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Abstract

The paper analyzes a continuous time flow control system, with flow of a general quantity from a

source node to a sink node. The flow is one-directional, meaning that there is a saturation between the

nodes that limits the flow to be positive and below a maximum. The controlled plant is located in the

sink node and the controller is located in the source node. The plant and the controller are modeled by

linear filters parameterized with poles and zeros. Feed forward control from measured disturbances is

included. Delays affect both the downlink control signal and the uplink measurement signals. The paper

proves that for large delays, L2-stability does not follow from the Popov criterion unless the quotient of

the products of all zeros and the product of all poles is less than 1/kGp, where k is the slope of the

saturation and Gp is the gain constant of the loop gain. In case the plant models a leaky reservoir, the

conclusion is that the amount of low frequency gain of the controller cannot be arbitrarily high at the

same time as the amount of leakage of the reservoir is arbitrarily low. In communications this means that

an increased requirement to regulate static errors of the reservoir needs to be accompanied by a reduced

flow capacity.

Index Terms

I. INTRODUCTION

Networked control systems (NCS) very often study situations where a plant is remotely controlled

from a distinct site where the controller is located. This setup requires a joint study of communications

and control to fully assess the properties of the closed loop system [4]. The present paper is focused on a

one-directional networked flow control system, for which a restriction on the low frequency loop gain is

derived. In wireless internet flow control this limitation boils down to a tradeoff between static regulation

performance and data flow capacity, see Fig. 4 and Fig. 6 for an immediate illustration. NCS has also
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found other widespread applications, e.g. in power control and scheduling for cellular communication

systems [9].

The interplay between communications and control for NCS is particularly visible in the data rate

theorem that states the bit rate needed to stabilize a system with a pre-specified number of unstable poles

[2], [3], [5], [11]. Apart from communication constraints, delays are a fundamental consequence of the

NCS setup. In flow control over the internet, these delays may dominate the dynamics [21]. The data

flow is also one-directional meaning that there is a flow rate saturation between the controller and the

plant. This has further implications on closed loop stability. The main purpose of the paper is therefore

to study the fundamental limitations of such a general continuous time flow control problem in more

detail. Although the NCS here is restricted to have a specific non-linear structure, there are a number of

obvious applications including internet packet flow control [21], general fluid flow control [19], mixing

dynamics [8], [22], as well as traffic flow control [10]. The paper is also relevant for general control

systems with actuator saturation, see e.g. [1] [12].

The closed loop system is one where a static nonlinearity is combined with linear dynamics. Since

the static nonlinearity has a zero minimal gain, the Popov criterion is a suitable starting point for the

analysis [14], [20]. Since the delays make the linear dynamics infinite dimensional, the results based on

passivity and/or input-output stability theory are the ones underpinning the analysis, see e.g. [6], [15],

[16], [23], [24].

The main contribution of the paper is a result that limits the total low frequency gain of the linear

loop gain. The analysis studies the Popov criterion [20] on the negative real axis of the complex plane,

in the case where the delays tend to infinity. As shown in the paper the Popov inequality then collapses

to a condition on the quotient between the product of the zeros and the product of the poles of the

linear loop gain, where the quotient needs to be small enough for the Popov inequality to hold. The

limiting value is the inverse of the product of the gain constant of the linear loop gain and the slope of

the static saturation. A consequence of the result is that L2-stability does not follow when the plant and

the controller simultaneously have poles very close to zero. This translates into the statement that it is

not possible to control arbitrarily well statically, without increasing the distance of the stable plant poles

from the imaginary axis. This effect was experimentally observed in [21], where the tradeoff turns out to

be one between regulation of static disturbances and flow capacity. To the best of the authors knowledge

these insights are new.

The analysis presented here is not yet complete since the Popov criterion may not be necessary for

L2-stability. It is therefore a very interesting topic to investigate the obtained result further and to seek
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more stringent ones. Papers do e.g. exist on the limiting situation where there is a pure integrator in the

loop [7]. Another restriction of the result is that it is limited to linear control combined with a static

saturation. Therefore it cannot be ruled out that other strategies for control could reveal workarounds.

Despite these limitations, the result should serve as one starting point for further research on limitations

in NCS when nonlinear effects come into play.

The paper is organized as follows. It starts by defining the notation for input-output stability analysis

in section II. Section III defines the closed loop system, and the imposed conditions. The result is then

derived in section IV, and numerically illustrated in section V. The paper ends with conclusions in section

VI.

II. NOTATION

This analysis is based on the input-output stability theory presented in [20], chapter 6, which builds on

[15]-[18], [23]-[25], or on passivity [6]. The reason is that the delays make the NCS infinite dimensional.

Definition 1: For all p ∈ [0,∞), Lp[0,∞) denotes the set of all measurable functions f(·) : [0,∞) →
R, such that

‖f(·)‖p
p =

∫ ∞

0
|f(t)|pdt < ∞.

Definition 2: The set of all measurable functions f(·) : [0,∞) → R, such that their truncations

fT (t) =





f(t), 0 ≤ t ≤ T

0, t > T
∈ Lp[0,∞),

∀T , is denoted the extension Lpe[0,∞) of Lp[0,∞).

Definition 3: The mapping A : Lpe → Lpe is Lp-stable if i) Af ∈ Lp whenever f ∈ Lp, and ii) there

exist finite constants k and c, such that

‖Af‖p ≤ k‖f‖p + c, ∀f ∈ Lp.

Definition 4: A denotes the set of generalized functions of the form

f(t) =





0, t < 0
∑∞

i=0 fiδ(t− ti) + fa(t), t ≥ 0,

where δ(·) is the unit delta distribution, ti are non-negative constant delays, fa(t) is measurable

and

∑∞
i=0 |fi| < ∞,

∫∞
0 |fa(t)|dt < ∞.
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Fig. 1. Block diagram of the system model. The notation y2(s) for the signal before Gp,1(s) is intentional and used in section

IV.

Definition 5: Â denotes the set of all function f̂ : C+ → C that are Laplace transforms of elements

of A.

Note that in case transient servo control problems are considered, the input signals appearing in the

application will easily meet the integrability condition defining Lp[0,∞).

III. SYSTEM MODEL

The system model used in the paper can be summarized by Fig. 1. The controller resides in the source

node and processes delayed measurements of the output y(t−Tul), together with delayed measurements

of a disturbance useful for feed forward, w(t−Tul). The feedback part of the controller acts on a control

error formed by filtered versions of the reference signal yref (t) and the delayed output signal y(t−Tul).

The measurements are performed in the sink node. The control signal, typically the flow rate, is limited

to be positive and below a maximum rate to model the one-directional flow. In the receiving node the

dynamics is divided into one part before the disturbance w(t) enters, and one part after that. Finally the

measurement disturbance n(t) is added to produce the output signal y(t).

The analysis is based on the following structural assumptions on the blocks in the feedback loop of

Fig. 1,

Gp,1(s) = Gp
(s + b1,1)...(s + b1,nb1)
(s + a1,1)...(s + a1,na1)

(1)
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Gp,2(s) =
(s + b2,2)...(s + b2,nb2)
(s + a2,2)...(s + a2,na2)

(2)

Gy(s) =
(s + d1)...(s + dnd)
(s + c1)...(s + cnc)

(3)

Gfb(s) =
(s + f1)...(s + fnf )
(s + e1)...(s + ene)

(4)

Any complex zeros and poles are assumed to appear as complex conjugate pairs. The assumptions A1-

A16 are then introduced for the components and signals of the block diagram of Fig. 1.Here the subscript
(i) denotes differentiation i times. The left half of the complex plane is denoted the LHP.

A1) Re[a1,i] > 0, i = 1, ..., na1, Re[b1,i] > 0, i = 1, ..., nb1.

A2) Re[a2,i] > 0, i = 1, ..., na2, Re[b2,i] > 0, i = 1, ..., nb2.

A3) Re[ci] > 0, i = 1, ..., nc, Re[di] > 0, i = 1, ..., nd.

A4) Re[ei] > 0, i = 1, ..., ne, Re[fi] > 0, i = 1, ..., nf .

A5) Gff (s) is strictly proper with all poles strictly in the LHP.

A6) Gp,w(s) is proper with all poles strictly in the LHP.

A7) Gsg(s) is proper with all poles strictly in the LHP.

A8) nb1 ≤ na1.

A9) nb2 ≤ na2.

A10) nd ≤ nc.

A11) nf ≤ ne.

A12) At least one of Gp,1(s), Gp,2(s), Gy(s) and Gfb(s) is strictly proper.

A13) yref (t) is constant.

A14) w(na1−nb1) ∈ L2, w(na1−nb1+1) ∈ L2.

A15) n(na1−nb1+na2−nb2) ∈ L2, n(na1−nb1+na2−nb2+1) ∈ L2.

A16) The loop gain intersects the negative real axis at least once.

The conditions A1-A4 ensure that the loop gain is asymptotically stable, as required by the Popov

criterion used below. The need for this follows from the fact that the static nonlinearity is given by

u(t) =





0, uff (t) + ufb(t) ≤ 0

k(uff (t) + ufb(t)), 0 < uff (t) + ufb(t) < umax

umax, uff (t) + ufb(t) ≥ umax,

(5)

where umax is the maximal flow rate from the source to the sink node. This means that the sector

condition of the non-linearity Φ(·) of (5) reads (cf. [20])

0 ≤ σΦ(σ) ≤ kσ2. (6)
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It should be noted that (5) actually need not be linear in the its middle interval. In case it is nonlinear

all results hold as long as (6) holds. The conditions A1-A4 also ensure that the inverse transfer functions

are stable, i.e. minimum phase. This requirement is needed to ensure that the signals of the redrawn

and equivalent block diagram of Fig. 2 meet the conditions of the corresponding Popov criterion. The

remaining conditions A5-A15 also serve this purpose, the detailed reasons will become clear below. The

condition A12 ensures that the loop gain tends to zero when ω →∞, a fact that is used in the derivation

of the main result of the paper. The conditions A16 is needed to make the analysis in section IV.C

relevant.

IV. THE LOW FREQUENCY GAIN LIMITATION

A. The Popov Criterion

The forthcoming analysis is based on the L2 version of the Popov criterion valid for the block diagram

of Fig. 2. The result is

Lemma 1: (Popov Criterion, [20] Theorem 6.7.63). Consider the system of Fig. 2. Assume that the

inverse Laplace transform of the transfer function ĝ(s) fulfils

g(·) ∈ A, ġ(·) ∈ A,

that the time invariant static nonlinearity Φ(·) fulfils

0 ≤ σΦ(σ) ≤ kσ2,

and that u̇2 ∈ L2. Under these conditions the system is L2-stable if there exist constants q, δ, such that

the Popov plot

ω ∈ [0,∞) → Re[ĝ(jω)] + jωIm[ĝ(jω)] ∈ C

lies entirely to the right of a line through −1/k+δ+ j0 with slope 1/q, for some q ≥ 0 and some δ > 0.

Proof: See [20], section 6.7.

Remark 1: The geometrical condition on the Popov plot is equivalent to the following inequality

Re[(1 + jωq)ĝ(jω)] +
1
k
≥ δ > 0, ∀ω ≥ 0, some q > 0. (7)
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B. Block Diagram Transformation

Lemma 2: Consider the NCS of Fig. 1 and assume that the conditions A1)-A15) hold. Then the NCS

is L2-stable if there exist constants q, δ > 0, such that the Popov plot of

ĝ(s) = e−s(Tul+Tdl)Gy(s)Gfb(s)Gp,1(s)Gp,2(s),

given by

ω ∈ [0,∞) → Re[ĝ(jω)] + jωIm[ĝ(jω)] ∈ C

lies entirely to the right of a line through −1 + δ + j0 with slope 1/q, for some q ≥ 0 and some δ > 0.

Proof: Lemma 1 is valid for the block diagram of Fig. 2, therefore the block diagram of Fig. 1 is

redrawn to resemble that of Fig. 2. The downlink delay block e−sTdl is first moved to before the static

nonlinearity, noting that for the time invariant static nonlinearity (5) it holds that if α(t) = Φ(β(t)) ⇒
q−1α(t) = α(t− T ) = Φ(β(t− T )) = Φ(q−1β(t)). Linearity and time invariance are then used to move

the delay block e−sTdl into the feedback and feed forward branches of Fig. 1. The quantities connected to

the summation points after the nonlinearity, i.e. the dynamics Gp,w(s), Gp,1(s), Gp,2(s), the measurement

error n(s), the uplink delay block e−sTul of the feedback path, and Gy(s) are all moved clockwise to

after the summation point generating the control error e(s) in Fig. 1. At the same time the signals w(s),

n(s) and yref (s) are merged. Linearity motivates these transformations. It follows that

e(s) = e−sTulGy(s)Gp,1(s)Gp,2(s)

·
(
esTulGsg(s) (Gy(s)Gp,1(s)Gp,2(s))

−1 yref (s)

+ G−1
p,1(s)

(
Gp,w(s)w(s)−G−1

p,2(s)n(s)
)
− y2(s)

)
. (8)

This means that the plant, delay dynamics and Gy(s) are located after a redefined summation point, with

y2(s) being subtracted from the re-defined reference

u1(s) ≡ Gsg(s) (Gy(s)Gp,1(s)Gp,2(s))
−1 esTulyref (s).

+G−1
p,1(s)

(
Gp,w(s)w(s)−G−1

p,2(s)n(s)
)

(9)

After a multiplication with Gfb(s) the block diagram of Fig. 1 can therefore be represented by the block

diagram of Fig. 2, using (9) and

u2(s) ≡ e−s(Tul+Tdl)Gff (s)w(s), (10)

and with Φ(·) given by the saturation of (5).
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It remains to prove that the technical conditions of Lemma 1 hold. Because of A1-A4 all poles of

the transfer function ĝ(s) of Lemma 2 are in the left half plane. Using A8-A12 it follows that ĝ(s) of

Lemma 2 is strictly proper and hence sĝ(s) is at least proper. It then follows that g(·) ∈ A and ġ(·) ∈ A,

see Definition 4.

Next it needs to be checked that u1 ∈ L2 since this is necessary for stating L2 stability in Lemma 2,

cf. definition 3. To see that u1 ∈ L2, (9) is multiplied out, resulting in

u1(s) = Gsg(s) (Gy(s)Gp,1(s)Gp,2(s))
−1 esTulyref (s)

+G−1
p,1(s)Gp,w(s)w(s)−G−1

p,1(s)G
−1
p,2(s)n(s). (11)

The first term of (11) is then considered. The condition A13 implies that the factor esTul has negligible

effect and can be removed. The combined transfer function of the first term is asymptotically stable

by A1-A3 and A7. By A13 siyref (s) vanishes in the time domain for i > 0. This means that any

differentiators that may affect yref (t) due to the fact that (Gy(s)Gp,1(s)Gp,2(s))
−1 may not be proper

can be disregarded. Condition A7 then shows that the first term of (11) ∈ L2. The second term is

asymptotically stable because of A1 and A6. By incorporation of differentiators that may be due to

G−1
p,1(s) not being proper into direct products with w(s), and using A14, shows that also the second term

of (11), G−1
p,1(s)G

−1
p,2(s)n(s) ∈ L2. The third term can be treated in the same manner. Hence asymptotic

stability follows from A1 and A2, while A15 shows that also the third term of (11) ∈ L2. Since L2 is a

linear space, it follows that the sum of the three terms of (11) ∈ L2. Hence u1 ∈ L2.

The input signal u2(t) of (10) is obtained as the convolution u2 = h ? w, where h according to (10)

and A5 is the inverse Laplace transform of the strictly proper transfer function

H(s) = e−s(Tul+Tdl)Gff (s). (12)

By A5, H(s) has all poles in the LHP, which shows that h(.) ∈ A. By A14 and [20], Theorem 6.5.37,

it follows that u2 ∈ L2. Since u̇2 is obtained by convolution of w with the inverse Laplace transform

of the at least proper transfer function sH(s) ∈ Â, also u̇2 ∈ L2. Observing that the static nonlinearity

Φ(.) obeys (6) completes the proof of Lemma 2.

C. Main Result

With Lemma 2 proved, the main result can now be derived from the Popov criterion. Referring to

Fig. 3, the Popov criterion states that the closed loop system is L2 stable when the Popov plot is to the

right of any line passing through the point −1/k + δ + j0 with any positive slope 1/q, where k is the
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Fig. 2. Block diagram for which the Popov criterion is proved.

Fig. 3. Illustration of the Popov criterion. The Popov plot (blue) is to be right of the Popov line (red), in order for the closed

loop system to be L2 stable. The Popov plot represents the data flow control system of [21].

maximum sector slope of (5). Since the interest here is to derive low frequency limitations of ĝ(s) of

Lemma 2, it is desirable to study situations where the Popov criterion does not hold. Therefore the value

of the Popov inequality is addressed on the negative real axis of the complex plane.

As a first step, the condition for the Popov plot of Lemma 2 to intersect the negative real axis is

quantified to be

arg (Re[ĝ(jω)] + jωIm[ĝ(jω)]) = −π. (13)

Since ω = 0 represents the static gain, this solution can be excluded and it follows that (13) is equivalent

to

Re[ĝ(jω)] < 0, Im[ĝ(jω)] = 0. (14)

Defining

ĝ(s) = e−sT ĝo(s), (15)
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where T = Tul + Tdl, the condition (14) implies that

|ĝo(jω)| sin (arg(ĝo(jω)− ωT )) = 0, (16)

|ĝo(jω)| cos (arg(ĝo(jω)− ωT )) < 0. (17)

Since A1-A4 hold, |ĝo(jω)| 6= 0, and it follows from (16) and (17) that

arg(ĝo(jωl)− ωlT = ±lπ, l = 1, ..., n0, ..., (18)

where l is odd and n0 is an odd number that is guaranteed to exist due to A16. Note that the evaluation

of transfer function values on the negative real axis are hence tied to ωl.

The conditions A1-A4 imply that arg(ĝ0(jω)) < ϕ0 < ∞. Furthermore, by A12 it follows that

|ĝo(jω)| → 0 as ω → ∞. Therefore there is a largest n0 of (18) and a maximal ωm(n0), for which

Re[ĝ(jωm(n0))] ≤ −1/k i.e for which the Popov criterion may not hold, i.e.

ωl =
1
T

(arg(ĝo(jωl))± lπ) , l = 1, ...n0. (19)

Equation (19) applied to ωm(n0) then gives

lim
T→∞

ωm(n0) = lim
T→∞

ωn0

= lim
T→∞

1
T

(ϕ0 ± n0π) = 0. (20)

To proceed the following Lemma is useful

Lemma 3: Assume that

h(s) = K
(s + z1)...(s + zm)
(s + p1)...(s + pn)

,

where complex zeros and poles appear as complex conjugate pairs. Then

lim
ω→0

Re[h(jω)] = K
z1...zm

p1...pn

lim
ω→0

Im[h(jω)] = 0.

Proof: A straightforward computation gives

Re[h(jω)] = K
z1...zmp̄1...p̄n + ω2(...

(ω2 + |p1|2)...(ω2 + |pn|2) (21)

Im[h(jω)] = K
ω(...

(ω2 + |p1|2)...(ω2 + |pn|2) , (22)

where p̄i denotes the complex conjugate of pi. Letting ω → 0 gives the result of Lemma 3.
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Next, using the conclusion (20) and applying Lemma 3 to ĝo(jωl) where ωl ≤ ωm(n0), results in

lim
T→∞

arg(ĝo(jωl)) = 0, l = 1, ..., n0. (23)

Therefore it follows from (18) and (19) that

lim
T→∞

ωlT = ±lπ, l = 1, ..., n0. (24)

Exploiting (15) and Lemma 3 implies that

lim
T→∞

Re[ĝ(jωl)] = lim
T→∞

Re[e−jωlT ĝo(jωl)]

= lim
T→∞

(cos(ωlT )Re[ĝo(jωl)]− sin(ωlT )Im[ĝo(jωl)])

= − lim
T→∞

Re[ĝo(jωl)], l = 1, ...n0. (25)

By (19) and (20) the last equation can be written

lim
T→∞

Re[ĝ(jωl)] = − lim
ωl→0

Re[ĝo(jωl)], l = 1, ..., n0. (26)

By Lemma 2, the Popov criterion hence cannot hold in the high delay limit if

lim
T→∞

Re[ĝ(jωl)] = − lim
ωl→0

Re[ĝo(jωl)] ≤ −1/k, l = 1, ..., n0, (27)

i.e if

lim
ωl→0

Re[ĝo(jωl)] > 1/k, l = 1, ..., n0, (28)

By Lemma 2, (1)-(4) and Lemma 3, the limiting value of (28) can be expressed as

lim
ωl→0

Re[ĝo(jωl)] (29)

= Gp
b1,1...b1,nb1b2,1...b2,nb2d1...dndf1...fnf

a1,1...a1,na1a2,1...a2,na2c1...cnce1...ene
, l = 1, ..., n0. (30)

This proves the following main result:

Theorem 1: Consider the flow control system given by Fig. 1 and (1)-(6). Assume that the conditions

A1-A16 hold. Then the Popov condition does not imply L2-stability in case

b1,1...b1,nb1b2,1...b2,nb2d1...dndf1...fnf

a1,1...a1,na1a2,1...a2,na2c1...cnce1...ene
≥ 1

kGp
.

Remark 2: It follows from the derivation and A1-A4 that the result hold also for pairs of complex

conjugate zeros and poles.
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V. DISCUSSION

Given the plant transfer functions and the nominal delays, the feedback controller design needs to

determine the transfer functions Gy(s) and Gfb(s) so that the controller meets the specification, cf. [21].

Here, one important specification point is that of L2-stability. Therefore, in case the delays are large,

the constraint of Theorem 1 also comes into play. In order to keep the right hand side low enough so

that the constraint of Theorem 1 does not affect L2-stability, it is evident that the controller poles cannot

be placed arbitrarily close to zero. Therefore, the result of Theorem 1 represents a limitation of the low

frequency gain of the loop gain, when subject to saturations in the feedback path. One should keep in

mind though that the Popov criterion is not necessary for L2-stability, therefore further studies are needed

to see wether the result of Theorem 1 could be made more stringent, cf. e.g. [7].

Theorem 1 is easily interpreted since (30) is related to the static loop gain. Theorem 1 could then be

seen as a static interpretation of the Nyquist criterion [20]. However, this interpretation is misleading

since the Nyquist criterion can hold even if there are intersections with the negative real axis to the left

of −1/k + 0j. Furthermore, the nonlinear analysis performed in the paper needs to introduce conditions

that are not needed for the Nyquist criterion to hold. The result of the paper therefore goes beyond the

Nyquist criterion.

The constraint that controller poles cannot be placed arbitrarily close to 0 means that the suppression

of a static disturbance may be compromised. A remedy to that situation would be to re-build the plant

by moving the asymptotically poles away from the imaginary axis, or by reducing the static gain of the

plant. Both these actions do hovever represent a flow capacity reduction. To see that this is actually the

case, note that a modification of a pole p → p+ε can be seen as addition of a feedback loop, feeding back

the general quantity that is flow controlled to an earlier stage in the chain. To see this mathematically

note that for a first order unity gain system

dy

dt
= −py + (1− p)u, (31)

the pole transfer replaces (31) by

dy

dt
= −py − εy + (1− p− ε)u. (32)

In the data flow control example of [21] this effect corresponds to a reduced data transfer capacity.

VI. NUMERICAL RESULTS

An example from [21] is first used to illustrate the obtained result.
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Example 1: The data flow controller of [21] is a special case of the controller treated in the present

paper. In [21] the plant is given by a leaky queue where

Gp,1 = 1 (33)

Gp,2 =
1

s + ε
(34)

The feedback controller is a lead-lag controller, hence

Gy = 1 (35)

Gfb = K
s + a

s + aK∆we
N

s + b

s + Nb
. (36)

To tune the controller the algorithm proposed in [21] was used in order to precompute the L2 stability

region of the non-linear system as a function of a number of parameters, including ε and the dominating

”integration pole” aK∆we. The latter pole is expressed in terms of a relative requirement ∆we on the

regulation of static disturbances. The important thing here is that the smaller the value of ∆we, the closer

the controller is to integral control and the better the regulation of static disturbances can be expected to

become. The delay T used for tuning was 0.30 s and the slope of the saturation was k = 1.

Fig. 4 illustrates one subset of the L2-stability region. The figure plots the actual tolerable delay of the

system, as a function of the pole related quantities ε and ∆we. Regions where the actual tolerable delays

become zero represent parameter combinations where the Popov criterion is not met. As can be seen in

the plot, it is not possible to make ε and ∆we small at the same time, exactly as predicted by Theorem 1. It

can also be noted that the result of Theorem 1 is conservative, since it considers the case where T →∞.

This can be seen numerically as follows. The left hand side of Theorem 1 becomes 1/(NKε∆we) while

the right hand side becomes 1/(kKN). The condition of Theorem 1 therefore becomes

ε∆we < 1. (37)

Note that (37) defines the condition for the Popov condition not to hold. Equation (37) is clearly more

restrictive than what is indicated by Fig. 4.

Example 2: To further illustrate the limiting character of Theorem 1, a simple example is useful. A

system consisting of the leaky reservoir

Gp,2 =
1

s + ε
, (38)

was therefore considered. The plant was assumed to be controlled by the proportional controller

Gfb = K. (39)
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Fig. 4. A subspace of the pre-computed L2-stability region. The figure plots the actual tolerable delay of the system, as a

function of the pole related quantities ε and ∆we. The actual delay differs from the one of 0.30 s used as the nominal system

assumption.

Fig. 5. An illustration of the convergence speed of ωlT .

The sector condition parameter was k = 1. In this example the pole s = −ε and the proportinal gain

K therefore controls the low frequency loop gain. To illustrate the speed of convergence as a function

of the delay T = Tul + Tdl, towards the region where Theorem 1 holds, (19) was first solved for ωl,

for ε = 0.001, ..., 0.5 s−1 and T = 0.1, ..., 500 s. After that ωlT was computed. The result is depicted

in Fig. 5, where it can be seen that limT→∞ ωlT = π as predicted by (24). As can be seen T needs to

become quite large before the asymptotic result applies. The convergence is particularly slow when the

pole of the system is close to the imaginary axis. This provides an explanation of the conservativeness

of Theorem 1 that was appearent in Example 1.

For each ε and T , the critical proportional gain Kmax where the Popov criterion does no longer hold

March 27, 2014 DRAFT



15

Fig. 6. The maximum proportional gain Kmax of the controller as a function of the delay T and the pole parameter ε. The

trade off between Kmax and ε is obvious - both cannot generate high low frequency gains.

was then computed. This gain limit follows from

Re[Kmax
1

jωl + ε
e−jωlT ] = −1, (40)

which leads to

Kmax = −
√

ω2
l + ε2

ε cos(ωlT )− ωl sin(ωlT )
(41)

The result is depicted in Fig. 6. Again it can be seen that the delay needs to become quite large before

the asymptotic region where Theorem 1 holds is reached. The trade off between the low frequeny gain

contribution of the pole parameter ε and the controller gain Kmax is also clear.

As a general conclusion, it could be stated that that the low frequency loop gain needs to be carefully

considered in netqworked flow control systems with significant delays.

VII. CONCLUSIONS

The paper studied a general flow control problem, where large delays are a major effect. The problem

is nonlinear since it is assumed that the flow is one-directional. The Popov criterion was applied to derive

a limitation on the low frequency gain of the loop gain. The limiting quantity turns out to be related to

the static feedback loop gain. More precicely the paper proves that for large delays, L2-stability does

not follow from the Popov criterion when the quotient of the products of all zeros and the product of all

poles is larger than 1/kGp, where k is the slope of the saturation and Gp is the gain constant of the loop

gain. In case the plant models a leaky reservoir, the conclusion is that the amount of low frequency gain

of the controller cannot be arbitrarily high at the same time as the amount of leakage of the reservoir is
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arbitrarily low. In communications this means that an increased requirement to regulate static errors of

the reservoir needs to be accompanied by a reduced flow capacity.

The obtained result is by no means final, since the Popov criterion is not necessary for L2-stability.

The obtained condition was also shown to be conservative, this being believed to be an effect of the study

of the limiting case when the delays tend to infinity. Other controller structures than linear ones may also

circumvent the limitation, at least partly. Therefore, further studies are suggested to possibly strengthen

the result and the knowledge about fundamental limitations for the one-directional flow control problem.

Despite of the above the derived result was able to qualitatively explain effects observed in a previous

data flow control application.
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