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This thesis consists of two papers:

• Role of information in Pricing defalut-sensitive contingent claims,
• Dynkin games with heterogeneous beliefs.

In the first paper, we consider a pricing problem of derivatives written on a stock
S when we take into account the possibility of default of the company issuing the
stock S. We study contracts which pay the promised pay-off in case of no default
before the maturity time T and pay compensation if the default happens before the
maturity T.

Two main approaches to pricing default-sensitive contingent claims have been stud-
ied in the literature: the structural approach and the reduced-form approach. The
structural approach, introduced by Merton in 1974, models the default time τ as
a stopping time in the filtration generated by the value of the firm. On the other
hand, the reduced-form approach assumes that the default time τ is described by
the default intensity process. In the first paper, we model the default time as a
stopping time in the filtration generated by the value of the firm V . The process V
is modelled as a diffusion process driven by a Brownian motion W 2 correlated with
the Brownian motion W 1 driving the stock price process S, which is also assumed
to be a diffusion.

We consider three different investors with three different levels of information: the
regular investor, the investor with strong information and the investor with full
information. Every investor observes the stock price S. Moreover, the regular
investor observes the default when it happens, the investor with strong information
knows the default from the beginning and the investor with full information also
knows the default from the beginning and, additionally, observes the value of the
firm V . We model their information as enlargements of filtration generated by the
stock price S.

To price the default-sensitive contingent claim, we need to specify the conditions
under which the stock price remains a semi-martingale in the enlarged filtration.
In the case of the regular investor and the investor with strong information, this
condition is the Jacod’s hypothesis, which says that the F1-conditional law of τ has
to be equivalent with the law of τ, where F1 is the filtration generated by the stock
price S. In the case of the full information, we assume the Yor’s hypothesis.

Then, for each of the investors we characterize the set of equivalent martingale
measures. In the case of the regular investor, we choose one of the martingale
measures using the f -divergence approach.

In the second paper, we study zero-sum optimal stopping games between two players:
Player 1 and Player 2, whose beliefs are different. Specifically, they both model the
underlying process as a diffusion but estimate the drift parameter in a different way.
As far as we are concerned, this assumption is rather natural since, for example, the
buyer of a call game option would believe that the drift of the underlying stock is
higher than would the seller. Moreover, we assume that they agree to disagree in
the sense that the players know about each others beliefs.
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Generally, since the payers have different estimations of the drift, the common value
of the game option does not exist. Namely, they both calculate the future expected
pay-off under different measures. However, we show that for every game, there exists
a Nash equilibrium of stopping times. To find the Nash equilibria, we formulate a
verification theorem.

Then, we consider an example of an American game option, where Player 1 is the
buyer and Player 2 is the seller of the option. They both model the underlying
stock price process as a geometric Brownian motion. However, for the Player 1
the drift is µ1 and for the Player 2 the drift is µ2. We assume for simplicity that
µ2 < µ1 < r, where r is the risk-free interest rate. Then, for different regimes for
the drifts, we characterize the Nash equilibria. In particular, we show that some
cases we get different Nash equilibria that lead to different values of the game for
the both players.

Furthermore, we provide a study of Dynkin games with randomized stopping times.
Namely, we provide a verification result and consider a few examples. One of our
observations is that the randomized stopping times can lead to non-smooth value
functions.



ROLE OF INFORMATION IN PRICING

DEFAULT-SENSITIVE CONTINGENT CLAIMS

MONIQUE JEANBLANC AND MARTA LENIEC

Abstract. We consider a financial market with a savings account and
a stock S that follows a general diffusion. The default of the company,
which issues the stock S, is modelled as a stopping time with respect to
the filtration generated by the value of the firm that is not observable by
regular investors. We assume that the stock price and the value of the
firm are correlated. We study three investors with different information
levels trading in the market who aim to price a general default-sensitive
contingent claim. We use the density approach and Yor’s method to
solve the pricing problem. Specifically, we find the sets of equivalent
martingale measures in three cases and, when needed, we choose one of
them using f-divergence approach.

1. Introduction

When pricing a financial derivative, it is important to take into account
the possibility of a default of the company on which stock the financial
derivative is written. Some financial derivatives have pay-off which takes
into account the possibility of default. For example, if the default does not
happen before the maturity time of the derivative, then the promised pay-
off is attained. However, when the default happens before the maturity, the
holder of the financial derivative receives compensation. The compensation
can depend on the time of default and it can be paid at the time of default
or at the maturity. We consider only the case when the compensation is
paid at the maturity. We call such financial derivatives the default-sensitive
derivatives.

Two main approaches to default modelling have been studied in the litera-
ture of financial mathematics: the structural approach and the reduced-form
approach. In the structural approach, pioneered by Merton in 1974, the de-
fault happens when a fundamental process of the firm falls below a threshold
level. The fundamental process can be the value of the firm, a default index
or the asset value. Hence, the default time is a stopping time in the filtration
generated by the fundamental process. In the reduced-form approach, the
default is assumed to be characterised by the default intensity process. In
this paper, we model the default time as a stopping time of the filtration
generated by the value of the firm.

Key words and phrases. Initial enlargement; progressive enlargement; equivalent mar-
tingale measures; pricing; f-divergence; minimal martingale measures; incomplete market.
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2 ROLE OF INFORMATION

We consider three types of investors who price the default-sensitive con-
tingent claim: the regular investor, the investor with strong information
and the investor with full information. All three investors observe the stock
price process. Additionally, the regular investor observes the default when
it happens, the investor with strong information knows the default from
the beginning and the investor with full information also knows the default
from the beginning and observes the value of the firm. The information
level of each of the investors is modelled by the enlargement of the filtration
generated by the stock price process.

For each of the investors, we state the conditions that need to be satisfied
so that the stock price process remains a semi-martingale in the enlarged
filtration. Then, we characterize, for every investor, the set of equivalent
martingale measures and give the pricing formulae.

2. Model

Let (Ω,A,A = (At)t≥0,P) be a filtered probability space, where A is the
P-augmentation of the filtration generated by a two-dimensional Brownian
motion (W 2,W 2,⊥), where W 2 is independent of W 2,⊥. For a given stochas-
tic process X = (Xt)t≥0, we denote by FX = (FXt )t≥0 the natural filtration
(satisfying the usual hypotheses of completion and right continuity) gener-
ated by X. Let ρ ∈ (−1, 1) and W 1 denote the Brownian motion correlated
with W 2 according to

W 1
t = ρW 2

t +
√

1− ρ2W 2,⊥
t ,(1)

so that d〈W 1,W 2〉t = ρdt and denote, for i = 1, 2, Fi = (F it )t≥0 the com-
pleted filtration generated by W i. Similarly, the (completed) filtration F2,⊥

is generated by W 2,⊥. Moreover, let F = (Ft)t≥0 denote the completed,
right-continuous filtration generated by W 1 and W 2. Since the process W 2,⊥

satisfies

W 2,⊥
t =

W 1
t − ρW 2

t√
1− ρ2

,

the filtration F coincides with A. In what follows, for a filtration K, the set
P(K) is the set of K-predictable processes.

Let S, V and τ denote the stock price, the value of the firm and the
default time of the company, respectively.

We model the stock price, S, as a strictly positive F1-adapted diffusion
driven by W 1. Namely, we assume that it satisfies the following stochastic
differential equation:

dSt = St(µ(St)dt+ σ(St)dW
1
t ), S0 = s0,

where s0 is a positive deterministic constant, the two functions µ and σ > 0
satisfy the local Lipschitz condition and the condition of linear growth so
that the solution is unique (see [11] for details).
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We assume that the value of the firm, V , is an F2-adapted diffusion driven
by W 2, starting at V0 = v0 which satisfies FVt = F2

t , for all t ≥ 0. The stock
price process is correlated with the value of the firm (if ρ 6= 0).

We model the default of the firm as a strictly positive, finite F2-stopping
time τ (which is F2

∞-measurable). We assume that the law of τ is equivalent
to the Lebesgue measure on R+, i.e., P(τ ∈ du) ∼ du. Consequently, there
exists a strictly positive function g (the density of the law of τ) such that,
for every u ≥ 0,

P(τ > u) =

∫ ∞
u

g(s)ds.

From the fact that τ is an F2-stopping time it is possible to know whether
the default has already occurred or not by the observation of V. We note
that, if ρ 6= 0 the default time τ fails to be independent of F1

t , for every
t ≥ 0.

We consider a financial market with the stock S = (St)t≥0 and a bank
account B = (Bt)t≥0 assumed, for simplicity, to be constant equal to 1. In
order that the financial market is arbitrage free, we assume the following:

Hypothesis 2.1. The process θ = (θt)t≥0, where θt = µ(St)
σ(St)

, is such that

the process m = (mt)t≥0, where mt = E(−
∫ ·

0 θsdW
1
s )t, m0 = 1 is an (F1,P)-

martingale.

This is the case if θ satisfies the Novikov’s condition or Kamazaki’s con-
dition (see [9], page 75), (e.g., if the coefficients µ and σ are such that θ is
bounded). Then, m defines the unique change of probability measure on F1

by
dQ|F1

t
= mtdP|F1

t
∀t ≥ 0,

such that the process S is an (F1,Q)-(local) martingale and the set of equiv-
alent martingale measures is non-empty and reduced to a singleton.

Definition 2.2. Let the maturity time T > 0 be fixed. A default-sensitive
contingent claim is a random variable of the form

Ψτ = Y 1
T Iτ>T + Y 2

T (τ)Iτ≤T ,(2)

where, for u ≥ 0, Y 1
T and Y 2

T (u) are integrable, F1
T -measurable random vari-

ables.

Let K denote a complete and right-continuous filtration such that F1 ⊂ K
and K∞ ⊂ A∞. We give a definition of a price of the default-sensitive con-
tingent claim defined by (2). We denote by M(K) the set of equivalent
martingale measures, or pricing measures, i.e., the set of probability mea-
sures equivalent to P in K such that if Q ∈M(K), then S is a (K,Q)-(local)
martingale.

Definition 2.3. If the set M(K) is non-empty and Q ∈ M(K), a (K,Q)-
fair price at time 0 ≤ t ≤ T of the contingent claim Ψτ is the conditional
expectation of Ψτ with respect to Kt under Q, i.e.,
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CK,Ψτ
t,Q = EQ(Ψτ |Kt).(3)

Note that ifM(K) is empty, there will exist arbitrage opportunities in the
enlarged filtration. This is studied in the literature under the name insider
trading. IfM(K) is non-empty, it is known that a fair price does not induce
arbitrage opportunity.

3. Various flows of information

We model the flows of information available for various types of investors
as filtrations larger that the reference filtration F1 generated by S.

In this section we introduce three different types of investors who, except
for the observation of S, have some additional information about the time
of default: investors with strong information about the time of default τ ,
regular investors who have information about the default when it occurs and
agents with full information who have the strong information and observe the
value of the firm V . In general, the stock price process, S, does not remain
a semi-martingale in one of the enlarged filtration K defined above. How-
ever, under some specific hypotheses, any (F1,P)-semi-martingale remains
a (K,P)-semi-martingale. One of the hypotheses is Jacod’s Hypothesis. We
will assume that this hypothesis holds for the first two cases of investors.
In the case of the third investor, the investor with full information, Jacod’s
Hypothesis is never satisfied. Hence, we recall Yor’s method introduced
in [15], which requires some other conditions. Then, under the appropriate
hypotheses, we give the semi-martingale decomposition of S in the enlarged
filtration K. Furthermore, we characterize all strictly positive (K,P)-(local)
martingales and consider only those ones, which are (K,P)-martingales and
define the set M(K) of equivalent martingale measures, proving that this
set is not empty.

We denote the set of all P-integrable, A-measurable random variables by
I.

3.1. Investors with strong information. The investor with strong in-
formation observes the stock price process S as well as she possesses the
knowledge of default time τ from time t = 0. Specifically, her information
flow is modelled by the initially enlarged filtration Gτ = (Gτt )t≥0, where

Gτt =
⋂
ε>0

F1
t+ε ∨ σ(τ) ∀t ≥ 0.(4)

See [10] for details on the initial enlargement. Note that Gτ0 = σ(τ) up to
P-negligible sets.
If ρ = 0, then τ is independent from F1 and the stock price process S, re-
mains a semi-martingale in the filtration Gτ with the same semi-martingale
decomposition as in the reference filtration F1. However, it is not the case for
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a general ρ ∈ (−1, 1). It was shown in [8], that under the following Hypoth-
esis 3.1, every (F1,P)-semi-martingale remains a (Gτ ,P)-semi-martingale.

Hypothesis 3.1. The F1-(regular) conditional law of τ is equivalent to the
law of τ, i.e.,

P(τ ∈ du|F1
t ) ∼ P(τ ∈ du) ∀t ≥ 0, ∀u ≥ 0, P− a.s.

We assume that Hypothesis 3.1 holds in Sections 3.1 and 3.2.
We recall results which establish the semi-martingale decomposition of S in
the initially enlarged filtration Gτ . By Amendinger’s reformulation of Ja-
cod’s result (see [1] and [6]): there exists a regular version of the conditional
density, i.e., for any fixed t ≥ 0 there exists an F1

t ⊗ B(R+)-measurable,
strictly positive function (ω, u) 7→ pt(ω, u) such that for every u ≥ 0,
p(u) = (pt(u))t≥0 is an (F1,P)-martingale and

P(τ > u|F1
t ) =

∫ ∞
u

pt(s)g(s)ds, ∀t ≥ 0 P− a.s,(5)

where F1
t ⊗B(R+) is the product σ-algebra, generated by the sets {A×B :

A ∈ F1
t , B ∈ B(R+)}.

By hypothesis on the law of τ , P(τ > u|F1
0 ) = P(τ > u) =

∫∞
u g(s)ds.

Thus, p0(u) = 1, for all u ≥ 0. The family of martingales (p(u), u ≥ 0)
is called the conditional density of τ given F1. From the martingale repre-
sentation theorem in a Brownian filtration and the strict positivity of p we
have, for every u ≥ 0, the existence of an (F1-predictable process β(u)) such
that

dpt(u) = pt(u)βt(u)dW 1
t , p0(u) = 1.(6)

Hence,

pt(u) = exp{
∫ t

0
βs(u)dW 1

s −
1

2

∫ t

0
β2
s (u)ds}.

By [1] and [6], Hypothesis 3.1 is satisfied if and only if there exists a prob-
ability measure P∗ equivalent to P such that F1 and σ(τ) are independent
under P∗. They give the form of a specific choice of P∗ in terms of the
density p as follows:

Lemma 3.2. Under Hypothesis 3.1, the probability measure P∗ in Gτ such
that

dP∗|Gτt =
1

pt(τ)
dP|Gτt ,

makes F1 and σ(τ) independent. Furthermore, the measure P∗ is identical
to P on F1 and on σ(τ).

In particular, the (F1,P)-Brownian motion W 1 is an (F1,P∗)-Brownian
motion and a (Gτ ,P∗)-Brownian motion.

Let G = (Gt)t≥0 be the Azéma F1-supermartingale, i.e.,

Gt := P(τ > t|F1
t ) =

∫ ∞
t

pt(u)g(u)du ∀t ≥ 0,(7)
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where the integral representation holds by (5). For the proof of the following
proposition see [5].

Proposition 3.3. The process G defined by (7) starts at G0 = 1 and has
the following dynamics:

dGt = −pt(t)g(t)dt+ ΞtdW
1
t ,(8)

where

Ξt = −
∫ t

0
pt(u)βt(u)g(u)du.(9)

The decreasing and continuous process

−
∫ ·

0
pu(u)g(u)du =

(
−
∫ t

0
pu(u)g(u)du

)
t≥0

is the F1-predictable, bounded variation part of the F1-Doob-Meyer decom-
position of G.

By [8], we have the following lemma.

Lemma 3.4. Let us assume that the Hypothesis 3.1 holds. The (F1,P)-
Brownian motion W 1 has the following semi-martingale decomposition in
the filtration Gτ under the probability measure P:

W 1
t = W τ

t +

∫ t

0

d〈W 1, p(u)〉s
ps(u)

|u=τ ∀t ≥ 0,(10)

where W τ = (W τ
t )t≥0 denotes a (Gτ ,P)-Brownian motion.

As an immediate application, we obtain the semi-martingale decomposi-
tion of S in Gτ .

Theorem 3.5. The process S is a (Gτ ,P)-semi-martingale with the follow-
ing dynamics:

dSt = St

(
(µ(St) + σ(St)βt(τ))dt+ σ(St)dW

τ
t

)
,

where W τ = (W τ
t )t≥0 is a (Gτ ,P)-Brownian motion and β(τ) is defined in

(6).

Proof. From (6), d〈W 1, p(u)〉s = ps(u)βs(u)ds and from Lemma 3.4,

dW 1
t = dW τ

t + βt(τ)dt.(11)

Then,

dSt = St

(
µ(St)dt+ σ(St)(dW

τ
t + βt(τ)dt)

)
.

�

Note that, if ρ = 0, τ is independent of F1, and the Hypothesis 3.1 is
satisfied. In that trivial case, pt(u) = 1 and βt(u) = 0 for all t ≥ 0 and
u ≥ 0. Hence, the (F1,P)-Brownian motion W 1 remains a (Gτ ,P)-Brownian
motion and S is a (Gτ ,P)-semi-martingale with the same decomposition as
in the filtration F1.
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3.1.1. Change of measure in Gτ . Our aim is to characterize the setM(Gτ ).
Using a predictable representation theorem, we characterize all strictly pos-
itive (Gτ ,P)-martingales.

As in [10], a process ζ(τ) is Gτ -predictable if and only if it is of the form
ζ(τ) = (ζt(τ))t≥0, where ζt(τ)(ω) = ςt(ω, τ(ω)) and (t, ω, u) 7→ ςt(ω, u) is a
P(F1)⊗ B(R+)-measurable function.

Let

∆ = {X,σ(τ)-measurable, strictly positive random variable}.
By Proposition 4.3 in [3], every strictly positive (Gτ ,P)-(local) martingale

Z(τ) can be uniquely represented as

dZt(τ) = Zt(τ)αt(τ)dW τ
t ,

where Z0(τ) ∈ ∆ and α(τ) is Gτ -predictable.
Let

ΓGτ = {X ∈ ∆ : EP

(
XE

(
−
∫ ·

0
(θs + βs(τ))dW τ

s

)
t

)
= 1 ∀t ≥ 0},

where E denotes the Doléans-Dade exponential.

Lemma 3.6. The set ΓGτ is not empty.

Proof. Since m is an (F1,P)-martingale, hence a (Gτ ,P∗)-martingale, it

makes sense to define the probability measure Q∗ on Gτt as dQ∗

dP∗ = mt, or
dQ∗

dP = mt
1

pt(τ) =: Lt. An integration by parts and the equality (6) lead to

dLt = −Lt(θt + βt(τ))(dWt − βt(τ)dt) = −Lt(θt + βt(τ))dW τ
t

The measure Q∗ being a probability measure, it follows that EP(Lt) = 1 for
all t ≥ 0, so X = 1 belongs to ΓGτ . �

Proposition 3.7. Let Z0(τ) ∈ ΓGτ . The process Z(τ) = (Zt(τ))t≥0, where

Zt(τ) = Z0(τ)E
(
−
∫ ·

0
(θs + βs(τ))dW τ

s

)
t

,(12)

is a (Gτ ,P)-martingale and the probability measure Q defined by

dQ|Gτt = Zt(τ)dP|Gτt ∀t ≥ 0

belongs to M(Gτ ). Conversely, any Q ∈M(Gτ ) is given by (12).

Proof. Let Z(τ) be any strictly positive (Gτ ,P)-(local) martingale of the
form dZt(τ) = Zt(τ)αt(τ)dW τ

t . The process Z(τ) defines a measure from
M(Gτ ) if and only if EP(Zt(τ)) = 1 for any t ≥ 0 (i.e., the martingale prop-
erty is satisfied) and Z(τ)S = (Zt(τ)St)t≥0 is a (Gτ ,P)-(local) martingale.
Using integration by parts formula,

d(Zt(τ)St) = Zt(τ)dSt + StdZt(τ) + d〈Z(τ), S〉t
= Zt(τ)St ( (µ(St) + σ(St)(βt(τ) + αt(τ)))dt+ (αt(τ) + σ(St))dW

τ
t )

Hence, the latter condition is satisfied if and only if α(τ) = −θ − β(τ).
Moreover, since Z0(τ) ∈ ΓGτ , we have that EP(Zt(τ)) = 1 for any t ≥ 0. �
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Since the processes θ and β(τ) are known, we have obtained an infinite
set of martingale measures which elements differ only in the starting value of
the Radon-Nikodym density, i.e., Z0(τ) ∈ ΓGτ . However, we shall see later
that this fact does not imply any incompleteness of the market.
Since the measures P∗ and Q are equivalent to P, Q is equivalent to P∗. We
give the Radon-Nikodym derivative of Q with respect to P∗.

Proposition 3.8. The Radon-Nikodym derivative for the change of measure
from Q ∈M(Gτ ) to P∗ on Gτ is given by

Yt(τ) = Z0(τ)mt.(13)

Proof. Let Q ∈M(Gτ ). By Proposition 3.7,

dQ
dP
|Gτt = Zt(τ),

where Z(τ) is defined as in (12). Moreover, by Lemma 3.6,

dQ
dP∗
|Gτt = Z0(τ)mt.

�

3.1.2. Pricing in Gτ . The change of measure defined by the process Y (τ) in
(13) allows us to give a price of the default-sensitive contingent claim Ψτ .

Proposition 3.9. Let 0 ≤ t < T. The price, CGτ ,Ψτ
t,Q , of the default-sensitive

contingent claim Ψτ = Y 1
T Iτ>T + Y 2

T (τ)Iτ≤T , where Y 1
T and Y 2

T (u) are in-
tegrable, F1

T -measurable random variables, is for any Q ∈ M(Gτ ) uniquely
given by:

CGτ ,Ψτ
t,Q = Iτ>T

EP(Y 1
TmT |F1

t )

mt
+ Iτ≤T

EP(Y 2
T (u)mT |F1

t )|u=τ

mt
,

where m = (mt)t≥0 is defined in Hypothesis 2.1.

Proof. By the change of measure defined by (13) and by (4) we get, for any
Q ∈M(Gτ ),

EQ(Ψτ |Gτt ) = (Y0(τ))−1m−1
t EP∗(ΨτY0(τ)mT |Gτt ).

The random variable Y0(τ) is Gτt -measurable for every t ≥ 0. Thus,

EQ(Ψτ |Gτt ) = m−1
t EP∗(ΨτmT |Gτt ).

Since F1
t and σ(τ) are independent under P∗ for every t ≥ 0, and mt ∈ F1

t

we have
EP∗(ΨτmT |Gτt ) = EP∗(ΨumT |F1

t )|u=τ .

From the fact that P and P∗ coincide on F1
T and the process m is F1-adapted,

EP∗(ΨumT |F1
t ) = EP(ΨumT |F1

t ),

which equals to
EP((Y 1

T Iu>T + Y 2
T (u)Iu≤T )mT |F1

t ).

�
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Example The price at time 0 ≤ t ≤ T of the default-sensitive zero-recovery
zero-coupon bond which pays Iτ>T at maturity is Iτ>T .

As already discussed, the set M(Gτ ) is infinite. Each measure Q ∈
M(Gτ ) is defined by (12). However, the randomness due to τ does not
imply any incompleteness. Indeed, as shown in Example 3.1.2, the price
of a default-sensitive zero-coupon bond is the (random) quantity Iτ>T and
the market is complete. The uniqueness of equivalent martingale measure
implies completeness if and only if the initial σ-algebra is trivial.

3.2. Regular investors. The regular investor observes the stock price pro-
cess S and the default when it happens. We model her information by the
progressive enlargement G = (Gt)t≥0, where

Gt =
⋂
ε>0

F1
t+ε ∨ σ(τ ∧ (t+ ε)) ∀t ≥ 0.

See [3] for results on the progressive enlargement. Under Hypothesis 3.1,
by Stricker’s Theorem, the process S is a (G,P)-semi-martingale. Moreover,
we have the following representation of the (F1,P)-Brownian motion W 1 in
terms of a (G,P)-Brownian motion:

Lemma 3.10. Let us assume that the Hypothesis 3.1 holds. The (F1,P)-
Brownian motion W 1 has the following semi-martingale decomposition in
filtration G:

W 1
t = Bt +

∫ τ∧t

0

d〈W 1, G〉s
Gs

+

∫ t

τ∧t

d〈W 1, p(u)〉s
ps(u)

|u=τ ,

where B = (Bt)t≥0 is a (G,P)-Brownian motion.

Theorem 3.11. The process S is a (G,P)-semi-martingale with the follow-
ing decomposition:

dSt = St

(
(µ(St) + σ(St)

Ξt
Gt

It≤τ + σ(St)βt(τ)It>τ ))dt+ σ(St)dBt

)
,

where B = (Bt)t≥0 is a (G,P)-Brownian motion and Ξ is defined in (9).

Proof. From Lemma 3.10, (8) and (6),

dW 1
t = dBt +

(Ξt
Gt

It≤τ + βt(τ)It>τ
)
dt,(14)

which leads to the result. �

We note that, if ρ = 0, then βt(τ) = 0 and Ξt = 0 for t ≥ 0. Hence, S is a
(G,P)-semi-martingale with the same decomposition as in the filtration F1.
Recall that a process ζ is G-predictable if and only if it is of the form ζ =
(ζt)t≥0, where ζt = ς̃tIt≤τ + ς̂t(τ)It>τ and ς̃ is F1-predictable and (t, ω, u) 7→
ς̂t(ω, u) is a P(F1) ⊗ B(R+)-measurable function, where P(F1) denotes the
predictable σ-algebra in F1 (see Proposition 1.3 in [3]).
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We have the following decomposition of G (see (8)):

dGt = ΞtdW
1
t − pt(t)g(t)dt =: ΞtdW

1
t − dAt

In [9] the following was shown, using the fact that G is continuous.

Lemma 3.12. Let Ht = Iτ≤t and Mt = Ht −
∫ τ∧t

0
dAs
Gs
. Then, the process

M = (Mt)t≥0 is a (G,P)-martingale, orthogonal to the (G,P)-Brownian
motion B.

3.2.1. Change of measure in G. In this section, we characterize the set
M(G). We we give the result of the predictable representation theorem
which characterizes all strictly positive (G,P)-(local) martingales.

Let

Γ = {υ = (υt)t≥0 ∈ P(F1) : υt > −1 and

∫ t

0
|υs|

dAs
Gs

<∞ ∀t ≥ 0}.(15)

By predictable representation theorem (see Proposition 4.3 in [3]), every
strictly positive (G,P)-(local) martingale K starting at K0 = 1 can be
uniquely represented as

dKt = Kt−

(
ϑtdBt + υtdMt

)
, K0 = 1,(16)

where ϑ ∈ P(G), υ ∈ Γ, M is defined as in Lemma 3.12 and B is the
(G,P)-Brownian motion defined in Lemma 3.10.

Remark The process υ in (16) is in general stated to be G-predictable in
a predictable representation theorem. However, from [9], there exists an
F1-predictable process υ̃ such that υtIt≤τ = υ̃tIt≤τ . Then, υtdMt = υ̃tdMt.

Let the process λ = (λt)t≥0 be defined by λt = pt(t)g(t)
Gt

and

γt =
Ξt
Gt

It≤τ + βt(τ)It>τ .(17)

Define

ΓG = {υ ∈ Γ : EP

(
E
(
−
∫ ·

0
(θs + γs)dBs

)
t

exp{−
∫ t∧τ

0
υsλsds+ ln(1 + υτ )It>τ}

)
= 1}.

Obviously, υ = 0 belongs to ΓG.

Proposition 3.13. Let Hypothesis 3.1 hold and υ ∈ ΓG. The process K =
(Kt)t≥0, defined as

Kt = E
(
−
∫ ·

0
(θs + γs)dBs

)
t

exp{−
∫ t∧τ

0
υsλsds+ ln(1 + υτ )It>τ},(18)

is a (G,P)-martingale and the probability measure Q defined by

dQ|Gt = KtdP|Gt ∀t ≥ 0

belongs to M(G). All the elements of M(G) are given by processes (18).
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Proof. Let K be a process of the form (18). Then EP(Kt) = 1 and the
process K is a (G,P)-martingale. Moreover, by taking into account that S
is continuous, we have

d(StKt)

StKt−
=
(
σ(St)− θt −

Ξt
Gt

It≤τ − βt(τ)It>τ
)
dBt + υtdMt.

Hence, the process SK = (StKt)t≥0 is a (G,P)-(local) martingale and the
process K defines a measure from M(G). Using the Predictable Represen-
tation property (16), any Radon-Nykodym density has the form (18). �

However, there exists more than one element υ ∈ ΓG such that K defines
a probability measure from the set M(G). Indeed, we show in Section 4,
that for the log utility function, one has v = 0. Moreover, for the power
utility function, we prove that v 6= 0 (see Remark 4.1). Hence, there exist
at least two elements of M(G). In particular, from the fact that the initial
σ-algebra G0 is trivial, the market is incomplete.

3.3. Investors with full information. We say that an investor possesses
the full information, when she observes the stock price process S, the firm
value process V and knows τ from time t = 0. We denote the information
flow by GF = (GFt )t≥0, where

GFt =
⋂
ε>0

F1
t+ε ∨ F2

t+ε ∨ σ(τ) ∀t ≥ 0.

We note that GF0 = σ(τ), up to P-negligible sets. The following proposi-
tion will establish that, since τ is an F2-stopping time, Jacod’s hypothesis
does not hold for the F-conditional law of τ , where F = (Ft)t≥0 and

Ft =
⋂
ε>0

F1
t+ε ∨ F2

t+ε ∀t ≥ 0.

Proposition 3.14. The F-conditional law of τ is given by:

P(τ > u|Ft) =

{
Iτ>tP(τ > u|F2

t ), u > t,
Iτ>u, u ≤ t. P− a.s.

Proof. From the fact that the filtration F coincides with A and τ is an F2-
stopping time, we have:

P(τ > u|Ft) = P(τ > u|At) = P(τ > u|F2
t ),

where the last equality holds by the fact that the filtration A = (At)t≥0

is generated by the two-dimensional Brownian motion (W 2,W 2,⊥) and τ is

independent of F2,⊥
t , for any t ≥ 0.

We write the conditional probability on two sets:

P(τ > u|F2
t ) = Iu>tP(τ > u|F2

t ) + Iu≤tP(τ > u|F2
t ).

On the one hand, from the fact that for u > t, {τ > u} ⊂ {τ > t} and
{τ > t} ∈ F2

t , we get:

Iu>tP(τ > u|F2
t ) = Iτ>tIu>tP(τ > u|F2

t ).
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On the other hand, from the fact that τ is an F2-stopping time, {τ > u} ∈ F2
t

for u ≤ t. We obtain:

Iu≤tP(τ > u|F2
t ) = Iu≤tIτ>u,

which gives the result.
�

From Proposition 3.14, Hypothesis 3.1 is not satisfied, since obviously
Iτ>u is not absolutely continuous with respect to any probability law with
density on R+.

3.3.1. Yor’s method. From the fact that the equivalence between the F-
conditional and unconditional law of τ does not hold, we cannot apply Ja-
cod’s result for the decomposition of W 1 and W 2 in GF . However, since
we work with a Brownian filtration, we can use Yor’s method (see [15]).
For our purpose we fix u ≥ 0 and consider the process P (u) = (Pt(u))t≥0,
where Pt(u) = P(τ > u|Ft), which, as in the proof of Proposition 3.14, co-
incides with P(τ > u|F2

t ). The process P (u) is an (F2,P)-square integrable
martingale (as discussed in Section 2, also an (A,P)-martingale) and by the
martingale representation theorem, it can be written as:

Pt(u) = P0(u) +

∫ t

0
Qs(u)dW 2

s ,(19)

where the process Q(u) = (Qt(u))t≥0 ∈ P(A). There exists a family of
measures P (dx) = (Pt(dx))t≥0 such that

Pt(u) =

∫ ∞
u

Pt(dx).(20)

Similarly as in [15], we work under following hypothesis:

Hypothesis 3.15. There exists an A-predictable family of measures Q(dx) =
(Qt(dx))t≥0 such that

i) the process Q(u) defined in (19) can be written as Qt(u) =
∫∞
u Qt(dx),

ii) the measure Qt(dx) is absolutely continuous with respect to Pt(dx)
for every t ≥ 0,

iii) the process ζ(τ) defined by Qt(dx) = ζt(x)Pt(dx) satisfies
∫ t

0 |ζs(τ)|ds <
∞ for every t ≥ 0.

We assume that Hypothesis 3.15 holds in Section 3.3.
Now, we state a part of Theorem 1.6 in [15]:

Lemma 3.16. The (A,P)-Brownian motion W 2 decomposes as:

W 2
t = W 2,τ

t +

∫ t

0
ζs(τ)ds,

where W 2,τ is a (GF ,P)-Brownian motion.
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Theorem 3.17. The process W 2,⊥ is a (GF ,P)-Brownian motion. The
(A,P)-Brownian motion W 1 decomposes as

W 1
t = W 1,τ

t + ρ

∫ t

0
ζs(τ)ds,

where W 1,τ denotes a (GF ,P)-Brownian motion.

Proof. From the fact that τ is an F2-stopping time, we have

P(τ > u|F2,⊥
t ) = P(τ > u).

Hence, the (A,P)-Brownian motion W 2,⊥ remains a (GF ,P)-Brownian mo-
tion independent from W 2,τ and

W 1
t = ρW 2

t +
√

1− ρ2W 2,⊥
t = ρW 2,τ

t +
√

1− ρ2W 2,⊥
t + ρ

∫ t

0
ζs(τ)ds.

The process W 1,τ = ρW 2,τ +
√

1− ρ2W 2,⊥ is a (GF ,P)-Brownian motion
and the result holds. �

We have that d〈W 1,τ ,W 2,τ 〉t = d〈W 1,W 2〉t = ρdt. Hence, there exists a
(GF ,P)-Brownian motion W 1,τ,⊥, independent of W 1,τ , such that

W 2,τ
t = ρW 1,τ

t +
√

1− ρ2W 1,τ,⊥
t

and the filtration GF coincides with the initial enlargement of the two-
dimensional Brownian motion (W 1,τ ,W 1,τ,⊥).

Theorem 3.18. The process S is a (GF ,P)-semi-martingale with the fol-
lowing decomposition:

dSt = St

((
µ(St) + σ(St)ρζt(τ)

)
dt+ σ(St)dW

1,τ
t

)
.(21)

3.3.2. Change of measure in GF . Hereafter, we characterize the setM(GF).
We give a predictable representation theorem which characterizes all strictly
positive (GF,P)-(local) martingales. Then, we give a hypothesis which has
to be satisfied if we want to avoid arbitrages opportunities.

Analogously to Proposition 4.3 in [3], we note that every strictly positive
(GF ,P)-(local) martingale L(τ) can be uniquely represented as

dLt(τ) = Lt(τ)
(
at(τ)dW 1,τ

t + bt(τ)dW 1,τ,⊥
t

)
,(22)

where a(τ) ∈ P(GF ), b(τ) ∈ P(GF ), W 1,τ and W 1,τ,⊥ denote the orthogonal
(GF ,P)-Brownian motions and L0(τ) ∈ ∆. Let us define the following sets:

Γ̂ = {(b,X) : (b,X) ∈ P(GF )×∆}
and

ΓGF = {(b,X) ∈ Γ̂ : EP

(
XE

(
−
∫ ·

0

(
θs + ρζs(τ)

)
dW 1,τ

s

)
t

· E
(∫ ·

0
bs(τ)dW 1,τ,⊥

s

)
t

)
= 1}.

Hypothesis 3.19. The set ΓGF is not empty
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Proposition 3.20. Let Hypotheses 3.15 and 3.19 hold. For any (b, L0(τ))
from the set ΓGF , the process L(τ) given by

Lt(τ) = L0(τ)E
(
−
∫ ·

0

(
θs + ρζs(τ)

)
dW 1,τ

s

)
t

· E
(∫ ·

0
bs(τ)dW 1,τ,⊥

s

)
t

(23)

is a (GF ,P)-martingale and the probability measure Q defined by

dQ|GFt = Lt(τ)dP|GFt ∀t ≥ 0

belongs to M(GF ). Conversely, any Q ∈M(GF ) is given by (23).

Proof. Let L(τ) be any strictly positive (GF ,P)-(local) martingale of the

form dLt(τ) = Lt(τ)
(
at(τ)dW 1,τ

t + bt(τ)dW 1,τ,⊥
t

)
. The process L(τ) defines

a measure from M(GF ) if and only if EP(Lt(τ)) = 1 for any t ≥ 0 and
L(τ)S = (Lt(τ)St)t≥0 is a (GF ,P)-(local) martingale. The latter is satisfied
if and only if a(τ) = −θ − ρζ(τ). Moreover, since (b, L0(τ)) ∈ ΓGF , we have
that EP(Lt(τ)) = 1 for any t ≥ 0. �

The processes θ and ζ(τ) in (23) are known. However, there exist infinitely
many processes (b(τ), L0(τ)) ∈ ΓGF such that L(τ) defines a probability
measure from the set M(GF ). Hence, the set M(GF ) has infinitely many
elements.

3.3.3. Pricing in GF . We recall that we work under Hypothesis 3.15 and
Hypothesis 3.19.

Proposition 3.21. Let 0 ≤ t ≤ T. The price, CGF ,Ψτ
t,Q , of the default-

sensitive contingent claim Ψτ = Y 1
T Iτ>T + Y 2

T (τ)Iτ≤T , where Y 1
T and Y 2

T (u)
are integrable, F1

T -measurable random variables is for any Q ∈ M(GF )
uniquely given by:

CGF ,Ψτ
t,Q = IT<τCGF

1,t + IT≥τCGF
2,t ,(24)

where

CGF
1,t =

EP(Y 1
TLT (u)ΠT (u)|F1

t ∨ F2
t )|u=τ

Lt(τ)Πt(τ)
,

CGF
2,t =

EP(Y 2
T (u)LT (u)|F1

t ∨ F2
t )|u=τ

Lt(τ)Πt(τ)
,

Lt(τ) = E
(
−
∫ ·

0

(
θs + ρζs(τ)

)
dW 1,τ

s

)
t

∀t ≥ 0

and Πt(u)du = P(τ ∈ du|F2
t ).

Proof. We have that

CGF ,Ψτ
t,Q =

EP((Y 1
T Iτ>T + Y 2

T (τ)Iτ≤T )LT (τ)|GFt )

Lt(τ)
.
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Let us denote Πt(u)du = P(τ ∈ du|F2
t ). On τ ≤ T, Πt(u)du = δτ (du).

Hence, on τ > T

CGF
1,t =

EP(Y 1
TLT (τ)|GFt )

Lt(τ)
=

EP(Y 1
TLT (u)ΠT (u)|F1

t ∨ F2
t )|u=τ

Lt(τ)Πt(τ)
,

and on τ ≤ T

CGF
2,t =

EP(Y 2
T (τ)LT (τ)|GFt )

Lt(τ)
=

EP(Y 2
T (u)LT (u)|F1

t ∨ F2
t )|u=τ

Lt(τ)Πt(τ)
.

�

4. f-divergence methodology

We saw in Sections 3.1, 3.2 and 3.3 that the setsM(Gτ ) andM(GF ) have
infinitely many elements and that the set M(G) has at least two elements.
However, in the case of the filtrations Gτ and GF , the price of the default-
sensitive contingent claim Ψτ is unique (and σ(τ)-measurable). To give a
price of Ψτ in the case of the filtration G, one needs to choose one of the mea-
sures from M(G) in an appropriate manner. There are various approaches
introduced in the literature, for example: the minimal entropy martingale
measure or the f -divergence minimal martingale measure (see [2]). In [13],
the problem of pricing defaultable contingent claims was studied beyond
the standard risk-neutral models. Namely, the authors used as numeraire
the growth optimal portfolio, i.e., the portfolio that maximizes expected
logarithmic utility from terminal wealth. Then, default-sensitive claims are
priced under the real-world probability measure. This methodology corre-
sponds to the benchmark approach introduced by Platen (see [12]).

In our paper, we consider the pricing via the f -divergence approach.

Definition 4.1. Let f be a convex function on [0,∞) and let Q and P be

probability measures such that Q << P and let dQ
dP |KT be the Radon-Nikodym

density of Q with respect to P on KT . We call

EP(f(
dQ
dP
|KT ))

the f -divergence of Q with respect to P on KT .

As in [4], we use Q∗ ∈M(K) such that

EP(f(
dQ∗

dP
|KT )) = inf

Q∈M(K)
EP(f(

dQ
dP
|KT )).(25)

It was shown in [2] that the f -divergence minimization is equivalent to
the utility maximization where f is the Legendre transform of a utility
function f̂ . In our study we take under consideration the utility function
f̂(x) = ln(x). Hence, in the f -divergence minimization problem (25) we
investigate f(x) = − ln(x)−1, or equivalently f(x) = − ln(x). We emphasise
the analogy to the benchmark approach, since the growth optimal portfolio
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is defined as the portfolio that maximizes expected logarithmic utility from
terminal wealth.

4.1. Pricing in G. The set M(G) has at least two elements. To choose a
pricing measure Q∗ ∈M(G) we deal with following problem:

EP(− ln(K∗T )) = inf
υ∈ΓG

EP(− ln(KT )) = sup
υ∈ΓG

EP(ln(KT )),(26)

whereK∗T = E
(
−
∫ ·

0(θs + γs)dBs
)
T

exp{−
∫ T∧τ

0 υ∗s
ps(s)g(s)

Gs
ds+ln(1+υ∗τ )IT>τ}

and γ is defined in (17).

Proposition 4.2. The optimization problem (26) is solved by

K∗T = E
(
−
∫ ·

0
(θs + γs)dBs

)
T

,(27)

i.e., υ∗ = 0, where B is the (G,P)-Brownian motion. More precisely, we
have

dQ∗|GT = E
(
−
∫ ·

0

(
θs +

Ξs
Gs

Is≤τ + βs(τ)Is>τ
)
dBs

)
T

dP|GT ∀t ≥ 0,

where Ξ is defined in (9) and θt = µ(St)
σ(St)

and β is defined as in (6).

Proof. By (18), we have

ln(KT ) = ln

(
E
(
−
∫ ·

0
(θs + γs)dBs

)
T

)
+ ln(1 + υτ )IT>τ −

∫ T∧τ

0
υsλsds.

From the fact that the process ϑ is uniquely defined and fixed, the optimiza-
tion problem (26) reduces to

EP

(
ln(1 + υ∗τ )IT>τ −

∫ T∧τ

0
υ∗sλsds

)
= sup

υ∈ΓG

EP

(
ln(1 + υτ )IT>τ −

∫ T∧τ

0
υsλsds

)
,

where ΓG is defined as in (15) and λt = pt(t)g(t)
Gt

. Denote by I = ln(1 +

υτ )IT>τ −
∫ T∧τ

0 υsλsds. By the tower property of the expectation, we have

that EP(I) = EP(EP(I|F1
T )). Then, using (5), we get:

EP(I) = EP(EP(I|F1
T )) = EP

(∫ ∞
0

(
ln(1 + υu)IT>u −

∫ T

0
Is≤uυsλsds

)
pT (u)g(u)du

)
.

By Fubini’s Theorem we get that the right-hand side of the equation above
equals

EP

(∫ T

0

(
ln(1 + υu)pT (u)g(u)− λuυu

∫ ∞
u

pT (x)g(x)dx
)
du

)
.

Applying Fubini’s Theorem and tower property, we get:

EP(I) =

∫ T

0

[
EP

(
ln(1 + υu)g(u)EP(pT (u)|F1

u)− λuυu
∫ ∞
u

EP(pT (x)|F1
u)g(x)dx

)]
du.
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Then, by the fact that p(u) is an (F1,P)-martingale, λt = pt(t)g(t)
Gt

, and

Gt =
∫∞
t pt(x)g(x)dx and using Fubini’s Theorem we obtain:

EP(I) = EP

(∫ T

0

(
pu(u)g(u)(ln(1 + υu)− υu)

)
du

)
.

The function g(z) = ln(1+z)−z has a local maximum at z = 0. We conclude
that (27) holds. �

From [5] we have:

Lemma 4.3. a) Let U be a GT -measurable, P-integrable random variable.
Then, for every 0 ≤ t < T,

EP(U |Gt)It<τ = It<τ
EP(UIt<τ |F1

t )

Gt
.(28)

b) Let YT (u) be an F1
T -measurable random variable, where u ≥ 0. Then, for

every 0 ≤ t < T,

EP(YT (τ)|Gt)It<τ = It<τ
1

Gt
EP

(∫ ∞
t

YT (u)pT (u)g(u)du|F1
t

)
and

EP(YT (τ)|Gt)It≥τ = It≥τ
EP(YT (u)pT (u)|F1

t )|u=τ

pt(τ)
.

Proposition 4.4. Let 0 ≤ t < T and f(x) = − ln(x) in the f -divergence

minimization problem. Then, the price, CG,Ψτ
t,Q∗ , of the default-sensitive con-

tingent claim Ψτ = Y 1
T Iτ>T +Y 2

T (τ)Iτ≤T , where Y 1
T and Y 2

T (u) are integrable,
F1
T -measurable random variables, is given by:

CG,Ψτ
t,Q∗ = It<τCG

1,t + It≥τCG
2,t,

where

CG
1,t =

EP(
∫ T
t Y 2

T (u)K̂∗T (u)pT (u)g(u)du|F1
t ) + EP

(
Y 1
T K̃

∗
TGT |F1

t

)
GtK̃∗t

,

CG
2,t =

EP(Y 2
T (u)K̂∗T (u)pT (u)|F1

t )|u=τ

pt(τ)K̂∗t (τ)
,

the processes G and p(τ) are defined by (7) and (6), respectively, and K∗t =

E
(∫ ·

0 ϑsdBs
)
t

= K̃∗t It≤τ + K̂∗t (τ)It>τ .

Remark The case with the power utility function was discussed in [7]. The
BSDEs methodology proves that, in general, υ∗ 6= 0. Furthermore, to the
best of our knowledge, no closed-form formula can be obtained. Namely, for
f(x) = xq, where q < 0, it is proved in [7] that, on the set t ≤ τ

v∗t =

(
v0
t

v1
t (t)

) 1
q−1

− 1.
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where v1(u) and v0 are parts of solutions of the BSDEs

dv1
t (u) =

[
−1

2
q(q − 1)|ϑ̂t(u)|2v1

t (u) + qϑ̂t(u)K̂1
t (u)

]
dt+ K̂1

t (u)dBt,

v1
T (u) = 1

dv0
t =

[(
− 1

2
q(q − 1)|ϑ̃t|2 + (1− q)λt

)
v0
t + qϑ̃tK̂

0
t

−(1− q)λt
(
v1
t (t)

)1−p
(v0
t )
p
)]
dt+ K̂0

t dBt,

v0
T = 1,

where ϑ̃t = −θt− Ξt
Gt

and ϑ̂t(τ) = −θt− βt(τ). In particular v∗t = 0 if and

only if v0
t = v1

t (t) which leads to

dv1
t (u) =

[(
−1

2
q(q − 1)|ϑ̂t(u)|2

)
v1
t (u) + qϑ̂t(u)K̂1

t (u)

]
dt+ K̂1

t (u)dBt,

v1
T (u) = 1

dv0
t =

[
− 1

2
q(q − 1)|ϑ̃t|2v0

t + qϑ̃tK̂
0
t

]
dt+ K̂0

t dBt,

v0
T = 1.

The two equations can be solved in a closed form as

v1
t (u) = E

(
ΓTt (u)|Ft

)
,

where

ΓTt (u) = exp

(∫ T

t

1

2
q(q − 1)|ϑ̂v(u)|2dv

)
E
(
−
∫ ·
t
qϑ̂v(u)dBv

)
T

.

so that
v1
t (t) = E

(
ΓTt (t)|Ft

)
and

v0
t = E

(
ΥT
t |Ft

)
,

where

ΥT
t = exp

(∫ T

t

1

2
q(q − 1)|ϑ̃v|2

)
dv

)
E
(
−
∫ ·
t
qϑ̃vdBv

)
T

.

These solutions are equal if and only if ϑ̂v(t) = ϑ̃v for any v and any t.
Equivalently, βt(τ) = Ξt

Gt
for t ≤ τ.

5. Comparison of the theoretical results

In this section, we compare the theoretical results in the three different
information settings. The assumption in the case of the regular investor
(with the information flow G) and the investor with strong information (with
the information flow Gτ ) is that the Hypothesis 3.1 holds. In the case of the
investor with full information (with information flow GF ), the Hypothesis
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3.1 never holds (see Proposition 3.14) and, accordingly, Hypotheses 3 and 4
are assumed to hold.

We showed that, even though the sets M(Gτ ) and M(GF ) have infin-
itely many elements, the price of the default-sensitive contingent claim (see
Definition 2.2) is unique. Moreover, we proved that the set M(G) has at
least two elements. From the fact that the σ-algebra G0 is trivial, the mar-
ket is incomplete for the regular investor. Then, to give a price of the
default-sensitive contingent claim, we use the f -divergence approach with
the logarithmic utility function.

6. Example

A particular case of the model considered in Section 2 is the following:
take S and V which satisfy the following stochastic differential equations:

dSt = Stσ1dW
1
t , S0 = s0

dVt = Vtσ2dW
2
t , V0 = v0,

where d〈W 1,W 2〉t = ρdt such that s0, v0, σ1 > 0, σ2 > 0, and ρ are
constants (hence, the SDEs have strong solutions) and define τ as the first
hitting time of a constant barrier:

τ = inf{t ≥ 0 : Vt ≤ a},
where a ∈ (0, v0).
Let us consider the investor with full information, defined in Section 3.3.
We use Yor’s method described in Section 3.3.1. Let us denote

Pt(u) = P(τ > u|F2
t ),

which, by Proposition 3.14, can be written as

Pt(u) =

{
Iτ>tPt(u), u > t,
Iτ>u, u ≤ t. P− a.s.

We consider Iu>tPt(u), which equals Iτ>tIu>tP(τt > u|F2
t ), where

τt = inf{s ≥ t : Vs ≤ a}.
We have that

Iu>tP(τt > u|F2
t ) = Iu>tP( inf

t≤s≤u
Vs > a|F2

t ) = Iu>tP( inf
0≤s≤u−t

Us >
a

z
)|z=Vt ,

where Ut = exp{−1
2σ

2
2t + σ2W

2
t }. The last equality is by the fact that,

for s > t : Vs = Vt exp{−1
2σ

2
2(s − t) + σ2(W 2

s −W 2
t )} = VtUs−t, Vt is F2

t -

measurable and independent from Us−t and the (A,P)-Brownian motion W 2

has stationary and independent increments. Then, we get (by [9]) that

Iu>tPt(u) = Iu>tIτ>t
(

Φ(Xt(u))− Vt
a

Φ(X̂t(u))
)

= Iu>tIτ>t
∫ ∞
u

qt(s)ds,

where

Xt(u) =
ln(Vta )− 1

2σ
2
2(u− t)

σ2

√
u− t

,
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X̂t(u) = −Xt(u)− σ2

√
u− t,

Φ(x) =

∫ x

−∞

1√
2π

exp{−y
2

2
}dy

and, from technical computations, for u > t

qt(u) =
ln(Vta )

σ2(u− t)
3
2

√
2π

exp{−
(ln( aVt ) + 1

2σ
2
2(u− t))2

2σ2
2(u− t)

}.(29)

Finally, we get

Pt(u) =

{
Iτ>t ln(Vta ) 1

σ2
√

2π

∫∞
u

1
(s−t)3/2 exp{−X2

t (s)
2 }ds, u > t,

Iτ>u, u ≤ t.
P− a.s.

On the one hand

Pt(u) =

∫ ∞
u

Pt(ds),

where

Pt(ds) =

 Iτ>t
ln(

Vt
a

)

σ2
√

2π(s−t)3
exp{−X2

t (s)
2 }ds, s > t,

δτ (ds), s ≤ t,
and δ denotes the Dirac measure.
On the other hand, from the fact that P (u) is an (F2,P)-martingale and
applying Itô’s formula, we get, for t < τ

Pt(u) = P0(u)+

∫ t

0

( 2√
2π(u− s)

exp{−X
2
s (u)

2
}−Vs

a
σ2Φ(−Xs(u)−σ2

√
u− s)

)
dW 2

s .

Hypothesis 3.15 holds, for t < τ

Qt(du) = It<u
1√

2π(u− t)3
exp{−X

2
t (u)

2
}
( (ln(Vta ))2

σ2
2(u− t)

−
ln(Vta )

2
− 1
)
du

and

ζt(τ) = Iτ>t
Qt(du)

Pt(du)
|u=τ = Iτ>t

( 1

W 2
τ −W 2

t − 1
2σ2(τ − t)

− W 2
τ −W 2

t

τ − t

)
.(30)

To show that ∫ t

0
|ζs(τ)|ds <∞ P− a.s. ∀t ≥ 0,

we denote

xt(τ) = Iτ>t
∣∣∣ 1

W 2
τ −W 2

t − 1
2σ2(τ − t)

∣∣∣,
yt(τ) = Iτ>t

∣∣∣W 2
τ −W 2

t

τ − t

∣∣∣
and consider them separately.
To prove that ∫ t

0
xs(τ)ds <∞ P− a.s. ∀t ≥ 0,(31)
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we use the fact that there exists a probability measure P̂, equivalent to P,
under which the process U = (Ut)t≥0, where W̃t = W 2

t − 1
2σ2t, is a standard

Brownian motion. Let us denote α = 1
σ2

ln a
v0

and define the hitting times

τα = inf{t ≥ 0 : W̃t = α}

and

τβ = inf{t ≥ 0 : W̃t = β},
where β > 0. Hence, (31) holds if and only if∫ τα∧t

0

1

W̃s − α
ds <∞ P̂− a.s. ∀t ≥ 0(32)

By Exercise (2.8) on p. 244 [14],

EP̂

(∫ τα∧τβ

0

1

W̃s − α
ds

)
= − 2α

β − α

(
β +

∫ β

0

β − x
x− α

dx

)
= −2α ln

(β − α
−α

)
<∞,

for every β > 0. Hence,∫ τα∧τβ

0

1

W̃s − α
ds <∞ P̂− a.s. ∀t ≥ 0

and, from the fact that β > 0 is arbitrary, (32) holds for any t ≥ 0. Moreover,
from the fact that Brownian motion is Hölder continuous with exponent γ,
where γ ≤ 1

2 , we have that∫ t

0
ys(τ)ds <∞ P− a.s. ∀t ≥ 0.

Finally,∫ t

0
|ζs(τ)|ds ≤

∫ t

0
xs(τ)ds+

∫ t

0
ys(τ)ds <∞ P− a.s. ∀t ≥ 0.

By Lemma 3.16 and from the fact that P (u) = (Pt(u))t≥0, is an (F2,P)-
martingale, we get the enlargement decomposition formulae for the (F1,P)-
Brownian motion W 1:

W 1
t = W 1,τ

t + ρ

∫ t∧τ

0

( 1

W 2
τ −W 2

s − 1
2σ2(τ − s)

− W 2
τ −W 2

s

τ − s

)
ds,

where W 1,τ denotes a (GF ,P)-Brownian motion. Moreover, the process S
is a (GF ,P)-semi-martingale with the following decomposition:

dSt = σ1St

(
dW 1,τ

t + It<τρ

(
1

W 2
τ −W 2

t − 1
2σ2(τ − t)

− W 2
τ −W 2

t

τ − t

)
dt

)
and it is a (GF ,Q)-(local) martingale if and only if the processes a(τ) and
b(τ), defined in Section 3.3.2, are such that

at(τ) = −ρζt(τ).
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Thus, the process L(τ), defined in Section 3.3.2, can be written as follows:

Lt(τ) = L0(τ)E
(
−ρ
∫ ·

0
ζs(τ)dW 1,τ

s

)
t

· E
(∫ ·

0
bs(τ)dW 1,τ,⊥

s

)
t

.

The price of the default-sensitive contingent claim Ψτ = Y 1
T Iτ>T+Y 2

T (τ)Iτ≤T ,
where Y 1

T and Y 2
T (u) are integrable, F1

T -measurable, is uniquely given by

CGF ,Ψτ
t,Q = IT<τCGF

1,t + IT≥τCGF
2,t ,(33)

where

CGF
1,t =

EP(Y 1
TLT (u)ΠT (u)|F1

t ∨ F2
t )|u=τ

Lt(τ)Πt(τ)
,

CGF
2,t =

EP(Y 2
T (u)LT (u)|F1

t ∨ F2
t )|u=τ

Lt(τ)Πt(τ)
,

Lt(u) = E

(
−ρ
∫ ·∧u

0

( 1

W 2
u −W 2

s − 1
2σ2(u− s)

− W 2
u −W 2

s

u− s

)
dW 1,τ

s

)
t

and Π(u) = (Πt(u))t≥0 satisfies Πt(u)du = P(τ ∈ du|F2
t ).
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DYNKIN GAMES WITH HETEROGENEOUS BELIEFS

ERIK EKSTRÖM1, KRISTOFFER GLOVER AND MARTA LENIEC

Abstract. We study zero-sum optimal stopping games (Dynkin games)
between two players who disagree about the underlying model. In a Mar-
kovian setting, a verification result is established showing that if a pair
of functions can be found that satisfies some natural conditions, then a
Nash equilibrium of stopping times is obtained, with the given functions
as the corresponding value functions. In general, however, there is no
uniqueness of Nash equilibria, and different equilibria give rise to differ-
ent value functions. As an example, we provide a thorough study of the
game version of the American call option under heterogeneous beliefs.
Finally, we also study equilibria in randomized stopping times.

1. Introduction

There is an extensive literature on zero-sum optimal stopping games
(Dynkin games) under homogeneous beliefs, see [2], [4] and [14] for some
classical references. More recently, these games have found applications in
mathematical finance, see [11], which motivated further studies, see for ex-
ample [1], [5], [6], [7], [12] and [17]. Other recent contributions study various
modifications of the zero-sum optimal stopping game. For example, in [16]
it is shown that the game has a value under very general conditions on the
payoff processes if randomized strategies are used. Furthermore, [8] studies
a game with randomized strategies and asymmetric information about the
payoff functions and in [13], a game with asymmetric information about the
time horizon is studied. Finally, [9] considers extensions to nonzero-sum
games, providing conditions under which a Nash equilibrium in stopping
times exists.

A common assumption in all the above references is that the players agree
about the distributional properties of the underlying stochastic process. In
many situations, however, it is natural that the two players disagree about
the model for the underlying. For example, the buyer of a game call option
would typically estimate the drift of the underlying asset higher than would
the seller. Of course, standard hedging arguments show that to avoid arbi-
trage possibilities, pricing should be done in a risk-neutral setting. However,
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2000 Mathematics Subject Classification. Primary 60G40; Secondary 91G20.
Key words and phrases. Dynkin games; heterogeneous beliefs; multiple Nash equilibria;

optimal stopping theory.
1 Support from the Swedish Research Council (VR) is gratefully acknowledged.
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2 ERIK EKSTRÖM, KRISTOFFER GLOVER AND MARTA LENIEC

if the players are not interested in hedging the risk away, or even prohib-
ited from trading in the underlying, then their estimate of the drift is an
important consideration. In the current article we study zero-sum optimal
stopping games under heterogeneous beliefs about the distributional proper-
ties of the underlying stochastic process. More precisely, we study the case
in which the underlying process is a diffusion, and the two players estimate
the drift of the diffusion differently. Such a situation may arise, for example,
from the use of different calibration methods, or simply from different views
about the future. We also allow the players to apply different discount rates
for valuation, caused, for example, by differing attitudes towards risk. How-
ever, an important assumption we make is that the players agree to disagree
in the sense that each player has full information about the other player’s
beliefs. In this way, we avoid additional technical difficulties associated with
the inference of beliefs.

In general, there will not exist a consensus about the value of the op-
timal stopping game under heterogeneous beliefs. Indeed, given a Nash
equilibrium of stopping times, the seller and the buyer will estimate the dis-
tributional properties of the expected payoff differently, and thus the seller’s
value function and the buyer’s value function will disagree. Moreover, un-
like the case of zero-sum games under homogeneous beliefs, different Nash
equilibria will lead to different value functions. In a Markovian setting, we
provide a verification result that shows that if two given functions satisfy a
set of natural conditions, then a Nash equilibrium is obtained such that the
two functions are the values for the players. We then use the verification
result to determine Nash equilibria for the game version of the American
call option under heterogeneous beliefs when the underlying diffusion is a
geometric Brownian motion. In particular, we show that under some param-
eter regimes there exist multiple equilibria, with different associated value
functions.

We also include a study of optimal stopping games under heterogeneous
beliefs allowing for randomized strategies. A verification result is provided
in this setting, and it is used in a study of the game version of the American
call option to find another Nash equilibrium. While the Nash equlibria in
terms of stopping times are typically hitting times, the equlibria in random-
ized stopping times may be described as intensity based in the sense that
the players exercise with certain level-dependent intensities. This leads to
potentially non-smooth value functions.

The paper is organised as follows. In Section 2 we introduce the model
for heterogeneous beliefs and the optimal stopping game, and we specify
conditions under which there exists a Nash equilibrium. In Section 3 we
provide the verification theorem, which is used in Section 4 in the study
of the game version of the American call option. Finally, in Section 5 a
verification result for randomized strategies is given, and it is applied to the
game version of the American call option.
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2. Heterogeneous beliefs and Nash equilibria

We study an optimal stopping game between two players, Player 1 and
Player 2, in which the players disagree about the distributional properties of
the underlying stochastic process. To describe the setting mathematically,
let (Ω,F ,F,P1) be a filtered probability space, where F = (Ft)t≥0 is the
completion of the filtration generated by a Brownian motion W 1. Player
1 models the underlying stochastic process X as an F-adapted diffusion
process driven by W 1 with drift µ1, i.e.,

dXt = µ1(Xt) dt+ σ(Xt) dW
1
t , X0 = x,

where x is a positive deterministic constant and the two functions µ1 : R→
R and σ : R → (0,∞) satisfy the standard Lipschitz condition so that a
unique, non-exploding, strong solution exists.

Let µ2 be another Lipschitz continuous function, and let

ηt =
µ2(Xt)− µ1(Xt)

σ(Xt)
.

We assume that the process Z defined by

dZt = ηtZtdW
1
t , Z0 = 1(1)

is a (P1,F)-martingale (e.g., if the functions µ1, µ2 and σ are such that η
satisfies the Novikov condition). Player 2 uses a measure P2 under which
the process

W 2
t = W 1

t −
∫ t

0
ηs ds

is a Brownian motion. Hence Player 2 models X as an F-adapted diffusion
process driven by W 2 with drift µ2, i.e.,

dXt = µ2(Xt) dt+ σ(Xt) dW
2
t , X0 = x.

Remark The existence of a probability space with two probability measures
as described above is guaranteed by [10, Corollary 3.5.2]. The measures P1

and P2 are equivalent when restricted to FT , T <∞, but not necessarily as
measures on F . Also note that we assume that the players agree about the
volatility σ. In fact, since the processX is fully observable, the instantaneous
volatility is also observable, and therefore different views on the volatility is
in contradiction with equivalence of the two measures for finite times.

Player 1 and Player 2 choose stopping times τ1 and τ2, respectively, and
at τ1 ∧ τ2 := min{τ1, τ2} Player 1 receives the amount

(2) G1(Xτ1)1{τ1≤τ2} +G2(Xτ2)1{τ2<τ1}

from Player 2, whereG1 andG2 are two given continuous functions satisfying
G1 ≤ G2. In (2), and in all similar situations below, we use the convention
that, for any function f and any stopping time τ , f(Xτ ) = 0 on the set
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{τ =∞}. Using a constant discount rate ri > 0, today’s value of the future
payoff is, according to Player i,

Ri(τ1, τ2) := Ei
[
e−ri(τ1∧τ2)

(
G1(Xτ1)1{τ1≤τ2} +G2(Xτ2)1{τ2<τ1}

)]
,

where Ei denotes the expectation under the measure Pi. Naturally, if Player
2 chooses the stopping time τ2, then the aim of Player 1 is to find a stopping
time τ∗1 such that

R1(τ∗1 , τ2) = sup
τ1
R1(τ1, τ2).

Analogously, if Player 1 chooses the stopping time τ1, then Player 2 aims at
finding a stopping time τ∗2 such that

R2(τ1, τ
∗
2 ) = inf

τ2
R2(τ1, τ2).

Definition 2.1. A pair of stopping times (τ∗1 , τ
∗
2 ) is a Nash equilibrium if

R1(τ1, τ
∗
2 ) ≤ R1(τ∗1 , τ

∗
2 )

and
R2(τ∗1 , τ2) ≥ R2(τ∗1 , τ

∗
2 )

for any stopping times τ1 and τ2. We denote by NE the set of Nash equi-
libria.

The process Z, defined by (1), defines the change of measure from P1 to
P2 by

P2(A) = E1(ZT 1A) ∀A ∈ FT .
This allows us to transform the zero-sum game under heterogeneous beliefs
into a nonzero-sum game under homogeneous beliefs, and thus the main
result from [9] may be employed to guarantee the existence of a Nash equi-
librium.

Theorem 2.2. Assume that the processes

X1
t := e−r1tG1(Xt),

X2
t := −e−r2tG2(Xt)Zt,

Y 1
t := e−r1tG2(Xt)

and
Y 2
t := −e−r2tG1(Xt)Zt

are uniformly integrable with respect to P1, and that limt→∞X
i
t = limt→∞ Y

i
t =

0 P1-a.s., i = 1, 2. Then the set NE is non-empty.

Proof. First note that

R2(τ1, τ2) = E2
[
e−r2(τ1∧τ2)

(
G1(Xτ1)1{τ1≤τ2} +G2(Xτ2)1{τ2<τ1}

)]
= E1

[
e−r2(τ1∧τ2)Zτ1∧τ2

(
G1(Xτ1)1{τ1≤τ2} +G2(Xτ2)1{τ2<τ1}

)]
.

Thus the zero-sum game under heterogeneous beliefs may be written as
a nonzero-sum games under homogeneous beliefs. Under the measure P1,
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the corresponding processes e−r1tG1(Xt), −e−r2tG2(Xt)Zt, e
−r1tG2(Xt) and

−e−r2tG1(Xt)Zt satisfy the conditions A1-A3 from [9], and [9, Theorem 2.2]
thus applies (the result in [9] is formulated for a finite time horizon, but
it readily extends to the present setting of infinite horizon with uniformly
integrable payoff processes). �

To a given Nash equilibrium (τ∗1 , τ
∗
2 ) we associate the corresponding value

V
(τ∗1 ,τ

∗
2 )

1 = sup
τ1
R1(τ1, τ

∗
2 ) = R1(τ∗1 , τ

∗
2 )

for Player 1 and the value

V
(τ∗1 ,τ

∗
2 )

2 = inf
τ2
R2(τ∗1 , τ2) = R2(τ∗1 , τ

∗
2 )

for Player 2. In the case when the players agree about the model parameters,
i.e. when P1 = P2 and r1 = r2, the existence of a Nash equilibrium (τ∗1 , τ

∗
2 )

implies that

V := inf
τ2

sup
τ1
R2(τ1, τ2) = inf

τ2
sup
τ1
R1(τ1, τ2) ≤ sup

τ1
R1(τ1, τ

∗
2 )

= R1(τ∗1 , τ
∗
2 ) = R2(τ∗1 , τ

∗
2 ) = inf

τ2
R2(τ∗1 , τ2)

≤ sup
τ1

inf
τ2
R2(τ1, τ2) ≤ V .

Consequently, the value for Player 1 and the value for Player 2 agree, and
this common value does not depend on the Nash equilibrium in the sense
that if several Nash equilibria exist, then all the corresponding associated
values coincide. On the other hand, under heterogeneity, different Nash
equilibria may have different associated values. In fact, this is the case for
the game version of the American call option, see Section 4 below.

3. A verification result

In this section we provide a verification result that shows that if a given
pair of functions (U1(x), U2(x)) satisfies a set of natural conditions, then a
Nash equilibrium of stopping times is obtained such that (U1(x), U2(x)) is
the corresponding pair of values. As noted above, there is a close connec-
tion between zero-sum games under heterogeneous beliefs and nonzero-sum
games with homogeneous beliefs. In fact, our verification result is established
along similar lines as the corresponding verification result for nonzero-sum
games under homogeneous beliefs in [3].

Let Ui : R→ R, i = 1, 2, be continuous functions such that

(3) U1 ≥ G1

and

(4) U2 ≤ G2.

Also, denote the stopping region of Player i, i = 1, 2, by

Di := {x ∈ R : Ui(x) = Gi(x)},
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and denote by

τA := inf{t ≥ 0 : Xt ∈ A}
the first hitting time of a closed set A. For ease of notation, if A = {a}, i.e.
a singleton, then we write τa instead of τ{a}.

Theorem 3.1. Assume that

(i) the functions Ui, i = 1, 2 are continuous and satisfy (3) and (4);

(ii) {e−r1(t∧τD2
)U1(Xt∧τD2

), 0 ≤ t ≤ ∞} is a P1-supermartingale;

(iii) {e−r2(t∧τD1
)U2(Xt∧τD1

), 0 ≤ t ≤ ∞} is a P2-submartingale;

(iv) {e−ri(t∧τD1
∧τD2

)Ui(Xt∧τD1
∧τD2

), 0 ≤ t ≤ ∞} is a Pi-martingale, i =
1, 2;

(v) U1 ≡ U2 on D1 ∪ D2.

Then (τD1 , τD2) is a Nash equilibrium of stopping times. Moreover, U1 is
the corresponding value for Player 1 and U2 is the corresponding value for
Player 2.

Remark One way to produce candidate functions U1 and U2 is by solving
the coupled variational inequalities{

max{L1U1, G1 − U1} = 0 on {U2 < G2}
min{L2U2, G2 − U2} = 0 on {U1 > G1},

where the differential operators Li, i = 1, 2, are defined by

(5) Li :=
1

2
σ2 d

2

dx2
+ µi

d

dx
− ri.

However, note that conditions (ii)-(iv) involve martingale properties up to
(and including) time infinity, where, by convention, the processes equal zero.
Thus additional care is needed when checking that a solution of the coupled
variational inequalities indeed provides a Nash equilibrium.

Proof. From assumption (ii) and the optional sampling theorem we have

E1
[
e−r1(τ1∧τD2

)U1(Xτ1∧τD2
)
]
≤ U1(x)

for any stopping time τ1. Since U1 ≥ G1 and U1(XτD2
) = G2(XτD2

), we
have

E1
[
e−r1(τ1∧τD2

)U1(Xτ1∧τD2
)
]

≥ E1
[
e−r1(τ1∧τD2

)(G1(Xτ1)1{τ1≤τD2
} +G2(XτD2

)1{τD2
<τ1})

]
= R1(τ1, τD2).

Thus

R1(τ1, τD2) ≤ U1(x),

so taking the supremum over stopping times τ1 yields

(6) sup
τ1
R1(τ1, τD2) ≤ U1(x).
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Similarly, (iii) yields

U2(x) ≤ E2
[
e−r2(τD1

∧τ2)U2(XτD1
∧τ2)

]
for any stopping time τ2. Since U2 ≤ G2 and U2(XτD1

) = G1(XτD1
), we

have

E2
[
e−r2(τD1

∧τ2)U2(XτD1
∧τ2)

]
≤ E2

[
e−r2(τD1

∧τ2)
(
G1(XτD1

)1{τD1
≤τ2} +G2(Xτ2)1{τ2<τD1

}

)]
= R2(τD1 , τ2).

Thus

U2(x) ≤ R2(τD1 , τ2),

so taking the infimum over stopping times τ2 yields

(7) U2(x) ≤ inf
τ2
R2(τD1 , τ2).

Finally, (iv) gives

Ei
[
e−ri(τD1

∧τD2
)Ui(XτD1

∧τD2
)
]

= Ui(x)

for i = 1, 2. Since Ui(XτD1
) = G1(XτD1

) and Ui(XτD2
) = G2(XτD2

), we have
that

Ei
[
e−ri(τD1

∧τD2
)Ui(XτD1

∧τD2
)
]

= Ei
[
e−ri(τD1

∧τD2
)
(
G1(XτD1

)1{τD1
≤τD2

} +G2(XτD2
)1{τD2

<τD1
}

)]
= Ri(τD1 , τD2).

Hence,

Ui(x) = Ri(τD1 , τD2)

for i = 1, 2, which shows that the inequalities in (6) and (7) are in fact
equalities. Consequently, (τD1 , τD2) is a Nash equilibrium of stopping times,
and U1 and U2 are the corresponding value functions. �

4. The game version of an American call option

In this section we study the game version of an American call option for
a geometric Brownian motion under heterogeneous beliefs. By a logarith-
mic change of variables, it is clear that the results of Sections 2-3 above
(formulated for processes on the whole real line) apply also to this example.
For the convenience of the reader we first recall from [17] (see also [7]) the
results under homogeneous beliefs.
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4.1. Homogeneous beliefs. In this subsection we assume that G1(x) =
(x −K)+ and G2(x) = G1(x) + δ for some constants 0 < δ < K. We also
assume that r1 = r2 =: r, and that µ1(x) = µ2(x) = µx for some constant
µ and (by abuse of notation) σ(x) = σx for some constant σ > 0. Now P1

and P2 coincide, and we denote it by P. In this case, the value function and
the optimal strategies are determined in [6] if µ = r and in [17] for µ < r.

For µ < r, denote by

vA(x, µ) = sup
τ

E[e−rτ (Xτ −K)+]

the value function of an American call option for a drift µ, and denote by

vB(x, µ) = sup
τ

E[e−r(τ∧τK)((Xτ −K)+1{τ<τK} + δ1{τ≥τK})]

the value function of an American down-and-out call option with rebate δ
at the barrier K. Let c be the solution to

vA(K, c) = δ,

and let d be the solution to

∂+vB
∂x

(K, d) = 1,

where ∂+

∂x denotes the right derivative. Furthermore, let

(8) A := inf{x ≥ K : vA(x, µ) = G1(x)}

be the optimal stopping boundary for an American call with drift µ, and let

(9) B := inf{x ≥ K : vB(x, µ) = G1(x)}

be the optimal stopping boundary for an American down-and-out call option
with rebate δ at K.

Theorem 4.1. (Yam, Yung, Zhou [17]) Assume that δ < K. Then the
constants c and d are well-defined and satisfy c < d < r. Denote by V the
value function.

• If µ < c, then V (x) = vA(x, µ).
• If c ≤ µ ≤ d, then V (x) = vB(x, µ).
• If d < µ < r, then

V (x) =

{
G2(x) for x ∈ [K, b1]
G1(x) for x ∈ [b2,∞)

and V solves 1
2σ

2x2 ∂2V
∂x2 + µx∂V∂x − rV = 0 on (0,K) and on (b1, b2)

with the obvious boundary conditions. Here b1 and b2 are found by
solving a coupled pair of equations originating from the smooth-fit
condition.

Moreover, the pair (τD1 , τD2) is a Nash equilibrium, where D1 = {x : V (x) =
G1(x)} and D2 = {x : V (x) = G2(x)}.
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Remark Note that in the case when µ = c, we have vA(x, c) = vB(x, c), and
both (τD1 , τD2) and (τD1 ,∞) are Nash equilibria. Also note that if µ = r,
then the process e−rtG2(Xt) is not uniformly integrable, so Theorem 2.2
does not apply. In fact, in this case there is no Nash equilibrium, compare
[6].

4.2. Heterogeneous beliefs. For simplicity, we assume that r1 = r2, and
we denote this common value by r, so heterogeneity only applies to the drift
of X. Let G1 and G2 be defined as above, and assume that (by abuse of
notation) µi(x) = µix and σ(x) = σx for constants µ1, µ2 and σ > 0. Since
it is natural that the buyer of a call option estimates the drift higher than
does the seller, we restrict our attention to the case µ2 < µ1 < r. The case
µ1 < µ2 can be treated similarly and hence this is a rather mild restriction.
We divide the analysis into three separate cases, depending on the value
of µ1. Furthermore, to illustrate our results graphically we choose a set of
base-case parameters to be σ = 0.15, r = 0.05, K = 1, and δ = 0.1. Given
these values we can calculate that c ≈ −0.024 and d ≈ 0.018.

For µ ∈ R, denote by Pµ a measure under which X has drift µ. The
function

H(x, µ,A,B) := Eµ
[
e−r(τA∧τB)

(
G1(XτA)1{τA≤τB} +G2(XτB)1{τB<τA}

)]
is used in the subsections below. Note that H represents the value of the
game, evaluated by an agent with drift µ, provided that Player 1 stops the
first instant that the process X enters A and Player 2 stops when X enters
B.

4.2.1. The case µ2 < µ1 ≤ c.

Theorem 4.2. If µ2 < µ1 ≤ c, then the pair (τ[A,∞),∞), where A is defined
by (8) with µ = µ1, is a Nash equilibrium.

Proof. It is straightforward to check that the pair (U1, U2), where U1 :=
vA(x, µ1) and U2 := H(x, µ2, [A,∞), ∅), satisfies the assumptions of Theo-
rem 3.1. Therefore, the result follows. �

The value functions of the Nash equilibrium described in Theorem 4.2 are
illustrated in Figure 1.

4.2.2. The case µ2 < µ1 ∈ (c, d). Let A and B be defined as in (8) and (9)
with µ = µ1, respectively. Since µ1 > c, it is straightforward to check that
B < A. Let m1 and m2 be the unique solutions of

H(K,m1, [B,∞), ∅) = δ

and
H(K,m2, [A,∞), ∅) = δ,

respectively. In words, if Player 1 stops at B (i.e. the best response if Player
2 stops at K), and Player 2 never stops, then m1 is the drift that makes
the value for Player 2 equal to δ at x = K. Similarly, if Player 1 stops at
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Figure 1. The case µ2 < µ1 ≤ c. The parameter values
used above are µ2 = −0.08 < µ1 = −0.04 < c. For these
parameters, A ≈ 1.23, and the value of Player 1 (blue) is
above the value of Player 2 (red).

A (i.e. the best response if Player 2 never stops), and Player 2 never stops,
then m2 is the drift that makes the value for Player 2 equal to δ at x = K.
Since H(K,µ, [B,∞), ∅) and H(K,µ, [A,∞), ∅) are strictly increasing in µ,
the thresholds m1 and m2 are well-defined. Moreover, they satisfy m1 < µ1

and m2 < µ1.

Theorem 4.3.
(i) If µ2 ∈ (−∞,m2], then (τ[A,∞),∞) is a Nash equilibrium.
(ii) If µ2 ∈ [m1, µ1), then (τ[B,∞), τK) is a Nash equilibrium.

Furthermore, the inequality m1 ≤ m2 holds.

Proof. First assume that µ2 ∈ (−∞,m2]. Let U1(x) := vA(x, µ1), and define

U2(x) := H(x, µ2, [A,∞), ∅).

Since µ2 ≤ m2, we have U2 ≤ G2 everywhere. Moreover, it is straightforward
to check that U1 and U2 satisfy the remaining conditions of Theorem 3.1, so
(τ[A,∞),∞) is a Nash equilibrium.

Next assume that µ2 ∈ [m1, µ1). Let U1(x) := vB(x, µ1), and define

U2(x) := H(x, µ2, [B,∞), {K}),

i.e. the value for Player 2 if Player 1 stops at B and Player 2 stops at K.
Then U1 and U2 satisfy the conditions of Theorem 3.1, so (τ[B,∞), τK) is a
Nash equilibrium.

Finally note that the function h(x) := H(x,m2, [A,∞), ∅) is convex and

satisfies h(K) = δ and ∂−h
∂x (A) > 1. Consequently, there exists a unique

point B̂ > K such that h < G1 on (B̂, A) and h > G1 on (0, B̂). More-

over, L̂2h = 0 on (0, A), where L̂2 is defined as in (5) but with drift m2x.
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Thus L1h ≥ 0 on (K, B̂) since h is increasing and m2 ≤ µ1. Conse-

quently, vB(·, µ1) ≥ h on (K, B̂), which shows that B ≥ B̂. Therefore,
H(x,m2, [B,∞), ∅) ≥ H(x,m2, [A,∞), ∅) on (0, B], so m1 ≤ m2. �

0.5 1.0 1.5 2.0
x

0.2

0.4

0.6
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1.0

1.2

1.4

V

Figure 2. The case µ2 < µ1 ∈ (c, d), µ2 ∈ [m1,m2]. The pa-
rameter values used above are µ2 = −0.012 < µ1 = 0.015 ∈
(c, d). For these parameters we have m1 ≈ −0.013, m2 ≈
−0.010, A ≈ 2.05 and B ≈ 1.88. The solid lines represent
values associated with the Nash equilibrium (τ[A,∞),∞) and
the dashed lines correspond to the equilibrium (τ[B,∞), τK).
The value for Player 1 (blue) is in both cases higher than the
corresponding value for Player 2 (red).

Remark By Theorem 4.3, the interval [m1,m2] is non-empty (actually, a
closer inspection of the proof above reveals that m1 < m2). Consequently,
if µ2 ∈ [m1,m2], then there are multiple Nash equilibria.

Theorem 4.4. Assume that µ2 ∈ [m1,m2] so that both (τ[A,∞),∞) and
(τ[B,∞), τK) are Nash equilibria. Then

(10) V
(τ[A,∞),∞)

2 ≤ V (τ[B,∞),τK)

2 ≤ V (τ[B,∞),τK)

1 ≤ V (τ[A,∞),∞)

1 .

Proof. Let µ2 ∈ [m1,m2]. Since vB(·, µ1) is increasing, we find that h(x) :=
H(x, µ2, [B,∞), {K}) satisfies L1h ≥ L1vB = 0 on (0,K) ∪ (K,B). Conse-
quently, a maximum principle argument shows that h ≤ vB(·, µ1), which is
the second inequality in (10).

Next, the function h(x) := H(x, µ2, [A,∞), ∅) is convex and satisfies

h(K) ≤ δ and ∂−h
∂x (A) > 1. Consequently, there exists a unique point B̂ > K

such that h < G1 on (B̂, A) and h > G1 on (0, B̂). A similar argument as
in the proof of Theorem 4.3 (but with drift µ2 instead of m2) shows that

B̂ ≤ B. Therefore, the first inequality in (10) follows from h(K) ≤ δ and
h(B) ≤ G1(B), and the third inequality follows from δ ≤ H(K,µ1, [A,∞), ∅)
and G1(B) ≤ H(B,µ1, [A,∞), ∅). �
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The value functions of the Nash equilibria described in Theorems 4.3 and
4.4 are illustrated in Figure 2. By Theorem 4.4, both players prefer the Nash
equilibrium (τ[A,∞),∞) to (τ[B,∞), τK). In light of this, we refer to a Nash
equilibrium as optimal if it is preferred to any other equilibrium by both
players. Specifying conditions which guarantee the existence of an optimal
equilibrium is an interesting open question. It is also of interest to note
that the equilibrium found in [9] is not necessarily optimal. In fact, it is
straightforward to check that in the case when µ2 = m2, the construction
in [9] leads to the equilibrium (τ[B,∞), τK), which is not optimal.

4.2.3. The case µ2 < µ1 ∈ [d, r). From the point of view of non-uniqueness
of Nash equilibria, this case resembles the one studied in Section 4.2.2 above.

Let vA(x, µ1), vB(x, µ1), A, B, m1 and m2 be defined as before. Moreover,
let m3 be the unique solution of

∂+H

∂x
(K,m3, [B,∞), {K}) = 1.

0.5 1.0 1.5 2.0 2.5 3.0 3.5
x

0.5

1.0

1.5

2.0

2.5

Figure 3. The case µ2 < µ1 ∈ [d, r), µ2 ∈ [m1,m2]. The
parameter values used above are µ2 = 0.0003 < µ1 = 0.03 ∈
[d, r). For these parameters we have m1 ≈ 0.00027, m2 ≈
0.00078, A ≈ 3.31 and B ≈ 3.22. The solid lines represent
values associated with the Nash equilibrium (τ[A,∞),∞) and
the dashed lines correspond to the equilibrium (τ[B,∞), τK).
The value for Player 1 (blue) is in both cases higher than the
corresponding value for Player 2 (red).

Theorem 4.5. We have m1 ≤ m2 and m1 ≤ m3. Moreover, the following
statements hold.

(i) If µ2 ∈ (−∞,m2], then (τ[A,∞),∞) is a Nash equilibrium.
(ii) If µ2 ∈ [m1,m3], then (τ[B,∞), τK) is a Nash equilibrium.
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Figure 4. The case µ2 < µ1 ∈ [d, r), µ2 ∈ (m3, µ1). The
parameter values used above are µ2 = 0.022 < µ1 = 0.03 ∈
[d, r). For these parameters we have m3 ≈ 0.0205, B1 ≈ 3.21
and B2 ≈ 1.07. The value for Player 1 (blue) is above the
value for Player 2 (red).

(iii) If µ2 ∈ (m3, µ1), then (τ[B1,∞), τ[K,B2]) is a Nash equilibrium, where
Bi, i = 1, 2 satisfy K < B2 < B1 < B and solve the following
free-boundary problem:

L1U1(x) = 0 for x ∈ (B2, B1)
L2U2(x) = 0 for x ∈ (B2, B1)
U ′1(B1) = 1
U ′2(B2) = 1
U1(x) = U2(x) = G2(x) for x ∈ [K,B2]
U1(x) = U2(x) = G1(x) for x ≥ B1.

Proof. The fact m1 ≤ m2 and properties (i)-(ii) can be proved similarly as in
Section 4.2.2. To prove thatm1 ≤ m3, note that h(x) := H(x,m1, [B,∞), {K})
satisfies h(K) = δ with h′(K) < 1. Since h is increasing we find that
h(x) ≤ H(x, µ, [B,∞), {K}) if µ ≥ m1 and h(x) ≥ H(x, µ, [B,∞), {K}) if
µ ≤ m1. Consequently, m1 ≤ m3.

The proof of (iii) follows along similar lines as in the proof of [1, Theo-
rem 4.4]. Let L be the unique point above K such that vB(L, µ1) = G2(L),

and let B̃ be defined as the smallest point above K such that

H(K,µ2, [B̃,∞), ∅) = δ.

Then K < B̃ < B and K < L < B. Now, given a point y ∈ [K,L], there
exists a unique point b(y) such that if Player 2 uses τ[K,y], then τ[b(y),∞) is the

best response for Player 1. Moreover, b(y) ∈ [B̃, B], and b(K) = b(L) = B.

Similarly, given a point z ∈ [B̃, B], there exists a unique point a(z) ≥ K such
that if Player 1 uses τ[z,∞), then the best response for Player 2 is τ[K,a(z)], and
a(B) ∈ (K,L). Thus a(b(K))−K > 0 and a(b(L))− L < 0. By continuity
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of the functions a and b, there exists a point B2 such that a(b(B2))−B2 = 0.
It is then straightforward, using Theorem 3.1, to check that this point B2

together with B1 = b(B2) have the desired properties. �

Remark We have not been able to establish a relation between m2 and m3.
However, numerical experiments indicate that m2 ≤ m3 at least for a wide
range of parameter values.

The value functions of the Nash equilibria described in Theorem 4.5 are
illustrated in Figures 3 and 4. Figure 3 shows the multiple equilibria when
µ2 ∈ [m1,m2] and Figure 4 the equilibrium (τ[B1,∞), τ[K,B2]) which exists
when µ2 ∈ (m3, µ1).

5. Randomized strategies

When considering Dynkin games, a natural extension of stopping times
(corresponding to pure strategies in game theory) is the concept of random-
ized stopping times (corresponding to mixed strategies). In this section we
study such games under heterogeneous beliefs where the admissible strate-
gies are randomized stopping times, compare [8] and [16]. Our definition
of randomized stopping times is equivalent to the one in [16], but the de-
scription is slightly changed in order to emphasize an interpretation using
intensities of stopping.

To model randomized stopping times, let θ be a random variable which is
exponentially distributed with parameter 1 and independent of X. Given an
adapted, non-decreasing and right-continuous [0,∞]-valued process Γ with
Γ0− = 0, define the associated randomized stopping time by

γ := γΓ := inf{t ≥ 0 : Γt > θ},
and denote by

T := {γΓ : Γ adapted, non-decreasing, right-continuous with Γ0− = 0}
the set of randomized stopping times. In this way, the set of randomized
stopping times contains the set of stopping times. Indeed, given a stopping
time τ , define

Γt :=

{
0 t < τ
∞ t ≥ τ.

Then γΓ = τ .
One natural class of randomized stopping times is the one constructed as

follows. Let Λ be a non-negative measure on (0,∞), and define an adapted

and non-decreasing process Γ̃Λ by

Γ̃Λ
t :=

∫
R

Lt(z)

σ2(z)
Λ(dz),

where Lt(z) is the local time of X at time t at the point z. Then Γ̃ is
left-continuous everywhere, and continuous everywhere but possibly at one
time-point, at which it jumps to infinity. The process ΓΛ

t := lims↓t Γ̃Λ
s is



DYNKIN GAMES WITH HETEROGENEOUS BELIEFS 15

adapted, right-continuous and satisfies ΓΛ
0− = 0. The corresponding ran-

domized stopping time γ = γΓΛ is then Markovian in the sense that the
intensity of stopping only depends on the current level of X.

Example Consider the special case when the measure Λ has a continuous
density so that Λ(dz) = λ(z) dz for some continuous function λ. Then, by
the occupation time formula, see [15, Corollary 1 on p. 219],

ΓΛ
t =

∫ t

0
λ(Xs) ds.

Therefore λ(z) is the intensity with which γ happens given that the current
value of X is z.

Example As another illustrative example, suppose that Λ = δx0 , where δx0

denotes a point mass at some point x0. Then ΓΛ
t = Lt(x0)/σ2(x0), so Γ

only increases at times when the value of X is x0. Thus the corresponding
randomized stopping time γ = γΓΛ satisfies Xγ = x0 on the event {γ <∞}.
Example Finally, assume that Λ =∞δx0 , i.e. an infinite point-mass at x0.
Then

ΓΛ
t =

{
0 t < τx0

∞ t ≥ τx0 .

Consequently, the corresponding randomized stopping time satisfies γ = τx0 .

In order to introduce a random device for each player, we extend the
probability space as ([0,∞)2×Ω, λ1⊗λ2⊗P1), where λ1 and λ2 denote the
law of independent exponentially distributed random variables θ1 and θ2.
By abuse of notation, we use Pi instead of λ1 ⊗ λ2 ⊗ Pi.

We may now define Nash equilibria as in Definition 2.1, but where stop-
ping times are replaced by randomized stopping times, and for a given Nash
equilibrium there are the corresponding value functions of Player 1 and
Player 2, respectively. We then have the following verification result. The
proof follows along the same lines as the proof of Theorem 3.1, and is there-
fore omitted.

Theorem 5.1. Assume that Ui : (0,∞) → [0,∞), i = 1, 2 are continuous
functions such that U1 ≥ G1 and U2 ≤ G2. Furthermore, assume that
(γ1, γ2) is a pair of randomized stopping times such that for any randomized
stopping time γ we have

(i) E1
[
e−r1(γ∧γ2)

(
U1(Xγ)1{γ≤γ2} +G2(Xγ2)1{γ2<γ}

)]
≤ U1(x);

(ii) E2
[
e−r2(γ∧γ1)

(
G1(Xγ1)1{γ1≤γ} + U2(Xγ)1{γ<γ1}

)]
≥ U2(x);

(iii) Ei
[
e−ri(γ1∧γ2)

(
G1(Xγ1)1{γ1≤γ2} +G2(Xγ2)1{γ2<γ1}

)]
= Ui(x), i =

1, 2.

Then (γ1, γ2) is a Nash equilibrium in randomized stopping times. More-
over, U1 and U2 are the corresponding values for Player 1 and Player 2,
respectively.

We now illustrate Theorem 5.1 in the same example of a game version of
the American call option as studied in Section 4.
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Example With the notation as in Section 4 above, assume r1 = r2 and that
µ1 and µ2 are such that µ1 ∈ (c, d) and m1 < µ2 < m2. For Player 2 we
will consider randomized stopping times constructed from point-masses lδK
at K, where l ∈ [0,∞], and we will denote the corresponding randomized
stopping time by γl2.

If l = 0, then γl2 = ∞, and the best response for Player 1 is γ1 = τA.
The corresponding value for Player 2 is therefore H(x, µ2, [A,∞), ∅), which
at x = K satisfies H(K,µ2, [A,∞), ∅) < δ since µ2 < m2.
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Figure 5. The value functions corresponding to the Nash
equilibrium in randomized strategies. The parameters used
are the same as in Figure 2. For these parameters we have
l0 ≈ 0.113 and b(l0) ≈ 1.94 ∈ (B,A). Note that the value
function for Player 1 (blue) has a kink at x = K.

If l = ∞, then γl2 = τK , and the best response for Player 1 is γ1 = τB.
Note that the function H(x, µ2, [B,∞), ∅) satisfies H(K,µ2, [B,∞), ∅) > δ
since µ2 > m1.

For l ∈ (0,∞), the value

U1 := U l1 := sup
γ1∈T

R1(γ1, γ
l
2)

for Player 1 is given by solving the free-boundary problem
L1U1 = 0 x ∈ (0,K) ∪ (K, b)
1
2σ

2K2(d
+

dxU1 − d−

dxU1) = l(U1 − δ) x = K
U1(x) = x−K x ≥ b
U ′1(b) = 1.

Note that U1 has a kink at x = K, and that the size of the kink is cho-

sen so that the process e−r(t∧γ
l
2)(U1(Xt)1{t≤γl2}

+ G2(Xγl2
)1{γl2<t}

) is a P1-

martingale for t ≤ τb. As l increases from 0 to ∞, the boundary b = b(l)
decreases from A to B. By continuity, there exists a value of l0 such that
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H(K,µ2, [b(l0),∞), ∅) = δ. Applying Theorem 5.1 with the candidate func-

tions U1 and U2(x) := H(x, µ2, [b(l0),∞), ∅) shows that the pair (τb(l0), γ
l0
2 )

is a Nash equilibrium in randomized stopping times. The corresponding
value functions are plotted in Figure 5.

Finally, we note that the equilibrium in randomized strategies is not op-
timal since, using similar methods as in the proof of Theorem 4.4, it can be
shown that

V
(τ[B,∞),τK)

1 ≤ V (τb(l0),γ
l0
2 )

1 ≤ V (τ[A,∞),∞)

1

and

V
(τ[A,∞),∞)

2 ≤ V (τb(l0),γ
l0
2 )

2 ≤ V (τ[B,∞),τK)

2 .
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