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To this country in which I have spent some of my best years.
This is no farewell!
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1. Introduction

Chemistry began by saying it would change the baser metals into gold. By not
doing that it has done much greater things.
R. W. Emerson

Photochemistry and transition metal catalysis are some of the most passionating ﬁelds of chemistry. In those ﬁelds, either light or a transition metal
complex are used to trigger or catalyze a reaction that would not take place
otherwise. Photosynthesis is a key example. Two of the central elements
of the photosynthetic mechanism are the oxygen-evolving complex (OEC),
which oxidizes water to form oxygen and releases protons and electrons, and
the light-harvesting center, which subsequently increases the potential of the
electrons so that they can ultimately reduce carbon dioxide to sugar. Thus it
is the combined action of a unique transition metal complex (the OEC) and
a complex photochemical process that gives rise to one of the most important chemical reactions on our planet, one that has changed its fate by introducing large quantities of oxygen in its atmosphere and ﬁxing most of its
carbon dioxide. Its importance has motivated intensive research on artiﬁcial
photosynthesis[1],which has already shown signiﬁcant breakthroughs.[2]By
providing a cheaper alternative to the current silicon-based solar cells, these
developments can bring us closer to a fossil-fuel free society.
Yet, there is less experience in photochemistry and transition metal catalysis than in standard organic chemistry for example, and theoretical chemistry
and especially quantum chemistry has a great role to play. Indeed, many of
the details of these or any other chemical mechanisms are hard to get from experiments alone. Experimental techniques can only provide access to indirect
information, by means of spectroscopy, selective mutations, isotope labeling,
etc. Moreover, the time-dependence is usually difﬁcult to resolve and shortlived intermediates are rarely characterized. On the other hand, theoretical
chemistry and especially quantum chemistry (QC) can obtain very detailed
information about the systems, including intermediates. Its main limitation
comes from the need to do approximations: the system is usually simpliﬁed,
the environment neglected or approximated and the calculation itself is not exact. It is thus only by combining experiment and theory that a deﬁnite picture
can be drawn.
A large majority of quantum chemical modeling nowadays is done using
density functional theory (DFT). DFT is one of the cheapest class of methods
while at the same time reaching accuracies often on-par with the more sophisticated wavefunction methods. In ﬁelds such as bioinorganic chemistry, it even
11

rules nearly hegemonically due to the difﬁculties that many of the most popular wavefunction methods have when dealing with transition metals.[3] While
the advantages of DFT are undeniable, it is still far from infallible especially
when dealing with covalent transition metal complexes and photochemistry.
This means that in the example of photosynthesis, the accuracy of DFT in
modeling the OEC or the chromophores is not guaranteed, while these are two
of its most crucial elements.
On the contrary, those cases are where multiconﬁgurational (MC) methods
reveal their strength. While most QC methods rely on the wavefunction being
described to a good approximation by a single Slater determinant, thus coined
single-reference methods, MC methods use as a reference a linear combination of conﬁgurations. One of the most standard ways to select the conﬁgurations is to choose a set of orbitals called the active space. Determinants
corresponding to all possible excitations within this active space form the reference space. MC methods have been used since their beginning in computing
accurate UV-visible spectra of organic molecules[4] and more recently, they
have shown great performance in describing the electronic structure of transition metal complexes[5]. Among wavefunction methods, they constitute the
best alternative to DFT in these situations.
Despite this, they are currently merely used as a reference before a full
DFT study. The main reason is that while the use of many conﬁgurations is
the strength of MC methods to reach high accuracy, it is also their weakness in
terms of computation time. The number of conﬁgurations can grow very fast
with the size of active space, thereby strongly limiting their use. Also, those
methods are not as standard as the single-reference methods, and thus have
not beneﬁtted as much from all the developments in QC. Yet, some of those
developments have started to bear fruits and MC methods are entering a new
and promising era. The aim of this thesis is to continue pushing further the
limits of those methods and extend their application reach.
First, this thesis will address the reduction of the computational cost of
some of the most commonly used MC methods, namely the complete active
space self-consistent ﬁeld (CASSCF) and the complete active space perturbation theory (CASPT2) by means of the Cholesky decomposition (CD).In paper
I, the performance and accuracy of the CD approximation, which was applied
to CASSCF and CASPT2 a few years ago, is assessed by extensive benchmarking of excitation energies.However while computing excitation energies
is an important part of theoretical photochemistry, there is also a great need to
perform molecular dynamics simulations in order to understand the complicated dynamical processes that occur upon an electronic excitation, especially
around conical intersections. To this aim, in paper II and III, CD-CASSCF
gradients are developed, offering a very powerful method to relax geometries
but also to perform semi-classical non-adiabatic dynamics on small to medium
sized systems.

12

The second part of this thesis will focus on the electronic structure of transition metals. These form complexes with highly complicated electronic structures, including many low-lying excited states and spin multiplicities. It is
often difﬁcult for QC methods to determine with certainty the electronic structure or to ﬁnd the best reaction mechanism as the calculation errors are in the
order of the energy differences. From the experimental side, many spectroscopic characterizations of the complex are usually available, but analyzing
them is difﬁcult and they do not necessarily provide an answer on their own.
For example, X-ray spectra of the four S states of the OEC are available but
are not sufﬁcient to deﬁnitely characterize their electronic structure.[6] On the
other hand, they are a ﬁngerprint of the complexes; by computing the spectra
of the different electronic structure alternatives and comparing them with the
experiments, one can assign with little doubt the correct electronic structure.
Thus, in paper IV to VI, the application of MC methods to the computation
of accurate X-ray spectra of transition metals is presented. To maximize the
interaction with the experiment, a method is also developed to analyze the
resulting spectrum in terms of molecular orbitals.
With this work, and the many others developments currently on-going in
other groups, accurate quantum chemical calculations of the most passionating
features of photosynthesis as well as hundreds of other interesting applications
are a step closer.

13

2. Electronic structure methods

Every attempt to employ mathematical methods in the study of chemical
questions must be considered profoundly irrational and contrary to the spirit
of chemistry... if mathematical analysis should ever hold a prominent place in
chemistry – an aberration which is happily almost impossible - it would occasion a rapid and widespread degeneration of that science.
Auguste Comte

Chemistry is typically understood in terms of simple concepts, such as
bonds, atomic charges, weak interactions, steric hindrance, etc. It is thus
not surprising that many theoretical chemistry models are designed with those
terms in mind, usually in the form of a molecular mechanics force ﬁeld where
atoms are represented as soft spheres, linked together by classical springs and
interacting through classical electrostatic forces. While these simple models
are very useful, they do not reach very high accuracy, especially on systems
they have not been parametrized for. Yet, reality is in a sense much simpler as
the only signiﬁcant forces involved in chemistry are the electrostatic forces between positively charged nuclei and negatively charged electrons. Any chemical reaction can be explained by the dynamics of nuclei and electrons subject
to their electric ﬁelds. This scale is the realm of quantum mechanics.
Quantum mechanics was born in the beginning of the XXe century and
the electronic structure of atoms and molecules was among its ﬁrst applications. Today, quantum chemistry (QC), and more speciﬁcally ab-initio theory,
is in many respects a mature science. Its tools are applied to a broad range of
chemical problems and systems by quantum chemists and even by experimental chemists in complements to their experiments. It has also made its way to
the industry, although to a moderate extent due to cost in time and computer
power. This success is in large part attributable to the efﬁcient implementations of a set of methods which emerged as standards owing to their superior
performance or accuracy for a range of systems or properties.
In this chapter, the most standard QC tools and methods are presented as
well as some of the less standard ones of special interest for this thesis.

2.1 The electronic Hamiltonian
The central task in quantum chemistry is to ﬁnd a solution to the time-dependent
Schrödinger equation:
14

ĤΨ = ih̄

∂Ψ
.
∂t

(2.1)

In most cases, we are only interested in the stationary states and use therefore
instead the time-independent equation
ĤΨ = EΨ.

(2.2)

The molecular Hamiltonian in absence of any external ﬁeld is a sum of the
kinetic energy of electrons T̂e and nuclei T̂N and the electrostatic interaction
between nuclei V̂NN , between nuclei and electrons V̂Ne and between electrons
V̂ee . Solving this equation provides us with both the energies and wavefunctions of all stationary states. Those can in turn be used to compute properties
that can usually be expressed as an expectation value or as an energy derivative.
Despite its apparent simplicity, this equation is very difﬁcult to solve analytically, and actually impossible for more than 2 particles. The problem is
the description of the correlated motion of many particles. Thus, a series of
approximations have to be used to reach a solution.
The ﬁrst commonly used and one of the most conceptually important ones is
the Born-Oppenheimer approximation[7]. Since the electrons are much lighter
than the protons, they are "faster". Assuming that the electronic wavefunctions are slowly varying functions of the nuclear positions (hence the name
adiabatic approximation), one can separate the electronic and nuclear variables and solve them separately. Accordingly, the motion of the electrons in
the ﬁeld of the nuclei is the solution of the electronic Hamiltonian Ĥe
Ĥe = T̂e + V̂ee + V̂Ne + V̂NN ,

(2.3)

with the last term a constant and the second to last depending only parametrically on the nuclear position. The nuclear motion itself will be solved in the
ﬁeld of the electrons, the so-called potential energy surface (PES).
The Born-Oppenheimer approximation and the concept of PES is an excellent approximation in most cases and is central to our vision of chemistry.
One possible limitation is for hydrogen atoms, since they have the lightest
("fastest") nuclei. Another important one is when the electronic wavefunction
varies strongly with nuclear position. This happens when the PES of two different electronic states lie close or even cross, around points called avoided
crossings or conical intersections. Those points are ubiquitous and many play
important roles in photochemical processes. Interestingly, a typical approach
to solve the Schrödinger equation in the vicinity of those points is to still use
the Born-Oppenheimer approximation to start with but then compute the nonadiabatic results in the basis of the adiabatic surfaces.
15

In the following sections, this approximation is assumed and, unless explicitly stated, all mentions of the Hamiltonian Ĥ will refer to the electronic
Hamiltonian Ĥe .

2.2 Solution on a basis and the FCI method
The Born-Oppenheimer approximation allows us to decorrelate the motion of
the electrons from the motion of the nuclei, thus reducing the dimensionality
of the problem. Yet, the number of electrons can still be very large, meaning
that the electronic Schrödinger equation still cannot be solved exactly.
A way out of this problem is to project the wavefunction on a basis, thereby
transforming the Schrödinger equation from a differential equation to a much
simpler linear algebra equation. This approximation has the merit of being
very ﬂexible since in principle, the basis set size can always be increased to
yield more accurate results although this may lead to equations too large to be
tractable even with supercomputers. The choice of basis set is thus always a
compromise between accuracy and calculation time.
The basis set to describe the wavefunction must be a n-electron function.
One of the simplest forms is a so-called Hartree product, a tensor product
of 1-electron functions called molecular spin-orbitals (MO). The orbitals can
themselves be expanded on a basis, which for molecular (non-periodic) systems is usually chosen to be atom-centered functions called atomic orbitals
(AO), typically expressed as a combination of Gaussian functions. By forming all possible Hartree products from the available MO and optimizing their
coefﬁcients in the linear combination, one obtains the so-called full conﬁguration interaction result (FCI) which is said to be exact within the chosen AO
basis. To be precise, it is the best possible result obtainable with this AO basis
and this form of n-electron basis.
Other n-electron basis forms are possible in order to reduce the number of
functions needed to converge to the exact solution. The most widely used one
is the Slater determinant, an antisymmetrized tensor product of MO


 φ1 (1) φ2 (1) . . . φN (1) 


1  φ1 (2) φ2 (2) . . . φN (2) 
(2.4)
Ψ= √ 

..
..
..
..

.
N! 
.
.
.

 φ1 (N) φ2 (N) . . . φN (N) 
with φi ( j) referring to MO i occupied by electron j. This form was chosen
as it satisﬁes the antisymmetry properties of electronic (or other fermionic)
wavefunctions. The total number of Slater determinants for a given AO basis is
smaller than the number of Hartree products, but the FCI result is the same. By
adding the constraint that the basis function must be a spin (Ŝ2 ) eigenfunction,
one obtains another possible basis, called conﬁguration state function (CSF),
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which also reduces somewhat the number of terms in the FCI expansion with
the same ﬁnal accuracy.
It is also possible to have n-electron basis which give more accurate results
within the same AO basis. An example is the so-called explicitly correlated
wavefunctions where a factor depending explicitly on the inter-electronic distance is added in order to reproduce the electron cusp.[8] Despite their higher
accuracy, they are not as frequently used as the equations become more difﬁcult, although they have gained popularity recently in the form of R12 or F12
methods.[9, 10]

2.3 Hartree-Fock theory
While FCI can give very accurate results, it is only used on its own as a reference method since the complexity of the equations grows factorially with
the number of electrons or the size of the AO basis chosen. Even a bit more
than a dozen electrons with an AO basis of similar size is a time-consuming
calculation. New approximations must thus be found, many of which can
be considered as a truncation of the conﬁguration interaction (CI) expansion,
i.e. of the number of n-electron functions. It is worth mentioning that while
Hartree products, Slater determinants and CSF give the same FCI solution, the
results are different if the CI expansion is truncated. In the same way, the truncated results which only depended the underlying AO basis. now also depend
on the form of the MO. on
The most restrictive truncation is to include only one Slater determinant
with part of the ﬂexibility recovered by optimizing the MO. This gives the
Hartree-Fock (HF) method.
Let | Ψ denote a Slater determinant, and assuming orthonormality of the
MO, the electronic energy of the HF is
E = Ψ | Ĥ | Ψ.

(2.5)

After some manipulations, this can be expressed in terms of the molecular
orbitals φi occupied in this Slater determinant:
E = ∑φi | ĥ | φi  + ∑ [φi φ j | ĝ | φi φ j  − φi φ j | ĝ | φ j φi ]
i

(2.6)

i< j

where the Hamiltonian has been separated into the part depending on one electron ĥ = T̂e + V̂Ne and the two-electron part ĝ = V̂ee . The presence of two
distinct two-electron terms arises from the antisymmetry of the Slater determinant; with a Hartree product, only the ﬁrst one would appear. The ﬁrst term
is called the Coulomb term as it corresponds to the classical coulombic repulsion of the densities, while the second is called the exchange term and has no
classical equivalent. For the sake of conveniency, one can deﬁne the Coulomb
operator Jˆj such that
17

φi | Jˆj | φi  = φi φ j | ĝ | φi φ j 

(2.7)

and the Exchange operator K̂ j
φi | K̂ j | φi  = φi φ j | ĝ | φ j φi .

(2.8)

In order to ﬁnd the optimal orbitals, one uses the variational principle. This
principle states that for any trial function | Ψ satisfying the proper conditions,
the following equation holds
E[Ψ] =

Ψ | Ĥ | Ψ
≥ E0 ,
Ψ | Ψ

(2.9)

meaning that the energy computed for the trial function is necessarily above
the exact energy E0 of the system, the equality only for the exact wavefunction, save degeneracies. One can thus optimize the orbitals by minimizing the
energy with respect to the MO coefﬁcients thereby obtaining a better approximation to the exact energy. The orbitals have to be kept orthonormal during
the process, so a Lagrangian is formed with the unknown Lagrange multipliers
ε:
L̂[Ψ] = ∑φi | ĥ | φi  + ∑ φi | Jˆj − K̂ j | φi  − ∑ εi j (φi | φ j  − δi j ). (2.10)
i

i< j

ij

The ﬁrst order variation of the Lagrangian with respect to the orbitals is
δ L̂[Ψ] = ∑δ φi | ĥ+ ∑(Jˆj − K̂ j ) | φi − ∑ εi j δ φi | φ j +complex − conjugate.
i

j

ij

(2.11)
One can deﬁne a new operator, called the Fock operator, as fˆ = ĥ + ∑ j (Jˆj −
K̂ j ). To ﬁnd the minimum of the Lagrangian, one requires the stationary condition to be fulﬁlled:
δ L̂[Ψ] = 0.

(2.12)

Except for the trivial and irrelevant solution δ φi |= 0 we ﬁnd the HartreeFock solution
(2.13)
fˆ | φi  = ∑ εi j | φ j .
j

This does not, however, give a unique set of orbitals. Indeed, any rotation
of the occupied orbitals keeps the energy constant. To remedy this, we often
deﬁne the so-called canonical orbitals, which is one special set of orbitals
satisfying the more restrictive set of equations:
fˆ | φi  = εi | φi .
18

(2.14)

The Fock matrix expressed in this basis is thus diagonal and εi can now
be interpreted as the orbital energy. While the canonical orbitals have some
advantages, they are usually very delocalized which make them unsuited for
applications where locality is important, such as for reducing the scaling of
the calculation.
Since the integrals needed in the equations above are computed in the AO
basis, for sake of efﬁciency, it is better to rewrite the HF equations on this basis. We will use indices i, j, k... to specify occupied MO, a, b, c... unoccupied
(virtual) MO and μ, ν, λ AO. A MO is deﬁned as a function of AOs according
to:
| φi  = ∑ Xμi | μ.

(2.15)

μ

The one- and two-electron integrals are
hλ σ = λ | ĥ | σ 

(2.16)

(μν | λ σ ) = μλ | ĝ | νσ .

(2.17)

and

The Fock matrix now becomes:
Fλ σ = hλ σ + ∑ Dμν [(μν | λ σ ) − (μλ | νσ )]

(2.18)

μν

with Dμν = ∑i Xμi Xνi the so-called one-particle density matrix. Since the density matrix already depends on the orbitals, one can see that this procedure
will be iterative, with each new iterations using the previous orbitals to form
the Fock matrix, the diagonalization of which will give the orbitals for the next
iteration. This process is thus called self-consistent ﬁeld (SCF).
As there are N AO, there are N 4 two-electron integrals and the computation
of the Fock matrix itself requires N 4 operations. Therefore, we will say that
HF scales as N 4 , meaning that a doubling of the number of basis functions will
imply a 16-fold increase in computation time.
With only one n-electron function used to model the exact wavefunction,
HF is a drastic approximation. However, it is surprisingly successful and is
considered to be a cornerstone of quantum chemistry. While rarely used on its
own anymore, it is often the ﬁrst step on which many more accurate models
are built. Moreover, its equations are extremely similar to those of Kohn-Sham
DFT, which is the most popular quantum chemistry method used nowadays.

2.4 Dynamical correlation
As FCI is considered to be the exact solution within the chosen AO basis,
the error of HF is simply measured as the difference between the FCI energy
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and the HF one. This error is also called the correlation energy, although
this is inaccurate as the exchange term in HF already accounts for correlation
between same spin electrons.
Because HF is such a good estimate of the exact wavefunction, a natural
idea is to consider the missing correlation to be a small "perturbation". One
can then use the general Rayleigh-Schrödinger perturbation theory.The Hamiltonian is expressed as
Ĥ = Ĥ0 + λ V̂

(2.19)

with Ĥ0 an operator for which the solutions are known and V̂ the remaining
"small" perturbation. λ is a real number between 0 and 1 that represents a
way to "switch on" the perturbation. The wavefunction is itself expanded in
powers of λ
Ψ = Ψ(0) + λ Ψ(1) + λ 2 Ψ(2) + ...

(2.20)

and likewise the energy
E = E (0) + λ E (1) + λ 2 E (2) + ...

(2.21)

with Ψ(0) and E (0) corresponding respectively to the eigenfunction and energy
of Ĥ0 . Equating powers of lambda in the equation ĤΨ = EΨ and projecting
the resulting equations on the known eigenfunctions of Ĥ0 gives us closed
equations for each order of energy.
Many schemes can be devised according to the choice of Ĥ0 , however, the
most successful is the form chosen by Møller-Plesset[11]. It can be formulated in two ways, both of which give the same results. In this formulation,
we choose Ĥ0 = fˆ. Ψ(0) is then simply the HF wavefunction, and E (0) is
the sum of the orbital energies while E (0) + E (1) is the HF energy. The ﬁrst
important contribution is therefore E (2) , and the resulting method is called
Møller-Plesset perturbation theory to second order (MP2). This method scales
as N 5 , dominated by the transformation of the AO integrals to the MO basis.
However, since the method is not iterative, its cost is usually rather low for
medium-sized systems and the prior HF calculation can actually be the bottleneck. Higher orders of perturbation can be computed but are seldom used, as
the equations become more involved and convergence to the exact energy is
not guaranteed.
Correlation can also be recovered by adding Slater determinants to the HF
reference and optimizing their coefﬁcients. These Slater determinants are then
called "excited determinant", although it must be emphasized that they do not
correspond to actual excitation like in photochemistry but merely additional
basis functions to represent the exact wavefunction.
If one starts from an optimized HF determinant, then not all excited determinants contribute equally. First, singly excited determinants do not interact
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directly with the HF ground state, a property called Brillouin theorem.This
can be understood by noting that the orbital rotations as performed in HF
are actually related to single excitation (to be precise, they have the form of
coupled-cluster single). Moreover, since the Hamiltonian contains at most 2electron operators, excitations of higher order than 2 do not interact directly
with the HF determinant. Thus only double excitations interact directly with
the reference state, and other excitations only interact indirectly through their
interaction with the doubles. Hence the largest contribution to the excitation
energy usually comes from double excitations. This has motivated the use of
restricted CI, typically CI with double excitations (CID) or CISD (with singles
and doubles) since the cost for singles is lower than the one for doubles:
| ΨCISD  = (1 + T̂1 + T̂2 ) | ΨHF 

(2.22)

with the single and double excitation operators deﬁned as
T̂1 = ∑ tia â†a âi

(2.23)

ia

and
T̂2 =

1
tiabj â†a âi â†b â j .
4 i∑
jab

(2.24)

CID and CISD scales as N 6 .
The main problem of CISD is that it lacks size-consistency. This means
that if one computes two independent molecules in CISD, one does not get
an energy which is the sum of the energies of each molecule computed with
the same method. A related problem is that the correlation energy of CISD
does not scale linearly with increasing system size. MP2 and higher orders
of perturbation do not suffer from this. Another very successful method to
remedy those problems is the coupled-cluster (CC) method.[12] Rather than
deﬁning the wavefunction as a linear combination of excitations, here it is
expressed in a non-linear exponential form:
| ΨCC  = exp(T̂ ) | ΨHF 

(2.25)

with T̂ the sum of single, double... excitation operators. If all possible excitations are included in T̂ then the wavefunction has the same ﬂexibility as
the FCI. However if one restricts the operator to, for example, double excitations, the CC method is more accurate than its CI counterpart. This becomes
apparent by Taylor-expanding the exponential
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T̂ 2 T̂ 3
+ ...) | ΨHF 
2!
3!
T̂ 3
T̂12
= (1 + T̂1 + ( + T̂2 ) + ( 1 + T̂1 T̂2 ) + ...) | ΨHF .
2
6

exp(T̂ ) | ΨHF  = (1 + T̂ +

(2.26)
(2.27)

Despite including only up to double excitations in T̂ , all orders of excitations
are constructed from the higher power of the excitation operator. The limitation is that the amplitudes of those excitations depend on the singles and
doubles, but this happens to be a good approximation, and even exact for
non-interacting systems, thus preventing the size-inconsistency. Like CISD,
CCSD scales as N 6 , but with a higher accuracy and has thus replaced it. With
the triple excitations added in an approximate (perturbative) way, one gets the
CCSD(T) method[13], which has a N 7 scaling but is widely considered to be
the "gold standard" of quantum chemistry.

2.5 Density functional theory
The methods described so far attempt to reach the exact energy by using the
exact Hamiltonian and improving the wavefunction. However, it is clear that
the wavefunction contains more information than needed. Moreover, it is not
a very intuitive concept, not being an observable itself. Using the density as
main variable was suggested very early on in the history of quantum mechanics, Indeed, the density is only a function of the 3 space dimensions in contrast
to the wavefunction which has 3 dimensions per electron. This is the principle
of density functional theory (DFT).
The idea was rationalized by Hohenberg and Kohn[14] who proved that the
density uniquely deﬁnes the Hamiltonian, which then implies that the density
contains all the necessary information and that the energy could be written as
a universal functional of the density. While the electron-nuclei interaction and
the Coulomb term are naturally functionals of the density, the kinetic energy
and the exchange and correlation are not and the functionals to describe them
are unknown. A few attempts had been made to derive such functionals based
on some simple analytical models, but with little success. The main difﬁculty
in those models was the description of the kinetic energy. Since the kinetic
energy is of the same amplitude as the total energy (from the Virial theorem)
a small error in its description can have a catastrophic consequence.
Kohn and Sham[15] therefore suggested to reintroduce the wavefunction
in the equations in order to describe the kinetic energy. For that, they deﬁne an artiﬁcial system of non-interacting electrons the density of which is
equivalent as that of the real system. Since the electrons are assumed to be
non-interacting, the exact wavefunction of this system is a single Slater determinant. The Kohn-Sham formulation represented a great leap forward for
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DFT as the exact kinetic energy of this artiﬁcial system is a far better approximation to the kinetic energy of the real system than previously existing
functionals. Now, almost all DFT calculations are based on the Kohn-Sham
framework. It is worth noting that orbital-free DFT functionals are still being
developed since the introduction of orbitals increased signiﬁcantly the computational cost of DFT.
With Kohn-Sham, DFT got rid of its kinetic energy problem, but the exchange and correlation still needed to be formulated as functionals of the density. Based on analytical formulations and accurate calculations on the uniform electron gas, the ﬁrst so-called local density approximation (LDA) functionals were devised. Inaccuracies remained and were understood as a limitation of the local approximation especially for the highly non-local exchange
term. A next class of functionals was thus deﬁned: generalized gradient approximation (GGA). There, the exchange correlation energy is expressed as a
functional of the density and its gradient. These semi-local functionals gave
a signiﬁcant improvement and made DFT competitive with the already established wavefunction methods in terms of accuracy, but for a cost similar or
less than HF.
Developments in DFT functionals then went into different directions. Some
kept on improving GGA or meta-GGA functionals (the latter depending also
on the second derivative of the density), while others continued in KohnSham’s steps by introducing more and more wavefunction terms with ﬁrst
the hybrid[16] and range-separated hybrid[17] functionals containing some
HF exchange, and then the double-hybrid[18] containing some wavefunction
correlation (MP2 or CIS(D)). Another distinction between functionals is the
number of empirical parameters they contain, with some like the PBE family with nearly none and others like the M06[19] reach about 30. The highly
parametrized functionals are often very accurate, but at a risk of being less
transferable to systems they have not been parametrized on.[20]
While DFT is indisputably very successful, it has important shortcomings.
With a large community of developers, many solutions are continuously suggested, but improvements are difﬁcult. In particular, one of the main problems
yet to be overcome is the problem of static correlation, shared by all singlereference methods.

2.6 Static correlation and multiconﬁgurational methods
Both DFT and the previously mentioned wavefunction methods assume that
the HF solution is qualitatively correct and thus that the correlation is small.
Another way to express it is to say that the weight of the HF determinant in
the FCI wavefunction is by far the largest. While this is the case in many
situations of chemical interest, some cases can lead to complete breakdown
of the HF approximation. Typical examples are stretched bonds, for instance
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in bond-breaking reactions. But examples can also be found in molecules in
their equilibrium geometries, such as π systems or transition metal covalent
bonds. Those can often still be rationalized as cases of stretched bonds. For
example, in multiple bonds, the strong σ contribution imposes a longer bond
than what would be ideal for the π contributions, effectively stretching it, see
for example Fig. 2.1.

Figure 2.1. Orbital occupation number of the σ and π orbitals of ethylene upon dissociation. The red line indicates the equilibrium geometry. One can see that the π bond
breaks earlier than the σ (occupation number different from 2) and that it is already
stretched at the equilibrium geometry.

Such a scenario is a case of strong correlation, also called in the past static
correlation. The FCI expansion is dominated not by one but by a few important determinants with a large weight, by opposition to the dynamic correlation which is a very high number of conﬁgurations with small weights. While
the previously described methods deal rather well with dynamic correlation,
strong or static correlation is more difﬁcult and they usually break down, see
Fig.2.2. To deal with this strong correlation, one needs to incorporate those
few important conﬁgurations in the reference space which is usually treated by
FCI. The remaining correlation is then treated in a balanced way for each conﬁguration in the reference space. This is the principle of multiconﬁgurational
methods.
There are many ways to select the reference space. In the past, the conﬁgurations were chosen manually, either based on intuition or helped by preliminary correlated calculation. Nowadays, the main way to include them
is through some active space methodology, notably the complete active space
scheme (CAS): a set of orbitals is chosen and all possible conﬁgurations within
this active space are formed. In any case, the remaining (not active) orbitals
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Figure 2.2. Energy (in kcal/mol) of the ethylene molecule as the C-C bond is twisted.
The single reference methods give a singularity for the 90◦ angle as the π bond is
broken while the MC methods do give a smooth potential.

can have their coefﬁcient optimized like in HF giving the multiconﬁgurational
self-consistent ﬁeld methods (MCSCF) of which CASSCF[21] is an example. Among the variants of the active space idea, the restricted active space
(RASSCF)[22] can be mentioned. In this method, the order of excitations
in the active space is restricted in a similar way to restricted CI. The cost of
CASSCF is essentially a sum of the cost of the orbital optimization and of the
cost of the CI step. The orbital optimization is done by forming and diagonalizing a Fock matrix much like in HF, therefore scaling as N 4 . The CI step in
its conventional formulation scales factorially with the number of active electrons and orbitals, restricting the possible active spaces to about 16 electrons
in 16 orbitals.
The MCSCF wavefunction includes correlation accurately but only within
the chosen reference space. In most cases, even if those conﬁgurations have
a large weight in the ﬁnal wavefunction, most of the correlation is still neglected. But this remaining correlation is a typical dynamic correlation and
can therefore be included in similar ways as for SR methods. The cheapest
correlation that can be added is through a perturbative treatment. A few methods have been devised that all have in common the fact that they are equivalent
to Møller-Plesset if only one conﬁguration is used. The most popular of them
is the CASPT2[23] method, but alternatives such as the NEVPT2[24] or the
MCQDPT2[25] exist, and are collectively known as MRPT (multi-reference
perturbation theory).
25

Extensions of CISD to the multi-reference case, MRCI, are also possible.
However, while CISD has been replaced by CCSD in single-reference methods MRCI is still broadly used. One of the main reasons is that the MRCC
equations are very involved, and while many groups have devised MRCC
paradigms, none of those have really emerged as a standard.[26] In the meanwhile, to correct for the size-consistency issues of MRCI, different corrections to the equations have been suggested, usually involving the addition of
terms ("dressing") to the Hamiltonian. Among the popular alternatives, one
can name the Davidson correction (MRCI+Q) or the averaged coupled pair
functional (MR-ACPF)[27].
All of those methods have more complicated equations than their SR counterpart, limiting their widespread implementation. Moreover, they have now
two bottlenecks: the size of the molecular system, with a scaling similar to the
SR methods, but also a steep scaling with the size of the active space.

2.7 Computing excited states
Much of chemistry is interested in the lowest energy solution of the Schrödinger
equation, the ground state. However, many interesting chemical phenomena
involve one or many excited states, such as photochemical reactions or chemiluminescence. Moreover, spectroscopy is one of the main classes of analytical
methods available for experimental chemists. As such, being able to compute
excited states is an important part of theoretical chemistry.
Excited states appear naturally when computing FCI as higher order eigenvectors and eigenvalues of the Hamiltonian. Since MC methods also involve
some form of CI expansion, they are also able to compute excited states in
this way. Only states corresponding to excitations within the conﬁgurational
space can be reached, and therefore the choice of the active space in a CAS
formalism needs to take into account both static correlation and photochemical
excitations.
A convenient way to compute excited states within the CASSCF formalism
is the state-averaged CASSCF (SA-CASSCF) in which the orbitals are common to all states, but the CI expansion is unique to each. This way, many
states can be calculated simultaneously instead of optimizing each of them in
a state-speciﬁc (SS-CASSCF) fashion. Moreover, the SA-CASSCF ensures
the orthogonality of the different states. The only trade-off is the fact that
the orbitals are not optimal, but a compromise between the different states.
CASPT2 correlation can be added to each state computed by the SA-CASSCF
procedure, but the Hamiltonian is not necessarily diagonal anymore in the basis of those CASPT2 states. A way to correct this is to diagonalize it, thus
forming the multi-state (MS) CASPT2 paradigm[28], but this approach creates singularities near crossing points and instead, the extended multi-state
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XMS-CASPT2 has been proposed[29]. This is useful especially when states
are close in energy.
For single-reference methods, one possible way to compute excited states
is to try to converge to an excited HF or DFT solution. This can be done by
adding symmetry or spatial constraints. This method, usually called ΔSCF,
can be difﬁcult to converge and is not strictly rigorous for DFT as the theory
is normally valid only for the ground state.[30] Another very common way to
deal with excited states is to add the electromagnetic ﬁeld of the light in the
Hamiltonian and to solve the resulting time-dependent Schrödiner equation,
usually by the (perturbative) linear response methods. One thus obtains the
so-called time-dependent HF (TD-HF) also called random phase approximation (RPA), which is very similar to the CIS. For DFT, the resulting equations
are the TD-DFT[31], which are now the most popular methods to compute
excited states. On top of the intrinsic method accuracy (HF or DFT), these
methods also have errors arising from the linear response approximation. In
particular, although this has been debated for TD-DFT, they only describe single excitations. [32, 33] Response equations can also be used with post-HF
methods for example in the CC2[34] or EOM-CCSD[35] formalisms.

2.8 Molecular gradients
While computing the energy of a molecular system is an essential task, most
theoretical chemistry calculations involve a geometry optimization. In some
cases, one may even want to simulate ab-initio molecular dynamics which is
usually done by computing the energy and forces at each time step, and use
the forces to generate the geometry for the next time step. In both cases, one
thus needs to be able to compute the derivative of the energy with respect to
the nuclear position.
The simplest way to do it, at least conceptually, is by numerical differentiation, that is, computing the energy of a displaced geometry to estimate the
gradient in this direction. By doing this along each degree of freedom, one
obtains the full gradient. But as systems grow bigger, the need for analytical
gradients grows with it.
For a given QC method, the energy depends typically on the atom positions (which we shall note x) and on the wavefunction parameters (λ ) such
as orbitals coefﬁcients, CI coefﬁcients, MP2 or CC amplitudes. To obtain the
derivative of the energy, we can apply the chain rule
dE(x, λ ) ∂ E(x, λ ) ∂ E(x, λ ) ∂ λ
=
+
.
(2.28)
dx
∂x
∂λ
∂x
The ﬁrst term in the right-hand side is the explicit dependence on the geometry
which arises from the Hamiltonian. The second term is more complicated as it
involves the unknown dependence of the wavefunction parameter with respect
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to the the geometry

∂λ
∂x .

The problem is greatly simpliﬁed when the wavefunc-

)
= 0 and
tion is variational with respect to the parameters because then ∂ E(x,λ
∂λ
the second term vanishes.
In cases where the wavefunction is not variational, the same equations can
still be used by employing a trick: it is usually possible to ﬁnd a functional
of x and λ for which the variationally optimized energy coincides with the
one of our method. A technique to build that functional is the technique of
the Lagrange multipliers that was already used in the previous sections to optimize the HF equations. The Lagrangian will contain a Lagrange multiplier
for each constraint added, and to determine those multipliers, one requests
that the Lagrangian is variational in all wavefunction parameters. This gives
a set of response equations. Once the Lagrange multiplier is determined, the
desired gradients can be computed as the gradient of the Lagrangian. Being
variational in all parameters, only the explicit dependence occurs as in the
variational case. It is usually of the form of a density matrix contracted with
an integral derivative.
As an example, let us consider the HF gradients. The variational Lagrangian
was already formed in eq. 2.10. Its derivative can be formulated in AO basis
as
(1)

L̂[Ψ](1) = ∑ Dμν hμν +
μν

∑

μνλ σ

(1)

(1)

dμνλ σ (μν | λ σ )(1) − ∑ Fμν Sμν +VNN (2.29)
μν

with dμνλ σ = Dμν Dλ σ − Dμλ Dνσ . The term depending on the Fock matrix
arises from the derivative of the orthonormality constraint and is usually called
the connection term.

2.9 Reducing the cost of electronic structure
calculations
All of the methods presented so far suffer from severe scaling with the number
of AO basis functions.The cheapest of them (HF or DFT) still scales with the
4th power while the FCI scales factorially. This is in contrast to our intuitive
feeling that the number of actual non-zero interactions should grow approximately linearly with the system size.
This has motivated a lot of developments on reduced-scaling methods. Many
of the solutions found are in one way or another related to the locality: the interaction of two particles distant enough from each other should not contribute
signiﬁcantly to the total energy, or at least their contribution could be evaluated in a simpler way. While too many methods have been invented to be all
named here, one can cite fast multiple moment to approximate integrals of
distant pairs, or many variants of local correlation methods.[36] Using these
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approximations, DFT calculations of molecules up to a few thousand atoms
are possible[37].
One popular method to reduce the scaling that is of particular interest for
this thesis is the resolution of identity (RI), also called density-ﬁtting (DF).
[38, 39, 40, 41] This method is not explicitly based on locality, but rather on the
property of the two-electron integrals, which is best understood on Coulombtype integrals written here in atomic units


φi (r1 )φi (r1 )φ j (r2 )φ j (r2 )
dr1 dr2
r12

ρi (r1 )ρ j (r2 )
=
dr1 dr2 .
r12

(ii | j j) =

(2.30)
(2.31)

While the density is formed of the N 2 pairs of orbitals, one could instead
represent it directly in an auxiliary basis of size M which would likely be
smaller than N 2 .
In general, the idea is to express
J
| J).
| μν) ≈ ∑ Cμν

(2.32)

J

J can be determined by reducing the error in the
The expansion coefﬁcients Cμν
integrals, leading to the equations:
K
(K | J)
(μν | J) = ∑ Cμν

(2.33)

K

and the integrals then become
J
(J | K)CλKσ .
(μν | λ σ ) = ∑ Cμν

(2.34)

JK

Thus all four-center quantities have been replaced by two or three-center terms.
In the traditional implementation of the RI method, the auxiliary basis set
is optimized a priori to yield energies that are as close as possible to the conventional ones. The deﬁned auxiliary basis set depends thus on the AO basis
set and on the method used.
This problem is alleviated in the related Cholesky decomposition (CD)
method. [42, 43] While initially formulated in a different way, the CD was
proven to be a special form of RI a few years ago.[44] The standard formulation is based on a CD of the two-electron integral super matrix
(μν | λ σ ) = ∑ LJμν LλJ σ .

(2.35)

J

If the decomposition is done exactly, it gives N 2 Cholesky vectors LJμν which
does not result in any cost reduction compared to the conventional integrals.
29

However, the decomposition can be stopped with fewer Cholesky vectors when
all integrals are already represented to a sufﬁcient accuracy controlled by the
decomposition threshold τ. This procedure is named full-CD.
The Cholesky auxiliary basis contains some basis functions that are spread
on two different centers while the standard RI auxiliary basis are one-center
only. When the formal equivalence between RI and CD was discovered, a
new procedure for CD was created, where the CD is done on the integrals of
a single atom, and the resulting Cholesky vectors deﬁne the auxiliary basis,
which now are only one-center. This was coined atomic CD (aCD). To lower
further the cost, the number of primitive Gaussian functions of the auxiliary
basis can also be reduced, forming the atomic compact (acCD) auxiliary basis
[45]. Both aCD and acCD can be referred together as RICD.
For both RI and CD, the equations of the methods need to be rewritten to
use directly the auxiliary basis. For example, the Coulomb term of the Fock
matrix in eq. 2.18 can be rewritten in the CD formalism as
Fλcσ = ∑ LλJ σ (∑ LJμν Dμν ).

(2.36)

μν

J

The construction of the intermediate in the parenthesis is a N 2 M operation and
the contraction with the other Cholesky vector has also a N 2 M scaling. This
step is thus faster than the conventional N 4 . On the other hand, in the exchange
term, the density matrix indices do not match the ones of the Cholesky vector.
But by using the Cholesky decomposition of the DM
Dμν = ∑ Yμi Yνi ,

(2.37)

i

one can obtain Cholesky orbitals Yμi that are more local than the canonical Xμi .
One can thus compute the exchange term
J
Yνi ),
Fλxσ = ∑(∑ LJμλ Yμi )(∑ Lνσ
iJ

μ

(2.38)

ν

scaling as ON 2 M, with O the number of occupied orbitals. This is a similar
scaling to the conventional N 4 but due to the locality of the Cholesky orbitals,
each term can easily be screened and the scaling becomes quadratic[46]. The
different Cholesky variants applied to HF, DFT and MP2 have been benchmarked and displayed a large computational cost reduction with insigniﬁcant
errors.[47]
Discovering the equivalence between CD and RI also solved a long standing
problem: the CD formulation of integral derivatives. A simple derivation of
K , but
eq. 2.34 includes the unknown derivatives of the ﬁtting coefﬁcients Cμν
by introducing the derivative of eq. 2.33, we can eliminate those and get:
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K
(μν|λ σ )(1) = ∑ Cμν
(K|λ σ )(1) + ∑ CλKσ (K|μν)(1)
K

−∑
KL

K

K
Cμν
(K|L)(1)CλL σ .

(2.39)

Only 2 and 3-indices terms appear, meaning that the cost reduction obtained
for energy calculations can also be obtained for gradients.
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3. Cholesky decomposition towards
photochemical dynamics

Although this may seem a paradox, all exact science is dominated by the idea
of approximation. When a man tells you that he knows the exact truth about
anything, you are safe in inferring that he is an inexact man.
Bertrand Russell

One of the most promising applications of the CASSCF method is ab-initio
molecular dynamics of photochemical processes.
Computing actual dynamics is not so common in quantum chemistry: while
nature is inherently time-resolved, quantum chemistry has been very successful with a static picture where modeling of stable structures and transition
states sufﬁces to understand chemical reactions. Yet, this static picture has its
limits. For instance, the number of degrees of freedom can become too large
for large systems and the entropic contribution to Gibbs free energy can no
longer be estimated by a simple harmonic approximation. But the shortcomings are even more severe in photochemistry. There, for example, the heights
of barriers are not as critical to reactivity as the molecule is usually in an excited vibrational state after an electronic excitation, and transition state theory
cannot be applied in a straightforward way. Moreover, while conical intersections are essential to many photochemical processes, what happens in their
vicinity is not so easily understood with a static picture.
MC methods and especially MCSCF are arguably some of the best choices
for photochemical dynamics simulations. Indeed, for small active spaces, the
formal scaling of MCSCF is the same as HF or (TD-)DFT, but as mentioned in
section 2.7 the latter can be even qualitatively wrong around conical intersections. On the contrary, despite its moderate accuracy due to the lack of most of
the dynamical correlation, CASSCF gives a balanced and qualitatively correct
description of photochemical processes. Moreover, for organic systems, the
neglect of dynamical correlation is usually not too severe.
In molecular dynamics, a large number of time steps have to be computed.
Thus there is a strong incentive for reducing the cost of the electronic structure method. In principle, the increase in computer power over the years automatically implies a reduction of the cost of a QC calculation. However, this
increase is often accompanied by shifts in the computer architectures. For example, currently, it mostly happens through multi-core processor technology.
A QC code can only fully beneﬁt from modern hardware by adapting to the
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newer architectures, with for instance code parallelization, which can be a major undertaking. A more modern hardware trend is general purpose computing
on graphical processing units, which are highly parallel cores often requiring
an entirely new code to take advantage of their unique processor structure.[48]
Such changes in computer architecture can even affect the hierarchy of QC
methods: if a QC method cannot take advantage of them, it is sooner or later
doomed to be replaced. For example, quantum Monte-Carlo is extremely more
computationally intensive than the standard quantum chemistry methods.[49]
However, it is trivially parallelizable and thus is now applied to medium-sized
molecules.[50] If the trend continues it may challenge the standard methods.
Even if the QC codes are adapted to modern computer architectures, the
increase of the computer power is too slow on its own. Assuming Moore’s
law that the computational power is doubled every 2 years, it takes 8 years for
the maximum size of system one can treat with HF to be doubled. Therefore,
a large component of the current success of large-scale calculations is the use
of sounded physical approximations to reduce the cost of a method without
compromising its accuracy.
As already mentioned, when it comes to CASSCF calculations, there are
two potential limitations: the total system size and the size of the active space.
The latter is arguably the most severe. In organic photochemistry, for example, the active space typically consists of the entire π system as well as the
lone pairs. With the traditional CI technology, only about 16 orbitals can be
included, corresponding to 8 π bonds. For comparison, the β -carotene has 11
conjugated π bonds and chlorophyll a has even more. For transition metals,
the situation is perhaps worse as each transition metal requires typically on
the order of 10 orbitals to deal with static correlation, thus making complexes
with 2 metal centers a difﬁcult enterprise and the 5 metal centers of the OEC
simply out of reach. However, many groups are working on this problem with
different strategies, such as the variational optimization of the 2-body reduced
density matrix[51], density matrix renormalization group (DMRG)[52, 53, 54]
or other non-linear parametrizations of the wavefunction[55]. DMRG especially is becoming relatively popular and has pushed much further the size of
tractable active spaces to 30 or 40 orbitals.
There have been comparatively less developments to lift the system size
limitation. For CASSCF and to a lesser extent CASPT2, the limiting factor
is the computation and manipulation of 2-electron integrals, in a very similar
way to HF and MP2. One of the major improvements in HF and MP2 has
been density ﬁtting (DF) technology, as brieﬂy explained in section 2.9. This
allows a scaling and prefactor reduction without any signiﬁcant degrading of
the accuracy. Straightforward application of the DF technology to CASSCF
and CASPT2 is difﬁcult. Indeed, standard DF is based on pre-optimized auxiliary basis sets. Those basis sets are in principle method dependent, and for
MCSCF in which the active space can be varied, this could make the auxiliary
basis set optimization very difﬁcult. Moreover, the AO basis set cannot be
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modiﬁed, for example to compute Rydberg states. The ﬁrst DF implementation of CASSCF by Ten-no and Iwata was thus based on a different strategy
where the auxiliary basis is constructed on-the-ﬂy from the AO basis[56, 57].
More recently, a similar approach was designed using the Cholesky decomposition, and applied to CASSCF and CASPT2.[58, 59]
The purpose of this chapter is to push those developments forward. First,
in paper I, the accuracy and timing reduction of the CD implementation of
CASSCF and CASPT2 is benchmarked on a set of organic dyes. Then, to
run dynamics, one needs to compute the energy gradients with respect to the
nuclear position. In standard calculations, the time to compute the gradient is
of the same order as the time to compute the energy. Only by improving both
the energy and the gradient code can signiﬁcant cost reductions be achieved.
Thus, in paper II and III, the CD approximation is applied to CASSCF gradients to allow fast geometry optimization and molecular dynamics.

3.1 Benchmarking Cholesky based CASSCF/CASPT2
In order to benchmark Cholesky-CASSCF/CASPT2, we computed 196 vertical excitation energies using a set of 26 organic molecules previously gathered
by Schreiber itet al.[60] speciﬁcally designed for photochemistry, one of our
main targets. Since Cholesky is not parametrized, the accuracy obtained here
should be representative of the accuracy for any kind of systems. To conﬁrm
this transferability, a set of 72 Rydberg states was added. Both the full-CD
and the RICD (aCD and acCD) approximations are compared. Different AO
basis sets were chosen, including the TZVP used by Schreiber and the ANORCC basis sets[61] ranging from double- to quadruple-zeta. For the Rydberg
states, the basis sets were completed with some custom diffuse functions. It is
enough to focus on the CASPT2 energies as they are the sum of the CASSCF
ones and the CASPT2 corrections. The goal is not to obtain the most accurate
results but to reproduce accurately the conventional CASPT2 results with the
different Cholesky approximations.
The mean error and standard deviation of the results obtained with the
TZVP basis are displayed as a Gaussian in Fig. 3.1. For all Cholesky variants,
the tighter the threshold the more accurate is the result, both in terms of mean
error and deviation. This result is more obvious with the full-CD as the threshold is an actual upper bound of the error in the integrals. The trend is less clear
with the two RICD variants. However, for the looser thresholds, the RICD approximations are actually more accurate than the full-CD. In all cases except
the full-CD with a threshold of 10−3 a. u., the errors due to the Cholesky
approximation are well below 0.01 eV, which is much less than the intrinsic
error of the CASPT2 method (0.1-0.3 eV). The reason for such excellent results seems to reside in large part in systematic error cancellation. Indeed,
when looking at the absolute energies, the errors are 1 or 2 orders of mag34

nitude larger. Error cancellation is naturally optimal for vertical excitations,
but it was already observed even when comparing different geometries as is
usual in reactivity calculations. The individual contributions from CASSCF
and CASPT2 behave identically, conﬁrming that those CD methods are unbiased to any speciﬁc method. The results were similar for the Rydberg states.
Here, the advantage of the Cholesky decomposition over the predeﬁned RI
auxiliary basis is clear: calculating the Rydberg states requires a speciﬁcally
tailored basis set. In principle, to use the RI approximation, an auxiliary basis
should also be created to match this AO basis.

Figure 3.1. Mean error and standard deviation in eV displayed as a Gaussian distribution for the TZVP basis. A dashed vertical line represents the maximum error.

Another interesting point is that the error decreases with the quality of the
AO basis set, especially with the RICD methods, as was already observed
previously[47]. Thus, while with the default 10−4 a.u. threshold, the mean
absolute error of acCD is 1.9 × 10−4 a.u. for the double-zeta basis it is reduced
to 6.6 × 10−7 a.u. for the quadruple-zeta.
The timings depend on the threshold and the CD variant chosen, as well as
the time spent in the integral vs the CI part. The integral generation and the
CASSCF step usually beneﬁt the most from the CD, the computational time
being easily reduced by an order of magnitude for small active spaces and/or
large number of basis functions. The cost reduction in the CASPT2 step is
usually less pronounced as many of the time consuming steps are not affected
by CD in the current implementation.
In summary, CD can be safely used with the default threshold of 10−4 a.
u. as it generates insigniﬁcant errors compared to the intrinsic error of the
CASSCF/CASPT2 methods while reducing the computational cost by often
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one order of magnitude or more. Importantly for the following part, the RICD
variants perform well and even better for low threshold.

3.2 Linear response for SA-CASSCF gradients
Now that we have proven the accuracy and efﬁciency of the CD to compute
CASSCF and CASPT2 energies, we need to implement the corresponding gradients. DF CASSCF and CASPT2 gradients were implemented by Győrffy et
al.[62] In the following sections, we present an alternative formulation to DFCASSCF gradients which offers a reduced computational cost.
As demonstrated in Section 2.8 the critical question to compute analytical gradients is variationality. The state energy computed with SA-CASSCF
is variational with respect to the CI parameters but not the orbital parameters, which are instead variational with respect to the average energy. The
ﬁrst step to compute SA-CASSCF gradient is therefore to solve the linear
response equation.[63, 64] The two variationality conditions satisﬁed by the
SA-CASSCF equation are
∂ EΘ
=0
∂ PΘI

(3.1)

with PΘI an amplitude for the rotation in the CI space and
∂ EΓ

∑ ωΓ ∂ κ pq = 0

(3.2)

Γ

with κ pq an orbital rotation parameter and ωΓ the weight of the state Γ in the
SA-CASSCF procedure.
This then gives the Lagrangian
Θ
ωΓ
LΘ = E Θ + ( ∑ κ̄ pq
Γpq

∂ EΓ
∂ EΓ
Θ
− 0) + (∑ P̄ΓI
ωΓ
− 0).
∂ κ pq
∂ PΓI
ΓI

(3.3)

Θ and P̄Θ are the Lagrange multiplier for orbital rotation and
The unknown κ̄ pq
ΓI
for CI relaxation respectively and are determined by solving the linear response equations:

∑ κ̄ pqΘ ωΓ

Γpq

∂ EΘ
∂ 2E Γ
∂ 2E Γ
Θ
+ ∑ P̄ΓI
ωΓ
=−
∂ κ pq ∂ κrs ΓI
∂ PΓI ∂ κrs
∂ κrs

(3.4)

and
∂ 2E Γ

∂ 2E Γ

∑ κ̄ pqΘ ωΓ ∂ κ pq ∂ Pζ J + ∑ P̄ΓIΘ ωΓ ∂ PΓI ∂ Pζ J = 0.

Γpq
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ΓI

(3.5)

These equations are solved using the iterative preconditioned conjugate gradient (PCG) algorithm.
The conventional algorithm starts by the transformation of the AO integrals
to the MO basis. Then the Fock matrix is formed of the right-hand side of
eq. 3.4 as well as a preconditioner which is an approximate of the Hessian
appearing in the left hand side of both equations. From these quantities, the
ﬁrst guess Lagrange multipliers can be computed. Then at each iteration, the
products of the Hessian with the current estimates of Lagrange multipliers are
formed and give a new estimate of the Lagrange multipliers. The computational cost of this code depends on both the active space size with a factorial
scaling and on the total system size with a lower order scaling, in similarity
with the CASSCF energy calculation. If the code is not dominated by the CI
part, the dominant step is the MO transformation which scales as N 5 . The rest
of the code is of N 4 scaling and with a low prefactor.
For the Cholesky code, a ﬁrst trivial implementation consists in replacing
the MO transformation by its Cholesky counterpart. This alternative will be
called Cho-MO in the following. However, the scaling of this is also N 5 , and
therefore one would simply expect a somewhat lower prefactor.
A more attractive idea is to rewrite the whole code to work directly with
Cholesky vectors in AO basis. This alternative will be called Cho-Fock in the
following.
To form the preconditioner, MO integrals of the type (ii | pq) and (ip | iq)
as well as (tu | pq) and (t p | uq) are needed, with t and u active indices and
p and q general MO indices. For the two latter, the scaling is a2 N 2 M, with a
the number of active orbitals, which is usually very small. For the former, by
carefully ordering the operations, one can keep a ON 2 M scaling.
Then follows the PCG iteration in which the Hessian is contracted with the
current Lagrange multiplier to then form the next estimate of the multipliers.
The most time-consuming step there is the construction of the one-index transformed Fock matrix, that is a Fock matrix as in eq. 2.18 but using the modiﬁed
density matrix D̃ pq as
D̃ pq = ∑ Doq κ̄op − D po κ̄qo

(3.6)

o

This is more complicated than the usual Fock matrices because this density
matrix is not positive semi-deﬁnite, preventing the trick of eq. 2.37 and 2.38
used to allow screening of the exchange contribution. However, the trick can
be modiﬁed by ﬁrst using
Dμν = ∑ Yμi Yνi

(3.7)

i

similar to eq. 2.37, but then multiplying one of the two Cholesky orbital coefﬁcients by κ̄:
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Ỹiν = ∑ Yio κ̄oν

(3.8)

o

and the density of eq. 3.6 can now be formed by combining the transformed
and untransformed coefﬁcients. This way, the same kind of screening can be
used as for a standard Cholesky-based Fock matrix construction. The formal
scaling of this step is thus N 4 but asymptotically reduced to quadratic by the
screening.
In total, assuming a constant active space size, this new Cholesky formulation of the linear response has only at most quartic scaling steps, which is
lower than the conventional and the Cho-MO. However, the prefactor is larger
than in those alternative. The Cho-Fock formulation can therefore be expected
to perform best for larger systems.

3.3 Formation of the gradient
Once a variational Lagrangian is formed, the actual gradient can be formed as
the direct derivative of the Lagrangian with respect to the nuclear coordinates.
It has the same form as the HF gradient in eq. 2.29 but with different density
matrices, some of which contains the Lagrangian multipliers.
(1)

E (1) = ∑ Dμν hμν +
μν

∑

μνλ σ

(1)

(1)

dμνλ σ (μν | λ σ )(1) − ∑ Fμν Sμν +VNN .

(3.9)

μν

Since there is no CI step, the formation of the gradients does not have the steep
scaling with the size of the active space, which means that it is integral-bound
and that we can expect a good improvement with Cholesky for all active space
sizes. Here we will focus only on the second term (two-electron term) as the
other ones are not affected by CD.
For SA-CASSCF, ﬁve different types of 1-body density matrices are used:
the standard state density Dθ , the state-averaged density DSA and the inactive
density DI , as well as 2 densities containing the Lagrange multipliers D̃ and
D̄. Together, they form the Coulomb
SA
SA
I
I
d cpqrs = DΘpq DΘ
rs + D pq D̃rs + D̃ pq Drs + D pq D̄rs + D̄ pq Drs

(3.10)

and exchange
SA
SA
I
I
d xpqrs = DΘps DΘ
qr + D ps D̃qr + D̃ ps Dqr + D ps D̄qr + D̄ ps Dqr

(3.11)

density matrices. In the same way, there are 3 different active 2-body density
matrices
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˜
¯
d apqrs = d Θ
pqrs + d pqrs + d pqrs .

(3.12)

The SS-CASSCF energy is variational and therefore the gradients only contain
the ﬁrst term of each of these equations.
The only difference in eq. 3.9 for Cholesky decomposition is the replacement of the 2-electron integral derivative by the expression in eq. 2.39. The
ﬁnal contribution from the two-electron term is thus cast into the form
E (1) ≈ 2

K
(K|μν)(1) − ∑ PKL (K|L)(1) ,
∑ Pμν

Kμν

(3.13)

KL

K and P .
and one simply needs to compute the effective density matrices Pμν
KL
For the Coulomb term, as it was already for the Fock matrices, the matching of the indices allow a very efﬁcient computation. The density matrix is
contracted with the ﬁtting coefﬁcients
K
VK = ∑ Dμν Cμν

(3.14)

μν

and then this quantity is used to form the effective densities
PKL = VK VL

(3.15)

K
= VK Dμν .
Pμν

(3.16)

and
For SA-CASSCF, this manipulation is done for each of the densities in eq.
3.10.
For the exchange term, still inspired by the Fock matrix contribution, the
density matrix is ﬁrst Cholesky-decomposed, and then the Cholesky MO are
used to transform the ﬁtting coefﬁcient
K i j
Yμ Yν
CiKj = ∑ Cμν

(3.17)

μν

scaling as ON 2 M + O2 NM. This can be used to form
PKL = ∑ CiKj CiLj

(3.18)

K
Pμν
= ∑ CiKj Yμi Yνj

(3.19)

ij

which scales as O2 M 2 and

ij

which scales as O2 NM + ON 2 M. The locality of the Cholesky orbitals allows
for an efﬁcient screening of the exchange term, using a similar strategy as
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for the Fock contribution. Despite this screening, this term is the most computationally demanding. Straightforward generalization to the SA density of
eq. 3.11 would represent a too large increase in computational cost. Instead,
noticing that for small active spaces, DΘ ≈ DSA ≈ DI one can factorize the
densities:
DΘpq = DIpq + Δθpq

(3.20)

I
SA
DSA
pq = D pq + Δ pq

(3.21)

1 θ θ
SA
d xpqrs = DIps Dmix
qr + Δ ps Δqr + Δ ps D̃qr + transpose
2

(3.22)

1 I
θ
Dmix
pq = D pq + Δ pq + D̃ pq + D̄ pq .
2

(3.23)

and

and ﬁnally

with

The second term of eq. 3.22, 12 Δθps Δθqr , does not need to be computed as it is
a fully active term. With this factorization, only the ﬁrst term is signiﬁcant and
the cost should not be signiﬁcantly higher than in the SS-CASSCF gradient.
Finally, for the active term, we perform spectral decomposition of the 2body density matrix
p
p
λ p Qvx
= ∑ sgn(λ p )WtupWvxp
dtuvx = ∑ Qtu
p

(3.24)

p

with sgn(λ p ) the sign of the eigenvalues of the 2-DM. Then we can form
K
ZKp = ∑ WtupCtu

(3.25)

tu

K and we can express the effecwith the MO-transformed Cholesky vectors Ctu
tive density matrices as

PKL = ∑ sgn(λ p )ZKp ZLp

(3.26)

K
Pμν
= ∑[∑ sgn(λ p )ZKp Wvxp ]Xμv Xνx .

(3.27)

p

and

vx

p

The ﬁnal scaling is dominated by the MO transformation of the Cholesky
vectors and the AO back-transform of equation 3.27: a2 NM + aN 2 M. The
formation of ZKp scales as a4 M. The active space is usually very small and
those steps should be much faster than the exchange term. The scaling is
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actually the same as if the 2-DM is used directly, however, the decomposition
in eq. 3.24 allows to reduce the rank of the matrix. For large active spaces,
such as those made available by DMRG or similar technologies, this rank
reduction may allow to keep a low cost for the active term evaluation.

3.4 Benchmarking RI-(SA-)CASSCF gradients
In order to benchmark the linear response and the gradient formation, two
kinds of systems were chosen. First, the polyene C14 H16 is computed with a
number of active orbitals ranging from 2 to 14 in order to visualize the effect of
increasing active spaces. Second, a series of models of the Fe(Heme b)(NH3 )
complex of increasing sizes is computed with a small and constant active space
of six electrons in six orbitals in quartet spin state, in order to visualize the
effect of increasing molecular size, see Table 3.1 and Fig. 3.2. For the two
larger heme systems, the conventional results could not be computed because
of lack of disk space to store the AO integrals on the computer used for the
benchmarking.
System

Number
Number
Active space
of atoms of basis functions
Fe-(C3 N2 H5 )2
25
253
(6,6)4
Fe-Porphyrin
41
459
(6,6)4
Fe-MePorphyrin
64
651
(6,6)4
Fe-Heme b
79
811
(6,6)4
1
C14 H16
30
276
(2,2) to (14,14)1
Table 3.1. Size of the various models used in the benchmark. The active space size is
denoted (m, n)s with m and n number of active electrons and orbitals and s the spin
multiplicity.

The timings of the linear response calculation for the heme models are visualized in Fig. 3.3. While it does not appear clearly in the ﬁgure, the conventional code is actually slightly faster for the smallest heme model (253 basis
functions) than the Cholesky variants (5 min instead of 6min30 and 7min).
The speed of the conventional code is probably partly due to the small size
allowing all integrals to be stored in memory, reducing the I/O. Moreover, for
this small system, the Cho-MO version is faster than the Cho-Fock although
only marginally. This is not a major problem as in this small case, the linear
response is not the dominant part of the calculation.
However, for larger systems, the conventional code scales very poorly and
the linear response becomes the main bottleneck in the gradient calculation.
For these, the Cholesky codes perform signiﬁcantly better with more than 10fold reduction for the porphyrin system. The Cho-Fock code also clearly outperforms the Cho-MO as expected from its lower scaling, and for the largest
system, it is also almost a factor of 10 faster than the Cho-MO.
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Figure 3.2. The four models of Fe(Heme b)(NH3 ).

Figure 3.3. Computation time of the conventional linear response algorithm compared
to the two Cholesky versions Cho-MO and Cho-Fock.

The timings of the gradient formation for the heme models are displayed
in Fig. 3.4. For this step, there is a signiﬁcant gain in using the Cholesky
decomposition even for the smallest systems. The computational time is reduced about 10-fold compared to the conventional case. On the other hand,
while the SA gradient is only slightly slower than the SS in the conventional
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Figure 3.4. Computation time of the conventional and Cholesky gradient formation
(ALASKA) for both state-speciﬁc and state-average calculations.

algorithm, it is almost 2-times slower in our DF implementation. This can
be understood if one analyses further the timings as the conventional code is
dominated by the computation of the derivative integrals, which does not depend on the wavefunction used, while most of the time of the Cholesky code is
spent in the density matrix manipulation, and especially in the exchange part.
This explains the importance of the trick used in eq. 3.22.

Figure 3.5. Comparison of the time to compute the gradient formation on the polyene
models for the conventional and CD algorithm based on the SA-CASSCF wavefunctions.

At the end, assuming the Cho-Fock algorithm, the formation of the gradient is the limiting step in a geometry optimization, costing about as much as
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the energy calculation and the linear response combined for the heme models.
However, this is very different for larger active spaces as both the CASSCF energy and the linear response have a factorial scaling with the active space size.
In those cases, the DF usually does not give any signiﬁcant speed-ups since the
integral part is only a small part of the total time. But as already mentioned,
there is no factorial scaling with the active space size in the gradient formation, and thus the DF approximation can give a signiﬁcant improvement. This
is demonstrated on the polyene system in Fig. 3.5. Actually, as the dominant
scaling in the conventional code is aN 4 arising from the transformation of the
active 2-body density matrix to the AO basis, the speed-up of CD is even larger
for larger active spaces. Thus, due the gradient formation, even a system with
a large active space beneﬁts signiﬁcantly from the CD.
The CD cost reduction comes with almost no errors. For all cases where
the conventional could be run, the mean absolute error was 5 × 10−6 a.u. and
the max error was 2.6 × 10−5 a.u.
For the Porphyrin model, the largest system where both the conventional
and RI results are available, one RI iteration took 4h36mn to compare to the
more than 58h that the conventional calculation took. While the cost reduction is less signiﬁcative with a larger active space, this clearly shows that the
integral part of the calculation is strongly reduced by the use of the CD. It is
worth mentioning that since the exchange term is now limiting in all steps, the
timings could be further improved by the local density ﬁtting[65, 66], even if
only the exchange part is done in local domains such as in the robust PARI-K
model.[67]

44

4. Simulation of the X-ray spectra of transition
metals

The more accurate the calculations become, the more the concepts tend to vanish into thin air.
R. S. Mulliken

The introduction of Cholesky decomposition allowed multi-conﬁgurational
methods to tackle larger systems, which made them relevant to new areas,
such as bioinorganic chemistry. But chemistry is not only about computing an
energy. In particular, experiments usually measure properties and not energies.
Therefore, being able to compute those properties is a key to fully exploit the
complementarity between experimental and theoretical chemistry.
In bioinorganic chemistry, the metal center usually plays a key role in
the reaction but it is often challenging for experimentalists to speciﬁcally
have access to it. For example, UV-visible spectroscopy is often hindered
by the strong absorption of the protein or the ligand. Some of the most difﬁcult cases include heme systems as the porphyrin strongly absorbs UV-visible
light. X-ray spectroscopy offers here a distinct advantage.[68] As X-ray radiation probes the core excited states, each element absorbs at a different energy
range. An X-ray absorption spectrum typically consists of different edges,
corresponding to the orbital which is excited: K-edge for 1s orbital, L-edges
for 2s and 2p orbitals... Those edges then contain some substructures which
reﬂect the properties of the unoccupied space, and in particular for chemists
concern the valence orbitals.
Because of the selection rules of electronic excitation, the main intensity in
a X-ray spectrum will be due to an excitation where the angular momentum
quantum number is changed by one unit. For a transition metal complex, one
is usually interested in the d-shell, and therefore L-edge spectroscopy from
the 2p orbitals is typically used with great success for complexes in solution.
However, in some cases, the L-edge of the ﬁrst row transition metal is close
in energy to the K-edge of the lighter elements, for example oxygen. The
oxygen K-edge could thus mask some of the features of the L-edge of the
metal or some of its photoelectrons could reduce the molecule. K-edge of the
metal is in this sense much more element speciﬁc. However, the most intense
K-edge band for a ﬁrst-row transition complex is 1s → 4p which is dipoleallowed, while the interesting 1s → 3d is only quadrupole-allowed and thus
these transitions give rise at best to a small pre-edge structure. Moreover, as
can be understood from the Heisenberg uncertainty principle, the very short
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life of the 1s hole implies a very limited spectral resolution of this pre-edge.
An interesting way to combine the best of both worlds is the resonant inelastic
X-ray scattering (RIXS) method. [69] In RIXS, one ﬁrst uses hard X-rays to
create 1s excited states and then measure the X-ray emitted by the main relaxation channel which is a 2p → 1s deexcitation, see Fig. 4.1. The generated
ﬁnal states are therefore of 2p5 3dn+1 as in L-edge spectroscopy, which are
sufﬁciently long-lived to get a good spectral resolution, but the method is also
selective as it is triggered by a ﬁrst K-edge excitation. This offers a unique
access to the properties of a transition metal regardless of the environment.

Figure 4.1. Energy diagram of the RIXS process. The RIXS ﬁnal states are accessed
by a 1s → 3d excitation similar to a K-edge process followed by 2p → 1s decay. These
ﬁnal states are similar to those accessible by a direct L-edge process.

Understanding the different features of X-ray spectra is not always straightforward and for this reason, there is a clear desire from the experimental chemistry community to have theoretical chemistry methods able to accurately reproduce them, and to analyze them in terms of an intuitive molecular orbital
picture. An example where this would be useful is discriminating between
possible electronic structure assignments of a metal complex. Indeed, one describes often a complex in terms of a limit structure M(n) L(m) with M the metal
with formal charge n and L the ligand with formal charge m. It is difﬁcult for
experimental chemistry to assign the correct charges. In quantum chemistry,
one usually assumes that the structure with the lowest energy is the correct
one, but is often a very delicate task to reach the required accuracy to give
a clear answer. However, by computing the X-ray spectrum of those different forms and comparing them with the experiment, one could get the correct
assignment and even in principle estimate the ratio if the solution contains a
mixture.
Modeling X-ray spectroscopy is very challenging for quantum chemical
methods. This is particularly the case for metal L-edge as the core-excited
states are (2p)5 (3d)n+1 so the method needs to describe a large number of
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states. In addition, the asymmetrical 2p hole interacts with the electrons in
the 3d orbitals giving rise to a multiplet structure; to model this effect requires
an accurate treatment of the 2p-3d and 3d-3d electron-electron repulsion. Finally, scalar relativistic effects as well as spin-orbit couplings are essential,
especially for the 2p electrons.
One successful method in reproducing X-ray spectra is the semi-empirical
ligand ﬁeld multiplet model (LFM)[70] and its extension the charge-transfer
multiplet model (CTM).[71, 72] This is an atomic model, meaning that only
the metal is explicitly considered while the ligands are modeled by their ligand ﬁeld and in covalent systems by adding an extra set of orbitals. The
empirical parameters appearing in the equations are adjusted to ﬁt the spectrum. For system with high symmetry, the number of parameters is rather
small, but for totally asymmetrical systems, like metal centers in proteins,
this number increases, making the ﬁtting procedure laborious if possible and
the result difﬁcult to interpret. Moreover, since we aim at reproducing RIXS
spectra, we want to compute intensities which could depend on both dipole
and quadrupole transition moments. For non-centrosymmetric systems, the
mixing of dipole-allowed 4p with the 3d orbitals can critically affect the intensity of the pre-K-edge transitions. Taking into account this mixing requires
additional parameters making the ﬁt even more complex.
Thus, there is a strong need for ab-initio models. TD-DFT lacks proper
description of the multiplet effects and is therefore usually employed only
for K-edge since bands are broad and with little substructure. For L-edge,
a method called DFT restricted-open shell conﬁguration interaction with singles (DFT/ROCIS) is employed.[73, 74, 75] Spin-orbit coupled states are constructed on the basis of the singly excited determinants. To recover some of
the missing dynamical correlation of the ROCIS, Kohn-Sham DFT orbitals
are used for the reference determinant and the integrals are scaled using 3
system-independent parameters. This treatment of correlation is only very approximate, and can limit the accuracy of the computed spectra. Moreover, the
restriction to single excitations can be a severe limitation for some transitions
which are either purely or partly of double excitation nature.[76]
Multiconﬁgurational methods are a natural choice as they intrinsically take
into account the multiplet effects, multiple excitations and correlation. In
principle, the computation of X-ray absorption spectrum with CASSCF and
CASPT2 is a simple extension of the more standard computation of UV-visible
spectrum but with the core orbitals added to the active space, thus allowing excitations from them. This is precisely how the ﬁrst CASPT2 X-ray simulations
were done.[77] However, except when symmetry can prevent that, CASSCF
will ﬁrst compute the valence (3d-3d) excited states before computing the interesting core-excited ones. The trick is then to use RASSCF to restrict the
number of excitations, forcing at least 1 electron out of the core orbitals. The
method is therefore called the core-RAS.
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In papers IV and V, summarized in the following part of the thesis, the coreRAS method was used to compute the L-edge spectra of archetypical transition
metal complexes. The study was also extended to K-edge spectroscopy in paper VI as a step towards RIXS simulations. The accuracy of the method was
proven by comparing to the multiplet methods, DFT methods when available
and experiment. Also, the importance of the different effects in the calculation
such as the active space choice, correlation, spin-orbit coupling and multiple
excitations was evaluated through systematic investigation on systems of increasing complexity. Finally, a technique to analyze the computed spectra in
terms of intuitive molecular orbitals was derived.

4.1 Accuracy of the core-RAS method
The core-RAS method consists of a RASSCF calculation with the core orbitals
in the RAS3 space with at least 1 hole, forcing the generation of core-excited
states. For L-edge with centrosymmetric systems, the core orbitals were instead placed in the RAS1 space, reducing the numbers of conﬁgurations while
the symmetry restriction on the ﬁnal states still ensures that only core-excited
states can be formed. The rest of the active space was varied to see the importance of some orbitals but generally contains the 3d orbitals as well as the covalent ligand orbitals and in some cases additional 4d orbitals. Correlation of non
active orbitals can be included with a subsequent RASPT2 calculation.[78]
The calculations are performed using scalar relativistic effects[79, 80] and the
spin-orbit coupling is added on top by diagonalizing the spin-orbit Hamiltonian in the basis of spin-free RASSCF/RASPT2 conﬁgurations, a procedure
called RASSI-SO.[81, 82] This spin-orbit coupling will mix conﬁgurations of
different spin, therefore, calculations may require additional spin multiplicities.
In the following, most of the complexes have octahedral or near octahedral
symmetry. The orbitals will then be referred to by the irreducible representation they belong to in the octahedral point group. In this notation, the ﬁve 3d
orbitals split into three t2g and two eg orbitals (see Fig. 4.2).
The performance of the core-RAS method to compute L-edge spectra is
ﬁrst tested on atomic models consisting of one ferric Fe(III) ion and 6 negative
point charges of different values in a hexagonal arrangement at 2.0 Å distance
to model a typical ligand position. The ﬁrst model is a high spin with no
charge, while the two others have charges chosen to match the ligand ﬁeld of
the high-spin [FeCl6 ]3− and the low-spin [Fe(CN)6 ]3− complexes respectively.
These models are interesting as they are the simplest realistic models of ferric
complexes and are small enough to allow a minimal active space (the ﬁve 3d
orbitals) and to include all possible core-excited states. Moreover, for those
systems, the core-RAS can be directly compared to the multiplet model. The
results of the core-RAS and CTM models are shown in Fig. 4.3.
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Figure 4.2. Molecular diagram of the model systems.

Figure 4.3. Comparison of the CTM and core-RAS L-edge spectra of Fe3+ ions with
different ligand ﬁelds.

The spectra consist of two separate bands, characteristic of metal L-edge:
the ﬁrst more intense called L3, up to about 717 eV, and the second at higher
energies and with broader peaks called L2. Except for this common feature,
the spectral shape is evidently quite different for the different ligand ﬁelds as
well as for the spin state, conﬁrming the sensitivity of the L-edge as a spectroscopic method. Overall, the agreement between the core-RAS and the multiplet is excellent except for a slight underestimation of the L3-L2 splitting.
One can now move to real systems with [FeCl6 ]3− . The situation is a bit
more complex as chloride forms a rather covalent σ bond with the iron, and the
active space is thus increased with 2 ligand σ combinations of eg symmetry,
see Fig. 4.2. Additionally, 3 unoccupied orbitals of t2g symmetry correlating
with the metal t2g were added. The result of the core-RAS compared to the
CTM and experiments[83] are displayed in Fig. 4.4
The agreement of the core-RAS with experiment is less perfect than before,
which can be expected since now correlation plays a larger role. The main
error is in the feature at about 714 eV which is both too intense and at too low
energies. However, all the main features are represented and while the CTM
model is more accurate, it should be reminded that the core-RAS does not have
any adjusted parameters. On a more fair comparison, the core-RAS results are
signiﬁcantly better than those obtained by the ab-initio DFT/ROCIS.[73]
The last L-edge spectrum computed is the one of [Fe(CN)6 ]3− which is
a low spin complex with strong π backbonding. For this system, the three
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Figure 4.4. Comparison of the experimental L-edge spectrum of [FeCl6 ]3− with the
ones computed with the multiplet CTM model and the core-RAS

unoccupied t2g are the π ∗ orbitals anti-bonding with the metal t2g (see Fig.
4.2). The results are shown of Fig. 4.5.

Figure 4.5. Comparison of the experimental[84] L-edge spectrum of [Fe(CN)6 ]3−
with the ones computed with the multiplet CTM model and the core-RAS

Here again, while the agreement is not as good as the CTM model, all
major features are reproduced and are in good qualitative agreement. This
is even more impressive as for this system, the addition of the back bonding
requires additional parameters for the CTM model. As previously, one of the
main deviation is an underestimated L3-L2 splitting and the middle peak at
712 eV with an overestimated energy and intensity .
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Because K-edge absorption of transition metal has a lower resolution it is
generally less sensitive to the quality of the computational method. However,
one very important property of the pre-K-edge is its sensitivity to small distorsions in the symmetry of the molecule. Indeed, while in a centrosymmetric
system, the pre-edge is formed of dipole-forbidden 1s → 3d transitions, in
even slightly distorted geometries, there is a small mixing with the dipole allowed (intense) 1s → 4p transition which gives rise to a signiﬁcant increase
in the intensity. Since a small change in the 3d-4p mixing results in a large
change, it is difﬁcult for theoretical methods to evaluate such properties. To
test this, the K-edge spectrum of the centrosymmetric [FeCl6 ]n system was
compared to the one of the tetrahedral [FeCl4 ]n .
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Figure 4.6. Comparison between the integrated intensity of the pre-K-edge calculated
with the core-RAS and the experimental ones.

In Fig. 4.6, the comparison between the intensities of the pre-K-edge obtained by the core-RAS and by integration of the experimental spectra is shown
for different complexes. For the iron-chloride systems, the correlation is nearly
perfect. This shows that the dipole-quadrupole ratio is well predicted in the
[FeCl4 ]n as conﬁrmed by Table 4.1. In contrast, the dipole-quadrupole ratio
predicted by DFT is strongly overestimated, due to an overestimated 4p contribution in the 3d orbitals. The only apparent discrepancy between the coreRAS and the experiments in Table 4.1 is for the intensity ratio of [FeCl6 ]4– ,
but this is most likely due to the ﬁt of the experimental data as the shapes of
the spectra agree very well.
Overall, the core-RAS has shown a consistent quality without using any
adjusted parameters. This means that for systems with lower symmetry where
the multiplet model is not an option, the core-RAS method can offer a more
reliable alternative to other ab-initio methods such as DFT/ROCIS or TDDFT.
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Experimenta

Core RASb

LFMc

DFTd

]3–

[FeCl6
E1(int)
7112.8(2.6)
E2(int)
7114.0(1.4)
7114.1
7114.0
7113.6
E3(int)
7118.3
7118.7
ratioe
3.7:2.0
3.5:2.0:0.7 3.4:2.0:0.4
[FeCl6 ]4–
E1(int)
7111.3(1.2)
E2(int)
7111.8(1.8)
7111.9
7112.1
7112.3
E3(int)
7113.4(0.6)
7113.4
7113.5
ratioe
2.0:3.0:1.0
1.8:0.9:1.0 1.8:1.0:1.0
[FeCl4 ]1–
E1(int)
7113.2(20.7)
7113.2
E2(int)
7116.6
D/Q ratio f
3.2:1.0
3.5:1.0
7.0:1.0
[FeCl4 ]2–
E1(int)
7111.6(8.6)
E2(int)
7113.1(4.3)
7113.1
7112.3
D/Q ratio f
2.3:1.0
2.4:1.0
7.5:1.0
a
Table 4.1. Experimental K pre-edge energies(eV) and intensities as reported in ref
[85], E1(int) means the energy (intensity) of ﬁrst peak, and so forth. b Core RAS
calculated results after shifting to align the experimental spectra at the ﬁrst intense
peak. c The results from DFT calculations in ref [86], the ﬁrst peaks are shifted to align
the experimental spectra at the ﬁrst intense peak. d Ligand ﬁeld multiplet calculations
results. e The intensity ratio between different peaks. f The intensity ratio between
dipole(D) and quadrupole(Q) transition contribution.

4.2 Importance of the different parameters in the
calculation
In the previous section, we compared our best results with the core-RAS
method to existing references. However, those calculations are rather complex and involve a lot of choices, ranging from the basis set, the active spaces,
the number of states etc. Each of these parameters has an inﬂuence on the
accuracy but also on the computational time, and it is therefore important to
understand the effect of each of them, to provide future users with clear instructions on how to reach good accuracy while keeping the calculation cost
minimal.
The most important effect on the L-edge calculation is the spin-orbit coupling (SOC). Indeed, SOC of the 2p orbital is responsible of the L3-L2 splitting. This can be seen in the results for the low-spin iron presented in Fig. 4.7.
For this system with a doublet ground state, the SOC requires the inclusion
of a quartet to form the proper combinations. On the other hand, the higher
spin components such as the sextet states do not contribute signiﬁcantly to the
spectrum which can be understood by the fact that the spin-orbit operator only
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mixes directly states with ΔS = ±1. It is worth noting that for K-edge, it is
usually enough to run the calculation only in the ground state spin multiplicity.

Figure 4.7. Effect of the 2p and 3d spin-orbit coupling on the core-RAS L-edge spectrum of a low-spin Fe3+ atom.

More interestingly, while the 3d spin-orbit coupling is much weaker (≈ 0.05
eV), it does have a signiﬁcant effect on the spectrum for [Fe(CN)6 ]3− . The reason for that is that without spin-orbit coupling, the ground state of this complex
is 6-fold spin-orbital degenerate (3 orbitals and 2 possible spin components).
Adding the spin-orbit coupling lifts slightly the degeneracy to a two-fold degenerate Γ+
7 ground state and a four-fold degenerate low-lying excited state
.
This
small
splitting has a large inﬂuence because the ﬁrst peak of the L2
Γ+
8
+
edge is forbidden from the Γ+
7 states while it is not from the Γ8 . Therefore, by
lifting the degeneracy, the SOC strongly decreases the intensity of this peak,
the remaining intensity coming from the small Boltzman population of the Γ+
8
states.
In terms of computational cost, one of the most signiﬁcant parameters is
the size of the active space. Therefore there is a strong incentive in keeping it
as small as possible. Since the excitations are mainly from the core to the 3d
orbitals, those orbitals cannot be neglected. On the other hand, the bonding
eg and anti-bonding t2g were added based on our experience with ground state
reactivity where an accuracy below 0.1 eV is desirable. For X-ray spectrum,
such high accuracy is not needed. Removing the bonding eg has proven to be
very difﬁcult, leading to divergences in the optimization procedure. On the
opposite, for [FeCl6 ]3− , the removal of t2g orbital did not signiﬁcantly affect
the spectrum, as can be seen in Fig. 4.8. On the opposite, the same procedure
leads to the disappearance of the middle peak in the [Fe(CN)6 ]3− , which as
will be discussed later arises from the π back bonding. In general, one would
thus expect that the extra t2g is necessary only for systems with important
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π back bonding. Instead of removing orbitals, a less drastic reduction can
be obtained by restricting the excitation level in the active space using the
RAS formulation. However, as can be seen for example for [FeCl6 ]3− in Fig.
4.8, restricting to single excitations also causes the disappearance of some
peaks. This is because some peaks are actually partly or completely of double
excitation nature as will be discussed later. This also proves that methods like
DFT/ROCIS based on single excitations cannot give an accurate description
of some spectra.

Figure 4.8. Effect of the reduction of the active space for the core-RAS L-edge spectrum of [FeCl6 ]3− .

Once the active space is chosen, the number of states is the next critical
parameter of the RAS procedure. It is very difﬁcult to predict the number
required for such spectrum. The procedure, though tedious, is therefore to
increase the number of states until the spectral shape converges. This can
be very tricky for some cases, such as the π back bonding in [Fe(CN)6 ]3− .
Indeed, the π ∗ orbitals tend to rotate out of the active space in favor of 4d
"double-shell" orbitals, until a rather large number of states is included. In our
example, the peak appeared only after the inclusion of 80 states per ﬁnal state
symmetry. This also means that one can ﬁrst observe a seemingly converged
spectrum until suddenly the orbitals rotate and a large change in the spectrum
occurs. In summary, care needs to be taken for the choice of the number of
states.
As the RASPT2 step needs to be performed for each state, it can very easily
become a bottleneck. It would be desirable to skip this step. However, this
step actually does change signiﬁcantly the spectrum, see Fig. 4.9. This is
particularly visible for the middle peak which is shifted from 717 to 714 eV.
On the other hand, the multi-state RASPT2 result is very similar to the single
state RASPT2. This implies that the single state CASPT2 is sufﬁcient, which
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allows us to compute the RASPT2 states individually on different computer
nodes.

Figure 4.9. Comparison of RASSCF and RASPT2 for the L-edge spectrum of
[Fe(CN)6 ]3− .

Finally, it is worth mentioning that the calculation is very insensitive to the
basis set and that a double zeta basis set with polarization is enough to get a
visually nearly-converged spectrum.

4.3 Understanding experimental spectra
While accurately reproducing an experimental spectrum can prove very useful
on its own, it is often even more fruitful to be able to correlate the spectral features with the electronic structure of the system. Adding and removing orbitals
from the active space can provide such information. For example, the disappearance of the middle peak in [Fe(CN)6 ]3 while removing the π ∗ orbitals
indicates that the peak is formed by this speciﬁc orbital. In the same way, the
disappearance of the middle peak in [FeCl6 ]3 in Fig. 4.8 when restricting to
single excitations proves that this peak is of multiple excitation character.
However, it would be preferable to run only one calculation and directly
analyze it instead of running different calculations to interpret each peak. The
idea is then to use natural orbitals and their occupation number. Indeed, the
difference in occupation number is a good indicator of a transition. Since
the spin-orbit states are linear combinations of the spin-free states, themselves
either directly RASSCF states or linear combinations of them through the MSRASPT2 procedure, one can easily compute the natural occupation of the orbitals in the spin-orbit states (with the assumption that all states computed in
different RASSCF calculations have approximately the same orbitals). Analyzing the transitions using this approach soon appeared to be unsuccessful.
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The reason for that is that the spin-free states were heavily mixed by the spinorbit Hamiltonian, without affecting much the total intensities or energies. The
higher energy transitions thus appeared to have contributions from all orbitals
even when most of those orbitals were proven not to have any effect on this
part of the spectrum when removed.
Since this problem did not appear for the spin-free states, we devised an
approximate method where only the spin-free transitions contributing to the
intensity of one speciﬁc spin-orbit transition were considered in the orbital
analysis of this spin-orbit transition. A SOC state (|Λ), is a linear combinations of spin-free states (|I):
|Λ = ∑ cΛ
I |I

(4.1)

I

The intensity of the spin-orbit transition is proportional to the square of the
dipole (or quadrupole) matrix element between the two spin-orbit states.
ˆ 2=
Λ|d|Θ



2

ˆ
∑cΛI ∑cΘJ I|d|J
I

(4.2)

J

In order to use only the information printed by MOLCAS, this formula is
2
approximated by taking only the diagonal terms with the weights ωIΛ = (cΛ
I ) :
Λ | dˆ | Θ2 ≈ ∑ ωIΛ ∑ ωJΘ I | dˆ | J2
I

(4.3)

J

The change in natural occupation number between the spin-free states is
then weighted by the estimate in equation 4.3. Using niI for the natural occupation number of orbital i in the spin-free state I, and f (I → J) the intensity
of the transition between spin-free states I and J, the contribution of orbital
i to the intensity of a transition from the initial state Λ to the ﬁnal state Θ,
fi (Λ → Θ), was computed as:
fi (Λ → Θ) =

∑I ωIΛ ∑J ωJΘ f (I → J)(niJ − niI )
× f (Λ → Θ)
∑I ωIΛ ∑J ωJΘ f (I → J)

(4.4)

The number of states is too large to look individually at each of them. Instead, one can plot the value of the equation above as a spectrum for each
orbital. One thus obtains an estimate of the contribution of the orbital to the
spectrum. Negative values correspond to an electron loss by the orbital in the
transition while positive values correspond to an electron gain. The sum of all
orbital contributions is zero. The analysis of the L-edge spectrum of [FeCl6 ]3−
and [Fe(CN)6 ]3− are shown in Fig. 4.10 and 4.11.
In the analysis, we only focus on the L3 edge, since the L2 is less intense and
less resolved and has the same features. In both analysis, the 2p contribution
exactly matches the opposite of the spectrum which is consistent with the fact
that exactly one electron is excited from the 2p orbitals. Then, for both cases,
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Figure 4.10. Orbital contribution to the calculated core-RAS L-edge spectrum of
[FeCl6 ]3− .

the ﬁrst peak is mostly an excitation to the t2g , while the second is an excitation
to the eg . This is on par with the molecular diagram. More interesting is the
third peak, called middle peak in the text above. For [FeCl6 ]3− the σ orbital
shows clearly a loss of one electron, conﬁrming that this peak is of double
excitation nature. For [Fe(CN)6 ]3− the peak was attributed to a π ∗ excitation
since the removal of this orbital annihilates the peak. However, the π ∗ orbital
is present but seems to have only a small contribution to the peak. Instead the
peak appears to be mostly a double excitation with the additional excitation
coming from the t2g . This is also conﬁrmed by the fact that restricting to
single excitations makes the peak disappear. The peak is therefore understood
as a π ∗ peak the intensity of which is borrowed from a doubly excited state.
The intensity borrowing mechanism was already suggested in 2006, but it was
assumed that the intensity was borrowed from a singly-excited state.[84] The
mechanism giving rise to such high intensity in a doubly excited state is not
understood.
It is interesting to note that for both the [FeCl6 ]3− and [Fe(CN)6 ]3− the
main discrepancy with the experiment, as well as the peak the most affected
by correlation is originating from double excitation, which can probably be
explained by the fact that doubly excited states differ more from the ground
state and thus do not beneﬁt as much from error cancellations than singly
excited states.
While some questions remain, this analysis has proven very useful to assign
the features of the spectrum to understand both the chemistry of the complex
and the effect of the different parameters of the calculation on the ﬁnal spectrum.
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Figure 4.11. Orbital contribution to the calculated core-RAS L-edge spectrum of
[Fe(CN)6 ]3− .
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5. Concluding remarks

Multiconﬁgurational methods are very powerful tools for quantum chemistry
but they are underused. Many people do not like the difﬁculties linked to their
usage, especially the design of the active space prior to the calculation. But
for many others, the main reason is that those methods are just not competitive
in terms of computation time, especially compared to DFT.
With the developments of the Cholesky decomposition or density ﬁtting,
both the prefactor and the asymptotical scaling of CASSCF have been decreased, allowing this method to stand as a realistic alternative to DFT. The
CD gives rise to almost negligible errors, in large part due to error cancellations, and it is therefore optimal for vertical excitations or geometry optimizations. Moreover, the accuracy can always be increased using the decomposition threshold, and interestingly, it also increases with the size of the AO basis.
CD can thus give the highest accuracy exactly when it is needed. The theory
presented in paper III to compute gradients can also be extended easily to the
computation of non-adiabatic coupling terms. With a typical 10-fold reduction of the calculation time for small and medium size systems, non-adiabatic
dynamic simulations of small chromophores are at hand, opening up a whole
range of important applications.
The work in this thesis also opens up applications to X-ray spectroscopy
of transition metals. While semi-empirical methods, such as the multiplet
formulation, can reach high accuracy, the need for many system-speciﬁc parameters limits its applicability and predictive power. In paper IV to VI, a
clear methodology on how to use RASSCF and RASPT2 for this purpose is
presented. This coreRAS method is ab-initio, and the parameters it contains
can be chosen in advance and not adjusted to reproduce the spectra. Its accuracy exceeds greatly the one of some cheaper methods like the DFT/ROCIS.
Moreover, using the method presented in paper IV, valuable information can
be extracted from the calculation to understand the link between the spectrum
and the electronic structure. Application of the coreRAS to understand the
electronic structure of Oxyheme or models of the oxygen-evolving complex is
already on-going.
During the 4-5 years of my PhD studies, the world of quantum chemistry
has changed. RI, local correlation and explicitly correlated methods ﬁnally
joined, with a RI-LCCSD(T)-F12 implementation able to compute an essentially complete-basis CCSD(T) calculation of a 61-atom system in 2011.[87]
An even more impressive, though less accurate, CCSD(T) calculation with
another local-correlation scheme was performed in 2013 on a full protein containing 644 atoms.[88] Many changes also affected MC methods. DMRG,
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for instance, has become a mainstream technique, and the development of
DMRG-CASSCF[53] and then DMRG-CASPT2[54] in 2011 has allowed the
computation two years later of the complicated electronic structure of the
oxygen-evolving complex.[89] It is very rewarding to think that I also added
my small contribution to the ﬁeld and that in a near-future, important applications in chemistry may occur using some of the work my colleagues and I
have accomplished, continuing to elevate the great construction that science
is.
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Popular science summary

Chemistry is a misunderstood science. While the use of chemicals has dramatically increased over the past years in various sectors including industry and
agriculture, the wider public has also become aware of the damaging effects
of some practices within chemistry. With major industrial accidents involving
chemical manufacturing facilities making news headlines, an increasing concern for environmental issues such as climate change and pollution, and controversies surrounding exposure to highly hazardous chemicals through food
additives, or the overuse of pesticides and toxins, many people perceive chemistry as harmful to the environment and to human health. In fact, there seems
to be a general belief that anything natural is good and any man-made chemical is bad or unsafe. Yet, virtually every manufactured product around us
involves the use of chemistry, including those batteries, disks and electronic
screens that clutter our homes. Properly used, chemistry contributes to improve our quality of life. It is also through new advances in this ﬁeld that we
can aim to develop more environmentally friendly materials and applications.
Chemistry holds the key solutions to many of the aforementioned problems,
for instance through waste management, recycling, biofuels, bioplastics, fuel
cells, new lighting technologies, wind turbines and solar panelling.
The main reason of the success of chemistry and its transformation from
the mystical alchemy to the mature science it is today is rationalization. While
there is a potentially inﬁnite number of materials and molecules, there is only
about a hundred chemical elements, the building blocks of chemistry, and at
a smaller level, all chemistry is about the interactions of positively charged
nuclei formed of protons and neutrons and light negatively charged electrons.
By simulating the dynamics of electrons and nuclei, in principle any chemical
reaction can be understood. This can be achieved by solving the Schrödinger
equation and the branch of chemistry which uses this equation to rationalize
and predict chemical properties of molecules and materials is called quantum
chemistry.
While the Schrödinger equation seems simple in appearance, it is extraordinarily difﬁcult to solve. In fact, an exact solution can only be found for
molecules with one electron while chemistry arguably starts with 2 electrons.
Quantum chemistry therefore seeks to ﬁnd approximate but still accurate solutions. Since the dawn of this science in the beginning of the XXe century,
many resolution methods have been found, each with their unique strengths
and weaknesses. With the help of modern supercomputers, quantum chemistry has been successfully applied to many different chemical problems and
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has permanently changed chemistry. But even with the available computer
power, compromises have to be found between the accuracy of the solution
and the effort in computing it.
One class of quantum chemistry methods is multiconﬁgurational methods. They are very ﬂexible, which allow users to modulate their accuracy
by choosing a so-called active space which is treated more accurately than the
rest. While they do cost more computer time than the most standard singlereference methods, if properly used, they can model accurately any kind of
process. This makes them particularly interesting in cases where the singlereference methods are more likely to fail. Two example of those cases are
photochemistry, the interaction of light and matter, and transition metal chemistry, that is the chemistry of metals like iron, manganese or platinum. Those
two classes of processes are extremely important. Photochemistry for instance
is central in photosynthesis and solar cells, while transition metals catalyse
some of the most fascinating reactions in nature and in our industries, such
as nitrogen ﬁxation, the key to soil fertilization, or water splitting, the key
to CO2 absorption by plants. The usual quantum chemistry methods cannot
always deal with those systems and processes with satisfying accuracy. On
the other hand, multiconﬁgurational methods have here a great potential and
are already used for some of those cases, but still suffer from serious limitations preventing a wider use. The aim of this thesis is to expand the reach of
multiconﬁgurational methods by removing some of their limitations as well as
pioneering some new application ﬁelds.
First, this works continues the development in the so-called Cholesky decomposition that allows about a 10-fold speed-up in calculations without sacriﬁcing the accuracy. This allows multiconﬁgurational methods to tackle larger
molecules than were possible before. However, one of the main focus of this
thesis is not only to model larger systems but also to model their dynamics. Indeed, while quantum chemistry have been very successful in the past in modeling properties without incorporating it, the need for explicitly dynamics is now
becoming more and more pressing, especially for photochemistry. Therefore,
one of the main work presented in this thesis is the use of the Cholesky decomposition to compute the forces, which are needed to run a dynamic simulation.
With this, accurate simulations of the complicated dynamical processes triggered by light in molecules is ﬁnally at hand.
Finally, this thesis contributes to expanding the reach of multiconﬁgurational methods to the modeling of X-ray spectroscopy of transition metals. As
is the case in medicine, X-rays are used in chemistry to probe solutions or
materials. They are particularly useful in transition metal chemistry as they
can speciﬁcally probe the metal of interest in a large complex which would
otherwise hide it. However, it is not always easy for experimentalists to understand the spectrum which results from the X-ray analysis. Modeling the
X-ray spectrum with quantum chemistry would be of great help to them, and
multiconﬁgurational methods are best suited for this tasks. In this thesis, ac62

curate modeling of different types of X-ray spectra is obtained and a way to
analyse them is also provided, opening the way for strong collaborations between theory and experiment and to many potential new discoveries.
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Populärvetenskaplig sammanfattning

Kemi är en missförstådd vetenskap. Medan användningen av kemikalier har
ökat dramatiskt under de senaste åren inom olika sektorer, inklusive industrin och jordbruket, har samtidigt allmänheten också blivit medvetna om de
skadliga effekter av vissa metoder inom kemi. Med nyhetsrubriker om stora industriolyckor inom kemiska fabriker, ökad oro kring miljöfrågor såsom
klimatförändringar och föroreningar, och kontroverser kring exponering för
mycket farliga kemikalier genom livsmedelstillsatser, eller överanvändning av
bekämpningsmedel och gifter, uppfattar många människor kemi som skadligt
både för miljön och hälsan. Det verkar rentav ﬁnnas en allmän uppfattning att
allt naturligt är bra medan alla konstgjorda kemikalier är dåliga eller osäkra.
Men praktiskt taget varje tillverkad produkt omkring oss har medfört användning av kemi, inklusive de batterier, skivor och skärmar som överhopar våra
hem. Rätt använt bidrar kemi till att förbättra vår livskvalitet. Det är också genom nya framsteg inom detta område som vi kan sikta på att utveckla mer miljövänliga material och applikationer. Kemi innehar nyckellösningar till många
av de ovannämnda problemen, till exempel genom avfallshantering, återvinning, biobränslen, bioplaster, bränsleceller, nya belysningstekniker, vindkraftverk och solpaneler.
Den främsta orsaken bakom kemins framgång och dess omställning från
den mystiska alkemin till den mogna vetenskapen den är idag är rationalisering. Även om det ﬁnns potentiellt ett oändligt antal material och molekyler
ﬁnns det endast ett hundratal kemiska grundämnen, byggstenarna i kemi. På
en mindre skala handlar all kemi om samspelet mellan positivt laddade atomkärnor som består av protoner och neutroner och de lättare negativt laddade
elektronerna. Genom att simulera dynamiken hos elektroner och atomkärnor
kan i princip vilken kemisk reaktion som helst förstås. Detta kan uppnås genom att lösa Schrödinger ekvationen och den gren inom kemin som använder
denna ekvation för att rationalisera och förutsäga kemiska egenskaper hos molekyler och material kallas kvantkemi.
Medan Schrödinger ekvationen verkar utseendemässigt enkel är den utomordentligt svår att lösa. I själva verket kan en exakt lösning endast hittas
för molekyler med en elektron medan man kan påstå att kemi börjar med 2
elektroner. Kvantkemi ämnar därför att hitta ungefärliga men ändå korrekta lösningar. Sedan denna vetenskaps begynnelse i början på 1900-talet har
många modeller föreslagits, var och en med sina unika styrkor och svagheter. Med hjälp av moderna superdatorer har kvantkemi kunnat framgångsrikt
tillämpas på många olika kemiska problem och har permanent förändrat kemi.
64

Men även med den tillgängliga datorkraft måste en kompromiss hittas mellan
noggrannheten av approximationen och ansträngningen i att räkna ut den.
En klass av kvantkemiska metoder är multikonﬁgurationella metoder. Deras höga ﬂexibilitet tillåter användaren att anpassa noggrannheten genom att
välja en så kallad aktivt rum som behandlas mer noggrant än resten. Medan de
kostar mer datortid än de mest vanliga enkelreferensmetoder kan de modellera noggrant vilken typ av process som helst om de används på rätt sätt. Detta
gör dem särskilt intressanta i de fall där enkelreferensmetoder är mer sannolika att misslyckas. Två exempel på sådana fall är fotokemi, samspelet mellan
ljus och materia, och övergångsmetall kemi, vilket är kemin av metaller som
järn, mangan eller platina. Dessa två klasser av processer är oerhört viktiga.
Fotokemi, till exempel, har en central roll i fotosyntes och solceller medan
övergångsmetaller katalyserar några av de mest fascinerande reaktionerna i
naturen och i våra industrier, såsom kväveﬁxering, nyckeln till gödsling, eller
vattendelning, nyckeln till växters absorption av CO2 . De vanligaste kvantkemiska metoderna kan inte alltid hantera dessa system och processer med
tillfredsställande noggrannhet. Multikonﬁgurationella metoder har en stor potential här och har redan tillämpats i vissa fall men lider fortfarande av allvarliga begränsningar som hindrar en bredare användning. Syftet med denna
avhandling är att utöka räckvidden av multikonﬁgurationella metoder genom
att ta bort en del av begränsningarna samt öppna upp några nya banbrytande
tillämpningsområden.
Till att börja med fortsätter detta arbete utvecklingen i den så kallade Choleskyfaktoriseringen som medger ungefär en 10-faldig uppsnabbning i beräkningarna utan att offra precision. Detta tillåter multikonﬁgurationella metoder
att ta itu med större molekyler än vad var möjligt innan. Dock är en av ledmotiven i denna avhandling inte endast att modellera större system utan också
att modellera dynamiken. Medan kvantkemi har varit mycket framgångsrik i
det förﬂutna med att modellera egenskaper utan att införliva dynamik är behovet av det nu mer och mer akut, särskilt inom fotokemi. Därför är en av de
viktigaste bidragen som presenteras i denna avhandling användningen av Choleskyfaktorisering för att beräkna krafterna som behövs för att utföra en dynamisk simulering. I och med detta är möjligheten för noggranna simuleringar
av de komplicerade dynamiska processer som utlöses av ljuset i molekyler
slutligen till hands.
Slutligen bidrar denna avhandling till att utöka räckvidden av multikonﬁgurationella metoder till modelleringen av röntgenspektroskopi av övergångsmetaller. Så som är fallet inom medicin används röntgenstrålar inom kemi för
att undersöka lösningar eller material. De är särskilt användbara inom övergångsmetallskemi eftersom de speciﬁkt kan undersöka metallen av intresse
inom ett stort komplex som annars skulle dölja den. Det är emellertid inte alltid lätt för experimentella forskare att förstå det spektrum som är resultatet av
röntgenexperimenten. Modellering av röntgenspektrum med kvantkemi skulle
vara till stor hjälp för dem och multikonﬁgurationella metoder är bäst lämpade
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för denna uppgift. I denna avhandling erhålls noggrann modellering av olika
typer av röntgenspektra samt ett sätt att analysera dem, vilket öppnar dörren
för starka samarbeten mellan teori och experiment och potentiellt till många
nya upptäckter.
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