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At the present time it is unknown how the U(1)A anomaly of Quantum Chromodynamics

behaves at high temperatures. We therefore want to look for thermal changes of the

effects of the anomaly. For example, by studying the properties of the η′ meson at high

temperatures it would be possible to deduce important information on the axial anomaly,

thanks to the deep connection between them. In this thesis the width of the η′ as a

function of the temperature is studied in the framework of large-Nc Chiral Perturbation

Theory, at next-to-leading order, and in the corresponding Resonance Chiral Theory.

We calculate the width increase due to scattering with particles from the heat bath,

which we assume to consist of a pion gas. We compare the results obtained in both

frameworks and as expected we find a smaller, but still consistent width increase when

the more realistic resonance exchange is taken into account. The results suggest that

the in-medium width of the η′ may increase up to ∆Γ ≈ 10 MeV at a temperature of

T ≈ 120 MeV. We find therefore a width increase of considerable size, comparable to the

inverse lifetime of the fireball created in relativistic heavy-ion collisions. In other words,

our results suggest that it may be possible to study experimentally how the properties

of the η′ change at high temperatures.
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Particle Masses∗

up quark mu ' 2.3 MeV

down quark md ' 4.8 MeV

strange quark ms ' 95 MeV

charm quark mc ' 1.3 GeV

bottom quark mb ' 4.5 GeV

top quark mt ' 173 GeV

π mπ ' 138.04 MeV1

K mK ' 494.99 MeV2

η mη ' 547.86 MeV

η′ mη′ ' 957.78 MeV

f0(500) or σ mσ ' 400− 550 MeV

a0(980) ma0 ' 980 MeV

K∗ mK∗ ' 895.60 MeV

K∗0 (800) or κ mκ ' 682 MeV

∗The values of the masses are taken from [1].
1Obtained as average of the masses in the isospin multiplet.
2See footnote 1.
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Populärvetenskaplig

sammanfattning p̊a svenska

Samspelet mellan elementarpartiklarna som bygger upp v̊ar värld beskrivs inom par-

tikelfysik med den s̊a kallade Standardmodellen. Denna modell använder kvantfältteori

för att beskriva partikelinteraktioner genom de tre fundamentala krafterna i naturen:

elektromagnetisk, stark och svag växelverkan. Standardmodellen innefattar inte gravi-

tationskraften eftersom den är mycket svagare än de övriga tre. V̊ara studier genomförs

inom ramen för kvantkromodynamik (QCD), som spelar en grundläggande roll i Stan-

dardmodellen eftersom den beskriver den starka växelverkan. Denna växelverkan binder

samman kvarkar och gluoner till hadroner.

I denna avhandling fokuserar vi p̊a en viss partikel: η′ mesonen. Egenskaperna för

denna partikel i vakuum är välkända; i synnerhet livslängden som är τvacη′ ≈ 200 keV.

Vi vill först̊a hur livslängden för η′ förändras när den sätts i en upphettad hadrongas.

Som en följd av samspelet mellan v̊ar partikel och gaspartiklarna förväntar vi oss att

livslängden för η′ minskar. Vanligtvis i partikelfysik hänvisar man istället till bredden

Γ av en partikel som ges av inversen av livstiden. V̊ara resultat tyder p̊a att bredden

ökar med ca 10 MeV.

Varför forskar vi p̊a detta? Vi vill jämföra detta resultat med livslängden för en

“fireball” som skapas i kollisioner av tunga joner (τfb ≈ 20 fm/c). Genom att kollidera

atomkärnor erh̊aller man mycket varm och komprimerad materia runt kollisionspunkten;

detta ger upphov till en s̊a kallad “fireball”. Vid extremt hög temperatur och/eller tryck

skapas en ny fas (aggregationstillst̊and) av materia: Kvark-Gluon-Plasma (QGP). Fasen

best̊ar av nästan fria kvarkar och gluoner, vilka är tv̊a centrala elementarpartiklar i all

materia.

När en fasöverg̊ang inträffar förväntar vi oss att åtminstone n̊agra av systemets egen-

skaper förändras. Eftersom det finns ett intimt samband mellan ett system och dess
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Populärvetenskaplig sammanfattning p̊a svenska ix

symmetrier, följer det att symmetrierna inte är statiska utan förändras tillsammans

med det system de tillhör. Vanligen s̊a kan en symmetri som inte är närvarande vid

lägre temperaturer återställas vid en överg̊angstemperatur.

V̊ara beräkningar visar att livslängden för η′ i gasen är jämförbar med livslängden

för en fireball som genereras i kollisioner av tunga joner. Detta innebär att det kan vara

möjligt att undersöka hur η′ egenskaper förändras vid hög temperatur och densitet. Vi

fokuserar p̊a η′ eftersom denna partikel är relaterad till en viss typ av symmetri, U(1)

axial symmetri, vilken är anomal i vakuum. Genom att studera η′ mesonen i kollisioner

av tunga joner vill vi härleda viktig information om beteendet av den anomala symmetrin

vid höga temperaturer.



Chapter 1

Introduction

The study of a physical system can be often traced back to the study of its symmetries,

thanks to the intimate connection between them. For this reason it is obvious that

symmetries change together with the system they belong to, in other words they are

not static. Typically symmetries not realized at low temperatures become restored at

some transition temperature. For example, this is the case of the chiral symmetry of the

strong interaction, which is believed to be restored at a temperature Tc ≈ 170 MeV [2].

At such high temperatures quarks and gluons are deconfined, giving rise to a new state

of matter: the Quark-Gluon Plasma. This agrees with what we expect in physics when

we observe a phase transition: a change in symmetry.

However it is less clear what happens to an anomalous symmetry - i.e. not preserved

by quantization. In this thesis we deal with the chiral anomaly in Quantum Chromody-

namics and its possible change in a thermal system. Still we can suppose that also the

latter could be restored at some high temperature.

A way to study the behaviour of the U(1)A anomaly is to look at the η′ meson, that

would be the ninth Pseudo-Goldstone boson∗ generated by spontaneous chiral symmetry

breaking if there was no anomaly. The η′ is indeed too heavy to be a Pseudo-Goldstone

boson, but what if we would find a much lighter η′ at higher temperature [3]? This

would indicate that the U(1)A symmetry could be restored when our system undergoes

a phase transition.

Through the study of the changes of the η′ properties with the temperature, we

indirectly gain information about the axial anomaly. In practice however this is not a

∗Since quarks are not massless, the chiral symmetry is only approximate. It is then explicitly broken,
giving rise to Pseudo-Goldstone bosons, i.e. not massless states. The observed ones are the pions, the
kaons and the η meson.

1



Chapter 1. Introduction 2

simple task. In fact, the lifetime of the η′ in the vacuum is about 600 times that of a

“fireball” of highly compressed and heated nuclear matter produced by colliding atomic

nuclei. This means that, when studying the η′ in heavy-ion collisions, we might miss the

effects of the medium on the η′ if the meson lived much longer than the fireball.

It is then of great interest to investigate how the lifetime, or equivalently the decay

width, of the η′ changes with temperature. At high temperatures we expect the lifetime

to become shorter due to interactions with particles (pions in our approximation) in the

thermal medium. In particular, if the lifetime of the η′ would become comparable with

the lifetime of the fireball created in heavy-ion collisions, it would be possible to study

the η′, hence the change of the axial anomaly at high temperature and density. The

results of this thesis indicate that this can be done experimentally in the framework of

heavy-ion collisions.

This topic was already studied last year by Carl Niblaeus, in his Master thesis [4].

His research was conducted in the framework of Chiral Perturbation Theory (ChPT ),

the low-energy effective field theory of QCD that describes the behaviour of Goldstone

bosons [5–7]. In the formal limit of a large number of quark colors (large-Nc ChPT )

the chiral anomaly vanishes and the η′ can then be included in the theory as the ninth

Goldstone boson [8–10]. Niblaeus’ results suggest that the in-medium width of the η′

may become of considerable size, thus the lifetime would be comparable to that of the

fireball created in a heavy-ion collision.

However, a more accurate treatment needs to include effects of resonance exchange.

We can include other hadrons in the mass range of η′ such that in the large-Nc limit and

at low energies the model matches ChPT . This gives rise to the so-called Resonance

Chiral Theory (RChT ) [11, 12]. As a consequence of resonance addition, we expect

to find a smaller broadening of the η′ width, leading to longer in-medium lifetime as

compared to pure ChPT . The results agree with this prevision, but still indicate that

the lifetime of the η′ may become short enough to be comparable with the lifetime of

the fireball. This suggests that the study of the η′ in heavy-ion collisions is possible.

Future experiments could provide us with more information on the axial anomaly.

1.1 Outline

This thesis is organized as follows. Chapter 2 provides an overview of the theoretical

background and it is divided in three parts. The first one presents the symmetries of
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Quantum Chromodynamics, speculating on where the axial anomaly U(1)A comes from

and explains why it can be studied through the η′ meson. The second part develops the

frameworks in which the calculations are performed: Chiral Perturbation Theory and

subsequently Resonance Chiral Theory. The last part illustrates how the properties of

strongly interacting matter change at nonzero temperatures and draws the consequences

for the decay width of a particle. In Chapter 3 all the calculations are performed and

in Chapter 4 the results are presented and discussed. Finally Chapter 5 summarizes the

content of this thesis and gives some suggestions for future studies.



Chapter 2

Theoretical Background

2.1 Fundamentals of Quantum Chromodynamics

The elementary particles that build the world around us and their interactions through

the fundamental forces in nature are described in the so-called Standard Model of parti-

cle physics [13–15]. Quantum Chromodynamics (QCD) is a quantum field theory which

plays a fundamental role there since it describes the strong interaction. It has many

features in common with Quantum Electrodynamics (QED) - the quantized theory of

electromagnetism - but it is a gauge theory with a non-abelian gauge group, SU(3).

Among all the symmetries in the QCD Lagrangian, the SU(3) color symmetry is pro-

moted to be local. This can be done by introducing vector fields (gauge bosons) called

gluons. Their exchange between Dirac fermion fields called quarks strives to describe

the effect of the strong force.

The quarks are taken to be in the simplest possible representation of the gauge group

- the fundamental representation. There are three color states (red, blue and green) and

six flavors of quarks: up, down, strange, charm, bottom and top. These are collected

in a six dimensional column vector qi,A where the flavor components are written with

the indices i, j, .. = 1, 2, .., 6 and the color components with A,B, .. = 1, 2, 3. However

both quark color and flavor indices are usually not written explicitly. The gluon fields

transform in the adjoint representation which for SU(3) has dimension 32−1 = 8, hence

there are eight gluons. The gluon fields can be decomposed in terms of the generator

Ta of the SU(3) gauge group as Aµ = AaµTa, where the generators are related to the

Gell-Mann matrices through Ta = λa/2. These are a basis for the space of traceless 3×3

4



Chapter 2. Theoretical Background 5

matrices which make up the su(3) Lie Algebra of the SU(3) gauge group, given by:

[
λa

2
,
λb

2

]
= ifabc

λc

2
, (2.1)

where fabc are the SU(3) structure constants. The indices a, b, .. = 1, ..8 remark that

there are eight gluons.

The QCD Lagrangian can be written in a concise way as [1] :

LQCD = −1

4
F aµνF

µν
a + q̄[iDµγ

µ −M]q, (2.2)

where we have introduced the covariant derivative Dµ = ∂µ−igAaµλa/2 with g the strong

coupling constant. Here the γµ are the Dirac gamma matrices; in the Feynman slash no-

tation we have Dµγ
µ = /D. The quark mass matrix isM = diag(mu,md,ms,mc,mb,mt)

and the gluon field-strength tensor

F aµν = ∂µA
a
ν − ∂νAaµ − gfabcAbµAcν (2.3)

leads to self-interactions between the gluons.

2.1.1 Symmetries of QCD

QCD has several symmetries. We present here only the symmetries in the flavor sector

since they play a fundamental role in this thesis.

For each flavor in the vector q(x) we have a U(1) symmetry: any quark field can be

multiplied by any phase factor eiα without changing LQCD. This means that in total

we have a U(1)Nf symmetry, where Nf denotes the number of flavors. In particular we

can multiply all the quark fields by the same phase factor eiα in order to obtain a global

U(1)V vector symmetry (the corresponding Noether current transforms as a vector under

the parity transformation). The latter accounts for baryon number conservation as can

be understood by looking at the correspondent Noether charge

Q =

∫
d3xq†q (2.4)

which is a number operator that counts the number of quarks minus the number of

antiquarks.
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Comparing the masses of the quarks, we notice that there are two light quarks (up

and down), a slightly heavier quark (strange) and three much heavier quarks (charm,

bottom and top). As long as the experimental energies are too low to excite these last

three quarks, they can be ignored since they count as “frozen degrees of freedom”. In

other words the masses of the three heaviest quarks can be seen as infinite at low ener-

gies. We are then left with only three flavors (instead of six), so that the quark vector

becomes q = (u, d, s). We are allowed to do a further approximation due to the fact

that the masses of the up and the down quark are very similar∗. By setting mu = md

we gain an SU(2) symmetry, which involves transformations in a space spanned by two

flavors:

q → eiθ
aτa/2q, q̄ → q̄e−iθ

aτa/2, q =

u
d

 (2.5)

where τ̄ = (τ1, τ2, τ3) are the Pauli matrices, i.e. the generators of SU(2). The particle

spectrum reflects the existence of this approximate symmetry which is also called the

isospin symmetry since it leads to multiplets labelled by isospin and degenerate in mass

(e.g. the three pions).

Following this reasoning we can try to enlarge this symmetry, setting mu = md = ms.

This is obviously not such a good approximation since the strange quark is remarkably

heavier than the up and the down quarks, but at least the difference between mu or md

and ms is small compared to a typical hadron mass (e.g. the proton mass) . We obtain

an SU(3) symmetry, i.e. the up, down and strange quark fields can be mixed by SU(3)

transformations:

q → eiθ
aλa/2q, q̄ → q̄e−iθ

aλa/2, q =


u

d

s

 (2.6)

leaving the QCD Lagrangian unchanged. This is a vector symmetry and therefore is

written as SU(3)V . In the particle spectrum we observe the consequences of this ap-

proximate symmetry: mesons and baryons are collected in multiplets corresponding to

the irreducible representations of SU(3). Historically Gell-Mann explained this approx-

imate multiplet structure by predicting the existence of quarks.

At the beginning of this section we have mentioned the U(1) symmetry which holds

even if we keep all the quarks and their masses with different values, i.e. it is an exact

∗What matters is that the difference between the two masses is negligible compared to the scale of
QCD, ΛQCD ≈ 200 − 300 MeV.
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symmetry of the theory. We will use later the following relation: SU(Nf ) × U(1) '

U(Nf ) where Nf corresponds to the number of quark flavors whose mass must be put

equal in order to have the flavor symmetry.

2.1.2 Chiral symmetry

We have seen before that in the approximation of equal masses mu = md = ms = m,

we have an SU(3)V symmetry. It is straightforward to deduce that we have a symmetry

also for m equal to zero. For massless quarks we have the so-called chiral symmetry,

which is an extension of an SU(3)V symmetry. Note that the approximation ms = 0 is

worse than the previous m = ms, but the symmetry still works reasonably well. Chiral

symmetry means that left- and right-handed fermions can be transformed separately

with one transformation different from the other, while LQCD stays invariant. We are

considering only massless fermions to guarantee that we are dealing with pure left-

or right-handed fermions. In fact, it is immediate to show that a mass term in the

Lagrangian would spoil the chiral invariance.

Let us look at the symmetries of a Lagrangian with no mass term instead. The

Lagrangian has a U(1)L×U(1)R symmetry resulting from separate U(1) transformations

of the left- and right-handed fermions. If the massless quarks are Nf many, there is an

additional symmetry given by SU(Nf )L × SU(Nf )R. Since the up and the down quark

masses are really small on QCD scales, SU(2)L×SU(2)R is almost an exact symmetry,

while SU(3)L × SU(3)R is more approximate. This last symmetry gives rise to two

octet Noether currents, denoted by Jµ,aL,R. One comes from the left-handed part of the

symmetry and the other from the right-handed part. It is useful to consider linear

combinations of them

Jµ,a ≡ Jµ,aL + Jµ,aR , Jµ,a5 ≡ Jµ,aL − Jµ,aR , (2.7)

since they transform respectively as a vector and an axial vector under parity trans-

formations. The same can be done also for the two Noether currents coming from the

U(1)L × U(1)R symmetry. This allows us to extend the chiral symmetry to

U(3)V × U(3)A ' SU(3)V × SU(3)A × U(1)V × U(1)A. (2.8)
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We expect to observe in nature the concrete realization of this symmetry. This happens

regarding the vector part of the symmetry SU(3)V × U(1)V , but what about the axial

vector part? The axial vector symmetry U(1)A makes possible to transform quarks and

antiquarks with opposite phase angles, once more thanks to the absence of a mass term.

Since axial transformations result in a parity change, we expect to find mass degenerate

states with opposite parity. However there are no such parity partners in nature.

When a symmetry does not explicitly show up there are basically two possible expla-

nations: it is anomalous, i.e. not present in the quantized theory, or it is spontaneously

broken in the vacuum. This means that it is present on a Lagrangian level but there

is no evidence for the corresponding degenerate states in the real world. We are going

to describe what a spontaneous symmetry breaking and an anomalous symmetry are in

the next two sections.

2.1.3 Spontaneous symmetry breaking

When we say that a symmetry is spontaneously broken we mean that the ground state

of the theory has a different, lower symmetry than the Lagrangian. Since particles are

excitations around the vacuum, it follows that the particle spectrum of a theory will

be organized according to the symmetries of the ground state. This gives us precious

information regarding the symmetry of the vacuum.

Chiral symmetry breaking and the quark condensate

Getting back to the chiral symmetry U(3)V × U(3)A, we said before that there are no

parity partners in nature; this suggests that the symmetry of the ground state could

be broken down to a subgroup. In fact, the vacuum is only invariant under U(3)V '

SU(3)V × U(1)V . As proven in the Goldstone theorem, a direct consequence of the

spontaneous breaking of a symmetry in a relativistic theory is the generation of the so-

called Goldstone bosons. They are as many as the generators of the broken symmetry

and are supposed to be massless [16]. Therefore having in mind that the axial SU(3)A

symmetry could be spontaneously broken, and knowing that its generators are 32−1 = 8,

we look for eight massless states, each of them carrying the quantum numbers of the

corresponding symmetry charge. To be precise we talk about pseudo-Goldstone bosons

since we expect them to have a nonzero mass, but still remarkably smaller than e.g. a

proton mass. We can identify them with the eight lightest mesons, i.e. the mesons in
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the pseudoscalar octet: the three pions, the four kaons and the η. Their masses, much

lighter than 1 GeV, are due to the fact that the chiral symmetry is not exact, but only

approximate in the real world, where quarks are not massless.

What about the axial U(1)A symmetry? This is also not a symmetry of the vacuum

and therefore we expect it to be spontaneously broken; however there is no pseudo-

Goldstone boson to be associated with. It follows that the symmetry is anomalous as

we will explain in the next section.

How do we know in general that a symmetry is broken in the vacuum? We look

for a quantity, usually the vacuum expectation value of a field or combination of fields,

called order parameter [2, 17]. It must be Lorentz invariant and it must have the same

symmetry as the ground state. The main feature of the order parameter is that it is

zero in the unbroken phase and nonzero in the broken one. In QCD for example we can

take the scalar quark density given by

S(0) = q̄q (2.9)

that has a non-vanishing vacuum expectation value, i.e.

〈S(0)〉 = 〈q̄q〉 = 〈ūu+ d̄d+ s̄s〉 6= 0. (2.10)

Note that this quantity satisfies the requirements of being Lorentz and U(3)V invariant.

The latter symmetry implies that

〈ūu〉 = 〈d̄d〉 = 〈s̄s〉. (2.11)

We refer to this quantity as the quark condensate, the order parameter for chiral sym-

metry breaking. It turns out that at higher temperatures it decreases almost to zero,

meaning that under a phase transition the chiral symmetry should be restored and

therefore parity partners should appear. We will come back to this later.

2.1.4 Anomalous symmetry

When a symmetry of a theory does not manifest itself in the correspondent particle

spectrum and at the same time it is not spontaneously broken, then it must be anoma-

lous. The symmetry shows up in the Lagrangian but typically is sacrificed during the

quantization procedure. In fact among all the classical symmetries of a Lagrangian,
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not all survive when we quantize the theory. We choose to keep those that make the

predictions of the theory agree with experiments.

The U(1)A anomaly and the η′

This is the case of the U(1)A symmetry. If it were spontaneously broken, then the

pseudo-Goldstone boson associated to the broken U(1)A generator would have been the

η′ meson. However this particle is too heavy to be considered as such. At the same time

there is no evidence of the U(1)A symmetry being realized in the particle spectrum -

only U(3)V shows up. It follows that the U(1)A symmetry is anomalous. In other words

the Noether current corresponding to the U(1)A symmetry

Jµ5 = q̄γµγ5q (2.12)

is not conserved. One finds instead

∂µJ
µ
5 =

Nfg
2

16π2
F aµνF̃

µν
a , (2.13)

where F̃µνa = εµνλρFaλρ/2 is the dual field-strength tensor. Since g2 ∼ 1/Nc, where Nc

denotes the number of colors, the anomaly vanishes in the formal limit Nc →∞.

2.1.5 Where does the U(1)A anomaly come from?

There is not only one way to explain the origin of an anomaly. We present in this section

some of the different perspectives from which the U(1)A anomaly can be viewed.

First of all, the QCD anomaly is related to the fact that certain types of triangular

loop diagrams cannot be renormalized without sacrificing some symmetry. Of course

the gauge symmetry has to be preserved at the expenses of the U(1)A symmetry.

Another explanation can be given by looking at the measure in the QCD path-integral,

which is not invariant under chiral transformations. Let us examine this issue more

closely. The path integral which defines QCD is

Z =

∫
DqDq̄DAaµeiSQCD . (2.14)

A U(1)A transformation change the fields in the following way

q → eiθAγ5q, q̄ → q̄eiθAγ5 (2.15)
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i.e. the antiquarks transform with opposite angle with respect to the quarks. What

about the measure? Under the transformation it picks up a determinant which is not

equal to one

DqDq̄ → DqDq̄ detJ with detJ ∼ det e2iθAγ5 6= 1 (2.16)

and therefore it destroys the chiral invariance of the path integral. Note however that

the above does not affect the action which maintains the invariance.

Often the axial anomaly is presented together with a particular type of gluonic fields

called instantons which are in fact responsible for the violation of axial charge conser-

vation. The reason for this can be found in the non-trivial properties of the non-abelian

gauge group of QCD. More details are provided in [15], here we only give a summary of

the topics.

The non-abelianicity of a gauge group implies the existence of the so-called large gauge

transformations. These cannot be continuously deformed into the identity transforma-

tion, which means that under their action a gauge field is transformed into a topologically

distinct field. Every gauge field is characterized by an integer number n known as wind-

ing number (or topological charge) which tells that the field itself has been obtained

starting from the zero field configuration by acting n times with the large gauge trans-

formation. The difference between the winding number of a gauge field at t = ∞ and

at t = −∞ can be given in terms of the gluonic field-strength tensor and its dual:

∫
d4x w(x) =

∫
d4x

g2

32π2
F aµν(x)F̃µνa (x)

= n(t =∞)− n(t = −∞),

(2.17)

where w(x) is called winding number density. Now recall that the axial charge corre-

sponding to the U(1)A current is

Q5 =

∫
d3xJ0

5 . (2.18)

We want to know how it changes between t = −∞ and t =∞

∆Q5 =

∫
dt

∫
d3x

∂

∂t
J0

5

=

∫
d4x∂µJ

µ
5 ,

(2.19)

where in the last step we have assumed that the spatial part of the current vanishes
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sufficiently fast at infinity. Keeping in mind that the divergence of the U(1)A current is

given by Eq. (2.13), we have

∆Q5 =

∫
d4x∂µJ

µ
5

=
Nfg

2

16π2

∫
d4xF aµνF̃

µν
a

= 2Nf [n(t =∞)− n(t = −∞)] ,

(2.20)

i.e. the fact that a gauge field starts in some configuration and ends up in a topolog-

ically different one (changing topological charge n) implies that the axial charge is not

conserved.

2.1.6 Non-perturbative QCD

In this thesis we deal with energies below about 1 GeV, where quark-gluon perturbation

theory cannot be trusted. This is because the running coupling constant α = g2/(4π) of

QCD increases rapidly for low energies, becoming quickly bigger than 1. At that point

it is no longer possible to perform a perturbative expansion of the kind

M∼
∑
n

αnMn, (2.21)

as we are used to do in perturbative quantum field theory to calculate an amplitudeM.

The series would now quickly diverge instead. It follows that we need to develop other

tools to do the calculations in this energy region. So far successful results have been

obtained in particular using Lattice QCD [18] and effective field theories. We will now

present the second approach, since it plays a central role in this thesis.

Effective theories

An effective field theory (EFT) [19] builds on the idea that depending on the energy

scale of interest, only certain degrees of freedom are relevant. Under this assumption a

complex theory can be described in a simpler way. On one side this makes the calcula-

tions easier since we are allowed to focus only on some degrees of freedom, but on the

other side we must be aware that EFT:s have a limited range of validity. In fact outside

a specific energy region other degrees of freedom becomes important causing the EFT

to break down. Another feature of EFT:s is that they are typically not renormalizable

and therefore one could naively think that they are without predictive power. However
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the EFT approach is instead to consider a theory valid up to some cut off Λ for all

momenta. According to a theorem by Weinberg [20], the effective Lagrangian is then

made of all the terms allowed by the supposed symmetries of the theory, i.e. typically

infinitely many terms. However these terms are not equally important as we can deduce

by looking at the general form of the effective Lagrangian [14, 19]

Leff =
∑
i,n

cn,i
Λn−4

On,i (2.22)

where On,i denotes a field operator of mass dimension n and cn,i is a dimensionless

coupling constant. Each term is divided by powers of the cut off Λ. Provided the

coefficients cn,i are of natural size, it follows that non-renormalizable terms - with n > 4

- are suppressed compared to normalizable terms and therefore less important. It is then

enough to consider only terms up to some order in 1/Λ (i.e. up to a given n), so that

the non-renormalizable terms will be a finite number making the EFT predictive.

Among the EFT:s we have to cite Chiral Peturbation Theory (ChPT ) [5, 20–22], the

effective field theory of QCD for light flavors, that constitutes an excellent tool to treat

low energy non-perturbative QCD. The next section is devoted to a detailed description

of its formulation and use.

2.2 Chiral Perturbation Theory for mesons

At low energies the strong interaction can be described by an effective field theory:

Chiral Perturbation Theory (ChPT ). The degrees of freedom that can be excited at

such low energies are the lightest hadrons only. For the moment we will consider the

eight pseudo-Goldstone bosons of chiral symmetry breaking in the pseudoscalar octet.

We will construct the effective Lagrangian in ChPT as presented in [5, 6, 15].

2.2.1 Construction of the effective Lagrangian

As a starting point we know that the ChPT Lagrangian must be invariant under the

chiral symmetry SU(3)L × SU(3)R × U(1)V while the ground state has a lower sym-

metry, SU(3)V × U(1)V . Then the fields that we want to parametrize - the Goldstone

fields of chiral symmetry breaking - belong to the quotient space SU(3)L × SU(3)R ×

U(1)V /(SU(3)V × U(1)V ) which is isomorphic to SU(3) [23]. An element U ∈ SU(3)

is a matrix with eight independent components; it turns out to be also the best way
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to parametrize our fields. Since we need the fields to be space-time dependent, we will

consider U(x) ∈ SU(3). We have encountered before the Gell-Mann matrices, which are

the basis elements of the su(3) Lie Algebra. Any linear combination of these matrices is

still an element of the su(3) Lie Algebra. In particular we construct φ ∈ su(3) such that

φ(x) = φa(x)λa =


φ3 + 1√

3
φ8 φ1 − iφ2 φ4 − iφ5

φ1 + iφ2 −φ3 + 1√
3
φ8 φ6 − iφ7

φ4 + iφ5 φ6 + iφ7 − 2√
3
φ8



≡


π0
B + 1√

3
η8

√
2π+

B

√
2K+

B
√

2π−B −π0
B + 1√

3
η8

√
2K0

B
√

2K−B
√

2K̄0
B − 2√

3
η8


(2.23)

where the bare meson fields have been defined in the second equality. As indicated by

the subscript, these fields are bare, i.e. unphysical. Also the η8 is a bare field. We will

see later how they are related to the physical fields. Note that the φ matrix is hermitian.

The SU(3) Lie group is simply connected, which means that all its elements are

connected to the identity. We can therefore get U(x) ∈ SU(3) by exponentiating φ ∈

su(3)

U(x) = exp(iφ(x)) = exp

(
i

8∑
a=1

φa(x)λa

)
. (2.24)

Under chiral symmetry U(x) transforms linearly. For (L,R) ∈ SU(3)L × SU(3)R we

have

U → U ′ = LUR†, (2.25)

meaning that φ′ will be a complicated function in terms of φ.

Now we are ready to construct the effective Lagrangian. The two guiding points are:

• Include all terms compatible with the underlying symmetries.

• The classical Lagrangian must be a number-valued scalar.

From the first point we deduce that terms with only one U or U † are not allowed

since they would spoil the chiral symmetry. From the second point it follows that our

Lagrangian must contain traces of products of U(x). There will be derivatives of U(x)

to construct something non-trivial. Derivatives are also needed to reproduce the fact

that the pseudoscalar interactions vanish at zero momentum which is a consequence

of the Goldstone theorem. Following these prescriptions we can write down infinitely
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many terms. Since they are not equally important, it is necessary to introduce a power-

counting scheme to catalogue them. Recalling that derivatives correspond to momenta,

a term with n derivatives scales as pn/M (n−4), where M is some constant with dimension

of a mass. We are interested in low energy physics which means that in the momentum

expansion the leading order terms will be those with the fewest derivatives. For simplicity

the effective Lagrangian can be written as

Leff =
∑
n=1

L2n = L2 + L4 + . . . (2.26)

where the subscript indicates the number of derivatives in the term. In order to respect

Lorentz symmetry, only even subscripts are allowed. We drop L0 since any term with

no derivative is proportional to Tr UU † = Tr 13×3 = 3 which is a constant and therefore

does not contain physical information.

At order O(p2), in the chiral limit, there is only one term allowed [5]

L2 =
F 2

4
Tr
[
∂µU∂

µU †
]
, (2.27)

where F is a low-energy constant with dimension of a mass.

At this point we can expand U = exp(iφ) = 1 + iφ + . . . obtaining (drop irrelevant

terms):

L2 =
F 2

4
Tr
[
∂µ(1 + iφ+ . . . )∂µ(1− iφ+ . . . )

]
=
F 2

4
Tr
[
∂µφ∂

µφ+ . . .
]

= F 2
[1

2
∂µπ

0
B∂

µπ0
B + ∂µπ

+
B∂

µπ−B + ∂µK
0
B∂

µK̄0
B + ∂µK

+
B∂

µK−B +
1

2
∂µη8∂

µη8

]
+ . . .

(2.28)

where in the last step we have written explicitly the matrix φ as in Eq. (2.23). In order

for the fields to represent physical states in the LSZ formula, it is required for the kinetic

term of identical fields to have a factor 1/2 and a factor 1 for non-identical fields. To fix

this problem we could redefine all the fields, englobing the constant F into them, but

this will be useless when considering next-to-leading order terms, since more complicated

corrections will be needed. The solution is to do wave function renormalization, a method

that gives different renormalization constants to the fields, so that the physical fields

result with the correct normalization. We will come back to this issue below.
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2.2.2 How to deal with meson masses

In the real world mesons are massive particles. However so far we have tried to describe

the dynamics of the eight lightest mesons through ChPT , working in the so called chiral

limit where quarks are taken to be massless and therefore the pseudoscalars are “true”

Goldstone bosons. In fact, the Lagrangian in Eq. (2.27) does not contain any mass

term. This approximation is quite strong and not realistic - especially regarding the

strange quark - but we need it if we want to preserve the chiral symmetry. A useful

way to introduce symmetry breaking quark mass terms is to look at a low energy QCD

Lagrangian coupled to external sources [5–7, 15]. Starting from the QCD Lagrangian

for three massless quarks

L0
QCD = −1

4
F aµνF

µν
a + iq̄ /Dq, (2.29)

we can add quark masses implicitly, by means of external sources

L = L0
QCD + Lext

= L0
QCD + q̄Lγ

µ(lµ + v(0)
µ )qL + q̄Rγ

µ(rµ + v(0)
µ )qR−

− q̄L(s+ ip)qR − q̄L(s− ip)qR

(2.30)

where v
(0)
µ are number-valued and lµ, rµ, s, p are 3× 3 matrices representing external

fields. They can be expanded in terms of the Gell-Mann matrices

lµ = laµλa, rµ = raµλa,

s = s0 + saλa, p = p0 + paλa,
(2.31)

where a = 1, . . . , 8. By expressing the right- and left-handed fields as linear combinations

of the vector and axial fields vµ and aµ

rµ = vµ + aµ, lµ = vµ − aµ, (2.32)

we can rewrite Eq. (2.30) in terms of vector and axial currents as

L = L0
QCD + q̄γµ(vµ + v(0)

µ + γ5aµ)q − q̄(s− iγ5p)q. (2.33)
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It is immediate to recognize that real QCD corresponds to v = a = p = 0 and s =M.

In this form the external sources are coupled to the nine vector and eight axial vector

currents from the chiral symmetry∗. The choice of adding external fields produces also

another result: the global chiral symmetry is promoted to a local one, assuming that

the external vector and axial vector fields transform as gauge fields under local chiral

symmetry.

In the framework of ChPT we want a Lagrangian Leff(U, v, a, s, p). Note that the

effective theory does not contain the quarks and gluons any more. Its building blocks

are: U(x) introduced in (2.24), the external fields s, p and vµ, aµ (or equivalently rµ

and lµ). Moreover we need chiral gauge derivatives defined as:

DµA := ∂µA− irµA+ iAlµ (2.34)

where A is an arbitrary object which transforms as A → LAR†. We also have field-

strength tensors constructed from the left- and right-handed external vector fields:

fRµν := ∂µrν − ∂νrµ − i[rµ, rν ],

fLµν := ∂µlν − ∂ν lµ − i[lµ, lν ],
(2.35)

which transform homogeneously and according to their respective label.

We can have a chirally invariant Lagrangian with mass terms, provided that they are

hidden in the external source s which transforms as

s+ ip→ R(s+ ip)L†, s− ip→ L(s− ip)R†. (2.36)

The lowest order combination that satisfies our requests and is also parity invariant is

Ls.b. =
BF 2

2
Tr
[
U(s+ ip) + (s− ip)U †

]
, (2.37)

where B is a second low-energy constant with dimension of a mass.

Then the most general Lagrangian at lowest non-trivial order which is invariant with

respect to local chiral transformations is:

L2 =
1

4
F 2Tr [DµU

†DµU ] +
1

4
F 2Tr [Uχ† + χU †], (2.38)

∗Note that since the axial singlet current is not conserved in QCD, there is no external a
(0)
µ . The

singlet vector current is conserved instead, therefore it couples to an external v
(0)
µ .
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where we have defined χ ≡ 2B(s + ip). Assuming that the sources are small we can

make a perturbative expansion in terms of derivatives and sources and in the end, in

order to get back to real QCD, we drop the external vector fields vµ and aµ contained

in the chiral gauge covariant derivative and we set p to zero and s = M. Expanding

U = exp(iφ) in powers of φ and keeping the terms up to (including) second order in the

fields Eq. (2.38) becomes:

L2 →
1

4
F 2Tr [∂µφ∂

µφ]− 1

2
F 2B2Tr [Mφ2]. (2.39)

In the previous section we have already discussed the kinetic term. Now we focus on

the mass term which allows us to read out the masses of the pseudo-Goldstone bosons.

The constant F has to be absorbed into the fields in order to get the physical ones. In

the isospin limit, mu = md ≡ m, we find:

M2
π = 2Bm,

M2
K = B(m+ms),

M2
η8 =

2

3
(m+ 2ms).

(2.40)

The physical field η is indeed a mixture of the singlet η0 and the octet η8 fields and

therefore M2
η 6= M2

η8 . Note that in the chiral limit all meson masses are zero as expected.

We can make one last important observation here: the squared meson masses are

linear in the quark masses. Recalling the on-shell condition p2 = M2 it is reasonable

to assume that the power counting says mq ∼ O(p2) and ∂ ∼ O(p) since derivatives

correspond to momenta [5, 6, 21, 22]. From the expression of the gauge covariant

derivative Dµ it follows that also the external fields lµ and rµ are O(p). Then the

field-strength tensors are

fR/Lµν ∼ O(p2) (2.41)

and therefore they do not show up in the effective Lagrangian at O(p2) because they

would break the Lorentz symmetry. They come in at order O(p4).

2.2.3 The effective Lagrangian at O(p4)

We are now going to present the second term in the expansion of the effective Lagrangian,

the one that gives the next-to-leading order (NLO) contribution to the process of interest.

It is obtained writing all the possible scalar terms that do not violate the chiral and the
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Lorentz symmetries∗ [21, 22]. We have in the notation of [6]:

L4 = L1

(
Tr [∂µU∂

µU †]
)2

+ L2Tr [∂µU∂νU
†]Tr [∂µU∂νU †]+

+ L3Tr [∂µU∂
µU †∂νU∂

νU †] + 2BL4Tr [∂µU∂
µU †]Tr [M(U † + U)]+

+ 2BL5Tr [∂µU∂
µU †(UM+MU †)] + 4B2L6

(
Tr [UM+MU †]

)2
+

+ 4B2L7

(
Tr[MU † − UM]

)2
+ 4B2L8Tr [U †MU †M+MUMU ],

(2.42)

where all the external fields have been already set to zero except the scalar source

χ = 2BM. Otherwise we should have also written the terms containing the field-

strengths fµνR,L. In this thesis we will not use exactly this Lagrangian since we will

need to modify our theory in order to include also the η′ meson. In particular we will

talk about large-Nc ChPT and in that framework we will obtain a slightly different

Lagrangian at NLO. Some terms will be diminished in this modified power counting,

others will stay the same and some new terms will pop up, while at LO every term

coincides with those in standard ChPT . In brief, what forbids the η′ to be included now

is the anomaly and we can formally get rid of it by considering a large, infinite number

of colors Nc, instead of three as it is in real QCD.

For the first time we encounter the low-energy constants (LEC:s) Li. They contain

the physics that we cannot resolve at low energy in our effective theory. Since it is really

hard to determine them from full QCD, one has to find other ways to estimate them.

Lattice QCD for example, or most commonly by empirical input. In this thesis we will

rely on the fact that some of the LEC:s are dominated by the exchange of resonance

mesons between pseudoscalars (resonance saturation, [11]).

2.3 Large-Nc Chiral Perturbation Theory

Until now we have talked about one possible way - ChPT - to do calculations at low

energies in QCD. In this section we introduce a new parameter - Nc, the number of

colors - around which we will organize our calculations. This section is mainly based

on [15].

∗It is also required that the invariance under charge conjugation, parity and time reversal holds
separately.
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The 1/Nc expansion

As suggested by ’t Hooft, we can consider an SU(Nc) gauge theory, instead of an SU(3)

theory, where the number of colors Nc is a variable parameter [24, 25]. Instead of making

an expansion in terms of the strong coupling constant, which we have seen is too big at

low energies, we can make an expansion in 1/Nc for Nc → ∞ and attempt to write for

amplitudes

M∼
∑
n

(
1

Nc

)n
Mn. (2.43)

The main reason why we are doing this is that the large-Nc limit modifies the U(1)A

anomaly. By introducing the ’t Hooft coupling λ ≡ g2Nc which is just a constant in the

Nc →∞ limit, we can rewrite the non-conservation of the U(1)A current as

∂µJ
µ
5 =

1

Nc

Nfλ

16π2
F aµνF̃

µν
a . (2.44)

The RHS of Eq. (2.44) goes as 1/Nc and therefore vanishes for Nc → ∞. This implies

that the axial current is conserved, thus there is no more anomaly. In the large-Nc limit

the chiral symmetry then is extended to U(3)R × U(3)L.

2.3.1 The η′ meson as the ninth Goldstone boson

In the large-Nc limit then the full axial symmetry SU(3)A × U(1)A is spontaneously

broken. The ground state is in fact only symmetric with respect to U(3)V . We have

already seen that the Goldstone bosons associated to the SU(3)A breaking are the eight

lightest pseudoscalars. Moreover one can deduce from the order parameter 〈q̄q〉 that the

ground state does not have the symmetry U(3)V ×U(1)A. In fact a U(1)A transformation

does not leave 〈q̄q〉 invariant. As a consequence a Goldstone boson - the singlet η0 -

arise from the breaking of the U(1)A symmetry. The η0 mixes with the octet η8 to form

the physical fields η and η′. In the chiral limit the η′ meson is simply the singlet η0

which becomes a Goldstone boson in the large-Nc limit. We therefore expect its mass

M0 to vanish in the Nc →∞ limit, a condition satisfied by the Witten-Veneziano mass

formula [26–28]:

M2
0 =

2NfτGD
F 2

(2.45)

which is valid at leading order of the 1/Nc expansion. In the chiral limit this is the mass

formula for the η′. Since F = O(
√
Nc) and τ = O(1) it follows that Mη′ is suppressed,
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i.e. Mη′ = O(1/Nc). The quantity τGD is the so-called topological susceptibility of

gluodynamics∗, given by:

τGD =

∫
dx〈0|Tw(x)w(0)|0〉GD, (2.46)

where the subscript indicates that this is the vacuum of gluodynamics and w(x) is the

winding number density introduced in Eq. (2.17). In the large-Nc counting rules the

topological susceptibility of QCD coincides at LO with that of gluodynamics,

τQCD = τGD +O(1/Nc) (2.47)

which makes sense considering that τGD appears in the formula for the η′ mass, a meson

built out of quarks and not only gluons.

In brief the advantage of working in the framework of large-Nc ChPT is that one can

include in the theory a ninth Goldstone boson: the η′. The main idea is to use Nc as a

tune parameter that allows us to go between the U(3)R × U(3)L symmetric theory and

the case where the U(1)A is anomalous. We know that the U(3)R ×U(3)L symmetry is

not present in nature and the expansion in terms of 1/Nc takes care of that.

We are now going to describe how the η′ meson can be included in the large-Nc theory,

following [8]. When Nc → ∞ the chiral symmetry is promoted to G = U(3)L × U(3)R;

since the vacuum is symmetric with respect to the subgroup H = SU(3)V ×U(1)V , the

Goldstone bosons are described by the coset space G/H ' U(3). This implies that now

the meson fields should be parametrized by U(x) ∈ U(3). In standard SU(3) ChPT ,

the meson fields were described by a matrix U(x) belonging to the SU(3) group, i.e.

unitary and with determinant equal to one. In large-Nc ChPT we only want U(x) to

be unitary, while the determinant can be any complex number with modulus one. Thus

we can write for U ∈ U(3)

U = eiψ/3Ũ , (2.48)

where Ũ ∈ SU(3) is multiplied by a phase factor and ψ = ψ13×3 is a matrix proportional

to the identity to be determined. Then the determinant of U is

det U = eiTr(ψ/3)det Ũ = eiψ. (2.49)

∗Gluodynamics refers to QCD with only gluon fields and no quark fields.
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The ninth Goldstone boson in U(3) ChPT is therefore described by the determinant of

the U(3) matrix [9, 10, 29]. We write U(x) ∈ U(3) as

U(x) = exp(iλaφ
a), a = 0, 1, . . . 8 (2.50)

where besides the eight Gell-Mann matrices, we have added λ0 =
√

2/3 · 13×3 which

satisfies the normalization condition Trλaλb = 2δab. By identifying the η0 with the φ0

field, we have:

U = eiψ/3Ũ = ei
√

2/3η0Ũ , (2.51)

from which we see that ψ =
√

6η0 and

φU(3) = φSU(3) + 13×3

√
2

3
η0. (2.52)

2.3.2 Effective Lagrangian at leading and next-to-leading order

So far we have used three different expansion parameters: the momentum p, the quark

mass mq and the inverse of the number of colors 1/Nc. Following [8] we use now a single

power-counting parameter δ where

p2 = O(δ), mq = O(δ), 1/Nc = O(δ) (2.53)

and the expansion of the effective Lagrangian goes as

Leff =

∞∑
i=0

L(i). (2.54)

The LO large-Nc ChPT Lagrangian contains one more term with respect to the standard

SU(3) ChPT . It is a mass term for the singlet field η0. We have in the notation of [8]:

L(0) =
1

4
F 2Tr [DµU

†DµU ] +
1

4
F 2Tr [Uχ† + χU †]− 3τ(η0)2. (2.55)

Here the topological susceptibility τ appears again. Since the singlet field η0 is now

included in φ and therefore also in U , it follows that the η0 mass will get a contribution

from the nonzero quark masses and another from the topological susceptibility τ . This

reminds us that the U(1)A symmetry is not only broken by the quark masses but also

by the anomaly. Note that (2.55) is order O(1) since the decay constant F depends on



Chapter 2. Theoretical Background 23

Nc as F = O(
√
Nc) so that F 2 = O(1/δ) and τ is O(1).

The NLO large-Nc Lagrangian contains less terms than the SU(3) one, even if there

are some new terms due to the presence of the η0 singlet field. Putting the source s equal

to the quark mass matrix and all the other external fields to zero (so that χ = 2BM),

the NLO Lagrangian reads [8]:

L(1) = L2Tr
[
∂µU

†∂νU∂
µU †∂νU

]
+ (2L2 + L3)Tr

[
∂µU

†∂µU∂νU
†∂νU

]
+

+ 2BL5Tr
[
∂µU

†∂µU(U †M+MU)
]

+ 4B2L8Tr
[
U †MU †M+MUMU

]
+

+
1

2
F 2Λ1∂µη0∂

µη0 −
i√
6
BF 2Λ2η0Tr

[
U †M−MU

]
,

(2.56)

with Li ∼ Nc and Λi ∼ 1/Nc. This Lagrangian is of order O(δ). Note that the terms with

coefficients L4, L6 and L7 of (2.42) do not show up anymore since they are suppressed

by 1/Nc compared to the other terms and therefore moved to the O(δ2) Lagrangian,

i.e. the next order in the expansion [8, 15]. Since also the combination 2L1 − L2 is

suppressed, one can replace L1 by L2/2 in (2.42) and then use the following property of

traceless 3× 3 matrices [6, 22] to obtain (2.56):

Tr(ABAB) = −2Tr(A2B2) + Tr(AB)Tr(AB) +
1

2
Tr(A2)Tr(B2) (2.57)

applied to A = uµ = iu†∂µUu
† = −iu∂µU †u = u†µ and B = uν , with u2 = U = exp(iφ).

One obtains:

L2[
1

2
Tr(A2)Tr(B2) + Tr(AB)Tr(AB)] + L3Tr(A2B2) =

= L2Tr(ABAB) + (2L2 + L3)Tr(A2B2).

(2.58)

The large-Nc limit presents another great advantage with respect to the Nc = 3 case:

working at O(δ) in large-Nc ChPT one need to include only tree level diagrams from

L(0) and L(1). This is a consequence of the fact that meson loops are suppressed in the

1/Nc expansion [8, 15] and therefore moved one step up in the power counting. This

means that loop diagrams with vertices from L(0) appear first at O(1/N2
c ) = O(δ2), and

therefore we will never consider them in this thesis.
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2.4 Resonance Chiral Theory

Large-Nc ChPT does not include resonances as external states. Their masses are sup-

posed to be bigger than the center-of-mass total energy of a given process involving the

pseudoscalar mesons and consequently they are integrated out. The effects of these res-

onances are then virtual and encoded in the low-energy constants (LEC:s) of the chiral

Lagrangian. It has been shown in [11] that the LEC:s Li are dominated by the resonance

contributions. Since they are saturated in good approximation by the lowest multiplet

of resonances we refer to this effect as “resonance saturation”. Strictly speaking, if we

denote with P any pseudo-Goldstone boson (P = π, K, η, η′) and with R any other

meson, we expect to have:

LRi ∼
F 2

m2
R

. (2.59)

We have seen that in the combined chiral and large-Nc limit pseudo-Goldostone bosons

(including the η′ meson) become massless. All other meson masses remain finite instead.

This means that close to the chiral and large-Nc limit we have:

mP � mR (2.60)

since mR = O(δ0) = O(N0
c ) i.e. meson masses are not affected by these limits. From

the relation above it follows that typically the expansion is performed in terms of the

dimensionless parameter p2

m2
R

with p ∼ mP = O(δ1/2). Note that for mP = mη′ and

Nc = 3 this expansion parameter is not small at all. There are in fact some resonances

lighter than the η′ meson, namely vector V (1−−) and scalar S(0++) mesons for which
m2
η′

m2
R
> 1. However as long as we work in the formal limit mP � mR for large Nc, we

can take into account the influence of vector and scalar resonances. This is done in

Resonance Chiral Theory (RChT ), where the interactions between pseudoscalar mesons

are mediated by resonance exchange. In brief when the energy of the process is of the

order of the resonance mass, we can no longer trust ChPT calculations and the resonant

effects must be taken into account explicitly. Intuitively we can think that when the

energy available is enough to resolve microscopically a four point vertex of ordinary

ChPT , this is then stretched out into a propagator.

However, including resonances brings also a disadvantage: due to the presence of

an additional heavy scale (the mass of the resonances), the power counting fails within

RChT . This means that there is no natural organization of the expansion, i.e. no
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systematic EFT. We have to live with a model instead of an EFT but at least we want

to have the correct formal low-energy, large-Nc limit.

2.4.1 How to introduce resonances

In this thesis we will consider the following two reactions:

η′π → ηπ, η′π → KK̄,

since they contribute to the width increase of the η′ meson when the latter is placed

in a gas of pions. This will be further motivated below. At present we just want

to determine which resonances are needed. Since we will take into account resonance

exchange between the interacting pseudoscalars, we need to include vector and scalar

degrees of freedom in a chiral invariant manner. We begin with the nonet field S which

contains the lowest-lying scalar resonances (JPC = 0++) [1]

S =


a00√

2
+ σ√

2
a+

0 κ+

a−0 − a00√
2

+ σ√
2

κ0

κ− κ̄0 f0s

 (2.61)

and the field V which contains the lowest-lying vector resonances (JPC = 1−−) [1]

Vµν =


ρ0√

2
+ ω√

2
ρ+ K∗+

ρ− − ρ0√
2

+ ω√
2

K∗0

K∗− K̄∗0 φ


µν

. (2.62)

Note that the vector resonances are described by antisymmetric tensor fields [21] instead

of vector fields.

Let us consider the large-Nc ChPT Lagrangian up to including NLO

LChPT = L(0) + L(1), (2.63)

where L(0) is given by (2.55) and L(1) is given by (2.56). The latter consists of terms

with Li and Λi coefficients, i.e.

L(1) = LL′is + LΛ′is
(2.64)
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We want to replace LL′is with a Lagrangian that contains scalar and vector resonances,

namely Lres. Depending on the kind of process that we are studying, different terms of

Lres will contribute since different resonances will be involved. Before writing down the

expression for the resonance Lagrangian, we need to define the chiral building blocks:

uµ = iu†DµUu
† = u†µ,

χ± = u†χu† ± uχ†u,

fµν± = ufµνL u† ± u†fµνR u,

(2.65)

where U = u2 = exp(iφ). As in the usual notation χ = 2B(s + ip), the covariant

derivative Dµ as well as the field-strength tensor fµνL/R are given in terms of the external

sources aµ and vµ and have been already introduced in (2.34) and in (2.35) respectively.

At LO the RChT Lagrangian is the same as the ChPT one (2.55), but we can rewrite

it using (2.65):

L(0) =
F 2

4
Tr [uµu

µ + χ+]− 3τ(η0)2, (2.66)

where the last term shows up only in the large-Nc limit. The NLO part instead differs

from ChPT : the LEC:s Li are replaced by resonance exchange.

In the notation of [11] we have:

LR = Lkin(R) + Lint(R), R=V, S (2.67)

with kinetic and mass terms:

Lkin(S) =
1

2
Tr
[
∇µS∇µS −M2

SS
2
]
,

Lkin(V ) = −1

2
Tr

[
∇λVλµ∇νV νµ − 1

2
M2
V VµνV

µν

]
,

(2.68)

where we assume that all the particles in the same resonance nonet have the same mass

MS = Ma0 for scalar and MV = MK∗ for vector resonances. This choice is motivated

by the fact that for the scattering processes of interest the only vector meson that is

involved is the K∗ while among the lowest-lying scalars the a0 meson has the smallest

width and therefore the best determined mass [1]. In (2.68) the covariant derivative is

defined as

∇µR = ∂µR+ [Γµ, R] (2.69)
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with the connection

Γµ =
1

2
u†[∂µ − i(vµ + aµ)]u+ u[∂µ − i(vµ − aµ)]u†. (2.70)

The interaction terms are linear in the resonance fields:

Lint(S) = cdTr [Suµu
µ] + cmTr [Sχ+] ,

Lint(V ) =
FV

2
√

2
Tr
[
Vµνf

µν
+

]
+ i

GV√
2

Tr [Vµνu
µuν ] .

(2.71)

In principle we should include also axial-vector A(1++) and pseudoscalar P (0−+) mesons

but since they are not exchanged in the reactions that we will consider, we simply have:

Lres = LS + LV . (2.72)

Putting together all the terms that build up the Lagrangian used to perform the calcu-

lations in the RChT framework we have:

LRChT = L(0) + Lres + LΛ′is

= L(0) + LS + LV + LΛ′is
.

(2.73)

Before moving on it is worth stressing that exactly as it was for LChPT , also LRChT is

used at tree level because any loop is NNLO.

Let us have a closer look to Lres. We expand U = 1 + iφ − φ2

2 + .. and keep all the

terms that contain up to three fields (i.e. two φ’s plus S or V ). In order to describe

QCD we set all the external sources to zero except for s =M so that we have:

LS =
1

2
Tr [∂µS∂µS −M2

SS
2]+

+ cdTr [S∂µφ∂
µφ]− Bcm

2
Tr
[
SMφ2 + 2SφMφ+ Sφ2M

]
+

+ 4BcmTr [SM]

(2.74)

and

LV = −1

2
Tr [∂λVλµ∂νV

νµ − 1

2
M2
V VµνV

µν ]+

+ i
GV√

2
Tr [Vµν∂

µφ∂νφ].
(2.75)

First of all note that the resonance fields are physical fields since they come already with
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the correct normalization. Second, but not less important, note that the last term in

LS is linear in the scalar field S. This means that the vacuum expectation value of the

field is not zero and therefore S must be shifted [30]. As we will see in the next section,

this operation will give rise to new interaction terms.

2.4.2 Redefinition of the scalar resonance nonet field

The linear term in S comes from the interaction term with coupling cm, namely cmTr (Sχ+).

In fact by expanding χ+ we have:

χ+ = 2χ− χφ2

4
− φχφ

2
− φ2χ

4
+

+
φ4χ

4!8
+
χφ4

4!8
+
φ3χφ

3!8
+
φχφ3

3!8
+
φ2χφ2

32
+ ...

(2.76)

where χ = 2BM. When this expansion is inserted in Lint(S) the very first term generates

a linear term in S, while the others give rise to interaction terms. This means that the

resonance field S has a non-vanishing vacuum expectation value:

〈S〉vev =
2cmχ

M2
S

=
4BcmM
M2
S

. (2.77)

In order to define the quantum field theory around the minimum one needs to perform

in the scalar field the shift:

S = S̃ + 〈S〉vev (2.78)

where

〈S̃〉vev = 0. (2.79)

By replacing S with S̃ + 4BcmM
M2
S

in (2.67), the part of the Lagrangian containing vector

resonances is not affected by any change. Moreover thanks to the shift we get rid of the

linear term in S in the scalar part but at the same time two new interaction terms pop

up. If we drop constant terms this is what we have:

LS̃ =
1

2
Tr [∇µS̃∇µS̃ −M2

SS̃
2] + cdTr [S̃uµu

µ] + cmTr [S̃(χ+ − 2χ)]+

+
4Bcmcd
M2
S

Tr [Muµu
µ] +

4Bc2
m

M2
S

Tr [Mχ+].
(2.80)

While the terms proportional to cm and cd represent interactions of the scalar mesons

with the Goldstone bosons (and give rise to three-leg vertices), the terms proportional
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to cmcd and c2
m are point-interaction and free-field terms. We expand them up to fourth

order in φ, in order to get four-leg vertices. The expansion of χ+ up to fourth order in

φ is given by (2.76), therefore we only need that of uµu
µ:

uµu
µ = ∂µφ∂

µφ− 1

24
[∂µφ∂

µφφφ− 2∂µφφ∂
µφφ+ 2∂µφφφ∂

µφ−

− 2φ∂µφφ∂
µφ+ φφ∂µφ∂

µφ] + ...

(2.81)

2.4.3 Resonance saturation

In the next two sections we illustrate how to obtain the amplitudes for the reactions

η′π → ηπ and η′π → KK̄ starting from the RChT Lagrangian (2.73). Later we will

compare them with the amplitudes obtained in the framework of ChPT and we will

see that in the heavy resonance mass limit they are formally identical. In order to

achieve this result we will make use of the relations between the LEC:s and the RChT

parameters cm, cd and GV derived in [11]. They are of great importance because they

allow us to estimate the contributions of all low-lying resonances to the LEC:s.

Every low-energy coupling constant Li appearing in the NLO ChPT Lagrangian (2.56)

can be written as a sum

Li(µ) =
∑
R=V,S

LRi + L̂i(µ) (2.82)

of resonance contributions∗ LRi and a scale-dependent remainder L̂i(µ). Resonance sat-

uration assumes that L̂i is solely caused by loops and therefore suppressed in the 1/Nc

expansion - LRi ∼ Nc, L̂i ∼ N0
c . Since the evaluation of loops depends on the renor-

malization scale µ, the values for L̂i(µ) must be chosen such that observables are µ

independent. Even if the renormalization scale can be chosen arbitrarily, we expect

eventually to observe the resonance dominance when µ is close to the resonance region

and therefore one usually assumes L̂i(µ)� LRi for µ ≈Mρ = 775 MeV.

Among all the relations derived in [11], the ones that we will use in this thesis are:

LV2 =
G2
V

4M2
V

, LV3 = −3LV2 , LV5 = 0, LV8 = 0,

LS2 = 0, LS3 =
c2
d

2M2
S

, LS5 =
cdcm
M2
S

, LS8 =
c2
m

2M2
S

.

(2.83)

∗In principle one should sum also over axial-vector and pseudoscalar resonances but we will ignore
them since they do not give relevant contributions to the LEC:s.
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The first row regards the vector contributions to the LEC:s while in the second row we

have the scalar contributions. The saturation of the LEC:s implies that basically there is

“no room” for contributions from anything else than meson resonances, i.e. L̂i(Mρ) ' 0.

2.4.4 η′π → ηπ

We are now going to apply what said before to a specific process: η′π → ηπ. In this case,

due to the quantum numbers of the pseudoscalar mesons involved, the only resonances

that can be exchanged are: the a0(980), the f0(500) (or σ) and the f0(980) mesons,

even though the latter does not contribute. In particular V is at odds with the quantum

numbers for η′π → ηπ and therefore in the following we ignore the vector part of the

RChT Lagrangian since it does not contribute to the process. This specific reaction

has another peculiarity: the corresponding scattering amplitude does not receive any

contribution from the expansion of the term ∼ cdcmTr[Muµu
µ] up to fourth order in φ,

i.e. there are no four-leg vertices with derivatives.

From the scalar Lagrangian (2.80) we can read off the following vertices:

• four-point vertex ∼ c2
m involving only GBs η′ηππ,

• three-point vertices∼ cm involving two GBs and a resonance ση′η, σππ, a0η
′π, a0ηπ,

• three-point vertices ∼ cd involving the derivatives of two GBs and a resonance

σ∂µη
′∂µη, σ∂µπ∂

µπ, a0∂µη
′∂µπ, a0∂µη∂

µπ.

The matrix element MRChT
η′π→ηπ at tree level contains all the Feynman diagrams that can

be drawn using the vertices above. Three-leg vertices are joined through the scalar

propagator
i

k2 −M2
S

(2.84)

which accounts for scalar resonance exchange. In particular we will use MS = Ma0

regardless of the resonance exchanged. The four-momentum squared k2 can be s, t or u

depending on the channel where the resonance is exchanged. In Fig. 3.1 these diagrams

are schematically shown.

2.4.5 η′π → KK̄

We are now going to consider another process: η′π → KK̄. This time it is not enough to

consider only the scalar resonances S in (2.61), since also vector mesons are exchanged.
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In particular, we will deal with the a0(980) and the K∗0 (800) (or κ) among scalar mesons

and the K∗(892) among vector mesons. Let us focus first on the vertices that come

from LS (2.80). We will have also four-point vertices with derivatives now since the

term ∼ cdcm does contribute now. In particular we find:

• four-point vertex ∼ c2
m involving only GBs η′πK̄K,

• four-point vertices ∼ cmcd involving only GBs (and the derivatives of two of them)

∂µη′∂µπK̄K, η
′∂µπ∂µK̄K, .. (there are six different possibilities of attaching the

derivatives),

• three-point vertices∼ cm involving two GBs and a resonance a0ηπ, a0K̄K, κη
′K, κπK̄,

• three-point vertices ∼ cd involving the derivatives of two GBs and a resonance

a0∂µη∂
µπ, a0∂

µK̄∂µK, κ∂
µη′∂µK, κ∂

µπ∂µK̄.

When drawing Feynman diagrams the three-leg vertices are joined through a scalar

propagator which accounts for scalar resonance exchange. In particular we will use

MS = Ma0 regardless of the resonance exchanged (as long as it is a scalar resonance).

Now we consider LV , which gives us some more vertices:

• three-point vertices ∼ GV involving the derivatives of two GBs and a resonance

K∗µν∂
µη′∂νK,K∗µν∂

µπ∂νK.

Here the three-leg vertices are joined by the propagator below which is an antisymmetric

tensor [11]:

i

M2
V (M2

V − k2)
[gµρgνσ(M2

V − k) + gµρkνkσ − gµσkνkρ ↔ (µν)] (2.85)

and accounts for vector resonance exchange. In particular we will use MV = MK∗ . We

have drawn these diagrams in Fig. 3.1.

2.5 Hot and dense strongly interacting matter

At high temperature and/or high density, QCD predicts a transition from hot hadronic

matter to a Quark-Gluon plasma (QGP), a “soup” of quarks and gluons. Since it is

believed that the very early Universe was filled with this type of medium, many efforts

have been made aiming to understand its properties. For example it seems that the
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QGP should have the full chiral SU(3)L × SU(3)R symmetry while we know that it is

spontaneously broken in the vacuum.

So far the production and the experimental study of hot and dense nuclear matter

has been achieved by colliding atomic nuclei. From a theoretical point of view, since we

are interested in the case of nonzero temperature and density we need a generalization

of a QFT. As we will see, one way to treat the thermodynamics of a field theory is

given by finite-temperature field theory. Note that for temperatures around the phase

transition the running coupling constant of QCD is not small enough to allow pertur-

bative approaches. The main methods to describe strongly interacting matter then are

lattice QCD and ChPT , together with phenomenological models. However they all have

different regions of validity.

This section contains mainly material from [2, 31] and it is devoted to describe

the main changes that we expect to observe in this other phase of QCD, occurring at

high temperature and density. Finally we will present the main obstacles and doubts

regarding the possibility of studying the η′ in heavy-ion collisions, which are also the

main motivation for the studies performed in this thesis.

2.5.1 Finite-temperature field theory

A Quantum Field Theory (QFT) is typically a vacuum theory and therefore it is not

suitable to describe a system at nonzero temperature and density. We introduce in this

section the concept of finite-temperature field theory, also known as thermal field theory,

which is the proper tool to include the changes due to temperature and density.

First of all we need to recall from statistical mechanics the definition of a partition

function, the object from which different thermodynamical quantities of a system can

be derived:

Z = Trρ, with ρ = e−β(H−µN). (2.86)

The density matrix ρ is given in terms of a conserved number operator N , chemical

potential µ and Hamiltonian H. Moreover in natural units we have that β = 1/kBT →

1/T where T is the temperature. The trace can be rewritten as follows by inserting a

complete set of states |n〉

Z =
∑
n

〈n|e−β(H−µN)|n〉. (2.87)
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When considering a statistical field theory the above expression can be generalized as

Z =

∫
dφ1〈φ1|e−β(H−µN)|φ1〉 (2.88)

where we have inserted a complete set of field eigenstates and |φ1〉 is the initial state at

t = t1. Since Φ1 = Φ1(x̄), the RHS of Eq. (2.88) is precisely a path integral.

At zero temperature, a path integral relates the time evolution of a system to a functional

integral

〈φ(t1, x̄1)|φ(t2, x̄2)〉 = 〈φ1|e−iH(t1−t2)|φ2〉 ∝
∫
Dφ eiS (2.89)

where the action is

S =

∫ t2

t1

dt

∫
d3x L (2.90)

and L is the Lagrangian for the system. We note that Eq. (2.88) can be obtained by

replacing the normal time variable t with an imaginary variable τ ≡ it (Wick rotation)

and restricting τ to the interval (τ1 = it1 = 0, τ2 = it2 = β). Considering only

paths which begin and end in the same configuration, we integrate over all possible

beginning/ending configurations. The path integral now resembles the partition function

for a statistical field theory

Z = 〈φ(t1 = 0, x̄1)|φ(t2 = −iβ, x̄2)〉 ∝
∫
Dφ e−SE+βµN (2.91)

where the Euclidean action is

SE =

∫ β

0
dτ

∫
d3x LE . (2.92)

Note that the cyclicity of the trace operation in Z forces the initial and final states to

be identical, therefore we must require (anti-)periodicity for the field φ

φ(0, x̄) = ±φ(β, x̄), (2.93)

where the plus sign is for bosons and the minus for fermions.

We have shown that there exists a relation between finite-temperature quantum field

theory in Minkowski space and quantum field theory in Euclidean space.
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In the specific case of QCD the partition function can be written as

ZQCD ∝
∫
DqDq̄DAaµe

−SEQCDexp(i

∫ β

0
dt

∫
d3xµq†q) (2.94)

where the integration is performed over all quark q, antiquark q̄ and gluon Aaµ fields.

In the last step we have also written the number operator N explicitly to show that it

corresponds to baryon number conservation.

The aim of this section was to show that the partition function ZQCD can be written

as a path integral which we know how to calculate. In practise we follow the same steps

as for standard QFT: by Taylor expanding the exponential around the free field theory

case, one gets a series of interaction terms which are represented by diagrams. The only

difference is that the result now will be a function of a new variable, the temperature,

in place of time (Matsubara formalism).

2.5.2 Phase transitions and symmetries

In physics usually a phase transition corresponds to changes in the symmetries of the

system. A common example is that of the spin model of a ferromagnet which is not

invariant under rotations at low temperatures but becomes such above a critical tem-

perature. In this case we talk about symmetry restoration as a consequence of a phase

transition.

The best way to find the critical temperature at which a phase transition occurs is to

define an order parameter, a quantity that rapidly changes when going from one phase

to another. This parameter assumes different values in the two phases, typically is zero

in one phase and nonzero in the other.

The order parameter chosen to study the breaking of the chiral symmetry in QCD is the

quark condensate 〈q̄q〉. It has a nonzero value in the vacuum, where the symmetry is

spontaneously broken, and decreases as a function of temperature and chemical potential

until it vanishes, showing that the chiral symmetry is again a symmetry of the system.

To be precise the quark condensate never goes to zero in the real world, but decreases

sharply around the critical temperature Tc ≈ 170 MeV. This is due to the fact that the

quark masses already explicitly break the chiral symmetry. Results from lattice QCD

suggest that for zero chemical potential there will not be a real phase transition, but a

smoother transition from one phase to another called crossover. In Fig. 2.1(a) it is shown

how the quark condensate varies with the temperature for µ = 0. As said above it drops
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significantly around Tc but it does not vanish. Once the symmetry has been restored,

we expect the hadrons to be organized in degenerate multiplets corresponding to the

irreducible representation of SU(3)L×SU(3)R, i.e. there should be parity partners. To

find them experimentally would be a great proof of the restoration of chiral symmetry

at T ≈ Tc, but this is an extremely hard task. At the moment it is not even clear if the

hadrons remain as well-defined resonance states due to another effect, the deconfinement.

The deconfinement transition

According to recent calculations it seems that quark and gluon degrees of freedom are

liberated at about the same temperature T ≈ Tc for which the chiral symmetry is

restored. If so, the phase transition from a chirally broken phase to a chirally symmetric

one would occur together with the transition from a confined phase to a deconfined

one. This would then imply the impossibility of detecting parity partners since for such

temperatures hadrons would not exist any more.

It is not the aim of this thesis to go into details here, therefore only few sentences

will be spent on this topic. We introduce an order parameter for the deconfinement

transition: the Polyakov loop

L(x̄) = Tr P exp

(
g

∫ 1/T

0
dτA4(τ, x̄)

)
, (2.95)

where P denotes path-ordering and A4 = iA0 is the time component of the gluon field

in Euclidean space. Following some statistical mechanics arguments∗, it can be shown

that

〈L(x̄)〉 = exp(−βFQ), (2.96)

with FQ the free energy of an isolated infinitely heavy quark. Since for a quark in the

confined phase FQ → ∞ we will have 〈L(x̄)〉 = 0 while 〈L(x̄)〉 6= 0 in the deconfined

phase. Lattice QCD calculations suggest that 〈L(x̄)〉 is nonzero for high temperatures

while is zero for low ones, from which we can deduce that a transition from a confined

to a deconfined phase has occurred. In Fig. 2.1(b) the Polyakov loop is shown as a

function of the temperature for zero chemical potential. By comparing it with the quark

∗The thermal expectation value of L(x̄) turns out to correspond to the partition function of a system
with an infinitely heavy quark placed at x̄. This means that we can calculate the respective free energy
from F = − 1

β
lnZ.
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condensate behaviour we see that at almost the same temperature they switch from zero

to nonzero values and vice versa, indicating the crossover.

(a) (b)

Figure 2.1: Recent lattice QCD calculations [32] of the behavior of the order param-
eters of the chiral (quark-antiquark vacuum condensate, left) and the deconfinement
(Polyakov loop, right) transitions as a function of temperature.

The QCD phase diagram

A sketch of our present understanding of the phase diagram of strongly interacting mat-

ter is shown in Fig. 2.2 with respect to the temperature T and the chemical potential

µ. At T = 0 the chemical potential represents the amount of energy needed to add

another particle to the system and thus it is analogous to density when dealing with

fermions since they always fill up states at increasing energy levels, i.e. it always costs

more energy to add one to the system.

At low T and µ strongly interacting matter is a gas of hadrons that breaks chiral sym-

metry. At higher temperature there is a crossover, hadrons are replaced by deconfined

quarks and gluons and the chiral symmetry is restored. On the other hand, keeping low

the temperature and increasing the density, the nucleon gas undergoes a phase transi-

tion, indicated by the shorter line in the lower left part of the diagram, and the strongly

interacting matter takes the form of atomic nuclei. By increasing further the density

the nucleons will overlap such that it will not be possible to identify a single nucleon

any more. The high-density phase, where quarks form a type of Cooper pairs, is known

as color superconducting. It is not clear where this phase sets in or if there are other

phases in between.
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Figure 2.2: The phase diagram [2] shows for which values of T and µ strongly inter-
acting matter is believed to transit from one phase to another. At low temperatures and
densities there is a hadronic gas phase, at high temperatures this turns into a quark-
gluon plasma while for high densities and low temperatures a color superconducting
phase exists. The respective order of the phase transitions is not fully established yet.
The chiral symmetry is broken at low T and µ, but restored at high temperatures.
The curve most to the left indicates the liquid-gas phase transition of nuclear matter.
The full line indicates a first order transition while the dashed line corresponds to a
crossover. Dots correspond to second-order end points of first-order lines.

2.5.3 The U(1)A anomaly at finite temperature

It seems very likely that around the critical temperature Tc ≈ 170 MeV the full chiral

SU(3)R × SU(3)L symmetry of QCD should be restored. But what about the axial

anomaly? We cannot extend to the anomaly the previous considerations on symmetry

changes due to phase transitions because the anomaly is not a broken symmetry of the

system and therefore there is no reason why it should behave like if it was. On the other

hand we can still wonder if the axial anomaly could effectively become a symmetry

at some point, in the sense that its (vacuum) consequences might significantly change.

We introduce an effective∗ order parameter for the U(1)A symmetry: the topological

susceptibility τ . According to lattice calculations it should decrease rapidly at T ≈

Tc as shown in Fig. 2.3, meaning that the axial symmetry could be restored at the

deconfinement transition. Since it is not easy to deduce from experiments the behaviour

of the anomaly as a function of temperature, we need to find an indirect way to look at it.

One possibility can be to analyse the properties of the η′ meson at high temperatures.

We have already explained before why the connection between this particle and the

∗Since this is not really a symmetry in QCD, we call the order parameter “effective”. However it be-
haves like a regular order parameter, since it assumes different values in relation to the presence/absence
of the axial symmetry.
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Figure 2.3: The topological susceptibility τ can be seen as an order parameter for
the axial symmetry. It vanishes around the deconfinement transition at Tc according
to the lattice calculation in [33].

anomaly is so deep. Moreover recalling that the mass of the η′

M2
η′ = M2

0 +M2
expl (2.97)

get contributions from both the anomaly (M0) and the explicit breaking of chiral sym-

metry (Mexpl), at high temperatures we could search for a lighter η′, which would be

identified with the Goldstone boson of the restored U(1)A symmetry [34]. This would

indicate the realization of the symmetry above some critical temperature, but it is ex-

tremely hard to extract such information experimentally. So far only few experimental

studies on the η′ have been performed in the framework of heavy-ion collisions, which

we present below together with some of the encountered difficulties.

2.5.4 Heavy-ion collisions

The physics of nuclear collisions is currently explored by different experiments; in par-

ticular we cite the experimental programs done at the Relativistic Heavy Ion Collider

(RHIC) at BNL and at the Large Hadron Collider (LHC) at CERN.

In this section we describe briefly what is believed to happen when two heavy nuclei

collide, keeping in mind that different energy regimes and different combinations of beam

and target nuclei can be chosen depending on the aim of the experiment.

Let us consider two heavy nuclei which are accelerated until they reach almost the

speed of light, becoming Lorentz-contracted. It is straightforward to imagine that their

collision gives rise to an extremely hot and dense fireball, which will then expand and

cool down rapidly. With the help of the schematic picture in Fig. 2.4 we describe the
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Figure 2.4: (a) Inside the collider, two heavy nuclei approach one another at almost
the speed of light. (b) As the two nuclei collide and pass through each other, some
of the energy they had before the collision is transformed into intense heat and new
particles. (c) The collision liberates the quarks and gluons in the nuclei to form a QGP.
(d) As the area cools off, thousands more particles form. The signatures that they leave
in the detectors provide us with information on what occurred inside the collision zone.

time evolution of a fireball. The main result of the collision between two heavy nuclei is

the creation of heated and compressed matter around the collision point. Immediately

afterwards the fireball undergoes a non-equilibrium evolution, which is hard to study

and therefore still not fully understood. The fireball keeps expanding and cooling down,

reaching at some point the equilibrium while the temperature and the density decrease

so that hadrons begin to form. This moment, called “hadronic freeze out” corresponds

to the transition into confined matter. The hadrons interact with each other until the so-

called “kinetic freeze out” point, where what remains is simply a dilute gas of hadrons.

What described so far takes place in a really short time: 10-20 fm/c and therefore it is

extremely difficult to model properly. Most important for us is that since the lifetime

of the fireball is really short, a particle created in the fireball will be affected by the

medium and therefore have different properties compared to vacuum for a very short

time. In particular if the in-medium lifetime of such a particle is bigger than the fireball

lifetime, we will never be able to get back to the in-medium properties of the particle,

since it would decay in the vacuum. Strictly speaking we need our particle to have an in-

medium lifetime comparable to the fireball lifetime, which corresponds to an in-medium

width Γ ≈ (10 − 20 fm/c)−1 ≈ 10 − 20 MeV. Then, if the particle does not move very

fast relative to the fireball, this implies that the particle is created and decays in the

medium.

The reason why we are referring to the in-medium lifetime as to something different

from the vacuum lifetime is that the first is typically shorter than the latter due to

the medium interaction. It follows that we expect to see a width increase, also called

“collisional broadening” every time that we consider a particle in a medium.

The goal of this thesis is precisely to calculate the in-medium width of the η′. We
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know that if the meson lives much longer than the fireball we cannot study its in-medium

properties in a heavy-ion collision. On the other hand, if the width of the η′ increased

up to Γη′,T 6=0 ∼ Mη′ , we would encounter a new problem: the η′ would not be a well-

defined resonance any more, it would “melt” in the background. For more information

regarding the study of the η′ in heavy-ion collisions we refer to [3, 35].

2.6 Increase of width in a thermal medium

The changes in the width of the η′ in a hot and dense medium are of great interest for

the reasons explained above. In this section, mostly based on [14, 36], we go through

the theoretical steps that underlie all the calculations performed in Chapter 3.

For simplicity we first give a more intuitive explanation of width increase due to colli-

sional broadening using equations from classical kinetic theory. Later we will derive the

same result using field theory instead.

A particle in a medium -can be thought as a probe- that travels with velocity v, cov-

ers the average distance λ without interacting with any particle in the medium. The

cross section for the probe to interact with a medium particle is σ. Assuming that the

medium is made of a bosonic gas, the medium particles follow a Bose-Einstein distribu-

tion nB(Ep), given by:

nB(Ep) =
1

eEp/T − 1
(2.98)

so that the density of the medium particles is

n =

∫
d3p

(2π)3
nB(Ep). (2.99)

Then the lifetime of the probe is given by

τp =
λ

v
(2.100)

or, equivalently, in terms of the cross section σ and the density n

τp =
1

nσv
. (2.101)

We are interested in the average of the probe’s in-medium width, which is simply the

inverse of its lifetime

Γ = n〈σv〉. (2.102)
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Since an average in a boson gas for some observable O can be written in momentum

space as

〈O〉 =

∫ d3p
(2π)3
OnB(Ep)∫ d3p

(2π)3
nB(Ep)

=
1

n

∫
d3p

(2π)3
OnB(Ep),

(2.103)

the in-medium width must have the following form:

Γcoll =

∫
d3p

(2π)3
vσ(Ep)nB(Ep). (2.104)

As we said at the beginning of this section, our goal is to derive the same result using

field theory, even if the calculations are more involved.

First we recall the concept of width of a particle, a quantity that characterizes every

particle with finite lifetime. We show below that it is related to the imaginary part of the

self-energy of the particle. Note that for the moment we assume to be in the vacuum. As

an unstable state we consider a resonance produced in a scattering experiment, whose

scattering amplitude can be described by the relativistic Breit-Wigner distribution

f(k2) ∝ 1

k2 −m2 + imΓ
, (2.105)

where k is the total four-momentum of the particles that scatter and form the resonance.

At the same time we look at the exact propagator for a scalar particle∗:

DF (k2) =
1

k2 −m2
0 −Π(k)

, (2.106)

where m0 is the bare mass and Π(k) = ReΠ(k) + iImΠ(k) denotes the self-energy. The

real part of the self-energy causes a shift in the bare mass therefore in general one defines

the mass m of the resonance as m2 = m2
0 +ReΠ(m2) where for zero ImΠ the propagator

has a singularity at k2 = m2. Around this point one can expand the real part of the

self-energy:

ReΠ(k2) = ReΠ(m2) + (k2 −m2)ReΠ′(m2) +O((k2 −m2)2). (2.107)

∗For the purpose of this example we do not need to consider more complicated cases with vector
bosons or fermions.
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If the imaginary part of the self-energy is not zero (but not too large) we expect the

propagator to have a peak at k2 ≈ m2. There, using the expansion above, DF is given

by:

DF (k2) ≈ 1

k2 −m2 − (k2 −m2)ReΠ′(m2)− iImΠ(m2)

=
1

(1− ReΠ′(m2))(k2 −m2)− iImΠ(m2)
.

(2.108)

Now consider a theory described by a Lagrangian whose interaction term is Lint ∼ gχφ2

where mχ > 2mφ and calculate the scattering amplitude for the φφ → φφ process

at tree level. Since for incoming momenta p1 and p2 it is possible to reach the point

s = (p1 + p2)2 = m2
χ, the largest contribution to the scattering amplitude comes from

the s-channel diagram, which dominates over the t- and u-channel diagrams. Then near

the point s = m2
χ and provided that Im Πχ(s) is small compared to mχ we have:

M(φφ→ φφ) ' 1

1− ReΠ′(m2
χ)

g2

s−m2
χ − i

ImΠ(m2
χ)

1−ReΠ′(m2
χ)

. (2.109)

The above amplitude describes a resonance, i.e. coincides with the relativistic Breit-

Wigner distribution in Eq. (2.105) if we make the following identification

mχΓχ = −
Im Π(m2

χ)

1− ReΠ′(m2
χ)

(2.110)

which tells us that the width of a particle with finite lifetime can be derived from its self-

energy. The overall factor 1
1−ReΠ′(m2)

is a consequence of wave function renormalization.

It is taken into account for the vacuum case in section 3.2.1 below. However, the thermal

change of the wave function renormalization is a loop effect and therefore beyond our

NLO calculation. It follows that we only need to calculate ImΠ(m2).

Let us spend some words on the physical interpretation of the self-energy. In thermal

field theory it is understood as the consequence of interactions between the particle and

the system it is in. The self-energy is an additional energy that can be calculated by

looking at corrections to the propagator. We are interested in the in-medium width of

the probe, therefore we will look at the imaginary part of the in-medium self-energy.

We refer to Carl Niblaeus’ thesis [4] for a detailed derivation of the imaginary part

of the self-energy with two-loop contributions. We will provide only a summary of the

main steps.
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As always we begin with a simpler case: we consider a φ4 theory with four-point inter-

action given by:

Lint = − λ
4!
φ4 (2.111)

where the field has mass m, and we still assume to be in the vacuum. Later we will

need to make only minor changes in order to get the full ChPT result. We will have to

include terms with derivatives of the fields since they show up in ChPT (they can be

easily included without changing the following calculations). Finally we will also need

to generalize the result to the nonzero temperature case.

The self-energy is defined as the sum of one-particle irreducible diagrams. We cal-

culate it up to two-loop order which means that we have to sum the amplitudes corre-

sponding to the three diagrams in Fig. 2.5:

− iΠ = iMa + iMb + iMc. (2.112)

Figure 2.5: The diagrams that contribute to the two-loop order self-energy in φ4

theory.

It can be shown that the one loop correction to the propagator has no imaginary part and

therefore there is no contribution to the imaginary part of Ma. At two-loop level there

are two 1PI diagrams: the “double snail” diagram and the “sunset” diagram. It turns

out that also the former has a zero imaginary part, i.e. Im Mb = 0. The only nonzero

contribution to the imaginary part of the self-energy at two-loop level is given by the

“sunset” diagram in Fig. 2.6. Note that because of energy and momentum conservation

Figure 2.6: The only diagram contributing to the imaginary part of the self-energy
at two-loop level in φ4 theory.
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we have the constraint P = p1 +p2 +p3 where P denotes the incoming momentum while

p1, p2 and p3 are the loop momenta. After many steps - all carried out explicitly in [4]

- one finds:

Im Π(P ) = − λ2

2(4!)2S

∫
d3p1

(2π)32E1

∫
d3p2

(2π)32E2

∫
d3p3

(2π)32E3
×

× (2π)4δ(P − p1 − p2 − p3).

(2.113)

The number S, the symmetry factor of the diagram, is irrelevant to our purposes. We

have achieved a well-known expression: the amplitude squared times Lorentz invariant

phase space for a three-body decay. Note that since we are using as an example the φ4

interaction, one has to stay off-shell (
√
P 2 > 3m) otherwise a particle could decay into

three others with its same mass (require ImΠ(P 2 = m2) = 0). By denoting the phase

space for three outgoing particles with
∫

dΠ3 we can rewrite (2.113) as

Im Π(P ) = −|M|
2

2

∫
dΠ3 (2.114)

from which we obtain the formula for the decay rate of a particle with mass
√
P 2 into

three particles (Eq. 4.86 in [13]) times
√
P 2

Im Π(P ) = −
√
P 2

∫
dΓ3

= −
√
P 2 Γ.

(2.115)

This shows once more that the imaginary part of the self-energy of a particle is deeply

connected to its width. This result confirms what was found previously using the Breit-

Wigner distribution.

Until now we have been dealing with a φ4 theory in the vacuum. Finally we are ready

to consider the more complex case of ChPT at nonzero temperatures. The expression

in (2.115) remains the same in vacuum ChPT with the only difference that now the

Goldstone bosons from chiral symmetry breaking are the particles in the loops (see

Fig. 2.7) and the vertices carry a momentum dependence since the ChPT Lagrangian

contains terms with derivatives of the fields.

Moreover now we naturally have M ′η > Mη+2Mπ which means that the decay is possible.

According to the Cutkosky rules [37], it is always possible to calculate the imaginary

part of any Feynman diagram in a QFT, by cutting the diagram in all possible ways

and replacing the cut propagator in the diagram by delta functions. We basically have
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Figure 2.7: The particles in the loop diagram contributing to the self-energy of the η′

meson are the Goldstone bosons of chiral symmetry breaking in large-Nc ChPT, Gi ∈
{π,K, η, η′}.

to cut the diagram in Fig. 2.7 vertically through each propagator and then calculate the

amplitude of a new diagram where the loop particles are on-shell. The self-energy of

the η′ is then obtained by summing the diagrams with all Goldstone bosons appearing

in the loops, i.e. Gi ∈ {π,K, η, η′}.

Everything gets more complicated when we switch to nonzero temperatures, even if

the only contribution to the self-energy still comes from the sunset diagram in Fig. 2.7.

In fact, the presence of real particles in the medium constitutes a big difference with

respect to the vacuum case. In vacuum outgoing particles with negative energies have

no physical meaning and therefore must be ignored while in a medium they can be

seen as incoming antiparticle with positive energies. This implies that when calculating

the imaginary part of the sunset diagram above, it is not enough to consider only the

case where the incoming particle decays into three (outgoing) particles. Also the cases

where one, two or all three of the outgoing lines is an incoming antiparticle contribute.

Every (incoming) medium particle has thermal energy according to the Bose-Einstein

distribution, therefore it comes with a weighting factor nB(E) where E is the energy

of the particle. The outgoing particles are accompanied by a factor 1 + nB(E) which

takes into account the vacuum contribution plus the fact that also outgoing particles

can be thermally distributed (Bose enhancement factor). While in the vacuum we were

considering only outgoing particles with positive energy, now we have to consider both

outgoing particles with negative energy (i.e. incoming antiparticles) multiplied by nB

and outgoing particles with positive energy multiplied by (1 + nB). For example we

can now have a process where three medium particles turn into the probe (this comes

with a factor nB(E1)nB(E2)nB(E3) and it is therefore extremely rare at low density).

Of course the number of different diagrams contributing to the self-energy of the probe

is bigger in the medium if we distinguish the cases of incoming and outgoing particles.

The sum of all these diagrams will give the imaginary part of the self-energy. However
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for low density we are allowed to neglect all terms which are products of more than one

thermal distribution. In the so-called linear density approximation (for simplicity back

to φ4 theory with
√
P 2 > 3m ) we are left with only two kinds of processes, represented

in Fig. 2.8:

• One incoming thermal particle combines with the probe to give two outgoing

particles where Bose enhancement is neglected, i.e. ni(1 + nj)(1 + nk) ≈ ni with

(i, j, k) = (1, 2, 3) or any permutation thereof.

• The probe decays in three outgoing particles with the ninj products discarded,

i.e. (1 + n1)(1 + n2)(1 + n3) ≈ (1 + n1 + n2 + n3).

Figure 2.8: The two processes contributing to the in-medium width of the probe
using a linear density approximation. The left diagram contributes to the collisional
broadening of the probe, while the right diagram gives the Bose enhanced decay width.

In this approximation the imaginary part of the in-medium self-energy reads:

ImΠ(P )T 6=0,lin.dens. = − λ2

2(4!)2S

∫
d3p1

(2π)32E1

∫
d3p2

(2π)32E2

∫
d3p3

(2π)32E3
(2π)4×

×
[
n1δ(P + p1 − p2 − p3) + n2δ(P − p1 + p2 − p3)+

+ n3δ(P − p1 − p2 + p3) + (1 + n1 + n2 + n3)δ(P − p1 − p2 − p3)
]

(2.116)

The first three terms in Eq. (2.116) correspond to the left diagram in Fig. 2.8. The

second and the third term can be obtained from the first one by permuting the particles

1, 2 and 3, therefore what holds for one of them can be extended to the other two. We

immediately note that the first term has much in common with the expression for the

cross section for particle 1 interacting with the probe into particles 2 and 3, which is

given by Eq. (4.79) in [13]:

σ(1, probe→ 2, 3) =
1

4EPE1vrel

∫
|M(1,probe→ 2, 3)|2 dΠ2, (2.117)
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where vrel is the relative velocity between the probe and the medium particle, EP is the

energy of the probe and the phase space is

dΠ2 =

∫
d3p2

(2π)32E2

∫
d3p3

(2π)32E3
(2π)4δ(P + p1 − p2 − p3). (2.118)

We consider the case where the probe is at rest with respect to the heat bath and

evaluate the cross section in this (fixed target) frame∗. Then we have EP = mP and

vrel = |p̄1|/E1, so that the factor in front of the phase space simplifies to (4mP |p̄1|)−1.

Then the first term in Eq. (2.116) becomes

− λ2

2(4!)2S

∫
d3p1

(2π)32E1
n1

∫
d3p2

(2π)32E2

∫
d3p3

(2π)32E3
(2π)4δ(P + p1 − p2 − p3) =

= −
∫

d3p1

(2π)34E1
n1

∫
|M|2 dΠ2

= −mP

∫
d3p1

(2π)3
n1
|p̄1|
E1
· σ(1,probe→ 2, 3)

≡ −mPΓcoll,1.

(2.119)

We have defined as Γcoll,1 the contribution to the imaginary part of the self-energy

of the probe coming from the collision between the probe and particle 1. The same

reasoning can be applied to the second and third term in Eq. (2.116) which will give

Γcoll,2 and Γcoll,3 respectively. Note that the expression for Γcoll fully agrees with what

was previously found using classical kinetic theory (Eq. (2.104)).

Let us now consider the fourth (and last) term in Eq. (2.116) which corresponds to the

right diagram in Fig. 2.8. It can be rewritten as

− λ2

2(4!)2S

∫
d3p1

(2π)32E1

∫
d3p2

(2π)32E2

∫
d3p3

(2π)32E3
(2π)4δ(P + p1 − p2 − p3)×

× (1 + n1 + n2 + n3)

= −
√
P 2

∫
(1 + n1 + n2 + n3)|M|2dΠ3

≡ −
√
P 2ΓBE ,

(2.120)

where we have defined ΓBE as the Bose enhancement decay rate. Note that this expres-

sion returns the vacuum decay width if the Bose-Einstein distributions vanish (in fact

∗The heat bath we are talking about is nothing but the fireball, which has only a finite spatial and
temporal extension. Since a moving probe experiences the medium only for a short time it is more
interesting to consider the case where the probe is at rest relative to the medium.
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for T = 0 it follows ni = 0). The in-medium width addition then can be called ∆ΓBE in

order to be distinguished from the vacuum decay width Γvac, where ΓBE = Γvac+∆ΓBE .

Putting everything together we can write for the imaginary part of the in-medium

self-energy:

ImΠ(P )T 6=0,lin.dens. = −mP

(
ΓBE +

3∑
i=1

Γcoll,i

)
≡ −mPΓtot,T 6=0.

(2.121)

In the next chapter we will apply the above formula to our specific case of interest: the

η′ in a pion gas. Then the probe will be the η′ and the particle from the heat bath will

be a pion so that

Γtot,T6=0
η′ = ΓBEη′ + Γcollη′ , (2.122)

with

Γcollη′ =

∫
d3p

(2π)3
nB(Ep)

|p̄|
Ep

∑
i

σi. (2.123)

Here the sum over i refers to all pion species and all possible final states.



Chapter 3

Methods and calculations

The chief aim of this thesis is to calculate the in-medium width of the η′, where the

medium is a hadronic gas. In this chapter all the used methods and approximations are

illustrated.

When we place a bosonic particle in a medium, we expect an increase of its width

due to mainly two factors:

• Bose enhancement.

• Collisional broadening.

The width of a particle in a hot medium is then given by:

ΓT 6=0 = ΓBE + Γcoll, (3.1)

where the Bose enhanced decay width ΓBE takes also into account the ordinary vac-

uum decay width. However, for our case of interest the contribution given by ΓBE is

negligible if compared with that of Γcoll [4], therefore we are allowed to make a further

approximation:

ΓT 6=0 ∼ Γcoll. (3.2)

This broadening is given by:

Γcoll =

∫
d3p

(2π)3

∑
i

nB(Eip)
|p̄|
Eip

∑
X

ση′+i→X(Eip), (3.3)

where ση′+i→X(Eip) is the cross section for inelastic scattering of an η′ at rest and a

medium particle i with momentum p̄ and energy Eip. We have to sum over all types of

49
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heat bath particles and over all possible final states X. Then the Mandelstam variable

s is given by s = (Eip + Mη′)
2 − p̄2. The particles forming the medium follow a Bose-

Einstein distribution:

nB(Eip) =
1

eEip/T − 1
.

3.1 Collisional broadening in a pion gas

We need to use several approximations in order to simplify the calculations. First of

all the medium, consisting of a hadronic gas, will be simulated by a gas of pions, the

lightest hadrons. Since we assume that there is only one type of heat bath particle, the

sum over i in (3.3) becomes unnecessary because there is only one Ep for given p̄. This

is a very good approximation at low temperature, where heavier particles with mass M

are essentially suppressed as e−M/T by the thermal distribution. If we assume that the

gas of pions is spherically symmetric, the collisional broadening can be rewritten from

Eq. (3.3) as

Γcoll =
1

(2π)2

∫
dEp[E

2
p −M2

π ]nB(Ep)
∑
X

ση′π→X(Ep), (3.4)

where we need to sum over all the inelastic cross sections involving an η′ and any

type of pion in the initial state. Which are then the relevant processes? Since in

our approximation the η′ can only interact with pions, we will consider two type of

interactions that contribute to collisional broadening: η′π → ηπ and η′π → K̄K. The

corresponding diagrams are shown in Fig. 3.1. In particular the diagrams obtained

in ChPT , i.e. four-point vertex diagrams only, are shown in Fig. 3.1(a). In RChT ,

apart from these two diagrams, we have those in Fig. 3.1(b) where resonances can be

exchanged. Since we work in the isospin limit we disregard the isospin violating reaction

η′π → ππ. We also disregard reactions where more than two particles are produced.

Such cross sections are of higher order in the chiral counting and suppressed by phase

space. Regarding the interaction η′π → ηπ we have to keep in mind that indeed we are

dealing with three different processes, in particular they are:

η′π0 → ηπ0, η′π+ → ηπ+, η′π− → ηπ−.
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(a) Four-point vertex diagrams arising from ChPT .

(b) Additional diagrams in RChT .

Figure 3.1: The diagrams contributing to the in-medium width of the η′.

Regarding the interaction η′π → KK̄ we have to keep in mind that indeed we are dealing

with four different processes, in particular they are:

η′π0 → K+K−, η′π0 → K0K̄0, η′π+ → K+K̄0, η′π− → K−K0.

Thanks to isospin symmetry we don’t have to consider each of them separately. Once

we have defined isospin multiplets according to:

π =


π+

π0

π−

 , K =

 K+

K0

 , K̄ =

 K̄0

K−
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we only have to consider η′π → ηπ and η′π → KK̄, where π indicates one of the

fields in the triplet, K and K̄ one of the fields in the doublet. Since there are only

two possible final states for processes with a charged pion η′π± → ηπ±/K0K± (there

are three with the neutral pion), we choose to calculate the cross sections that involve

one of the charged pions for simplicity. Moreover assuming exact isospin symmetry, it

follows that the masses of the charged pions are identical to that of the neutral pion and

therefore we will also obtain the same value of the cross section:

σ(η′π+ → ηπ+) = σ(η′π0 → ηπ0) = σ(η′π− → ηπ−).

The same reasoning holds also for the case with two kaons in the final state. Once more

note that the process with a neutral pion in the initial state gives rise to two different

kaon final states and therefore would require more calculations. We have:

σ(η′π+ → K+K̄0) = σ(η′π− → K0K−) = σ(η′π0 → K+K−) + σ(η′π0 → K0K̄0).

The formula for Γcoll (3.4) contains the sum of the cross sections for all the possible

processes arising from the collision of a pion and the η′. It is straightforward to deduce

what it looks like:

∑
i

σi = 3[σ(η′π+ → ηπ+) + σ(η′π+ → K+K̄0)], (3.5)

where we have chosen the positive pion processes for convenience. We simply have to

calculate these two cross sections, sum them up and multiply by three since the value

of the cross sections is the same for all three kinds of pions (π+, π− and π0).

The collisional broadening gets two separate contributions: one from the ηπ final

state processes and the other from the processes with KK̄ in the final state. Therefore

also the total increase of the width is approximately given by:

∆Γ ∼ Γcoll,ηπ + Γcoll,KK̄ . (3.6)
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3.2 Effective Lagrangian of large-Nc ChPT

We begin this section recalling the effective Lagrangian of large-Nc ChPT to O(δ):

Leff = L(0) + L(1), (3.7)

where the leading order part is:

L(0) =
F 2

4
Tr [∂µU

†∂µU ] +
F 2B

2
Tr [U †M+MU ]− 3τ(η0)2 (3.8)

and the next-to-leading order part is:

L(1) = L2Tr
[
∂µU

†∂νU∂
µU †∂νU

]
+ (2L2 + L3)Tr

[
∂µU

†∂µU∂νU
†∂νU

]
+

+ 2BL5Tr
[
∂µU

†∂µU(U †M+MU)
]

+ 4B2L8Tr
[
U †MU †M+MUMU

]
+

+
1

2
F 2Λ1∂µη0∂

µη0 −
i√
6
BF 2Λ2η0Tr

[
U †M−MU

]
.

(3.9)

The field U(x) is given by

U = exp(iφ), (3.10)

where the meson matrix in terms of the bare meson fields is

φ =


π0
B + 1√

3
η8 +

√
2
3η0

√
2π+

B

√
2K+

B
√

2π−B −π0
B + 1√

3
η8 +

√
2
3η0

√
2K0

B
√

2K−B
√

2K̄0
B − 2√

3
η8 +

√
2
3η0

 . (3.11)

3.2.1 Relating bare and physical fields

First of all we need to find a relation between the bare, unphysical fields in terms of

which the effective Lagrangian is given and the physical fields [22]. Let us define a nine-

dimensional column vector that contains all the meson fields. The one collecting bare

fields is φ̄B, while the physical fields form φ̄P . The relation between them is:

φ̄P = Fφ̄B, (3.12)
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where F is the following block-diagonal matrix:

F =

 FπK 0

0 Fη

 .

The matrix FπK is also diagonal. The reason is that in our framework we have exact

conservation of isospin (and strangeness). Therefore the only states that can mix are η0

and η8
∗. The elements on the diagonal of FπK are the pion and the kaon decay constant,

Fπ and FK respectively. On the other hand Fη is not diagonal and it is given in terms

of two mixing angles and decay constants:

Fη =

F8 cos θ8 −F0 sin θ0

F8 sin θ8 F0 cos θ0

 . (3.13)

Now it is immediate to derive the physical fields from the bare ones. Regarding the

pion and kaon fields, the bare fields are equal to the physical fields divided by the

correspondent decay constant:

πB =
πP
Fπ

and KB =
KP

FK
. (3.14)

The bare fields η0 and η8 are related to the physical fields η and η′ by the inverse of the

mixing matrix F−1
ηη8

η0

 =
1

F8F0 cos(θ8 − θ0)

 F0 cos θ0 F0 sin θ0

−F8 sin θ8 F8 cos θ8

η
η′

 . (3.15)

Linear combinations of the octet η8 and the singlet η0 form the physical η and η′ meson.

3.2.2 Determination of the LEC:s

The coupling constants in the effective Lagrangian are referred to as low-energy constants

(LEC:s). We will give a brief summary of the procedure to determine them, without

going into details, since this topic has been already treated extensively in C. Niblaeus’

thesis [4].

As said before, the effective Lagrangian is given in terms of the bare fields. However we

∗In principle there is a mixing also between the π0 and the η fields, but it vanishes in the isospin
limit and therefore we are allowed to ignore it.
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know that the free Lagrangian in terms of the physical fields has the following form:

Leff,free =
∑
P

∂µφP∂
µφP −

∑
P

M2
Pφ

2
P . (3.16)

In order to compare this with the effective Lagrangian we need to express the physical

fields in terms of the bare ones. Regarding pions and kaons this can be immediately

obtained from (3.14), while the physical η and η′ fields are given in terms of a more

complicated expression since they are linear combinations of the bare η0 and η8 fields.

We have from (3.15):

η = F8 cos θ8η8 − F0 sin θ0η0, η′ = F8 sin θ8η8 + F0 cos θ0η0. (3.17)

Instead of using mixing angles it is convenient to introduce the following four new

parameters:

F 8
η = F8 cos θ8, F 0

η = F0 sin θ0,

F 8
η′ = F8 sin θ8, F 0

η′ = F0 cos θ0,
(3.18)

which are related to the other parametrization via

tan θ8 = F 8
η′/F

8
η , tan θ0 = −F 0

η /F
0
η′ ,

F8 =
√

(F 8
η′)

2 + (F 8
η )2, F0 =

√
(F 0

η′)
2 + (F 0

η )2.
(3.19)

By rewriting Eq. (3.16) in terms of the bare fields we obtain:

Leff,free = F 2
π (

1

2
∂µπ0

B∂
µπ0

B + ∂µπ+
B∂

µπ−B)−M2
πF

2
π (

1

2
(π0
B)2 + π+

Bπ
−
B)+

+ F 2
K(∂µK0

B∂
µK̄0

B + ∂µK+
B∂

µK−B )−M2
KF

2
K(K0

BK̄
0
B +K+

BK
−
B )+

+
1

2
[(F 8

η )2 + (F 8
η′)

2]∂µη8∂
µη8 −

1

2
[(F 8

η )2M2
η + (F 8

η′)
2M2

η′ ](η8)2+

+
1

2
[(F 0

η )2 + (F 0
η′)

2]∂µη0∂
µη0 −

1

2
[(F 0

η )2M2
η + (F 0

η′)
2M2

η′ ](η0)2+

+ [F 8
ηF

0
η + F 8

η′F
0
η′ ]∂µη8∂

µη0 − [F 8
ηF

0
ηM

2
η + F 8

η′F
0
η′M

2
η′ ]η8η0.

(3.20)

Once we have expanded the traces in the free part of L(0) + L(1), keeping all terms of

second order in φ, we can compare term by term the coefficients in front of the bare

fields with the expression above, which is already written in terms of the bare fields. In

doing so, we will obtain ten equations in terms of the unknown low-energy constants.
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The full set of relations is:

F 2
π = F 2 + 16BmL5,

F 2
K = F 2 + 8BmL5(1 + S),

3F 2
8 = 3F 2 + 16BmL5(1 + 2S),

3F 2
0 = 3F 2 + 3Λ1F

2 + 16BmL5(2 + S),

3F0F8 sin(θ8 − θ0) = 16
√

2BmL5(1− S),

F 2
πM

2
π = 2F 2Bm+ 64(Bm)2L8,

F 2
KM

2
K = F 2Bm(1 + S) + 16(Bm)2L8(1 + S)2,

3F 2
8 [M2

η cos2 θ8 +M2
η′ sin

2 θ8] = 2F 2Bm(1 + 2S) + 64(Bm)2L8(1 + 2S2),

3F 2
0 [M2

η sin2 θ0 +M2
η′ cos2 θ0] = 2F 2Bm(2 + S) + 4F 2BΛ2(2 + S)+

+ 64(Bm)2L8(2 + S2) + 18τ,

3F0F8[−M2
η sin θ0 cos θ8 +M2

η′ cos θ0 sin θ8] =

2
√

2[F 2Bm(1− S) + F 2BmΛ2(1− S) + 32(Bm)2L8(1− S2)].

(3.21)

These relations are valid to O(δ). We need them to determine the unknown LEC:s,

which we take to be the following twelve parameters:

F, S, Bm, θ0, θ8, F0, F8, L5, L8, Λ1, Λ2 and τ. (3.22)

Note that Bm is taken as a single parameter and not two. This is because we are not able

to isolate the quark masses; we can only determine B times the magnitude of the quark

masses, along with the quark mass ratio S ≡ ms/m. We use the remaining parameters

as input:

Mπ = 138.04 MeV, MK = 494.99 MeV,

Mη = 547.86 MeV, Mη′ = 957.78 MeV,

Fπ = 92.21 MeV, FK = 110.47 MeV.

(3.23)

The meson masses∗ and the values of the decay constants come from [1]. We now have

a system of ten equations (3.21) and twelve parameters (3.22). We therefore need two

more equations to be able to solve it. In accordance with [38] we use the electromagnetic

interactions of the η and the η′ to obtain two more relations. In particular we are

interested in the anomalous decays η → γγ and η′ → γγ. Then we need to add the

∗Mπ and MK are obtained as the average of the masses in the isospin multiplet.
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Wess-Zumino-Witten term [39, 40] to the effective Lagrangian. The piece relevant for

the above transitions is given by:

LWZW = −Ncα

4π
FµνF̃

µνTr(Q2φ) (3.24)

where Fµν is the electromagnetic field strength tensor, α the electromagnetic fine-

structure constant and Q=diag(2/3,-1/3,-1/3) is a matrix containing the electric charges

of the quarks. Since the Wess-Zumino-Witten term is not invariant under a change of

scale beyond contributions of order O(δ) = O(1/Nc), the term below (which belongs to

the next-to-next-to-leading order Lagrangian) is needed in order to get rid of the scale

dependence:

L(2)
WZW = −NcαΛ3

18π
FµνF̃

µν
√

6η0. (3.25)

From (3.24) we derive the following decay rate:

ΓP→γγ =
α2N2

c

576π3F 2
π

M3
P c

2
P (3.26)

with cP = 1 for the pion, i.e. P = π. We keep (3.26) as a general expression and

determine cP for P = η, η′ on the one hand from experimental data for the decay width

and on the other hand from (3.24). The cP are constants specific to the decaying meson.

The experimental value of the decay rate of the η and η′ mesons can be read in [1]. Then

we can estimate the constants cη and cη′ using (3.26). We find the values cη = 0.997 and

cη′ = 1.253. Finally we would like to find a way to link them with some of the unknown

LEC:s. When we consider the mixing between the η and the η′, we get relations between

the photonic decay rates. We find then:

√
3(F 8

η cη + F 8
η′cη′) =

√
3F8(cη cos θ8 + cη′ sin θ8) = Fπ,

√
3(F 0

η cη + F 0
η′cη′) =

√
3F0(−cη sin θ0 + cη′ cos θ0) =

√
8Fπ(1 + Λ3).

(3.27)

These two relations together with (3.21) allowed us to solve a system of twelve equations

with twelve unknown variables. Note that the factor (1 + Λ3) in (3.27) comes from the

renormalization term mentioned above. This implies that some of the LEC:s have a

scale dependence, but as we will see they do not affect the observable quantities of our

interest (scattering amplitudes) since they show up only in scale invariant combinations.
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3.2.3 Numerical values of the LEC:s

Following the steps listed in [4], using as input the masses Mπ, MK , Mη and Mη′ and

the two decay constants Fπ and FK with values according to (3.23), we find the following

numerical values:

F = 90.4 MeV, Bm = (97.23 MeV)2, S = 23.3, (3.28)

L5 = 2.19 · 10−3, L8 = 1.31 · 10−3, (3.29)

F8 = 115.9 MeV, θ8 = −21.9◦, (3.30)

F0

1 + Λ3
= 110.5 MeV, θ0 = −6.8◦. (3.31)

Note that in the solution for F0 the scale dependent parameter Λ3 appears. Also Λ1, Λ2

and τ depend on the renormalization scale and thus are not observable quantities. How-

ever working to O(δ) we find the three scale invariant combinations:

Λ1 − 2Λ3 = 0.152, Λ2 − Λ3 = 0.228,
τ

(1 + Λ3)2
= (190 MeV)4. (3.32)

We will explicitly see that the matrix elements contain only these scale invariant com-

binations.

As one might have already noticed also two other low-energy constants appear in the

effective Lagrangian (3.9): L2 and L3. We will be able to find the numerical values of

these two LEC:s using the relations between them and the RChT parameters: cm, cd

and GV which we are going to determine in the next section.

3.2.4 Determination of the RChT parameters cd, cm and GV

In the framework of RChT we use a Lagrangian where in the spirit of resonance satu-

ration [11], the LEC:s have been replaced by resonance exchange processes. The RChT

Lagrangian is however given in terms of other parameters: cm, cd and GV . Using the

mass of the a0 resonance, it is straightforward to determine the value of cm and cd. In

fact, once we know the numerical values of L5 and L8, inverting the relations (2.83) we

can fix:

cm =
√

2M2
SL8 = 50.3 MeV, cd =

√
M2
SL5

cm
= 41.9 MeV. (3.33)

One way to find the value of GV is to consider the partial decay K∗ → Kπ in the

framework of RChT . For simplicity we look at the positively charged strange vector
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meson, which means that we have to take into account two different processes:

K∗+ → K+π0, K∗+ → K0π+. (3.34)

From the RChT vector Lagrangian (2.75) we can read off the vertices of interest, cal-

culate the amplitudes, take the modulus square and average over the three possible

polarizations of the decaying particle. It turns out that:

MK∗+→K0π+ =
√

2MK∗+→K+π0 (3.35)

which is a consequence of isospin symmetry.

The formula for the two-body decay [13] applied to our case becomes

Γ =
pcm

8πM2
K∗
|M|2 , (3.36)

where pcm is called center-of-mass momentum and it is given by:

pcm =
1

2MK∗

√
(M2

K∗ − (Mπ −MK)2)(M2
K∗ − (Mπ +MK)2). (3.37)

This is the modulus of the three-momentum of the first final particle as well as that of

the second final particle, since we are in the frame where the decaying particle is at rest.

At the same time this is the frame where the center of mass of the two final particles is

at rest (this explains the origin of the notation pcm).

Then for the partial decay width of the strange vector meson we have:

ΓK∗+→K+π0 =
G2
V [(M2

K∗ − (Mπ −MK)2)(M2
K∗ − (Mπ +MK)2)]3/2

192πF 2
KF

2
πM

3
K∗

. (3.38)

The sum of the two distinct processes gives

ΓK∗→Kπ = ΓK∗+→K+π0 + ΓK∗+→K0π+

= 3ΓK∗+→K+π0

(3.39)

where the second equality follows from (3.35). The experimental value of the partial

decay width ΓK∗→Kπ taken from [1] is:

ΓK∗→Kπ ' 47 MeV (3.40)
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from which we can derive

GV = 70.7 MeV. (3.41)

3.2.5 The remaining LEC:s - L2 and L3

At this point we can finally determine the numerical values of the last two LEC:s. We

know that they are related to the RChT parameters by the relations (2.83) which lead

to

L2 =
G2
V

4M2
V

, L3 =
c2
d

2M2
S

−
3G2

V

4M2
V

(3.42)

where MV indicates the mass of the vector resonance (MK∗ in our case) and MS stands

for the mass of the scalar resonance (Ma0 in our case). For cd, cm and GV we use the

values just determined in the section above. Then we get:

L2 = 1.56 · 10−3 and L3 = −3.76 · 10−3. (3.43)

Once we know all the values of the LEC:s we have predictive power.

For completeness we compare in Table 3.1 the values for the LEC:s in the large-

Nc limit derived in this thesis with the values used in [4] and with those presented

in [41], coming originally from [7, 42, 43]. These three sets of values are derived through

resonance-exchange estimations with only one resonance per channel, using different

constraints. In this thesis the values for L5 and L8 have been derived following the

LEC:s Ref. [4] Ref. [7] Ref. [43] Ref. [42]

L2 1.56 1.8 1.2 1.8 1.8
L3 -3.76 -4.31 -3.0 -4.9 -4.3
3L2 + L3 0.91 1.09 0.6 0.5 1.1
L5 2.19 2.25 1.4 1.4 2.1
L8 1.31 1.03 0.9 0.9 0.8

Table 3.1: The values of the LEC:s (in units of 10−3) from [4] and [7, 42, 43] are com-
pared with those determined in this thesis (first column). No error has been estimated.

same procedure used in [4] which is summarized in section 3.2.2. We have slightly

improved the results by using updated values of masses and decay constants. This little

modification causes however a variation of 30% for the L8 value. On the other hand the

value for L2 used in [4] comes indeed from [42] and L3 has been obtained exploiting the

fact that the partial decay width Γ(η′ → ηππ) - whose experimental value is known [1]

- is proportional to the combination 3L2 + L3. This quantity enters our calculations as
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one can see by looking at the ChPT scattering amplitudes derived below.

There seems to be a quite good agreement between the results obtained with different

strategies. We should however estimate the errors on our values to be more precise.

3.3 Finding the matrix elements

In order to calculate the cross sections we need to derive the relevant amplitudes from

the effective Lagrangian. The latter is written in terms of the bare, unphysical fields.

Since we want to express our matrix elements in terms of the physical fields, we need to

use the relations derived in section 3.2.1.

3.3.1 Matrix elements Mη′π→ηπ and Mη′π→KK̄ in ChPT

Starting from the effective Lagrangian we obtain the matrix elements, which are then

rewritten in terms of the physical fields:

MChPT
η′π→ηπ(s, t, u) =

c1

F 2

{
M2
π

2
+

2(3L2 + L3)

F 2
π

(s2 + t2 + u2 −M4
η′ −M4

η − 2M4
π)−

− 2L5

F 2
π

(M2
η′ +M2

η + 2M2
π)M2

π +
24L8

F 2
π

M4
π +

2

3
Λ2M

2
π

}
+

+
c2

F 2

√
2

3
Λ2M

2
π ,

(3.44)

where in accordance with [41] we have defined

c1 = − F 2

3F 2
8F

2
0 cos2(θ8 − θ0)

[
2F 2

8 sin(2θ8)− F 2
0 sin(2θ0)− 2

√
2F8F0 cos(θ8 + θ0)

]
,

(3.45)

c2 = − F 2

3F 2
8F

2
0 cos2(θ8 − θ0)

[√
2F 2

8 sin(2θ8) +
√

2F 2
0 sin(2θ0) + F8F0 cos(θ8 + θ0)

]
.

(3.46)

The leading order expression is:

(Mη′π→ηπ)LO =
c1M

2
π

2F 2

=
M2
π

6F 2

(
2
√

2 cos(2θ)− sin(2θ)
)
,

(3.47)
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since at leading order F0 = F8 = F and θ0 = θ8 = θ, i.e there is only one mixing angle

which from [38] has the approximate value of −20◦.

The kaonic matrix element is:

Mη′π→KK̄(s, t, u) =
c3F8 cos θ8

3F 2
KFπF

2
{F 2(2M2

K +M2
π)(1 + Λ2)+

+ 12(3L2 + L3)(s2 + t2 + u2 −M4
η′ −M4

π − 2M4
K)−

− 4L5[2M2
π(M2

η′ + 3M2
K) +M2

K(M2
η′ + 3M2

π)+

+ 3s(M2
K −M2

π)− 2(2M4
K +M4

π)]+

+ 16L8(2M4
K −M4

π + 8M2
KM

2
π)+

+
c3

√
2F0 sin θ0

3F 2
KFπF

2
{−F

2

4
(3M2

η′ + 8M2
K +M2

π − 9s)+

+ 3L3[2tu− s(t+ u)− 2M4
K − 2M2

π(M2
η′ −M2

K) + 2M2
KM

2
η′ ]−

− 2L5[7M2
η′M

2
K −M2

η′M
2
π + 9M2

KM
2
π−

− 3s(5M2
K +M2

π) + 8M4
K +M4

π ]−

− 16L8(2M4
K −M4

π −M2
KM

2
π)},

(3.48)

where

c3 =
F 2

√
3F0F8 cos(θ8 − θ0)

. (3.49)

The leading order expression is:

(Mη′π→KK̄)LO =
1

6
√

6F 2

(
2
√

2(2M2
K +M2

π) cos θ−

− (3M2
η′ + 8M2

K +M2
π − 9s) sin θ

)
.

(3.50)

Scale independence of matrix elements

These matrix elements contain among the LEC:s also Λ2 and F0 which have a renormal-

ization scale dependence through the parameter Λ3. Since we want to calculate physical

quantities such as cross sections, we want to be sure that in the matrix elements only

scale invariant combinations of these parameters appear. Beginning with Mη′π→ηπ we

note that every term is multiplied by either c1 or c2 and therefore contains F0. We can

write F0 = (1 + Λ3)F̃0 where F̃0 is a scale independent number and replace F0 with F̃0

in the NLO parts. In fact, up to corrections of O(δ2) we only need to consider the Λ3

dependence of the very first contribution in (3.44) which comes from the LO Lagrangian.
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This is given by:

(Mη′π→ηπ)LO = −M
2
π

2

1

3 cos2(θ8 − θ0)

(
2

F 2
0

sin(2θ8)− 1

F 2
8

sin(2θ0)− 2
√

2

F8F0
cos(θ8 + θ0)

)
.

(3.51)

Expanding 1/F0 ≈ 1/(F̃0)(1− Λ3) and 1/F 2
0 ≈ 1/(F̃0

2
)(1− 2Λ3) gives

−M
2
π

2

1

3 cos2(θ8 − θ0)

(
2(1− 2Λ3)

F̃0
2 sin(2θ8)− 1

F 2
8

sin(2θ0)− 2
√

2(1− Λ3)

F8F̃0

cos(θ8 + θ0)

)
,

(3.52)

from which we can read off the part proportional to Λ3:

− Λ3

√
2M2

π

3 cos2(θ8 − θ0)

(
−
√

2

F̃0
2 sin(2θ8) +

1

F8F̃0

cos(θ8 + θ0)

)
. (3.53)

The other scale dependent part of Mη′π→ηπ is the one proportional to Λ2:

Λ2

√
2M2

π

3F 2
(
√

2c1 + c2). (3.54)

Writing explicitly the coefficients c1 and c2 from Eqs. (3.45),(3.46) and using the ap-

proximation F0 ≈ F̃0 we obtain

− Λ2

√
2M2

π

3 cos2(θ8 − θ0)

(√
2

F̃0
2 sin(2θ8)− 1

F8F̃0

cos(θ8 + θ0)

)
. (3.55)

The above is exactly the negative of (3.53). This means that up to corrections of O(δ2)

the scale dependent terms only show up in the scale invariant combination Λ2 − Λ3.

Regarding the kaonic matrix element (3.48), note that the part proportional to sin θ0

is already scale independent. The part proportional to cos θ8 contains a term multiplied

by Λ2:
c3F8 cos θ8

3F 2
KFπF

2
Λ2F

2(2M2
K +M2

π). (3.56)

Regarding the other NLO terms we can just replace F0 with F̃0. The last thing to

analyze is the LO part:
c3F8 cos θ8

3F 2
KFπF

2
F 2(2M2

K +M2
π). (3.57)
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Putting together these two terms we obtain:

c3F8 cos θ8

3F 2
KFπF

2
F 2(2M2

K +M2
π)(1 + Λ2). (3.58)

From the definition of c3 in Eq. (3.49) and by expanding 1/F0, Eq.(3.58) becomes

cos θ8

3
√

3F 2
KFπ cos(θ8 − θ0)

1

F̃0

F 2(2M2
K +M2

π)(1− Λ3)(1 + Λ2). (3.59)

Since we have that

(1− Λ3)(1 + Λ2) = 1 + Λ2 − Λ3 +O(δ2), (3.60)

we see that also in the kaonic matrix element only the scale invariant combination Λ2−Λ3

appears.

3.3.2 Matrix elements Mη′π→ηπ and Mη′π→KK̄ in RChT

From the RChT Lagrangian we can find the two matrix elements of interest. We will

focus first on the matrix element associated to the reaction η′π → ηπ. In the notation

of [41] we have:

MRChT
η′π→ηπ =

c1

F 2

[
M2
π

2
+

1

F 2
π

(
cd(s−M2

η′ −M2
π) + 2cmM

2
π

)(
cd(s−M2

η −M2
π) + 2cmM

2
π

)
M2
S − s

+

+
1

F 2
π

(
cd(t−M2

η′ −M2
η ) + 2cmM

2
π

)(
cd(t− 2M2

π) + 2cmM
2
π

)
M2
S − t

+

+
1

F 2
π

(
cd(u−M2

η′ −M2
π) + 2cmM

2
π

)(
cd(u−M2

η −M2
π) + 2cmM

2
π

)
M2
S − u

+
2

3
Λ2M

2
π

]
+

+
c2

F 2

√
2

3
Λ2M

2
π ,

(3.61)

where the isovector scalar a0(980) is exchanged in the s- and u-channel and the scalar

σ in the t-channel. We recognize the LO contribution (the very first term in (3.61)),

the Λ2 terms and the NLO part that replaces the LEC:s part of the ChPT Lagrangian.

In fact, as a consequence of introducing resonances, we find in the scattering amplitude

the corresponding propagators. For a resonance of mass m and momentum k this is

proportional to 1/(k2−m2). It follows that the energy dependence of the matrix element

will be suppressed, pushing down the values of the cross sections in particular for high
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energies. This would then decrease the total width addition at high temperatures,

leading to a longer lifetime of the η′.

Another interesting aspect is that in the scattering amplitude (3.61) the point-interaction

diagram ∼ c2
m coming from (2.80) does not show up. To understand why we have to go

back to the LO scattering amplitude (3.47) which is:

(Mη′π→ηπ)LO =
c1M

2
πLO

2F 2
, (3.62)

where at LO we were allowed to make the approximation:

2BmF 2

F 2
π

= M2
πLO. (3.63)

However when we consider the scattering amplitude up to NLO, the above approximation

is not accurate enough. We have to use instead the relations (3.21). In particular from

F 2
πM

2
π = 2F 2Bm+ 64(Bm)2L8 (3.64)

and using that

L8 =
cm2

2M2
S

, (3.65)

we can make the following replacement in (3.62):

M2
πLO = M2

π −
8cm2M4

π

F 2
πM

2
S

. (3.66)

We thus get an extra term ∼ c2
m that must be included at NLO. It turns out that this

additional term cancels the contact term coming from (2.80).

In the heavy scalar mass limit, that is p2 ∼ m2 � M2
S , the amplitude in Eq. (3.61)

becomes:

MRChT
η′π→ηπ →

c1

F 2

[
M2
π

2
+

c2
d

F 2
πM

2
S

(s2 + t2 + u2 −M4
η′ −M4

η − 2M4
π)−

− 2cdcm
F 2
πM

2
S

(M2
η′ +M2

η + 2M2
π)M2

π +
12c2

m

F 2
πM

2
S

M4
π +

2

3
Λ2M

2
π

]
+

+
c2

F 2

√
2

3
Λ2M

2
π ,

(3.67)

which turns out to be analogous to the large-Nc ChPT amplitude in Eq. (3.44). After
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using the low-energy constant relations (2.83), the two amplitudes are seen to be iden-

tical. This shows that in the heavy mass limit RChT reduces to ChPT , which means

that ChPT is fully recovered at low energies.

The matrix element with two kaons in the final state is:

MRChT
η′π→KK̄(s, t, u) =

c3

3F 2
KFπF

2

[
F 2F8 cos θ8(2M2

K +M2
π)(1 + Λ2)−

−
√

2F 2F0 sin θ0

4
(3M2

η′ + 8M2
K +M2

π − 9s)+

+
f1(s)

s−M2
S

+
f2(t)

t−M2
S

+
f2(u)

u−M2
S

−

− f3(s, t, u)

t−M2
V

− f3(s, u, t)

u−M2
V

− g(s, t, u)

M2
S

]
,

(3.68)

with

g(x, y, z) =cm

[√
2F0 sin θ0

(
cd
(
M2
π(3M ′2η − 5M2

π − 2x+ y + z)+

+ 6M4
K −M2

K(3M ′2η +M2
π + 10x− 5(y + z))

)
+ cm(M2

K −M2
π)2
)
−

− 2F8 cos θ8

(
cd
(
6M4

K +M2
K(4M2

π − 2x+ y + z) +M2
π(2M2

π + 2x− y − z)
)
−

− 4cm(M2
K −M2

π)2
)]
,

(3.69)

f1(x) = 3
(
2M2

K(cd − cm)− cdx
) (

2cmM
2
π − cd

(
M ′2η +M2

π − x
)) (√

2F0 sin θ0 + 2F8 cos θ8

)
,

(3.70)

f2(x) =
3

2

(
(cd − cm)(M2

K +M2
π)− cdx

)(√
2F0 sin θ0

(
cd(M

′2
η +M2

K − x)−

− 5cmM
2
K + 3cmM

2
π

)
− 4F8 cos θ8

(
cd(M

′2
η +M2

K − x)− 2cmM
2
K

)) (3.71)

and

f3(s, x, y) =
9F0G

2
V sin θ0

(
(MK −M ′η)(M ′η +MK)(MK −Mπ)(MK +Mπ) + x(s− y)

)
2
√

2
.

(3.72)

In the expression for the kaonic matrix element we recognize the LO part and the Λ2

term. All the rest is given in terms of functions of the Mandelstam variables s, t and

u. In particular the fi come from the tree-level exchanges of the scalar and vector

resonances. The corresponding denominators indicate in which channel the resonance

is exchanged together with its nature (vector MV , scalar MS). The function g comes
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from point-interaction diagrams, due to the two extra terms obtained as a consequence

of the shift in the S field (see (2.80)). Note that the scattering amplitude contains also

the additional NLO terms obtained from the LO expression using the relations (3.21).

Exactly as it was for the ηπ final state case, the matrix element (3.68) reduces to the

correspondent ChPT amplitude (3.48) in the low-energy limit. One can formally see

this by taking the limit M2
R � s, t, u (so that the energy dependence in the denominators

disappears) and using the LEC:s relations (2.83).

3.4 Calculations of cross sections

This section summarizes the steps to follow in order to obtain the cross sections, once

we have the matrix elements for the processes of interest [13, 14].

For two incoming particles with momenta p1 and p2, the differential cross section is

given by:

dσ =
|M|2

4E1E2vrel
dΠ2 (3.73)

where E1 and E2 are the energies of the incoming particles and vrel is the relative

velocity between the two. Since we are considering a two-body final state process, the

phase space is:

dΠ2 = (2π)4δ(p1 + p2 − p3 − p4)

∫
d3p3

(2π)32E3

∫
d3p4

(2π)32E4
. (3.74)

For simplicity the differential cross section can be written in terms of the Mandelstam

variables s = (p1 + p2)2, t = (p1 − p3)2 and u = (p1 − p4)2, which are frame invariant

quantities. Then one obtains:

dσ

dt
=

1

64πs

1

p2
1,cm

|M(s, t)|2 . (3.75)

By integrating with respect to t from t1 to t0 we obtain the total cross section as a

function of s

σ(s) =

∫ t0

t1

dσ

dt
dt, (3.76)

where the integration boundaries are given by:

t0(t1) =

(
m2

1 −m2
2 −m2

3 +m2
4

2
√
s

)2

− (p1,cm ∓ p3,cm)2 (3.77)
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with the minus sign for t0 and the plus sign for t1. The center-of-mass frame momenta

are given by:

p1,cm =
√
E2

1,cm −m2
1 =

1

2
√
s

√
λ(s,m2

1,m
2
2), (3.78)

p3,cm =
√
E2

3,cm −m2
3 =

1

2
√
s

√
λ(s,m2

3,m
2
4), (3.79)

with the Källén function λ(a, b, c) = a2 + b2 + c2 − 2ab − 2ac − 2bc. In our processes

the two incoming particles have masses m1 = Mη′ and m2 = Mπ. The two outgoing

particles can have either m3 = Mη and m4 = Mπ or m3 = m4 = MK . Later we will

need to express the cross sections as functions of Ep, the pion energy in the “lab” frame,

i.e. the frame where the η′ and the medium are at rest. In this frame s is given by:

s = (Mη′ + Ep)
2 − p̄2 = M2

η′ +M2
π + 2Mη′Ep. (3.80)

The effective Lagrangian contains terms with two or four derivatives. Since deriva-

tives correspond to momenta according to ∂µ → ±ipµ with a plus for outgoing particles

and a minus for incoming particles, we will get dot products of momenta of the particles

in the matrix elements. Starting from the relation

(pi + pj)
2 = m2

i +m2
j + 2pi · pj , (3.81)

we can rewrite the dot products of momenta as function of the Mandelstam variables in

the following way:

p1 · p2 =
1

2
(s−m2

1 −m2
2), p1 · p3 = −1

2
(t−m2

1 −m2
3),

p1 · p4 = −1

2
(u−m2

1 −m2
4), p2 · p3 = −1

2
(u−m2

2 −m2
3),

p2 · p4 = −1

2
(t−m2

2 −m2
4), p3 · p4 =

1

2
(s−m2

3 −m2
4).

(3.82)
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Results and discussion

In this section we present the results of the calculations performed, followed by a discus-

sion of their significance. The results obtained in the large-Nc ChPT framework agree

with [4]; the latter are needed in order to make comparisons with the RChT results

which are the main result of this thesis and are therefore described in detail.

4.1 Cross sections and reaction rates

We begin with the NLO ChPT results, which will be later compared with the RChT

results. Fig. 4.1 shows the cross sections of both the processes η′π → ηπ and η′π → KK̄,

which are of central importance in the calculation of the collisional broadening. The cross

section is plotted as a function of the center of mass energy
√
s in Fig. 4.1(a) and as a

function of the incoming pion energy Ep in the rest frame of the η′ in Fig. 4.1(b). We

immediately notice that the cross sections diverge at threshold for
√
s ≈ 1100 MeV and
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Figure 4.1: NLO cross section in large-Nc ChPT for the reactions η′π → ηπ and
η′π → KK̄ as a function of the center of mass energy

√
s (left) and incoming pion

energy Ep (right). The range of values for
√
s corresponds to that for Ep.

69
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consequently for Ep = Mπ ≈ 140 MeV. Why? When we divide the matrix element by the

incoming flux in order to obtain the cross section, we gain the prefactor 1/(4EpEη′vrel)

in the cross section formula (see Eq. (3.73)). When we go to the rest frame of the η′,

this factor becomes 1/(4Mη′ |p̄|). If the matrix element is constant this gives the overall

energy dependence of the cross section. Regardless, the above factor accounts for the

divergence at low pion energies: the cross section diverges at |p̄| ≈ 0, i.e. Ep = Mπ ≈ 140

MeV. In the frame where the η′ is at rest, the center of mass energy can be written as

s = M2
π + M2

η′ + 2EpMη′ ; if also the momentum of the incoming pion goes to zero,

then we reach the minimum of
√
s which is given by (

√
s)min = Mη′ + Mπ ≈ 1100

MeV. We have thus understood that the divergence occurs only at the point |p̄| ≈ 0,

which is physically not a problem since a scattering experiment always requires the pion

momentum to be larger than zero. For most cross sections in nature this phenomenon

does not show up because the final states are typically heavier than the initial states.

Then the threshold of the reaction is at the sum of the masses of the final states and

the initial-state momentum is then already different from zero. In our case, however, we

have Mπ +Mη < 2MK < Mπ +Mη′ .

For our work however the quantity of physical interest is the reaction rate, not directly

the cross section. If the volume of the system is normalized to 1, then the reaction rate

is vrel × σ where vrel = |p̄| /Ep is the velocity of the incoming pion in the rest frame of

the η′. This quantity enters the collisional width (2.104) and it is not divergent. We

plot in addition also the reaction rate for both the processes of interest, as a function

of Ep (Fig. 4.2). Note that for large energies the reaction rates do not differ from the

corresponding cross sections (Fig. 4.1(b)). From now on we will plot reaction rates

instead of cross sections since they do not show this misleading divergence at threshold

and are the physical quantity we are interested in.

In the framework of ChPT we obtain the matrix elements MChPT
η′π→ηπ and MChPT

η′π→K̄K

which have an energy dependence at NLO (Eqs. (3.44), (3.48)). Even at LO the kaonic

matrix element has an energy dependence whileMChPT
η′π→ηπ is a constant (Eqs. (3.50), (3.47)).

It follows that at LO the cross section with kaonic final states is much larger than the

one with an η and a pion in the final state [4], i.e. it is opposite to the NLO result.

Getting back to NLO we can see from Fig. 4.1(b) that both the cross sections continue to

rise for higher pion energies Ep, due to the energy dependence of the matrix elements.

The ηπ final state has a higher cross section than the K̄K final state from which it

follows that the collisional broadening due to η′π → ηπ reactions is much larger than
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Figure 4.2: The reaction rates for the processes η′π → ηπ and η′π → K̄K at NLO in
ChPT. These quantities enter the collisional width integral. The advantage of consid-
ering them is that the divergence of the cross section at p̄ = 0 (i.e. Ep = Mπ) is cured
when this is multiplied by |p̄|/Ep.

that from η′π → K̄K reactions. The sizes of the two cross sections vary from around

1-10 mb at Ep ≈ 200 MeV up to about 400 mb (for final state ηπ) at Ep ≈ 1500 MeV.

In particular, it reaches values above 100 mb for Ep > 800 MeV. However we typically

expect a hadronic cross section to range up to 100 mb, not more. We should therefore

consider 100 mb as a large cross section in this context. How can we interpret this rising

of the cross section in relation with high pion energies? A plausible explanation is that

this tendency to grow is a signal of ChPT break down. As we pointed out in Chapter 2,

ChPT is a low-energy theory and therefore is not supposed to work at high energy.

In fact, already at energies ≈ 1 GeV, effects ignored in ChPT start to be important,

therefore we can no longer trust ChPT calculations. Among these effects, we must

mention again those generated from resonance exchange. As said before it is the aim of

Resonance Chiral Theory to include these effects.

Resonance Chiral Theory results

The reaction rates of interest for the calculation of the collisional broadening are shown

as a function of Ep in Fig. 4.3. We note big differences from the ChPT results. First

of all the cross sections decrease as the pion energy increases. In particular the reaction

rate for the process η′π → ηπ decreases faster than that with two kaons in the final

state. The latter keeps decreasing until it reaches its minimum and then starts growing

again but really slowly as can be seen in Fig. 4.4.
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Figure 4.3: The reaction rates for the processes η′π → ηπ and η′π → K̄K at NLO in
RChT . The range of values for Ep is wider than that used to plot the ChPT reaction
rates in Fig. 4.2 so that it is immediate to see that the RChT cross section for η′π → ππ
goes to zero for high energies.
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Figure 4.4: The cross section for the process η′π → KK̄ in RChT does not vanish
for very high energies.

This means that in the RChT case it is really important to consider the K̄K final state

reactions because their contribution to the collisional broadening is dominant.

In the framework of RChT we obtain the matrix element MRChT
η′π→ηπ and MRChT

η′π→K̄K .

As we can understand from Fig. 4.4, the latter has an energy dependence. The former

instead is, at least for large energies, constant at NLO. To understand why let us look

at Eq. (3.61). For large s, t and u, the dominant terms are:

c2
ds

2

(M2 − s)
+

c2
dt

2

(M2 − t)
+

c2
du

2

(M2 − u)

s,t,u�M2

= −c2
d(s+ t+ u) (4.1)

Since the combination s+t+u is equal to the sum of the squared masses of the four mesons

involved in the process, it is indeed a constant. This explains why the matrix element

becomes constant for large energies in RChT . It follows that the corresponding cross



Chapter 4. Results and discussion 73

section has an energy dependence characterized by the 1/|p̄| factor. This then accounts

for the decrease for higher pion energies, as shown in Fig. 4.3. This “nice” behaviour

for high pion energy is unexpected, especially because it does not seem to show any

break down of the theory. It can be expected that RChT has a better high-energy

behaviour than ChPT , because constants are replaced by propagator. But naively one

would expect that an NLO matrix element changes from ∼ s2 to ∼ s, not to a constant

at large s.

To summarize: we have good motivations to believe that the ChPT cross sections

become unreasonably high for large energies, and therefore we should not trust the

obtained results. On the other hand this problem does not exist in RChT since the

cross sections drop for high pion energies instead. RChT has the low-energy limit of an

EFT, but a much better high-energy behaviour.

Mass modifications in the RChT amplitudes

In the following we discuss some further modifications which in part will change the

high-energy behaviour. If we look at the RChT Lagrangian, we see that all the scalar

resonance masses are equal to the mass of the a0 resonance. This choice is justified by

the fact that mass splitting effects in this nonet are suppressed by the quark masses or

1/Nc, i.e. these are effects beyond our NLO calculations. But having the same masses

is not realistic. Since we know which resonance is exchanged in each channel, we can

replace Ma0 with Mσ or Mκ in the propagator and see what changes. Let us first apply

this to the η′π → ππ amplitude. We find that the corresponding reaction rate still

goes to zero for high pion energy, decreasing indeed faster than before as it is shown in

Fig. 4.5(a). On the other hand we can also replace the mass but keep the low-energy

limit the same:
1

t−M2
a0

→ M2
σ

M2
a0 · (t−M2

σ)
. (4.2)

Then we obtain a reaction rate that after an initial decrease starts growing again, but

extremely slowly. This does not constitute a problem since at very high energy the

reaction rate is still small as can be seen in Fig. 4.5(b).

We can then apply the same reasoning to MRChT
η′π→K̄K . As before we can modify the

matrix element by replacing the scalar mass Ma0 with Mκ in the propagator for the t-

and u-channel since the κ meson is exchanged in those channels. Alternatively we can
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Figure 4.5: The reaction rate for the process η′π → ηπ goes to zero faster if we
use for the σ resonance the real value of its mass and not Ma0 (left). If we modify the
propagator of the σ resonance as in (4.2) the cross section does not vanish but increases
slowly for high energies (right).

modify the propagator such that the low-energy limit is recovered:

1

t, u−M2
a0

→ M2
κ

M2
a0(t, u−M2

κ)
. (4.3)

The results obtained resemble those described before for MRChT
η′π→ηπ as we can see in

Fig. 4.6. The main difference is that in this case already the standard RChT amplitude

does not go to zero for high energies and so do all its modified versions.
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Figure 4.6: The reaction rate for the process η′π → K̄K decreases faster if we use
for the κ resonance the real value of its mass and not Ma0 (left). If we modify the
propagator of the κ resonance as in (4.3) the cross section increases faster instead
(right). In both cases the cross sections do not vanish for high energies as it is also in
standard RChT . We have chosen not to use the same range of values for Ep to show
explicitly the behaviour of the kaonic reaction rate for high energies.
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4.2 Widths

Starting again from the ChPT results, the increase of the η′ width in a pion gas is

shown in Fig. 4.7. For completeness we must say that in this study we have ignored
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Figure 4.7: Addition to the η′ width at NLO in large-Nc ChPT .

the contribution given by Bose enhanced decays. In fact, thanks to the work of Carl

Niblaeus [4], we already know that the collisional broadening due to η′π → ηπ reactions

completely dominates over the contribution from Bose enhanced decays.

These first results already allow us to make some comparisons. Let us assume that

the lifetime of a fireball is τfb ≈ 10 − 20 fm/c [2, 44]. This means that the in-medium

lifetime of the η′ would become comparable with that of a fireball if its width would

increase by ∆Γ ≈ 20 MeV, i.e. 1/τfb. We can deduce from Fig. 4.7 that this happens

for temperatures around T ≈ 100 MeV. A first consideration is that the width increases

considerably in the medium for high temperature, causing therefore significant changes

in the lifetime. To make a comparison we recall that the width of the η′ in the vacuum

is very small, Γηvac ≈ 200 keV [1].

In order to judge the accuracy of the results for the width, we need to focus our

attention on the integrand in the collisional broadening integral in Eq. (3.4):

f(Ep, T ) = [E2
p −M2

π ]nB(Ep, T )[σηπ(Ep) + σKK̄(Ep)], (4.4)

where nB(Ep, T ) is the Bose-Einstein distribution and σΦaΦb(Ep) denotes the cross sec-

tion σ(η′π → ΦaΦb). Fig. 4.8 shows the integrand as a function of the pion energy

Ep, for three different values of the temperature - 50, 100 and 150 MeV. We see that
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Figure 4.8: The integrand in the expression for the collisional broadening f(Ep, T )
(Eq. (4.4)) is plotted as a function of the incoming pion energy Ep for three different
values of the temperature for NLO large-Nc ChPT . The collisional broadening is pro-
portional to the area under the graph obtained at the corresponding T . The mentioned
area gets bigger for high temperatures and therefore also the collisional broadening
does.

the integrand becomes larger for higher temperatures. Looking at how large is the area

under the graphs, we deduce that for higher temperatures the collisional broadening

integral gets a significant contribution from high pion energies [4]. This costs doubts on

the quantitative reliability of the ChPT results for the collisional width.

Resonance Chiral Theory results

Fig. 4.9 shows the main result of this thesis - the increase of the η′ width at NLO of

RChT . For a temperature T ≈ 120 MeV we find a width increase of ∆Γ ≈ 10 MeV,

smaller than in the ChPT case, but still comparable with the inverse lifetime of the

fireball created in a heavy-ion collision.
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Figure 4.9: Addition to the η′ width at NLO in RChT .
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For completeness we plot in Fig. 4.10 the integrand from the collisional broadening

integral as a function of the pion energy Ep, for three different values of the temperature

- 50, 100 and 150 MeV. We see that the contribution given to the collisional broadening

integral decreases very fast for high pion energies as a consequence of the behaviour of

the RChT cross sections. Thus the dominant contributions to the collisional width come

from low energies where RChT should produce quantitatively reliable results.
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Figure 4.10: The integrand in the expression for the collisional broadening f(Ep, T )
(Eq. (4.4)) is plotted as a function of the incoming pion energy Ep for three different
values of the temperature for NLO RChT . The area under the graphs gets bigger for
high temperatures, but compared to the ChPT case (Fig. 4.8) the integrand decreases
very fast down to zero for high Ep and therefore the collisional broadening does not get
big contribution from high Ep.

Talking about widths, it is interesting to plot the width increase due to η′π → ηπ

collisions obtained using the modified matrix elements which contain both the values

of the resonance masses (Ma0 , Mσ). In Fig. 4.11 we compare the new results with the

standard RChT prediction. As we can see they do not differ much from the case where

all the masses are considered to be equal to Ma0 . This supports the choice of keeping

only one mass for all the resonances in the same nonet and demonstrates the robustness

of the results. Fig. 4.11(a) is obtained from the reaction rate plotted in Fig. 4.5(a); it

shows a smaller width increase in agreement with the fact that the corresponding cross

section goes to zero faster than the standard RChT one. Fig. 4.11(b) corresponds to

the reaction rate of Fig. 4.5(b); it shows a slightly larger width increase due to the fact

that the corresponding cross section starts growing again for high energies. Again, the

case with two kaons in the final state produces similar results, i.e. it confirms a good

agreement between the width increase calculated using one single mass for all scalar

resonances and that obtained using the actual κ mass instead of Ma0 .
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Figure 4.11: The width increase due to the process η′π → ηπ calculated using the
modified RChT scattering amplitude which depends on both Ma0 and Mσ. The corre-
sponding reaction rates are shown in Fig. 4.5. As a comparison the results obtained in
RChT using for both resonances the same mass are plotted (full line).

Putting together the results obtained from the two processes, we see in Fig. 4.12 that

the total width obtained in RChT using only the a0 mass for all the scalar resonances

(a0, σ, κ) involved in the collision reactions is very similar to that obtained using

different masses. The plot refers to the case where the propagators have been modified

according to (4.2) and (4.3), but also the other procedure would lead to a very similar

result (in particular we would find a slightly smaller width increase).
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Figure 4.12: Comparison of the total collisional width from η′π → K̄K and η′π → ηπ
reactions in NLO RChT obtained using only one value for the scalar resonance masses
(full line) and using different values for the masses of the three resonances involved:
a0, σ and κ (dotted line).
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4.3 ChPT vs. RChT : a final analysis

The comparison between the results obtained in ChPT and RChT allows us to make

one more observation. The collisional broadening receives a huge contribution from the

η′π → ηπ reactions in ChPT , while the η′π → K̄K processes are almost negligible

(Fig. 4.7). On the other hand in RChT the contribution from the ηπ final state and

from the K̄K final state have comparable size (Fig. 4.9). It is interesting to see how

the contribution to the width increase given by the two processes changes from ChPT

to RChT . This is plotted for the η′π → ηπ process in Fig. 4.13 and for the η′π → K̄K

process in Fig. 4.14. In both plots the full line shows the width increase from collisional

broadening in ChPT while the dotted one refers to RChT .
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Figure 4.13: Comparison of the addition to the η′ width from η′π → ηπ reactions in
ChPT and RChT .
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Figure 4.14: Comparison of the addition to the η′ width from η′π → K̄K reactions
in ChPT and RChT .
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Fig. 4.13 shows a significant suppression from ChPT to RChT . At very low tempera-

tures the curves overlap but already for T ≈ 40 MeV they divide and at high tempera-

ture the discrepancy is large (at T ≈ 150 MeV the difference is an order of magnitude).

Fig. 4.14 shows instead that at low temperatures the RChT contribution is an order of

magnitude larger than the ChPT one but the difference becomes smaller as the temper-

ature increases and at T ≈ 120 MeV the two curves meet. For higher temperatures the

ChPT contribution is bigger than the RChT one also for this process. These two plots

show once more that in ChPT the contribution given by the ηπ final state reaction is

much larger than that given by the K̄K final state reaction (compare full lines) while in

RChT the contributions coming from the two reactions are more even (compare dotted

lines). The reason of this different behaviour can be understood by looking at the LO

cross sections for these two reactions [4]. At LO the cross section for the η′π → K̄K

process completely dominates over the η′π → ηπ one, the opposite of what happens at

NLO. In RChT we basically replace the ChPT NLO Lagrangian with a Lagrangian that

includes resonances and we leave the LO Lagrangian unchanged. Now it should be clear

why the K̄K final state plays a more important role in RChT : at NLO its cross section

is already small, so it does not really decrease much when turning to RChT . The ηπ

final state instead has a much bigger NLO cross section in ChPT and therefore we can

really observe its suppression in RChT . This is to say that in RChT the increase of

the η′ width depends strongly on how big the LO cross sections are for the processes

η′π → ηπ and η′π → K̄K.

At this point it is really interesting to compare the total width increase of the η′

meson in ChPT and RChT . Fig. 4.15 shows that for high temperatures there is almost

an order of magnitude of difference between the two. The NLO results in RChT differ

from those in ChPT in many aspects mainly due to the fact that the RChT cross sections

drop for large pion energies, instead of growing. Based on Fig. 4.15 and Fig. 4.14 we

conclude that there is not a range where RChT and ChPT results agree, not even at low

enough temperatures. According to our previous considerations, RChT is more reliable

than ChPT and therefore we draw our conclusions relying on the RChT results.

We find that already for temperatures around T ≈ 120 MeV the width increase

corresponds to ∆Γ ≈ 10 MeV, comparable to the inverse lifetime of the fireball. Fig. 4.15

shows that the RChT width increases really slowly. Even for temperatures around

Tc ≈ 150 MeV the width increase is ∆Γ ≈ 20 MeV, still comparable with the inverse

lifetime of a fireball. This seems to indicate that the η′ could be detected even at
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Figure 4.15: Comparison of the addition to the η′ width from η′π → K̄K and η′π →
ηπ reactions in NLO ChPT and RChT .

temperatures for which the phase transition occurs. However this is not realistic: more

likely it just means that we are using inappropriate tools to explore this temperature

region. In fact, close to the phase transition, the approximation of the medium with

a pion gas becomes unreliable and therefore we cannot trust our results anymore. We

can draw meaningful conclusions as long as we refer to lower temperatures: we find for

T < Tc a considerable width increase anyway, which implies a shorter lifetime for the

in-medium η′ meson. This result suggests that it might be possible to study the η′ in

heavy-ion collision experiments.



Chapter 5

Conclusion and future directions

The aim of this thesis was to study the thermal changes of the η′ lifetime. Of course

the most drastic changes are expected close to the phase transition (Tc ≈ 170 MeV) but

at these temperatures one does not have solid tools to perform the calculations, which

means that also the results are not so reliable. With ChPT (or extension thereof) one

cannot address the region around the phase transition, but one can look for the onset of

changes at low temperatures. The advantage is that an EFT offers a systematic approach

and therefore we can trust the results. Large-Nc ChPT not only allows us to study the

dynamics of the lightest hadrons (the eight pseudoscalars: η, π, K) but permits also

the formal inclusion of the η′ meson, which becomes massless in the combined large-Nc

and chiral limit. Large-Nc ChPT is formally systematic at large enough Nc. Then an

immediate question arises: is Nc = 3 large enough? There are indications that the large-

Nc expansion still makes sense [8–10, 24, 25, 38] if one can handle the obvious flaws (e.g.

M ′η > mres). This is what RChT tries to do.

Our interest in the η′ meson is justified by the fact that its properties are largely

influenced by the U(1)A anomaly of QCD. We want indeed to look for changes of the

effects of the anomaly. One aspect is to study the thermal changes of the η′ lifetime

as we have done in this thesis. In particular we have calculated the width increase of

the η′ meson due to interactions with a gas of pions as a function of the temperature.

We have considered two different types of processes that contribute to the collisional

broadening: η′π → ηπ and η′π → K̄K. The calculations have been performed first in

the framework of large-Nc ChPT , following [4]. To calculate cross sections and first

of all scattering amplitudes we have used the NLO large-Nc ChPT Lagrangian (3.7),

which contains terms up to 1/Nc = δ in the expansion. In this framework one has to

82
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deal only with point-interaction diagrams which lead to unreliably large scattering cross

sections for the energy range of interest.

Subsequently we have repeated the calculations in the framework of RChT . This

part contains the original work of this thesis as well as the new results. In RChT we

have used an NLO Lagrangian that includes explicitly the effect of resonance exchange

in place of the LEC:s. We have included the scalar and vector resonances through nonet

fields. When considering the reactions mentioned above, one obtains also exchange di-

agrams in addition to point-interaction diagrams. The RChT results indicate still a

sizeable increase of the width even if smaller than in the ChPT case. At a temperature

T ≈ 120 MeV we have ∆Γ ≈ 10 MeV, still comparable with the inverse lifetime of a

fireball produced in heavy-ion collisions. This information is important in the prospect

of performing spectroscopy of the η′ in heavy-ion collisions.

As a future extension of this study it would be interesting to consider one more sce-

nario [45, 46]: in principle σ, a0, κ could be ππ or KK̄ or πK “molecules” instead of

qq̄ resonances. If so, in the large-Nc limit they cannot saturate the LEC:s and therefore

one has to consider the next multiplet in the scalar sector (MS ≈ 1.4 GeV). Then it

would be interesting to see how the results would change using this value of the scalar

resonance mass.

In addition one could study the thermal changes of the η′ mass, mixing angle and

coupling strength to the axial-vector current. The first two aspects have been explored

already in large-Nc ChPT by Tytgat et al. [34], finding basically no change at low

temperatures. Indeed the finding that changes in the width are larger than changes in

the mass is not uncommon [35]. The third aspect, i.e. the coupling of the anomalous

current to the η′ [47], is a study that we hope to address in the near future.
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