
2
. (2.7)

Atmospheric noise: for details, refer to Lindegren (1980) and Shao & Colavita
(1992). Briefly, one can notice that for a monopupil telescope the limiting
factor is the seeing disk due to the turbulent atmosphere. Then, in the long-
exposure limit, we have to replace D in Eq. 2.5 with Fried’s parameter r0
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(the coherence length of the atmospheric wavefront errors; typically 0.1–
0.5 m in visual light). For interferometers, the atmospheric disturbance
influences the fringes so that instead of (2.4)–(2.7) we have

σθ =
λ

2πB
√

t/tc

1
SNR

(2.8)

where B is the baseline, tc is the atmospheric coherence time (a few tens
of ms in the near-infrared K band), t is the integration time and SNR is the
signal-to-noise ratio per coherence time.

Instrument noise: this primarily originates from three sources: detector noise,
mechanical noise, and optical effects (aberrations, distortions, etc.).

Today, the sizes of these errors can be made as small as on the order of
1–10 µas in dedicated instruments. For narrow-angle measurements with
interferometers we have uncertainties in the delay line, σl, and baseline,

σB, and σsys =

√
σ2

l + σ
2
B (Shao & Colavita 1992). The uncertainty in the

optical delay line can be expressed as σl = δl/B and for the baseline it can
be expressed as σB = (δB/B)ϑ where ϑ is the angular separation between
the target and a reference star. In the case of the optical delay line the
uncertainty must be extremely small, of the order of nm, to achieve µas
astrometric accuracy, while for the error in the baseline we only need some
50 − 100 µm to achieve µas astrometry.

For a spaceborne instrument, the spacecraft environment also causes noise.
There are several sources that can contribute to the total uncertainty, for ex-
ample attitude errors due to solar wind, micro-meteoroides, radiation pres-
sure, etc.

In a well-designed instrument these additional sources should be small com-
pared to the photon noise.

Astrophysical noise: this is a main topic of this thesis, see Sect. 2.7 and Ch. 3.

From this we realise that in the design of any space-borne instrument, detailed
error models must be developed and the design optimised for every case in order to
reach the final accuracy goal. In optical and near infrared wavelengths the ultimate
accuracy thus depends mostly on the aperture size and the total number of detected
photons from a given source. For ground-based instruments the challenges are
largely of a different nature, namely to reduce the atmospheric noise.
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2.4.2 Statistical biases in the use of astrometric data
Lies, damned lies and statistics.

Benjamin Disraeli

Because the astrometric data have random errors, their application to astrophysical
problems is not always as simple as one might think. Here I mention some of the
pitfalls that one may encounter when using parallax data.

Non-linear transformations Assume that the parallax for a star was found to
be $ with a standard error σ$, and that the probability density function
(pdf) of the errors is normal. What can then be said about the distance to
the star? After transforming to distances the errors are no longer normally
distributed and the derived value for the distance with highest probability
will be over-estimated by a factor depending on σ$

$
(see Kovalevsky & Sei-

delmann 2004). If σ$
$
< 0.1 this bias is negligible. Otherwise we tend to

over-estimate distances calculated from parallaxes.

Malmquist bias This bias, named after the Swedish astronomer Gunnar Malm-
quist (1893–1982), is a serious problem in survey astronomy. The Malmquist
bias is a statistical effect by which the brighter members of a population are
over-represented in a brightness-limited sample. Each class of objects has
its intrinsic distribution of true absolute magnitudes, as well as other phys-
ical quantities, with relevant true mean value M0 and dispersion σM. A
way to express this is to say that the Malmquist bias is caused by the fact
that systematically brighter objects are observed as distance (and volume)
increases, as a result of a combination of the selection and the intrinsic scat-
ter of absolute magnitudes. All this leads to a built-in distance-luminosity
correlation which is very difficult to unravel. E.g. for a flux-limited sample
intrinsic properties correlate with distance, thus two seemingly unrelated
intrinsic properties will appear to be correlated because of their mutual cor-
relation with distance.

Malmquist bias is defined as the difference in mean absolute magnitude
between the flux-limited (FL) and distance-limited (DL) distributions. For a
uniform space distribution the Malmquist correction is

〈M〉DL − 〈M〉FL = 1.382σ2
M (2.9)

A illustrative tool for demonstration of the Malmquist bias is the Spaen-
hauer diagram showing derived absolute magnitude plotted versus distance
(see e.g. Spaenhauer 1978; Butkevich et al. 2005). In Fig. 2.3 we can see
an example of a uniform space distribution of stars with true mean abso-
lute magnitude 〈M〉 = 5 mag and dispersion σM = 1 mag plotted against
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distance modulus. This simulation shows that there is a offset between
the distance-limited and flux-limited mean absolute magnitudes because the
bright members are over-represented at large distances.

Finally one should note that an effect that competes with the Malmquist
bias is caused by observational errors. The number of objects as a function
of apparent intensity N(s), the number count or source count, usually rises
steeply towards smaller values of s. There are many more faint objects
than bright ones! If we, in compiling a catalogue, in effect draw samples
from a number-count distribution, forget those below slim, and convert the
retained fluxes into luminosities, we will deduce an erroneous luminosity
distribution function. Adding the effect of observational errors is the same
as to convolve the number counts with the noise distribution. Because of
the steep rise in the number counts at the faint end, the effect will be that the
final sample is contaminated with faint objects. This can severely bias the
deduced luminosity function towards less luminous objects (Wall & Jenkins
2003).

Lutz-Kelker bias It is well known that a systematic error will be introduced
when parallaxes are used to calibrate a luminosity system. One tends to
overestimate the parallax i.e. underestimate the distances. This bias was
first proposed by Lutz & Kelker (1973) and is widely referred to in the lit-
erature under the designation Lutz-Kelker bias. Assume that we calculate
luminosities from observed parallaxes in a narrow range bounded by an up-
per and a lower limit. Due to measurement errors, stars actually outside
the adopted lower limit will then be scattered into the sample and stars in-
side will be scattered out. But there are more stars outside the boundary
than inside (if we assume the stars to be uniformly distributed in space) and
this results in more stars being scattered in than out, and the true average
parallax of a sample of stars will thus be smaller than the observed average
parallax. The bias is not caused by the use of a lower parallax limit. It exists
at all values of parallax and is a consequence of both the errors of observa-
tion and the fact that the number density of stars increases towards smaller
parallaxes or larger distances. This can be seen in Figure 2.3. The size of
the systematic error induced depends only on the ratio σ$

$
, just as before,

but this time the errors point in the opposite direction and we thus tend to
under-estimate distances due to this effect.
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Figure 2.3: A simulation of a uniform space distribution of stars with true absolute
magnitude 〈M〉 = 5 mag and dispersion σM = 1 mag plotted against distance
modulus m − M = 5 log r

10 pc . The diagonal lines represent apparent magnitude.
For a distance-limited sample (e.g. the points to the left of the vertical line of
m−M = 15), the mean absolute magnitude, 〈M〉DL, equals the true value 〈M〉 = 5
(the solid horizontal line). For a flux-limited sample (e.g. to the left of the diagonal
line at m = 20), the mean value 〈M〉FL is 1.382 mag brighter (dashed horizontal
line) as predicted by Eq. (2.9). From the figure we see that in a flux-limited sample
we see only atypically bright objects at the largest distances.
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2.5 Astrometric detection of exoplanets
Some 12 years after the first detection of an exoplanet, the search intensifies all
the time and more and more exoplanets are being found. So far most of these
exoplanets are detected by indirect methods, mostly by the small variation in radial
velocity of the central star caused by the gravitational interaction with one or more
orbiting planets. There are many possible techniques to detect exoplanets and in
this section I summarise the most important techniques, both indirect and direct.
I also investigate the expected astrometric effect of exoplanets.

2.5.1 Methods for detecting exoplanets
The many possibilities for detecting exoplanets are schematically described in the
‘Perryman tree’ (Fig. 2.4) where current and future methods/techniques are iden-
tified. Below we summarize the most important methods/techniques divided into
two natural groups, the indirect and the direct methods. The indirect methods
are:

Radial velocity This is the most common way to detect the presence of a planet
orbiting a star. The star makes a small orbit around the common centre of
mass of the planetary system, leading to a change in its radial velocity. If
this is detected and has a periodic pattern, it is a sign of a small companion,
e.g. an exoplanet. Up till today this ‘jitter’ can only be detected for planets
that are relatively large, i.e. several times the Earth’s mass, and mostly in
close orbit around its parent star.

Astrometric This is for us the most interesting technique since it involves the po-
sitional changes of a star. We cannot detect any planets using this technique
today but in a near future this will change. Gaia, SIM PlanetQuest and other
projects will be able to measure the small ‘jitter’ in position of the central
star due to the gravitational interaction with a planet. E.g. Gaia is expected
to find thousands of Jupiter-sized exoplanets. The detection of a habitable
Earth-sized exoplanet is a much more difficult task. I will come back to that
later.

Transits When a planet transits in front of its parent star, there will be a small
drop in the star’s brightness. This drop can be detected and information
on the size of the planet can be extracted from the data. Having both the
transit and radial velocity information, the planet’s orbit can be determined
exactly, and gives us the true mass and size of the planet. Some 10 planets
have been detected in this manner and they are all large planets since this
method is limited by atmospheric disturbances. With space missions like
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Figure 2.4: Perryman (2000) created a diagram, giving an overview of the present
and future methods of detecting exoplanets. This diagram is an updated version
from April 2007, taken from the Jean Schneider’s Extrasolar Planets Encyclopae-
dia (http://exoplanet.eu). c© M.A.C. Perryman
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COROT (Baglin et al. 2002) and Kepler (Koch et al. 2004) transits by small
Earth-like planets are expected to be detected.

Microlensing Lensing occurs if a massive object passes between a distant source
(star) and the observer. The situation for microlensing occurs if the lensing,
massive object does not possess the gravitational field to split the image of
the lensed, distant object into separate images. Instead, it refocuses some
of the stray light and thus makes the distant source brighter. This is the
ideal situation for dwarf stars, like F, G, K and M stars. If one of these stars
crosses the line of sight to a distant bright star, it will cause a microlensing
event in which the brightness of the distant star rises and then drops back to
normal on a time scale of some ten days. If the lensing star has a planetary
companion, it too will cause an additional amplification in the source star’s
brightness. See Fig. 2.5. This amplification will depend upon the mass
of the planet and will thus be a sensitive indicator of the planet’s mass.
Even Earth-sized planets should be possible to detect using this technique
although there is little hope that any of these planets will ever be seen again.

This is an interesting possibility to detect exoplanets but the circumstances
required are unusual; only a few planets are detected in this manner.

The direct methods are:

Direct imaging A possibility to detect exoplanets, by using infrared (IR) tele-
scopes like Spitzer, exists due to the fact that the flux ratio between the star
and the planet is lower in IR that in visible. So far only four planets have
been detected using this method.

Nulling Interferometry Using two or more telescopes and combining the light
from them in such way that there is destructive interference on the central
star reveals details on the surroundings of the star. Any light reflected on
a exoplanet is expected to be seen in the detector since it is offset from the
central star and takes a different path through the telescope system. Dar-
win (Karlsson et al. 2006) is a future space interferometer using the nulling
technique.

Closure phase Closure phase (Sect. 2.6.1) can in principle be used to detect ex-
oplanets. If the flux ratio of a star-planet couple is a reasonable 100 000,
the closure phase is of the same order of magnitude, i.e. 1 × 10−5 leading
to phase changes of the order of 0.001◦ (Monnier 2003a). This is a very
small phase change and the question is if it can be separated from the noise
induced by many other effects including stellar surface structures.
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Figure 2.5: Schematic figure describing a microlensing event of a distant star.
The brightness first increases and then decreases as the intervening star passes
between the distant star and the observer. The planetary companion to the lensing
star might also cause a distinct lensing event.

Polarimetry Light rays emitted by a star are unpolarised but after being reflected
on a planet, the rays are polarised in one preferred direction. A polarimeter
is a device capable of detecting polarised light and rejecting unpolarised
light. Such devices are under construction and can be used in the future to
detect signals originating from exoplanets.

2.5.2 Expected astrometric effect of exoplanets
How large is the astrometric jitter due to exoplanets? From the database The
Extrasolar Planets Encyclopaedia4 (Schneider 2007) we can see that most of the
detected planets are large (Jupiter-size) and in close orbit around the central star.
We also find that the astrometric signature has a median value α ≈ 1200 µAU with
a large scatter; the 10th and 90th percentiles are 15 and 10 000 µAU.

So far there has been no unambiguous detection of an really Earth-like exo-
planet. The smallest planet detected so far, orbiting a solar like star, has a mass

4http://exoplanet.eu/
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of some 5 M⊕. Earth-like exoplanets will have such a small effect on the central
star that they cannot be detected with currently available techniques. Of course,
the finding of any planet like the Earth would be a great discovery, and if the orbit
is in the habitable zone, it will be even more interesting. By April 2007 the first
suspected Earth-like exoplanet (M∗ ≈ 5 M⊕) in the habitable zone was found by
Udry et al. (2007).

Consider for simplicity a system with a single planet of mass Mp in circular
orbit around a star of mass M∗. If a is the semi-major axis of the relative orbit,
we find that the star moves about the center of mass with semi-major axis, or
astrometric signature,

α =
Mp

M∗ + Mp
a '

Mp

M∗
a (2.10)

since Mp � M∗. For a star of luminosity L∗, the mean distance of the habitable
zone is approximately (Kasting et al. 1993; Gould et al. 2003)

a =

√
L∗
L�

[AU] (2.11)

For reasonably long-lived main-sequence stars (of spectral type A5 and later), the
luminosity scales with mass as L∗ ∝ M4.5

∗ (Andersen 1991), and using this we
have

a =
(

M∗
M�

)2.25

[AU] (2.12)

The astrometric signature, α, of a planet in the habitable zone will then be

α '
Mp

M∗
a [AU]

'
Mp

M∗

(
M∗
M�

)2.25

[AU]

=
Mp

M�

(
M∗
M�

)1.25

[AU] (2.13)

and with M⊕ ' 3 × 10−6 M� Eq. (2.13) becomes

α ' 3 ×
Mp

M⊕

(
M∗
M�

)1.25

[µAU] (2.14)

The RMS excursion of the star’s position on the sky, σpos, can be obtained by
the following reasoning: Assume that the star moves in a circular orbit with radius
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α making an inclination i to the sky plane. Then the change in position of the star
can be expressed in a Cartesian coordinate system as (Binnendijk 1960)

∆x = ρ sin θ
∆y = ρ cos θ

where ρ is the radius vector projected on the sky plane and θ is the position angle.
From Fig. 2.6(b) we also see that

ρ sin(θ −Ω) = α sinω cos i (2.15)
ρ cos(θ −Ω) = α cosω (2.16)

What is then the RMS excursion of the position of the central star? The excursion
along an arbitrary direction, s, is given by (see Figure 2.6(a))

∆s = ∆x sinϕ + ∆y cosϕ
= ρ sin θ sinϕ + ρ cos θ cosϕ
= ρ cos(θ − ϕ) (2.17)

Using θ − ϕ = θ −Ω + (Ω − ϕ) we rewrite 2.17:

∆s = ρ cos((θ −Ω) + (Ω − ϕ))
= ρ cos(θ −Ω) cos(Ω − ϕ) − ρ sin(θ −Ω) sin(Ω − ϕ) (2.18)

Using (2.15) we get

∆s = α cosω cos(Ω − ϕ) − α sinω cos i sin(Ω − ϕ) (2.19)

The RMS excursion of the position of the central star is given by σ2
pos = 〈∆s2〉

where ∆s2 is

∆s2 = (α cosω cos(Ω − ϕ) − α sinω cos i sin(Ω − ϕ))2

= α2(cos2 ω cos2(Ω − ϕ) −
1
2

cos i sin 2ω sin 2(Ω − ϕ)

+ cos2 i sin2 ω sin2(Ω − ϕ)) (2.20)

For a randomly orientated system the expectation values for the inclination are
〈sin2 i〉 = 2

3 and 〈cos2 i〉 = 1
3 , see Figure 2.6(b). Since all ϕ, i,Ω are independent,

the expectation value for Eq. 2.20, i.e. σ2
pos, will be

σ2
pos = 〈∆s2〉 = α2

(
1
2
·

1
2
−

1
2
· 0 · 0 · 0 +

1
3
·

1
2
·

1
2

)
= α2

(
1
4
+

1
12

)
=

1
3
α2

⇒ σpos =
α
√

3
(2.21)
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(a) The projection of the position of the cen-
tral star on the arbitrary direction s.

(b) The direction of the rotation axis, u =
(
ux, uy, uz

)
, of the orbital plane

of e.g. a planet compared to the sky plane. The z-axis is pointing away
from the observer and the inclination of the system is denoted by i. Ω
is the angle between the y-axis and the nodal point. u is then given by
u = (− sin i cosΩ, sin i sinΩ, − cos i). Since there is no preferred direc-
tion for u, the expectation values for 〈u2

j〉, j = x, y, z, must all be the same,
i.e. 〈u2

x〉 = 〈u
2
y〉 = 〈u

2
z 〉 =

1
3 . From this one realises that the expectation value

〈cos2 i〉 = 1
3 and 〈sin2 i〉 = 2

3 .

Figure 2.6: Schematic diagrams describing the motion of a star in an inclined orbit
around the barycentre. Conventions according to Binnendijk (1960).
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Inserting Eq. (2.14) into Eq. (2.21) gives

σpos '
√

3 ×
Mp

M⊕

(
M∗
M�

)1.25

[µAU]. (2.22)

The resulting photocentric displacement of the central star for Earth-like plan-
ets in the habitable zone for different spectral type stars can be found in Fig. 2.7.
We see that the RMS variations are very small (1µAU ∼ 150 km). Early-type
stars, which are not included in this figure, are too short-lived and evolve too
rapidly to create a temperature-stable environment for life to evolve over the bil-
lions of years required for this process. They also emit very much UV light and
the effect of high-energy radiation on living organisms is well documented: the
energetic rays destroy the molecules upon which life is built. These arguments
largely exclude early-type stars from the search of exoplanets.

The situation for late-type stars is better in the sense that the central star radi-
ates little UV and is much more long–lived. The orbital period, comparable to a
few years, is acceptable for a search program but the photocentric displacement
is very small. Another problem might be that the habitable zone is more narrow
for cool stars and therefore the probability for finding an Earth-like planet in this
zone gets smaller with cooler stars. On the other hand, there are many, many more
late-type stars, especially M stars.

In conclusion, if we want to find Earth-like exoplanets we should look amongst
late type stars. The remaining question is if it is possible to detect them at all using
astrometric techniques or if this signal will drown in the astrometric noise from
its parent star. I will come back to that later.
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Figure 2.7: Graph of the expected astrometric RMS dispersion for different main
sequence stars, in the mass range 0.2–2 M�, corresponding to spectral classes A –
M, caused by an Earth-like (in mass) exoplanet in the habitable zone. The graph
is based on Eq. (2.22). Note that 1 µAU∼ 150 km

2.6 The future: From mas to µas

In the last thirty years astrometry has undergone a huge development. Today we
are able to make measurements with accuracies of only a few µas. This is due to
mainly two new possibilities: interferometric observations and space astrometry.
Interferometry is an old technique that has recently developed into a practical pos-
sibility for optical astrometry, after being a common technique in radio astronomy
for a long time. Especially interesting is the possibility to get information from
interferometry on stellar surface structures. This can be done by using the concept
of closure phase which will be described later in this section.

In space astrometry we have the great advantage of no atmospheric distur-
bances. This makes observations much more accurate since we do not have to
bother about atmospheric refraction and turbulence. We do not need to take into
account the rotation of the Earth, although the rotation of the satellite must be
accounted for. The possibility to observe the whole sky with a single space-borne
telescope gives much better opportunities to calibrate the instrument to high accu-
racy.
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2.6.1 Ground-based optical interferometry
A classical optical astronomical Michelson interferometer is composed of two
independent telescopes aiming at the same source. The fundamental observables
are fringe visibility and phase of the combined beam of light. These are being
used to derive information from the source, e.g. to make an image reconstruction
of the source. The angular resolution of the interferometer is θ = λ/B, where
λ is the wavelength and B is the distance between the apertures or telescopes.
This can be much better than for any single aperture telescope existing today (θ =
1.22λ/D, where D is the diameter of the aperture). To obtain as much information
as possible from the phase one must combine more telescopes and use the concept
of closure phases5. (See e.g. Monnier 2003b; Perrin & Malbet 2003, for good
reviews.)

The fundamentals of interferometry can be found in the literature (see e.g.
Labeyrie et al. 2006) and I do not aim give a complete description here, but instead
highlight the most important results form the theory in the perspective of stellar
surface structures for marginally resolved objects.

The Zernicke-van Cittert theorem is fundamental and links the complex visi-
bility, V, to the flux distribution, I, of the object:

V(w) =

!
I(α) exp (−2πiu · α)d2α!

I(α)d2α
(2.23)

where u = (u, v) are spatial frequency coordinates linked to the projected baseline
B and the wavelength λ by u = λ−1B. α = (α, β) are angular coordinates on the
sky. In practical optical interferometry one usually deals with the amplitude |V |
and phase φ, given by the real and imaginary parts of V:

|V | =
√
<V2 + =V2 (2.24)

tan φ = =V/<V (2.25)

In interferometry we can distinguish three cases. The first case is where the
object is fully resolved, that is the angular size is at least of the order of λ/B, and
|V | is typically much less than unity. Secondly, we have the case when the object
is point-like, i.e. much less than λ/B, leading to a visibility of V = 1. Finally,
there is a third case where the object is marginally resolved, i.e. a fraction of λ/B,
and V is only slightly less than unity. In this case most of the flux is located in a
zone where |u · α| � 1 and this leads to the possibility of a series development of
the visibility.

5Closure phase is the sum of the phases over a closed triplet of telescopes. See Eq. (2.27) and
Table 2.1.
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Figure 2.8: Here we see that a phase delay due to atmospheric turbulence is
present over telescope 2. This delay, φ2, is canceled out using closure phase as
illustrated in Table 2.1. Photo: U. Eriksson

When transferring the theoretical results into practical astrometry, there are
several solutions. By using more than two telescopesone can get not olny the
visibility and phase but also the closure phase, and this provides some informa-
tion on the distribution of light on the source, e.g. information on stellar surface
structures. The phase is problematic to determine since it is strongly affected by
the turbulence in our atmosphere. Closure phase on the other hand is a practical
possibility to cancel the blurring effect of the atmosphere by using three (or more)
telescopes, labeled e.g. 1, 2 and 3, simultaneously providing the baselines u12,u23

and u31, satisfying
u12 + u23 + u31 = 0. (2.26)

Of course, any phase change due to the optics can also be treated this way and is
in fact included in the expression for the closure phase.

The observed phase difference between any two telescopes is a sum of the
intrinsic phase and the phase delay introduced by the atmosphere. For a group of
three telescopes this can expressed as in Table 2.1.

Consider Fig. 2.8 in which a phase delay is introduced above telescope 2. This
causes a phase shift between telescopes 1-2. Note that a phase shift is also induced
between telescopes 2-3; however, this phase shift is equal but opposite to the one
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Table 2.1: The closure phase is the sum of the phases over the closed triplet of tele-
scopes. We see that the atmospheric and/or optic influence is canceled out using
this technique and therefore closure phase is a good interferometric observable.

Observed = Intrinsic + Atmosphere and/or Optics
φO(u12) = φ(u12) + [φ2 − φ1]
φO(u23) = φ(u23) + [φ3 − φ2]
φO(u31) = φ(u31) + [φ1 − φ3]
φC = φO(u12) + φO(u23) + φO(u31) = φ(u12) + φ(u23) + φ(u31)

for telescopes 1-2. Hence, the sum of three phases, between 1-2, 2-3, and 3-1, is
insensitive to the phase delay above telescope 2. This argument holds for arbitrary
phase delays above any of the three telescopes (Table 2.1).

The closure phase, φC, is thus defined by adding the phases over the triplet of
baselines provided by the telescopes:

φC = φ(u12) + φ(u23) + φ(u31) (2.27)

The closure phase for a uniform or pointlike source can be either 0 or ±π. Any de-
viations from this tells us that there are some asymmetries in the source (Labeyrie
et al. 2006). This is being used in image reconstruction and as such gives much
better results than using only two telescopes.

For the marginally resolved case, the closure phase can be approximated by
(Lachaume 2003)

φC = −4π3 M′
3 · u12 · u23 · u31 (2.28)

where M′
3 is the third central moment, e.g. the skewness of the image.

The conclusion from the above discussion is that the closure phase and its
involvement with the third central moment of the flux distribution makes it inter-
esting to investigate the variation of the third central moment due to stellar surface
structures. We cannot express any real closure phase unless we choose a certain
configuration of apertures ( i.e. u12,u23,u31) and this particular application is left
for future investigators.

There are several examples of interferometers in use and more are under con-
struction. A working interferometer is the Cambridge Optical Aperture Synthesis
Interferometer (COAST) (Baldwin et al. 1996). It is a multi-element optical astro-
nomical interferometer with five 0.4 m telescopes and baselines of up to 100 me-
ters, which uses aperture synthesis to observe stars with angular resolution about
one milliarcsecond (producing images with much higher resolution than can be
obtained using individual telescopes such as the Hubble Space Telescope). The
principal limitation is that COAST can only image bright stars. Nowadays it is
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used as a testbed for projects like the Magdalena Ridge Observatory Interferome-
ter (MROI)6.

Another ongoing project is the VLTI PRIMA7 (Quirrenbach et al. 1998). PRIMA
is a high accuracy interferometric astrometric camera which will allow to measure
relative angular positions of stars with a 10 µas accuracy. In principle, trigono-
metric parallaxes with 10% errors can be derived with PRIMA for targets out to a
distance of 10 kpc.

2.6.2 Space interferometry: SIM PlanetQuest

Another astronomical interferometer is the SIM PlanetQuest8 (Unwin 2005), which
is a space interferometer in preparation. One of its key goals is to measure accurate
distances of stars throughout the Milky Way Galaxy. The Space Interferometry
Mission will measure the position of stars with an accuracy of 4 µas (wide-angle
mode). This accuracy will enable SIM to determine stellar distances to 10 per-
cent accuracy out to a distance of 25 kpc. With this accuracy SIM would be able
to measure the distance to any sufficiently bright object (V=20) anywhere in our
Milky Way Galaxy.

The project’s next key goal is to search for exoplanets. The SIM planet search
program consists of three main scientific areas:

Deep search This project aims to search for terrestrial planets around the ∼ 250
closest stars with a accuracy of ∼ 1 µas.

Broad survey The aim of the Broad survey is to search for terrestrial planets
around the ∼ 2 000 closest stars but with a lower accuracy; ∼ 3 µas. The
goal of this program is to explore the existence of Neptune-mass exoplanets
in all stellar types in our part of the Galaxy.

Planets around young stars The third component of the SIM planet search pro-
gram is the search for Jupiter-mass planets around young stars. The search
for planets around young stars is aimed at studying planetary systems with
one or more Jupiter-mass planets before the system has reached a long term
equilibrium.

In Catanzarite et al. (2006) further information can be found about SIM’s ca-
pability to detect Earth-like exoplanets in the habitable zones.

6http://www.mro.nmt.edu/Interferometer/
7http://www.eso.org/projects/vlti/instru/prima/index_prima.html
8http://planetquest.jpl.nasa.gov/SIM/sim_index.cfm
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2.6.3 Gaia: The Billion Stars Surveyor
Gaia9 is an ESA space astrometry project that will map the stars in our Galaxy
and its neighbours, including the Large Magellanic Cloud (LMC) and the Small
Magellanic Cloud (SMC). It will have a 25 µas accuracy for objects up to mag-
nitude V=15. It is a global astrometric project in the sense that it will measure
object properties continuously as the satellite rotates in a complex manner (the
Gaia Scanning Law). The goal is to map the position, radial velocity, proper mo-
tion etc. for every object brighter than V=20 magnitudes. Over one billion objects
is expected to be catalogued, including stars, quasars, small solar system objects,
and (large) exo-planets.

The scientific results from Gaia are almost inconceivable in extent and im-
plication: detailed information on the structure, dynamics, evolution and history
of our Galaxy and beyond, distribution of dark matter, detection of many thou-
sands of exo-planets and solar system bodies, the curvature of space-time in the
solar neighbourhood etc. Most important is perhaps the possibility to establish a
rigorous distance scale framework throughout the Galaxy and beyond.

Gaia is designed with the following considerations in mind:

• Astrometry (V < 20)

– Completeness to 20 mag (on-board detection)⇒ 109 stars

– Accuracy:

∗ 7 µas at V = 10
∗ 10–25 µas at V = 15
∗ 300 µas at V = 20

The high astrometric accuracy leads to very accurate distance deter-
minations e.g.

∗ distances with 1σ= 1% for 10 million stars out to 2.5 kpc
∗ distances with 1σ= 10% for 100 million stars out to 25 kpc
∗ parallax calibration of all distance indicators e.g. Cepheids and

RR Lyrae to LMC/SMC

• Photometry (V < 20)

– Astrophysical diagnostics (low-dispersion photometry) ⇒ ∆Teff ∼

200 K, log g, [Fe/H] to 0.2 dex, extinction

9http://www.rssd.esa.int/GAIA/
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Figure 2.9: Gaia will operate from the gravitationally stable Lagrange point L2
(image: ESA)

• Radial velocity (V < 16–17):

– Principles: slitless spectroscopy using Ca triplet (847–874 nm)

– Application:

∗ Determination of the third component of space motion, perspec-
tive acceleration
∗ Possibilities to determine the dynamics of stars, perform popula-

tion studies, and binary studies
∗ From spectral analysis: stellar chemistry, stellar rotation

Gaia will be launched into space at the end of 2011 and placed in the vicinity
of the gravitationally stable second Lagrange point (L2) some 1.5 million km from
the Earth on the opposite side relative to the Sun. See Fig. 2.9.
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The major scientific goals for the Gaia project (adapted from the ESA web-
page) are:

• Mapping the Milky Way galaxy, LMC and SMC

– Gaia will determine astrometric distances and positions for over one
billion stars in our Galaxy, LMC and SMC, leading to a three dimen-
sional map of the Galaxy and its surroundings.

– Gaia will provide accurate radial velocity and proper motion measure-
ments of all stellar populations leading to knowledge of the velocity
distribution for different populations of stars.

– One of Gaia’s unique features is the well-defined sampling and sub-
sequent observation of tens of millions of binaries over the entire sky.
Gaia’s strengths is its extreme sensitivity to non-linear (proper) mo-
tions. Large fractions of astrometric binaries with periods in the range
0.03–30 yr will be recognised immediately. As a result of its aperture
size, Gaia will resolve all binaries with separations above some 20 mas
which have moderate magnitude differences between the components.

– Knowing the position and motion of the stars leads to information on
the spatial and dynamic structure of the Galactic disk and halo. This
is essential for stellar and galactic evolution and the formation history
of the Galaxy.

• Stellar structure & evolution

– Gaia will accurately determine the distance to better than 10% for stars
out to 25 kpc. Accurate parallax calibrations are obtained for all dis-
tance indicators, like Cephids and RR Lyrae, making distance deter-
minations easier in the future.

– Physical properties, like (initial) mass functions and luminosity func-
tions, for all type of stars and regions throughout the Galaxy will be
obtained. Gaia will also detect and characterise variability for all spec-
tral types. This is important for the possibility of exoplanet detection
in the future.

• Solar system bodies detection

– Small Solar System bodies is a newly defined group of objects, includ-
ing asteroids, comets, Kuiper Belt objects etc. Many of these objects
will be mapped and their orbits determined.
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– Today, some 4 000 near-earth objects are known and of them approxi-
mately 100 cross the Earth orbit. Gaia is predicted to find a few thou-
sand such objects larger than 1 km. This knowledge is vital for the
survival of mankind on the Earth. The detection limit at 1 AU is a few
hundred meters, depending on albedo.

• Exoplanets

– Gaia will monitor hundreds of thousands of F, G and K stars out to
∼ 200 pc and is expected to find tens of thousands of Jupiter-sized ex-
oplanets with periods less than 10 years. This also includes determi-
nations of planetary masses and orbits. However, Earth-sized planets
are not possible to detect with Gaia.

2.7 Astrophysical limitations to ultra-high-precision
astrometry

There exist several astrophysical limitations to ultra-high-precision astrometry. In
this section I briefly describe a few of the more important ones, namely circum-
stellar disks, (stellar) surface structures, (stellar) multiplicity and microlensing
phenomena.

2.7.1 Circumstellar disks

Circumstellar disks are extended objects that are also variable on all sorts of time
scales due to a range of hydrodynamic, gravitational and magnetic phenomena.
Thus precision astrometry will be intrinsically difficult for these objects. Nev-
ertheless it is of great interest to detect the newly formed planets around young
stellar objects. A Jupiter-sized planet embedded in a circumstellar disk induces
spiral density waves in the circumstellar disk. This leads to a time-variable grav-
itational pull that makes the central star wobble, causing an astrometric offset.
Furthermore, the time-variable asymmetric scattered light from the non-uniform
disk, together with the light from the central star, leads to more astrometric shifts.
Takeuchi et al. (2005) modeled the size of the errors induced by these phenomena
on young solar-like stars in the Taurus-Auriga region (D ≈ 140 pc, a = 5 AU)
and found that the gravitational pull of the variable disk is negligible (<1 µas)
but the variable disk illumination induces a shift of the order of 10 − 100 µas,
corresponding to a virtual distance of approximately 10 mAU.
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2.7.2 Surface structures

Stellar surface structures are phenomena such as spots, flares, plages, faculae,
granulation and non-radial oscillations. These phenomena will affect the light-
emitting area on the surface of the star by blocking some light or emitting an
excess of light in different regions of the star. Spots and plages are fairly stable
in position and thus appear to move as the star rotates. Faculae and granulation
cells often vary on timescales shorter than the rotation period. All of these phe-
nomena lead to a non-uniform flux distribution and will influence the total flux,
the astrometric position of the photocenter, the third central moment (important
for interferometry) and radial velocity.

Intuitively, one can understand that if there is a dark spot emerging over the
limb on left side of the visible hemisphere, the total flux will successively become
smaller until the spot is located at the central line of the star. After that the flux
increases again until the spot reaches the limb on the other side of the visible
hemisphere. The photocenter will first be shifted to the right as the spot moves
from the left limb towards the center and then to the left as the spot moves towards
the right limb. The radial velocity will also change since a loss of light from the
left hemisphere will make the other side dominant and since that side is rotating
away from the observer, the overall radial velocity will be positive. This will
influence the shape of the spectral lines and is used in Doppler Imaging (DI) to
create images of the stellar surface (for an introduction see e.g. Gray 2005, p. 496
ff and references therein). The third central moment is more difficult to visualise.
The results of these effects on a model star are schematically shown in Figure 2.10.
Non-radial oscillations will shift the integrated properties total flux, photocentre
position and radial velocity since the shape of the star changes together with its
rotation. It is hard to draw any intuitive conclusions concerning the effects of these
phenomena and it is not considered any further here.

When addressing surface structures we generally speak of stellar surface struc-
tures. There is on the other hand one more aspect: the intrinsic structures of
quasars and other Active Galactic Nuclei (AGNs). These objects are very impor-
tant for astrometric missions since they are used to create the extragalactic refer-
ence frame and any uncertainties in the position of these objects due to changes
in their structures will limit the possibility for very accurate frame determination.
It has been found that quasars can vary in brightness from one day to another and
consequently also shift the center of gravity of the light on this timescale. This
indicates that quasars are very small objects, the emitting diameters are of the or-
der of one light-day, equal to the size of the solar system. There are also many
examples of quasars that vary in brightness over longer periods of time, say years,
and this indicates that the light emitting source has a size of approximately one
light-year. For ‘close by’ quasars this can be a large obstacle for astrometry.
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Figure 2.10: This figure shows the effect of one dark spot on flux (mag), photocentric
displacement, third central moment and radial velocity as the star rotates about its axis.
Here a spot covering 1% of the visible stellar surface is located at 30◦ latitude on the
surface of a star with its rotation axis perpendicular to the line of sight. Note the similarity
between the radial-velocity offset and the photocentric offset in y (normal to the rotation
axis). This is not a coincidence but a consequence of (ω × r) · ẑ = yωx − xωy. The radial-
velocity curve resembles the derivative of the light curve, which can also be understood
as a consequence of the general formulae. See Chapter 3.

For example, a quasar at 1 billion pc (z ∼ 0.25) and a diameter of 0.5 parsec
(∼ 100 000 AU) the angular size will be about 100 µas, and the photocenter may
vary on a timescale of the order of a year by a significant fraction of this size.
Trying to make accurate parallax determinations using such a reference source
inevitably leads to large errors.

2.7.3 Multiplicity

Stars are often gravitationally grouped in pairs or multiples. More than 50% of
all stars are believed to belong to systems with two or more members. In general,
the multiple systems have a hierarchical structure: a star and a binary orbiting
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around each other in triplet systems, two binaries orbiting each other in a quadru-
ple system and so on. Thus most multiple systems can be described as binaries
with several levels of size. Observationally, there are four main classes of bina-
ries: visual binaries (separated more than 0.1 arcsec), astrometric binaries (only
one component visible), spectroscopic binaries (two sets of spectral lines visible
or the Doppler shift of the lines varies periodically) and photometric or eclipsing
binaries (one component passes in front of the other as they orbit each other).

We identify the following sources of perturbations:

• Time coverage
It can be difficult to identify a binary system if the time coverage of the
orbital period is poor. The orbital motions of the stars can erroneously be
taken as an extra proper motion.

• Unresolved binaries
Apart from the cases mentioned above there is also an interesting technique
to identify and study the separation of Color-Induced Displacement (CID)
stars. This was originally proposed by Christy et al. (1983) and has since
then been applied to e.g. the Sloan Digital Sky Survey (SDSS) data (Pour-
baix et al. 2004). For any double star and any photometric filter, the posi-
tion of the photocenter lies between the two components. If the components
have different colors, the position of the photocenter will change with the
adopted filter as it depends on the ratio of the flux of the components. The
CID is thus the change of the photocenter position due to the adopted fil-
ter. This effect can only be observed by using different filters and if these
binaries are identified by spectroscopic or photometric techniques, the sep-
aration can in principle be determined from one single multi-color measure-
ment as e.g. Gaia will perform.

• Variability of one or both components in unresolved binaries
If one (or both) of the binary components is a variable, Gaia will have dif-
ficulties identifying them and might erroneously take them for an eclipsing
binary or no binary at all. However, there are methods around this problem.
For Hipparcos there was a model used in the reduction of the data concern-
ing unresolved binaries including one photometric variable, the so called
variability-induced movers (VIMs). Wielen (1996) showed that the photo-
center of a binary, in which one component is variable, moves in a very
characteristic manner. For a binary with a fixed geometry, the photocenter
moves back and forth on a straight line connecting the two components.
The size of this motion depends on the ratio of the flux of the constant star
to the average flux of the system times the distance between the stars. It is
unfortunately not possible to directly derive the distance between the stars,
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but an estimate of the smallest distance dmin can be obtained. In practice,
there is an upper limit and this is set by the accuracy of the instrument; if
the separation is large enough the binary will be a visual binary and not
an unresolved, close binary. If, on the other hand, the variable star is a
Cepheid, with known period-luminosity function, it is possible to derive or-
bital parameters for the binary (see e.g. Halbwachs & Pourbaix 2007, 2005;
Pourbaix et al. 2003).

• More than two components
It is common that there are more than two components, and although the
hierarchical structure of such a multiple system makes it possible to treat
them as binaries with several levels, it can be difficult to determine the or-
bital parameters, especially if one or more of the components are invisible.

2.7.4 Weak microlensing or distortion by gravitational fields

When determining the position of a star we use the direction of the beam of light
coming from the star. Unfortunately, light does not travel in straight lines but fol-
lows null geodesics in the four-dimensional space-time. If a beam of light passes
close to a mass it will bend as described by Einstein’s general theory of relativity.
If we determine the direction of the beam, we will end upp with an ‘incorrect’ po-
sition of the star. The total deflection of a ray of light, α, is approximately given
by

α =
4GM
c2b

(2.29)

where GM is the constant gravitation of the deflecting body, and b the impact
parameter.

An example is the bending of a light beam that travels close to the solar limb.
The gravity of the Sun will change the direction of the beam by 1.75

′′

, making the
source of the beam, the far away star, appear in a different direction. For a beam
at 90◦ from the Sun the effect is 4.0717 mas. This effect is well known and easy
to compensate for. For gravitational sources outside the solar system the situation
is more problematic since we do not know their precise properties, such as their
masses and locations. Such objects can be brown dwarfs or even black holes.

The conclusion is that one cannot be certain of the exact positions of the stars.
More importantly, the gravitational deflection for a given star is constantly chang-
ing because of the relative motions of the star, the observer, and the lensing object.
This will cause errors also in the measured proper motion and parallax. An exam-
ple is shown in Fig. 2.11, where the lens makes the apparent parallax of a distant
star too large. Sazhin et al. (2001) have investigated the parallax distortion due to
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Figure 2.11: The position of a star is altered by a lensing object close to the lines of
sight of different epochs. The parallax will appear larger than without the lensing
object, and thereby making the star appear closer to the observer. The positional
change over time can erroneously be interpreted as an extra proper motion.

the weak microlensing and concluded that it will become important at the ∼ 1 µas
level.

Microlensing events (causing a change in brightness and an associated astro-
metric excursion) can only occur in dense regions of stars and the only regions
where this could be of any practical significance, are towards the Galactic center
and perhaps the spiral arms. Simulations and analysis of this has been done by
Belokurov & Evans (2002) and they conclude that, statistically, these events de-
mand the intervening star to be very close, say about 50 pc, and the source star
located at about 300 pc.

Kopeikin & Gwinn (2000) discuss different gravitational sources of astromet-
ric perturbations in the µas and sub-µas region. They conclude that relativistic
effects of the space-time curvature must be thoroughly investigated and mention
e.g. deflection of light due to gravitational waves originating from binaries, super-
massive binary black holes in AGNs or from the early Universe, relativistic effects
of secular aberration caused by the circular motion of the solar system with respect
to the Galactic barycenter, etc. All these effects are assumed to be important at
the sub-µas level and some of the effects are believed to be possible to investigate
by techniques such as VLBI, SIM and/or Gaia.

The Solar system is located at a specific position in space-time and without de-
tailed knowledge of the space-time curvature between us and the stars, we cannot
know their ‘correct’ positions. Their astrometric data must therefore be defined by
the observed direction of the light beam regardless of the (unknown) space-time
curvature outside of the Solar system. The local effects of the Sun and planets are
of course known and can be accounted for.
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Chapter 3

Astrometric effects of surface
structures

3.1 The problem
The development of more and more accurate instruments and techniques drives us
to begin to consider new sources of perturbations in the astrometric signal. One
of these sources is stellar surface structures, for example bright and/or dark spots.
The nature of their influence on the photometric and astrometric signals is not well
described in the literature. We have investigated these effects both theoretically
and by means of simulations. Basically, we have studied the statistical relations
between integrated properties such as total flux, location of the photocenter, spa-
tial extension (stellar diameter) and asymmetry or skewness of the image. These
are all moments of the flux distribution: total flux is the zeroth moment, photocen-
ter position is the first normalised or reduced moment and skewness is the third
central reduced moment.

In this work it is shown that there are in fact distinct relations between the
dispersions of all these properties and also of the radial velocity, which is a com-
bination of first moment terms in x- and y-direction together with the angular
rotational velocity.

3.2 Methods of modeling stellar surface structures
There are different approaches of how to model a stellar surface. A common
approach is to lay a grid over the entire surface and let properties vary between
discrete grid elements. As the star rotates, one can calculate the combined ef-
fect(s) of the properties of interest for all visible grid elements. This is a very time
consuming approach, especially if the stellar surface must be divided into small

39
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grid elements. To save computing time one can use a coarse grid but this intro-
duces discretisation errors. There are also difficulties handling large grid elements
as they approach the limb. Due to rotation, parts of the element will gradually pass
over to the far side of the star, while other parts are still visible to the observer.

An alternative way to model surface structures is to treat most of the surface
as ‘blank’, which can be handled analytically, and add to this a limited number
of small structures (‘spots’). A large structure can be modeled as many small
structures close together, if necessary. The integrated effects are calculated by
summing over all the visible small spots, which may be much faster than summing
over a complete grid. The advantages of using small spots or dividing a large
structure into small spots are obvious: when modelling such structures one only
has to take into account the projection effect as the spot approaches the limb. It is
then approximated to disappear over the limb instantaneously.

When modeling starspots we have chosen the latter approach and the model is
described in detail in the following sections. Briefly, we assume N spots spread
over a spherical star, where each spot is

• absolutely black,

• small in comparison to the stellar radius,

• of equal size A expressed as a fraction of the total surface1,

• randomly spread over the entire surface of the star, and

• fixed in position on the surface, while the star rotates.

The star itself is treated as a solid body with a rotation period P about a tilted axis.

3.3 The Equivalent ARea Spot (EARS) model

3.3.1 Properties of a single spot

Dark or bright spots on the surface of a star will affect the integrated properties in
different ways. One realises the following:

• The flux from the star is reduced in proportion to the total projected area
of the visible spots and varies accordingly. It is therefore possible to find a
mean value of the flux but more important is the RMS variation of the flux.

1The size can alternatively be set to a mean value with a variation
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• A black spot on the left side (−x) of the star will shift the photocenter po-
sition in the +x direction and also cause a positive skewness (third central
moment) in the flux distribution along the x-axis. As the star rotates, these
properties will shift and especially the RMS variations are of interest here.

• The apparent radial velocity will also shift, depending on whether a dark
spot is rotating towards or away from the observer. A dark spot on the side
rotating toward the observer will cause the apparent radial velocity to be
positive, since more bright area is rotating away from the observer, giving a
positive contribution to the radial velocity component.

Of course bright surface structures will lead to similar effects but with the opposite
signs. It is therefore straightforward to model this simply by assigning different
signs to dark and bright surface structures.

The size of the spots is defined, using the angular radius ρ as seen from the
center of the star, as A = sin2(ρ/2), see Fig. 3.1. The assumption that the spots
are treated as absolutely black is uncritical if the spot area, A, is treated as an
equivalent area. This means that the spots are actually treated as points but with
properties equivalent to a completely black spot of area A. If we let dark spot areas
be positive we can formally treat bright spots as having negative areas. Their
contribution to the intensity can then be specified by the following reasoning.
Assume that the surface brightness is given by a linear limb-darkening law

I(x, y) = (1 − a + aµ)IC (3.1)

where a is the limb-darkening factor and µ = |z|/R is the projection factor of a
surface element dS when projected onto the sky. IC = I(0, 0) is the mean intensity
at disk center, where µ = 1.

A spot at (x1, y1) has an equivalent area A = 1
2πR2

!
α(x, y)µ dS , where α is 0

except close to (x1, y1), where it is some number between 0 and 1, depending on
the contrast. In the following simulations maximum contrast is being used for the
spots (α = 1). For the Sun in visible light, a ≈ 0.6.

Using this, the surface brightness or intensity can be expressed as

I(x, y) = (1 − α(x, y))(1 − a + aµ)IC (3.2)

This is the fundamental intensity model that the rest of the analysis is built upon.

3.3.2 Multiple spots on a rotating star
When describing the spot coverage of a star, a commonly used property is the
spot filling factor, f . It is interpreted as the fraction of the visible sphere covered
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Figure 3.1: Definition of the area of the spot. The spot area is related to the angle,
ρ, by A = sin2(ρ/2).

by spots. The property varies from � 1% for old, inactive stars to several per-
cent for young, active stars. Saar & Donahue (1997) and Hatzes (2002) used the
spot filling factor when modeling the effect of starspots on radial velocity varia-
tions. From their models, they derive radial-velocity and position variations that
are proportional to f 0.9 or f 0.92. They do not explain the origin of the strange
power exponents.

What is expected from a statistical point of view? The relation between the
total equivalent area of the spots, A ·N, and spot filling factor, f , is that f ' 2 A ·N.
As long as A · N � 1, all the effects are proportional to A. When addressing the
dependence of N one must take into consideration that the spots are randomly
spread over the surface and any of the effects will mainly depend on the number
of spots k on the visible part of the star at any given time. Statistically, the number
of visible spots follows a binomial distribution function with parameters p = 0.5
and N. The RMS dispersion of such a distribution is

√
N/2, i.e. we can expect the

RMS variations of the integrated properties to be proportional to A
√

N or

σ j ∝ A
√

N where j = F,m, pos, vR and µ3. (3.3)

rather than depending on the spot filling factor, f, or some power of it.
To simulate a spotted star we randomly place N spots of a given size A on the

surface of star of radius R and then tilt the rotation axis to a certain inclination
i. The position angle ϕ is set to zero (or any other value, even random). To
randomly place the spots on the surface demands some considerations for the
latitude coordinate. If the spots are distributed uniformly in latitude between +90◦

and −90◦ there will be an excess of spots close to the poles, which is unrealistic.
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We instead use a more realistic distribution, where the probability density is the
same for all surface elements

φ = cos−1 (1 − 2 · randomu(seed))

where φ is the colatitude.2 For the longitude we simply have

λ = 2π · randomu(seed).

The first problem encountered with a rotating star is the fact that one only sees
half of it at any given time. One also realises the need for transforming the spot’s
position on the star to a fixed coordinate system on the sky, with origin at the
center of the star. Below, and in more detail in Appendix A, we describe how this
can be carried out, taking into account the projection effect of the spots as well as
the limb-darkening law (I ∝ 1 − a + µa).

To simulate a rotating star we first define two right-handed Cartesian coordi-
nate systems, one that is fixed to the model star E = [ e1 e2 e3 ] and one that
is fixed onto the sky Z = [ x y z ]. We choose the orientation of the star’s
coordinate system so that the e3 axis coincides with the rotation axis. The star
rotates with angular velocity ω.

To model a randomly orientated, rotating star the following steps are needed:

1. Place a spot at the coordinates (r j, λ j, φ j)→ r j

2. Rotate the model star by the angle ω∆t, where ∆t is the time step.

3. Transform to new coordinates (x j, y j, z j).

4. If the spot is visible (z j < 0) it is used in the calculations for the integrated
properties.

5. Repeat from 2. until ωt = 2π.

In Appendix A an expression is derived for the transformation between the inter-
nal, rotating coordinate system of the star and the fixed coordinate system: x j

y j

z j

 = T(t)

 r cos φ j sin λ j

r sin φ j sin λ j

r cos φ j

 (3.4)

where T(t) stands for the total transformation between the two systems.
The coordinates x j and y j are used in the calculations of the moments, but also

z j, since it will help to define which part of the star that is visible to the observer.
A negative value of z j means that the spot is on the side facing the observer and
therefore visible. z j is also used for the projection factor µ = |z|R .

2randomu(seed) is a function returning a list of random number between 0 and 1 with a uniform
distribution for different seeds. This is the notation used in the program language IDL (Interactive
Data Language) in which I have made the simulations.
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3.3.3 Theoretical relations used in the model
Let I(r, t) be the instantaneous surface brightness of the star at a point r = (x, y, z)
on the visible surface, i.e. the specific intensity in the direction of the observer.
We are interested in the integrated properties: total flux F(t), photocentre offsets
∆x(t), ∆y(t) in the directions perpendicular to the line of sight, the third central
moment3 of the intensity distribution µ3(t), and radial velocity offset ∆vR(t). These
are defined by the following integrals over the visible surface S (z < 0):

F(t) =
∫
S

I(r, t)µ dS (3.5)

∆x(t) =
1

F(t)

∫
S

I(r, t)xµ dS (3.6)

∆y(t) =
1

F(t)

∫
S

I(r, t)yµ dS (3.7)

µ3(t) =
1

F(t)

∫
S

I(r, t)(x − ∆x(t))3µ dS (3.8)

∆vR(t) =
1

F(t)

∫
S

I(r, t) (ω × r) · ẑ µ dS (3.9)

where µ = |z|
R is the projection factor of the surface element dS when projected

onto the sky and ω is the angular velocity of the star (assumed to be rigid). The
photometric variation in magnitudes is given by

∆m(t) = −1.086
F(t) − 〈F〉
〈F〉

(3.10)

where 〈F〉 is the time-averaged flux and the scale factor 1. 086 originates from
conversion between change in magnitude and flux4.

The expression for the non-normalised central moments in Cartesian coordi-
nates is

M′mn =

∫
S

I(x, y)(x − ∆x)m−n(y − ∆y)nµ dS (3.11)

3There are acctually four different third moments, involving the powers x3, x2y, xy2 and y3,.
Only the first is considered here, but similar expressions can be derived for the other three.

4The relation between change in magnitude and flux is given by

∆m(t) = −2.5 lg
(

F(t)
〈F〉

)
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where m+ n = order of moment. For the closure phase one needs the third central
moments and there are actually four possibilities; M′30,M

′
21,M

′
12,M

′
03. Here, this

is exemplified by the case where m = 3, n = 0:

M′30 =

∫
S

I(x, y)(x − ∆x)3µ dS (3.12)

It is often useful to have the normalised moments. They are found by dividing
the (central) moments by the zeroth moment, e.g. the total integrated flux.

F = M00 =

∫
S

I(x, y)µ dS (3.13)

Generally, the normalised moments are

Mmn

M00
=

1
F

∫
S

I(x, y)xm−nynµ dS (3.14)

and the central moments
M′mn

M00
=

1
F

∫
S

I(x, y)(x − ∆x)m−n(y − ∆y)nµ dS (3.15)

In conclusion, we find that

F = M00 (3.16)

∆x =
M10

M00
(3.17)

∆y =
M01

M00
(3.18)

µ3 =
M′30

M00
(3.19)

and, since lg x = ln x/ ln 10, the relation can be rewritten as

∆m(t) = −2.5 lg
(

F(t)
〈F〉

)
= −

2.5
ln 10

ln
(

F(t)
〈F〉

)
= −

2.5
ln 10

ln
(
1 +

F(t) − 〈F〉
〈F〉

)
In the limit of small changes (F(t) ≈ 〈F〉), we find

∆m(t) ≈ −1. 086
F(t) − 〈F〉
〈F〉
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For the radial velocity, Eq. (3.9), the expression (ω × r) · ẑ is the radial velocity
of a point (x, y) on the surface as the star rotates around its axis.

These are the generally applicable theoretical relations and in the following
section I will derive numerical relations under the assumption of a spotted star,
using the equivalent area of a spot as a parameter of the size of the spot.

3.3.4 Calculation of the moments

Zeroth moment or total flux, F

Using the intensity model in Eq. (3.2), the instantaneous total flux is given by

M00 = F =

∫
S

(1 − α(x, y))(1 − a + aµ)ICµ dS

=

∫
S

(1 − a + aµ)ICµ dS −
∫
S

α(x, y)(1 − a + aµ)ICµ dS

≈ πR2
(
1 −

a
3

)
IC − 2πR2A1µ1(1 − a + aµ1)IC (3.20)

where πR2 (1 − a/3) IC is the total flux from an non-spotted star5. Let Q1 = 2A1

be the size of the spot expressed as a fraction of the visible sphere, 2πR2, then

F ≈ πR2
(
1 −

a
3

)
IC − πR2Q1µ1(1 − a + aµ1)IC (3.21)

If there are several spots, then the flux will be a sum over the n visible spots (with
zi < 0):

F ≈ πR2IC

(
1 −

a
3

)
− πR2IC

n∑
i=1

Qiµi(1 − a + aµi) (3.22)

5See Eriksson & Lindegren (2007) for the detailed calculations of the total flux.
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First moments and photocentric displacement

The first moment in x is

M10 =

∫
S

I(x, y)xµ dS

=

∫
S

(1 − α(x, y))(1 − a + aµ)IC xµ dS

=

∫
S

(1 − a + aµ)IC xµ dS −
∫
S

α(x, y)µ(1 − a + aµ)IC xµ dS

≈ 0 −
n∑

i=1

2πR2Aiµi(1 − a + aµi)IC xi

With Qi = 2A1 we get

M10 ≈ −πR2IC

n∑
i=1

Qiµi(1 − a + aµi)xi (3.23)

The same reasoning for y gives

M01 ≈ −πR2IC

n∑
i=1

Qiµi(1 − a + aµi)yi (3.24)

The normalised moments, equal to the photocentric displacements ∆x = M10
M00

and ∆y = M01
M00

, can now be expressed as

∆x =
M10

M00
≈

−
∑n

i=1 Qiµi(1 − a + aµi)xi(
1 − a

3

)
−

∑n
i=1 Qiµi(1 − a + aµi)

(3.25)

∆y =
M01

M00
≈

−
∑n

i=1 Qiµi(1 − a + aµi)yi(
1 − a

3

)
−

∑n
i=1 Qiµi(1 − a + aµi)

(3.26)

If all Qi are small then this can be approximated by

∆x =
M10

M00
≈
−

∑n
i=1 Qiµi(1 − a + aµi)xi(

1 − a
3

) (3.27)

∆y =
M01

M00
≈
−

∑n
i=1 Qiµi(1 − a + aµi)yi(

1 − a
3

) (3.28)
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The second moment, M20

The second moment in x is

M20 =

∫
S

I(x, y)x2µ dS

=

∫
S

(1 − α(x, y))(1 − a + aµ)IC x2µ dS

=

∫
S

(1 − a + aµ)IC x2µ dS −
∫
S

α(x, y)µ(1 − a + aµ)IC x2µ dS

≈
1
4
πR4IC

(
1 −

7a
15

)
−

n∑
i=1

2πR2Aiµi(1 − a + aµi)IC x2
i

thus

M20 ≈
1
4
πR4

(
1 −

7a
15

)
IC − πR2IC

n∑
i=1

Qiµi(1 − a + aµi)x2
i (3.29)

and the normalised moment will be

M20

M00
≈

1
4πR4

(
1 − 7a

15

)
IC − πR2IC

∑n
i=1 Qiµi(1 − a + aµi)x2

i

πR2IC

(
1 − a

3

)
− πR2IC

∑n
i=1 Qiµi(1 − a + aµi)

≈

1
4R2

(
1 − 7a

15

)
−

∑n
i=1 Qiµi(1 − a + aµi)x2

i(
1 − a

3

)
−

∑n
i=1 Qiµi(1 − a + aµi)

(3.30)

or, approximately

M20

M00
≈

1
4R2

(
1 − 7a

15

)
−

∑n
i=1 Qiµi(1 − a + aµi)x2

i(
1 − a

3

) (3.31)

The third moment, M30

The third moment in x is

M30 =

∫
S

I(x, y)x3µ dS

≈ 0 −
n∑

i=1

2πR2Aiµi(1 − a + aµi)IC x3
i
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thus

M30 ≈ −πR2IC

n∑
i=1

Qiµi(1 − a + aµi)x3
i

and the normalised moment will be

M30

M00
≈

−
∑n

i=1 Qiµi(1 − a + aµi)x3
i(

1 − a
3

)
−

∑n
i=1 Qiµi(1 − a + aµi)

(3.32)

or, approximately,
M30

M00
≈
−

∑n
i=1 Qiµi(1 − a + aµi)x3

i(
1 − a

3

) (3.33)

The third central moment, M′30

The third central moment in x is

M′30 =

∫
S

I(x, y) · (x − x0)3 µ dS

=

∫
S

I(x, y)
(
x3 − 3x2x0 + 3xx2

0 − x3
0

)
µ dS

= M30 − 3M20
M10

M00
+ 3M10

(
M10

M00

)2

−

(
M10

M00

)3

M00

= M30 − 3
M20M10

M00
+ 2

M3
10

M2
00

(3.34)

From this it is clear that one can calculate the third central moment using the
non-central moments. Thus,

µ3 =
M′30

M00
=

M30

M00
− 3

M20

M00

M10

M00
+ 2

M3
10

M3
00

(3.35)

3.3.5 Radial velocity
Let us consider a spot on the surface of the star associated with the position-vector
r. The rotational velocity of r will of course be

vrot = ω × r =

∣∣∣∣∣∣∣∣
ωx ωy ωz

x y z
x̂ ŷ ẑ

∣∣∣∣∣∣∣∣
= ŷxωz − x̂yωz + x̂zωy − ẑxωy − ŷzωx + ẑyωx (3.36)
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Since the +z-axis points away from the observer, the radial velocity, vr, of the spot
will be the z-component of vrot:

vr = (ω × r) · ẑ
=

(
ŷxωz − x̂yωz + x̂zωy − ẑxωy − ŷzωx + ẑyωx

)
· ẑ

= ωxy − ωyx (3.37)

and the overall change in radial velocity due to the spots will be

∆vr = ωx∆y − ωy∆x (3.38)

From this we learn that the radial velocity can be expressed as a combination
of the first two normalised moments of the intensity distribution together with
the components of the angular velocity. If the +y direction coincides with the
projection of the rotation vector ω onto the sky, then ωx = 0, ωy = ω sin i, and
ωz = ω cos i where ω = 2π/P.

3.3.6 Summary of the moments
The calculations lead to expressions all including the common part
Ki = Qiµi(1 − a + aµi) and inserting this into the derived expressions, together
with the convention of expressing xi, yi as fractions of the stellar radius R, leads to

M00 = πR2
(
1 −

a
3

)
IC − πR2IC

n∑
i=1

Ki (3.39)

M10 = −πR3IC

n∑
i=1

( xi

R

)
Ki (3.40)

M01 = −πR3IC

n∑
i=1

(yi

R

)
Ki (3.41)

M20 =
1
4
πR4

(
1 −

7a
15

)
IC − πR4IC

n∑
i=1

( xi

R

)2
Ki (3.42)

M30 = −πR5IC

n∑
i=1

( xi

R

)3
Ki (3.43)

M′30 = M30 − 3
M20M10

M00
+ 2

M3
10

M2
00

(3.44)

These expressions have a form that directly makes them useful in the following
simulations. Remember that they represent the instantaneous values of the quan-
tities. The time dependence follows from the rotation of the star, i.e. when mod-
elling a rotating star one must calculate these moments for every rotation phase
until a whole revolution is completed.
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The assumptions made correspond to what I call the Equivalent ARea Spot
(EARS) model. This model will be used in Monte Carlo simulations in the fol-
lowing section.

3.4 Monte Carlo simulations
Modelling stellar surface structures and their influence on the integrated properties
of interest is straightforward using the expressions derived above. The inclination
and position angle can be chosen arbitrarily but it is not very interesting to seek
the detailed relationships between the integrated properties for a certain config-
uration. More interesting are the relationships between the statistical properties.
One therefore needs to perform Monte Carlo simulations of a large number of ran-
domly oriented model stars and calculate the statistics of the integrated properties.
Actually, simulations based on the EARS model were made in two different ways,
using a rotating and a static model.

3.4.1 The rotating model
We randomly place a number of spots of given size A (dark and/or bright) on the
surface of a model star and tilt its axis to a (random) inclination i and position
angle ϕ. For each model star we calculate the integrated properties as functions of
the rotational phase and save the results in a matrix. The results for an individual
model star with only one spot can be seen in Figure 2.10.

After performing a complete revolution of the model star we calculate the
RMS dispersions6, D[Mmn], for the integrated properties saved in the matrix and
the procedure is repeated for a large number of model stars. The analysis is based
on the statistics of these RMS values.

Using the programming language IDL, we made many simulations of dif-
ferent scenarios, e.g. using A = 0.0025 (equivalent to a spot radius of 5.73◦),
N = 1, 2, 3, 10, 30, 50 and a limb-darkening factor a = 0.6 together with a random
orientation of the rotation axis. The results can be seen in Figure 3.2. We clearly
see that there are indeed very simple relations between the RMS dispersions of
the integrated properties and that they are proportional to

√
N. The same patterns

are found for any other set of input parameters.
Simulations also show that the RMS dispersions are proportional to the spot

size, as predicted. This can be seen in Figure 3.3.
The conclusion from these simulations is that the RMS dispersions of the inte-

grated properties follow the predicted relationship from the binomial distribution;
σ ∝ A ·

√
N.

6Note that we use the notation D[Mmn] fot the dispersion of the moments Mmn.
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Figure 3.2: Results of Monte Carlo simulations of a rotating star with different
number (N) of spots of size A = 0.0025. The different graphs represent from top
to bottom σm, σpos, σµ3 and, σvR , expressed on an arbitrary scale. Dots and error
bars represent mean value and dispersion of the σ values for a set of simulations
with a given N. The dashed lines have slopes 0.5, corresponding to σ ∝

√
N.

3.4.2 The static model

Simulations are also made using a ‘static’ model, i.e. where the star does not
rotate. Here, we simply simulate a large number of independent realisations of the
spotted surface, calculate the intensity moments for each realisation, and compute
the RMS dispersions among the realisations. The orientation of the rotation axis
does not matter in this case.

In the rotating model, each new phase can be considered as a new set of spot
placements and it would therefore seem that the resulting statistics for the rotat-
ing and static models should be the same (except for the radial-velocity effect,
which can only be obtained in the rotating model). We find in reality small differ-
ences in the statistics between the two models, although they are of little practical
consequence.
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Figure 3.3: Results of Monte Carlo simulations of the effect of varying spot size
clearly show that the RMS dispersion of the magnitude, σm, is proportional to the
spot size, σm ∝ A, as predicted. The upper graph represents the case σm with ten
spots. The lower graph represents the case for only one spot. In both cases the
spot size varies from 0.0025 to 0.08 of the total surface area. The slopes of the
dashed lines are 1, corresponding to a linear relationship. The same linear relation
is found for the other dispersions.

The static model should give results more in line with the analytical model
presented in the appendix of Eriksson & Lindegren (2007). It also more closely re-
sembles the simulations made by Svensson & Ludwig (2005) and Ludwig (2006),
who considered the photometric and astrometric jitter caused by granulation.

3.4.3 Results from the simulations

The rotating and static models were used to simulate many different scenarios.
The statistical results where also compared with the theoretical predictions from
the analytical model described in Appendix A of Eriksson & Lindegren (2007).

For the rotating model, we simulated 1 000 stars with randomly placed spots
of size A = 0.0025 using the procedure described earlier in this section. Each ro-
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tation of an EARS-model star was divided into 200 phases, and for each rotation-
phase we calculated the integrated properties. Simulations were performed with
1, 2, 3, 10, 30 and 50 spots. In the EARS-model simulations we could choose be-
tween dark, bright or dark and bright spots in any required statistical proportions.

For the static star model we simulated 10 000 cases, using the same spot area
and number of spots as in the EARS-model simulations. In these simulations, the
inclination is of course irrelevant. Simulations were made for the following cases:

1. Simulation of 1000 rotating stars with a varying number of dark (or bright)
spots and a randomly orientated rotation axis.

2. Simulation of 1000 rotating stars with a varying number of dark (or bright)
spots and an inclination of π/2 of the rotation axis.

3. Simulation of 1000 rotating stars with a varying number of dark and bright
spots, with a probability of 0.50, and a randomly orientated rotation axis.

4. Simulation of 1000 rotating stars with a varying number of dark and bright
spots, with a probability of 0.50, and an inclination of π/2 of the rotation
axis.

5. Simulation of 10 000 static stars with a number of dark (or bright) spots

6. Simulation of 10 000 static stars with a number of dark and bright (50/50)
spots.

For case 1 we find:

σm ' (1.17 ± 0.60) · A
√

N (3.45)
σpos ' (0.57 ± 0.25) · A

√
N · R (3.46)

σµ3 ' (0.22 ± 0.09) · A
√

N · R3 (3.47)

σvR ' (0.51 ± 0.26) · A
√

N · Rω (3.48)

where σpos = σ∆x = σ∆y and where the values after ± show the RMS dispersion of
the proportionality factor found among the different simulations. Similar results
are obtained for Case 2–4 but for Case 5–6, the radial velocity is omitted since we
do not have any rotation. These results are then used to calculate the numerical
factors between the RMS dispersions of the integrated properties. The results are
presented in Table 3.1.

A useful and striking consequence of the results from the simulations is that
from a measurement of any of the four dispersions we can statistically predict
the other three dispersions, under the assumption that we know the stellar radius
and rotation period and that the effects are indeed caused by stable stellar surface
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Table 3.1: Results from simulations for different types of models. Case 1–4 are
from the rotating model, Case 5–6 from the static model and Case 7 is the pre-
dicted result from the analytical model in Appendix of Eriksson & Lindegren
(2007). In Case 5–7 we do not have any rotation and therefore no radial velocity
dispersion.

Case D[M10]
RD[M00]

D[M′30]
R3D[M00]

σpos
Rσm

σµ3
R3σm

σvR
Rωσm

Comments
1 0.53 0.20 0.49 0.19 0.43 Rotating, dark spots, random i
2 0.47 0.18 0.42 0.16 0.47 Rotating, dark spots, i = π/2
3 0.54 0.20 0.49 0.19 0.43 Rotating, dark and bright spots, random i
4 0.40 0.15 0.37 0.14 0.46 Rotating, dark and bright spots, i = π/2
5 0.49 0.15 0.45 0.14 – Static, dark spots
6 0.41 0.15 0.38 0.14 – Static, dark and bright spots
7 0.409 0.151 0.376 0.139 0.307 Analytical model

structures on a rotating star. Most important is perhaps that it is not necessary to
know A or N in order to do this. If e.g. the photometric dispersion is known, the
result from Case 1 will be

σpos ' 0.49 Rσm (3.49)
σµ3 ' 0.19 R3 σm (3.50)
σvR ' 0.43 Rωσm (3.51)

When comparing the results in Table 3.1 with the results derived from the an-
alytical model in Eriksson & Lindegren (2007), the results are deviating except
in Case 4 and 6. The numerical factors from the simulations are some 30–40%
larger than according to theory for the first and third case. One common prop-
erty for these two cases is the random inclination of the rotation axis and here
is a clue to understanding why they deviate. First, the photometric variability
is systematically smaller in these experiments. This could indeed be the case in
many experiments, for instance when the star is seen at a small inclination (nearly
pole-on), in which case the rotating model could give a small photometric effect
coupled with significant variation of the photocenter. By contrast, the analytical
model allows no such ‘singular’ cases. Secondly, the statistical model is built
on the assumption that there is a mean intensity (πR2IC

(
1 − a

3

)
) and a variance,

i.e. we need both black and bright spots to fulfill this assumption. Since calcula-
tions are made for the relative properties D[M10]/RD[M00] and D[M′30]/R3D[M00],
one realises that if D[M00] gets smaller, both relative properties consequently
get larger. As shown earlier, the expectation value for the variance for sin i is〈
sin2 i

〉
= 2

3 and since D[M00] depends on the inclination one can statistically say

that D[M00] ∝
√〈

sin2 i
〉
=

√
2
3 ≈ 0.816 leading to some 18% smaller values for
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D[M00], on average. When dividing the integrated properties by D[M00], some
22% larger values for the relative properties are obtained. This largely explains
the deviations in the results of the simulations from the results of the statistical
model.

In conclusion, the analytical model works well for small intensity variations
like granulations, small spots, faculae etc. For a more realistic case (a randomly
oriented, rotating star with stellar surface structures), the analytical model may
underestimate the effects by some 20–30%.

3.5 Summary of numerical results
The numerical and analytical models show that there are indeed distinct statistical
relations between the dispersions of the integrated properties. It is also noted
that there is a considerable scatter between the different realisations, amounting to
about 50% RMS about the mean RMS effect. Thus, any prediction based on either
model is only valid in a statistical sense, with considerable uncertainty in any
individual case. Nevertheless, the overall agreement between the results of these
very different models suggests that the statistical relations amongst the different
effects have a fairly general validity. The expressions for σvR are the least general
in this respect, as they obviously break down if the structures change on a time
scale smaller than the rotational period, or if the surface structures themselves
have velocity fields.

This work has shown that from knowledge of e.g. the photometric dispersion,
it is possible to derive statistical relations for the remaining dispersions:

σpos

Rσm
≈ 0.43 ± 0.06 (3.52)

σµ3

R3σm
≈ 0.16 ± 0.03 (3.53)

σvR

Rωσm
≈ 0.45 ± 0.02 (3.54)

where the values after the ± are the maximum deviations of different models from
the mean value. These relations can be compared to the results from the analytical
model:

σpos

Rσm
= 0.376 (3.55)

σµ3

R3σm
= 0.139 (3.56)

σvR

Rωσm
= 0.307 (3.57)
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The conclusion is that the theoretical statistical model gives a lower limit to
the effects of stellar surface structures and that the results from the simulations are
perhaps more realistic.
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Chapter 4

Impact on astrometric exoplanet
searches

This chapter summarises and discusses the results presented in Eriksson & Lin-
degren (2007). Future astrometric missions operating from space are expected
to reach accuracies of just a few µas. This turns out to be close to and some-
times even lower than the predicted effects of stellar surface structures which are
therefore a source of perturbations or ‘jitter’ in the astrometric signal. One of the
goals of this project was to quantify the expected effects in different regions of the
HR-diagram. This was done using the theoretical considerations and Monte Carlo
simulations described in the previous chapter. Thus, the more easily observed
photometric or radial velocity variations could be used to predict the astrometric
jitter caused by stellar surface structures. Closure phase, through its connection
to the third central moment of the brightness distribution, was also found inter-
esting since this observable contains information about asymmetries on the stellar
surface, resulting from e.g. stellar surface structure.

Interestingly, it is found that the astrometric jitter due to stellar surface struc-
tures and the variations induced by exoplanets are of a similar magnitude, espe-
cially for stars with low photometric variability and low magnetic activity. This
motivated a deeper investigation of the statistical astrometrical effect of exoplanets
in the context of exoplanet searches.

4.1 Predicted effects of stellar surface structures

The analysis in Chapter 3 resulted in a number of statistical relations between the
RMS dispersions of the different integrated properties. Using e.g. the variations
in the photometric signal as a observable, relations like Eqs. (3.52)–(3.54) and
Eqs. (3.55)–(3.57) can now be applied on real stars in different regions of the HR-
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diagram. The analysis is made for pre-main sequence stars (PMS stars), main-
sequence stars (MS stars), giant and supergiant stars. There are however groups
of stars that must be excluded from this analysis and these are pulsating stars and
certain peculiar stars. The photometric and radial velocity variations for these
stars have very different origins and are therefore not correctly represented by the
present models.

A first overview of stellar variability can be found in the results from the
Hipparcos project. Eyer & Grenon (1997) analysed the photometric variability
throughout the HR-diagram for the stars in the Hipparcos catalogue (Fig. 4.1).
Highly stable areas (dark blue in the diagram) exist in many areas of the HR-
diagram, both among early, intermediate and late spectral types. The instability
strip, extending from around F0V to F8II and above is clearly seen. The most
stable stars are B8-A3 IV and V (on the blue side) and G8II to G8V (on the red
side of the instability strip), with a variation of less than 2 mmag. From G8 to
M2V the variability increases due to the development of activity and star spots.

The literature was searched for more detailed investigations of photometric
and radial-velocity variability in the different spectral and luminosity classes and
the results are summarised in Table 4.1 (for details, see Eriksson & Lindegren
(2007)). The astrometric RMS dispersions were calculated using three different
formulae:

σpos ' 0.376Rσm (4.1)
σpos ' 0.195PσvR (4.2)
σpos = (300 µAU) × 101−log g (4.3)

where R is the radius, P the rotation period and g the surface gravity of the star (in
cm s−2). Eq. (4.3) is taken from Svensson & Ludwig (2005). The astrometric jitter
is consistently expressed in linear units, using the astronomical unit AU, mAU
(10−3 AU) or µAU (10−6 AU). This eliminates the dependence on the distance to
the star, while providing simple conversion to angular units: 1 µAU corresponds
to 1 µas at a distance of 1 pc.

Eq. (4.1) is based on the analytical model and probably gives realistic order-
of-magnitude estimates for the astrometric jitter although we realise that the pro-
portionality factor might be a little low compared to the EARS-model simulations.
Eq. (4.2) is also based on the theoretical model and, as before, the proportional-
ity factor might be a little low. This formula is however only valid if the radial
velocity is rotationally modulated. Since pulsations, non-radial oscillations, con-
vection and many other effects may cause radial-velocity variations without a cor-
responding astrometric effect, these estimates are upper limits. Nevertheless, rota-
tional modulation is important among active (young) main-sequence stars and M
dwarfs, and for these objects the formula may provide correct order-of-magnitude
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Figure 4.1: Stellar variability in the HR diagram. Stars in different bins are la-
belled with the mean intrinsic scatter. c© ESA SP-402 (Eyer & Grenon 1997)
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Figure 4.2: HR diagram visualising the astrometric RMS dispersion in different
sub-groups of spectral and luminosity classes. The diameter of the circles are
proportional to logσpos and data are from Eriksson & Lindegren (2007). The
dispersions are in µAU.
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estimates. Eq. (4.3), with log g taken from Cox (2000), is derived from the inverse
relation to surface gravity g found by Svensson & Ludwig (2005) for a range of
hydrodynamical model atmospheres. Although the authors warn that sphericity
effects may render an extrapolation of this relation to supergiants very uncertain,
we have applied it to all the stellar types in Table 4.1. Since it only includes the
random effects of stellar granulation, the formula represents a lower limit to the
expected astrometric jitter.

In Table 4.1, stars having similar properties are binned together and the un-
certainty will be fairly large. If the likely mechanisms of the variability are con-
sidered, it is nevertheless possible to make some quantitative conclusions. These
are visualised in Fig. 4.2, showing the astrometric RMS dispersion for stars in dif-
ferent regions of the HR diagram. For main-sequence A to M stars, the expected
level of astrometric jitter is generally in the range 2–20 µAU, probably depending
mainly on the level of stellar activity; old, inactive stars should have less jitter (2–
5 µAU). The Sun appears to be more stable than the typical old, solar-like star, but
not by a large factor. It is intriguing that our Sun appears to be the photometrically
most stable star in the literature. The most stable giant stars are the late F to early
K types, were the expected astrometric jitter is of order 25 µAU. Late-type giants
and supergiants have σpos of a hundred to several thousand µAU.
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Table 4.1: A summary of typical photometric and spectroscopic variability for dif-
ferent stellar types, and inferred levels of astrometric jitter (σpos), using Eqs. (4.1),
(4.2) and (4.3). The jitter is estimated in three different ways: from the photo-
metric variability, using Eq. (4.1) [this will overestimate the jitter if part of the
variability is due to radial pulsation]; from the radial velocity variability, using
Eq. (4.2) [this method will overestimate the jitter if the variability is not caused
by rotational modulation]; and from the surface gravity, using Eq. (4.3) [this only
includes jitter caused by granulation, and is therefore a lower limit]. References
to typical observed quantities are given as footnotes. Radii and log g (not shown)
are taken from Cox (2000).

Type σm σvR R P σpos (4.1) σpos (4.2) σpos (4.3)
[mmag] [m s−1] [R�] [d] [µAU] [µAU] [µAU]

Main-sequence stars:
O–B7V 10c 7 120 0.3
B8–A5V <2c 2.5 <9 0.2
A6–F0V 2–8c 1.6 5–20 0.1
F1–F8V <2c 3–100m 1.3 3b <5 1–30 0.1
F9–K5V (young) 5–15a,d,k 16 j 1 10a 10–25 18 0.1
F9–K5V (old) 1–3a,d 3–5k 1 25a 2–5 8–14 0.1
G2V (Sun) 0.4i 1 25b 0.7 0.1
K6–M1V 10c 5m 0.6 40a 10 20 0.1
M2–M9V 20l 10m 0.3 0.2–2l 10 0.2–2 0.04

Giants:
O–B7III 4–8c 10 70–140 1
B8–A7III <4c 5 <35 1.5
A8–F6III 5–20c 5 50–200 2
F7–G5III 2–6c <20 f 7 10b 25–75 <25 5
G6–K2III <2c,g 20–30e, f ,n 15 30b <50 60 20
K3–K8III 5–10c,h 20–100e, f ,n 25 200–500 50
M0III 20c,h 30–150e, f ,n 40 1400 150
M5III 100c,h 50–300e, f ,n 90 16000

Bright giants and supergiants:
O–AIa,b 4–40c 30 200–2000 25
FIa,b 20–100d 100 4000–20 000 100
GII 2–10c 30 100–500 40
G–KIa,b 10–100c 150 3000–30 000 250
MIa,b,II ∼100c 500 ∼100 000 300–3000

References: aAigrain et al. (2004), bCox (2000), cEyer & Grenon (1997), dFekel et al. (2004), eFrink et al. (2001),
f Hekker et al. (2006), gHenry et al. (2002), hJorissen et al. (1997), iLanza et al. (2004), jPaulson et al. (2004), kRadick

et al. (1995), lRockenfeller et al. (2006), mSaar et al. (1998), nSetiawan et al. (2004)
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4.2 Comparison with the effects of exoplanets
We have seen that both stellar surface structures and exoplanets can cause astro-
metric jitter of comparable size. In Sect. 2.5.2 we found that potentially habitable
Earth-like exoplanets are mainly expected around late type main-sequence stars
(A–M), in the mass range 0.2–2 M�. The astrometric signature of such planets
(
√

3 times the RMS dispersion in Fig. 2.7) is . 7 µAU. Clearly, it will be very
difficult to detect the planetary signal if the jitter caused by surface structures is
much greater than this number.

In reality the detection probability is a complicated function of many factors
such as the number of observations, their temporal distribution, the period and
eccentricity of the orbit, and the adopted detection threshold. Moreover, it is very
likely that the star has multiple planets, some of which may be much heavier than
the looked-for Earth-like planet. The detection is then further complicated by the
superposition of several different periodicities.

Sozzetti (2005) made numerical simulations to investigate the astrometric de-
tection of exoplanets by projects like Gaia and SIM PlanetQuest under relatively
idealised conditions. Assuming an orbital period shorter than the mission length,
it was found that the single-epoch measurement error must be smaller than about
half the astrometric signature α. Since the single-epoch measurement error con-
sists of all the noise contributions including surface-structure effects, we conclude
that astrometric detection is only possible if

σpos . 0.5α (4.4)

where σpos is the jitter caused by the surface structures, and then only if other
noise sources are even smaller.

Comparing with the estimates of σpos from Table 4.1 it is seen that Earth-like
exoplanets in the habitable zone may only be detected by astrometric techniques
if they orbit unusually stable main-sequence stars, like the Sun. For most old,
solar-type stars the expected astrometric jitter is just about the limit of the crite-
rion (4.4), making detection difficult if not impossible. On the other hand, the
vast majority (> 90%) of the exoplanets already detected by the radial-velocity
method produce astrometric wobbles that are significantly greater (α & 10 µAU).
Astrometric observations of these stars would be highly interesting for obtain-
ing independent information about the systems, in particular orbital inclinations
and unambiguous determination of planetary masses. Exoplanets of about 10 M⊕
orbiting old F–K main-sequence stars in the habitable zone might generally be
astrometrically detectable (α = 20–50 µAU).
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Chapter 5

Conclusions

Today, and in the near future, stars are still unresolved or just marginally resolved
objects that can only be observed by their disk-integrated properties, like intensity,
astrometric position, closure phase and radial velocity. There are many sources of
perturbations that can affect the signals, from the moment the light leaves the
object until it reaches the detectors in our instruments and becomes a measurable
quantity. In this work, I have presented several of these sources and discussed
their significance for future astrometric missions, in particular, the effects of stellar
surface structures.

From both theoretical considerations and numerical simulations, we have de-
rived a set of statistical relations among the integrated properties and found that
they all were proportional to A

√
N, where A is the relative area of the surface

structures and N is the number of structures on the stellar surface. This led to the
conclusion that expressing the other effects in terms of e.g. the photometric vari-
ation, cancels the dependence of A

√
N, leaving us with a set of simple relations

i.e. Eqs. 3.52–3.57 in this work and Eqs. 12–18 in Eriksson & Lindegren (2007).
When applying these relations to real, ordinary stars, using observed photo-

metric and/or radial velocity variations, we conclude that the astrometric jitter
ranges from about 1 µAU for stars like the Sun, to several µAU for most main-
sequence stars, some tens of µAU for giant stars and up to several mAU for super-
giant stars.

Exoplanets will also cause a variation in the position of the photocentre, and
the corresponding dispersion is easily calculated. Applying this to Earth-like ex-
oplanets in the habitable zone, we found that the astrometric jitter is only a few
µas. As a consequence of the size of the astrometric jitter, we can only expect to
detect Earth-like exoplanets, using astrometric techniques, if they orbit stars that
are unusually stable for their type, similar to our Sun. The situation for larger ex-
oplanets is much better. Planets heavier than 10 M⊕ located in the habitable zone
can readily be astrometrically detected around ordinary main-sequence stars, if
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other noise sources are sufficiently small.
More investigations are needed concerning the other perturbing sources affect-

ing the disk-integrated properties. Multiplicity and weak microlensing need to be
investigated from a statistical point of view since these perturbations are likely
to become problematic when striving for nanoarcsecond astrometry in the future.
On the other hand, some of these perturbations will perhaps be the signal in future
astrometric projects that will help us to understand more about the stars and the
stellar environment.
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Appendix A

Rotating coordinate systems

In this appendix I derive expressions for the rotation of a three-dimensional Carte-
sian coordinate system and apply it to the modelling of spots on a rotating star.
For vectors and triads I use the notation from Murray (1983).

A.1 Coordinate systems and coordinates
Assume we have a Cartesian coordinate system defined by a right-handed triad
E of mutually orthogonal unit vectors e1, e2, e3 (also called basis vectors) which
satisfy the relationships1

e′1e1 = 1 , e′2e2 = 1 , e′3e3 = 1
e′1e2 = 0 , e′2e3 = 0 , e′3e1 = 0

e1 × e2 = e3 , e2 × e3 = e1 , e3 × e1 = e2

 (A.1)

thus the form of the triad will be

E =
[

e1 e2 e3

]
(A.2)

The arbitrary vector a can now be written

a = e1a1 + e3a3 + e3a3 =
[

e1 e2 e3

]  a1

a2

a3

 = E

 a1

a2

a3

 (A.3)

where a1, a2, a3 are the coordinates of a along the three unit vectors.

1Following Murray (1983) I use the prime (′) to denote both matrix transposition and the scalar
product of vectors. This is possible if vectors are consistently interpreted as column matrices.
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If e1, e2, e3 are represented as column matrices containing the direction cosines
of the basis vectors in some coordinate system, then E is a 3 × 3 matrix whose
columns are the direction cosines. The transpose of (A.2) is

E′ =

 e′1
e′2
e′3

 (A.4)

which is also a 3 × 3 matrix whose rows are the direction cosines of the basis
vectors. The matrix product

E′E =

 e′1e1 e′1e2 e′1e3

e′2e1 e′2e2 e′2e3

e′3e1 e′3e2 e′3e3

 =
 1 0 0

0 1 0
0 0 1

 (A.5)

shows that E−1 = E′, that is, E is an orthogonal matrix. Pre-multiplying (A.3) by
E′ gives

E′a =

 a1

a2

a3

 (A.6)

The connection between the vector a and its coordinates a1, a2, a3 with respect to
the basis vectors in E can therefore be concisely written as

a = E

 a1

a2

a3

 or

 a1

a2

a3

 = E′a (A.7)

A.2 General coordinate transformation
Let ai, αi i = 1, 2, 3 be the components of a vector a relative to the two triads
E = [e1 e2 e3] and K = [k1 k2 k3] respectively. Then

a = E

 a1

a2

a3

 = K

 α1

α2

α3

 (A.8)

Pre-multiplying by E′ we obtain

E′a =

 a1

a2

a3

 = E′K

 α1

α2

α3

 (A.9)

The transformation of coordinates from K to E is therefore obtained by multipli-
cation by the matrix E′K. Similarly the transformation from E to K is given by
the transpose matrix K′E.
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A.3 Rotation about a single axis
A special case is the coordinate transformation resulting from a rotation of the
system about one of its basis vectors (an elementary rotation). For example, if the
triad K is obtained by rotating E through an angle θ about the first axis, e1, then

k1 = e1

k2 = e2 cos θ + e3 sin θ
k3 = −e2 sin θ + e3 cos θ

 (A.10)

or
K = ER1(θ) (A.11)

where

R1(θ) =

 1 0 0
0 cos θ − sin θ
0 sin θ cos θ

 (A.12)

Similarly, if K is obtained by rotating E through the angle θ about the e2-axis
instead, we get the following:

k1 = e2 cos θ − e3 sin θ
k2 = e2

k3 = e1 sin θ + e3 cos θ

 (A.13)

or
K = ER2(θ) (A.14)

where

R2(θ) =

 cos θ 0 − sin θ
0 1 0

sin θ 0 cos θ

 (A.15)

Finally, if K is obtained by rotating E through the angle θ about the e3-axis, we
find:

k1 = e1 cos θ + e2 sin θ
k2 = −e1 sin θ + e2 cos θ
k3 = e3

 (A.16)

or
K = ER3(θ) (A.17)

where

R3(θ) =

 cos θ sin θ 0
− sin θ cos θ 0

0 0 1

 (A.18)
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Now let a be an arbitrary vector. Its representation in the two systems E and K is

a = E

 a1

a2

a3

 = K

 α1

α2

α3

 (A.19)

where K is any of the rotated systems described above. The coordinate transfor-
mation of this vector is then a1

a2

a3

 = E′K

 α1

α2

α3

 = Rk(θ)

 α1

α2

α3

 , k = 1, 2, 3 (A.20)

and  α1

α2

α3

 = K′E

 a1

a2

a3

 = R′k(θ)

 a1

a2

a3

 , k = 1, 2, 3 (A.21)

since R−1(θ) = R′(θ). The matrix transforming the coordinates from the K system
to the E system is therefore E′K = Rk(θ), while the inverse coordinate transfor-
mation is given by the matrix K′E = R′k(θ).

Arbitrary rotations can be specified as a sequence of (at least three) elementary
rotations applied to the original triad, as in

K = ER1(φ)R2(θ)R3(ψ) (A.22)

In this example the associated coordinate transformation matrix is

E′K = R1(φ)R2(θ)R3(ψ) (A.23)

A.4 A rotating star
To model the observation of a randomly orientated, rotating star we introduce
two coordinate systems: E = [e1 e2 e3] which is fixed to the star (Fig. A.1), and
Z =

[
x y z

]
which is fixed to the plane of the sky (cf. Fig. 2.6).2. Let r be the

radius of the star. With each spot j we associate a vector r j whose coordinates in
the star’s system are given by

E′r j =

 e′1
e′2
e′3

 r j =

 e′1r j

e′2r j

e′3r j

 =
 r cos φ j sin λ j

r sin φ j sin λ j

r cos φ j

 (A.24)

2x points to the East, y to the North and z away from the observer. This makes a right-handed
system.
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Figure A.1: The star of radius r is rotating about the e3 axis with angular velocity
ω. (λ, φ) are the longitude and colatitude of the spot at S.

where 0◦ ≤ λ j < 360◦ (longitude) and 0◦ ≤ φ j ≤ 180◦ (colatitude) are the spheri-
cal coordinates of the spot. On the sky, its Cartesian coordinates are given by

Z′r j =

 x j

y j

z j

 (A.25)

We need the transformation from (A.24) to (A.25), i.e. the 3 × 3 matrix T(t) such
that  x j

y j

z j

 = T(t)

 r cos φ j sin λ j

r sin φ j sin λ j

r cos φ j

 (A.26)

The transformation depends on time (t) because the star is rotating. From the
equations above we find

T(t) = Z′E (A.27)

which is the transformation of coordinates from E to Z.
The orientation of the star on the sky is specified by three angles: the incli-

nation i (of the rotation axis to the line of sight), the position angle θ of the sky-
projected rotation axis, and the rotational phase ωt. Starting from Z the following
elementary rotations are needed to obtain E:

1. Rotate −90◦ about the 2nd axis

2. Rotate −θ about the 1st axis
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3. Rotate i − 90◦ about the 2nd axis

4. Rotate ωt about the 3rd axis

Thus,
E = ZR2(−90◦)R1(−θ)R2(i − 90◦)R3(ωt) (A.28)

where the elementary rotation matrices Rk, k = 1, 2, 3 are defined by (A.12),
(A.15) and (A.18). Pre-multiplying by Z′ gives

T(t) = Z′E = R2(−90◦)R1(−θ)R2(i − 90◦)R3(ωt) (A.29)

which is the desired result.
The calculation of T(t) for different t can be simplified since the first three

elementary rotations are independent of t, leading to

T(t) = FR3(ωt) (A.30)

where
F = R2(−90◦)R1(−θ)R2(i − 90◦) (A.31)

is fixed for a given star.
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ABSTRACT

Aims. To investigate the astrometric effects of stellar surface structures as a practical limitation to ultra-high-precision astrometry
(e.g. in the context of exoplanet searches) and to quantify the expected effects in different regions of the HR-diagram.
Methods. Stellar surface structures (spots, plages, granulation, non-radial oscillations) are likely to produce fluctuations in the inte-
grated flux and radial velocity of the star, as well as a variation of the observed photocentre, i.e. astrometric jitter. We use theoretical
considerations supported by Monte Carlo simulations (using a starspot model) to derive statistical relations between the corresponding
astrometric, photometric, and radial velocity effects. Based on these relations, the more easily observed photometric and radial veloc-
ity variations can be used to predict the expected size of the astrometric jitter. Also the third moment of the brightness distribution,
interferometrically observable as closure phase, contains information about the astrometric jitter.
Results. For most stellar types the astrometric jitter due to stellar surface structures is expected to be of the order of 10 micro-AU
or greater. This is more than the astrometric displacement typically caused by an Earth-size exoplanet in the habitable zone, which
is about 1–4 micro-AU for long-lived main-sequence stars. Only for stars with extremely low photometric variability (< 0.5 mmag)
and low magnetic activity, comparable to that of the Sun, will the astrometric jitter be of the order of 1 micro-AU, sufficient to allow
the astrometric detection of an Earth-sized planet in the habitable zone. While stellar surface structure may thus seriously impair the
astrometric detection of small exoplanets, it has in general a negligible impact on the detection of large (Jupiter-size) planets and on
the determination of stellar parallax and proper motion. From the starspot model we also conclude that the commonly used spot filling
factor is not the most relevant parameter for quantifying the spottiness in terms of the resulting astrometric, photometric and radial
velocity variations.

Key words. Astrometry – Stars: general – Starspots – Planetary systems – Techniques: interferometric – Methods: statistical

1. Introduction

The accuracy of astrometric measurements has improved
tremendously over the past few decades as a result of new tech-
niques being introduced, both on the ground and in space, and
this is likely to continue in the next decade, e.g Gaia (Perryman
2005) is expected to improve parallax accuracy by another
two orders of magnitude compared to Hipparcos. As a result,
trigonometric distances will be obtained for the Magellanic
Clouds, and thousands of Jupiter-size exoplanets are likely to
be found from the astrometric wobbles of their parent stars.
Even before that, ground-based interferometric techniques are
expected to reach similar precisions for relative measurements
within a small field. How far should we expect this trend to con-
tinue? Will nanoarcsec astrometry soon be a reality, with paral-
laxes measured to cosmological distances and Earth-size planets
found wherever we look? Or will the accuracy ultimately be lim-
ited by other factors such as variable optical structure in the tar-
gets and weak microlensing in the Galactic halo? We aim to as-
sess the importance of such limitations for ultra-high-precision
astrometry and we consider the effects of stellar surface struc-
tures found on ordinary stars.

Future high-precision astrometric observations will in many
cases be able to detect the very small shifts in stellar positions

Send offprint requests to: U. Eriksson, e-mail: urban@astro.lu.se

caused by surface structures. In some cases, e.g. for a rotating
spotted star, the shifts are periodic and could mimic the dynam-
ical pull of a planetary companion, or even the star’s parallax
motion, if the period is close to one year. These shifts are cur-
rently of great interest as a possible limitation of the astrometric
method in search for Earth-like exoplanets. We want to estimate
the extent of these effects for different types of stars, especially
in view of current and future astrometric exoplanet searches such
as VLTI-PRIMA (Reffert et al. 2005), SIM PlanetQuest (Unwin
2005) and Gaia (Lattanzi et al. 2005).

Astrometric observations determine the position of the cen-
tre of gravity of the stellar light, or what we call the photocentre.
This is an integrated property of the star (the first moment of
the intensity distribution across the disc), in the same sense as
the total flux (the zeroth moment of the intensity distribution)
or stellar spectrum (the zeroth moment as function of wave-
length). In stars other than the Sun, information about surface
structures usually comes from integrated properties such as light
curves and spectrum variations. For example, Doppler imaging
(DI) has become an established technique to map the surfaces
of rapidly rotating, cool stars. Unfortunately, it cannot be ap-
plied to most of the targets of interest for exoplanet searches, e.g.
low-activity solar-type stars. Optical or infrared interferometric
(aperture synthesis) imaging does not have this limitation, but is
with current baselines (< 1 km) in practice limited to giant stars
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and other extended objects (see Monnier et al. 2006 for a review
on recent advances in stellar interferometry). Interferometry of
marginally resolved stars may, however, provide some informa-
tion about surface structures through the closure phase, which is
sensitive to the third central moment (asymmetry) of the stellar
intensity distribution (Monnier 2003; Lachaume 2003; Labeyrie
et al. 2006).

Since there is limited information about surface structures
on most types of stars, an interesting question is whether we
can use more readily accessible photometric and spectroscopic
data to infer something about possible astrometric effects. For
example, dark or bright spots on a rotating star will in general
cause periodic variations both in the integrated flux and in the
radial velocity of the star, as well as in the photocentre and the
asymmetry of the intensity distribution. Thus, we should at least
expect the astrometric effect to be statistically related to the other
effects.

We show that there are in fact relatively well-defined statis-
tical relations between variations in the photocentre, total flux,
closure phase and radial velocity for a wide range of possible
surface phenomena. These relations are used in the following to
predict the astrometric jitter in various types of stars, without
any detailed knowledge of their actual surface structures.

2. Astrometric limits from previous studies

The discovery of exoplanets by means of high-precision radial
velocity measurements has triggered an interest in how astro-
physical phenomena such as magnetic activity and convective
motions might affect the observed velocities (Saar et al. 2003).
Evidence for dark spots has been seen photometrically and spec-
troscopically for many cool stars other than the Sun, and quanti-
fied in terms of an empirically determined spot filling factor1 f ,
ranging from� 1% for old, inactive stars to several percent for
active stars. It is therefore natural to relate the expected radial
velocity effects to the spot filling factor. For example, Saar &
Donahue (1997) used a simple model consisting of a single black
equatorial spot on a rotating solar-like star to derive the follow-
ing relation between f (in percent), the projected rotational ve-
locity V sin i and the amplitude ∆vr of the resulting radial veloc-
ity variations:

∆vr = 0.0065 f 0.9 V sin i (1)

In a similar vein, Hatzes (2002) estimated both the radial veloc-
ity amplitude and the corresponding astrometric effect from a
similar model, but assuming a fixed spot size (2◦ radius) and in-
stead varying the number of spots placed randomly on the stellar
surface centred around the equator. For the radial velocity am-
plitude they found

∆vr = (0.0086 V sin i − 0.0016) f 0.9 (2)

in approximate agreement with (1), while the total amplitude of
the astrometric effect (converted to linear distance) was

∆pos = (7.1 × 10−5 AU) f 0.92 (3)

Reffert et al. (2005) discuss the accuracy and limitations of
the PRIMA (Phase-Referenced Imaging and Micro-Arcsecond
Astrometry) facility at the VLT Interferometer in the context of
the search for suitable targets for exoplanetary searches, refer-
ence and calibrations stars. According to their calculations, a

1 f is interpreted as the fraction of the visible hemisphere of the star
covered by spots.

spot filling factor of f = 2% would move the photocentre of
a G0V star by about 3×10−5 AU, roughly a factor 4 less than ac-
cording to (3). They also conclude that the corresponding bright-
ness variation is less than 2%.

But f alone may not be a very good way to quantify the
‘spottiness’. For example, the photometric or astrometric effects
of a large single spot are obviously very different from those
of a surface scattered with many small spots, although the spot
filling factor may be the same in the two cases. Therefore, more
detailed (or more general) models may be required to explore
the plausible ranges of the astrometric effects.

Bastian & Hefele (2005) give an assessment of the astro-
metric effects of starspots, and conclude that they are hard to
quantify, mostly because of the insufficient statistics. Although
starspots are common among cool stars with outer convective
zones, data are strongly biased towards very active stars. They
conclude that the effects on solar-type stars are likely to be neg-
ligible for Gaia, while much larger spots on K giants may be-
come detectable. For supergiants and M giants, having radii of
the order of 100R� (or more), the effect may reach 0.25 AU (or
more), which could confuse the measurement of parallax and
proper motion.

Sozzetti (2005) gives an interesting review of the astromet-
ric methods to identify and characterise extrasolar planets. As
an example of the astrophysical noise sources affecting the as-
trometric measurements, he considers a distribution of spots on
the surface of a pre-main-sequence (T Tauri) star. For a star with
radius 1R� seen at a distance of 140 pc, he finds that a variation
of the flux in the visual by ∆F/F = 10% (rms) corresponds to
an astrometric variation of ∼3 µas (rms), and that the two effects
are roughly proportional.

While the astrometric effects cannot yet be tested observa-
tionally, it is possible to correlate the photometric and radial
velocity variations for some stars (Queloz et al. 2001; Henry
et al. 2002). From a small sample of Hyades stars, Paulson et al.
(2004b) found an approximately linear relation

σvR � 2 + 3600σm [m s−1] (4)

between the RMS scatter in Strömgren y magnitude (σm) and
in radial velocity (σvR ). This relation supports the idea that a
large part of the radial velocity scatter in these stars is caused by
surface structures.

Svensson & Ludwig (2005) have computed hydrodynami-
cal model atmospheres for a range of stellar types, predicting
both the photometric and astrometric jitter caused by granula-
tion. They find that the computed astrometric jitter is almost
entirely determined by the surface gravity g of the atmosphere
model, and is proportional to g−1 for a wide range of models.
This relationship is explained by the increased granular cell size
with increasing pressure scale height or decreasing g. The ra-
dius of the star does not enter the relation, except via g, since
the increased leverage of a large stellar disc is compensated by
the averaging over more granulation cells. For their most ex-
treme model, a bright red giant with log g = 1 (R/R� � 95)
they find σpos � 300 µAU. Ludwig & Beckers (2005) extended
this by considering the effects of granulation on interferometric
observations of red supergiants. They show that both visibili-
ties and closure phases may carry clear signatures of deviations
from circular symmetry for this type of stars, and conclude that
convection-related surface structures may thus be observable us-
ing interferometry.

Ludwig (2006) outlines a statistical procedure to characterise
the photometric and astrometric effects of granulation-related
micro-variability in hydrodynamical simulations of convective
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stars. Based on statistical assumptions similar to our model in
Appendix A, he finds the relation

σx

R
� 1√

6

σF

〈F〉 (5)

between the RMS fluctuation of the photocentre in one coordi-
nate (x), the radius of the star (R), and the relative fluctuations of
the observed flux (F).

3. Modeling astrometric displacements

3.1. Relations for the astrometric jitter

In a coordinate system xyz with origin at the centre of the star
and +z away from the observer, let I(r, t) be the instantaneous
surface brightness of the star at point r = (x, y, z) on the visi-
ble surface, i.e. the specific intensity in the direction of the ob-
server. We are interested in the integrated properties: total flux
F(t), photocentre offsets ∆x(t), ∆y(t) in the directions perpen-
dicular to the line of sight, the third central moment of the in-
tensity distribution µ3(t), and the radial velocity offset ∆vR(t).
These are given by the following integrals over the visible sur-
face S (z < 0):

F(t) =
∫

S
I(r, t)µ dS (6)

∆x(t) =
1

F(t)

∫
S

I(r, t)xµ dS (7)

∆y(t) =
1

F(t)

∫
S

I(r, t)yµ dS (8)

µ3(t) =
1

F(t)

∫
S

I(r, t) [x − ∆x(t)]3 µ dS (9)

∆vR(t) =
1

F(t)

∫
S

I(r, t) [(ω × r) · ẑ] µ dS (10)

where µ = |z|/R is the geometrical projection factor applied to
the surface element when projected onto the sky, ω is the angu-
lar velocity of the star and ẑ the unit vector along +z. (For the
third moment, only the pure x component is considered above.)
Equation (10) assumes that the star rotates as a rigid body, that
rotation is the only cause of the radial velocity offset, and that the
overall offset can be calculated as the intensity-weighted mean
value of the local offset across the surface. The flux variation
expressed in magnitudes (valid for ∆m � 1) is

∆m(t) = 1.086
F(t)− 〈F〉
〈F〉 (11)

where 〈F〉 is the time-averaged flux.
Using a similar statistical method as Ludwig (2006), the

RMS variations (dispersions) of m(t), ∆x(t), ∆y(t) and µ3(t) can
be estimated from fairly general assumptions about the surface
brightness fluctuations (Appendix A). This calculation is ap-
proximately valid whether the fluctuations are caused by dark
or bright spots, granulation, or a combination of all three, and
whether or not the time variation is caused by the rotation of
the star or by the changing brightness distribution over the sur-
face. The result is a set of proportionality relations involving the
radius of the star R, the limb-darkening factor a, and the centre-
to-limb variation c of the surface structure contrast [see (A.5)
and (A.18) for the definition of a and c]. For a = 0.6 (typical so-
lar limb-darkening in visible light) and c = 0 (no centre-to-limb

variation of contrast) we find

σ∆x = σ∆y ≡ σpos � 0.376 Rσm (12)

σµ3 � 0.139 R3σm (13)

where σq designates the dispersion of the quantity q.
For the radial velocity dispersion, a similar relation can be

derived under the previously mentioned conditions of a time-
independent, rigidly rotating star. Using that (ω × r) · ẑ = ωxy −
ωy x we have

∆vR(t) = ωx∆y(t) − ωy∆x(t) (14)

and

σ2
vR
= ω2

xσ
2
y + ω

2
yσ

2
x = (ω2

x + ω
2
y)σ2

pos (15)

since ∆x(t) and ∆y(t) are statistically uncorrelated according to
Eq. (A.7). Noting that R(ω2

x + ω
2
y)1/2 equals the projected rota-

tional velocity V sin i we can also write Eq. (15) as

σpos = RσvR/(V sin i) (16)

which may be used to predict the astrometric jitter from the ra-
dial velocity variations, if the latter are mainly caused by rota-
tional modulation. Combined with Eq. (12) we find under the
same assumption

σvR � 0.376V sin iσm (17)

In terms of the rotation period P = 2π/ω, and assuming random
orientation of ω in space, Eq. (16) can be written

σpos =

√
3
2

P
2π
σvR � 0.195 PσvR (18)

3.2. Modeling discrete spots

As a check of the general relations in Sect. 3.1 we made numeri-
cal simulations with a very simple model, consisting of a limited
number of (dark or bright) spots on the surface of a rotating star.
The behaviour of the integrated properties is readily understood
in this case (Fig. 1):

– the flux is reduced in proportion to the total projected area of
the visible spots (or the spot filling factor f );

– a black spot on, say, the +x side of the star will shift the pho-
tocentre in the −x direction and cause a negative skewness
of the flux distribution along the x direction;

– the apparent radial velocity of the star is modified, depending
on whether the dark spot is located on the part of the disc
moving towards the observer (giving ∆vR > 0) or away from
the observer (∆vR < 0) (Gray 2005, p. 496 and references
therein).

Bright spots cause similar effects but with the opposite sign.
Limb darkening of the stellar disc and a possible centre-to-limb
variation of spot contrast will modify the precise amount of these
shifts, but not their qualitative behaviour.

We assume a spherical star with N spots that are:

– absolutely black,
– small compared to the stellar radius R,
– of equal area A (measured as a fraction of the total surface),
– randomly spread over the whole stellar surface, and
– fixed in position on the surface, while the star rotates.
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Fig. 1. The curves show the effects in magnitude, position, radial veloc-
ity and intensity skewness (third central moment) of a single dark spot
located at latitude 30◦. The star is observed at inclination i = 90◦ and
the limb-darkening parameter a = 0.6. The vertical scale is in arbitrary
units for the different effects.

For circular spots of angular radius ρ (as seen from the centre
of the star), we have A = sin2(ρ/2). The assumption of abso-
lutely black spots is uncritical if we interpret A as the equivalent
area of the spot, i.e. the area of a completely black spot causing
the same drop in flux. Bright spots can formally be handled by
allowing negative A.

The star is assumed to rotate as a rigid body with period P
around an axis that is tilted at an angle i to the line of sight (+z).
For the present experiments we take the +y direction to coincide
with the projection of the rotation vector ω onto the sky; thus
ωx = 0, ωy = ω sin i, and ωz = ω cos i, where ω = 2π/P. Limb
darkening of the form intensity ∝ 1 − a + aµ is assumed, where
µ = |z|/R.

To model a rotating spotted star, we place the N spots of the
given size A randomly on the surface of a spherical star and tilt
the axis to a certain inclination i. Letting the star rotate around
its axis, we calculate the integrated quantities as functions of the
rotational phase, taking into account the projection effect on the
area of each spot (by the factor µ) as well the limb-darkening
law.

The effects of a single black spot as a function of the ro-
tational phase are illustrated in Fig. 1. It can be noted that the
effects are not unrelated, for example, the radial velocity curve
mirrors the displacement in x, and both of these curves look like
the derivative of the photometric curve. This is not a coincidence
but can be understood from fairly general relations such as Eq.
(14). With many spots the curves become quite complicated, but
some of the basic relationships between them remain.

The total equivalent area of the spots is AN (the spot filling
factor f � 2AN). As long as AN � 1, all the effects are propor-
tional to A. The dependence on N is more complex because of
the random distribution of spots. For example, the photometric
effect will mainly depend on the actual number of spots k visible
at any time. For any random realisation of the model, k follows
a binomial distribution with parameters p = 0.5 and N; its dis-
persion is therefore

√
N/2. We can therefore expect the RMS

photometric effect to be roughly proportional to A
√

N. Similar
arguments (with the same result) can be made for the other ef-
fects.
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Fig. 2. Results of Monte Carlo simulations of rotating stars with differ-
ent numbers (N) of spots, all the same size (A = 0.0025). The different
graphs refer to (from top to bottom) σm, σpos, σµ3 and σvR , expressed
on an arbitrary scale; the dots and error bars show the mean value and
dispersion of the σ values for a set of simulations with given N. The
dashed lines have slope 0.5, corresponding to σ ∝ √N.

Monte Carlo simulations of a large number of cases with
A = 0.0025 (spot radius ρ = 5.73◦) and N in the range from 1 to
50 (assuming random orientation of the rotation axis and a limb-
darkening parameter a = 0.6) indeed show that the RMS effects
in magnitude, photocentre displacements, third central moment
and radial velocity are all, in a statistical sense, proportional to√

N (Fig. 2). More precisely we find

σm � (1.17 ± 0.60) · A√N (19)

σpos � (0.57 ± 0.25) · A√N · R (20)

σµ3 � (0.22 ± 0.09) · A√N · R3 (21)

σvR � (0.51 ± 0.26) · A√N · Rω (22)

where the values after ± show the RMS dispersion of the pro-
portionality factor found in the different simulations.

The relations Eqs. (19)–(22) suggest that a measurement of
any one of the four dispersions can be used to statistically predict
the other three dispersions, assuming that we know the approxi-
mate radius and rotation period of the star, and that the different
effects are indeed caused by the rotating spotted surface. An im-
portant point is that it is not necessary to know A or N to do
this. For example, expressing the other effects in terms of the
photometric variation we find

σpos � 0.49 Rσm (23)

σµ3 � 0.19 R3σm (24)

σvR � 0.43 Rωσm (25)

Comparing these relations with the theoretical results in Eqs.
(12)–(18) we find that the numerical factors from the numeri-
cal experiments are systematically some 30–40% larger than ac-
cording to the statistical theory. This discrepancy largely van-
ishes if the models are constrained to high inclinations (i �
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±90◦). This suggests that the discrepancy is mainly caused by
the small values of σm obtained in models with small inclina-
tions, i.e. when the star is seen nearly pole-on. The differences
in these factors are in any case well within the scatter indicated
in Eqs. (23)–(25), which emphasises the statistical nature of the
predictions based e.g. on photometric variations.

It should also be noted that there is a considerable scatter
between the different realisations reported in Eqs. (19)–(22),
amounting to about 50% RMS about the mean RMS effect. Thus,
any prediction based on either Eqs. (12)–(18) or Eqs. (19)–(22)
is only valid in a statistical sense, with considerable uncertainty
in any individual case. Nevertheless, the overall agreement be-
tween the results of these very different models suggests that the
statistical relations among the different effects have a fairly gen-
eral validity. The expressions for σvR are the least general in this
respect, as they obviously break down if the structures change on
a timescale smaller than P, or if the surface structures themselves
have velocity fields. Equations (12) and (13) do not depend on
the assumption that the variability is caused by the rotation.

When modelling spotted stars, any brightening effect of fac-
ulae is often disregarded (for more details see Aarum-Ulvås
2005); only the darkening effect of spots is computed. For the
Sun, the effect of faculae is known to be comparable and some-
times even larger than the darkening effect of sunspots (Eker
et al. 2003; Chapman 1984; Chapman & Meyer 1986; Chapman
et al. 1992; Steinegger et al. 1996). However, since the general
relationships, e.g. in Eqs. (12)–(18), are equally valid for bright
and dark spots (or any mixture of them), it should still be possi-
ble to predict the astrometric effects from the photometric varia-
tions.

3.3. Comparison with previous studies and observations

The (near-) proportionality between the observable effects and
the spot filling factor f ∝ AN expressed by Eqs. (1)–(3) is not
supported by our spotted model, which predicts that the effects
are proportional to A

√
N. However, for small N and a filling

factor of a few percent we have rough quantitative agreement
with these earlier results. We note that Eqs. (2) and (3) can be
combined to give an approximate relation similar to Eq. (17).

Equation (5) derived by Ludwig (2006) is almost identical to
our Eq. (12), which is not surprising as they are based on very
similar statistical models.

Both the theoretical result and the result from the simulation
for the relationship between the RMS for the radial velocity and
the RMS for the magnitude shows a distinct relation and this re-
sult is confirmed by observations in the literature (Paulson et al.
2004b) for a very limited number of stars in the Hyades all hav-
ing rotation period of P ∼ 8.5 days. These are G0V–G5V stars
and should therefore have approximately the same radii as the
Sun (R ∼ 7 × 105 km). Equation (25) then gives

σvR � 2600σm [m s−1] (26)

in reasonable agreement with the empirical result in Eq. (4). The
simulations by Sozzetti (2005) give an astrometric jitter that is
roughly a factor 2 greater than predicted by Eqs. (12) or (23).

Thus the results of previous studies generally agree within
a factor 2 or better with the theoretical formulae derived in this
section.

4. Application to real stars

In this section we use known statistics for the photometric and
radial velocity variations of real stars to predict the expected as-

trometric jitter for different types of stars. Rather than using an-
gular units, we consistently express the astrometric jitter in lin-
ear units, using the astronomical unit AU, mAU (10−3 AU) or
µAU (10−6 AU). This eliminates the dependence on the distance
to the star, while providing simple conversion to angular units:
1 µAU corresponds to 1 µas at a distance of 1 pc. We also note
that 1 mAU � 0.215R� and 1 µAU � 150 km.

4.1. Pre-main sequence (T Tauri) stars

T Tauri stars are low-mass, pre-main sequence stars in a dynamic
stage of evolution often characterised by prominent dark spots,
bipolar outflows or jets, accreting matter with associated rapid
brightness variations, and in many cases circumstellar discs ex-
tending to a few hundred AU (e.g., Rhode et al. 2001; Herbst
et al. 2002; Sicilia-Aguilar et al. 2005). Taking the star-forming
region in the Orion nebula as an example, the spectral types
range from G6 to M6, with the large majority in the range K0
to M4 (Rhode et al. 2001).

Many processes may contribute to the astrometric jitter of
these stars besides their surface structures, e.g. photometric ir-
regularities of the circumstellar disc. The statistical relations de-
rived in Sect. 3 could therefore mainly set a lower limit to the
likely astrometric effects. Herbst et al. (1994) found that the
photometric variability of (weak) T Tauri stars (WTTS) is of
the order of 0.8 mag due to cool spots and occasional flares.
Assuming a typical radius of ∼ 2R� (Rhode et al. 2001), Eq. (23)
leads to an estimated astrometric variability of the order of
1R� ∼ 5000 µAU.

4.2. Main sequence stars

Eyer & Grenon (1997) have used the Hipparcos photometric data
to map the intrinsic variability of stars across the HR diagram.
On the main sequence (luminosity class V), stars of spectral type
B8–A5 and F1–F8 are among the most stable, with a mean in-
trinsic variability σm < 2 mmag and with only a few percent
of the stars having amplitudes above 0.05 mag. Early B type
stars are nearly all variable with a mean intrinsic variability of
∼ 10 mmag, and among the cool stars the level and frequency of
variability increases from late G to early M dwarfs. In the insta-
bility strip (A6–F0) the main-sequence stars are mostly micro-
variable with σm up to several mmag. Among F–K stars the de-
gree of variability is probably also a strong function of age or
chromospheric activity (Fekel et al. 2004); e.g., the Hyades (age
∼ 600 Myr) show variations of about 10 mmag (Radick et al.
1995).

The Sun (G2V) is located in one of the photometrically most
stable parts of the main sequence, and is one of the (as yet)
few stars for which the micro-variability has been studied in de-
tail. Analysis of the VIRGO/SoHO total solar irradiance data
(Lanza et al. 2003) show variability at the levelσm � 0.25 mmag
(relative variance 6 × 10−8, or ∆F/F = 2.5 × 10−4 rms) on
timescales � 30 days, which can largely be attributed to ro-
tational modulation. The longer-term, solar-cycle related vari-
ations are of a similar magnitude. The optical data show a strong
wavelength dependence, with σm � 0.2 mmag at 860 nm in-
creasing to 0.4 mmag at 550 nm and 0.5 mmag at 400 nm
(Lanza et al. 2004). For comparison, a single large sunspot group
(equivalent area A = 0.05%, corresponding to f = 0.1%) gives
σm � 0.6 mmag according to Eq. (19).

The photometric variations of the Sun on short (rotation-
related) timescales appears to be representative for solar-like
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stars of similar age and chromospheric activity (Fekel et al.
2004). Thus, we may expectσm � 1 mmag for ‘solar twins’ can-
didates, such as the sample studied by Meléndez et al. (2006).
Inspection of the Hipparcos photometry for these stars (ESA
1997) confirm that most of them show no sign of variability at
the sensitivity limit of a few mmag. Much more detailed and ac-
curate statistics on micro-variability in solar-type stars are soon
to be expected as a result of survey missions such as MOST
(Walker et al. 2003), COROT (Baglin et al. 2002) and Kepler
(Basri et al. 2005).

The increased frequency and amplitude of variations for late
G-type and cooler dwarf stars is at least partly attributable to
starspots. Aigrain et al. (2004) estimated stellar micro-variability
as function of age and colour index from a scaling of the solar ir-
radiance power spectrum based on the predicted chromospheric
activity level. For example, they find σm � 1.5 mmag in white
light for old (∼ 4.5 Gyr) F5–K5 stars, practically independent of
spectral type, while for young stars (∼ 625 Myr) σm increases
from 2 to 7 mmag in the same spectral range.

Variability among field M dwarfs has been studied e.g. by
Rockenfeller et al. (2006), who find that a third of the stars in
their sample of M2–M9 dwarfs are variable at the level of σm ∼
20 mmag. Evidence for large spots has been found for many K
and M stars, yielding brightness amplitudes of up to a few tenths
of a magnitude.

A large body of data on radial velocity jitter in (mainly) F, G
and K stars has been assembled from the several ongoing planet
search programmes and can be used to make statistical predic-
tions as a function of colour, chromospheric activity and evolu-
tionary stage. However, since at least part of the radial veloc-
ity jitter is caused by other effects than the rotation of an inho-
mogeneous surface (e.g., by atmospheric convective motions),
its interpretation in terms of astrometric jitter is not straight-
forward. From the observations of ∼450 stars in the California
and Carnegie Planet Search Program, Wright (2005) finds a ra-
dial velocity jitter of ∼ 4 m s−1 for inactive dwarf stars of spectral
type F5 or later, increasing to some 10 m s−1 for stars that are ei-
ther active or more evolved. Saar et al. (1998), using data from
the Lick planetary survey, find intrinsic radial velocity jitters of
2–100 m s−1 depending mainly on rotational velocity (V sin i)
and colour, with a minimum around B−V � 1.0–1.3 (spec-
tral type ∼K5). For a sample of Hyades F5 to M2 dwarf stars,
Paulson et al. (2004a) find an average rms radial velocity jitter
of ∼16 m s−1.

4.3. Giant stars

For giants of luminosity class III, Hipparcos photometry has
shown a considerable range in the typical degree of variabil-
ity depending on the spectral type (Eyer & Grenon 1997). The
most stable giants (σm < 2 mmag) are the early A and late G
types. The most unstable ones are of type K8 or later, with a
steadily increasing variability up to ∼ 0.1 mag for late M gi-
ants. The stars in the instability strip (roughly from A8 to F6)
are typically variable at the 5–20 mmag level. As these are pre-
sumably mainly radially pulsating, the expected astrometric jit-
ter is not necessarily higher than on either side of the instability
strip. This general picture is confirmed by other studies. Jorissen
et al. (1997) found that late G and early K giants are stable at
the σm ≤ 6 mmag level; K3 and later types have an increasing
level of micro-variability with a timescale of 5 to 10 days, while
b− y = 1.1 (�M2) marks the onset of large-amplitude variability
(σm ≥ 10 mmag) typically on longer timescales (∼ 100 days).
From a larger and somewhat more sensitive survey of G and K

giants, Henry et al. (2000) found the smallest fraction of vari-
ables in the G6–K1 range, although even here some 20% show
micro-variability at the 2–5 mmag level; giants later than K4
are all variable, half of them with σm ≥ 10 mmag. The onset
of large-amplitude variability coincides with the coronal divid-
ing line (Haisch et al. 1991) separating the earlier giants with
a hot corona from the later types with cool stellar winds. This
suggests that the variability mechanisms may be different on
either side of the dividing line, with rotational modulation of
active regions producing the micro-variability seen in many gi-
ants earlier than K3 and pulsation being the main mechanism for
the larger-amplitude variations in the later spectral types (Henry
et al. 2000).

Several radial velocity surveys of giants (Frink et al. 2001;
Setiawan et al. 2004; Hekker et al. 2006) show increasing in-
trinsic radial velocity variability with B−V , with a more or less
abrupt change around B−V = 1.2 (�K3). Most bluer giants have
σvR � 20 m s−1 while the redder ones often have variations of
40–100 m s−1.

4.4. Bright giants and supergiants

With increasing luminosity, variability becomes increasingly
common among the bright giants and supergiants (luminosity
class II–Ia). The Hipparcos survey (Eyer & Grenon 1997) shows
a typical intrinsic scatter of at least 10 mmag at most spectral
types, and of course much more in the instability strip (including
the cepheids) and among the red supergiants (including semireg-
ular and irregular variables). Nevertheless there may be a few ‘is-
lands’ in the upper part of the observational HR diagram where
stable stars are to be found, in particular around G8II.

It is clear that pulsation is a dominating variability mecha-
nism for many of these objects. However, ‘hotspots’ and other
deviations from circular symmetry has been observed in inter-
ferometrical images of the surfaces of M supergiants and Mira
variables (e.g., Tuthill et al. 1997, 1999), possibly being the
visible manifestations of very large convection cells, pulsation-
induced shock waves, patchy circumstellar extinction, or some
other mechanism. Whatever the explanation for these asymme-
tries may be, it is likely to produce both photometric and as-
trometric variations, probably on timescales of months to years.
Kiss et al. (2006) find evidence of a strong 1/ f noise compo-
nent in the photometric power spectra of nearly all red super-
giant semiregular and irregular variable stars in their sample,
consistent with the picture of irregular variability caused by large
convection cells analogous to the granulation-induced variability
background seen for the Sun.

4.5. Summary of expected astrometric jitter

Table 1 summarises much of the data discussed in this section
for the main-sequence, giant and supergiant stars, and gives the
corresponding estimates of the astrometric jitter (σpos) based on
theoretical formulae. These estimates are given in three columns
labelled with the corresponding equation number:

– Equation (12) is used to predict the positional jitter from the
typical values of photometric variability in column σm. This
is based on the assumption that the variability is due either
to (dark or bright) spots, granulation, or any other surface
features that vary with time. Note that the temporal variation
need not be related to stellar rotation. The resulting σpos are
probably realistic order-of-magnitude estimates except when
the photometric variability is mainly caused by radial pulsa-
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tions. In such cases (e.g., for stars in the instability strip and
red supergiants) the values given clearly represent upper lim-
its to the real effect.

– Equation (18) is used to predict the astrometric effect from
the radial velocity variability in column σvR . This is only
valid if the radial velocity is rotationally modulated. Since
pulsations, non-radial oscillations, convection and many
other effects may cause radial velocity variations with-
out a corresponding astrometric effect, these estimates are
again upper limits. Nevertheless, rotational modulation is
important among active (young) main-sequence stars and M
dwarfs, and for these objects Eq. (18) may provide correct
order-of-magnitude estimates.

– Finally we have included an estimate of the astrometric jitter
based on the following equation

σpos = (300 µAU) × 101−log g (27)

with log g taken from Cox (2000). Equation (27) is de-
rived from the inverse relation to surface gravity g found by
Svensson & Ludwig (2005) for a range of hydrodynamical
model atmospheres. Although the authors warn that spheric-
ity effects may render an extrapolation of this relation to su-
pergiants very uncertain, we have applied it to all the stellar
types in the table. Since it only includes the random effects of
stellar granulation, it represents a lower limit to the expected
astrometric jitter.

If the estimates based on the photometric and radial velocity es-
timates are strictly considered as upper limits, the results in the
table appear rather inconclusive. However, if the likely mech-
anisms of the variabilities are also considered, it is possible to
make some quantitative conclusions. For main-sequence A to M
stars, the expected level of astrometric jitter is generally in the
range 2–20 µAU probably depending mainly on the level of stel-
lar activity; old, inactive stars should have less jitter (2–5 µAU).
The Sun appears to be more stable than a typical old, solar-like
star, but not by a large factor. The most stable giant stars are the
late F to early K types, where the expected astrometric jitter is of
the order of 25 µAU. Late-type giants and supergiants have σpos
of a hundred to several thousand µAU.

5. Discussion

5.1. Astrometric signature of exoplanets

The possibility of astrometric detection of a planet depends on
the angular size of the star’s wobble in the sky relative to the
total noise of the measurements, including the astrophysically
induced astrometric jitter discussed in the previous section. In
linear measures, the size of the wobble is approximately given
by the semi-major axis of the star’s motion about the common
centre of mass, or the astrometric signature

α =
Mp

M∗ + Mp
a � Mp

M∗
a (28)

(cf. Lattanzi et al. 2000, who however express this as an angle),
where Mp is the mass of the exoplanet, M∗ that of the star, and a
the semi-major axis of the relative orbit. In all cases of interest
here, Mp � M∗, so that the second equality can be used.

It is of interest to evaluate the astrometric signature for the
already detected exoplanets. For most of them we only know
Mp sin i from the radial velocity curve, and we use this as a
proxy for Mp. This somewhat underestimates the astrometric

effect, but not by a large factor since the spectroscopic detec-
tion method is strongly biased against systems with small sin i.
Analysing the current (April 2007) data in the Extrasolar Planets
Encyclopaedia (Schneider 2007) we find a median value α �
1200 µAU; the 10th and 90th percentiles are 15 and 10 000 µAU.

Future exoplanet searches using high-precision astrometric
techniques may however primarily target planets with masses in
the range from 1 to 10 Earth masses (MEarth � 3 × 10−6M�)
in the habitable zone of reasonably long-lived main-sequence
stars (spectral type A5 and later, lifetime <∼ 1 Gyr). For a star
of luminosity L we may take the mean distance of the habitable
zone to be a ∼ (L/L�)1/2 AU (Kasting et al. 1993; Gould et al.
2003). In this mass range (∼ 0.2–2 M�) the luminosity scales as
M4.5∗ (based on data from Andersen 1991), so we find a ∝ M2.25∗
and

α � (3 µAU) ×
(

Mp

MEarth

) (
M∗
M�

)1.25

(29)

For a planet of one Earth mass orbiting a main-sequence star, this
quantity ranges from about 7 µAU for an A5V star to 2.3 µAU
for spectral type K0V.

Lopez et al. (2005) have argued that life will have time to de-
velop also in the environments of subgiant and giant stars, during
their slow phases of development. The habitable zone may ex-
tend out to 22 AU for a 1 M� star, with a correspondingly larger
astrometric signature. However, the long period of such planets
would make their detection difficult for other reasons.

5.2. Exoplanet detection

The detection probability is in reality a complicated function of
many factors such as the number of observations, their tempo-
ral distribution, the period and eccentricity of the orbit, and the
adopted detection threshold (or probability of false detection). A
very simplistic assumption might be that detection is only pos-
sible if the RMS perturbation from the planet exceeds the RMS
noise from other causes. Neglecting orbital eccentricity and as-
suming that the orbital plane is randomly oriented in space, so
that 〈sin2 i〉 = 2/3, the RMS positional excursion of the star in
a given direction on the sky is α/

√
3. With a sufficiently pow-

erful instrument, so that other error sources can be neglected,
the condition for detection then becomes α/σpos >∼

√
3. In real-

ity, a somewhat larger ratio than
√

3 is probably required for a
reliable detection, especially if the period is unknown. For ex-
ample, Sozzetti (2005) reports numerical simulations showing
that α/σ >∼ 2 is required for detection of planetary signatures by
SIM or Gaia, where σ is the single-epoch measurement error,
provided that the orbital period is less than the mission length.
(For the corresponding problem of detecting a periodic signal in
radial velocity data, Marcy et al. (2005) note that a velocity pre-
cision of 3 m s−1 limits the detected velocity semi-amplitudes to
greater than ∼10 m s−1, implying an even higher amplitude/noise
ratio of 3.3.) As a rule-of-thumb, we assume that detection by the
astrometric method is at least in principle possible if

σpos <∼ 0.5α (30)

For old, solar-type stars the expected astrometric jitter is
<∼5 µAU, implying that exoplanets around these stars with α >∼
10 µAU could generally be detected and measured astrometri-
cally. This applies to the vast majority (>90%) of the exoplanets
already detected by the radial velocity method. Such observa-
tions would be highly interesting for obtaining independent in-
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Table 1. A summary of typical photometric and spectroscopic variability for different stellar types, and inferred levels of astrometric jitter (σpos),
using Eqs. (12), (18) and (27). These different estimates may represent upper or lower limits as explained in the text. References to typical observed
quantities are given as footnotes. Radii and log g (not shown) are taken from Cox (2000).

Type σm σvR R P σpos (12) σpos (18) σpos (27)
[mmag] [m s−1] [R�] [d] [µAU] [µAU] [µAU]

Main-sequence stars:
O–B7V 10c 7 120 0.3
B8–A5V <2c 2.5 <9 0.2
A6–F0V 2–8c 1.6 5–20 0.1
F1–F8V <2c 3–100m 1.3 3b <5 1–30 0.1
F9–K5V (young) 5–15a,d,k 16 j 1 10a 10–25 18 0.1
F9–K5V (old) 1–3a,d 3–5k 1 25a 2–5 8–14 0.1
G2V (Sun) 0.4i 1 25b 0.7 0.1
K6–M1V 10c 5m 0.6 40a 10 20 0.1
M2–M9V 20l 10m 0.3 0.2–2l 10 0.2–2 0.04

Giants:
O–B7III 4–8c 10 70–140 1
B8–A7III <4c 5 <35 1.5
A8–F6III 5–20c 5 50–200 2
F7–G5III 2–6c <20 f 7 10b 25–75 <25 5
G6–K2III <2c,g 20–30e, f ,n 15 30b <50 60 20
K3–K8III 5–10c,h 20–100e, f ,n 25 200–500 50
M0III 20c,h 30–150e, f ,n 40 1400 150
M5III 100c,h 50–300e, f ,n 90 16000

Bright giants and supergiants:
O–AIa,b 4–40c 30 200–2000 25
FIa,b 20–100d 100 4000–20 000 100
GII 2–10c 30 100–500 40
G–KIa,b 10–100c 150 3000–30 000 250
MIa,b,II ∼100c 500 ∼100 000 300–3000

References: aAigrain et al. (2004), bCox (2000), cEyer & Grenon (1997), dFekel et al. (2004), eFrink et al. (2001), f Hekker et al. (2006), gHenry et al. (2002), hJorissen et al. (1997),
iLanza et al. (2004), jPaulson et al. (2004b), kRadick et al. (1995), lRockenfeller et al. (2006), mSaar et al. (1998), nSetiawan et al. (2004)

formation about these systems, in particular orbital inclinations
and unambiguous determination of planetary masses.

Exoplanets of about 10 MEarth orbiting old F–K main-
sequence stars in the habitable zone (α � 20–50 µAU) would
generally be astrometrically detectable. This would also be the
case for Earth-sized planets in similar environments (α � 2–
5 µAU), but only around stars that are unusually stable, such as
the Sun.

5.3. Determination of parallax and proper motion

The primary objective of high-precision astrometric measure-
ments, apart from exoplanet detection, is the determination of
stellar parallax and proper motion. We consider here only briefly
the possible effects of stellar surface structures on the determi-
nation of these quantities.

Stellar parallax causes an apparent motion of the star, known
as the parallax ellipse, which is an inverted image of the Earth’s
orbit as viewed from the star. The linear amplitude of the par-
allax effect is therefore very close to 1 AU. (For a space obser-
vatory at the Sun–Earth Lagrangian point L2, such as Gaia, the
mean amplitude is 1.01 AU.) Thus, the size of the astrometric
jitter expressed in AU can be used directly to estimate the min-
imum achievable relative error in parallax. For main-sequence
stars this relative error is less than 10−4, for giant stars it is of the
order of 10−4 to 10−3, and for supergiants it may in some cases
exceed 1%. We note that a 1% relative error in parallax gives a
2% (0.02 mag) error in luminosity or absolute magnitude.

If proper motions are calculated from positional data sep-
arated by T years, the random error caused by the astrometric

jitter, converted to transverse velocity, is � σpos

√
2/T . Even for

a very short temporal baseline such as T = 1 yr, this error is usu-
ally very small: ∼0.1 m s−1 for main-sequence stars and ∼0.5–
5 m s−1 for giants. (Note that 1 AU yr−1 � 4.74 km s−1.) In most
applications of stellar proper motions this is completely negligi-
ble.

6. Conclusions

For most instruments on ground or in space, stars are still un-
resolved or marginally resolved objects which can only be ob-
served by their disc-integrated properties. The total flux, astro-
metric position, effective radial velocity and closure phase are
examples of such integrated properties. Stellar surface structures
influence all of them in different ways. Our main conclusions
are:

1. Theoretical considerations allow us to establish statistical re-
lations between the different integrated properties of stars.
Under certain assumptions these relations can be used to pre-
dict the astrometric jitter from observed variations in pho-
tometry, radial velocity or the closure phase.

2. The total flux, astrometric position and third central mo-
ments (related to the closure phase) are simple moments of
the intensity distribution over the disc, and for these the sta-
tistical relations are valid under fairly general conditions –
for example, they hold irrespective of whether the variations
are caused by spots on a rotating star or by the temporal evo-
lution of granulation. By contrast, radial velocity variations
can only be coupled to photometric and astrometric varia-
tions if they are primarily caused by rotational modulation.
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3. The theoretical relations are supported by numerical simula-
tions using a model of a rotating spotted star. In this case the
variations in total flux, position, radial velocity and closure
phase are all proportional to A

√
N, where A is the equiva-

lent area of each spot and N the number of spots. This means
that, e.g., the astrometric jitter can be (statistically) predicted
from the photometric variability without knowing A and N.
It is noted that the spot filling factor, being proportional to
AN, is not the most relevant characteristic of spottiness for
these effects.

4. Using typical values for the observed photometric and ra-
dial velocity variations in ordinary stars, we have estimated
the expected size of the astrometric jitter caused by surface
structures (Table 1). The estimates range from below 1 µAU
for the Sun, several µAU for most main-sequence stars, some
tens of µAU for giants, and up to several mAU for some su-
pergiants.

5. The expected positional jitter has implications for the possi-
ble astrometric detection of exoplanets. While planets heav-
ier than 10 Earth masses may be astrometrically detected in
the habitable zone around ordinary main-sequence stars, it is
likely that Earth-sized planets can only be detected around
stars that are unusually stable for their type, similar to our
Sun.

6. Stellar surface structures in general have negligible impact
on other astrometric applications, such as the determination
of parallax and proper motion. A possible exception are su-
pergiants, where very large and slowly varying spots or con-
vection cells could limit the relative accuracy of parallax de-
terminations to a few percent.
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Appendix A: Statistical properties of the spatial
moments of the intensity distribution across a
stellar disc

In this appendix we derive the mean values and variances of the
moments 〈xmyn〉 for a spherical star, where x and y are spatial co-
ordinates normal to the line-of-sight and 〈〉 denotes the instanta-
neous flux-weighted mean. The analysis extends and generalises
that of Ludwig (2006) by considering also the third moment (rel-
evant for measurement of closure phase) and a centre-to-limb
variation of the intensity contrast.
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Let θ, ϕ be polar coordinates on the stellar surface with θ = 0
at the centre of the visible disc and ϕ = 0 along the x axis. With
µ = cos θ we write the instantaneous intensity across the visible
stellar surface S as I(µ, ϕ), and introduce the non-normalised
spatial moments

Mmn ≡
∫

S
dS I(µ, ϕ) µ xm yn =

Rm+n+2
∫ 1

0
dµ

∫ 2π

0
dϕ I(µ, ϕ) µ (1 − µ2)(m+n)/2 cosmϕ sinnϕ (A.1)

where x = R (1 − µ2)1/2 cosϕ and y = R (1 − µ2)1/2 sin ϕ. The
factor µ in the integrand is the foreshortening of the surface el-
ement dS = R2dµ dϕ = R2 sin θdθ dϕ when projected normal to
the line-of-sight. The normalised moments are given by

〈xmyn〉 = Mmn

M00
(A.2)

where it can be noted that M00 equals the instantaneous total
stellar flux.

It is assumed that I(µ, ϕ) varies randomly both across the
stellar surface (at a given instant), and as a function of time. As a
consequence, the spatial moments (A.1) and (A.2) are also ran-
dom functions of time, and the goal is to characterise them in
terms of their mean values and variances.2 Since we are inter-
ested in quite small effects of the surface structure it is generally
true that the dispersions are small compared with the total flux
and scale of the star, so that for example D[M00] � E[M00] and
D[M10] � R E[M00]. In this case, the variability of 〈xmyn〉 is
mainly produced by the numerator in (A.2), and we may use the
approximations

E[〈xmyn〉] = E[Mmn]
E[M00]

, D[〈xmyn〉] = D[Mmn]
E[M00]

(A.3)

In the following we therefore focus on deriving the mean values
and dispersions of the non-normalised moments Mmn. The (tem-
poral) mean value and dispersion of I(µ, ϕ) are assumed to be
independent of ϕ; thus

E[I(µ, ϕ)] = A(µ) , D[I(µ, ϕ)] = σI(µ) (A.4)

where A(µ) and σI(µ) are functions to be specified.

A.1. Mean value of the moments

We assume a linear limb-darkening law with coefficient a, such
that

A(µ) = (1 − a + aµ)A1 (A.5)

where A1 is the mean intensity at the disc centre (µ = 1). From
(A.1) we obtain

E[Mmn] =

Rm+n+2
∫ 1

0
dµ

∫ 2π

0
dϕ A(µ) µ (1 − µ2)(m+n)/2 cosmϕ sinnϕ (A.6)

which with (A.5) evaluates to

E[Mmn] = 0 (A.7)

2 We use the notation E[X] for the mean value (expectation) of the
generic random variable X, V[X] = E[(X −E[X])2] for the variance and
D[X] = V[X]1/2 for the rms dispersion.

if either m or n is odd, and to

E[Mmn] = 2πRm+n+2 (m − 1)!!(n − 1)!!
(m + n)!!

A1Hm+n(a) (A.8)

if both m and n are even.3 Here, we introduced the functions

Hk(a) =
∫ 1

0
dµ (1 − a + aµ) µ (1 − µ2)k/2

=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
1 − a
k + 2

+
k!!

(k + 3)!!
a (even k)

1 − a
k + 2

+
k!!

(k + 3)!!
π

2
a (odd k)

(A.9)

of which, presently, we only need

H0(a) =
1
2
− a

6
and H2(a) =

1
4
− 7a

60
(A.10)

Thus, the mean total flux is

E[M00] = πR2 A1

(
1 − a

3

)
(A.11)

and the second moments

E[M20] = E[M02] =
1
4
πR4 A1

(
1 − 7a

15

)
(A.12)

The rms extension of the star in either coordinate is given by

s =

(
E[M20]
E[M00]

)1/2

=

(
E[M02]
E[M00]

)1/2

=
R
2

(
1 − 7a/15

1 − a/3

)1/2

(A.13)

A.2. Dispersion of the moments

In order to compute the dispersion of Mmn we need to introduce
the second-order statistics of I(µ, ϕ). Following Ludwig (2006)
we divide the visible hemisphere into N equal surface patches of
size ∆A = R2∆θ∆ϕ sin θ = R2∆µ∆ϕ = 2πR2/N, with the centre
of patch k at position (µk, ϕk). Thus the integral over the visible
surface of any function g(µ, ϕ) can in the limit of large N be
replaced by a sum:

R2
∫ 1

0
dµ

∫ 2π

0
dϕ g(µ, ϕ) � 2πR2

N

N∑
k=1

g(µk, ϕk) (A.14)

In particular, from (A.1) we have

Mmn =
2πRm+n+2

N

N∑
k=1

Ik µk (1 − µ2
k)(m+n)/2 cosmϕk sinnϕk (A.15)

where Ik is the mean value of I(µ, ϕ) in patch k. This expresses
the moment as a linear combination of the random variables Ik.
If we now assume that the intensity variations ∆Ik = Ik−E[Ik] of
the patches are uncorrelated, i.e. E[∆Ik∆Ik′ ] = 0 for k � k′, we
have

V[Mmn] =

4π2R2m+2n+4

N2

N∑
k=1

V[Ik] µ2
k (1 − µ2

k)m+n cos2mϕk sin2nϕk (A.16)

3 The double factorial notation means k!! = k(k − 2)(k − 4) · · · 2 for
even integers k, and k!! = k(k − 2)(k − 4) · · · 1 for odd k. We have 0!! =
(−1)!! = 1.
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For sufficiently large N the patches would resolve even the
smallest surface structures and we would have V[Ik] = σ2

I (µk)
according to (A.4). However, in that case the intensities of ad-
jacent patches would be correlated, so (A.16) would not hold.
For the latter equation we effectively need patches that are larger
than the correlation length of the surface structures. We must
therefore assume that N is large enough for the discretisation
(A.14) to hold, and still small enough that the patches are un-
correlated. In this regime we have V[Ik] < σ2

I (µk), since Ik is
the average intensity in patch k, not the local intensity at point
(µk, ϕk). In fact, V[Ik] will depend on the patch size (or N) in
such a way that V[Ik]/N is invariant (Ludwig 2006). (This is
obviously the case for independent patches: grouping them into
larger and fewer patches decreases the variance in proportion to
the resulting N.) We write the invariant quantity as

V[Ik]
N
= A(µk)2C(µk)2 (A.17)

where A(µ) is the mean intensity as before and C(µ) the centre-
to-limb variation of the contrast (scaled by N−1/2). In analogy
with (A.5) we assume a linear centre-to-limb variation of the
contrast according to

C(µ) = (1 − c + cµ)C1 (A.18)

Inserting (A.17) and (A.18) into (A.16) and using (A.14) to
transform the sum into an integral gives

V[Mmn] = 2πR2m+2n+4×
×

∫ 1

0
dµ

∫ 2π

0
dϕ A(µ)2C(µ)2 µ2 (1 − µ2)m+n cos2mϕ sin2nϕ

= 4π2R2m+2n+4 (2m − 1)!!(2n − 1)!!
(2m + 2n)!!

A2
1C2

1 Km+n(a, c) (A.19)

where we introduced the functions

Kk(a, c) =
∫ 1

0
dµ (1 − a + aµ)2(1 − c + cµ)2µ2(1 − µ2)k (A.20)

For k = 0, . . .3 we have

K0(a, c) =
1
3
− 1

6
(a + c) +

1
30

(a2 + 4ac + c2)

− 1
30

ac(a + c) +
1

105
a2c2 (A.21)

K1(a, c) =
2

15
− 1

10
(a + c) +

1
42

(a2 + 4ac + c2)

− 11
420

ac(a + c) +
1

126
a2c2 (A.22)

K2(a, c) =
8

105
− 29

420
(a + c) +

23
1260

(a2 + 4ac + c2)

− 3
140

ac(a + c) +
47

6930
a2c2 (A.23)

K3(a, c) =
16

315
− 13

252
(a + c) +

29
1980

(a2 + 4ac + c2)

− 25
1386

ac(a + c) +
38

6435
a2c2 (A.24)

Using (A.3) we obtain the following general expression for the
dispersion of the normalised spatial moment Dmn ≡ D[〈xmyn〉]:

Dmn = C1 Rm+n

√
(2m − 1)!! (2n − 1)!!

(2m + 2n)!!
Km+n(a, c)

H0(a)
(A.25)

Note that D00 = D[M00]/E[M00] is the relative dispersion of the
total flux, D10 is the dispersion of the photocentre along the x
axis, etc. We have in particular

D00 = C1

√
K0(a, c)
H0(a)

(A.26)

D10 = D01 = C1 R

√
1
2 K1(a, c)

H0(a)
(A.27)

D20 = D02 = C1 R2

√
3
8 K2(a, c)

H0(a)
(A.28)

D30 = D03 = C1 R3

√
5

16 K3(a, c)

H0(a)
(A.29)

A.3. The third central moment

Closure phase is sensitive to the asymmetry of the stellar image,
and the third moments (Mmn for m + n = 3) are intended to
provide a statistical characterisation of this asymmetry. These
moments are calculated with respect to the geometrical centre of
the disc (at x = y = 0). However, intrinsic image properties such
as size, shape and asymmetry are more properly expressed with
respect to the photocentre, at x0 = M10/M00, y0 = M01/M00, i.e.,
by means of central moments (here denoted with a prime). For
example, the third central moment along the x axis is given by

M′30 =

∫
S

dS I(µ, ϕ) µ (x − x0)3

= M30 − 3x0M20 + 3x2
0M10 − x3

0M00

= M30 − 3
M10 M20

M00
+ 2

M3
10

M2
00

(A.30)

It is seen that E[M′30] = 0 as expected. However, to calculate
the variance of M′30 it is necessary to make some approxima-
tions. First we replace the even moments in the right-hand side
of (A.26) by their mean values and introduce the rms extent s of
the stellar disc from (A.13), yielding

M′30 = M30 − 3M10

(
s2 − 2

3
x2

0

)
(A.31)

The photocentre displacement is normally very small compared
with the size of the disc, so the second term in the parentheses
can be neglected. Then

V[M′30] = E[M′230] = E[M2
30] − 6s2E[M10M30] + 9s4E[M2

10]

= V[M30] − 6s2V[M20] + 9s4V[M10] (A.32)

using that E[M10M30] = V[M20]. Finally, the dispersion of the
normalised third central moment is found to be

D′30 =
C1R3

H0(a)

⎧⎪⎪⎪⎪⎪⎪⎩ 5
16

K3(a, c) − 9
8

H2(a)
H0(a)

K2(a, c) +

+
9
8

(
H2(a)
H0(a)

)2

K1(a, c)

⎫⎪⎪⎪⎪⎪⎪⎭
1/2

(A.33)

A.4. Scaling relations

Since all the dispersions in (A.26) and (A.33) are proportional
to C1 we obtain a set of simple scaling relations which can be
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used to predict the dispersion of a certain moment from a mea-
surement of the dispersion of a different moment (assuming that
a and c are approximately known). The most useful relations
allow to predict the dispersions of the first and third moments
from that of the total flux (zeroth moment). For the first moment
(photocentre) we have

D[M10]
D[M00]

= R
⎧⎪⎪⎪⎪⎩ K1(a, c)

2K0(a, c)

⎫⎪⎪⎪⎪⎭1/2

(A.34)

and for the third central moment

D[M′30]

D[M00]
= R3

⎧⎪⎪⎪⎪⎪⎪⎩ 5
16

K3(a, c)
K0(a, c)

− 9
8

H2(a)
H0(a)

K2(a, c)
K0(a, c)

+

+
9
8

(
H2(a)
H0(a)

)2 K1(a, c)
K0(a, c)

⎫⎪⎪⎪⎪⎪⎪⎭
1/2

(A.35)

The numerical factors on the right-hand sides of (A.34) and
(A.35) are graphically shown in Figs. A.1–A.2 as functions of
the structural parameters a and c.
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Fig. A.1. The scaling factor D[M10]/RD[M00] from Eq. (A.34) between
the expected dispersions in photocentre position and total stellar flux,
plotted as a function of the limb-darkening parameter a and the param-
eter for the centre-to-limb variation of surface structure contrast (c). The
different curves represent, from top to bottom, c=-1, -0.5, 0, 0.5, 1. The
solar symbol indicates the typical value for solar granulation in white
light, a = 0.6 and c = 0.4.
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Fig. A.2. Similar to Fig. A.1 but for the scaling factor
D[M′30]/R3D[M00] from Eq. (A.35)




